
THE EQUIVARIANT BSD CONJECTURE VIA P-ADIC L-FUNCTIONS . I
.

E = elliptic cure/Q , H/Q finite Galois ext.

BSD ca ·

ok ETH) =Ad LEH,

Note : GallHQ) GECH) & XP : GalIH) - G12(k)
, 40 finite

E[P] : = HanzalIt) 10 , EIH) @L) P-isotypic comp.

= E(H) = EtP]

LIEH , s) = L(E , P , s)

Equirariant BSD ca · rhE[P] = and LIE , P , s) far each P.

Today : P := P, P2 for P
,,
02 : Gal(H/) -> Gla(k) (odd

because if f = m . f . assoc. with E, aut 2 (Wiles)

g , h = m . f . assoc , with P, P2 , not (knave-Wintenberger
=> LIE

, P , s) = L(fxgxh , s) triple product L-function
=> good analytic properties !

Assume rhE[P] = 1
.
Then want PEEIP] non-tarsion.

let p = prime , pt levels of fig , h H/Q aura. at p , Hp/Qp ext.
↳ p-adic construction of PEECHp)L which should lie in ELH).

Runk
.

Related forthcoming work of Andreatta-Bertolini-Sereso-Venerucci :

gives different construction & similar conjecture .



Y
Conj · (Dall'ava-H) . Assume hypotheses (A) , (B) , (C) ·

Then

D : = expe , p (Gbal (1) · logp(u ,)5 logp(uz)
* ) EE(Hp)r

n no-
fannal golar balanced is defined over H.
exponential p-adic 2-fu .

P-adic logs of
start units S

or ... for PEETP]
,

sply) = (gE ,p(p)
logp(u ,)tlogp(uz)t

Goals
.

Tum1 · Lill exists.
Th 1

. La is tre when Pi = Judi
,
KIQ imag. quad.

(Secret goal . A survey of p-adic L-functions & withmetic. (

Example 1 (Katz , 1976).

k/Q imag · quadratic , Hecke clear. of K s .t
. (k = j = 0 = Divdiet)

x(()) = 24 ()
- 5 for <EkX

(k , j) "infinity type"
(a) 7 <ph .Spadicted ,

p p-adic analytic function. .
k
M

for (k , j)E 1 x0 & X as above
(6

> j

2(x) ~
L(x+, o) (a)

p-adic period complex period
(6) for with k= j = 0 , UX

= unit of extension H/K ass ,with

[p(z) ~logp(ux) (p-adie Kronecher limitSfancula
Cf . Krascher
limit facela Lit , 07

~ loglue



Example 2 . E/Q elliptic cure. 3

2. 1 . Ehas CM byk * X = Heche char-assoc ,
with E

Rubin shared that (6) can be used to show :

/ Note : LlE ,
X
,
s)

SpF
R(1)" = (p(x) ~loge

,
p(p)2 raule) => LpF(1)

plays the re of
for P = Heequer point. L'IEk , X , 1) .

2
.

2
.
BDP extended this to construct for K/Q & E

..

(a) 7 Lik : Sp-adicHehe Kp p-adic analytic. .

for (k , j) = (k+2 , -1) , 13/ & X as above · (6)

IgEik(z)
~

LIE , X" , 0)
(a)

p-adic period complex period
(b) for X with h = j = 0 , Px = Heequer point for X

LpE(x) ~Lege
,
plPel

<

(p-adic G7 famula)
c . f . GZ faula L'(Er

,
X

, 1) ~ <Pr , PES

Example 3 . Hida families :

E = EC/Q us f m .f not 2 - fle m . f . at l

P
, P2 Artis reps ↳ gih m . f . nfl no ge ,hi m - f . not e

,
m

g daminates f danirates
23k +m k3 l+m

· (2 , 1 , 1)
r (2 ,l,m)
-

E changes·

·
⑧ 2

, e ,e)

balanced

n daninates
m>, k +1



4.
Daman-Lander-Rotger Dall'ara-H .

ASSUME EIPOP2] = 2 ↓ ElP ,OP] = 1

(a) 72g-dominant p-adicL-fuen · (a) I Leal balanced p-adic -fun.

SpFR ,
1
,m ~

2/7xgexhm ,E dpba (2,e , e) ~ LExgexhe ,e)
(ge ,get [fif)<ge,gethe, he

far 132 +m fare2

2
det [22matj)]

(6) (p(2 ,
1 ,1) (6) Lba(2 , 1 , 1) ? logE,p(P)

Logp(ug) Logp(ug) . logp (ug)
*

161) Tue when
g ,
h CM fans. 16') Tue when g,n <M facs.

construction of Appal
Hanis-Hudla/Ichino : B = definite QA

,
ran. at v s.

t
. Ev(fxgexhe) = -

Lfxgexhe , el I (< f
, f) (ge,ge) <he,hel

= finitesumof
values it

where fB , g ,
he = Jacquet-Langlands transfers

of f , ge , he to autanaphic fams on BY

Hsth : p-adic version of this "makes sense" under extra assumptions
~ issue : go specialized to l = 1 not a classical mot

=

=> cannot use this in our case.



5.

Technical issue :

Et ge at 1=1 is classical =>

Ege , v
= supercuspidal at same vs . t . Bu vanified

=> Pizer observed 7 two fams ge on BY assoc , with ge :

dimSe[ge] = 2.

Prop (H .
-Dall'ava)

.

= extra operator , associated with to EBY anifanizer,Bu
Bst

. Se[ge] = SetgeJEBn =+ 1@SeBIge]BBv
= -1

un -- -

clim = 2 die = I die = I

-> consequences for this for Hida families

Lets us generalize Hsich's construction to this setup !


