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Abstract

Generalized complex geometry has been recently introduced by Hitchin and Gualtieri and has
complex and symplectic geometry as extremal cases, but other nontrivial examples were scarce.
In this thesis, we produce new examples of generalized complex structures on manifolds by
generalizing results from symplectic and complex geometry. We produce generalized complex
structures on symplectic fibrations over a generalized complex base. We study in some detail
different invariant generalized complex structures on compact Lie groups and provide a thorough
description of invariant structures on nilmanifolds, achieving a classification on 6-nilmanifolds.

Also, drawing on Gualtieri’s work, where a generalization of the complex operator d¢ was
introduced, we study implications of the generalized ‘dd‘-lemma’. Similarly to the standard
dd®-lemma, its generalized version induces a decomposition of the cohomology of a manifold and
causes the degeneracy of the spectral sequence associated to the splitting d = 0 + 0 at E;. But,
in contrast with the dd®-lemma, its generalized version is not preserved by symplectic blow-up
or blow-down (in the case of a generalized complex structure induced by a symplectic structure)
and does not imply formality.

Moreover, we study T-duality for principal circle bundles and how to transport invariant
twisted generalized complex structures between T-dual spaces. We use T-duality to find new
twisted generalized Kahler structures on semi-simple Lie groups and prove that no 6-nilmanifold
but the torus admits invariant generalized Kéahler structures. We also show that the dd®-lemma
is preserved if a generalized complex structure is transported via T-duality.

Finally, we tackle the question of formality of a compact orientable k-connected n-manifold
M"™, n = 4k + 3,4k + 4. We show that if by 1(M) = 1 then M is formal. In particular,
a l-connected 7-manifold with by = 1 is formal. We prove that if M also satisfies a hard
Lefschetz-like property, and bi+1(M) = 2, then M is formal, while if by (M) = 3, all the
Massey products vanish. We use these results to study formality of G- and Spin(7)-manifolds
as well as 8-dimensional symplectic manifolds.
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Introduction

The object of our study will be generalized complex manifolds. These are manifolds with a
complex structure 7 defined in the direct sum of the tangent and cotangent bundles TM &1 M.

J is required to be orthogonal with respect to the natural pairing:

(X+&6Y +n) = %(ﬁ(Y)Jrn(X)), X YeTM, &neT™M

and satisfy an integrability condition: the +i-eigenspace has to be closed with respect to the
Courant bracket.

The Courant bracket can also be twisted by a closed 3-form. And if we use this twisted
bracket in the integrability condition we obtain twisted generalized complex structures.

A generalized complex structure has a type at each point in M?". The type indicates how
generic the structure is and varies from 0 (generic) to n. Standard (and extremal) examples
of generalized complex manifolds are complex (type n) and symplectic (type 0, i.e., ‘generic’)
manifolds, products of those and their deformations. Symplectic and complex geometry also
provide a series of guiding properties which can be generalized to this new setting. The most
relevant to us concerns a generalization of the operators 0, d and d¢ from complex geometry.

The first remark towards that is the fact that a generalized complex structure induces a

decomposition of the complex of differential forms
Q' (M) = @p__ U
In the case of a complex structure, this decomposition is given by
UF = @y gk WPI(M).

The corresponding decomposition for a symplectic manifold had not been encountered before.
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The relevant fact about the decomposition of forms induced by a generalized complex

structure is that it also decomposes the exterior derivative
d: uk‘ _ uk‘-i—l + uk‘—l
which, inspired by the complex case, allows us to define elliptic differential operators 0 and O:
d=0+0; o :Ur — Ykt o:uF -yt

These operators agree with their homonyms from complex geometry, and allow us to define also

an analogue of d° as the real operator d7 = —i(J — 9).

Definition. A generalized complex manifold satisfies the dd” -lemma if

ImdNkerd’ =Imd’ Nkerd = Im dd”

Well known results in complex geometry about the dd°-lemma are that it induces a decom-
position of the cohomology of the manifold according to the decomposition of forms into QP4
and, more striking, it implies formality [21]. Also, in [21], Deligne et al argue that the dd‘-
lemma is preserved by birational transformations, in particular, it is preserved by the blow up of
a complex manifold along a submanifold. In the symplectic case, although the decomposition of
forms into ¥ had not been encountered before, the operator d” induced by a symplectic struc-
ture had, and it coincides with Brylinki’s canonical derivative [10]. It is a result of Merkulov
[67] that the ddY-lemma in the symplectic case is equivalent to the hard Lefschetz property (we
shall say just “Lefschetz property” for short).

Definition. A symplectic manifold (M?", w) satisfies the Lefschetz property if the maps
W™k - H¥ (M) — H* (M)

are surjective for k < n.

It was conjectured by Babenko and Taimanov [3] that the Lefschetz property in a symplectic
manifold implies formality.

In a different vein, as generalized complex geometry unifies complex and symplectic ge-
ometry, it suggests itself as a natural setting in which to study mirror symmetry. In a recent

paper [8], Bouwknegt, Evslin and Mathai introduce a very simple and appealing formalism
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for T-duality for principal circle bundles and we use this description to study how generalized
complex structures transform.

We are concerned mostly with two general problems in this thesis:

i) The search for new examples of generalized complex structures;
i) Implications of the dd”-lemma regarding decomposition of cohomology, formality and

its behaviour under symplectic blow-up.

Ezxamples of generalized complex manifolds

Regarding the search for examples of new structures, we achieve this in different ways. Re-
calling the early days of symplectic geometry, when the search for nonkéhler symplectic manifolds
was a ‘hot problem’, we use symplectic fibrations — Thurston’s solution [79] to the symplectic
problem — to produce examples of generalized complex manifolds which are not just defor-
mations of products of complex and symplectic manifolds. And we also study these structures
on Lie groups and on nilmanifolds (Thurston’s simplest example of symplectic structure on a
symplectic fibration is given by a symplectic nilmanifold).

We prove that any compact Lie group G?" of rank 2k admits invariant structures of any
type from n — k to n. The type n structures coincide with the complex structures determined
by Samelson [77] and our technique is a generalization of his.

Regarding nilmanifolds, we find some obstructions to admitting an invariant generalized
complex structure based on crude information about the corresponding Lie algebra: the nilpo-
tence step and the dimension of the spaces forming the descending central series. Then we give
a classification of invariant generalized complex structures on 6-nilmanifolds. This includes 5
examples that are not products of lower dimensional manifolds and do not admit either sym-
plectic or invariant complex structures. This shows that all 6-nilmanifolds admit generalized
complex structures. We also use our results to give an 8 dimensional example that does not
admit any invariant generalized complex structure.

Moving to the second of our objectives, we answer the following questions:
Does the dd” -lemma induce a decomposition of cohomology?

We establish that it does. By analogy with the Hochschild homology of a Calabi-Yau man-
ifold, we denote this decomposition of the cohomology of a generalized complex manifold M 2"

by HH*(M), where k varies from —n to n. In the case of a generalized complex structure
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induced by a complex one, these spaces are HH*(M) = ®p—q=kHP4(M), which agrees with
the Hochschield homology of a Calabi—Yau [13]. One of the interesting facts about this de-
composition is that generalized complex submanifolds are always represented by elements of

HHO(M).
What is this decomposition of forms in the symplectic case?

We prove that the spaces U” in the symplectic case are given by:

Uk = eiwe%Q”_k(M).
This expression allows us to find the following unexpected relations between 9 and @ and d and
a7

. A . A
d(e“ezia) = e“ezida
— . A . A
—2id(e™e2a) = e“e2id’ .

With this, we can, for example, prove in the symplectic case that the spectral sequence associated
to the splitting d = 0+ 0 degenerates at E;. Given the formulae above for 9 and 0, this spectral

sequence is in fact equivalent to the spectral sequence for the canonical complex introduced by

Brylinski [10].
What is the equivalent ‘dd -lemma’ in the symplectic case?

As we mentioned before, it is a result by Merkulov [67] that, in the symplectic case, the
dd? -lemma is equivalent to the Lefschetz property. Due to some missing details in Merkulov’s
original proof, his result is often contested. We give proofs for the parts missing in Merkulov’s
paper.

How does the Lefschetz property behave under symplectic blow-up?

The first example of a simply-connected nonkéahler symplectic manifold was the blow-up of
CP™ along the Kodaira-Thurston manifold [65]. The resulting manifold has b3 = 3 and hence
does not satisfy the Lefschetz property. So, in contrast with the complex case, the symplectic
blow-up does not preserve the ddY-lemma in the ambient manifold. We prove that neither
does the blow-down, since, depending on the existence of symplectic submanifolds in certain

homology classes, we have the following:
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a symplectic manifold that does not satisfy the Lefschetz property can be blown up to a manifold
that satisfies this property.

Furthermore we give sufficient conditions for the Lefschetz property to be preserved. Namely,

under some co-dimension conditions,

if both the ambient manifold and submanifold satisfy the Lefschetz property, the blow-up will
satisfy this property too.

Does the Lefschetz property imply formality?

No. Using our results about blow-up, we are able to construct examples of nonformal sym-
plectic manifolds satisfying the Lefschetz property. This answers in the negative the conjecture
by Babenko and Taimanov [3] and is related to an earlier question on formality of simply-
connected symplectic manifolds by Lupton and Oprea [61]. This again puts the symplectic case

in contrast with the complex case, as, in the latter case, the dd”-lemma implies formality.
How do generalized complex structures and the dd” -lemma behave under T -duality?

We study T-duality on principal circle bundles with NS-fluxes turned on, following work
by Bouwknegt et al [8, 9]. We prove that invariant twisted generalized complex structures
transform well under T-duality and further the dd”-lemma on one side corresponds to the same
property on the other. Using T-duality and results of Fino et al on SKT structures [31], we

prove that no 6-nilmanifold admits invariant generalized Kéhler structures.

In the last chapter, we leave generalized complex geometry and study the question of for-
mality of k-connected n-manifolds, n = 4k + 3, 4k +4, with special attention to Ga- and Spin(7)-
manifolds. The relevance comes from the fact that other Riemannian manifolds with special
holonomy are formal (the question is open only for G2, Spin(7) and quaternionic K&hler mani-
folds) and G- and Spin(7)-manifolds have a property that resembles the Lefschetz property for

symplectic manifolds:
[ 1ele? <0.0 € 2000\ {0}
M

where ¢ is the closed (n — 4)-form determining the G- or Spin(7)-structure on M"™, and hence

(0.1) [o] : H2(M) = H" %(M)
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is an isomorphism. In this chapter we stretch the bounds of Miller’s theorem [68] stating that
k-connected n-manifolds are formal if n < 4k 4+ 2. We prove that the same claim holds in
dimensions 4k + 3 and 4k + 4 as long as by 1 = 1. This is relevant to us as our focus is on
simply-connected 7-manifolds. We can also prove formality of any k-connected n-manifold M™,

n = 4k + 3,4k + 4, with by, = 2 for which there is a class ¢ € H" 2¥=2(M) such that

(0.2) (o] : H**Y (M) S H" 1 (M).
Further, if n = 4k 4+ 3 and bi,1 = 3, we can prove that all Massey products vanish. We finish
with examples inspired by Gs- and Spin(7)-manifolds as well as by symplectic manifolds.

This thesis is organized as follows. In the first Chapter we introduce some basic concepts
regarding differential graded algebras which will be needed later. This includes Sullivan minimal
models, the definition of formality and the proof that complex manifolds satifying the dd°®-lemma
are formal [21], which makes relevant the question of whether generalized complex manifolds
satisfying the dd”-lemma are formal. We also include the concept of s-formality as introduced
in [28], which will reappear in the last chapter. And finally we also establish that, for a formal
manifold, the cohomology of the exterior derivative d twisted by a 3-form H is isomorphic to
the H-cohomology.

In Chapter [2] we introduce the central object of this thesis: generalized complex manifolds.
Most of the material of this chapter is already in Gualtieri’s thesis [41]. There, we recall from
[41] that a generalized complex structure induces a decomposition of forms into Uk, as well as
the decomposition of the exterior derivative d = 0 4+ 0. I am able to introduce new examples
through symplectic fibrations and principal torus bundles, including Lie groups. We present
Gualtieri’s deformation theorem for local deformations of a generalized complex structure. We
also introduce generalized complex submanifolds and generalized Kahler manifolds, as defined
in [41].

Chapter [3] gives examples of generalized complex structures on nilmanifolds as well as
constraints to the existence of certain types of structures on these spaces.

We move on to the dd-lemma and its implications in Chapters |4 to @ In Chapter , we
prove that if a generalized complex manifold satisfies the dd”-lemma, its cohomology splits into
HH*, according to the decomposition of forms into U*. Conversely, the dd”-lemma is itself

equivalent to this decomposition of cohomology and the degeneracy of the canonical spectral
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sequence at Fq. We also prove that a generalized complex submanifold is always represented by
an element of HHY.

In the next chapter we deal with the symplectic case. We present Yan’s results about the
representation of s[(2,C) in the exterior algebra of a symplectic manifold [86] and give the
decomposition of differential forms into U* for a symplectic manifold. We also use Yan’s results
to give his proof that the Lefschetz property is equivalent to the existence of symplectic harmonic
representatives in each cohomology class and then complete Merkulov’s proof of the equivalence
of the Lefschetz property and the dd”-lemma [67].

In Chapter [6] we study how the Lefschetz property behaves under symplectic blow-up and
show that in some cases it is possible to blow up a manifold that does not have this property
and obtain one that does. One the other hand, we prove that if both ambient and embedded
manifolds satisfy the Lefschetz property and the codimension is high enough, so will the blow-
up. As an application, we use blow-up to give the first examples of nonformal symplectic
manifolds satisfying the Lefschetz property, or, in the language of generalized complex geometry,
a nonformal generalized complex manifold which satisfies the dd”-lemma.

In Chapter [7] we study T-duality for principal circle bundles. There we show that twisted
generalized complex structures can be transported to the T-dual and that all the structures
defined from a generalized complex structure on one side can be transported to the T-dual.

In the last Chapter we study the question of formality on k-connected n-manifolds, n =
4k+3,4k+4. Using the concept of s-formality, we improve slightly Miller’s bounds for formality
of k-connected spaces and give some results for manifolds satisfying .






CHAPTER 1

Minimal Models, Formality and Massey Products

The main objects of this chapter belong to rational homotopy theory. This theory begins
with the discovery by Sullivan in the 60’s that not only the abelian groups H;(X,Z) and 7;(X),
the homology and homotopy groups, of a simply connected topological space X can be ratio-
nalized, but also the space itself can be rationalized (to Xg with m;(Xg) = m(X) ® Q and
H;(Xq) = Hi(X) ®Q) as well as maps between spaces f: X — Y (to fg : Xg — Yg). Rational
homotopy theory is the study of properties that depend only on the rational type of the space.

The basic object in this theory are differential graded algebras (DGAs, for short) and
Sullivan [78] introduces a subclass of those which are minimal in some sense and can be used to
model the DGA of PL-forms on X. These ‘minimal models’ can be constructed from the algebra
of PL-forms on X, contain all the rational homotopic information about X and are homotopy
invariant as two minimal models are homotopic if and only if they are isomorphic.

From the computational point of view, when dealing with manifolds, a very important point
is that we have de Rham-like theorems. These theorems imply that once we tensor everything
with R, we can just work with differential forms instead of PL-forms and the minimal model
obtained from differential forms is just the minimal model obtained from PL-forms tensored
with R. Hence the minimal model for the differential forms on a simply connected manifold M
contains all the rational homotopic information of M.

Sullivan’s theory can also be adapted to manifolds with nontrivial m1. Notably, if 7 is
nilpotent we still have minimal models and the theory is very similar. The case of a general
fundamental group is trickier and is still the subject of research [33].

One particular property of minimal models will concern us frequently in this thesis: for-
mality. For manifolds with this property, the minimal model for the manifold is the same as
the minimal model for its cohomology algebra and hence, by Sullivan’s theorem, all the in-
formation about the rational homotopy can be extracted from the cohomology algebra or the
rational homotopy type is a formal consequence of the cohomology. Although we have no use

for the particular rational homotopy type of a manifold (and hence Sullivan’s theorem does not
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play an important role in our investigation), formality has further implications that make it an
interesting property per se.

Two properties of formal manifolds will be important to us:

i) All their Massey products vanish.
Indeed, Massey products carry topological information and are constructed from the
complex of differential forms, having no analogue construction using just the cohomol-
ogy algebra. Hence the existence of nontrivial Massey products indicates that there
is more to the rational homotopy type of the manifold than can be seen from the
cohomology algebra.

it) Their dy-cohomology is isomorphic to the H-cohomology, where H is any closed 3-
form.
Here diy = d+ HA is the exterior derivative d twisted by the 3-form H. Its cohomology
is the twisted cohomology. While [H] acts on the standard cohomology in the obvious
way. The difference between these two cohomologies is given by some high order Massey

products, hence, if these vanish, the two cohomologies coincide.

And the main result making this topic so relevant to this thesis: Complex manifolds satisfying
the dd®-lemma are formal (Deligne et al [21]).

Most, if not all, of the results we present here are standard and we refer to [38] 26] for
a thorough discussion on these and related topics. However, references may be hard to find
for results on twisted cohomology — I didn’t find any. As some may not be familiar with this
language, we go through this theory quickly. We start with the definitions of minimal models
and formality in Section [I| where we also give Deligne’s proof of the theorem quoted above.
In Section [2] we sketch the proof that every compact manifold has a minimal model and from
there give an alternative definition of formality. Then we introduce the concept of s-formality as
defined by Fernédndez and Munoz [28] and state their theorem about when s-formality implies
formality. In Section [3| we introduce Massey products and argue that in a formal manifold,
these vanish. Finally in the last section, which is the only with some chance of originality in this
chapter, we prove that for a formal manifold the twisted cohomology and the H-cohomology are

(noncanonically) isomorphic.
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1. Minimal Models

We start introducing the central object of the theory:
Definition. A differential graded algebra, or DGA for short, is an N graded vector space A°®

over a field k, endowed with a product and a differential d satisfying:

(1) The product maps A* x A7 to A"/ and is graded commutative:
a-b=(-1)"b-a;

(2) The differential has degree 1: d : A¥ — AF+L;
(3) d* =0;
(4) The differential is a derivation: for a € A® and b € A7

d(a-b) =da-b+ (—1)a- db.

We will only work with the field of the real numbers R. A nontrivial example of DGA is
the complex of differential forms on a manifold equipped with the exterior derivative. Another
example is the cohomology of a manifold, with d = 0 as differential. The cohomology of a DGA
is defined in the standard way:

Definition. The cohomology of a DGA (A, d) is the quotient

_kerd: A* — At
C Imd: A= A

H*(A)

Sometimes, given a DGA, (A, d), one can construct another differential graded algebra that

captures all the information about the differential and which is minimal in the following sense.

Definition. A DGA (M, d) is minimal if it is free as a DGA (i.e. polynomial in even degree

and skew symmetric in odd degree) and has generators ej, ez ..., e,,... such that

(1) The degree of the generators form a weakly increasing sequence of positive numbers;
(2) There are finitely many generators in each degree;

(3) The differential satisfies de; € A{ey,...,e;—1}.

A minimal model for a differential graded algebra (A, d) is a minimal DGA, M, together with a
map of differential graded algebras, p : M — A, inducing isomorphism in cohomology. If (A, d)
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is the complex of differential forms on a manifold M we also refer to the minimal model of A as

the minimal model of M.

Every simply-connected compact manifold has a minimal model which is unique up to
isomorphism and later we will see how it can be constructed. It is a result of Sullivan [78], that
the rational homotopy groups of a simply-connected manifold, m,(M) ® Q, are isomorphic to
span{e; | deg(e;) = n}, where e; are the generators of the minimal model. This means that all
the information about the rational homotopy type of a simply-connected manifold is contained
in its minimal model.

As the cohomology algebra of a manifold with real coefficients is also a DGA we can also
construct its minimal model. This minimal model is not necessarily the same as the minimal

model for the manifold and in general it carries less information.

Definition. A manifold is formal if the minimal models for M and for its cohomology algebra
are isomorphic, or equivalently, there is a map of differential graded algebras v : M — H®*(M,R)

inducing isomorphism in cohomology, where M is the minimal model of M.

Hence formality means that the rational homotopy type of M can be obtained from its

cohomology algebra.

EXAMPLE 1.1. The most standard examples of formal spaces are compact symmetric spaces.
The key feature of those is that they have a natural metric for which the product of harmonic
forms is harmonic. Hence the map ¢ : H*(M) — Q°*(M) which associates to each cohomology
class its unique harmonic representative is actually a map of differential graded algebras inducing
an isomorphism in cohomology. If we let ¢» : M — H®(M) be the minimal model for H*(M),
then, by letting p = ¢potp : M — Q(M), we obtain a map of DGAs from the minimal algebra M
inducing an isomorphim in cohomology. Therefore (M, p) is the minimal model for M, which

is formal.

This example implies that spheres, projective spaces, Grassmannians and Lie groups, amongst

other spaces, are formal. More surprising, we have the following result.

THEOREM 1.1. (Deligne et al [21]): A compact complex manifold satisfying the dd°-lemma

s formal.
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PROOF. Let M be a manifold satisfying the dd®-lemma and let (£2,d) be the algebra of
differential forms on M with differential d, (€2.,d) the algebra of d°-closed forms also with
differential d and (Hge(M),d) the cohomology of M with respect to d¢, again with differential
d. Then we have maps

(2,d) < (Qe,d) " (Hae (M), d),

and, as we are going to see, these maps induce an isomorphism on cohomology and the differential

of (Hge(M),d) is zero.

i) i* is surjective:

Let a be a closed form and set 8 = d°a. Then df = dd°a = —d°da = 0, so
0 satisfies the conditions of the dd°-lemma, hence 8 = d°dvy. Let @ = a — dv, then
d°a =d°a—d°dy =0 — =0, so [a] € Im (i*).

i) ¢* is injective:

If i*« is exact, then « is d°-closed and exact, hence by the dd°-lemma o = dd“g,
so « is the derivative of a d°closed form and hence its cohomology class in €2, is also
zZero.

i) The differential of (Hge(M),d) is zero:

Let a be d°-closed, then da is exact and d° closed so, by the dd°-lemma, da = d°dg3

and so it is zero in d°-cohomology.
i) 7" is onto:

Let a be d°-closed. Then, as above, da = dd(. Let & = a — d°G, and so da = 0

and [@]ge = [@ge, so T([@]q) = [a]ge.
v) 7" is injective:
Let « be closed and d®-exact, then the dd°-lemma implies that « is exact and hence

[a] =01in &..

With this, we have seen that (Hge, d) is isomorphic to the cohomology algebra H®(M), since
its differential is zero and all the maps induce isomorphisms on cohomology. Now let p: M — Q.
be the minimal model for (Q.,d), then p =i0p: M —  is the minimal model for the complex
of differential forms and ¢ = 7o p: M — Hye induces an isomorphism on cohomology, so M is

formal. O
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Remark. A vital ingredient in this proof is that d° satisfies the Leibniz rule d°(a Ab) = d°a Ab+

(—1)|“|a A d°b. This implies that the complex €2, of d°-closed forms is actually a graded algebra.

2. Construction of Minimal Models and s-formality

As mentioned before, every compact simply-connected manifold has a minimal model. The
proof of this fact is done in a constructive way and the fundamental tool is a Hirsch extension.

If Ais a differential algebra, V a finite dimensional vector space and d : V' — ker(d)N (A" ")
a linear map, we can form the Hirsch extension A®4(AV ), as follows: the elements of A®4(AV )y,
are elements of the tensor product of A with the free algebra generated by V in degree n, the
differential is defined by linearity plus the product rule d(a ® v) = da @ v+ (—1)%8@g A dv ® 1.
We denote 1 ® v by v and @ ® 1 by a and then a ® v becomes simply a A v.

In doing such an extension one is, amongst other things,

i) killing cohomology in degree n + 1 since the elements in the image of d which were
closed in A but not exact and have become exact in A ®g (AV)n;
ii) creating cohomology in degree n, namely, the new classes are given by the kernel of

d:V — A" Im d : A* — A"

Therefore, we can always split V = B™ 4 Z", where the map d : B® — A" /Im d : A" —
A" is an injection and Z, = ker d:V — A" /Im d : A® — A""!, although this splitting is

not canonical.
THEOREM 1.2. Every compact simply-connected manifold has a minimal model.

PROOF. We start with the free DGA My generated by H?(M) in degree 2 and with van-
ishing differential. We define py : My — Q*(M) by choosing arbitrary representatives for the
cohomology classes in H?(M) and extend it to higher symmetric powers of H2(M) so that it is
a map of algebras.

Not all elements in Sym?(Ha(M)) = M3 represent nonvanishing cohomology classes,
though. And also M3 = {0}. The next stage in the construction of the minimal model fixes

these two particular problems. Let

V3 = (ker Sym?(H?*(M)) — H*(M)) & H*(M),
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with a map d : V3 — M3 defined by
da = a, for a € ker Sym?(H*(M) — H*(M));

da =0, for a € H3(M),

where we used @ to indicate the element in ker Sym?(H?(M)) — H*(M) < V3 which corresponds
to a € Sym?(H?(M)) < M3 when these two spaces are identified. This allows us to make the
Hirsch extension of My by V3, which we denote by M3. We extend ps to p3 : M3 — Q°M in
the following way: If @ € ker Sym?(H?(M)) — H*(M), then ps(a) was defined in the first step

and is exact, say pa(a) = db, then considering a € V3 we define
ps(a) =10

And we also define p3 in H?(M) by choosing a representative for each comology class. Extend
p3 to the whole M3z by requiring it to be a map of algebras.

With these choices, p3 induces an injection H*(M3) — H*(M) and isomorphisms in coho-
mology in degrees 2 and 3. The next step in the construction consists in taking another Hirsch

extension, this time by
V= (ker H*(M3) — H(M)) ® H'(M)/p(H*(M3)).

Again the first set of generators kills the degree 5 cohomology classes in M3 that do not ex-
ist in H°(M), assuring that H°(M,) injects in H°(M) and the second introduces the degree
4 cohomology classes that are missing in H*(M3) when compared to H*(M), guaranteeing
HY(My) = HY(M).

This procedure gives us a family of free DGAs, each obtained by a Hirsch extension from
the previous one:

M2<M3<"'Mn<"‘7

and maps p, : M,, — Q*(M) such that:

i) pn| My = py for k < n, hence induce a map in the limit DGA p: M — Q*(M);
i) The induced maps in cohomology are isomophisms p* : H¥(M,,) = H*(M), for k < n
and therefore, in the limit, H*(M) = H*(M) for all k.

Thus the limit M of the M, is the minimal model for M. O
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We should remark that if the fundamental group of a manifold is nilpotent, then a similar
construction of a minimal model can still be carried out [38]. There is also a concept of minimal
model for non-simply-connected spaces, but we will have no need to consider that.

The main reason to present the proof of this theorem is that it is a constructive one and
sometimes properties about the minimal model are more easily obtained using this point of view.

For example we have an alternative description of formality (see [26], [38], for a proof).

THEOREM 1.3. Let V' be the spaces introduced in degree i when constructing the minimal
model of a manifold M. M is formal if and only if there is a splitting V' = B* @ Z*, such that

(1) d: B — M™ is an injection;

(2) d(Z°) = 0;

(3) If an element of the ideal IT(®i;enB') < M is closed, then it is exact.

This characterization of formality allows one to consider weaker versions. Notably, Fernandez

and Munoz introduced in [28] the useful concept of s-formality.

Definition. A manifold is s-formal if there is a choice of splitting V* = Z @ B? satisfying (1)
and (2) above and such that every closed element in the ideal Z(@;<sB") < M is exact in M.

Clearly this is a weaker concept, in general, but it is also obvious that if an n-dimensional
manifold is n-formal, it is formal. The following surprising result of Fernandez and Munoz shows

that sometimes the weaker condition of s-formality implies formality.

THEOREM 1.4. (Ferndndez and Munoz [28]): If an orientable compact manifold M™ is

s-formal for s > n/2 — 1, then M is formal.

The good point of this theorem is that if one wants to prove formality by constructing the
minimal model and finding the splitting as in Theorem it is not necessary to determine the
full minimal model, but only the beginning of it. This is most useful in low dimensions and

when one has some information about the behaviour of the Betti numbers, as we will see in

Chapter

3. Massey Products

So far we have two ways to tell whether a manifold is formal: from the definition of formality

and from a (partial) construction of the minimal model and the Theorem of Ferniandez and
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Munoz. Now we determine an easy way to test if a manifold is not formal by considering Massey
products.
We will start with the triple products. The ingredients are ai2, as3,ass € A three closed

elements such that ajsass and aszasy are exact. Then, denoting a = (—1)'“‘@, we define

aizazs = dais
(*)

azzazy = dagy.
In this case, one can consider the element aizasy + @i2a24. By the choice of ai3 and agy this
element is closed, hence it represents a cohomology class. Observe, however, that a13 and ao4 are
not well defined and we can change them by any closed element, hence the expression above does

not define a unique cohomology class but instead an element in the quotient H*®(A)/Z([a1], [as]).

Definition. The triple Massey product or just triple product ([a12], [a23], [a34]), of the cohomol-

ogy classes [a12], [a23] and [az4] with [a12][a2s] = [a23][ass] = 0 is the coset

(lar2], [azs], [az4]) = [@12a24 + @13034] + ([a12], [a34]) € H*(A)/Z([a12], [az4)),

where a3 and agq are defined by (x).

Now if the triple products ([ai2], [a2s], [a34]) and ([azs], [as4], [a45]) vanish simultaneously,

i.e., are represented by exact elements for a fixed set of choices, then one can consider
G12025 + 13035 + @140G45,

where dajqs = (a19,a23,a34) and similarly for ags. This element is always closed, and again
depends on choices, hence is defined on a quotient space of H®(A). This is the quadruple
Massey product ([a12], [as], [as4], [aas])-

In general, before defining an n-Massey product ([ai2],- - ,[ann+1]), one needs vanishing

lower order products:
da;j = g kA s
i<k<j

and the n-product is represented by

E 1EOkn+1-

1<k<n+1
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Remark. Although in order to compute Massey products we have to make choices of elements
in A representing the cohomology classes involved, the Massey product itself is independent
of those choices, as one can check that if one of the initial elements is exact (and the product

defined) then the product vanishes.
The importance of Massey products for this work comes from two observations

i) If p: M — Ais the minimal model for A and we have a Massey product (vi2, -+, Up—1n)
in A, we can use the same cohomology classes to get a Massey product in M. As p
induces an isomorphism in cohomology, the Massey product vanishes in A if and only
if it vanishes in M. In some sense, the minimal model is the natural place in which to
define Massey products;

ii) Using the notation of Therorem there is a decomposition of M, as a vector space,
into

M = span(®Z') & Z(9BY);

where every element in the first summand is closed. If an element a is exact, say
a = db, we can split b according to the decomposition above into b; + by, but the

element by € span(®Z?) is closed, so in fact we have that every exact element satisfies:
a = dby € d(Z(®BY)).

Now assume that M is formal. Then any Massey product gives rise to a product in the
minimal model from (i) and we can always make choices so that it lies in Z(®B?), from (i),

but, by formality, this implies that the Massey product vanishes.
THEOREM 1.5. If a compact manifold has nonvanishing Massey products, it is not formal.

Therefore, later in this thesis, when we are interested in formality and have a particular

manifold in mind, we will prove that it fails to be formal by providing nontrivial Massey products.

4. Twisted Cohomology and Formality

Another appearance that formality will make in this thesis concerns the relationship between
the cohomology of the twisted differential operator dgy = d + HA — also called the twisted

cohomology — where H is a closed 3-form, and the H-cohomology.
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Definition. The H-cohomology of a manifold is given by

ker{[H] : H*(M) — H*+1(M)}
Tm {[H] : H—(M) — H*(M)}’

e c 7.

The problem we want to solve is to describe the twisted cohomology, in terms of the standard
d-cohomology and the cohomology class [H].
The differential forms are Zo-graded — Q°/°? — And dp has degree 1 with respect to this

grading. The usual grading of forms by degree gives us a filtration of Q*(M) by
FP = @50,

and dy : F'P — FP, preserves the filtration. Therefore this gives us a spectral sequence converging

to the twisted cohomology. Denoting by
FPQ? = FPNQY, g € Zs,

the term EY?, q € Zs, is given by EP'' = {0} and

{a € FPQP : dga € FPH2Qrtl)

Y = .
2 {dB: B e Fr1Qr 1} ¢ {a € FrH1QP}
Decomposing a by degrees, o = «, + a2 + ..., the above is equivalent to
p0 10 € FPQP 1 day, = 0}

= =~ HP(M
2 {a € FPQP : o, = df} (M),

i.e., the Fy term is just the ordinary cohomology. For this spectral sequence, E3 = E5 and the
next nontrivial term is Ey4, which is

{a € HP(M) : aH = 0}
(bH :be H—3(M)}

p,0 __
E;" =

As the spectral sequence does not stop here necessarily, we conclude that the twisted cohomology

is a quotient of the H-cohomology.

ExaMPLE 1.2. Recall that a compact semi-simple Lie group has the rational homotopy type
of a product of odd spheres of dimension greater than or equal to 3 [76), [6]. This implies that
for any nonzero twist H, the H-cohomology is trivial. Hence, in this case, the spectral sequence

for the dg-cohomology degenerates at E4 and the dg-cohomology is trivial.



20 1. MINIMAL MODELS, FORMALITY AND MASSEY PRODUCTS

There are other cases where the dy cohomology and the H-cohomology coincide. And

formality is the key.

ExaMPLE 1.3. Let M be a formal manifold, H a closed 3-form and a a closed form such
that H A a is exact. Then one can consider the triple product (H, H,a), which vanishes by
formality.

As we can compute the Massey product in the minimal model we can take H A H = d0 and

—H Aa=day, with a1 € Z(@B;). Therefore, the vanishing of the product is equivalent to
(H,H,a) = —H N a; = das.

And again we can assume that as € Z(®B5;)

Hence one can go one step further and consider the Massey product (H, H, H, a) and so on.
Also, as we are working in the minimal model, we can actually always choose (H,---, H) = d0
and still get vanishing Massey products:

k
——
dak:<H7'” ,H,CL>,

and
k+1

——
daj41 :<H, ,H,CL) =—H Aay.

Therefore

d(Z%) = —H/\Zak,

Showing that, in a formal manifold, if [H A a] = 0, we can create a form of mixed degree, «,

such that dga =da+ H AN a = 0.

THEOREM 1.6. If a manifold M is formal, then the twisted cohomology is isomorphic to the

H-cohomology.

PROOF. Let a be a nontrivial H-cohomology class, and ag be a form representing such a
class. Then, from Example we can generate a dy-closed form from ag: b = ag+ai+as+---.
It is clear that if b was dy-exact, ap would be the trivial class in the H-cohomology.

By choosing a basis for the H-cohomology, we can use the argument above to construct an
injective linear map from the H-cohomology to the dy-cohomology. As the latter has at most

the same dimension of the former, they must be isomorphic. O



CHAPTER 2

Generalized Complex Geometry

The concept of generalized complex manifold was introduced by Hitchin [43] and studied
by Gualtieri in his thesis [41]. It consists of a complex structure, not on the tangent bundle, but
on the direct sum of the tangent and cotangent bundles, orthogonal with respect to the natural
inner product given by evaluation of forms on vectors:

(X +6Y + ) = S(60) + (X)),

and satisfying an integrability condition.

The basic examples of such manifolds are complex and symplectic manifolds. Also, as early
examples show [43], in some cases it is possible to deform complex to symplectic structures on
a manifold by a path of generalized complex structures.

Many of the properties shared by complex and symplectic structures are present in the
generalized complex case, which provides a unified way to study these seemingly distinct cases
and establishes relations between some already known properties. Also, by having complex and
symplectic geometry as subcases, generalized complex geometry seems to be a natural envi-
ronment to study mirror symmetry. Despite having been introduced only recently, generalized
complex geometry is already being used to describe mirror symmetry at different levels in a
growing number of papers [4}, 30}, 37, 58] and we will return to this topic at a later stage in
this thesis.

The point of this chapter is to introduce the central object of our study and its basic prop-
erties: generalized complex manifolds. All the results here presented are already in Gualtieri’s
thesis [41], except for Sections 4| and [5|and Example which are my own contribution. Here,
we aim to introduce a series of concepts that parallel more familiar ones in complex geometry,
as the decomposition of forms into QP4, the differential operators 9,0 and d°, submanifolds
and Kahler manifolds. We will also present results about how to construct nontrivial examples

through symplectic fibrations and the deformations of known structures.

21
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1. Linear Algebra of a Generalized Complex Structure

For any vector space V" there is a natural symmetric nondegenerate bilinear form on Va V™
of signature (n,n):

(X+6Y 1) = S(E0) +n(X).

A generalized complex structure on V is a complex structure J on V & V* orthogonal with
respect to the natural pairing. Since J2 = —Id on V@ V*, it splits (V@ V*) @ C as a direct sum
of +i-eigenspaces, L and L/, and conjugation swaps them: L = L’. Further, as J is orthogonal,

we obtain that for v, w € L,
<U7w> = (jv,jw) = <Z’U7“U> = _<U7w>a

and hence L (and L) is isotropic with respect to the natural pairing.
Conversely, prescribing such an L as the i-eigenspace determines a unique generalized com-
plex structure on V', therefore we could have defined equally well a generalized complex structure

on a vector space V" as being an n-complex-dimensional subspace L < (V @& V*) ® C such that:

e LNL={0};

e [ is isotropic with respect to the natural pairing.

ExAMPLE 2.1. (Complex Structures): If V has a complex structure, it induces a gen-
eralized complex structure on V by letting L = A%V @ A'9V* be the i-eigenspace. It is clear
that L satisfies both conditions above. Using the natural splitting of V & V* we can represent

this generalized complex structure in the matrix form:

-J 0
0o J*

j:

ExAMPLE 2.2. (Symplectic Structures): A symplectic form w on a vector space V' also
induces a generalized complex structure on V' by letting L = {X —iX|w : X € V}. The
nondegeneracy of w implies that L N L = {0} and skew symmetry implies that L is isotropic.

Again J can be represented in the matrix form as:
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EXAMPLE 2.3. A real 2-form B (also called a B-field) acts naturally on V & V* by
X+&—X+E—X|B.

If V is endowed with a generalized complex structure, J whose +i-eigenspace is L, we can
consider its image under the action of a B-field: Lp ={X + £ — X|B: X +£ € L}. Since B is
real, Lp N Lg = (Id — B)LN L = {0}. Again, skew symmetry implies that Lp is isotropic. In

matrix form, if Jp is J transformed by B, we have

10 10
J
-B 1 B 1

JB =

EXAMPLE 2.4. An element 3 € A?V also acts on V @ V* in a similar fashion:
X+ X+E+EP

An argument similar to the one above shows that the [-transform of a generalized complex

structure is still a generalized complex structure.

1.1. Mukai Pairing and Pure Forms. One more characterization of a generalized com-
plex structure on a vector space V™ can be obtained from an interpretation of forms as spinors.

The Clifford algebra of V @ V* is defined using the natural form (-, -), i.e., forv € Vo V* C
CI(V @ V*) we have v? = (v,v).

Since V and V* are maximal isotropics, their exterior algebras are subalgebras of C1(V& V™).
In particular, A"V* is a distinguished line in the Clifford algebra and generates a left ideal (A*V™)
with the property that any of its elements can be written as so, with o € A"V* and s € A®V.

This, in turn, determines an action of the Clifford algebra on A*V* by
X+ p=X[p+EAp.
If we let « be the antiautomorphism of CI(V @ V*) defined on decomposables by
(2.1) (v @ ®ug) =V @ @i,
then we have the following bilinear form on A*V* C CI(V & V*):

(€1,62) = (a(&1) A &2)tops
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where top indicates taking the top degree component on the form. If we decompose &; by degree:
&= ng, with deg(fg) = 4, the above can be rewritten, in an n-dimensional space, as
(22) (€,6) =) (& AG T +&" g™
J

This bilinear form coincides in cohomology with the Mukai pairing [71], where it was in-
troduced in a K-theoretical framework.

Now, given a form p € A*V* ® C (of possibly mixed degree) we can consider its Clifford
annihilator

Ly={ve VaeV")®C:v-p=0}.

It is clear that L, = Lz. Also, for v € L,,
0=1v"p=(v,0)p,

thus L, is always isotropic.
Definition. An element p € A*V™ is a pure form if L, is maximal, i.e., dim¢ L, = dimg V.

Gualtieri shows in his thesis [41] that any pure form is of the form ce®**Q, where B and
w are real 2-forms and ) is a decomposable complex form. The relation between the Mukai

pairing and generalized complex structures comes in the following:

PRroPOSITION 2.1. (Chevalley [15]) Let p and T be pure forms. Then L, N Ly = {0} if and
only if (p,7) # 0.

Therefore a pure form p = eBT“Q determines a generalized complex structure if and only
if (p,p) = QAQ AW £ 0, where k is the degree of Q and V is 2n-dimensional. This also
shows that there is no generalized complex structure on odd dimensional spaces. And with this

we have established that the following are equivalent definitions:

Definition. A generalized complex structure on a vector space V2" is

e A complex structure on V @ V* orthogonal with respect to the natural pairing;
e A maximal isotropic subspace L < (V & V*) @ C such that LN L = {0};
e A line in A®*V*®C generated by a form e®+t*Q, such that Q is a decomposable complex

form of degree, say, k, B and w are real 2-forms and Q A Q A w™ % £ 0.

The degree of the form 2 is the type of the generalized complex structure.
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EXAMPLES — REVISED: The line in A*V* ® C that gives the generalized com-
plex structure for a complex structure is A%V *, while the line for a symplectic structure w is
generated by e™. If p is a pure form determining a generalized complex structure, its B-field

transform will be associated to the form e® A p and its S-field transform will be e?|p.

1.2. The Decomposition of Forms. Using the same argument (used before with V' and
V*) to the maximal isotropics L and L determining a generalized complex structure on V, we see
that CI(V @ V*)®C) = CI(L @ L) acts on A?>"L and the left ideal generated is the subalgebra
A®*L. The choice of a pure form p for the generalized complex structure and a volume element

o € A2 gives an isomorphism of Clifford modules:
¢:NL— ANV*®C; d(s-0)=s"p.

The decomposition of A®*L by degree gives rise to a new decomposition of A*V* ® C and
the Mukai pairing on A*V* ® C corresponds to the same pairing on A®*L. But in A®*L the Mukai
pairing is nondegenerate in

AL < A2VRL 5 A2

and vanishes in AFL x A'L for all other values of . Therefore the same is true for the induced

decomposition on forms.

PROPOSITION 2.2. Letting U* = A" FL . p < A°V* ® C, the Mukai pairing on UF x Ut is

trivial unless | = —k, in which case it is nondegenerate.

Remark. The elements of U* are even/odd forms, according to the parity of k, n and the type
of the structure. For example, if n and the type are even, the elements of U* will be even if and

only if k is even.

EXAMPLE 2.5. In the complex case, we take p € APV *\{0} to be a form for the induced

generalized complex structure. Then, from Example we have that L = ALYV @ AD1V* so

Then, in this case, one can see Proposition as a consequence of the fact that the top degree
part of the exterior product vanishes on AP4V* x AP 4 V* unless p + p' = ¢ + ¢ = n, in which

case it is a nondegenerate pairing.
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ExaMPLE 2.6. If a generalized complex structure induces a decomposition of the differential
forms into the spaces U, then the B-field transform of this structure will induce a decomposition

into Ug = eB A UF. Indeed, by Example revised, Up = eB AU™, and
Uk = (Id - B)(L) - UET.

The desired expression can be obtained by induction.

1.3. The Actions of J on Forms. Recall that the group Spin(n, n) sits inside Cl(V & V™)
as

Spin(n,n) = {vy - ve : v; - v; = £1;k € N}
And Spin(n,n) is a double cover of SO(n,n):
¢ : Spin(n,n) — SO(n,n); p()X =v- X - av),

where « is the main antiautomorphism of the Clifford algebra as defined in (2.1]).
This map identifies the Lie algebras spin(n,n) = so(n,n) = A2V @ A2V* @ End(V):

spin(n,n) — so(n,n); dp()(X)=[v,X]=v- X —X v

But, as the exterior algebra of V* is naturally the space of spinors, each element in spin(n,n)

acts naturally on A*V™.

EXAMPLE 2.7. Let B = Y b;e' A el € A’V* < so0(n,n) be a 2-form. As an element of

so(n,n), B acts on V @ V* via
X +¢— X|B.
Then the corresponding element in spin(n,n) inducing the same action on V' @ V* is given by
S bijelel, since, in so(n,n), we have
e Nel ey B! — 6j;€ei.

And, in spin(n,n),
i

dp(eleer = (e7e') - e, —ex - (ele’) =€’ - (e - ex) — (e - €7) - €' = Gl — &€,
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Finally, the spinorial action of B on a form ¢ is given by

wae] cp=—BAp.

EXAMPLE 2.8. Similarly, for 3 =" 8Ye; Aej € A2V < s0(n,n), its action is given by
B (X +E) =ieh.

And the corresponding element in spin(n,n) with the same action is Y 3Yeje;. The action of

this element on a form ¢ is given by

B =0l

EXAMPLE 2.9. Finally, an element of A =3 Agei ®e; € End(V) < so(n,n) actson Ve V™
via
AX + &) = A(X) + A*(9).

The element of spin(n,n) with the same action is %ZAZ (eje’ — eej). And the action of this

element on a form ¢ is given by:
1 (i i
A-p= 5214{(6]'6 —e€'ej) -
1 j i i
=5 2 Aol o) = ¢ A (el9)

- ;ZAgi(p— > Al A (eil)

i?j

1
—A%p + §T1“Ago,
where A*p is the Lie algebra adjoint of A action of ¢ via

(v, -vp) E o(vr, - Avg, - up).

The reason for introducing this Lie algebra action of spin(n,n) on forms is because J €

spin(n,n), hence we can compute its action on forms.

ExXAMPLE 2.10. In the case of a generalized complex structure induced by a symplectic one,
we have that J is the sum of a 2-form, w, and a bivector, —w™!, hence its Lie algebra action on

a form ¢ is

(2.3) Je=(—wA —w e



28 2. GENERALIZED COMPLEX GEOMETRY

ExaMpLE 2.11. If 7 is a generalized complex structure on V induced by a complex structure
J, then its Lie algebra action is the one corresponding to the traceless endomorphism —.J (see

Example . Therefore, when acting on a p, g-form :
T-p=JT¢0=ilp—q)e

From this example and Example it is clear that in the case of a generalized complex
structure induced by a complex one, the subspaces U*¥ < A®V* are the ik-eigenspaces of the

action of J. This is general.
PROPOSITION 2.3. The spaces U are the ik-eigenspaces of the Lie algebra action of J.

PRrooF. Recall from Subsection that the choice of a volume form o € A*"L and a pure
form p € A®V* determining the generalized complex structure gives an isomorphism of Clifford

modules:

¢:N°L— ANV*®C; d(s-0)=o¢(s-p).

And the spaces U* are defined as U* = d)(/\”““L). Further, J acts on L* & L as multiplication
by —i. Hence, by Example its Lie algebra action on v € A"*FL is:

1 1
J-y=—-J"v+ §TrJ7 =i(n+k)y— 52717 = ikn.
As ¢ is an isomorphism of Clifford modules, for o € U* we have ¢ 'av € A"**L and

T-a=7-¢(¢"'a) = §(To " - a) = iké(¢ 'a) = ika.

And we finish this section with a useful lemma.

LEMMA 2.1. Assume that W < V @ V* is a maximal isotropic subspace invariant under 7.

Let p be a form whose Clifford annihilator is W. Then, p € U°.

ProOOF. Split v € W into its L and L components: v = v"0 + %1 and p into its U*

components: p = > pr. Then, as W is invariant under J, we get that

v-p=W04+2") . p=0 and Ju-p =i’ — %) . p=0,
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which, together with the decomposition of p, implies that v10- p;, = v%! . p;, = 0. Since J act on
U* as multiplication by ik, we get that v also annihilates 7 - p. But as W is a maximal isotropic,
J - p has to be a multiple of p and therefore p is an eigenvetor of 7, say p € U*. But p is also
real, as W is real, and hence p = p € U~*, implying that p € U* N U~ and hence k = 0. g

1.4. Metrics on V @ V*. One last topic we have to cover in the linear algebra of the
geometry of 7' @ T™ is the metric. The natural pairing is indefinite with signature (n,n) on
a 2n-dimensional space. A metric compatible with this pairing on V & V* corresponds to an

orthogonal selfadjoint operator G : V @& V* — V & V* such that
(Gv,v) >0 Yo # 0.

As G is self adjoint, G* = G and the orthogonality implies G* = G~!. Therefore G?> = 1 and
V @ V* splits as an orthogonal sum of +1-eigenspaces C1 < V @ V*. As G is positive definite,
the natural pairing is +-definite in C'y+ and the choice of a pair of such spaces clearly gives us a
metric back:
(VW) = Vi, W) — (Vo W),

where Vi and W4 are the components of V and W in C4. Therefore a metric is equivalent to
a choice of orthogonal spaces C1 where the natural pairing is definite.

Since V is maximal isotropic, any such C'y can be written as the graph of an element
in ®2V*. More precisely, using the splitting ®?V* = Sym?V* + A2V* of a 2-tensor into its
symmetric and skew-symmetric parts, we can write Cy as the graph of b 4+ g, where ¢ is a

symmetric 2-form and b is skew:
Cr={X+bX,)+9(X,)|X eV}
The fact that the natural pairing is positive definite on C places restrictions on g. Indeed,
g( X, X)=(X+b(X,)+9(X,), X +bX,)+9(X,)) >0 if X #£0.

Hence ¢ is a metric on V. Further, C'_, the orthogonal complement of C, is also a graph of

b_ + g—. But using orthogonality we can determine g_ and b_:

0=(X+bX,")+g(X,), Y +b_(Y,)+g_(Y,"))

=b(X,Y)+b_(YV,X)+g(X,Y)+g_(Y, X),
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which holds for all X,Y € V if and only if b_ = b and g = —¢g and hence C_ is the graph of
b—g.
This means that a metric on V @ V* compatible with the natural pairing is equivalent to a

choice of metric on V and 2-form b.

2. Generalized Complex Manifolds
Based on the work of previous section, the following is a natural definition

Definition. A generalized almost complex structure on a manifold M?™ is one of the following

equivalent structures:

e A section J of End(TM @ T*M) orthogonal with respect to the natural pairing and
satisfying J2 = —Id;

e An n-complex dimensional subbundle L < (T'M & T*M) ® C isotropic with respect to
the natural pairing and satisfying L N L = {0};

e A line bundle in A*T*M ® C generated locally by a form of the form eZTQ, such that
Q is a decomposable complex form, B and w are real 2-forms and Q A QA w™ % #£ 0 in

the points where deg(Q2) = k.

A point is reqular for the generalized almost complex structure if it has a neighbourhood where
the type of the structure is constant. The line bundle in A*T*M ® C determining a generalized

complex structure is the canonical line bundle.

To state the integrability condition, we recall that an almost complex structure is integrable
if the +i-eigenspace is closed under the Lie bracket. In our case, there is no Lie bracket on
TM & T*M, but we recollect that the Lie bracket satisfies the following identity when acting on
a form ¢ (see [49], Chapter 1, Proposition 3.10):

2[v1, va] [ = v1 Av2|dp + d(v1 Ave|p) + 2v1[d(v2|p) — 2v2[d(v1[p).

Now we observe that this formula gives a natural extension of the Lie bracket to a bracket

on T'M & T* M, acting on forms via the Clifford action:

(2.4) 2[v1,v2] - o =v1 Avg - dp + d(vy Avg - ©)) + 2v1 - d(ve - @) — 20y - d(vy - ).
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Spelling it out we obtain (see Gualtieri [41], Lemma 4.24):
1
(2.5) (X +&Y +n] = [X, Y]+ X[dn - Y[d¢ + Sd(X|n - YE).

This is the Courant bracket introduced in [19], [20] in the context of Dirac structures, of which
generalized complex structures are the complex analogue.

With this, it is natural to define that a generalized almost complex structure is integrable if
the +i-eigenbundle L is closed under the Courant bracket. Of course, this can also be translated
to an integrability condition for the forms defining a generalized complex structure. Indeed, if
p has L as its Clifford annihilator, then L is involutive with respect to the Courant bracket if

and only if, for all vy, ve sections of L | [v1,ve] - p = 0. Using (2.4)), this is equivalent to
vy - (v2 - dp) =0,

as all the other terms vanish. If we let ¥ be the space of sections of the bundle U*, defined in

Proposition this is only the case if dp € U"~! = L -U"™. Therefore we have the following:

Definition. A generalized almost complex structure is integrable if one of the following equiv-

alent properties holds:

e The +i-eigenbundle is involutive with respect to the Courant bracket;

e The exterior derivative satisfies
d:U" - Ut

i.e., for a nonvanishing local section ¢ of U", dp = (X + &) - ¢, for some X + £ €
(TMeT*M)®C.

A generalized complex manifold for which the canonical bundle admits a nonvanishing closed

section is called generalized Calabi—Yau.

EXAMPLE 2.12. An almost complex structure on a manifold M induces a generalized almost
complex structure with +i-eigenspace TO'M @ T*LOM. If this generalized almost complex
structure is integrable, then 701 M has to be closed with respect to the Lie bracket and hence the
almost complex structure was actually a complex structure. Conversely, any complex structure

gives rise to an integrable generalized complex structure. A complex structure will give rise to a
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generalized Calabi-Yau structure only if the canonical bundle A™T* M admits a nonvanishing

closed section, i.e., if it is holomorphically trivial.

ExaMPLE 2.13. If M has a nondegenerate 2-form w, then the induced generalized almost

complex structure will be integrable if for some X + £ we have
de™ = (X +&)- e,

The degree 1 part gives that X |w + £ = 0 and the degree 3 part, that dw = 0 and hence M
is a symplectic manifold. Also, €™ is a globally defined closed section of the canonical bundle,

hence symplectic manifolds are generalized Calabi—Yau manifolds.

EXAMPLE 2.14. A real closed 2-form B, also called a B-field, acts on TM & T*M and maps
generalized complex structures to generalized complex structures. Indeed, the action of any
closed 2-form (real or complex) is a symmetry of the bracket and these, together with diffeomor-
phisms of the manifold, form the group of orthogonal symmetries of the Courant bracket (see
[41], Proposition 3.24). As generalized complex structures are preserved only by the action of

B-fields and diffeomorphisms these give the natural concept of equivalence for these structures.

Similarly to the complex case, the integrability condition places restrictions on d(uk) for

every k and hence allows us to define operators @ and 0. This is the object of the following:

THEOREM 2.1. (Gualtieri [41], Theorem 4.3) A generalized almost complex structure is

integrable if and only if d : U* — U @ uF1.

PROOF. It is clear that if d : U* — U* @ U*~! for all k, then, in particular, for k = n we
get the integrability condition
d:U"—u",
as U™ = {0}.
In order to obtain the converse we shall first prove that

(2.6) d:u* — @jzkfluj.

This is done is by induction on k, k starting at n and going downwards. The first step is

just the integrability condition. Assuming that the claim is true for k' > k, let vy, v9 be sections



2. GENERALIZED COMPLEX MANIFOLDS 33

of L and ¢ € U*, then by equation (2.4) we have
vy Avg - dp = 2[v1,v9] - @ — d(v1 Ava - @) — 201 - d(va - ) + 209 - d(v1 - )

but the right hand side is, by inductive hypothesis, in @j2k+11/{j. Therefore, so is va A vy - dep.
Since v1 and vy are sections of L, we conclude that dp € @jzk_lw‘.
In order to finish the proof of the converse, we remark that conjugation swaps U*, but

preserves d, as it is a real operator, i.e., dp = d@. Thus, for ¢ € Uk, v e U* and, using (12.6)),
dy € ®j2k_1w dp =dp € @j§k+1uj.

Showing that dp € U @ U* @ U**+!. Finally, if o € U* is an even/odd form, then all the
elements in U* are even/odd whereas the elements of U*~1 @U**! are odd/even. As d has degree

1 with respect to the normal grading of °, di is odd/even and hence has no U* component. O

Definition. Let M be a generalized complex manifold. We define the operators
9 uk _ uk+1.
Uk —ur

as the projections of d onto each of these factors. Also we define d7 = —i(9 — 9).

Similarly to d¢, we can find other expressions for d” based on the action of the generalized
complex structure on forms. One can easily check that if we consider the Lie group action of 7,

i.e, J acts on U* as multiplication by i*, then
a7 =g1dg.
And if one considers the Lie algebra action, then
a7 =1d,J.

As a consequence of Example it is clear that in the complex case, @ and O are just
the standard operators denoted by the same symbols and d7 = d°. In the symplectic case, d7
corresponds to Kosul’s canonical homology derivative [53] introduced in the context of Poisson
manifolds and studied by Brylinski [10], Mathieu [64],Yan [86], Merkulov [67] and others [27),

45] in the symplectic setting. We will study the symplectic case in detail in Chapters |5 and @
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ExaMpPLE 2.15. If a generalized complex structure induces a splitting of A*T™ into sub-
spaces U”, then, according to Example a B-field transform of this structure will induce a

decomposition into eBU¥. As B is a closed form, for v € U* we have:
d(eBv) = eBdv = ePov + eBov € Pur + Pt
hence the corresponding operators for the B-field transform, O and Op, are given by
op =ePoe B, Op = ePde B,
3. Twisted Generalized Complex Structures

The idea of a twisted generalized complex structure comes from the observation by Severa
and Weinstein [81] that the Courant bracket can be twisted by a closed 3-form H (also called
an NS-flux):

(X +&Y +nlg = [X+&Y +n] + V(X [H).

In the same way that the Courant bracket is the bracket induced by d (see equation , the
twisted bracket can be described as the bracket induced by the twisted differential dgy = d+ H:

(2.7)  2[vi,velg - =v1 Avy-dgp +dg(vi Avy - ) + 201 - dg(ve - @) — 209 - dpr(v1 - ).

Hence, if we use this twisted bracket in the integrability condition we obtain that L is integrable
(i.e., closed under the twisted barcket) if and only if [v1,ve|g - p = 0, which, similarly to the
nontwisted case, is equivalent to dgp € U™ !, Although one can twist a generalized complex

structure by any 3-form, we shall restrict H to be a real 3-form.

Definition. An H-twisted generalized complex structure, or just twisted generalized complex
structure, when the twisting 3-form is clear, is a generalized almost complex structure such that

one of the following equivalent properties hold:

e The +i-eigenspace is closed under the twisted Courant bracket;

e The twisted exterior derivative satisfies
dy U™ — UL,

i.e., for a nonvanishing local section ¢ of U", dp = (X +& — H) - ¢, for some X + & €
(TM & T*M) @ C.
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It is clear that Theorem also holds in this context, with the exterior derivative d replaced
by dp, hence we can still define the operators d and d by dy = 9 + 0 and d7 = —i(0 — 0).
Also, the transform of a twisted complex structure by a nonclosed B-field is a twisted complex
structure with twist H +dB. Hence the existence of such structures on a manifold only depends

on the cohomology class of H.

4. Symplectic Fibrations

The differential form description of a generalized complex structure furnishes also a very
pictorial one around regular points. Indeed, in this case one can choose locally a closed form p
defining the structure. Then the integrability condition tells us that Q A € is a real closed form
and therefore its annihilator Ann(2 A Q) < TM is an integrable distribution. The algebraic
condition Q A Q A w™* #£ 0 implies that w is nondegenerate on the leaves and the integrability
condition Q A dw = 0, that w is closed when restricted to these leaves. Therefore, around a
regular point, the generalized complex structure furnishes a natural symplectic foliation, and
further, the space of leaves has a natural complex structure given by ().

This suggests that symplectic fibrations should be a way to construct nontrivial examples
of generalized complex structures which are neither complex nor symplectic nor deformations of
those, at least, a priori. Next we see that Thurston’s argument for symplectic fibrations [79), [66]

can also be used in the generalized complex setting.

THEOREM 2.2. Let m: X — B be a symplectic fibration over a compact twisted generalized
complex base with (possibly zero) twist H and compact fiber (F,w). Assume that there is a €
H?(X) which restricts to the cohomology class of w on each fiber. Then X admits a twisted

generalized complex structure whose twist is m* H.

PROOF. Let 1 be a closed 2-form representing the cohomology class a € H?(X) and U,
be a cover of B by contractible open sets where the fibration and the canonical line bundle are
trivial. Let p, be a form determining the generalized complex structure over U,. Also, let w,,
be the pull back of w via the projection U, x F' — F. Then, in U, X F, there is a 1-form A,
such that

Wo — To = dAg.
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Choosing a partition of unity v, : B — [0, 1] subordinate to the cover (U,) we define
T =70+ dD_ (a0 m)Aa)-

This form is clearly in the same cohomology class as 79 and further d(1), o) vanishes on vectors

tangent to the fibers, hence the restriction of 7 to the fiber over b € B is
T =70+ Y (e 0 )i*(dAa)
— "o+ 3 (Yo 0 M)i* (wa — 1))
o
= Z(wa om)i*ws = w.

We now claim that for e small enough the forms €7 A 7*p,, patch together to give a generalized
complex structure on the total space. Indeed, from the above, 7 is nondegenerate on the vertical

subspaces Ker 7, and therefore it determines a field of horizontal subspaces
Hory ={X eT,M:7(X,Y)=0,VY € T, F}.

The subspace Hor; is a complement to T3 F" and isomorphic to T ;) B via 7. Also, denoting
by (+,-)p the Mukai pairing on B, (pa, pa)B 7# 0 and hence pulls back to a volume form on Hor.

Therefore, for € small enough,
ieT * —ieT *— _ dim(F) * —
(6 AT Pa, € AT pa)X - (67—) A (pompa)B 7507

and €7 A ¥ p, is of the right algebraic type. Finally, from the integrability condition for p,,
there are X, &, such that

dpa = (Xa + &a — H)pa-
If we let X (’;fo’" € Hor be the horizontal vector projecting down to X, then the following holds

onU, x F:
d(ei” AT pa) = (XZOT + €0 — X,;wr lieT — W*H)ei” AT Poyy

showing that the induced generalized complex structure is integrable.
On the overlap of U, and Upg, there is a function gg such that p, = ggpg, therefore the
same applies to e*"1*p, and ei”ﬁ*pg on the overlap U, NUg x F, hence these local forms patch

together to give a line bundle. O
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Several cases for when the conditions of the theorem are fulfilled have been studied for
symplectic manifolds and many times purely topological conditions on the base and on the fiber
are enough to ensure that the hypotheses hold. We give the following two examples adapted
from McDuff and Salamon [66], Chapter 6.

THEOREM 2.3. Let m: X — M be a symplectic fibration over a compact generalized complex
base with fiber (F,w). If the first Chern class of TF is a nonzero multiple of [w], then the
conditions of Theorem hold. In particular, any oriented surface bundle can be given a
symplectic fibration structure and, if the fibers are not tori, the total space has a generalized

complex structure.

THEOREM 2.4. A symplectic fibration with compact and 1-connected fiber and a compact

twisted generalized complex base admits a twisted generalized complex structure.

These results also show that the case of torus bundles is ‘more interesting’, in the sense
that more structure has to come into play in order to determine whether there is a generalized
complex structure on the total space. In Chapter [3| we will study generalized complex structures
on nilmanifolds, which are torus bundles over other nilmanifolds. In many cases we find these
manifolds possess generalized complex structures, though not necessarily compatible with the

most obvious fibration.

5. Further Examples: Lie Groups

Of course, one can have a generalized complex structure on the total space even if the
conditions of the Theorem [2.2]fail. One such case is the ‘more interesting’ one of principal torus
bundles. As we have mentioned, the techniques from the previous section fail in this case and

further structure has to come into play.

EXAMPLE 2.16. Let M?" be a complex manifold satisfying the dd-lemma and let X be the
total space of a principal 2-torus bundle over M. Seeing X as a double circle bundle, assume
that the Chern classes of each of these are in H'!(M). We claim that X admits generalized
complex structures of type 2n + 1 (complex) and 2n. Indeed, let Q be a local trivialization of
AMOTM and wuq,us be connection forms of the torus bundle. Then, as du; A Q = 0, the form
e"1N2Q) determines locally a generalized complex structure on X of type n (even though there

may be no a € H?(X) which restricts to u; A ug on the fibers) and the form (u; + iug) A Q
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determines locally a type n+1 structure. It is clear that in either case these forms patch together
yielding the canonical line bundles e®"“2 A™0 TM and (u1 + dug) A™° T M respectively.

One concrete example where this happens is the product of two odd spheres §271+1 x §2n2+1
as those can be expressed as principal 2-torus bundles over CP"! x CP™2. The type n1 +ng+1
structure (complex) coincides with the Calabi-Eckmann complex structure on these manifolds
and here we have established that S2™1+1 x §272+1 glgo admits a type n1 + ng structure.

Of course we have used strongly the fact that the base has a complex structure. In the case,
say, of a symplectic base these results wouldn’t hold. For example, the case of principal 2-torus
bundles over surfaces with genus greater than 1 has been studied in the symplectic setting by
Etgii [25] and Walczak [82] and, unless the bundle is flat, there are no symplectic structures on
X.

ExAMPLE 2.17. The previous example can be extended to any principal 2k-torus bundle,
E?" whose Chern classes of the induced 2k circle bundles are of type (1,1). Any choice of
invariant generalized complex structure on the torus gives rise to a generalized complex structure
on the total space, still using the complex structure in the base. This shows that the total space
of such a bundle admits generalized complex structures of any type between n — k and n. The
most typical examples of torus bundles with such a property are compact even dimensional Lie
groups, which, after a choice of maximal torus, can be seen as principal torus bundles over
the corresponding (Kihler) Flag manifold. Hence a compact Lie group G?" of rank 2k admits

generalized complex structures of any type between n — k and n.

This same result about generalized complex structures on compact Lie groups can be ob-
tained from a Lie algebra point of view, which is useful to prove further properties of these
structures. The following argument is a generalization of the one used by Samelson to prove

that every even dimensional Lie group admits left /right invariant complex structures [77].

THEOREM 2.5. A compact Lie group G*" of rank 2k admits left invariant generalized com-
plex structures of any type between n — k and n. Further these structures can be chosen to be

bi-invariant under the action of a maximal torus.

PROOF. Choose a maximal torus T%¥ < G with Lie algebra t < g. Let {a : a € t*} be the

corresponding root system and e, € g ® C be eigenvectors of a:

[t,eq] = a(t)eq, fort e t,
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so that we have a splitting g®@ C = t® C @ span{e, }. This splitting of g® C allows us to identify
t* with the annihilator of span{e,} and hence we can see t ® t* as a subspace of g @ g*.

If we let Ly < (t@®t") ®C be the +i-eigenspace of an invariant generalized complex structure
on the maximal torus, fix a set of positive roots and denote the duals by upper indexes, then
we claim that

L =span{e_,,e% Li: a > 0}

induces a generalized complex structure on the Lie group of type n — k + type(Jy), i.e., n — k
plus the type of the generalized complex structure determined by L¢ in T

Indeed, it is easy to see that L N L = {0}, dimc L = 2n and the type is n — k + type(T+).
To prove that L is closed under the Courant bracket, we use expression for the Courant

bracket, which in this case becomes
(X +&Y +n=[X,Y]+ X|dn—Y|d§.

With this, if v; € t, w € t* and e,, and e* are as above, we have [g*, g*] = 0 and also

[v1,v23] =0 [v,w] =0 [v1,eq] = a(vi)eq
[v1,€%] =—a(v1)e® [w,eq] = Aie™® leas€e8] = A2eass
[€as eﬂ] = \gefe,

where the \; are constants. With the Courant bracket established, one can check by inspection
that L is involutive.
If p¢ is the form in A®t* determining Ly, then any invariant differential form determining L

is a multiple of

(2.8) p = pt Na>o0 €°.

Bi-invariance of J under the action of the maximal torus is a consequence of the following
fact
T, t] = [Jv,t], for t € ¢,

which can also be proved by inspection, as the bracket has already been determined. O

As the canonical bundle of any invariant generalized complex structure on a Lie group is

trivial (trivialized by an invariant form), one might wonder when these structures are actually
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generalized Calabi—Yau, i.e., when the canonical bundle admits a nonvanishing closed section.

The following answers this for the structures established in Theorem

THEOREM 2.6. If G is not abelian, none of the generalized complex structures determined
in Theorem is determined by an invariant closed form, i.e., the structure is not invariant

generalized Calabi—Yau.

PROOF. We shall start by showing that the form from equation ({2.8)) is not closed. And, in
order to do so, we shall first establish that

(df) No>o € =0, for all § € t* ® C.

Indeed, if v € t® C and e, is as above, then, from df(X,Y) = —60([X,Y]), we get df(v,-) =0
and
df(eq,ep) = A(eqyp) =0 if 8 # —a,

o

where X is a constant. Hence dt € span{e® A e~ : @ > 0} and the claim follows.

Now, for p defined in ({2.8]), the lower order term is
po = Aa0e® Ni<j<jo 07,

where §7 € t*®@C. If p determines a generalized Calabi-Yau structure, this form has to be closed
and we can extended the 67 so as to form a basis of (1,0) vectors in t* ® C for some complex

structure. From our initial claim, as pg is closed, so is
. N .
po Njo<j<k 07 = Na>0e™ Ni<j<i .

If we let ¢ € t be an element determining the set of positive roots (i.e. «a > 0 if and only if

a(t) > 0) and split it into its (1,0) and (0,1) parts and let 6; be the 1,0 vectors dual to 67 then

0 = Re(d(po Njo<j<k #)(Naz0a M<jck 0 A1) =

= Re(— Z a(to’l) Na>0 e” N<j<k gj(/\a>0€a N1<j<k 9]' VAN to’l))

a>0
= Re(Ya(™) = —3 Y al) <0,
a>0 a>0

which is a contradiction, hence p can not be closed. g
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Other structures that will be important on semi-simple Lie groups are twisted generalized
complex structures. This is because these will give us examples of twisted generalized Kahler
manifolds (see Example [2.24]). One question that might be raised is whether compact semi-

simple Lie groups can be twisted generalized Calabi—Yau, but the answer is no.

THEOREM 2.7. No compact semi-simple Lie group admits a twisted generalized Calabi—Yau

structure with nontrivial twist.

ProoF. From Example for a semi-simple Lie group the dp-cohomology is trivial for
any nonvanishing class H € H3(G). Therefore, if there was a globally defined dg-closed form
p defining the structure, this form would be dy-exact. Then, the claim is a consequence of the

following lemma.

LEMMA 2.2. If a dg-closed form p defines a generalized Calabi—Yau structure on a compact

manifold, the dp-cohomology class of p is nonzero.

PrOOF. Using (2.2)), one can easily show that the Mukai pairing of two dg-exact forms is
d-exact and hence can not be a nontrivial element in the top degree cohomology. On the other

hand, from Proposition [2.1
() # 0,

is a volume form, so the dg-cohomology class of p is nonzero. O

Having solved the twisted case and given that none of the generalized complex structures

obtained in Example is generalized Calabi—Yau, we are led to the following.

CONJECTURE 2.1. Compact semi-simple Lie groups do not admit (invariant) generalized

Calabi—Yau structures.

While answering the conjecture in the invariant setting may be easy using Cartan’s classi-
fication of semi-simple Lie algebras (and probably the structures above already account for all
possible invariant generalized complex structures), in the noninvariant case this is a very difficult
question. Even the simple case of S3 x S3 is still an open problem and the best results in this
direction come from Lu and Tian [60], showing that the connected sum of m copies of S x 3

have holomorphically trivial canonical bundle for m > 1.
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6. Deformations of Generalized Complex Structures

In this section we state part of Gualtieri’s deformation theorem for generalized complex
structures. The space of infinitesimal deformations is naturally a subspace of the space of sections
of AL and we want to know which sections of A?L give rise to deformations of the generalized
complex structure. We shall not discuss when such deformations are trivial and instead refer to
Gualtieri’s thesis. Before we can state the theorem we need one extra background lemma.

Initially we observe that the Courant bracket does not satisfy the Jacobi identity. Indeed,
its Jacobiator

Jac(A, B,C) = [[A, B, C] + [[B, C), A] + [[C, A, B]

is given by the following expression:

LEMMA 2.3. (Liu, Weinstein and Xu [59]): The Jacobiator of the Courant bracket is given
by

Jac(A, B, C) = %d(([A, B),C) + (B, C], A) + ([C, A], B)),

where, (-,-) is the natural pairing on TM @ T*M. In particular, if a subbundle L determines a

generalized complex structure, then the restriction of the Courant bracket to L is a Lie bracket.

Since the Courant bracket is a Lie bracket in L it induces an exterior derivative in A®L*:
dr,. Also, as L is isotropic, the natural pairing gives a natural isomorphism L* = L and hence d,
is a derivative of sections of A®L. Drawing on a result of Liu, Weinstein and Xu [59], Gualtieri

established the following deformation theorem.

THEOREM 2.8. (Gualtieri [41], Theorem 5.4): An element ¢ € A’L gives rise to a de-
formation of generalized complex structures if and only if € is small enough and satisfies the
Maurer—Cartan equation

1
dre + 5[5,5] = 0.
The deformed complex structure is given by
Lf=(Id+¢)L L =(ld+?)L,

or, on forms,

Pe =€ - p.



6. DEFORMATIONS OF GENERALIZED COMPLEX STRUCTURES 43

In the complex case, a bivector ¢ € N2OTM < N’L gives rise to a deformation only if each of

the summands vanish, i.e., 0z = 0 (e is holomorphic) and [e,e] = 0 (¢ is Poisson).

ExaMPLE 2.18. Any holomorphic bivector € on a complex surface M is also Poisson, as
[e,€] € A39TM = {0}, and hence gives rise to a deformation of generalized complex structures.
The deformed generalized complex structure will be symplectic outside the divisor representing
¢1(M) where the bivector vanishes. At the points where ¢ = 0 the deformed structure agrees

with the original complex structure.

EXAMPLE 2.19. Let M*" be a hyperkahler manifold with Kéhler forms wy,w; and wg.
According to the Kahler structure (wr,I), (wy + iwg) is a closed holomorphic 2-form and

2n

(wy + iwg)" is a holomorphic volume form. Therefore these generate a holomorphic Poisson

bivector A € A20TM by

A (wy+ in)zn =2n(ws + in)anl.

The deformation of the complex structure I by tA is given by
w rTtHiw
eMwy +iwg )™ = t"e e

which interpolates between the complex structure I and the B-field transform of the symplectic
structure wy as t varies from 0 to 1.

We also remark that although in this case we could explicitly find the path connecting the
deformed structures, this is peculiar to the complex case and in general it is hard to find a path
interpolating between two given generalized complex structures: indeed they may have different

topological invariants.

ExaMpPLE 2.20. Let X — B be a symplectic fibration over a twisted generalized complex
base B satisfying the hypothesis of Theorem Then any deformation of the generalized
complex structure on B gives rise to a deformation of the generalized complex structure on
X. Indeed, as seen in the proof of the theorem, for a given generalized complex structure with
canonical line bundle K, ¢*” A 7*K is the canonical line bundle of the fibration. If K is the
canonical line bundle of a nearby generalized complex structure, we can still use the same € and

e A ¢ K will determine a deformed structure on X.
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7. Submanifolds

In some sense, a generalized complex structure is actually a twisted generalized complex
structure with zero twist, as even though the 3-form is zero, it may be thought to exist and
be part of the structure. This is most evident when one considers submanifolds. At first, the
natural definition seems to be that a submanifold M — N is a generalized complex submanifold
if

To=TMOT°M ={X+£{€ TM ®T*N : {|rm = 0}
is invariant under J. The problem with this definition is that, as remarked in Example [2.14]
the natural concept of equivalence for generalized complex manifolds is given by the actions
of diffeomorphisms and B-fields. Therefore a meaningful definition of submanifold has to be
invariant under those actions and the above definition does not support B-field actions.

Gualtieri modifies the above definition of generalized complex submanifold by considering

the twisted and nontwisted cases all at once.

Definition. A submanifold with 2-form (M, F) — (N, H) is a submanifold of a manifold N with
3-form if dF" = H|p. If (N, H,J) is a twisted generalized complex manifold, then a generalized
complex submanifold is a submanifold with 2-form (M, F') such that the space

p=Id+F) - TM&T'M = {X +£€TM®T*N : &|ry = X|F}

is invariant under 7.

This way we see that if (M, F) — (N,H,J) is a generalized complex submanifold, then
(M, F — B) will be a submanifold of the B-field transform of (N, J) which shows this definition

is well behaved under B-field tranforms.

EXAMPLE 2.21. (Gualtieri [41], Example 7.7): A generalized complex submanifold (M, F') —
(N, 0) of a complex manifold is the same thing as a complex submanifold, as in this case J maps
TM to itself. Since M is complex, the conormal bundle of M is also invariant under J and
therefore the invariance of 74 under the complex structure implies that F € QY10 . Hence a
generalized complex submanifold of a complex manifold is just a complex submanifold with a

closed (1, 1)-form.



7. SUBMANIFOLDS 45

EXAMPLE 2.22. (Gualtieri [41], Example 7.8): The symplectic case is more interesting
and, as Gualtieri observed, generalized complex submanifolds coincide with coisotropic A-branes
introduced by Kapustin and Orlov [47]. We claim that if (M, F') is a generalized complex
submanifold of a symplectic manifold (NN, 0), then M is a coisotropic submanifold. Also, both

F and, obviously, w|ys are annihilated by the distribution
TM® ={X e TN|py :w(X,Y)=0, VY eTM}.

In the quotient V' = TM/TM®, there is a complex structure induced by w™!F and (F + iw) is
a (2,0)-form whose top power is a volume element in AROV | Finally, if F' = 0, then M is just a
Lagrangian submanifold of X.

To prove that M is coisotropic, we take X € TM“, so that w(X,-) € T'M, and indeed any

element in T°M is of that form. Due to the invariance of 7, for w(X,-) € T°M < 7, we have
Jw(X,)=—-wlwX,)=-X € 1p.

This furnishes both that X € T'M, and hence M is coisotropic, and that F'(X,-) = 0, and hence
F'is also annihilated by the distribution T'M%.
To find the complex structure on the quotient T'M/TM* we take X € TM and apply J

to X + £ € 7p. Invariance implies that
—wilf + w(X, ) €T,

which, is the same as —F ow ™! o F(X)|y = w(X,)|a where we are seeing I as a map from
TM to T*M. In TM/TM<, there is an inverse w™! and hence, in the quotient, we have the
identity

—X = (T F)*(X),

showing that w™!'F induces a complex structure on TM/TM®.

For an X € AYY(TM/TM%) we have w™'F(X) = —iX. Applying w we get F(X,-) +
iw(X,:) = 0 and hence F + iw is annihilated by A% (TM/TM%) and thus is a (2,0)-form.
Finally, for X = X| +iXy € AYY(TM/TM¥), as before we obtain (F — iw)(X,-) = 0, which
spells out as

F(Xl,') = —CU(XQ,‘) and F(XQ,') :w(X1,-),
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and therefore (F' + iw)(X,-) = —2w(X2, ) + 2w(X1, ) # 0, as w is nondegenerate in TM /T M.
Thus F + iw is a nondegenerate 2,0-form.
If F vanishes, 0 is a complex structure in TM/TM* which must therefore be the trivial

vector space and hence M is Lagrangian.

8. Generalized Kahler Manifolds

The key to generalize the concept of Kahler manifold is the observation that for such a
manifold there are two generalized complex structures, J1, J2 — one coming from the complex
structure and one from the symplectic — which commute, as the symplectic form w is of type
(1,1), and such that

(J1T2v,0) >0, for v #0.

Further, a Kahler structure is a Calabi-Yau structure if

(—2iw)™

W —WwY
(e ?e ) - n‘

=kQAQ = (-0, Q),
for some constant k € C.

Definition. A generalized Kdhler structure on a manifold M is a pair of commuting generalized

complex structures, J1 and o such that
<\71\72'7 >

is a positive definite metric on TM & T*M.
A generalized Calabi- Yau metric structure is a generalized Kahler structure determined by

two closed forms p; and ps whose Mukai pairings are related by
(p1,71) = k(p2, 2),

for some constant k.

Letting G = J1J 9, for a generalized Kéahler structure, it is clear that G is orthogonal, as
a composition of orthogonal maps. Further, G?> = Id, showing that G is self adjoint and the
generalized Kéhler metric is compatible with the natural pairing. Therefore G determines a

decomposition of TM @ T*M into +1-eigenspaces Cy. As J1 and Jo commute, they can be
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diagonalized simultaneously. If we denote their +i-eigenspaces by Ly /o, this means that
LIZLlﬁLQ@LlﬂE LQZLlﬂLQ@EﬂLQ.

Hence

C+®C:L1QE@EHL27
C_.C=LiNLy®» L & Lo.

This shows that L1 N Ly and L; N Ly are n-complex-dimensional spaces.

Moreover, according to work on Section C4 are the graphs of b + g over TM and,
J1 can be used as a complex structure on C'y orthogonal with respect to the natural pairing.
Hence, projecting to TM, we obtain two almost complex structures on T'M, Ji, orthogonal
with respect to ¢g: one coming from C the other coming from C'_. But the +i-eigenspaces for
the complex structures in Cy+ are L1 N Ly and Ly N Lo, which are integrable with respect to the
Courant bracket, hence their projections over the tangent bundle are integrable with respect
to the Lie bracket and Ji are integrable. This shows that a generalized Kahler manifold has a
bihermitian structure.

Finally, Gualtieri shows that if we let wy be the 2-forms associated with the hermitian
structures:

wt = g(Jx-, ),

then

dw, = —d°w_ = db,

Where dS is the d° operator for the complex structure Ji. And indeed all this structure is

enough to describe a generalized Kéhler manifold.

THEOREM 2.9. (Gualtieri [41], Proposition 5.17) A bihermitian manifold (M, g, J+) admits
a generalized Kahler structure for which Ji are the complex structures induced by the generalized
Kahler structure if and only if

diwy = —dSw_ = db,

for some 2-form b.
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In this case, the generalized complex structures J1 and Jo are given by

1 0) (Jy+J —(wi'Fwlh) 1 0

(2.9) T2 =
b 1) \wy Fw- —(JE£J5) -b 1

N

Remark. For a generic bihermitian structure, dSw may not even be closed, hence the general-

ized Kahler condition is that not only diw, = —d®w_, but also that this is an exact form.

EXAMPLE 2.23. (Gualtieri [41], Example 6.30) Let (M, I,J, K,g) be a hyperkidhler man-
ifold. Then g is hermitian with respect to the three complex structures, and the respective
Kahler forms, wy, wy and wg are d°-closed. Therefore, choosing, say, I and J for J1 we see that
the hypotheses of the above theorem are fulfilled with b = 0, hence these two complex structures
furnish the hyperkéhler manifold with a generalized Kéhler structure. The generalized complex

structures J1 /o are given by

1 I£J —(wi'Fw;h)

T2 = B N .
wr Fwyg *(I +J )
Recalling that the complex structures I,J and K satisfy relations like I = —w}le, we can
re-write J1 /5 as:
7 1 0 0 —wit —wih) 1 0
1 pr—
wg 1 %(WI—(A)J) 0 —wg 1
7 1 0 0 —L(wit +wih) 1 0
2 =
—wg 1 %(w[—i—wJ) 0 wrg 1

These are B-field transforms of symplectic structures, and the respective differential forms defin-
ing the structures are:
i

p1 = exp(wi + §(w1 —wy));

7
p2 = exp(—wg + i(wl +wy)).

This example shows that it is possible to have two symplectic structures giving rise to a
generalized Kéhler. The same is not true for complex structures as Gualtieri shows that the
sum of the types of J1 and [J2 can not exceed n, for a 2n-dimensional manifold. Also, this

is an example of a generalized Kahler structure which is not merely a B-field transform of an
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actual Kahler structure. However, one can still argue that, although the structure is different,

the manifold does admit a Kahler structure.

OPEN PROBLEM: Find examples of generalized Kdhler manifolds that do not admit Kdhler

structures.

Another interesting problem in this area concerns the deformation of generalized Kéhler
structures. It is a result of Kodaira and Spencer that the Kéhler condition is open [51), (52], in
the sense that if one deforms a complex structure compatible with a K&hler metric, it is possible
to find another Kéhler metric with which the deformed complex structure compatible, as long

as the deformation is small enough.

CONJECTURE 2.2. The generalized Kdhler condition is open.

Remark. One last and important remark concerns the decomposition of forms in the generalized
Kahler case. Each generalized complex structure gives rise to a decomposition of A*TM ® C into
V;-k the ik-eigenspaces of J;. As J1 and J2 commute, so do their Lie algebra actions. Hence

their action on forms can be simultaneously diagonalized. If we let UP? = VP N V3!, then
VP — Z U, and qu _ Z P,
q p

Further, as L; N Ly is n-complex-dimensional, we get that Vli" € V3 and vice-versa. And in

general, from there,

Vli(nfk) c @?:OVZ_’H—%‘

8.1. Twisted Generalized Kéhler Manifolds. By considering twisted structures, we
obtain the twisted version of the generalized Kéahler condition.

Definition. An H-twisted generalized Kdhler structure on a manifold M is a pair of commuting

H-twisted generalized complex structures, J1 and J9 such that
<j1 j?‘a >

is a definite metric on TM © T*M.

These structures can also be described in bihermitian terms (in the twisted case, Jy will

also be integrable complex structures).
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THEOREM 2.10. (Gualtieri [41], Theorem 5.37) A bihermitian manifold (M, g, J+) admits
an H-twisted generalized Kdhler structure for which Jy are the complex structures induced by

the twisted generalized Kahler structure if and only if
diwy = —d‘w_ = H +db,

for some 2-form b.

In this case, the twisted generalized complex structures J1 and Jo are given by Equation

E9).

Remark. If (M, g, J) is a hermitian manifold, we can consider the associated 2-form, w = g(J-,-).
This structure is called strong Kdhler with torsion (SKT) if d°w is a nonzero closed form. By
the above, a twisted generalized Kéhler manifold is SK'T with respect to both induced complex

structures.

EXAMPLE 2.24. (Gualtieri [41], Example 6.39) Let J;, and Jgr be left and right invariant
complex structures as constructed in Theorem on an even dimensional, compact Lie group
G. If G is semi-simple, these can be chosen to be Hermitian with respect to the invariant
metric induced by the Killing form K. We claim that this bihermitian structure furnishes
G with a twisted generalized Kéahler structure with twist H, the bi-invariant Cartan 3-form:
H(X,Y,Z)=K([X,Y],Z). To prove this claim we just have to compute dfwr:

A= diwL(X, Y, Z) = dLo.)L(JLX, JLK JLZ)
= —wL([JLX, JLY], JLZ) + cp.
=—K([JLX,JLY],Z) + cp.
= —K(Jp[J X, Y]+ J [ X, J Y]+ [X,Y], Z) + cp.
= (2K([JpX,JLY],Z) +cp.) —3H(X,Y,Z)
=—2A - 3H,
where cp. stands for cyclic permutations. This proves that djw; = —H. Since the right Lie

algebra is antiholomorphic to the left, the same calculation yields dwr = H and by Theorem

this bihermitian structure induces a twisted generalized Kéhler structure.
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Observe that the twisted generalized Kahler structure obtained in this example is neither
left nor right invariant under the Lie group action, as each of the induced complex structures
entering formula is only left/right invariant. However, as both complex structures are
invariant under the maximal torus action, the induced twisted generalized Kéahler structure is

also invariant under this action.






CHAPTER 3

Generalized Complex Structures on Nilmanifolds

When Thurston gave the first example of a symplectic manifold with no K&hler structure in
[79], he laid the ideas of what became known as symplectic fibrations and we have already seen in
Theorem [2.2]that this construction also works in the generalized complex setting. But Thurston’s
simplest example, a principal torus bundle over a torus, can be generalized in a different direction
to what is called a nilmanifold. Later work by Cordero, Ferndandez and Gray [16], 18] brought
these manifolds to the attention of differential geometers and the study of invariant geometries
on these spaces has been an interesting source of examples [5), 27, 45|, 48], [75].

A nilmanifold is a homogeneous space M = I'\G, where G is a simply connected nilpotent
real Lie group and I is a lattice of maximal rank in G. Such groups G of dimension < 7 have been
classified, and 6 is the highest dimension where there are finitely many. According to [62] [70]
there are 34 isomorphism classes of connected, simply-connected 6-dimensional nilpotent Lie
groups. This means that, with respect to invariant geometry, there are essentially 34 separate
cases to investigate.

The question of which 6-dimensional nilmanifolds admit a symplectic structure was settled
by Goze and Khakimdjanov [36]: exactly 26 of the 34 classes admit symplectic forms. Subse-
quently, the question of left-invariant complex geometry was solved by Salamon [75]: he proved
that exactly 18 of the 34 classes admit an invariant complex structure. While the torus is the
only nilmanifold admitting a Kéhler structure, 15 of the 34 nilmanifolds admit both complex
and symplectic structures. This leaves us with 5 classes of 6-dimensional nilmanifolds admitting
neither complex nor symplectic left-invariant geometry. See Figure 1 for illustration.

It was this result of Salamon which inspired Gualtieri and myself to ask whether the 5
outlying classes might admit a generalized complex structure. The main result of this Chapter
is to answer this question in the affirmative: all 6-dimensional nilmanifolds admit generalized

complex structures.

53
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5

Generalized complex

Figure 1: Left-invariant structures on the 34 siz-dimensional nilpotent Lie groups.

We begin in Section [1| with a brief introduction to nilmanifolds. Some results about gener-
alized complex structures on nilmanifolds in arbitrary dimension appear in Section [2| Section
contains our main result: the classification of left-invariant generalized complex structures on
6-dimensional nilmanifolds. In Section [l we show that while the moduli space of left-invariant
complex structures on the Iwasawa nilmanifold is disconnected (as shown in [48]), its compo-
nents can be joined using generalized complex structures. In the final section, we provide an
8-dimensional nilmanifold which does not admit a left-invariant generalized complex structure,
thus precluding the possibility that all nilmanifolds admit left-invariant generalized complex
geometry.

Gualtieri’s main contributions to this chapter were his patient explanations of generalized
complex structures to me (already fully acknowledged in Chapter , clarification of my original

notes and final editing. The results in this chapter are mine.

1. Nilmanifolds

A nilmanifold is the quotient M = I'\G of a connected, simply-connected nilpotent real
Lie group G by the left action of a maximal lattice I', i.e. a discrete cocompact subgroup. By
results of Malcev [63], a nilpotent Lie group admits such a lattice if and only if its Lie algebra
has rational structure constants in some basis. Moreover, any two nilmanifolds of G rationally
compatible with a lattice can be expressed as finite covers of a third one.

A connected, simply-connected nilpotent Lie group is diffeomorphic to its Lie algebra via
the exponential map and so is contractible. For this reason, the homotopy groups 7 of nilman-

ifolds vanish for k£ > 1, i.e. nilmanifolds are Eilenberg-MacLane spaces K (I',1). In fact, their
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diffeomorphism type is determined by their fundamental group. Malcev showed that this funda-
mental group is a finitely generated nilpotent group with no element of finite order. Such groups
can be expressed as central Z extensions of groups of the same type, which implies that any
nilmanifold can be expressed as a circle bundle over a nilmanifold of lower dimension. Because
of this, one may easily use Gysin sequences to compute the cohomology ring of any nilmanifold.
Nomizu used this fact to show that the rational cohomology of a nilmanifold is captured by the
subcomplex of the de Rham complex °(M) consisting of forms descending from left-invariant

forms on G:

THEOREM 3.1. (Nomizu [72]) The de Rham complex Q*(M) of a nilmanifold M = T'\G
is quasi-isomorphic to the complex AN*g* of left-invariant forms on G, and hence the de Rham

cohomology of M is isomorphic to the Lie algebra cohomology of g.

In this chapter we will search for generalized complex structures on I'\G which descend
from left-invariant ones on G, which we will call left-invariant generalized complex structures.
This will require detailed knowledge of the structure of the Lie algebra g, and so we outline its
main properties in the remainder of this section.

Nilpotency implies that the central descending series of ideals defined by g = g, g* =

k

[9"71, g] reaches g* = 0 in a finite number s of steps, called the nilpotency indez, nil(g) (also

called the nilpotency index of any nilmanifold associated to g). Dualizing, we obtain a filtration

of g* by the annihilators V; of g’, which can also be expressed as
V;':{’UGQ* : dvE/\QViq},

where V) = {0}. Choosing a basis for V7 and extending successively to a basis for each Vi, we

obtain a Malcev basis {e1,...,e,} for g*. This basis satisfies the property
(31) de; € A? <€1,...,€i_1> Vi.

The filtration of g* induces a filtration of its exterior algebra, and leads to the following useful
definition:
Definition. With V; as above, the nilpotent degree of a p-form «, which we denote by nil(«a), is

the smallest ¢ such that o € APV;.

Remark. If o is a 1-form of nilpotent degree ¢ then nil(da) =7 — 1.
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In this thesis, we specify the structure of a particular nilpotent Lie algebra by listing the
exterior derivatives of the elements of a Malcev basis as an n-tuple of 2-forms (dex = ) cgei A
ej)i,. In low dimensions we use the shortened notation ij for the 2-form e; A e;, as in the
following 6-dimensional example: the 6-tuple (0,0,0,12,13,14 + 35) describes a nilpotent Lie
algebra with dual g* generated by 1-forms ey, ..., e and such that de; = des = des = 0, while
des = e1 N ey, des = e1 Nes, and deg = e1 A eg + e3 A es. We see clearly that Vi = (ey, eg, e3),

Vo = (e1, ea,e3,e4,€5), and V3 = g*, showing that the nilpotency index of g is 3.

2. Generalized Complex Structures on Nilmanifolds

In this section, we present two results concerning generalized complex structures on nil-
manifolds of arbitrary dimension. In Theorem we prove that any left-invariant generalized
complex structure on a nilmanifold must be generalized Calabi-Yau, i.e. the canonical bundle
U, has a closed trivialization. In Theorem we prove an upper bound for the type of a left-
invariant generalized complex structure, depending only on crude information concerning the
nilpotent structure.

We begin by observing that a left-invariant generalized complex structure must have con-
stant type k throughout the nilmanifold M?", and its canonical bundle U must be trivial.

Hence, we may choose a global trivialization of the form

_ _B+iw
p =€ Qa

where B,w are real left-invariant 2-forms and € is a globally decomposable complex k-form, i.e.
Q=01 N N0,

with each 6; left-invariant. These data satisfy the nondegeneracy condition w?"~2* AQ AQ # 0
as well as the integrability condition dp = (X + &) - p for some section X + & € C°(T & T™).
Since p and dp are left-invariant, we can choose X + £ to be left-invariant as well.

It is useful to order {61,...,0;} according to nilpotent degree, and also to choose them in
such a way that {6; : nil(#;) > i} is linearly independent modulo V;; this is possible according

to the following lemma.
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LEMMA 3.1. It is possible to choose a left-invariant decomposition 2 = 61 A --- A 0y such
that nil(#;) < nil(#;) for i < j, and such that {6; : nil(#;) > i} is linearly independent modulo

V; for each 1.

ProOF. Choose any left-invariant decomposition 2 = 61 A --- A 6 ordered according to
nilpotent degree, i.e. nil(f;) < nil(6;) for ¢ < j. Certainly {61, ...,60x} is linearly independent
modulo Vp = {0}. Now let m; : g* — g*/V; be the natural projection, and suppose {m;(6;)
nil(6;) > i} is linearly independent for all i < m. Consider X = {m,(#;) : nil(6;) > m}. If there
is a linear relation mm, (0p) = >, umm (0;) among these elements, then we may replace 6, with
0~p =0,—>, 4p «;0;, which does not change 2 or affect linear independence modulo V;, i < m.
However, note that nil(ép) < m, i.e. we have removed an element from X. Reordering by degree

and repeating the argument, we may remove any linear relation modulo V,,, in this way, proving

the induction step. O
We require a simple linear algebra fact before moving on to the theorem.

LEMMA 3.2. Let V be a subspace of a vector space W, let « € APV, and suppose {61, ...,0,} C
W is linearly independent modulo V. Then a A1 A--- A 0y, = 0 if and only if a = 0.

PROOF. Let m : W — W/V be the projection and choose a splitting W = V @ W/V;
aNby A---ABby has a component in APV @ A" (W/V) equal to a @ w(61) A -+ - A 7(6,), which

vanishes if and only if a = 0. 0

THEOREM 3.2. Any left-invariant generalized complex structure on a nilmanifold must be
generalized Calabi-Yau. That is, any left-invariant global trivialization p of the canonical bun-
dle must be a closed differential form. In particular, any left-invariant complex structure has

holomorphically trivial canonical bundle.

PROOF. Let p = eB1t%Q be a left-invariant trivialization of the canonical bundle such that
Q =0, AN A0, with {0;,...,0;} ordered according to Lemma Then the integrability
condition dp = (X + &) - p is equivalent to the condition

(3.2) AdB+iw)ANQ+dQ=(ix(B+iw) ANQ+ixQ+EAQ.
The degree k + 1 part of (3.2)) states that

(3.3) dQ = ix(B+iw) AQ+EAQ.
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Taking wedge of (3.3]) with 6; we get
do; NOL N - NOB =0, Vi.

Now, let {6:,...,0;} be the subset with nilpotent degree < nil(df;). Note that j < i since
nil(6;) = nil(dd;) + 1. Then since

(d@i/\gl/\"'/\gj)/\9j+1/\'-'/\9k =0,
we conclude from Lemma B.2] that
(3.4) d@i/\al/\"'/\ej:(], with j < 1.

Since this argument holds for all i, we conclude that d2 = 0. The degree k + 3 part of (3.2))
states that d(B +iw) A Q = 0, and so we obtain that dp = e5+“dQ = 0, as required. O

Equation ([3.4) shows that the integrability condition satisfied by p leads to constraints on
{01, ...,0;}. Since these will be used frequently in the search for generalized complex structures,

we single them out as follows.
COROLLARY 1. Assume {6y,...,0;} are chosen according to Lemma Then
(3.5) do; € I({@j : nﬂ(ej) < nil(&i)}),

where Z( ) denotes the ideal generated by its arguments. Since nil(6;) is weakly increasing, we
have, in particular,

d91 € I(Ql, .. .,97;_1).

EXAMPLE 3.1. Since df; € Z(0), we see that 6; is always closed, and therefore it lies on V3

or, equivalently, nil(f;) = 1.

So far, we have described constraints deriving from the integrability condition on p. How-
ever, nondegeneracy (in particular, Q A Q # 0) also places constraints on the #; appearing in the

decomposition of 2. The following example illustrates this.

EXAMPLE 3.2. If 6y,...,0; € V;, then nondegeneracy implies that dim V; > 2j. For a fixed
nilpotent algebra, this places an upper bound on the number of ; which can be chosen from

each Vj.



2. GENERALIZED COMPLEX STRUCTURES ON NILMANIFOLDS 59

In the next lemma we prove a similar, but more subtle constraint on the 1-forms 6;.

LEMMA 3.3. Assume that {61,...,60;} are chosen according to Lemma Suppose that
no 0; satisfies nil(6;) = j, but that there exists 6; with nil(¢;) = j + 1. Then 6; A 6; # 0 modulo

V; (i.e. in A%(V;41/V;)), and in particular Vj41/V; must have dimension 2 or greater.

PROOF. Assume that the hypotheses hold but §; A ; = 0 modulo Vj. Because of this, it is
possible to decompose 6 = v + «, where nil(«) < j + 1, and such that v AT = 0. Therefore, up
to multiplication of 6; (and therefore ) by a constant, v is real.

By Corollary (1} d6; € Z({0; : nil(6;) < j + 1}). By hypothesis, there is no 6; with nilpotent
degree j, therefore we obtain

dv+da = Z &N,

nil(6;)<j
where ¢; € g*. Since nil(dv) = j, there is an element w € g/~! such that i,,dv # 0. On the other
hand, the nilpotent degrees of da and the {6;} in the sum above are less than j, hence interior

product with w annihilates all these forms. In particular,
0#iwdo= Y (in&)bi.
nil(6;)<j

Therefore, i,,&; is nonzero for some . But, the left hand side is real, thus

0 =ipdo Nido = | > (i) | A | D (1w

nil(0;)<j nil(e,-)<j
By the nondegeneracy condition, the right hand side is nonzero, which is a contradiction. Hence

; A 6; # 0 modulo Vj. O

From this lemma, we see that if dim Vj;1/V; = 1 occurs in a nilpotent Lie algebra, then it
must be the case, either that some 6; has nilpotent degree j, or that no 6; has nilpotent degree
j + 1. In this way, we see that the size of the nilpotent steps dim Vji;/V; may constrain the

possible types of left-invariant generalized complex structures, as we now make precise.

THEOREM 3.3. Let M?" be a nilmanifold with associated Lie algebra g. Suppose there exists

a j > 0 such that, for all i > j,

(3.6) dim (Viy1/Vi) = 1.
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Then M cannot admit left-invariant generalized complex structures of type k for k > 2n—nil(g)+
j-
In particular, if M has mazimal nilpotency index (i.e. dimVy =2, dimV;/V;_1 =1Vi > 1),

then it does not admit generalized complex structures of type k for k > 2.

PROOF. First observe that for any nilpotent Lie algebra nil(g) < 2n — 1, so the theorem
only restricts the existence of structures of type k > 1.

According to Lemma if none of the ; have nilpotent degree j, then there can be none
with nilpotent degree j+1, 542, ... by the condition (3.6). Hence we obtain upper bounds for the
nilpotent degrees of {61,...,0;}, as follows. First, #; has nilpotent degree 1 (by Example .
Then, if nil(f2) > j + 2, this would imply that no #; had nilpotent degree j + 1, which is a
contradiction by the previous paragraph. Hence nil(62) < j + 2. In general, nil(6;) < j + i.
Suppose that M admits a generalized complex structure of type k& > 1. Then we see that
nil(f;) < j + k. By Example we see this means that dim Vj ;1 > 2k.

On the other hand, dim Vj, ;1 = 2n — dim g*/Vj, 1, and since g* = V,(g), we have
8"/ Vitk—1 = Vai(g/Vitk-1 = Vaig)/ Vail(g -1 © - & Vit /Vjrk-1,
and the nil(g) — j — k£ + 1 summands on the right have dimension 1, by hypothesis. Hence
dim Vjyp—1 = 2n —nil(g) + j + k — 1, and combining with the previous inequality, we obtain
k < 2n —nil(g) + j,

as required. For the last claim, observe that M?" has maximal nilpotency index when nil(M) =

2n — 1, in which case (3.6 holds for j = 1. O

Constraints beyond those mentioned here may be obtained if one considers the fact that
Q A Q defines a foliation and that w restricts to a symplectic form on each leaf. Both the
leafwise nondegeneracy of w and the requirement of being closed on the leaves lead to useful
constraints on what types of generalized complex structure may exist, as we shall see in the

following sections.

3. Generalized Complex Structures on 6-nilmanifolds

In this section, we turn to the particular case of 6-dimensional nilmanifolds. The prob-

lem of classifying those which admit left-invariant complex (type 3) and symplectic (type 0)
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structures has already been solved [75} [36], so we are left with the task of determining which
6-nilmanifolds admit left-invariant generalized complex structures of types 1 and 2. The result
of our classification is presented in Table 1, where explicit examples of all types of left-invariant
generalized complex structures are given, whenever they exist. The main results establishing this
classification are Theorems and Throughout this section we often require the use of a
Malcev basis {e1, ..., eq} as well as its dual basis {01,...,0s}. We use e;,..;, as an abbreviation

for ej; Ao+ Ney,.

3.1. Generalized Complex Structures of Type 2. By the results of the last section,
a left-invariant structure of type 2 is given by a closed form p = exp(B + iw)f#;62, where
wA 01020105 # 0. As a consequence of Theorem any 6-nilmanifold with maximal nilpotence
step cannot admit this kind of structure. We now rule out some additional nilmanifolds, using

Lemma 3.3

LEMMA 3.4. If a 6-nilmanifold M has nilpotent Lie algebra given by (0,0,0, 12,14, —), and
has nilpotency index 4, then M does not admit left-invariant generalized complex structures of

type 2.

PROOF. Suppose that M admits a structure p of type 2. Since M has nilpotency index 4,
Vit+1/Vi is 1-dimensional for ¢ > 1. From df; = 0 and Lemma we see that 61 = z1e1 +
z9€9 + zze3 and nil(f2) < 2, thus Ay = wie; + waey + wsesz + wyeq. The conditions d(61602) = 0
and 016020,05 # 0 together imply z3 = 0. Further, the annihilator of #;626,60 is generated by
{05,0¢}. Hence, the nondegeneracy condition w? A Q A Q # 0 implies that

B +iw = (k161 + ... kseqa + k5€5)66 + «,

where ks # 0 and a € A% (e1,--- ,e5). But, using the structure constants, we see that dp must

contain a nonzero multiple of eg, and so cannot be closed. O

LEMMA 3.5. Nilmanifolds associated to the algebras defined by

(0,0,0,12,14,13 — 24),

(0,0,0,12,14,23 + 24)

do not admit left-invariant generalized complex structures of type 2.
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PRrOOF. Each of these nilmanifolds has nil(g) = 3, with dimV; = 3 and dimV5/V; = 1.
Suppose either nilmanifold admitted a structure p of type 2. If nil(f2) = 2, we could use
the argument of the previous lemma to obtain a contradiction. Hence, suppose nil(f2) = 3.
Lemma, then implies that 62 A 03 # 0 (mod V5), which means it must have nonzero es and
eg components.

Now, if 6 had a nonzero es component, then dfs A 61 would have nonzero es34 component,

contradicting (3.5). Hence
6

(3.7) 01 = z1e1 + z9€9 0y = Zwiei.
i=1

But for these, the coefficient of e193 in dfs A 67 would be —zowg (for the first nilmanifold) or

z1wg (for the second), in each case implying 61 A 61 = 0, a contradiction. O
LEMMA 3.6. Nilmanifolds associated to the algebras defined by

(0,0,12,13,23,14),

(0,0,12,13,23,14 — 25)
do not admit left-invariant generalized complex structures of type 2.

PrROOF. Each of these nilmanifolds have nil(g) = 4, with dimV; = 2, dim Vo = 3, and
dim V3 = 5. Suppose either nilmanifold admitted a structure p of type 2. V4 /V3 is 1-dimensional
and so Lemma implies that nil(fy) # 4. Since 6 is closed and satisfies 6101 # 0, we
may rescale it to obtain 67 = e; + z2e2. The condition dfy € Z(0;) implies we can write
0o = waeg + waes + wy(eq + z2e5). Now let

B +iw = Z kijei;
i<j
and differentiate p using the structure constants. In both cases, dp = 0 implies B + iw =
€101 + &304 for 1-forms &;. Therefore w is degenerate on the leaves defined by Ann(6162010),
contradicting the requirement w? A Q A Q # 0. 0

THEOREM 3.4. The only 6-dimensional nilmanifolds not admitting left-invariant generalized

complex structures of type 2 are those with maximal nilpotency index and those excluded by

Lemmas and (3.0
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PRrOOF. In Table 1, in the the end of this chapter, we provide explicit left-invariant gen-
eralized complex structures of type 2 for all those not excluded by the preceding lemmas and

Theorem 3.3 0

3.2. Generalized Complex Structures of Type 1. A left-invariant generalized complex
structure of type 1 is given by p = exp(B + iw)f;, where w? A 010, # 0. Note that this implies

that w is a symplectic form on the 4-dimensional leaves of the foliation determined by 6; A 6.

THEOREM 3.5. The only 6-nilmanifolds which do not admit left-invariant generalized com-
plex structures of type 1 are those associated to the algebras defined by (0,0,12,13,23,14) and
(0,0,12,13,23,14 — 25).

PROOF. In Table 1, at the end of this chapter, we provide explicit forms defining type 1
structures for all 6-nilmanifolds except the two mentioned above.
Suppose the nilmanifold is associated to the Lie algebra (0,0,12,13,23,14). Then up to a

choice of Malcev basis, a generalized complex structure of type 1 can be written
p= exp(B + iw)(el + 2’262), B +iw = Z kijeij.
1<j

The condition dp = 0 implies that
(—k3sces1a + kaseizs — kaseans + kaceize + kseeass — kseesia)(e1 + z2e2) = 0.

The vanishing of the ej945, €1236, €1235, and ej234 components imply successively that ksg, ka6,
k45, and ksg all vanish.

The leaves of the distribution Ann(#16;) are the tori generated by 03,04, 05,06, and the
previous conditions on B+ iw imply that on these leaves, w restricts to Im (ksq)ess + Im(ks35)ess
which is degenerate, contradicting w? A 6101 # 0. An identical argument holds for the nilpotent

algebra (0,0,12,13,23,14 — 25). O

4. [-transforms of Generalized Complex Structures

In this section, we will use Theorem to show that any left-invariant complex structure
on a nilmanifold may be deformed into a left-invariant generalized complex structure of type

1. By connecting the type 3 and type 1 structures in this way, we go on to show that the two
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disconnected components of the left-invariant complex moduli space on the Iwasawa manifold

may be joined by paths of generalized complex structures.

THEOREM 3.6. Fvery left-invariant complex structure on a 2n-dimensional nilmanifold can

be deformed, via a B-field, into a left-invariant generalized complex structure of type n — 2.

PROOF. According to Theorem [2.8] such a deformation can be obtained if we find a holo-
morphic Poisson structure. Let us construct such a bivector (.

By Theorem a left-invariant complex structure on a nilmanifold has a holomorphically
trivial canonical bundle. Let Q = 67 A--- A#,, be a holomorphic volume form, and choose the 6;
according to Lemma so that, by Corollary the differential forms 61,01 Afs, ..., 00 A---NO,
are all holomorphic. Now let {z1,...,x,} be a dual basis for the holomorphic tangent bundle.
By interior product with 2, we see that the multivectors x,,z,_1 A Tn,...,T1 A--- Ax, are all
holomorphic as well. In particular, we have a holomorphic bivector 3 = x,—1 A z,. Calculating

the Schouten bracket of this bivector with itself, we obtain
[/875] = [xn—l N Ty Tp—1 N xn] = Q[xn—hxn] NTp_1 Nxy =0,

where the last equality follows from the fact that [x,—1,%,] € (Xn—1,xy), since 0;([zp—1,zy]) =
—db;(xp—1,x,) =0 for i < n — 1, by Corollary
Hence ( gives rise to a deformation of the generalized complex structure. The resulting

structure p is given by the following differential form:
p=e"p=p+igp=er1 G N NOn s,

and we see immediately that it is a left-invariant generalized complex structure of typen—2. [

ExAMPLE 3.3. In [48], Ketsetzis and Salamon study the space of left-invariant complex
structures on the Iwasawa nilmanifold. This manifold is the quotient of the complex 3-dimensional
Heisenberg group of unipotent matrices by the lattice of unipotent matrices with Gaussian in-
teger entries. As a nilmanifold, it has structure (0,0,0,0,13 — 24, 14 + 23). Ketsetzis and Sala-
mon observe that the space of left-invariant complex structures with fixed orientation has two
connected components which are distinguished by the orientation they induce on the complex

subspace (01, 02,03, 04).
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Connecting the two components. Consider the left-invariant complex structures defined by
the closed differential forms p; = (e1+ie2)(e3+ieq)(es+ieg) and po = (e1+ies)(es—ieq)(e5—ieg).
These complex structures clearly induce opposite orientations on the space (01,...,04), so lie
in different connected components of the moduli space of left-invariant complex structures.

By Theorem the first complex structure can be deformed, by the G-field 3, = %(1‘3 —

izy)(x5 — izg) into the generalized complex structure

—(e35—ea)—i(eas+ese) (

o =e e1 +iez),

and then, by the action of the closed B-field By = e35 — ey4q, into

—i(845+636)(

p=e e1 +iez).

On the other hand, the second complex structure can be deformed, via the g-field By =

(x3 + ix4) (x5 + iz6), into the type 1 generalized complex structure
e’ py = 6(6357646)7i(645+636)(61 + ies),
and then by the B-field By = —(e35 — ey4q) into
p= e*i(e45+€36)(61 +ies),

which is the same generalized complex structure obtained from p;.
Therefore, by deforming by 8- and B-fields, the two disconnected components of the mod-
uli space of left-invariant complex structures can be connected, through generalized complex

structures.

EXAMPLE 3.4. The standard complex structure on the 4-torus or in the nilmanifold (0, 0,0, 12)
can be deformed into the B-field transform of a symplectic structure, by Theorem If a nil-
manifold N is a 2-torus bundle over either of these and there is a cohomology class a € H?(N)
which restricts to the symplectic form on the 2-torus, then, by Theorem N will have a type
2 structure which can deformed into a symplectic structure, by Example 2.20] Moreover, in the
case of invariant structures, it is easy to see that if the symplectic form of a type 2 structure is

closed, then the structure can be deformed into a symplectic one. Using the forms from Table
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1, this explains why the following nilmanifolds have both type 2 and symplectic structures:

(0,0,0,12,13, 14 + 23) (0,0,0,12,13,24)
(0,0,0,12,13,14) (0,0,0,12,13,23)
(0,0,0,0,12,13) (0,0,0,0,0,12).

On the other hand, the nilmanifold (0,0,0,0,0,12 + 34) admits a type 2 structure determined
by the form (1 + i2)(3 + i4) expi(56) and admits no symplectic structure. This shows that in
Example we actually need the 2-form 7 to be closed for deformations on the base to give

rise to deformations of the total space.

5. An 8-dimensional Example

We have established that all 6-dimensional nilmanifolds admit generalized complex struc-
tures. One might ask whether every even-dimensional nilmanifold admits a left-invariant gener-
alized complex structure. In this section, we answer this question in the negative by presenting
an 8-dimensional nilmanifold which does not admit any type of left-invariant generalized complex

structure.

ExAMPLE 3.5. Consider a nilmanifold M associated to the 8-dimensional nilpotent Lie
algebra defined by
(0,0,12,13,14,15,16,36 — 45 — 27).

Since it has maximal nilpotency index, Theorem implies that it may only admit left-

invariant generalized complex structures of types 1 and 0. We exclude each case in turn:

e Type 1: Suppose there is a type 1 structure, defined by the left-invariant form p =
eBTwh, Then df; =0 and 6,6, # 0 imply that 610; is a multiple of e5 and therefore w
must be symplectic along the leaves defined by (9s,...,0s). These leaves are actually
nilmanifolds associated to the nilpotent algebra defined by (0,0, 0,0, 0,12 + 34), which
admits no symplectic structure, and so we obtain a contradiction.

e Type 0: The real second cohomology of M is given by

H?*(M,R) = (ea3, 34 — €25, €17),



and since eg does not appear in any of its generators, it is clear that any element in
H?(M,R) has vanishing fourth power, hence excluding the existence of a symplectic

structure.

In this way, we see that the 8-dimensional nilmanifold M given above admits no left-invariant

generalized complex structures at all.
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CHAPTER 4

The dd’-lemma

From now we move away from finding examples of generalized complex structures and focus
on a generalization of the dd®-lemma. The key to generalize this property is Theorem which
allowed us to define generalized versions of 9, @ and d° — denoted by 9, d and d7 — which agree
with those operators for a generalized complex structure induced by a complex structure on a
manifold. Recall that if the complex dd®-lemma holds on a complex manifold, then not only will
its cohomology split into HP*¢ according to the splitting of the exterior algebra A*T'M & C into
AP2T M| but also the manifold is formal. Ultimately, we are interested in determining which of
these properties will also be a consequence of the generalized dd®-lemma.

In this chapter we establish the first (and easier one): if the generalized dd°-lemma holds,
the cohomology of the manifold splits according to the splitting of A*TM ® C into U* (as
defined on page . We also introduce an analogue of the Frolicher spectral sequence, which
we call the canonical spectral sequence, to give a converse to the above result: if the canonical
spectral sequence degenerates at /1 and there is a decomposition of cohomology, the generalized
dd®-lemma holds.

With this decomposition at hand, we also prove that the Poincaré dual of a generalized
complex submanifold, suitably changed by its associated 2-form, is always represented by an
element in a specific component of the splitting of the cohomology. This result is analogous to the
fact that a complex submanifold of a complex manifold represents a (p, p)-class and a Lagrangian
submanifold of a symplectic manifold represents a primitive class in middle dimension.

The relation between the generalized dd®-lemma and formality will have to wait for the
further two chapters, and will come from the study of this property in the symplectic setting.

This chapter is organized as follows. In the first section we introduce the dd”-lemma and
prove that it induces a splitting in cohomology. We also give one condition that implies that
this lemma holds which will be useful in the symplectic case. In Section [2] we introduce the
canonical spectral sequence and use a result by Deligne et al [21] on double complexes to prove
that the splitting of cohomology together with the degeneracy of the canonical spectral sequence
at F; implies the dd7-lemma. Finally, in the last section, we prove that generalized complex

submanifolds are represented by classes in U°.
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1. The dd7-lemma

In Theorem we saw that, in the presence of a generalized complex structure 7, the
exterior derivative decomposes as d = 9 + 0 and there we defined an operator d¥ = —i(d — 9).
In the complex case, these operators are just the standard 9, @ and d°. Based on this, we find

the following definition relevant:

Definition. A generalized complex manifold satisfies the dd” -lemma if

Imdnkerd” =Imd’ Nkerd = Imdd”.

Remarks.

i) We could equivalently have said that M satisfies the 90-lemma if
Imd Nkerd =Imd Nkerd = Im 9.

It is easy to see that these properties are equivalent.

i) As d7 = J71dJ, one can easily check that if Imd Nker d? = Imdd7, then the second
equality follows. Indeed, if & € ImdY Nkerd, then Ja € Imd N kerd’ and hence
Jo = dd7 3, for some 3. Therefore

a=—-Jdd73=7JdTdTs =d7d(Tp),
and hence o € Tm dd” .

As we will see in Chapter |5, the dd”-lemma in the symplectic case is equivalent to the
strong Lefschetz property, or just Lefschetz property, for short. Also, both the complex dd°-
lemma and the Lefschetz property hold for compact Kéahler manifolds, therefore it is reasonable
to conjecture that this property holds for any twisted generalized Ké&hler manifold. This is

actually true and has been proved recently by Gualtieri.

THEOREM 4.1. (Gualtieri [40]) Any compact twisted generalized Kdhler manifold satisfies

the dd” -lemma with respect to both complex structures involved.

On the other hand, when it comes to examples of nonkéhlerian symplectic manifolds, the
most standard ones are nontoroidal nilmanifolds. There are essentially two arguments showing

that these are not Kahler:
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i) Any nontoroidal nilmanifold is not formal, hence can not have a complex structure
satisfying the dd-lemma [17, 42];
i1) Any nontoroidal nilmanifold admiting a symplectic structure does not satisfy the Lef-

schetz property [5].

Therefore it is reasonable to conjecture:

CONJECTURE 4.1. If a nilmanifold admits an (invariant) generalized complex structure for

which the dd7 -lemma holds, this nilmanifold is a torus.

One further advantage of having the expression d7 = 771d.7 is that this allows us to define
the operator d without having to determine the decomposition of A*T*M into U, beforehand,
i.e, we can define dV without prior knowledge about 9 and 0. But still the dd”-lemma has

implications about a decomposition of the cohomology of the manifold.

THEOREM 4.2. The following properties are equivalent for a generalized complex manifold
(M,TJ):

(1) M satisfies the dd7 -lemma;

(2) The inclusion of the complex of d7 -closed forms Qg7 into the complex of differential

forms Q induces an isomorphism in cohomology:
Qo d) = (d),  H*(Qo) = H(Q).

And both imply that every cohomology class a € H*(M) can be represented by a form o =) oy,
with a, € U* such that day, = 0. If a = 0 is the trivial cohomology class, then for any such o
each oy, is exact. In particular, each cohomology class can be represented by a d and d7 -closed

form.

PrOOF. We start with the implication (1) = (2), which uses part of the argument from
Theorem [L.1]
i) " H*(Qy7) — H*(Q) is injective:
If i* o is exact, then a is d7-closed and exact, hence by the dd7-lemma o = dd’ 3,
so a is the derivative of a d-closed form and hence its cohomology class in ;7 is also

Z€ero.

i) H*(Qy7) — H*(Q) is surjective:
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Let a be a closed form and set 3 = d7a. Then df = dd7a = —d7da = 0, so
3 satisfies the conditions of the dd’-lemma, hence § = d7dy. Let & = o — d, then
dJa=d’a—dldy=p5—-p5=0,so0 [a] €Im(i*).

For the converse, assume that dd’« = 0, i.e., da € ImdY Nkerd. We want to prove that
dva = dd’ 3, for some 3. Since d/da = 0, da € £,7 is a closed form in Q47 and represents
the trivial cohomology class in {2, hence it also represents the trivial cohomology class in 47,
i.e., there is v1 € Q47 such that da = dv;. Therefore d(a — 1) = 0 and the cohomology class

[ — 1] has a d7-closed representative 7o:
a—m =72 +dp.

Applying d7, we get, d7 o = d7dj3, as we wanted.

To prove the last claim, let a be a cohomology class. Then there is a representative « for
it which is d- and d°-closed. Since d = 0 + 0 and d7 = —i(d — 9), we conclude that « is both
0 and 0 closed, and so must be each of its components oy, relative to the splitting. Hence we
obtain a splitting for the cohomology class a = ) [ag]. If a was the trivial cohomology class,
any such a would be dd” 3, for some (3, from (ii) above. So the decomposition of a would be

ay, = dd7 B, showing that each of the summands is exact.

O

Definition. If (M, J) is a generalized complex manifold satisfying the dd”-lemma, we define
the generalized cohomology of M, HH*(M), as the cohomology classes in H*(M) that can be

represented by sections of U*.

Remark. In the case of a Calabi-Yau manifold, the generalized cohomology agrees with the

Hochschild homology [13]. This result motivates our notation.

Now, the Mukai pairing on forms is essentially the wedge product and therefore induces a
pairing in cohomology, i.e., if one represents two cohomology classes a and b by forms « and (3,

then the product
(aa b) = [(aa B)L
is independent of the representatives chosen, where [-] indicates taking the cohomology class of

the argument. With that said, Proposition gives us the following;:
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PROPOSITION 4.1. On a compact generalized complex manifold M satisfying the dd” -
lemma, the Mukai pairing vanishes in HH*(M) x HH'(M) unless k = —1, in which case it

1s nondegenerate.

PROOF. Just represent classes a € HH¥(M) and b € HH'(M) by sections a and 3 of U*
and U! respectively. Then, from Proposition

(a,b) = [(a, B)] = [0],

if k£ #£ —I. Now, still with ¢ and « as above, by Poincaré duality, there is a closed form [ such
that [(a, 3)] # 0. Decomposing [3] into its generalized cohomology components, b; € HH'(M)
we get that

(a,b-k) = (a, ) _bi) = (a,[6]) = [(e, )] # O,

proving nondegeneracy. ]

Next we give another condition equivalent to the dd”-lemma, this time involving the op-
erators @ and 0. This is essentially the argument used by Merkulov in the symplectic case to

prove the equivalence of the Lefschetz property and the dd”-lemma (cf. Theorem |5.4)):

THEOREM 4.3. If in a generalized complex manifold M>" every 0-cohomology class has a
0-closed representative and

Im O Nkerd = Imd Nker o,

then M satisfies the 00-lemma.

PRroOOF. This is proved by induction. I'll use superscripts to keep track of the spaces that
the forms belong to, e.g. o € U*. Assume that o € Imd Nker 9 NU"™. Then o™ = IF**! =0,
as U™ = {0}. Therefore o™ = §90.

Going one step down, let a” ! € Imd Nker d NU" !, say

Q" =9pm.

Since 9™ e Y™+ = {0}, by hypothesis, there is a d-closed form A" in the same 0-cohomology
class as 8", ie. " =" + 0" ! and hence

ot = gﬂn — g(lén + 8{”71) — gagnfl'
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For the general case, let o € Imd Nker & NU*, say
oF = aphtt,
As 008F Tt = 9o = 0, we get that
98 € Imd Nker d NU2 =TIm d Nker & NUF2,

by the hypothesis of the theorem. And then, by the induction hypothesis, 85Tt = 90¢F+2,
hence 9(p*+! — 5{{”2) = 0. As any 0-cohomology class has a 0-closed representative, we can

find 7* and 9-closed f’;“ such that
ﬁk—f—l _ 5&{6+2 — §+1 + 877k,
and, by applying 0,
of = JpF+! = Dok,

which proves the induction step. O

2. The Canonical Spectral Sequence

In [21], Deligne et al give a series of properties equivalent to the dd®-lemma for a complex
manifold. These properties are stated in the context of double complexes and the result we are
concerned about here is a converse to Theorem stating when a decomposition of cohomology
into HH* implies the dd”-lemma.

The only obstacle is that while in the complex case there is a natural bigrading for the
complex of differential forms, we have found only one grading for forms on a generalized complex
manifold, namely, the one given by the UF. A way to remedy this is to mimic Brylinski [10]

and Goodwillie [35]: introduce a formal element 3 of degree 2 and consider the complex:
A=Q*(M)® espan{s, 37},
and to change the differential to:
d?(aB*) = dap* + daph L.

The complex A, which we call the canonical complez, has a bigrading given by APY = YP~139,

and the differential d° decomposes as 9° and 55, where 8% : AP9 — APFLa and 37 . AP
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AP+ The complex of differential forms sits inside A as the S-periodic elements:
T:0Q — A T(a):Zaﬂk.
keZ

And this is a map of differential algebras which preserves the decompositions of d and d°:
7(0a) =%r(a)  and  7(da) =3'(a).

One can easily check that the 9d-lemma holds for Q° if and only if the corresponding lemma
holds for A.
Also, the bigrading gives a filtration of A:

A=Y A

p'>p

FPA™ =N A mr

p'2p
Which is preserved by d°, i.e., d° : FPA — FPA. For each m, FPA™ = {0} for 2p > n+m
and FPA™ = A™ for 2p < m — n, 2n is the dimension of the manifold. This means that the
filtration is bounded and hence the induced spectral sequence, which we call the canonical spectral
sequence, converges to the cohomology of the operator d®. This spectral sequence is periodic in

the sense that EP? 2 EP790 If we define:

Definition. The 0-cohomology of a generalized complex manifold is given by:

p kerd:UF — UM
97 Ima: UF — UL

Then the first term E{*? = HJ™? is just the d-cohomology of the manifold, which is finite
dimensional, since, by a result of Gualtieri [41], 0 is an elliptic operator. The second term is the
cohomology induced by 0 in Hp, and the sequence goes on. However, if the 99-lemma holds this
sequence degenerates at E. Conversely, Deligne’s ‘theorem’ (|21], Proposition 5.17 and remark

5.21) tells us that the degeneracy at E; together with the decomposition of cohomology imply
the dd7-lemma:

THEOREM 4.4. If the canonical spectral sequence degenerates at E1 and the decomposition

of forms into subbundles U* induces a decomposition in cohomology, then the dd” -lemma holds.
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Remark. For a generalized complex structure induced by a complex structure the canonical
spectral sequence is just the Frolicher spectral sequence repeated over and over. In particular,
the degeneracy of the canonical spectral sequence at E, is equivalent to the degeneracy of the
Frolicher spectral sequence at the same stage. In Chapter [5] we will see that, in the symplectic
case, this spectral sequence is isomorphic to the spectral sequence coming from what Brylinski

calls the ‘canonical complex’ [10]. This is what motivates our terminology.

As an application of this theorem, Parshin [73] shows that if two compact complex manifolds
are birationally equivalent via a holomorphic map, then one of them satisfies the dd”-lemma
if and only if the other one does. Recalling that in the symplectic setting there is a blow-up
operation, which is topologically similar to the complex blow-up, one can ask if the same is true
in the symplectic setting. As we will see in Chapter [6] this is not the case.

It is possible that the canonical spectral sequence degenerates at F; even though the dd” -
lemma does not hold. One example of such phenomenon is given by a result by Kodaira [50]
stating that the Frolicher — and hence the canonical — spectral sequence always degenerates
at E7 for complex surfaces, although not all of those satisfy the dd®-lemma. We will encounter
another example where this happens in Chapter [5| where we will prove that it also degenerates
at Fj for any symplectic structure — the same result was established before by Brylinski [10].

Finally, following Frolicher [32], we have the following result.

PROPOSITION 4.2. If M?" admits a generalized complex structure, then the Euler charac-
teristic of M is given by
X(M) = £ " (—=1)F dim HS(M).

Where the sign is + if the elements in U° are even forms and — otherwise.

PROOF. Given the periodic condition, EP? = EP~9° this spectral sequence is equivalent to
long exact sequences:

_..Huk—ldf)aukdf)auk—i-l_)_”,

Y
N & R N = N = ¢ N
19} o} 1o} ’
RN = 1 S = L = L e AN
drfl del d'rfl
As d, maps ev/od to od/ev, the Euler characteristic is preserved and hence can be computed

from the first sequence where the spaces involved are finite dimensional. O
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2.1. Twisted Cohomology and Lie Groups. As Theorem also holds in the twisted
case, we still have a decomposition, dg = Oy + 0m and hence we have operators O, On and
dﬁ = —i(0g — 0p) = J 'dgJ defined for twisted generalized complex manifold. By an abuse
of language, we will still denote Of, Oy and dﬁ by 0, 0 and d7, with the understanding that
they also depend on the twisting 3-form, if the generalized complex structure is twisted. Given

that, it also makes sense to state the ‘dd”-lemma’ in this setting.

Definition. A twisted generalized complex manifold (M, J, H) satisfies the dgd”-lemma if

Imdy Nkerd? =Imd’ Nkerdy = Imdyd” .

Theorems and also hold in this setting, only with the obvious change of replacing
d by dg and the ordinary cohomology by the dp-cohomology in Theorem It is interesting
to notice that the twisted cohomology normally has only a Zo grading, but the presence of the

dpd? -lemma gives a whole Z grading.

EXAMPLE 4.1. — LIE GROUPS AND THE dyd”-LEMMA. Given Gualtieri’s theorem (Theo-
rem , twisted generalized Kéhler manifolds will have their dg-cohomology splitting according
to Theorem In particular, this holds for semi-simple Lie groups (cf. Example , but,
from Example the dp-cohomology of those groups is trivial. Note that this provides no
contradiction to the existence of such a splitting, on the contrary, as the twisted cohomology is

trivial, every cohomology class has a d7-closed representative.

3. Submanifolds

Recall from Section [7|that a generalized complex submanifold (M, 0) of a complex manifold
N is just a standard complex submanifold. Assuming that the ambient manifold satisfies the
dd’ -lemma, the Poincaré dual to any such submanifold, PD(M) will be an integral (p,p)-
cohomology class, hence any submanifold (of arbitrary dimension) is represented by an integral
class in ®HPP(N) = HHY(N).

In this section we show that this is not mere coincidence and indeed, whenever the coho-
mology of a generalized complex manifold splits into HH*, generalized complex submanifolds

will be represented by elements in HH. The need to consider the 2-form is also evident.
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THEOREM 4.5. Let (N?", H, J) be a twisted generalized complex manifold, let (M™, F) be
a generalized complex submanifold and o € Uk(N). Then, for each p € M, the degree m part of
e A a|r,nm vanishes if k # 0. If the twisted cohomology of N splits into generalized cohomology,
then [e" ¥ PD(M)] is a class in HH°(N).

PRrROOF. For p € M, let pn € A2"~™T » IV be a volume form of a vector space complementary
to T,M so that, for X € T,M, X - u = 0. The restriction & of the degree m part of ef” A a to
T,M can be computed using the Mukai pairing: ¢ = (1,ef" A alT,m) M-

This form is nonzero if and only if it wedges nonzero with u, i.e., if and only if
0 7& A (17 eF A O“TPM)M = :l:(lu’a eF A a)N = :l:(e_F A M?a)N-

Since e~F' 1 annihilates the generalized tangent space 7 of M at p, Lemma implies that
e fue UI(,) and hence its Mukai pairing with any form « € Ullf vanishes, if k& # 0, according to
Proposition 2.2}

If the twisted cohomology of N splits into generalized cohomology, then the first part of
the theorem shows that a generalized complex submanifold induces a functional on HH®(N)
which vanishes in HH¥(N), for k # 0. From the definition of Poincaré dual, it is clear that
this functional coincides with taking Mukai pairing with the dp-cohomology class given by

[e=F' PD(M)]. Therefore [e=F' PD(M)] is an element of HH"(N). O
One question can be raised from this theorem:
OPEN QUESTION: Which elements in HH°(N) can be represented by submanifolds?

Observe that the problem of finding which cohomology classes can be represented by sub-
manifolds comes with the requirement that the cohomology class has to be integral. This is
not the case when one considers a submanifold with 2-form (M, F') as there is no integrality
restriction on F' and therefore neither on [e=¥ PD(M)].

This problem might be compared to the Hodge conjecture — the search for algebraic cycles
representing integral cohomology classes in algebraic varieties — or, in symplectic geometry, to
the problem of characterizing which primitive integral cohomology classes can be represented

by Lagrangian submanifolds.



CHAPTER 5

Symplectic dé-lemma and the Lefschetz Property

As we have seen in Chapter [2| Section [l a generalized almost complex structure induces a
splitting of the differential forms into subbundles U* and, in the presence of a dd”-lemma, this
splitting induces a splitting in cohomology (Theorem. In the complex case, the dd” -lemma is
just the standard dd®-lemma and the decomposition of forms is just given by U* = Zp_ gk QP4

In the symplectic case, the corresponding decomposition has not yet appeared in the liter-
ature, although the corresponding dd”-lemma has. In [53] Koszul introduced an operator for
Poisson manifolds which agrees with d7 in the symplectic case (in which case we denote it by
9). In [10], Brylinski studied further this operator in conjunction with Libermann’s x operator
[55], [56], which resembles the Hodge *. Brylinski called forms that are both d and 4 closed sym-
plectic harmonic. Later, Yan [86] and Mathieu [64] proved independently that the existence of a
harmonic representative in each cohomology class is equivalent to the strong Lefschetz property

(or just Lefschetz property, for short).

Lefschetz property. A symplectic manifold (M?",w) satisfies the Lefschetz property at level
k if the map

[wn—k‘] ZHk N HQn—k
is surjective. It satisfies the Lefschetz property if these maps are surjective for 0 < k < n.

Finally, Merkulov [67] proved that for a compact manifold the existence of symplectic har-
monic forms in each cohomology class (and therefore the Lefschetz property) is indeed equivalent
to the dé-lemma:

Lefschetz property <  Harmonic representatives < dd-lemma

One of the points of this chapter is to introduce the theory of symplectic harmonic forms,
as studied by Brylinski, Yan and Merkulov and give complete proofs to theorems quoted above.
Although most of this is already standard and used in many other places, Merkulov’s theorem

is still contested with remarkable frequency. This seems to happen mostly for two reasons: his
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proof seems to be missing the proof for a claim (here Lemmata and and Proposition
and the final conclusion about formality does not follow, at least if one is considering formality
in the sense of Sullivan as defined on page So I hope these issues will be settled by the
presentation here.

The second purpose of this chapter is to use this theory to describe symplectic geometry from
a generalized complex point of view. We determine how the exterior algebra of the cotangent
bundle decomposes into the subbundles U* and show that U* is canonically isomorphic to
A" RT*M via a map ¢. Further we show that, besides the usual relations between d, 6, 0 and

0, there are more striking ones:
o(da) = 0p(a) and o(6a) = —2i0p(a).

These relations show that in some sense it is equivalent to work with d, § and the degree
decomposition of forms and 9, 0 and the U¥ decomposition. Also, these relations can be used to
prove that the canonical spectral sequence always degenerates at F; in the symplectic case, as
 provides an isomorphism of 0 and d cohomologies — this result had been established before
by Brylinski by different means.

This chapter is organized as follows: In Section [I| we review the theory of symplectic
harmonic forms, as introduced by Brylinski and in Sectionwe present Yan’s theory (the s((2, C)
representation on A®*T*M). Then we are able to characterize the bundles U* and establish
the forementioned relations between d, §, 0 and 0 in Section After that we finally prove
the main theorems of this chapter stating that the Lefschetz property, existence of harmonic

representatives on every cohomology class and the dd-lemma are equivalent.

1. The § and * Operators

In this section we follow Brylinski’s approach [10] and revisit the symplectic d7, introduce
a new operator, the symplectic *, and show some relations between them.

On a symplectic manifold, one can consider two different actions of w™' on forms. One
of them is the one that appears in the definition of the generalized complex structure w™! :
T*M — TM (which can be extended to the whole exterior algebra of T*M), the other is the
corresponding Lie algebra action in the spin representation w™' : AFT*M — AF=2T*M. To
1

avoid confusion, we will denote the second action by A. Moreover, for a k-form «, w™ « is a

k-vector, which naturally evaluates on k-forms, so we denote w™!(c, ) = (w™'a)|3. According
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to the definition of d7, which we denote by & in the symplectic case, we have (see Example [2.10))
d=[d,J] = Ad—dA.

Another important operator can be obtained by considering the action of w™!. We define

the symplectic * on acting on k-forms by the following identity
a N *ﬁ = w_l(a7 ﬁ)UMv

for any k-form 3, where vy is the volume form induced by the symplectic form, vy = w™/nl.
Clearly * is linear and *a(p) depends only on the value of « at p. It is also worth mentioning
that for a function f, xf = fuas.

Assume that (Mf"i,wi), i = 1,2, are symplectic manifolds of dimension 2n; and let (M, w)
be the product with the symplectic form w = w; + wo. Further, denote by *; the operator
% in each M; and by * the same operator in M. Choosing Darboux coodinates (x,3') for

1

M;, we also have Darboux coordinates for M given by (x!',2% y!,y?) and these coordinates

determine a decomposition of any k-form « in M as a = Za} A ai_j with deg(oz;-) = 7,
ol € span{dzx},- - dyfh} So, in order to know the effect of * on a k-form it is enough to study
its effect on forms of the type a! A o?, with af € span{dzi,- dy}ll} Let k; = deg(a’) and
k = k1 + ko. Then:

(BYABH) Ax(al Aa?) =w LB A B2 ol APy
= wl_l(/glﬂ al)wgl(ﬂ27 O‘2)1}]\/11 N U,
=wi (81, at)oar, A (w3 (B2 0®))var,

= B Ax1al A B2 A spa? = (—1)FR280 A B2 A sjad A kg0
Hence,
(5.1) % (ol A a?) = x90? A %10t

LEMMA 5.1. (Brylinski [10]): The symplectic * satisfies % = id.

Proor. If M is two dimensional, then choosing symplectic coordinates, we have:

i) For a function, xf = fdx A dy;
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i1) For the 1-form dx,
dx A xdx = w=(dx, dz)dz A dy = 0 and
dy A xdx = w™(dy, dz)dx A dy = dx A dy

so xdx = —dz and, analogously, *dy = —dy. Hence, for an arbitrary 1-form, x(fdz +
gdy) = [+ dx + g dy = —(fdz + gdy);

i11) For the volume form vy = dx A dy,

0 -1
. wl(dz,dz) w™(dx,dy)
vpm A xvpyr = w(var, var)vy = det 1 0 UM = UM.

w N (dy,dz) W (dy,dy)

Thus, *fv,, = f, and for the case of a two dimensional manifold we are done.
For the general case, by induction over the dimension of M, we use Darboux coordinates to
decompose a neighbourhood of a point as a product of lower dimensional symplectic open sets

and use (|5.1))

* % (oz1 A a2) = *(*2042 A *1a1) = 5 %1 b A kg k9 @ = ol A a2,

as required. O
PROPOSITION 5.1. (Brylinski [10]): When acting on k forms, § = (—1)F1 % dx.

PRrROOF. We use induction again and start with a 2-dimensional manifold in which case, after

choosing Darboux coordinates, we have

i) For functions, 0 f = 0 and *d * f = xd(fdz A dy) = 0;
i1) For 1-forms of the type fdx,

5(fdz) = (Ad — dA)(fdx) = A(f,dy A da) = f,

= xfydx N dy = *d(—fdx) = *d * fdx

The case of forms of type fdy is analogous;

ii1) For 2 forms, letting again vy = dzx A dy,

(foar) = (Ad — dA)(foyr) = —dAfdx Ndy = df = d* (fdx Ndy) = — xd = (funr).
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In higher dimensions, we use more or less the same argument used before to split a neigh-
bourhood of a point as a product of lower dimensional symplectic manifolds V' = V; x V5 and
then proceed by induction, but now we have to be aware that ¢ and d are not tensors. So instead
of considering arbitrary o' and o? we only look at the ones that are pull-backs of forms in V;

and V5. For such forms,
sd * (ol A a?) = xd(%20% %1 ab) = %(d(x902) A s1at 4+ (—1)%2 %5 a2d(x101))
= al A xod %9 a® + (—1)’“2 x1d*1 b A a?
= (=)ol Ada? + (=1)F2tRiFlgal A o2
— (_1)k1+k2+15(a1 A a2) — (_1)k+1(5(a1 A 042)7

where we have used the fact that in these circumstances (i.e., o' = 773" for some ' € Q*V;)

one can prove
o(mipt Am3%) = 6(mipt) AmsB + (~1)Mai Bt A 6(m36%)
from the definition of 9.
So, in the space generated by the k-forms of the form 773! A 753% we have the relation

§ = (=1)* % d+. Therefore the same relation is valid in the C° closure of this space. Since V/

can be taken to be small, this closure is the whole space of differential forms in V. O

Remark. Tt is important to notice that 0 does not satisfy the Leibniz rule. Indeed, in [57], Lin

and Sjamaar prove that if f is a function and « a form then
d(fa) = fda — X¢|a,

where X is the Hamiltonian vector field of f.

Based on Proposition [5.1], Brylinski drew an analogy with Riemannian geometry and called
6 the symplectic adjoint of d. We will not use this name in this thesis, but this explains the next

definition.
Definition. A form is called symplectic harmonic if it is d and J-closed.

Observe that any closed 1-form is also § closed and therefore symplectic harmonic, hence
there may be more than one symplectic harmonic form in a given cohomology class. Also the

‘laplacian’, dd + dd, vanishes. This shows that the parallel with harmonic forms is not a good
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one and we should think of § more appropriately as an analogue of d° than one of d*. Still,
historically, it was this analogy with Riemannian geometry that justified the question: (Brylinski

[10]) Is there a symplectic harmonic form representing each cohomology class?

2. The sl((2,C) Representation

In this section we present Yan’s theory developed to answer the question above. We shall
postpone the proof of Yan’s theorem (Theorem stating that there is a symplectic harmonic
form in each cohomology class if and only if the manifold satisfies the Lefschetz property)
to Section [4 as the theory developed turns out to be very interesting and useful also in the
generalized complex point of view and for clarity we shall go first through the generalized
complex framework.

We start by letting L be the wedge product with w and H = [L, A]. Then these operators

satisfy the following commutation relations:

i) [d,L] =0, since w is closed;

i) If I, : Q*(M) — Q*(M) is the projection on the summand QF(M), then

H=> (n— k.

We will show this by induction on the dimension of M. If M is two dimensional,

then, for functions, we have
[L,A]f = LAf — ALf = —fAdx Ndy = f.

For a 1-form o [L, AJa = 0 since La is a 3-form in a 2-dimensional manifold and Aa a

—1-form. And finally, for the volume form
[L,Aldx ANdy = LAdx Ndy = L(—1) = —dz A dy

and the two dimensional case is done.
In higher dimensions, in appropriate coordinates, we have the splitting L = L1+ Lo,
A=Ay + Ay and if @ = o' A a? is a k-form (k = k1 + k2) as before, we have
(L, AJae = ([L1, A1) + [L2, Aa] + [L1, Ao] + [La, Ag])a! A 0

= (n1 — k)a' Aa? + (ng — ka)o! Aa? = (n —k)a,
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where we have used that L; and Ay commute, as well as Ly and Aq;
ii1) [L,d] = —d. Indeed, for a k-form a we have
[L,dla = Léaw — 6 Lo = LAdaw — dLAa — ALda + dA Lo
= [L,Alda — d[L,Ajla = (by item 2) = (m — k — 1)do — (m — k)da = —do;
iv) A = —x Lx, which is proved again by induction. In dimension two the unique nontrivial
case is for fups, since both — % Lx and A have degree —2. Then, again letting vy =

dx N dy

—x Lxvpy=—x Ll =—xvpy =—1=Avpy).

The argument for the general case is the same as that already used;
v) [A,0] =0 and [A,d] = 4. In fact, the second claim is the very definition of §, while the

first follows from item iv) and Proposition since when acting on k-forms
[A, 0] = —(—D)* s Lxsd s +(=1)F L s d s s Lk = (=1)F « [d, L)* = 0;

vi) [L,H] = 2L and [A, H] = —2A. This follows from the expression for H obtained in

item 2.

We summarize all of this in the next

PROPOSITION 5.2. (Yan [86]): The operators L, A and H = [L,A] satisfy the following

commutation relations

[L,d =0 L8] = —d L=—%As
[A,0] =0 A, d] =6 A = —x Lx

H=) (n—k, [L,H=2L [AH]=-2A

Moreover, if we let

0 1 0 0
X = , Y = and Z =
0 0 10 0 1

be a basis for sl(2,C) and ¢ be defined by

e(X)=A, oY) =L and p(Z) = H
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then we get a representation of s{(2,C) in the space (of linear operators in) Q*(M).

With this, we have available all the representation theory of s[(2,C). We recall that

Definition. In a s[(2,C) representation ¢ over a vector space V', a vector v € V is said to be a
root if v is an eigenvector for ¢(Z). If besides that ¢(X)v = 0, v is said to be a primitive root

or simply primitive. A representation of s[(2,C) is said to be of finite spectrum if

(1) ¢(Z) has only finitely many eigenvalues,

(2) The space V' can be decomposed as a direct sum of ¢(Z) eigenspaces

The expression for H in Proposition shows that the representation we are dealing with

is of finite spectrum. And for these representations we have the following result:

PROPOSITION 5.3. Any representation of s[(2,C) of finite spectrum can be decomposed as a
direct product of irreducible finite dimensional subspaces. Any irreducible subspace W contains
one and only one, up to multiplicative constant, primitive root v and v,Yv,---, Y™ form a
basis for W, where, n = dim W — 1. All eigenvalues of ¢(Z) are integers.

Letting Vj, be the k-eigenspace of V, o(Y*) : Vi — V_j and o(X*) : V_), — Vi are

isomorphisms for every k and the space Vi, is decomposed as
V=P ®p(Y)Pip2 @ @(Y)Ppra @ -,

where Py stands for the space of primitive roots in V.

Remark. One should notice that this is precisely the same theory used in complex geometry, with
A replaced by L* to prove, for example, that Kahler manifolds satisfy the Lefschetz property.
See [84].
COROLLARY 2. (Yan [86]): In a symplectic manifold (M?",w), the maps
LF Qv F (M) — QR (M)
Ak . Qn+k(M) N ank(M)

are isomorphisms.
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This sl(2,C) representation can be restricted to the space of symplectic harmonic forms.
Indeed, if o is harmonic, by Proposition dLa = Lda = 0 and 0La = Léa + da = 0 and

analogously for A. So we still have representation theory available here.

COROLLARY 3. (Yan [86]): In a symplectic manifold (M?",w), the maps
LkHZ;kHngk and AkH,ZL:'kHHZ;k

are isomorphisms, where H }];/‘T is the set of symplectic harmonic k-forms.

3. The Decomposition of Forms

In this section we use Yan’s operators L and A to give a concrete description of the sub-
bundles U*. With that, we can explicitly determine the splitting d = 9 + 9, which shows a new
subtle relation between these operators and suggests that, in some sense, when working with
forms, degrees and the operators d and §, one is actually using 9 and 0.

We start by describing the spaces U¥ for a symplectic vector space (V,w). Recall that U™
is the line bundle defining the generalized complex structure, so, in this case, U" = span{e}.

The next bundles are defined by
Unfk — /\kf . eiw — Z Unkarl'
For a symplectic structure e, the bundle L is given by
L={X+iX|w| X eV ®C}.

Before we can give an explicit description of U we need the following lemma:

LEMMA 5.2. For any vector X € V ® C and complex k-form « the following identities hold:

A(X|w)ANa)=X]a+ (X|w) A Ag;

e (X|w) Aa) = %e%xm + (X |w)ea.

ProOF. We start with the first identity. It is enough to take Darboux coordinates so that

w is standard and check for X = 0,, and 0,,. As both cases are similar we will do only the first.
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Write a = a + dz;0 + dy;o + dxy A dy;ogy. The left hand side is

A(X|w) A a) = Aldy; A ) = Adyiap + dy; A dxio)

=dy;Aag + o + dy; A driAag,
And the right hand side is

X|a+ (X|w) A Aa = o + dyiogy + dy;i (Ao + dziAog + dy; Aoy — oy + da; A dyiNogy)

= o + dy;ogy + dyihag + dy; N deiha, — dyiagy.

So, the first identity follows.

By induction, from the first identity, we get that
AF(X|w A @) = kAP 1X o + (X |w) A AFa.

Therefore, by expanding the exponential in Taylor series, we obtain the second identity. O

THEOREM 5.1. The decomposition of A*V & C for a symplectic vector space V' is given by
unk = {ei“(e%a) | e APV
Hence, the natural isomorphism
e: ANV RC—-AVC pla) = eeria,

is such that @ : NFV = Uk,

Proor. This is done by induction. For a a O-form the expression above agrees with U™. If
U™ * is as described above, then U *~1 = L. U™ ¥ 5o its elements are linear combinations of
terms of the form, with o € A*V ® C,

(X +iX|w)e™(eZa) = (2i(X|w) A e2ia+ X | ¥a)e™
= (—e%XLa + Zie%(X lwA )+ e%XLa)ei“’

= 2iei°"e%((X lw) A a),
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where the second equality follows from the previous lemma. Now, since « can be chosen to be
any k-form and w is nondegenerate, the space generated by the forms above is {ei“’e% B|pe

A1V ® C}, and the theorem is proved. O

In general we have the identity
. A —A .
a=eYezi <676—W@> ,

and hence, letting aj be the component of et e~ a of degree k we obtain the decomposition

of the form « into its U* components:

There will be no need to find the explicit expression for the ay.

Now we move on to the operators 0 and 0.

THEOREM 5.2. For any form «,

. 4 1
d(e“"e%a) = e“"e%(da - 5504).
i

Therefore

i A i A
d(e%ezia) = e“ezida
d(eYeria)) = —e'e2i ?504.

i

Hence, the natural isomorphism ¢ of Theorem[5.1] is such that

p(da) = 0p(ar) and () = —2i0p(a).

PROOF. By definition of §, dA = Ad — §. Then, by induction, and using that § and A
commute, dAF = A*d — kA¥~16. Therefore,

, . . AF
d(e“"e%a) = ew(e%a) =" Zd <Wa>

1 Ak*l
= “"Z e ) Yo'
(2i kk:' 20 (20)F1(k —1)!

1
= el (da — 2—(504)
i
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The rest of the theorem follows from the fact that & and 0 are the projections of d onto U**+!

and U*! respectively. O

As a first application of this theorem we remark that the canonical spectral sequence (see
Chapter (4] Section |2|) always degenerates at E; for a symplectic structure. Indeed, the E; term
is just the 0-cohomology and the canonical spectral sequence converges to the d-cohomology.

But the expression above shows that these two cohomologies are isomorphic.

EXAMPLE 5.1. As a second application we relate the decomposition of forms into url =
L{f}/ ﬂU? in a Kédhler manifold (see page with the standard decomposition into Q9. Observe
that although the map ¢ introduced in Theorem does not preserve degrees, it does preserve
the difference p — g, since in this case w is of type (1,1). Therefore, this map preserves the Uf]]l

(see Example . As the elements in QP have degree p + ¢, (QP9) € U;P79. Thus,
(5.2) P (OWP9) = Y PP
gives the generalized decomposition from the standard 2”¢ decomposition.

4. Lefschetz Property, Harmonic Representatives and the dj-lemma

In this section we present both Yan’s and Merkulov’s theorem, using the s[(2,C) represen-
tation from Section 2l We complete Merkulov’s asserted proof of his theorem with Lemmata [5.4]
and and Proposition (Merkulov’s argument has already been used to prove Theorem
hence it is not present in this section). These theorems state that the existence of symplectic
harmonic representatives in each cohomology class, the dd-lemma and the Lefschetz property
are equivalent.

To prove Yan'’s theorem, we let HF (M) = Hf /Tmd N HF . Then HF (M) is a subspace of
HFE(M).

LeEMMA 5.3. (Yan [86]) If « is a closed n — k-form for which L¥*la is exact, then there is

a symplectic harmonic form in the same cohomology class as a.

PROOF. By hypothesis, there exists 3 such that L¥t'o = df3. Then, since LF*1 : Q"*~1(M) —
QR0 is an isomorphism, we can find 3 satisfying L¥*13 = 3. Letting & = a — dj3, we see
that ¢ is closed and in the same cohomology class as . Moreover LF¥t1¢ = LF+lo — LFlqp = 0,

thus ¢ is (closed and) primitive and hence symplectic harmonic. 0
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THEOREM 5.3. (Yan [86]): The following are equivalent for a symplectic manifold (M?",w)

(1) M satisfies the Lefschetz property;

(2) There is a symplectic harmonic representative in each cohomology class.

PROOF. Assume that (2) holds and consider the following commutative diagram

n—k L* n+k
Hhr Hhr

l l

Hn—k L* Hn+k

Then the two vertical arrows are surjective by hypothesis, and the top horizontal arrow is an
isomorphism by the previous corollary, therefore the bottom arrow is surjective and (1) holds.
Now we assume that M satisfies the Lefschetz property. Then initially we observe that

there is a splitting
(5.3) H" (M) =1ImL+ P,_y,

where P,_1, = {[a]|L**1[a] = 0} and Im L is the image of L : H"*=2(M) — H"*(M). Indeed,
given a closed n — k-form «, letting 3 = LF*'a, B is a closed n + k + 2-form. Thus, by the

Lefschetz property, there is a closed n — k — 2-form ~ such that
0= [LFF2y — 8] = [L*?y — L o] = LM wy — al.

Therefore, « = Ly + (o — w7). The first term is in Im L and the second is in P,_.

Now we proceed by induction. Any closed 0- or 1-form is symplectic harmonic so there
is nothing to be done in these cases. Assuming that every cohomology class in H’(M) has a
symplectic harmonic representative for j < n — k, we are going to prove the same for n — k.
Let o be an n — k-closed form, then we can decompose a = Ly + &, where [L**1a] = 0. By
hypothesis, we can find 4 symplectic harmonic in the same cohomology class as v and, by the

previous lemma, we can find £ symplectic harmonic in the same cohomology class as &. ]

Now we want to use Theorem [4.3] to conclude that the Lefschetz property implies the dd-
lemma. We provide next in Lemmata [5.4] and [5.5| and Proposition [5.4] the parts missing to make

Merkulov’s proof complete.
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LEMMA 5.4. There is a nonvanishing constant C;,,_j such that if a is a primitive (n — k)-

form then for all j < k, AN 7o = Cjn—ra.

ProoOF. This is a consequence of the representation of s[(2), but can also be obtained by

using the relation [L, A] = > (n — k)II}; and induction. O
LEMMA 5.5. If a = > L/a; then
ddor =Y Llddoy;.
Moreover, if o is primitive so is ddo;.
PROOF. Since we know that d¢ is linear (over R), we only have to prove that
déL "o = L"dd«
But in this case, using Proposition [5.2], we have
dSL"o = d(Lé + d)L" o = dLSL" ta = - - - = L"dbc.
Finally, if o is a primitive k-form then L™ *+1a = 0, hence
L s = dSL " a =0
and consequently ddc is primitive. O
PROPOSITION 5.4. If (M,w) is compact and the Lefschetz property holds then
ImédNkerd =ImdNImd,
Imdnkeréd =ImdNImd.

ProOOF. We will prove only the first identity as the second is analogous and also follows as
an easy consequence of the first. The result can be restated in the following way: if dda = 0,
then da is exact. We will prove it by induction on the degree of a.

Assume « is a 0-form. Then dda = 0 and da = 0 = d0, so d« is exact for every O-form.

Now, let o be a 1-form with déav = 0. Then d« is closed 0-form, and consequently constant:
0 = c. This means

c=d0a=—*dx*x«
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Applying * to both sides, and using that x = Id (Lemma [5.1)) we get
coy = —d * a,

which can not happen in a compact manifold.
For a general k-form a with déa = 0, decompose a = » | L" v, with «, primitive, then, by
Lemma
0=déa = L'dso,

with ddc,. primitive, hence this is a direct sum and each term must vanish, hence we must have
dda, = 0 for every r.

By the induction hypothesis, da, = dip, for r > 0 and so
6L, = (L6 +d)L" Yoy, = - =rdL" a, + L"6a, = d(rL" Yo, + L"p,).
Now we are left with the case of « a primitive k-form. For this, define G by
(5.4) LR = drnka.

Then L *+28 = dL"*+1a = 0, consequently 3 is primitive, hence, applying A" **! and using

Lemma [5.4] we get

Crpy1h18 = A" FHAL"Fo = A" F (A - §)L" Fa =
0, o primitive

——
= (dA"FT — (n—k+ 1)sA"F) L Fa

= 0C_k k.
Applying L™ **1! to both sides and using we obtain that, for a suitable constant C,
CL" *l5q = L"F1g = d(L"Fa).
Since by hypothesis d« is closed, Lefschetz implies that da is exact. O

THEOREM 5.4. (Merkulov [67]): A compact symplectic manifold satisfies the Lefschetz prop-
erty if and only if it satisfies the dd-lemma.

PROOF. If the Lefschetz property holds, then, by Theorem each cohomology class has
a d-closed representative. Further, according to Proposition [5.4) Imd Nkerd = Imé N kerd.
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Applying the map ¢ from Theorem d and & change to 9 and 0 and, by Theorem the
manifold satisfies the dd-lemma.

Conversely, if the manifold satisfies the dd-lemma, by Theorem 4.2} each cohomology class
can be represented by a d-closed form, i.e., a symplectic harmonic form and thus Theorem [5.3]

implies that the manifold satisfies the Lefschetz property. O



CHAPTER 6

The Symplectic Blow-up and the Lefschetz Property

It is a result of Parshin [73] that the dd°-lemma is preserved by rational equivalence, in
particular, by the blow-up along a complex submanifold. Although the blow-up construction
does not seem to have an analogue in generalized complex geometry, there is a symplectic blow-
up, as introduced by McDuff [65]. This operation is similar to the complex blow-up from a
topological point of view, but different in many senses from the differential geometric point of
view. For example, there is a canonical complex structure in the complex blow-up, while there
is no canonical choice of symplectic structure in the symplectic counterpart.

One further difference is the behaviour of the symplectic dd-lemma which, as we have seen,
is equivalent to the Lefschetz property (cf. Theorem : In her paper, McDuff introduces
the symplectic blow-up and uses it to give the first simply connected example of a non-Kéhler
symplectic manifold, which happens to be the blow-up of CP? along a symplectically embedded
Thurston manifold (the nilmanifold with structure (0,0,0,12)). This example of McDuff fails
to be Kéhler, amongst other reasons, because it does not satisfy the Lefschetz property. This
means that even if the ambient space satisfies the dd-lemma, the blown-up manifold may not do
the same. This is also related to the fact that symplectic submanifolds are more flexible than
complex submanifolds. For example, any complex submanifold of CP™ is Kahler (algebraic),
whereas any symplectic manifold can have its structure changed so it embeds in CP™ [39), 80]
which shows that there are no topological obstructions to the symplectic embedding.

One of the purposes of this chapter is to study systematically how the Lefschetz property
behaves under the blow-up, in particular we seek conditions under which we can assure that the
blown-up manifold will satisfy the Lefschetz property. We prove that this is the case if both
submanifold and ambient manifold satisfy the Property (cf. Theorem . Moreover we study
the blow-down map and show that even if the blown-up manifold satisfies the Lefschetz property,
the original ambient manifold will not necessarily do so (cf. Theorem and Proposition ,
which, together with McDuff’s example, shows that we can not decide whether the blow-up will

or will not satisfy the Lefschetz property based solely on the ambient manifold.

95
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The second purpose of this chapter is to answer the question of the correlation between the
dd-lemma and formality. One of the implications has been known to be false for some time, as
Gompf produced a simply-connected symplectic 6-manifold which does not satisfy the Lefschetz
property [34], but which is formal by Miller’s result [68]. The converse implication had been
conjectured by Babenko and Taimanov [3] and was the object of study of other papers [44, [61].

Our starting point in this case is that Babenko and Taimanov studied thoroughly the
behaviour of Massey products under blow-up [3}, [2] and these tend to ‘survive’ in the blow-up,
which is markedly different from the behaviour of the Lefschetz property. Therefore, we produce
an example of a nonformal symplectic manifold satisfying the Lefschetz property by blowing-up
a nilmanifold along a suitable torus. We also produce a 4-dimensional example using Donaldson
submanifolds [22] and results of Ferndandez and Mufoz [28].

This chapter is organized as follows. In the first section we explain briefly how the blow-up
is done in symplectic geometry and derive the cohomology ring (also at the form level) of the
blow-up based on the ambient manifold, submanifold and Chern and Thom classes of the normal
bundle of the submanifold. In Section [2], we study how the Lefschetz property behaves under
blow-up, initially in the case of the blow-up along an embedded surface and later the general
case. In Section [3| we recall the definition of Massey products, their relation with formality and
their behaviour under blow-up and finish in Section [4] with examples of nonformal symplectic

manifolds satisfying the Lefschetz property.

1. The Symplectic Blow-up

We begin by giving a description of the cohomology ring of the blown-up manifold in
terms of the cohomology rings of the ambient manifold and the embedded submanifold and the
Chern and Thom classes of the normal bundle of the embedding. We shall outline the blow-up
construction in order to fix some notation. For a detailed presentation we refer to [65].

Assume that i : (M Qd,a) — (X2 w) is a symplectic embedding, with M compact. Let
k = n — d. In these circumstances we can choose a complex structure in T'X that restricts to
one in TM, and hence also to the normal bundle E = M. Therefore E is a complex bundle

over M and one can form its projectivization

cpPF1—M-—M
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and also form the “tautological” line bundle E over M: the subbundle of M x E whose fibers

are the elements {([v], \v), A € C}. We have the following commutative diagram

E
(6.1) lw l¢ Jp
Ey — (B,w) - (M, o)

where ¢ and ¢ are the projections over M and E respectively, E is the complement of the zero
section in E and Ej the complement of the zero section in E.

It is easily seen that Ey and Ey are diffeomorphic via ¢. Furthermore, if we let V be
a sufficiently small disc subbundle in E with its canonical symplectic structure w, then it is
symplectomorphic to a neighbourhood of M C X and we identify the two from now on. Letting

V= ¢~ 1(V), we can form the manifold

X=X -V V.

Then, the map ¢ can be extended to a map f : X — X, being the identity in the complement
of V. The manifold X is the blow-up of X along M and f : X — X is the projection of the
blow-up.

LEMMA 6.1. (McDuff [65]) There is a unique class a € H?(M) which restricts to the
standard Kihler class on each fiber of M — M and pulls back to the trivial class in Ej.
Moreover, H*(E) = H*(M) is a free module over H*(M) with generators 1,a,--- ,a*~1.

THEOREM 6.1. (McDuff [65]) If the codimension of M is at least 4, the fundamental groups
of X and the blown up manifold X are isomorphic. Further, there is a short exact sequence

0— H"(X)— H(X)— A" — 0,

k=1 with a as in the previous

where A* is the free module over H*(M) with generators a,--- ,a
lemma. Moreover, there is a representative o of a with support in the tubular neighbourhood V

such that, for e small enough, the form @ = f*(w) + e« is a symplectic form in X.

Remark. As is observed by McDuff [65], the Leray-Hirsch theorem implies that a* is related to

a,---,ak1 inEby

ak = —Cp — Cp—1Q + -+ — clakfl,
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where the ¢;’s are the Chern classes of the normal bundle E.

In [74] it is shown that in X this relation becomes

af = —f*(t) — cp_ra+ - — cra" L,

where t is the Thom class of the embedding M — X and f : X — X the projection of the
blow-up.

With this, we have a complete description of the cohomology ring of X. Forvj,vs € H *(X)
and uy, ug € H*(M),

p

fr)nfrw) = (v Aw);
f*(v)a =i*(v)a;
(6-2) aui N\ auz = a2u1 N U2
a* =—f*(t) — k104 - — craF Y
) ANy = f*(t Auy), the Thom map extended to X.

2. The Lefschetz Property and Blowing-up

Now we move on to study how the Lefschetz property behaves under blow-up. The first
case to look at would be the blow-up of a point, but, as we will see, this does not change the
kernel of the Lefschetz map at any level (cf. Theorem [6.1). The next case would be a surface.
Here, on the one hand, the situation is simple enough for us to be able to give a fairly complete
account of what happens, and, on the other, we can already see that in this case it is possible

to decrease the dimension of the kernel of the Lefschetz map.

2.1. Blowing up along a Surface. Assume that i : (M? o) — (X?" w) is a connected
surface symplectically embedded in X, M and X are compact, and let X be the blow-up of X
along M. In H 1(5( ) things go as follows

(f*(w) + 5a)"_1f*(v) _ f*(wn—lv) + 5n—lan—l,L->»<U
(6.3)
— f*(wn—lv _ En_lt’U)
and if Lefschetz holds for X and e is small enough Lefschetz will also hold for X, or, more
generally, dim(ker(@" 1)) < dim(ker(w™!)). Now we proceed to show that in certain conditions

the inequality holds.
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LEMMA 6.2. Let i : (M?,0) — (X?", w) be a symplectic embedding, M and X be compact

and ¢ be the Thom class of this embedding. The following are equivalent:

(1) There are vi,ve € H'(X) in ker(w™ 1) such that i*(vy A vg) # 0;
(2) There exists v € ker(w™ 1) such that t A vy ¢ Im (W™ 1).

PROOF. Assuming (1), by the defining property of the Thom class,

/t/\’Ul/\UQZ/ z’*(vl/\vg);é(),
X M

and, since both v; and vy pair trivially with Im (w™~!), but pair nontrivially with ¢ A v;, we see
that t Av; & Im (w™1). So (1) implies (2).
On the other hand, assume that there is a v; satisfying (2). Let {a;} be a basis for ker(w™ 1)

i @y

* > [2n=1 we can view the dual basis {a

and {a;} be a basis for a complement. Since (H1)
as a basis for H?"~1. Then we note that Im (w"~!) C span{a;}, and since these spaces have the
same dimension they are the same. Therefore, the condition t A v; & Im (w™~!) implies that it
pairs nontrivially with some of the a;. Let vo be such an a;. Then again by the defining property

of the Thom class we have

/ Z'*(’Ul/\’l)g)—/t/\vl/\’l}z#o,
M X
and i*(v1 A vg) # 0. O

LEMMA 6.3. If the equivalent conditions (1) and (2) of the previous lemma are satisfied and

€ is small enough, then
dim(ker(@" 1 : HY(X) — H* }(X))) < dim(ker(w" ! : HY(X) — H (X)) — 2.

PROOF. Let V be a complement of ker(w™!) in H'(X) and v; and vy the cohomology
classes satisfying condition (1) of 1emma Then, since neither £ A vy or t Avg is in Im (w™ 1),
for £ small enough, equation (6.3) shows that f*(t A v;) ¢ Im (©|y), since @™ 1|y is simply

a perturbation of the injection w™ !|;;. On the other hand, &" lv; = —e"~Lf*(t A v;), and

therefore f*(t A v;) is in the image of @" !, so

dim(Im (&"1)) > dim(Im (W™ 1)) 4 2

and the result follows. O
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Now we move on to H2(X), where we have

(f*(w) +€a)"2(f*(v2) + avo) =

(6.4)
= (W vy — "2 tg) + €32 ((n — 2)ow + £(i* vy — c1vp))

and then we observe that the map above is a perturbation of
f*(v2) + avg — f*(W"2vy) + "3 %(n — 2)owvp.

Therefore for ¢ small enough, Lefschetz will hold for X if it holds for X, or more generally
dim(ker(@"2)) < dim(ker(w”"2)).

Again, we may have the inequality.

LEMMA 6.4. Let i : (M?,0) — (X*w) be a symplectic embedding, M and X be compact
and t be the Thom class of this embedding. The following are equivalent:

(1) There exists v € ker(w™ 2 : H*(X) — H?""2(X)) such that i*v # 0;

(2) The Thom class t is not in the image of W™ 2.

PRrROOF. The proof is the same as the one for lemma Assuming (1), by definition of the

Jow=[ vz

On the other hand any vector in the kernel of w™ 2 pairs trivially with Im (w"2), so t ¢

Thom class,

Im (w"2).

Conversely, we let again {a;} be a basis for ker(w" ?), {@;} a basis for a complement

and {a},a}} the dual basis and again identify the dual space with H2"~2. Then we see that

177

n—2)

Im (w = span{a;} and, since ¢ & Im (w"~2), ¢ must pair nontrivially with at least one of the

a;’s. Call it v. O

LEMMA 6.5. If the equivalent conditions (1) and (2) of the previous lemma are satisfied and

¢ is small enough then

dim(ker(@" 2 : H*(X) — H* %(X))) = dim(ker(w" % : H*(X) — H2(X))) — 1
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PROOF. By conveniently choosing vy and vg in (6.4)),

(f*(w) +ea)""2(f*(v2) + avo) =

64) (W20 — €2 tug) + €80 (n — 2)owp + (v — e1v0))
HQanz(X) #0

the term in H?"~2(X) can be made equal to any pre-chosen element in Im (w™2) @ span{t}.
Once vo and vg are chosen, changing vy by an element in ker(w™2) does not affect the result. On
the other hand, by varying vs by an element in ker(w™2) the coefficient of a can be made equal
to anything in H2(M). Therefore dim(Im (©"2)) = dim(Im (w"?)) 4+ 2 and dim(H?*(X)) =
dim(H?(X)) + 1, hence the result follows. O

Finally, we finish the study of the blow-up along surfaces claiming that, for i > 2,
dim (ker(©" ™)) = dim(ker(w™™?)).

Indeed, if v; € ker(w™%) then, i*(v;) = 0, since it has degree greater than 2, and therefore

af*(v;) = ai*(v;) = 0 and
(f*(w) +ea)" " f*(v;) = (W ;) =0,

so f*(ker(w™™ %)) C ker(@").

Conversely, assuming i even (the odd case is analogous),

(" (@) +2a)" 7 (f*(v0) + advg + a7 va) =
(W™ ) + é‘”*i*la”*%*l((n —i)ovg + €vg) + el By,
and therefore f*(v;) +a%1}0 ta' T v will be in ker(@"~%) if, and only if, vg = 0 (by the coefficient
of a"_%), vy = 0 (by the coefficient of a”_%_l) and v; € ker(w™ %), establishing the reverse
inclusion.

So we have proved:

THEOREM 6.2. Let i : M? — X?" be a symplectic embedding, M and X be compact and X
the blow up of X along M. Then, for e small enough,
e fori> 2,
dim (ker(©" ™)) = dim(ker(w™ ™)),
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in particular, Lefschetz holds at level i in X if, and only if, it does so in X;

o if there is an element in ker(w™2) that restricts to a nonzero element in H*(M) then
dim (ker(©" %)) = dim(ker(w™?)) — 1,

otherwise these kernels have the same dimension;

e if there are elements v, v € ker(w™ 1) such that i*(vy Avg) # 0, then
dim(ker(@"?)) < dim(ker(w™?)) — 2,

otherwise

dim (ker(©"?)) < dim(ker(w"?)).

2.2. The General case. Now we treat the general case of the blow-up. Our main objective
is to prove that if both M?? and X?" satisfy the Lefschetz property so does the blow-up of X
along M, although in the course of this proof we obtain slightly more, including a generalization
of lemmal[6.3] The first part of the proof was already encountered at the end of the 2-dimensional

case.

PROPOSITION 6.1. Assume that (M?¢,0) — (X?",w) is a symplectic embedding with M
and X compact and 2d < n. Let X be the blown-up mamnifold. Then, for i > 2d

dim (ker(©" ™)) = dim(ker(w™™?)).

In particular, X will have the Lefschetz property at level i > 2d if, and only if, X does so.

Remark. The condition 2d < n is there only so that we can talk about a Lefschetz map at level
i > 2d, and this Proposition says that we can not change the dimension of the kernel of the

Lefschetz map beyond the dimension of the submanifold along which we are blowing-up.

PROOF. First we return to our usual notation and let k¥ = n—d. Let v; € ker(w™ %) ¢ HY(X)
and consider the cohomology class f*(v;) € H*(X). The restriction of v; to M is zero, since the

degree of v; is greater than the dimension of M. Therefore av; = 0 and
(f*(w) +ea)" " f* () = f*(w""v;) = 0.

Thus, f*(ker(w)"™%) C ker(@"™%).
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On the other hand assume that v = f*(v;) + av;_a + - - - + alv;_o; is an element of the kernel
of @™, We may further assume that the last term above, v;_q, is not zero or else v is of the

form f*(v;). From v € ker(@w) we have

0= (f*(w) +ea)" " (f*(v;) + aviz + - - + a'vi_)

n—i,l
= f*(w" ;) + Z gl

j=0,m=1 J

n—i +m __n—i—j
al™Mo IVi—om.-

Since i > 2(n — k), the degree of the element above is 2n — i < 2k and therefore the highest
power of @ in the expression above is still smaller than k. Hence the coefficient of a!*"~*, which
is v;_g;, must vanish. Thus we had from the beginning v = f*(v;) and the expression above

reduces to
0= (f*(w) +ea)" " (f*(vi)) = f*(W" ;)

and v € f*(ker(w™ %)), which shows the reverse inclusion and proves the proposition. U

PROPOSITION 6.2. Assume that i : (M?? o) — (X?" w) is a symplectic embedding with M
and X compact and 2d < n. Let X be the blown-up manifold. If there is a v € ker(w"%4) such
that i*v # 0, then

dim(ker(@"~%%)) = dim(ker(w"29)) — 1,
otherwise these kernels have the same dimension, as long as € is small enough. In particular, if

X has the Lefschetz property at level 2d, so does X.

PROOF. Initially we observe that the same argument used in lemma shows that the
existence of v € ker(w"~2%) such that i*v # 0 is equivalent to the fact that the Thom class, ¢, of
the embedding is not in the image of w” 2?. Now we let k = n — d and write down the Lefschetz

map at level 2d

(f*(w) +€a)n72d(f*(v2d) +avog_o+ -+ advg) — f*(wn72dv2d . EandUOt)_i_

(6.5) k—1 d
. n—2d\ . .
— _n—2d—i+l —2d
+ E a' E . g™ ot Vo(d-1) | — " “vock_; |,
i=k—d I>i—nt2d \ t—1

where the ¢;’s are the Chern classes of the normal bundle of M. Then we claim that we can

make it equal to any element in

(%) f(Im (w”de) @ span{t}) ® akidHQd(M) @ - 'ak71H2(M).
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The idea is the following: the system above is triangular and therefore easy to solve. Indeed,
let f*(wam—q)) + a* gy + - - - + a* 1wy be an element of the space (¥). We start by choosing

—2d

vaq and vy so that w24,y — e 24ty equals Wa(n—q)- Observe that we can still change vog by

any element in the kernel of w™~2¢. Now look at the coefficient of a*~! in (6.5)):
e 2y, + (n — 2d)e" 2 Loy — " Hugey 1= "2y + F(vg).

Since we have already chosen vg, we can now choose v9 so that the expression above equals ws.
Assuming by induction that vy; have already been chosen for j < jo < k — d so that the
coefficient of a*~7 is wq; we see that the coefficient of a*~70 in (6.5)) is of the form

n—2d
" *gj, + F(vo, -+, v250—2),

where F' is a function. Then again we can choose vy, so as to have the desired equality.

Finally the coefficient of a*~% is of the form
e 24 o + F(vg, - -+ ,v9q—2) € H*(M).

And then, changing vsg by a multiple of the element in ker(w”2?) whose restriction to M is
nonvanishing, we can make this coefficient equal wsg.

Now a simple counting of the dimensions involved shows that

dim(ker(@"~%%)) = dim(ker(w" %)) — 1.

In order to prove the “otherwise” case, we start observing that if for every v € ker(w™ 2%),

i*v = 0 then f*(ker(w)) C ker(@" 2¢). Therefore we immediately have dim(ker(w™ 2%)) <
dim (ker(@"24)).
The reverse inequality is similar to what we have done so far and also to the subject of

Proposition [6.3], so we shall omit its proof. O

Before we can tackle the case i < 2d we have to recall that, from Theorem if M satisfies

the Lefschetz property there is a splitting of a cohomology class into primitive elements:
(-3) H'=P;&Im (),

where P; is defined by
P={ve H |y =0},
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if i < d and P; = {0} otherwise. The elements in P; are called primitive i—cohomology classes.
Hence, we can write every v € H*, i < j in a unique way as v = 0% +vlo +--- + /2 gli/2

with v/ primitive. Observe that if i > d, then the first few terms in this decomposition will

vanish simply because P; = {0} for j > d. Again, the notation for the splitting above will be

used consistently in the sequence.

PROPOSITION 6.3. Let i : (M2 0) — (X?",w) be a symplectic embedding with M and X
compact and 2d < n. Assume further that M satisfies the Lefschetz property. Then, for e small

enough and i < 2d,
dim(ker(@" ")) < dim(ker(w™™")).

In particular, if X satisfies the Lefschetz property at level i so does X.

PRrROOF. Firstly we observe that the cases of ¢ odd and 7 even can be treated similarly, but
for simplicity we shall work out only the even case: 2i.

We want to take the limit ¢ — 0 in the map @™ %, but, as it stands, the resulting map
will clearly have a big kernel. So, what we shall do is to find linear maps A, and B. such that
lim. o B-&" % A, has kernel f*(ker(w™ 2%)). From this we shall conclude that the dimension of
the kernel of @™ % is at most the dimension of the kernel of w"~? as long as ¢ is small enough.

We define A, : H*(X) — H?(X) by
i—1 o i—1 1.
A | fH(v2i) + Z a vy | = fF(va) + Z gal_J’l}zj-
j=0 j=0

And B, : H*"2(X) — H?~%(X) by

i—1 i—1
o 1 -
* n—d—i+ _ px . n—d—i+ )
B. | f*(van-2) + Y _a Togggj | = f*(van-2i) + o T v24-2;
=0 =0

Now we move on to write the map lim._g B.&" 2 A,:
i—1 i—1
21_1% BeajnfmAE _ f* (wn722,v27;) + § :anfdfz+] § :bdfjflo'dijil'UQl,
§=0 1=0

n— 24
where b; = are the binomial coefficients.
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We can further split the cohomology classes vy into their primitive parts, according to
lemma vy = v + ovl, + -+ olvb,. With that, elements of H*(X) will be in the kernel of
the map above only if the coefficients of a/o! vanish. The only terms that will give us information
about primitives of degree 21 are the coefficients of a#~iHlgd=2l gh—ititlgd=2=1 " gk=1gd=l=i+1

and the vanishing of these is equivalent to the following:

bg—21 bg—20-1 -+ ba—i—iy2 ba_1—it1 vy,
ba—20-1  ba—21—2 -+ ba—i—iy1  ba_i—; V340
=0
bg—2i—iv2 bi—21—iv1 -+ bag—2i4a  bi—2i13 vé{f; !
ba—21—it1  ba—21—i - ba—2i43  bag—2i42 vi 1t

in the case 2i < d, and a similar matrix for 2¢ > d. What is important here is that in both
cases the matrix will be constant along its anti-diagonals (it is a Toeplitz matrix) and the top
right entry is nonzero. Now, if we can prove that all the matrices above are invertible, we will
conclude that f*(ve;) + > a’~Jvy; is in the kernel of lim B.&" * A, if and only if vg; = 0 for all

j < i and vo; € ker{w" ?}. So the next lemma finishes the proposition.

n
LEMMA 6.6. Let b7} = ,n,7 € N. Then for any p € N

J
e n T Vo3
bk+p bk+p—1 e k+1 bk
n n e n
k+p—1 bk+p—2 e bk k—1
1 . .
AP — det : g : £0
k+1 k k—p+2 Yk—p+1
(0 7 . 7 7
bk k—1 ’ k—p+1 k—p

if b7 £ 0.

PRroOOF. Initially we observe that b7 # 0 if and only if n > k > 0 and for n = k the
matrix above has zeros above the anti-diagonal and ones on it, so the determinant is a power

of —1. Further, by adding to each column the one to its right and using the binomial identity
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b +bp_, = bZ“ we get

-1 +1
bpte prtrmh o b
k+p k+p—1 k+1 k
n+p n+p—1 n+1 n
bk+p—1 bk+p—2 e bk k—1
1 . .
AP — det
k
n+p n+p—1 n+1 n
bk;+1 bk e bk—p+2 bk—p+1
n+p n+p—1 n+1 n
bk; bk—1 U bk—p+1 k—p

Now it is easy to check that

Conlntp—k+1) Tk

tipt1 _ (Ap+ D0 —k)! o
ATHLP NG

n,p+1

1o+l . : . : .
APTEPH s nongero if A is nonzero and we obtain the result by induction. [

showing that

These three propositions give us the following

THEOREM 6.3. Let i : (M?1,0) — (X?",w) be a symplectic embedding with M and X
compact and both satisfying the Lefschetz property and 2d < n. Let (X,w + ea) be the blow-up
of X along M with the symplectic form from theorem |6.1. Then, for e small enough, X also
satisfies the Lefschetz property.

3. Massey Products and the Blow-up

Having determined how the Lefschetz property behaves under blow-up, we turn our atten-
tion to formality. As remarked in Chapter [} a very useful tool used to prove that manifolds
are not formal are the Massey products. The object this section is to prove that under mild
codimension conditions, these products are preserved in the blow-up. This will allow us to find

examples of nonformal symplectic manifolds in the next section.

THEOREM 6.4. Let i : M2("=K) s X2 be o symplectic embedding with M compact and let
X be the blown-up manifold, then:

e if X has a nontrivial triple Massey product, so does X,
e (Babenko and Taimanov [3]) if M has a nontrivial triple Massey product and k > 3,

so does X.

PROOF. We start with the first claim and assume the Massey product (vy,va,v3) is nonzero

in X. This means that there is u representing such a product with [u] & Z([v1], [vs]), the ideal
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generated by [v1] and [v3] in H*(X). If we consider the product (f*vy, f*ve, f*v3) we see that
f*u is a representative for it. The question then is whether f*[u] is in the ideal (f*[v1], f*[vs]).

Let us assume there was a relation of the kind

Flul = Flnl(F& +agl + - a1 + f[os) (f€s + a3 + a7
Then, using the product rules (6.2)),

Frlu = f([oi)ér + [vslés) + a(i* o] + i [v3)G3) + - - + P o] CF + i [us]¢E Y.

Now, since the sum above is a direct one, all the coefficients of the powers of a must vanish and
the following must hold:
flul = ([o]én + [vs]€a)-
Since f* is an injection, we conclude that [u] € ([v1], [vs]) which contradicts our initial assump-
tion.
Now we treat the second case. We start by assuming that vy, v and vs € Q(M) are closed
forms satisfying

v1 Avg = dwy and vy A vy = dws,

with [wivz — (=1)"vyws] & ([v1], [v3]). Letting ¢ : V — V be the map of diagram (6.1)) and

7V — M the projection of the disc bundle, we have the following relations in H*(X)

a* T v A ap* oy = d(ap*trw) and ap*truy A ap*riug = d(a’et T ws)

The question then is again whether the cohomology class of the form

ap T vl o rrw; — (=) a0t T ws

is in the ideal generated by alvi] and a[vs].
Suppose it was. Then there would be a relation of the type
a’lwyvz — (—1)|v1|v1w2] = afv1](f*& +all + -+ akilg‘f_l)—k
+alvs](f*& +agg + - +d G
= a([v1]i*€1[vs)i€s) + a® ([v1]¢i + [vs]G) + -+

+a T ([0 ¢F 2 [vs]¢F ) + " ([vi) ¢+ [os] 5.
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Expanding a* and using again that the result is a direct sum, we look at the coefficient of a3.

Comparing both sides we see that it equals [wivs — (—1)1*tlvjws], so

[wivs — (—1)Pogws] = [01]¢F + [03]¢5 — cr—alF ™ o1] + 3 [vs].

But this contradicts the fact that [wivs — (—1)"lvjws] & ([v1], [vs]). O

4. Examples

We want to find a 6-dimensional symplectic manifold with nontrivial triple Massey product,
b1 even, not satisfying the Lefschetz property and then use the blow-up procedure to eliminate
the kernel of w’. We have already encountered manifolds with these properties before, namely,
nilmanifolds.

It is a result of Benson and Gordon [5] that nontoroidal nilmanifolds never satisfy the
Lefschetz property. Also, Nomizu’s theorem [3.1]implies that the Lie algebra of the corresponding
Lie group with its differential (A®g*, d) furnishes a minimal model for the nilmanifold, therefore,
no nontoroidal nilmanifold is formal. Indeed, it is a result of Cordero et al [17] that they always
have nontrivial (maybe higher order) Massey products.

The simplest nilmanifold with the properties required is the one obtained from the product

of two copies of the Heisenberg group.

EXAMPLE 6.1. If G is the 3 dimensional Heisenberg group then the Lie algebra has a basis

formed by the left invariant vector fields whose values at the identity are

010 0 00 0 0 -1
01=10 0 0];092=[0 0 1];93=[0 0 0
000 0 00 00 O
Then we check that [01,02] = —03 and [01,03] = [02,03] = 0. Therefore, the quotient

manifold, H, of the 3-Heisenberg group by the lattice generated by exp 0; will have Chevalley-
Eilenberg complex (A®g*, d) generated by the invariant 1-forms e; dual to the 9; related by

der = des = 0; des = e1 A es.

So, this manifold is the nilmanifold H = (0,0, 12).
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Hence H'(H) is generated by {eq, e}, H2, by {e13,e23} and H?, by {e123}, where, as usual,
e;; is the shorthand for e; A ej. Therefore by = by = 2 and by = bz = 1.

Massey products. With the relations above for e1, es and e3 we get that
e1 Neg =des and ey Aep = d(—e3).

Therefore we can form the Massey product (e, ez, e1) = eg Aejp +e1 A (—e3) = —2e13 # 0.
Observe that in this case, since ej A es is exact, Massey products have no indeterminacy and the

above is a nontrivial one in H.

EXAMPLE 6.2. Now consider the product H x H = (0,0,12,0,0,45). The triple product

(e1, €2, e1) is still nonzero. Further, the form
w = e14 + €23 + €56

is closed and has top power 6e123456, which is everywhere nonvanishing. Hence w is a symplectic
form in H x H.

It is easy to see that the kernel of w : H? — H* is span{ess} and the kernel of w? in H! is
span{es, e5}.

In H, consider the path

1 t t+ %tQ
a(t) =exp(t(01+02+03)) = |0 1 t , t€10,2],
0 0 1

then o = 91 + 02 + 03 and, besides this, a(2) ~ «(0), hence this is a circle.

In H x H there are two copies of a (one in each factor) making a torus T2. A basis for
the tangent space of this torus is given by {01 + 92 + 93,04 + 95 + J¢}. The symplectic form
evaluated on this basis equals 1 everywhere, hence this torus is a symplectic submanifold. On
the other hand, es5 evaluated on this basis also equals 1 everywhere.

Therefore, by Theorems and the blow-up M?° of H x H along this torus satisfies the

Lefschetz property (for e small enough) and has a nontrivial triple product.

ExaMpPLE 6.3. Still let M be the manifold from the previous example. Using Fernandez
and Muiioz’s result on formality of Donaldson submanifolds [28], the Poincaré dual N* of the

symplectic class [w] (after changing the symplectic form slightly and re-scaling to get integral
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periods) will be a symplectic submanifold of M which still satisfies the Lefschetz property and
by Donaldson’s theorem [22] the inclusion N < M induces an isomorphism H!(M) = H'(N)
and an injection H?(M) < H?(N). Now, the Massey product in M comes from three 1-forms
and therefore still exists in N and further, since we have an injection in H?, this product is

nonzero in N. So N is a nonformal symplectic 4-manifold satisfying the Lefschetz property.

EXAMPLE 6.4. Let (N4, o) be the manifold obtained in Example that has a nontrivial
triple product and satisfies the Lefschetz property. By construction, ¢ is an integral cohomology
class, therefore, (N, o) can be symplectically embedded in CPS, by Gromov’s Embedding The-
orem [39), 80]. By Theorem the blow-up of CP% along N will have the Lefschetz Property.
According to Theorem it will have a nonvanishing triple product (and thus is not formal)
and from Theorem it is simply connected.






CHAPTER 7
T-duality

T-duality in physics is a symmetry which relates ITA and IIB string theory and T-duality
transformations act on spaces in which at least one direction has the topology of a circle. In this
chapter, we consider a mathematical version of T-duality introduced by Bouwknegt, Evslin and
Mathai for principal circle bundles with nonzero twisting 3-form H (also called H-flux) [8} [T,
9]. Our main result is that any invariant twisted generalized complex structure (or generalized
Calabi—Yau or generalized Kéhler or generalized metric Calabi-Yau, for that matter) can be
transported to the T-dual circle bundle with the appropriate twist. Hence it becomes probable
that generalized complex geometry is a natural place to study mirror symmetry. Moreover, most
of the structures derived from a generalized complex structure correspond to their counterparts
in the T-dual, for example, the invariant forms in ¥, the decomposition d = 9 + @ and even
some submanifolds (invariant in some sense) can be transported.

These properties of T-duality are very interesting, as they match properties on a manifold
and its dual, therefore allowing one to prove difficult results on one side by studying them in the
probably simpler mirror. As an example of this idea, we prove that no 6-nilmanifold can have an
invariant generalized Kéhler structure. T-duality also allows us to determine generalized Kéahler
structures on semi-simple Lie groups different from those in Example

Of course other geometric structures can be transported via T-duality. Notably, the results
in this chapter and in [14] inspired Witt to use T-duality to transport other generalized struc-
tures, such as generalized G2 and Spin(7) and their weaker versions [85], thereby obtaining new
examples of those structures. Also, in [14], we study how a generalized metric g+ b (see Chapter
Section [1)) transforms and obtain, in a geometrical way, the Buscher rules [11}, 12].

This chapter is organized in the following way. In the first section we introduce T-duality for
principal circle bundles as presented in [8] and prove the main result in that paper stating that
T-dual manifolds have isomorphic twisted cohomologies. In Section [2] we prove that generalized
complex structures can be transported via T-duality (our main result) and from there we draw

a series of corollaries.
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The material of this chapter and further results on this subject will be present in a collabo-
rative paper with Gualtieri [14], who I thank for useful conversations about this topic and who

helped me to shape the results the way they appear in this chapter.

1. Topological T-duality

The construction of the T-dual we introduce in this section is due to Bouwknegt, Evslin and
Mathai and is the subject of a series of papers by these authors [8) [7}, [9]. They set T-duality
in the context of principal torus bundles and then work with twisted cohomology. One further
requirement is that the twisting 3-form H (also called an NS-flux) is invariant under the circle
action. As a consequence of these restrictions, when we want to consider geometric structures
later on, we will be obliged to work only with invariant structures.

The starting point is a principal circle bundle with an integral closed 3-form H over a
manifold M: (E,H). We choose a connection 6 on E, so that §(0/00) = 1, where 0/00 is the
vector field generated by a fixed element in the Lie algebra of S'. The curvature of this bundle

is dd = F. As H is closed and invariant,

0

0= ﬁa/agH == ae

(AH +d(S(H) = d( | H).

So, if we write H = F + h, with F and h pull-backs from M, we see that F is closed. Also,
as H is integral, and | g1 0 = 2m, we get that 2 F is integral. Hence we can construct a circle
bundle E over M and choose a connection form 6 whose curvature is F. We associate the 3-form

H=F0+htokE:

Definition. The T-dual to (E, H) is the space (E, H) defined as the circle bundle over M with
a connection § and curvature df = F with the 3-form H = F0 + h.

H:F0+h
o =F

Remark. In the definition above, the T-dual circle bundle E is well defined by (E, [H]). However

FO+h
=F

%l ||

the corresponding connection 0 is defined up to a closed form and the 3-form H relies on the
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particular choice of connection. In the sequel we always assume such a choice was made when

talking about ‘the’ T-dual.

Definition. If (E, H) and (E, H) are T-dual to each other, the fiber product
E X E—ExE

is the correspondence space.
Using the correspondence space, we can define the following map between the complexes of
invariant differential forms:

(7.1) T QW(E) = QW(E)  7(p) = — /S 0N,

T or

where the S! where the integration takes place is the fiber of E x 3y E — E, so the result is an
invariant form in E. This formalism is suggestive, but, more concretely, any invariant form pin

FE can be written as p = 0p1 + po. In this case it is easy to check that
(7.2) 7(0p1 + po) = p1 — Opo.

Remark. Needless to say, 7 does not preserve degrees. Nevertheless it is well behaved under the

Zo-grading of differential forms as 7 reverses the parity of its argument:

Q5N c o/,

Also, it is clear from (7.2) and the setting that if we T-dualize twice and choose 6 = 0,
we get (E, H) back and, on invariant forms, 72 = —Id. But Q% (E) is naturally a Zy-graded
differential complex — without the Leibniz rule — with differential diy = d + H. Bouwknegt’s

main theorem [8] can be stated in the following way for forms:

THEOREM 7.1. The map 7 : (Q% (), dg) — (QEI(EN),—dg) is an isomorphism of differ-

ential complexes.

PRrROOF. Given that 7 has an inverse, obtained by T-dualizing again, we only have to check

that 7 preserves the differentials, i.e., —d7 o7 = T odg. To obtain this relation we use equation
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1 Y
~dgr(0) = 5 [ dale™)

1 - ~ ~ - ~
=— | (H-—H)e Yp+ePdp+He "
2m Sl
1 ~ ~
= — He p+e % dp
27 S1
= 7(dup)

O

Remark. 1If one considers 7 as a map of the complexes of differential forms (no invariance
required), it will not be invertible. Nonetheless, every dg-cohomology class has an invariant

representative, hence 7 is a quasi-isomorphism.

EXAMPLE 7.1. The Hopf fibration makes the 3-sphere, S3, a principal S' bundle over S2.
The curvature of this bundle is a volume form of S?, 0. So S with zero twist is T-dual to
(S? x 81,0 A 6). The closed nonexact form 1 € A°S3 is mapped to 6, the volume form of S! in

52 x S' via the T-duality map while the volume form of S is mapped into the volume form of

S2.

ExaMPLE 7.2. Using the notation of Chapter 3] consider a nilmanifold £ whose structure
is given by (0,0,0,c1), where ¢; € A%span{1,2,3}. E is naturally a principal circle bundle over
a 3-torus. If we take H = 0 we obtain that the T-dual, E, is just the 4-torus with a 3-form
H= c N4

If we had a 2-step nilmanifold F, i.e., nil(E) = 2, and H = 0, we could write the structure
of E7*F as (0,---,0,¢1,--+ ,¢cx), with ¢; € AZspan{l,---,j}, indeed, as this nilmanifold is a
principal k-torus bundle over a torus, we can even take ¢; to be the Chern classes of each circle
bundle involved. This choice of circle bundles gives us a preferred way to T-dualize along the k
circles making the torus bundle. After T-dualizing, we obtain a k + j-torus with 3-form > ¢; Ai.

This shows that every 2-step nilmanifold with vanishing 3-form can be T-dualized to a torus

with nonvanishing 3-form.

EXAMPLE 7.3. Let (G, H) be a semi-simple Lie group with 3-form H(X,Y, Z) = K([X,Y], Z),
the Cartan form generating H3(G,Z), where K is the Killing form.
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With a choice of maximal torus 7 and a circle subgroup S' < T, we can think of G as a
principal circle bundle. For X = 0/00 € g tangent to S' < G and of length —1 according to the
Killing form, a natural connection on G is given by —K (X, ). The curvature of this connection
is given by

d(—K(X,‘))(Y, Z) = K(X7 [Y7 Z]) = H(X,KZ),

hence the pull back of F' to G is
F=H(X,,)=X|H=F.

Which shows that semi-simple Lie groups with the Cartan 3-form are self T-dual. Of course,

one can repeat this with any other circle making up the maximal torus.

Remark. Using the idea of the previous two examples we can T-dualize principal torus bundles
by decomposing them into circle bundles and then T-dualizing each circle bundle in turn. One
can show that the T-dual does not depend on the particular decomposition of the torus into
circles, as different decompositions in the left side just induce different decompositions of the
T-dual tori, but keep the principal torus bundle unchanged.

However, it is not always possible to T-dualize principal torus bundles, as we have done.
To do so, some restrictions have to be placed on H. Namely, in order for a torus bundle (F, H)
to be T-dualizable, H(X,Y,-) has to vanish for every pair of vertical vectors X and Y [8]. In
Example this was trivially true, while in Example [7.3l we had H(X,Y,Z) = K([X,Y], Z),

which vanishes for any X, Y in the Lie algebra of the torus.

2. T-duality and Generalized Complex Structures

We have seen that T-duality comes with a map of differential complexes 7 which is an
isomorphism of the complexes of invariant differential forms. Now we prove that this map also
preserves invariant twisted generalized complex structures.

But first we introduce a map on T+ T*. Let (E,H) and (E, H) be a T-dual pair. Any
invariant section of TE @ T E* can be written as X + f0/00 4+ £ + g0, where X is a horizontal
vector and ¢ is a pull-back from M. We define ¢ : (TE ® T*E)g1 — (TE ® T*E)g by:

0

o) ~
(7.3) @(X+f%+£+gﬁ):—X—g£—f—f9.

The core of our results is encoded in this theorem:
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THEOREM 7.2. The following hold:

(1) the map ¢ is orthogonal with respect to the natural pairing on TE®T*E and TE'@T*E,
hence it induces an isomorphism of Clifford algebras, CI((TE ® T*E)g1) = CI((TE &

T*E)Sl);
(2) for Ve C*(TE & TE*)g1) we have

T(V-p)=o(V) 1(p),

for any invariant form p. Therefore T induces an isomorphism of Clifford modules
NTHE = N THE;

(3) the map ¢ is an isomorphism of Courant algebroids, (C*°((TE & T*E)s1), [, |u)
(C*(TE@T*E)s1),~[]z), i-e., for Vi € C°((TE @ T*E) )

1

o([Vi,Valn) = —[p(V1), ¢(V2)] -

PROOF. (1) It is obvious from equation ([7.3) that ¢ is orthogonal with respect to the
natural pairing and hence the first claim holds.
(2) Splitting p = 0p1 + pp and V = X + f0/96 + £ + g0, equation (7.2)) for 7 gives the
result:
T(V-p) =7(0(=X[p1 — Ep1+gpo) + X |po+ fp1 +Epo)

= —X|p1—&p1+ gpo + O(—X | po — fp1 — Epo).

While

e(V)7(p) = (—X — g0/90 — & — f0)(p1 — Opo)
= —X|p1 —€p1 + gpo + (=X po — Epo — fp1)-

(3) Finally, we have established that under the isomorphisms ¢ of Clifford algebras and 7
of Clifford modules, dy corresponds to —d g, hence the induced brackets (according to

equation (2.7)) are the same.
O

From this theorem and Theorem we get that any structure defined on F in terms of

the natural pairing, Courant bracket and closed forms will correspond to one on E.
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THEOREM 7.3. Any twisted invariant generalized complex structure, generalized Calabi—Yau

structure or generalized Kahler structure on E is transformed into a similar one via @.

PROOF. If L < (TE @ T*FE) ® C is the +i-eigenspace of an invariant H-twisted generalized
complex structure on E, then, by Theorem (3), (L) is closed under the H-twisted Courant
bracket on (TE & T*E) ® C. As ¢ is orthogonal, (L) is still maximal isotropic, hence is a
generalized complex structure on E.

If F has an H-twisted generalized Calabi—Yau structure defined by a dp-closed form p,
with Clifford annihilator L, then the Clifford annihilator of 7(p) is ¢(L), showing that 7(p) is
pure, i.e., its annihilator has maximal dimension. By Theorem 7(p) is dg-closed, hence it
induces an H-twisted generalized Calabi-Yau structure on E.

If L1, Ly are twisted structures furnishing a generalized Kéhler structure on FE, then for
v € L1 N Ly\{0},

(v,7) <0,

and similarly for v € L1 N Ly. As ¢ is orthogonal with respect to the natural pairing, the same
is true for p(v) € (L1) N p(L2)\{0}. Therefore ¢(L;1) and ¢(Ls) induce a twisted generalized
Kahler structure on E. 0

As an application of this result we prove that no 2-step nilmanifold can be generalized

Kahler.

THEOREM 7.4. No 2-step nilmanifold admits a left invariant generalized Kdhler structure.

In particular, no 6-nilmanifold admits such structure.

PrROOF. Recall that according to Theorem and the remark following it, any twisted
generalized Kéhler manifold admits a SKT structure. If a 2-step nilmanifold admits a generalized
Kahler structure, according to Example this nilmanifold can be T-dualized to a torus with
nonzero 3-form, therefore furnishing the torus with an invariant SKT structure. But every
invariant form in the torus is closed. In particular d°w = 0 for the Kéahler form induced by the
metric and the complex structure, which can not happen in a SKT structure.

For the 6-dimensional case, we remark that Fino et al [31] have classified which 6-nilmanifolds
admit invariant SKT structures (which would be the case for any admitting generalized K&hler

structures) and those are all 2-step. g
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As another easy application of Theorem one can find further twisted generalized Kéhler
structures on Lie groups, following Examples [2.24] and [7.3]
Generalized Calabi-Yau metrics are also preserved by T-duality, but to prove that we need

one extra lemma.

LEMMA 7.1. Given two invariant forms « and [, define a form ~ in the base manifold by

(o, 8) =0 A~y. Then (1(a), 7(8)) = —0 A .

ProoOF. Write
2n
o= Z o/g + uo/f,
k=0

with deg(a¥) = k and similarly for 3. Using equation (2.2)) and expression (7.2) for 7 a simple

computation gives the result. O

Remark. If one thinks of 7 as the Clifford action of —6 + 9/00, and then relabeling 6 to 0, this

lemma is just a consequence of the fact that
(U CQ, U 5) = <'U,’U>(Oé,,6).

THEOREM 7.5. If two twisted generalized complex manifolds (E,J1) and (E, J3) correspond
via T-duality, then T(U%) = Z/{kE. In particular,

T(0pY) = 057(¥) T(0pY) = 057(¥)

and E satisfies the dgd? -lemma if and only if E does (with H in place of H).

PROOF. It is clear that T(U}) = U’z and that (L) is the —i-eigenspace of the induced

generalized complex structure on E. The result follows from Theorem item (2). O
Unfortunately this theorem is limited in its applications, at least as a way to generate new

manifolds satisfying the dd”-lemma. For example, we have the following simple fact.

THEOREM 7.6. The total space of a nonflat circle bundle over a compact manifold does not

admit any symplectic structure for which the Lefschetz property holds.

PROOF. Although no invariance on the symplectic structure is required, we can always
average the symplectic form to obtain an invariant form w = af +b cohomologous to the original

symplectic form, where a and b are pull-backs from the base and 6 a connection form.
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Since w is closed, we obtain that da = 0. If a is exact, say, a = df, then
W' = (n—1)afb" ! = (n — 1)d(fop" 1),

as d(6b" 1) = 0. Therefore w™ represents the trivial class, which can not happen in a compact
symplectic manifold.

Hence it must be the case that a represents a nontrivial cohomology class on the base and
therefore its pull back is a nontrivial class on the total space and then we can consider the image

of [a] under the Lefschetz map w™ !

W' a] = [ab" 7],

which is the pull-back of a top degree cohomology class from the base. As the circle bundle is
not flat, this cohomology class vanishes in the total space and the Lefschetz property does not

hold (at level 1). O

EXAMPLE 7.4. One intriguing fact about T-duality in the present setting is that it does not
preserve B-field actions. If p = 0p1 + pg is an invariant form and we let B = 6 A by + bs act on

p we get
(7.4) 7(e%p) = €=1(8(p1 + b1 A po) + po) = (B — b1) A po — p1),

which corresponds to the action of the not necessarily closed 2-form by and the automorphism
exp(b10/80), as in Example

Another way to account for the appearance of 6 — by instead of just 6 in is by saying
that the action of a B-field forces a change in the connection in the T-dual from 6 to § — by, but
this however still does not explain satisfactorily the action of the nonclosed bs.

In [41], Chapter 8, Gualtieri proposes an alternative definition of T-duality using generalized
complex submanifolds (for more details see [14]). That version of T-duality is such that a B-
field action does not change structures on the T-dual, but it is not clear yet whether that

interpretation agrees with the physics behind this theory.

EXAMPLE 7.5. As even and odd forms get swapped with T-duality, the type of a generalized
complex structure is not preserved. However, it can only change, at a point by +1. Indeed,

if p = ePtQ is an invariant form determining a generalized complex structure there are two



122 7. T-DUALITY

possibilities: If €2 is a pull-back from the base, the type will increase by 1, otherwise will decrease
by 1.

One would-be application of this fact is related to type changes in generalized Calabi-Yau
manifolds. This is because even if we start with a generalized Calabi-Yau structure without
type change on a circle bundle, the T-dual will still be a generalized Calabi—Yau, but may have
type change depending on whether  is a pull back or not. For example, take R® x S and

consider the generalized complex structure given by
p = N (gt 4 iday) (des + iday + (1 + ix2)dh).
The T-dual structure still in R® x S! is given by

(dzs+idxy)(d0+ides)

T(p) = —¢ x1+izg (1}1 + Z.C[,‘Q)(dl‘l + ’L'dxg),

which has type change along z; = z5 = 0.

We could have replaced the coefficient of df in the expression for p above by any function
f, but the generalized Calabi—Yau condition would only hold if f = f(z1, z2) was a holomorphic
function on x1 + ize and the type change in the T-dual would occur along the zeros of f. On
the one hand, this suggests on what kind of locus we can expect to have type change, on the
other hand this also suggests that this procedure won’t work in compact examples, as then any
holomorphic f is constant. Currently no example of compact generalized Calabi—Yau with type

change is known.



CHAPTER 8

Formality of k-connected manifolds of dimension 4k + 3 and

4k + 4

In this chapter we leave the realm of generalized geometry and focus on formality of 7- and
8-manifolds. A theorem of Miller [68] states that any compact orientable k-connected manifold
of dimension d < (4k + 2) is formal. In particular, a compact simply-connected n-manifold is
formal if n < 6. Recently, Fernandez and Munoz gave examples of simply-connected nonformal
7- and 8-manifolds [29] and Dranishnikov and Rudyak gave examples of k-connected nonformal
4k + 3- and 4k + 4-manifolds [24], therefore proving that Miller’s theorem can not be improved
without further hypotheses.

Here, we adopt the point of view that for a k-connected manifold, the smaller the k + 1"
Betti number, bg1, is, the simpler the topology. Then we establish the biggest value of by for

which one can still assure formality of an n-manifold, n = 4k + 3,4k + 4:

THEOREM 8.1. A compact orientable k-connected manifold of dimension 4k + 3 or 4k + 4

with bg+1 =1 s formal.

One motivation for the study of such manifolds comes from the existence of special geo-
metric structures in 7- and 8-manifolds, e.g., G2, Spin(7) and symplectic structures. A compact
irreducible Riemannian manifold with holonomy group Gy or Spin(7) has finite fundamental
group and hence its universal cover is compact, simply-connected and has special holonomy.
Other examples of manifolds with special holonomy are Kéhler manifolds which are formal (see
Theorem , hence it is conceivable that there is a connexion between the existence of special
holonomy metrics and formality.

Another reason to study formality of 8-manifolds comes from symplectic geometry, as this is
the only dimension where the question of existence of compact 1-connected nonformal examples

is still open.

123
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One property shared by irreducible G- and Spin(7)-manifolds is that they have a hard
Lefschetz-like property. If M™ is one such manifold, there is a closed (n — 4)-form ¢ for which:

(8.1) [p]U: H2(M,R) = H" 2(M,R),

is an isomorphism [46]. Of course, this last property is also shared by 2-Lefschetz symplectic
8-manifolds, where, by definition, holds with ¢ = w?.

We are interested in how can be used to improve on Theorem We prove that if
M™, n = 4k + 3,4k + 4, is k-connected and there is ¢ € H"~2*=2(M) for which

(8.2) oU: H (M, R) S H" % 1(M,R)

is an isomorphism and bgy1(M) = 2, then, M is formal. If n = 4k + 3 and by1 (M) = 3, then
all Massey products on M vanish uniformly. We construct examples showing that our bounds
are optimal.

This chapter is organized as follows. In Section [I} we prove Theorem by explicitly
constructing a minimal model. In Section [2| we prove that the existence of the isomorphism
has a ‘formalizing tendency’ in a k-connected orientable 4k + 3- or 4k + 4-manifold, as it
implies formality for b, = 2 and, in the 4k + 3-dimensional case, vanishing of Massey products
for by = 3. In the last section we study examples from symplectic and Riemannian geometry

where our results can be applied.

1. Extending Miller’s bounds

In this section we prove Theorem The way to prove formality in this case is by con-
structing the beginning of the minimal model for the manifold and then using the theorem of

Fernédndez and Mufioz (Theorem above).

PROOF OF THEOREM We will only prove the theorem for 4k + 4-manifolds, as the other
case is analogous. The proof is accomplished by constructing the minimal model.

As M is k-connected, My, is a free algebra generated by H'(M) in degree i < 2k with
vanishing differential and p maps linearly each cohomology class to a representative form. The
first time we may have to use a nonzero differential (and hence introduce one of the B/ spaces)

is in degree 2k + 1. This will be the case only if the generator a € My satisfies a® # 0 and
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p(a?) is an exact form. Hence if either p(a?) is not exact or a® = 0, all the spaces B/ are trivial
for j < 2k + 1, showing that M is 2k + 1-formal and hence, by Theorem formal.
So we only have to consider the case where the cohomology class o € H*T1(M) satisfies

a? =0 and k + 1 is even. In this case, the Hirsch extension in degree 2k + 1 is given by
V2l — g2+ (A @ span{b},

where d vanishes in H2**+1(M), db = a? and p(b) is a form such that dp(b) = p(a?). With this
splitting, 7 (Gngng(Bj )) < Mag41 is just the ideal generated by b and to prove formality using
Theorem we have to show that any closed form in this ideal is exact in M.

A closed form in this ideal, being the product of b and an element of degree at least k + 1,
will have degree at least 3k + 2. Since M is k-connected, Poincaré duality gives H’(M) = {0}
for 3k + 3 < j < 4k + 4. If an element in Z(b) of degree 3k + 2 or 3k + 3 is closed and nonexact
in M, Poincaré duality implies that its dual is in either M:ig =~ H*+2(M) (in the former case)
or in Mﬁﬂ >~ HKTL(M) (in the latter). Either way, from there we can produce a degree 4k + 4
closed nonexact element in Z(b). So we only have to check that any 4k + 4 closed element in
Z(b) is exact.

The only elements in Z(b) in degree 4k 44 are of the form abv, with v € HFT2(M) = VF+2,
which have derivative d(abv) = a3v and hence are not closed if v # 0. This shows that M is

(2k + 1)-formal and therefore formal. O

2. Formality of hard Lefschetz manifolds

In this section we study compact orientable k-connected n-manifolds, n = 4k + 3,4k + 4,

for which there is a cohomology class ¢ € H"?#=2(M) inducing an isomorphism
(52 pU - HM (M) S B (M),
We prove that this property has a ‘formalizing tendency’ in the following sense.
THEOREM 8.2. A compact orientable k-connected manifold M™, n = 4k+3,4k+4, satisfying

(8.2) with b1 = 2 is formal. If n = 4k + 3 and by = 3 all the Massey products vanish

uniformly.
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PRrOOF. We start considering the case byy1 = 2. The cases n = 4k +3 and n = 4k + 4
are similar, so we only deal with the latter. Due to , the class ¢ induces a nondegenerate
bilinear form on H*T1(M). If k is even, this bilinear form is skew, and if & is odd, it is symmetric.

For k odd, the signature of the bilinear form, i.e., the difference between the number of
positive and negative eigenvalues, is either 2, 0 or —2. By changing ¢ to —¢, the case of
signature —2 can be transformed into signature 2, hence there are two possibilities to consider.
As they are similar, we will only treat the signature 2 case.

Let ai,ay (da; = day = 0) be generators of My, = Sym®H**1(M), the first nontrivial
stage of the minimal model for M. We may further assume that the bilinear form induced by ¢
is diagonal in the basis {a1, a2} and

goag =1.

As with Theorem M3 is just the free algebra generated by HJ(M) in degree j < k with
vanishing differential and the first time we may have to introduce one of the B’ spaces is in
degree 2k + 1, where

B+ = ker Sym? HF1 (M) u H22().

We know that both a? and a2 are nonzero in H2**2(M), since by (8.2) they pair nontrivially

with ¢. So
dim B**! = dim(ker Sym>H* 1 (M) = H*+2(M)) < dim(Sym>H* (M) — 1 = 2,

and hence there may be at most two generators in degree 2k + 1 in Mogg41 to kill cohomology
classes in Moy that are not present in H***2(M). The case when only one generator is added
has a proof very similar to the one of Theorem so we move on to the case when there are
two generators b; and by added to kill cohomology in degree 2k + 2.
Then
db; = kiya? + Kiyaras + kbsa3,  i=1,2.

Multiplying by ¢ and integrating we get ki; = —ki,. Hence, by re-scaling and taking linear
combinations we may assume that db; = a% — a% and dby = ajas.

Now, if ¢ € Z(b1,b2)<2k+1 is a closed element (again, by Poincaré duality we may assume it

has degree n) we can write it as

¢ = (a1c11 + age12)by + (a1c21 + azce2)be + (k1ar + koag)biba,
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where ¢;; are closed elements of degree k + 2 and k; € R. The condition dc = 0 implies that
¢ = 0, thus every closed form in (b1, b2)<or+1 is exact and M is 2k + 1-formal and therefore
formal.

The case when k is even is easier. Indeed, the argument above can be used again, but with

Sym?H*T1(M) replaced by A2H*+1(M) and hence the nondegeneracy of the pairing implies
dim B%**! = dim(ker A2H*1 (M) = H*F2(M)) < dim(A2H*TH(M)) — 1 =0,

hence M is trivially 2k + 1-formal and therefore formal.

To finish the proof, we consider a 4k + 3-manifold with ;11 = 3 and prove that all triple
Massey products vanish if holds. Initially we remark that by ; = 3 and can not
happen if k is even, as there is no nondegenerate skew bilinear form in an odd dimensional
vector space.

We also observe that the Massey product (a,b,c) has degree at least 3k + 2 and since
HI(M) = {0}, for 3k + 2 < j < 4k + 3, this product will vanish, whenever defined, if its degree
is neither 3k 4+ 2 nor 4k + 3. If (a, b, ¢) € H*+3(M), it lies in the ideal generated by ([a], [c]), so
the product also vanishes, therefore the only case left is when a, b and ¢ have degree k + 1 and
the product lies in H3*+2(M).

This product vanishes trivially if ¢ = Aa, hence we can assume a and c linearly independent.
Since wab and @be vanish, but ¢ induces a nondegenerate bilinear form, there is 3 € HFT1(M)

such that ¢bf # 0 and we can express the Massey product in the basis {¢]al, [5], ¢lc]}:
(a,b,c) = —v1c+ avy = kiplal + kep[B] + kse[c].

where ab = dv; and be = dvy. Multiplying the equation above by —[b] and integrating over M

we get
—kg/(pb,@ = /—vlcb—i- a’l)zb = /—vldvg + ’Ugdvl = /d(vlvg) =0.

Thus k2 = 0 and (a, b, c) = k1p[a] + ksp[c] € ([a], [c]). So the Massey product vanishes.
Observe that if ac = dwvs, it is still possible to choose v;, i = 1,2,3 in such a way that the
Massey products (a, b, c), (b, c,a) and (c, a,b) vanish simultaneously. Indeed, let us assume a, b

and c are linearly independent (the linearly dependent case is similar) and a set of choices of v;
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was made:
(a,b,c) = [vic — ava] = kipla] + kap[d],
(b, c,a) = [vaa — bus] = l1p[b] + laplal,
(e,a,b) = [vsb — cv1] = mip[c] + may[b].

Then we can set v; = U1 + ko, vo = U2 + lap and v3 = v3 + maop. With these choices we get

{a,b,c) = [01¢ — aty] = kelal,
(b,c,a) = [v2a — bis] = lN‘/J[b],
(c,a,b) = [U3b — cv1] = mplc].

Adding them up, the left hand side vanishes, giving

0 = kyla] + lp[b] + myp|c].
Since ¢la], [b] and @[c] are linearly independent, %, and 7 vanish and, with these choices, all

the Massey products vanish simultaneously, hinting at formality. O

3. Examples

In this section give simple examples showing that the bounds established in Theorem
are sharp. We also apply our results to the blow-up of CP® along a symplectic submanifold and
to Kovalev’s examples of Go-manifolds. We finish with an example of a compact 1-connected 7-
manifold which satisfies all known topological restrictions imposed by a G structure, has by = 4
and nonvanishing Massey products. This last example shows that the results of Theorem
are sharp in 7 dimensions and that one can not answer the question of formality of Go-manifolds

using only the currently known topological properties of those.

EXAMPLE 8.1. Now we construct k-connected (4k + 3)-manifolds with by41 = 2 which have
nonvanishing Massey products and hence are not formal. This shows that the bounds obtained
in Theorem are sharp in these dimensions.

Let V be a (2k + 2)-vector bundle over S*+! x S¥*!1 with nonzero Euler class x. Then, the
total space, X, of the sphere bundle associated to V is a compact k-connected 4k + 3-manifold.

Using the Gysin sequence for this sphere bundle

XY Hj(SkJrl % Sk+1) i Hj(X) LY ij2k71(5k+1 % Sk+1) XY Hj+1(5k+1 % Sk+1) .
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we see that H**1(X) = span{vy,v2} and H?**2(X) = {0}, where v; are generators for the top
degree cohomology of each sphere. Therefore, v1 U ve = 0. If w; are volume forms pulled back

from each S*¥t1, then wy A wy = d€, where

/52k+1 &= /gk+1x5k+1 X

Therefore we can compute the Massey product
(v1,v2,v2) = —[§ Awa].

This is not exact, as it pairs nontrivially with v,

/ﬁAwl/\wgz/ X‘/ w1 Awg #0
X Sk+1y gk+1 Sk+1yw Gk+1

and has no indeterminacy, hence X is not formal.

ExaMPLE 8.2. Blowing up CP™ along a suitable submanifold, Babenko and Taimanov
proved in [2] that there are compact 1-connected nonformal symplectic manifolds in any dimen-
sion 2k > 10. Due to Miller’s theorem, such examples do not exist in dimensions 6 or less and
the question is still open for 8-manifolds.

Using the techniques of chapter [6] one can show that the blow-up, X, of CP™ along any
submanifold is always 2-Lefschetz and, if the submanifold is connected, bo(X) = 2. Therefore,
our results imply the blow-up of CP? along a connected symplectic submanifold is always formal.
One can also try to blow up CP"™ and then take a sequence of Donaldson submanifolds until
the result is an 8-manifold, but the manifold obtained this way is also 2-Lefschetz [28] and has
by = 2 [22].

ExAMPLE 8.3. In [54], Kovalev produces a series of examples of 1-connected compact Go-
manifolds from pairs of Fano 3-folds via twisted connected sums. If M7 is obtained from the
Fanos F; and Fj, he proves that ba(M) < min{ba(F1),b2(F2)} — 1. Our results imply that if
either of the Fanos involved have by(F;) < 3, M is formal, while if by(F}) = 4 and by(Fy) > 4,
the Massey products vanish. Hence the only possibility for one of his examples to have nontrivial
Massey products is if it is constructed from 2 Fanos with ba(F;) > 5.

According to the classification of Fano 3-folds [69], these have by < 10 and if by > 6, the

Fano is just the blow-up of CP? in an appropriate number of points. It is easy to follow Kovalev’s
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construction to prove that if one of the summands is CP? with some points blown-up, M” is

formal. The case where both the Fanos have by = 5 is more difficult, but one still has formality.
In [46], Joyce proves the following

THEOREM 8.3. A compact Riemannian manifold with holonomy Go has finite w1, nonvan-

ishing first Pontryagin class p1 and, if @ is the closed 3-form determining the structure,

(8.3) /a2g0 <0 for a € H*(M)\{0} and /p1 A [g] < 0.

ExAMPLE 8.4. The conditions in Theorem are stronger than just . For example, let
M* be a simply-connected 4-manifold and take ¢ to be the volume form of S3 in X7 = M* x S3.
Then the pairing induced by ¢ in H?(X) is just the nondegenerate intersection form in H?(M)
and hence holds. However, no manifold obtained this way satisfies the conditions of
Theorem Indeed, H3(S% x M*) = H3(S®). So the cohomology class of the 3-form ¢ is the
pull back of a multiple of the top degree class in S3 and as before the bilinear form induced
by ¢ is just the intersection form of the 4-manifold. Therefore if X satisfies the conditions of
Theorem M has (negative) definite intersection form. But by Donaldson’s Theorem ([23],
Theorem 1.3.1) such an M can not be spin unless by(M) = 0. If by(M) = 0, the Hirzebruch
Signature Theorem in dimension 4 implies that p (M) = 37(M) = 0, where 7 is the signature

of M, and hence M (and S® x M) has vanishing first Pontryagin class.

Although the topological properties of G manifolds are stronger than (8.2), they bring
no extra information about formality of G-manifolds. Indeed, using circle bundles we can
construct a nonformal manifold satisfying all the topological properties from Theorem The

key is Wall’s classification of 1-connected spin 6-manifolds.

THEOREM 8.4. (Wall [83]) Diffeomorphism classes of oriented 6-manifolds with torsion-
free homology and vanishing second Stiefel-Witney class correspond bijectively to isomorphism

classes of systems of invariants:

o Tuwo finitely generated free abelian groups H?, H3, the latter of even rank;
o A symmetric trilinear map p: H> x H?> x H> — Z;

o A homomorphism py : H> — Z;
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o Subject to: for x,y € H?,
p(@,2,y) =, y,y)  mod (2),
for x € H?,
p1(x) = 4pu(x,z,x) mod (24).

With appropriate choices for the pairing ¢ and for the Chern class of the principal circle
bundle, we can obtain nonformal 7-manifolds satisfying (8.3). As the base manifold is spin, so
will be the total space of the circle bundle. We finish this paper with one example constructed

this way.
EXAMPLE 8.5. We let H? = (w, a1, a2, a3,7) and define the cup product on H? so as to
have the following relations
wy =0, wa;a; =26, Wla; =0, wP=2, wa; =~as,
ajag =0, oty = YO and Q3w = yaq.

One set of choices that gives the desired result is the following

wago; = 2044 03 =0 adag =0 o0l =2 azy: =0
wya; =0 ajosag =0 a%ag =0 asazy =0 a%’y =0
wy =0 ajagy =0 a2y =0 aoy? =2 ozg =0
Wl =0 oqa% =0 a‘;) =0 a%ag =0 73 =0
wQW =0 arasy = 2 a%w =2
WP =2 172 =0 ag’:O

With these choices, wy = 0 and this is the only 2-cohomology class that pairs trivially with ~.
Now we let M be a simply connected spin 6-manifold with H?(M) = H?, cup product as
described above, arbitrary H? and first Pontryagin class p1 = 4w?. Let w,a;,c¢1 be a set of
closed forms representing w, a;;,v and let X be a circle bundle over M with connection form 6
and first Chern class v with df = ¢;. Then X is spin, has first Pontryagin class p; = 4w? and
has degree 2 and 3 cohomology H?(X) = (w, a1, az, as), H3(X) = H}(M) @ ([0 ®w]). The term
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[0 ® w] is the one we are concerned about: As yw = 0, in the form level we have ¢; Aw = d¢, for
some 3-form £ pulled back from M, hence 8 A w — £ is a closed form. This form represents the
cohomology class [0 ® w].

Letting ¢ = —0 Aw + & we see that ¢ induces a negative definite bilinear form on H?(X) as

/go/\ai/\aj:/ —w/\ai/\aj:—%ij,
X M

and similarly

/go/\w/\aj:() and /cp/\w/\w:—2.
X X

/ ©p1 :/ —Qwiw? = —/ 4w = —8.
X X M

Finally, since ~ pulls back to zero in H?(X), we can define the Massey products {(w, a1, az),

Also,

(a1, a9, a3), (a9, as,w) and (as,w,a1). To prove that X is not formal we compute (aq, g, a):
ajaz = dayo, azaz = d(fay — as3),

where a;; are pull-backs from the base. So

/ (o, a9, a3)w = / arpazw — ay(fa; — agz)w = —/ Gwaf = —/ wa% = 2.
X X X M

Which means that, for these choices, the Massey product pairs nontrivially with the cohomology
class w and therefore is a closed nonexact form. One can also check that different choices keep

the integral above unchanged so the Massey product does not vanish.

Remark. If we deal with the Spin(7) case in a similar fashion, i.e., stripping off the Riemann-
ian structure and working only with the implied topological properties, circle bundles will not
provide possible examples of nonformal Spin(7)-manifolds. This is because Spin(7)-manifolds
have fl—genus 1 and by a result of Atiyah and Hirzebruch [1] if a compact connected Lie group

acts differentiably and non-trivially on a compact orientable spin manifold X, then fl(X )=0.
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