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ABSTRACT. We prove the motivic action conjecture for the base change to real quadratic
fields of weight one newforms with odd, squarefree level and solvable projective image.

1. INTRODUCTION

The motivic action conjecture, introduced by Akshay Venkatesh and his collabora-
tors [PV21}; [Venl9; HV19|, predicts a precise relationship between the rationality of con-
tributions of automorphic forms to cohomology and certain motivic cohomology groups. A
concrete instance of this phenomenon [Hor23| is that logarithms of Stark units should be
factors of rationality for coherent cohomology classes associated with weight one Hilbert
modular forms. We prove this conjecture for certain Hilbert modular forms over real qua-
dratic fields which arise as base change of weight one newforms. Historically, such Hilbert
modular forms in higher weight were studied by Doi and Naganuma using the converse
theorem [DN69|. Later, they were realized as theta lifts from SLy to O(V) for a suitable
quadratic space V' of signature (2,2) by Kudla [Kud78] (see Section [2.6]).

Let F' be a real quadratic field of discriminant D > 0, and f be a Hilbert modular form
of parallel weight one for F'. There is a line bundle w, the Hodge bundle, on the Hilbert
modular surface X defined over Q, such that f € H*(X,w) ®q Q(f), where Q(f) is the
number field generated by the Hecke eigenvalues of f. Considering the higher cohomology
of w, there are natural classes :

wp,wt € H'(X,w) ® C

associated with f. We are interested in the rationality properties of w}, wj%.
The Galois representation associated with f is an odd Artin representation

or: Gal(L/F) — GL2(Q(f))

for some number field L. The associated conjugation action of Gal(L/F) on traceless 2 x 2
matrices over Q(f) gives rise to the representation

Ad gy Gal(L/F) — GLy(Q(/)).

Stark conjectured [Sta75] that there are units uyy, w2, uar, e € OF ®7z Q(f) such that the
second derivative of the Artin L-function at s = 0 is expressed in terms of their logarithms:

log |u11| log |uis
LP(Ad® p,0) ~g(pyx det R for Ry = (0"
(Ad” 0y, 0) ~q(p)« det Ry for Ry log |uz| log|uss| )’
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where a ~g(pyx b if there exists A € Q(f)* such that a = Ab. He proved it when Ad° oy
has rational traces (loc. cit.).

The motivicﬂ action conjecture for Hilbert modular forms relates the rationality of w}, w]%
to the regulator matrix Ry.

Conjecture A ([Hor23|). The following coherent cohomology classes associated with f are
rational:
log [ugs|w} —log [ura|w? —log ug: [w} + log Jur; [w?
det Rf ’ det Rf

Theorem B (Theorem . Let f be the quadratic base change of a weight one newform
fo € S1(N,x0). Suppose D, N are odd, squarefree, co-prime to each other, and fy has
projective image not isomorphic to As. Then Conjecture [A] is true. Explicitly, there are
units uy, assoctated with Ad° 0f, and u]IZ; associated with the quadratic twist Ad° 050 ® XF
such that:

€ H'(X,w) ®q Q(/).

1 2 1 2
wf+wf Wy — Wy

, € H'(X,w) ® Q(f).
log [ug,| " log [uf|

Remark 1.1.

(1) The conditions that D, N are odd and squarefree are technical, and can be removed
with some additional calculations of the Fourier expansion in Section [£.I} The
condition that D, N are co-prime is a bit more subtle to remove.

(2) If fo has projective image As, then Theorem [B|also holds assuming Stark’s conjec-
ture for Ad%o, and Ad” of, @ X r.

For Hilbert modular forms f of higher weight, Michael Harris [Har90| defined period
invariants V},VJ% € C by requiring that wj; / Vj; be rational in the appropriate coherent
cohomology group. These give periods of rationality for Rankin—Selberg, triple product,
and Asai L-functions of Hilbert modular forms; for example, the coherent cohomology
classes w} / 1/} were recently interpolated p-adically to construct an Asai p-adic L-function
for Hilbert modular forms [GLZ23].

This raised the natural question: are any multiples of w}, w}% rational in coherent coho-

mology for a weight one Hilbert modular form f? Theorem [B| finally settles this question.
Corollary C (Corollary |5.14)). Under the assumptions of Theorem @ no multiple of c,u]lc
or w} belongs to H'(X,w) ®q Q.

We refer to Section [5.4] for more details.
1.1. Sketch of proof. The classes wy,w? give a complex basis of the f-isotypic component
H'(X,w); ® C and we are interested in the rational structure H'(X,w); on this vector

space. Using the non-trivial element in Gal(F/Q), we can define an involution s* on
H'(X,w) which preserves the f-isotypic components if f comes from base change from Q.

IThese Stark unit groups are simple examples of motivic cohomology groups which are predicted to play
a similar role in a more general story [PV21; HP23].
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This breaks H'(X,w); into two 1-dimensional spaces H'(X, w)jjf where the superscript +

means s* = +1. Over C, s*w} = wj%, and hence our task is to show that:

wh + w?

(1.1) nti=L L e H'Y(X, W)t
1Og‘uf0’ /
le” _%2” 1

1.2 Ti=————c H(X,w);.

Serre duality pairs H'(X, cu)}r with H'(X,w); and we check that 5" pairs rationally
with n~. This shows that 5™ is rational if and only if = is, and hence reduces Theo-
rem (B to proving that 7~ is rational.

We construct the quadratic base change f of a weight one modular form f, explicitly
as a theta lift. We then use this explicit construction to give a rationality criterion for
H'(X, w); by integrating the cohomology class against a linear combination of Hirzebruch—
Zagier divisors. The statement below implies that n~ € H(X, w)7 -

Theorem D (see Theorem and Corollary |5.10)). There ezists a linear combination of
cycle integrals along Hirzebruch-Zagier divisors that define an associated functional

C: H'(X,w)y — Q(f),
such that Cc: HY(X,w); ® C — C satisfies Cc(n™) € Q(f)* and Co(nt) = 0.

The linear combination above is naturally phrased in terms of weighted cycle as in
[Kud97]. The associated functional appears in the Fourier expansion of the theta lift of
f to a scalar multiple ry of fy through a standard unfolding process. The key point is
to compute this scalar ry, which depends on the Schwartz function ¢ defining the theta
function. In fact, there is a family of functionals, whose generating series maps f to rgfo.

It is not difficult to show that rg is a @X—multiple of the ratio éﬁ ];3> However, it is

rather tricky to show that the associated functional C takes values in Q(f). The functional
C appearing in the Fourier expansion involves certain linear combination of connected
components of the weighted cycle, which are then defined over certain extensions of Q.
It turns out that the Galois action on the components and the coefficients compensate
each other, giving us C(n~) € Q(f). This phenomenon seems to only appear when f; has
non-trivial nebentypus, in particular for odd weight.

Remark 1.2. Theorem [D| is the analogue of the following period relation proved by
Oda [Oda82 Section 16]. Suppose that F' has a fundamental unit e € OF with ¢ > 0,
€2 < 0 (i.e. Npjg(€) = —1), and f be a Hilbert modular form of parallel weight £ > 2 and
level one. Then Oda proved:

/ £ 3) p dxdy B 0 f is not a Doi-Naganuma lift
SLa(Z)\H s ey 2 e <f’f(>) f is the Doi-Naganuma lift of f
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for some ¢ € Q*. Note that the Hirzebruch-Zagier divisor here is simply the diagonally
embedded modular curve, and

_ dxody
w]%: flerz1, €222)y ;2 2
2

Remark 1.3. The first-named author had previously obtained numerical evidence for the
conjecture by restricting to diagonally embedded modular curves [Hor23, Section 6]. In that
case, the restriction was non-zero on ™ and zero on 7~, and one could numerically verify
the first restriction is rational (with many digits of accuracy). Somewhat surprisingly,
the Hirzebruch—Zagier divisors studied in this paper have the opposite property — the
restrictions are non-zero on =~ and zero of . As a roundabout consequence, we do obtain
the rationality of ™, but our proof is genuinely different than the numerical verification.

1.2. Potential generalizations. We end the introduction by explaining what we expect
to happen for general quadratic base change. Suppose F/Fj is a quadratic extension of
totally real fields. Starting with a Hilbert modular form f, of parallel weight one for Fp,
one can again construct its base change f to I’ as a theta lift. For each subset of the places
of F, J C{1,...,d}, we have a cohomology class:

wf € HM(X,w)f ® C,

where X is a Hilbert modular variety for F' and w is the Hodge bundle on X. The unit
group Uy has rank d = 2d,, and we expect jth exterior power of the d x d Stark regulator
matrix Ry to predict the rationality in H(X¢,w); [Hor23, Conjecture 4.17].

The methods of this paper should give results about rationality in middle degree coherent
cohomology, i.e. H%(X¢,w);. The non-trivial element o of Gal(F'/Fp) acts on the set of
infinite places of F', and it is natural to consider the subspace

Vo = span{wy | [J| =do, JNJ7 =0} C H*(X,w); ® C

of dimension 2% within the (Z(io)—dimensional space. Restriction of classes in H®(X¢,w);

to Shimura subvarieties associated with Fy can only be non-zero for elements in V;-. The
motivic action conjecture predicts that this subspace is rational, i.e. V& = (Vg)c for a
rational subspace Vy C H%(X,w);. The swap map s* preserves Vj, breaking it up into
2%~1_dimensional isotypic components Vo = V" @ V", paired with each other under Serre
duality. Finally, the analogue of Theorem @ would give rise to 2%~1 functionals on Vj~
which take rational values on the expected basis of V5. More concretely, assuming the
subspace Vg C H%(X,w); is rational, we would hope to prove that

o

wf + w}fg wf — Wy
) F

€ H(X,w)¢

for any J with |J| = dy and J N J7 = (), where Ry, and R} are the dy x dy regulator

matrices for Ad° gy and Ad® gy ® x F/Fy, Tespectively. We hope to pursue this generalization
in future work.
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The core idea behind our approach is that if an automorphic form is obtained by theta
lifting from a smaller group, then one can give a rationality criterion for coherent coho-
mology by considering the theta lift back. The same strategy also led to the proof of the
motivic action conjecture for Siegel modular forms in special cases [HP23]. It would be
interesting to explore other instances of this phenomenon.
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2. PRELIMINARIES

In this section, we recall preliminaries on automorphic forms, and their theta lifts.

2.1. Notation. For aring R and any N € N, we denote Ry := R®jy, pr prime Zp C R:=

R®Z. Similarly for a € R, we write ay ;= a® 1 € Ry C R. Throughout the paper, F
will be a totally real field of degree d with different 9, ring of integers O, and adeles Ap.
Apart from Section d will be 2, i.e. F' will be real quadratic. In that case, let D > 0
for the discriminant of F', which we assume is odd throughout for simplicity.

For a compact open subgroup U C @X7 we define the associated narrow class group

(2.1) CIL(U) = AS/F*URY,,.

We omit F' and + in then notation when F' = Q. For an algebraic group G defined over
Q, we use [G] to denote the quotient G(Q)\G(A).
For a quadratic extension K/Q, we will write xx for the associated quadratic character

of Q.
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2.2. Adelic Hilbert modular forms. We first recall adelic Hilbert modular form (see
[Shi78, §1, 2], [Gar90]). Denote G := Resp/gGLy with center Zp = Resp/G,, C Gp. We
omit F from the notation when it is Q. Denote K., = SO5(R)? C Gr(R) the maximal
compact. For open compact K C G F(Q), we have the decomposition

(2.2) Gr(A) = | | Gr(QEKGR(R)*

£eE
for a finite subset = C G F(@) satisfying

(2.3) Ay =| | F* det(§) det(K)RZ,,

£e=

where Gr(R)" = (GLy(R)™)? is the subgroup of Gr(R) = GLy(R)¢ with positive determi-
nant. This decomposes Gr(Q)\Gr(A)/K into cosets

(2.4) (Grl/K = Gr(@Q\Gr(A)/K = | |Te\Gr(R)T
:

with ¢ := Gp(Q)TNEKE!, Gr(Q)T := Gr(Q) N Gr(R)T. The class group Clf(det(K))
acts simply transitively on =. We will choose = to contain the identity, and use it as a
base point to identify the sets = = Clf(det(K)). If det(K) = O, then Cl}(det(K)) is the
narrow class group Cl of . Similarly, if we denote G r := Resp/gSLy C G'r, then there
is a finite set =’ C = Such that

(2.5) |_| Zr(A)Gr(Q)Gy p(A)E'K

and A} = Ugez (AF)?F* det(¢') det(K). The subset of Cli(det(K)) corresponding to
=/ C = consists of representatives of Clj(det(K))/Clf(det(K))>2.

On Ap, let db be the Haar measure self-dual with respect to the additive character
Yp =1 o Nmp/q, where ¢ = ®,<0p is the additive character of Q\A normalized with
Yoo(z) = e(x) := €™, It is the product of local measures db, over finite places v of F.

With respect to db,, the valuation ring O, of F,, the completion F' at v, has volume |D|v .

On Aj, we normalize the Haar measure d*a = vaoo d*a, such that d*a, = m, fla“'” with
=(1-1/¢,) " and ¢, = |0,/w@,| for v < 0o, and d*a., = faalzz. Then O has volume

1 with respect to d*a,.

Let dg = [],<., dgv be the Haar measure on Gp(A) = G(Ap) = Qy<aoG(F),) normalized
such that the subgroup SLy(O,) C G(F,) has volume 1 with respect to dg, for all finite
places v of F. At the infinite places, we have dg., = H1<j<d d,u(z])—j in the coordinate

g = (9:,ko,) € SLy(R)? = Gy p(R), where for z = 2 +iy € H,g. = n(z)m(y/y) =

() (715 ) i) = 582, and kg = (%) 55 € SO5(R).
Let ki,...,kq be 1ntegers satlsfylng k; = ki mod 2. An automorphic form of weight
(k1,...,kq), level K and central character x : F*\Apr — C is a function f : [Gp]/K — C
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right K .-equivariant with respect to the character (6, ...,60;) — €' 25%3% and satisfying
(2.6) p(z)f = x(=)f

for all z € Zrp(A), where we have a left action on f given by

(2.7) (p(9)N)(g) = f(99")-

Y

for any ¢’ € Gp(A). This right action induces an action of the Lie algebra gl of Gp(R) =
GLy(R)? For 1 < j < d, denote L;, R; € 5[‘217((3 C glg@ the element whose j-th component
is given by

(2.8) L= % (_1@ :i>  fi= % C —Zl)

respectively, and other components are 0. Their actions on f correspond to the lowering
and raising operator in the j-th variable. We say f is holomorphic, resp. anti-holomorphic,
in the j-th variable if L;f, resp. R;f, vanishes. We call it (anti-)holomorphic if it is
(anti-)holomorphic for all 1 < j < d.

If x is unitary, then |f| is automorphic of weight 0, level K and trivial central character.
Furthermore, if | f| is in L*([GFr]/Zr(A)), e.g. f is a cusp form, then we define the Petersson
norm of f to be

29 Il = [ £0) Pdg. 171 e = | £(9)dg
Gr(Q\GF(A)/Zr(A) G1,r(Q\G1,r(A)
Using the decomposition (2.5)), we can rewrite
(2.10) 1 IBes == > IoENFII per-
é‘/eE/

In particular if Z has size 1, i.e. Clj(det(K)) has odd cardinality, then || f|2, := || f]I7 pes-
The decomposition (2.4) shows that f corresponds to a tuple of classical Hilbert modular
forms on [[cz Te\H?. We denote f(z) = (fg(2>)565 the classical Hilbert modular form

associated to f for z = (z;)1<j<a € H If f is a holomorphic cusp form, then it has the
Fourier expansion

(2.11) fz)= > cue(fe(Te(vz)).
veF, v>0
The function fg satisfies the defining property
(2.12) F9) = fe(gse 1) T] 3(900:1) 7", §((24) . 2) = (cz + d)(ad — be) ™'/
1<j<d

for v € Gp(Q),9 = (97, 9oo) € EKGr(R)T. We omit £ from the notation when it corre-
sponds to the different ideal 0 and = has size 1.

Similarly for a classical modular form fy, we use fg% to denote its adelization. For
example when F' = Q and fy € Si(V, xo0), then ff satisfies (see |[Kud03, Prop. 1.4])

(2.13) & (vgr) = xo(8) £ (9)
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for all v € GLy(Q), g € GLy(A) and
(2.14) k€ Ko(N):={y e GLy(Z) : y= (%) mod N}.

Here we also used xo = ®p<coX0p : Q\A* — C* to denote the associated idelic character,
and define yo(k) := xo(a) for K = (¢ ). It is easy to check that

(2.15) Vi en(fo)e ™ = [ fE(n(b)m(v/o))(—mb)db

Q\A
for any m € Q.

2.3. Connected components of adelic Hilbert modular surfaces. Let F//Q be a real
quadratic field. In this section, we recall the adelic Hilbert modular surfaces associated with
a suitable subgroup H C Gg. They are call geometric in the literature as the associated
Shimura variety has good moduli interpretation.

Denote G = GL5 and H= Gr X G,,. Define the embedding

(2.16) d: G — GLy, o (1 a) .

On G x H, we have the character

(2.17) v:Gx H = Gy, v(g,(h,a)) = det(g)Nm(det(h)/a),
and are interested in the subgroup

(2.18) R:={(§,h) € GxH:v(G) =vh)}

It contains G x H, where G := kerv N G = SLy and

(2.19) H := GF XResp/qGm Gm C kervn H.

Through projection to the first factor, we view H as a subgroup of Gp. Note R~ G x H
via the map (g, h) — (g, h), where

(2.20) 9:=g-d(v(g)™).
In addition, we also denote
(221) H, = RGSF/QSLQ C H C Gp.

For an open compact subgroup K C H(Q), we can form the Shimura variety Xy. It is
defined over Q and its C-points are

(222) Xi(C) = HQ\(P x H(Q)/K),
where D = H?U (H™)? is the symmetric space associated to H/Zy and Zy C H the center.

As in (2.5)), we can write

(2.23) = | | HQ)H\(A)SK Zu(R)
dEA
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~

for a finite subset A C H(Q) satisfying
Q* = | | @ det(5) det(K).

JEA

We identify the sets A 2 Cl(det(K)) = Q*/Q* det(K), and let the latter acts the former
by left multiplication. This leads to a decomposition into components

(2.24) X = | | X1ks,
deA

where X g5 is the geometrically irreducible Shimura variety associated to H; and open
compact subgroup [ Ks := 6Kd' N H,(Q) C H,(Q). It is important to know that this
decomposition is defined over the abelian extension Ex/Q determined by the reciprocity
map

(2.25) Cl(det(K)) = Gal(Ex/Q), a+> o,

The Galois group Gal(Ex/Q) acts on the set {X; ks : § € A} through [Kud97, (1.10),
(1.11)]

(2.26) X7 h5 = X1 ks

So decomposition ([2.24]) can be rewritten as

(2.27) Xe= || X7k Xk o= Xk
s€Gal(Ex /Q)

2.4. Weil representation. Let F' be a real quadratic field of discriminant D > 0 as in
the previous section. We recall the Weil representation w = w,, for the similitude groups
associated with the following quadratic space (see [HK92, §5], [Rob96]). For A € Q~o, let
V = V) be the quadratic space

(2.28) Vz{(s, Z):a,be@,ueF}

with the quadratic form Q = Q™ ()\) = A - det()\). We will write (a,b,v) to represent

(5, Z) € V, and can decompose V into the direct sum of the subspaces

(2.29) Vo:={(0,0,v):ve F}=F, Vi :={(a,b,0):a,b € Q} = Q>

The group H actson A € V via A — a4 A(Y)! for (7, a) € H(Q), giving rise to H — GOy
and H = GSpiny, — SOy with H; = Spiny,. The GSpin-Shimura variety attached to V' is
just Xg in ([2.22)).

Let W = ®ycooy = wyy be the Weil representation on S(V(A)) = S(V) @ S(V(R)),
with V := V(Q), of (G x H)(A) associated to V. Following [HK92, §5], we extend it to

In particular, K; = K N H; (Q)
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R(Q)\R(A) by settingf]

(2.30) w(g. g = w(g) L(h)p, (L)) (x) = v(h)| (A - 2)
for p € S(V(A)). Also note that
(2.31) L(Z)¢ = xv(a)w(m(aNm(z)™))p

for any Z = (z,a) € Gp(Ap) X Gp(A) = Z(H(A)) as xy(Nm(z)) = 1. This allows us to
define the theta function

(2.32) 0(g,h,0) = > (wlg, h)p)(x)
zeV(Q)

on R(Q)\R(A), which satisfies the relation

(2.33) 0(g192, hiha, ) = 0(g1, hn, w(ga, ha)ep)

for all (gi, hi) € R(A) [HK92, Lemma 5.1.7].

For an even, integral lattice L C V with dual LY, denote S, € S(V) the finite dimen-
sional subspace spanned by Char(L 4 ) for p € LV/L = LY/L with L := L ® Z. On Sy,
we have the following bilinear pairing

(2.34) (p,0) = > dla)p().

zelV/L

2.5. Weighted cycle. In this section, we follow [Kud97| and recall weighted cycles on
Hilbert modular surface Xk attached to the group H = GSpiny, for V from .

For z € V(Q), we denote its stabilizer by H, C H. It is isomorphic to GSpin(zt),
which is B* for a quaternion algebra B over Q. If Q(z) > 0, then H, gives rise to the

natural special cycle Z(x,h, K) on Xk for any h € H(Q) and open compact K C H(Q).
Its C-points are the image of the map (see (2.4) in [Kud97])

with D, the symmetric space for H, and K, ), := Hw((@) NhKh™L. The cycle Z(x, h, K) is
defined over Q |[Kud97, §2].

Recall we have the subgroup H; C H defined in . In the decompositions
and , suppose 0 K0! = K for all 6 € A. We define the natural special cycle

(236) Zl(l',h,Kl) = Z([L’, h, K) N X17K17

which is defined over Ex and the Galois action on Z(x, h, K)’s is the same as in ([2.26)).
In particular

(2.37) Zi(x, b, Ky)7 =2 Z(x, b, K)N Xy ks = Z(x,hd™ K) N X g,

3The exponent in (5.1.1) of [HK92] should be —mn/4 instead of —mn/2, in order for (5.1.10) in loc.
cit. to hold.
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for all § € A = Cl(det(K)). Its C-points are given as in (2.35) with H,, H and K replaced
by H,, := H, N Hy, Hy and K; respectively. Using ([2.24]) and (2.27), we can write

(2.38) Z(x,h, Ky) = | | Zi(a, h, K2)™ € Xy,

dEA

For a K;-invariant Schwartz function ¢ € S(V) and xy € V with m := Q(zo) > 0, there
is a finite set S(p, zo) C H(Q) such that [Kud97, (5.4)]

(2.39) suppye NV, (Q) = |_| Ky -5t a,
s€S(¢,x0)
where V,,, ;== {z € V : Q(z) = m} C V. The weighted cycle
(2.40) Zy(m,p, Ky) = Y (s m0) Zi(wo, 5, )
s€S(p,x0)

is defined over Ef, and independent of the choice of xy or S(p,xg). If 2 = v - xo for
v € H1(Q), then we can choose

(2.41) S(pwp) ={y-5:5 € S(p,m0)}.
2.6. Theta lifts. Let V = V) be the same as in (2.28), and denote V(A) = V(R) & V,
where V := V(Q). We now describe the choice of the archimedean component of the

Schwartz function.
In the orthogonal basis { X, Y+, X~ Y~} of the quadratic space V(R) = M5(R), where

(2.42) Zt =Xt iyt = <_12 i) 2T =X 4y = <_@1 i) :
For e = +1,0 € {+, —}, define the following polynomials on V(R) = M,(R)
(2.43) PPEN) = (=) - AN X0 —ideY 7)) = (—i) - (@ — 0b + ie(v + 61/'))

with A= (J5) € V( )H From these polynomials, we can construct the following Schwartz
function on V(R)

(2.44) P (A) =P (Ve 0N e S(V(R)),

where Q4 (A) == Q(Az+) — Q(Az-) = 5 - (a®> + b* + v* + (V))?). With respect to K,
this Schwartz function is right equivariant with weight (d¢,€). For g = g, € SLo(R) with
T =u+ 1w € H, we have explicitly

(2.45) Poor(A) 1= (Weo(9r) o) (A) = ve(Q(A)1) o (V).

To ¢ € S(V) and € = +1,6 € {+,—}, we associate the following theta function for
(9,h) € R(A) and 7 € H

(2.46) 0% (g, h; @) = 0(g, h; 0 @ %),

4We will sometimes slightly abuse notation and use § to mean +1.
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It is modular of weight —d in g and weight (Je, €) in h. Using computations in the Fock
model of w,, (see Section 4.1 in [BLY25]), we havd]

RO (g, h, ) = R0 (g, hy0) = R~ (g, ),
L0 (g, h, @) = LO" (g, h, 0) = L7 (g, h, ).
In Gx(R) C H(R), we have the following two elements

(2.47)

(2.48) wi = ((" 1), (M) we = ("), (M 1)
that do not lie in H(R), whereas (d(—1),w;) € R(R). Furthermore, we have
(2.49) Rj(p(w;) f) = p(w;)(L;f)

for automorphic form f on Gg and j = 1,2. The following observation of their effect on
the theta function 6%¢ will be crucial for us later.

Proposition 2.1. Let %€ be as in and w; as in (2.48). Then
(250) 0™ (gd(=1), hwi; ) = 67°(g, h; ), 0% (9d(=1), hws; ) = 677 (g, h; )
foralle = £1,6 € {£},(g,h) € R(A) and ¢ € S(V).
Proof. By definition, we have the following identity
(2.51) (W(d(=1),w1)3) (V) = (Lwn)pdS)(N) = ¢85 (wr - X) = ¢ (N)
forany A= (2 7) € V(R), since wiA = (5 %) and
P %)) = (=) - (a+8b+ie(v — ov') = p°((1 1))
by ([2.43). Similarly, w(d(—1), ws)@% = o >¢. As aresult of (2.33), we obtain (2.50). O

Let fo € S1(N, xo) be a holomorphic elliptic modular form with adelization f# :G(A) —

~

C. For ¢ € §(V), we define the theta lift ®(h; fo, ¢) of fo by

(2.52) (h; fo,0) = ®(hs fif ) 1= . 15 (9d(w(R))0™ (gd(v(h)), s ¢)dg.
for h € H(A). It is left H(Q)-invariant since
®(vh; fo, @) = . i (gd(v(vh)8 (gd(v(vh)), vh; ) dg
= J (g dw ()6 (g'd(v(h)), h; p)dg
= @(h; fo, )
for v € H(Q) with ¢ = v tgy € G(A). Tt is easy to verify that
(2.53) @ (h; p(g1) fos ) = P(h; fo,w(g ™))

A

for any g € G(Q).

SHere, = means equality up to multiplication by non-zero constant.



MOTIVIC ACTION CONJECTURE FOR DOI-NAGANUMA LIFTS 13

Similarly given a Hilbert cusp form f of weight (1,1), we define its theta lift

(2.54) g foe) = | f(h)0" (g, hah; @)din
[H1]
for g € G(A) with h € H(A) satisfying v(h) = g. It is easy to see that
(2.55) /m I(g; [.0) Ji (9)dg = /[ }‘P(h; fo, @) f (h)dh.
H,

Lemma 2.2. If fy, resp. f, is holomorphic, then its theta lift ®, resp. I, is holomorphic.
Proof. This follows directly from ([2.47) and Stokes’ theorem. O

3. HECKE EQUIVARIANCE OF DOI-NAGANUMA LIFTS

In this section, we define Hecke operators in G(A) and H(A), and show that the theta

lift from Section [2.6] intertwines the actions in a suitable way. Such result are known in
the literature as generalizations of the Eichler commutation relation [Eic74]. For Hecke
operators on GG x H, the relation is worked out by Rallis in the representation language
[Ral82]. For our purpose, it is necessary to work with Hecke operators on similitude groups,
which does not seem to be in the literature. Therefore, we give the detailed proof here, in
a rather classical way that transfers all the actions to the Schwartz function.
_In the notation before, let f be an automorphic form of parallel weight £, level N on
G(A) = GLy(Ap), and p a prime of F' such that it is co-prime to DN and f is right
H(Z,)-invariant, with p the rational prime below p. For K,-biinvariant ¢ € C(H(Q,)),
where K, := GLy(O,) with O, the valuation ring of F}, the associated Hecke operator T
is defined by

(3.1) (Tof)(h) = / F (i) p(h)dh.

H(Qp)
If ¢ = Char(K,wd(1/w)K,) with w € O, a uniformizer, we denote T, by 7,. It is explicitly
given by
(3.2) (Tof)(h) = > f(h(wd(1/@)B)7).
Bed(w) Kpd(ww~1))NKp\Ky

In addition, we also have the diamond operator

(3.3) ((p)f)(h) == f(hw ™).

Suppose F' has narrow class number 1 and f has weight (k, k). Then it is easy to verify
that

(3-4) (Tof)” = Nm(p) T f", ((0)f) = NF,

where p = (\) and T}, (\) are the classical Hecke and diamond operators. It turns out
that the action of 7, on the theta lift ®*¢ defined in (2.52)) is compatible with the Hecke
operator on the input.
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Proposition 3.1. Let fo € S1(N, x0) and p be a prime of F above rational p co-prime
to ADN. For ¢ = p®P @ ¢ € S(V) with ¢P) € S(®p0<oVi) and ¢ = Char(L) with
L := My(O,) NV, we have

Se (. _ °¢(h; Ty fo, ) ift =1,
7Y (h’fo’w)_{‘b‘“(hv( 2p(p)) fo, ) ift =2,

()2 (hs fo, ) = @*(hs (a) fo, ),
where ¢ = |0y /w| = p'.

(3.5)

Remark 3.2. The second equation in ({3.5)) is a special case of the relation
(3.6) (2 fo, 0) = @*(h; p(Nm(2)) fo. ¢)
for any z € Zp(A), which follows from ({2.31)).
Proof. For r € Z/qZ, we define the following Schwartz functions in Sy
(3.7) ¢, = Char(¢~'L,), L, :={\ € L —pL:det(\) =r mod q} C L.
The coset in (3.2)) has size ¢ + 1 and is given by
(3.8)  d(w)Kyd(w™")) N K, \Ky = To(p)\SLo(0) = {n~(j) : j € Op/p} U {w} =
where w = (; 71),n7(j) = (} 7). We set ¢ = L(w! (w))qb and need to evaluate
(3.9) d Ll d(@m)g =Y w(B
BeB BeB

This is because

O (M(wd(1/@)B) "5 fo, d) = ©(h; p(d(1/p)) fo, LB oo d(w)) )

We first treat the case ¢ = p, i.e. p = pp’ is split. Then F, = Q, identifies V), =
My(Q,), K, = GLy(Z,), under which d(w) € H(Q,) and ¢ become (d(p),1) € GLy(Q,)?

and Char(MQ(Zp)) respectively. Then ¢ = p~'Char ((p szp P ;pZ”)) and we claim that

(3.10) Y LB w N d(@)e =D w(B e = (do+ (p+1))/p.
BEB BEB

Indeed the left hand side has support on L, is locally constant with respect to translation
by L. Therefore it is contained in &z. Furthermore, it is invariant with respect to K, :=
SLy(Z,)* C H1(Q,). The subspace of such function is spanned by ¢, and ¢, which are
orthogonal with respect to the pairing in . So we can write

2 eBw<ﬁ_1)9ga (br ~
dwBE o= > < ’ s >¢r+<2w<61>¢,¢>¢

BEB reZ/pZ BeEB

. (&, ¢r) (9, ¢0) -
=18l TG%;Z)X - TR e T
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It is easy to see that (¢, ¢) = 1/p and

<¢3¢>={p27_1 =0

0 otherwise.
Applying |B| = p+ 1 then gives us , and we can write

(3.11) (T,2°)(h; fo, ) = CI>‘$€(h p( (™) fo, ® @ (¢0 + (p+1)8) /)-
On the other hand, we have

(3.12) T/ = e p ) T

BeB
Applying Equation (2.53), we have
O (h: Ty fo,0) = @ (h; p(B7'p7'd(p) fo, ) = D @(hs p(p~'d(p)) fo, w(B))

BeB BEB

= (p+ 1) (h; p(p~'d(p)) fo. )

Now since p(k)fo = fo for any xk € SLy(Z,) C G(A), we have
O (h; p(p~"'d(p)) fo, ©) = ©*(h; plw™ d(p~ Yw) fo, ©) = B (h; p(d(p™)) fo, )
Similarly for any j € Q,, we have
% (h; p(p~'d(p)) fo, ) = @*(h; p(p~" d(p)n(4)) fo, )

= ®*(h; p(n(j/p)m(p~")d(p~")) fo, ) = ®>(h; p(d(p™)) fo, w(m(p)n(—j/p))e).

Averaging this over j € Z/pZ gives us
% (h; p(p~'d(p)) fo, ) = @™ (h; p(d(p™")) fo. P & (¢0 + 8)/17).

Putting these together give us (3.5)).
For the case p = p is inert, we have w = p, ¢ = p?. In addition to the Schwartz function

in (3.7), we define
1
¢ := Char(= p =6+ > b
(3.13) rek/pL
1
¢pr = Char(=L,,), Ly, :={\: A€ L—pL,det(\) =r mod p} C L—pL.
p

for r € Z/pZ. Then ¢ = q 1Char((p Lov O) NV,) and the analogue of (3.10) is

gy w(BNe=do+ @+ Do+ o+ p+1D) DY b
(3.14) geB re(Z/pL)*

=¢o+ (g —p)o. + (p+1)¢" — pdyo

So we have

(3.15) (Ty@%)(h; fo, ©) = ¢ " ®*(h; p(d(g ")) fo, @7 @ (¢o+ (¢ — p)d+ (P+1)¢ — o))
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On the other hand, we have

O (h; T, fo, ) = (p + 1)@ (h; p(p~'d(p))(Tp o), )
= (p+ 1)@ (h; p(d(g™ ")) fo, oP ® (pp — p~*¢")),
O (h; (p) fo, ) = —p 2@ (h; p(d(g ")) fo, o @ &).

Using the action w(m(p))¢ = —p~2¢’ and the right, resp. left, SLy(Z,)-invariance of fo,
resp. ¢, one can deduce that

O%(h; p(d(g™")) fo, @ @ dpo) = (s p(d(g ™) fo, o @ ((=p* +p = 1) + +¢)
O™ (h; p(d(g™")) fo, 9@ © o) = (s p(d(g™ ) fo, 07 @ (¢ — ¢')).
Putting these together into (3.15)) gives (3.5) for e = 2. O

Using Equation ([2.55)) and the adjointness of Hecke operator with respect to the Peters-
son inner product, we have the following corollary.

Corollary 3.3. Given a Hilbert cusp form f of level N, weight (1,1) and prime p with
norm q = p* co-prime to ANm(N')D, we have

(3.16) (Tq = 200N (g0, f. ) = (g0, Ty f- )

4. FOURIER EXPANSIONS OF DOI-NAGANUMA LIFTS

In this section, we will describe the data for our theta lift. Throughout, V = V() is the
same as in (2.28), with odd D > 0, the discriminant of a real quadratic field F'. We fix
a normalized newform fy € S1(N, xo) with N square-free and co-prime to 2D. Denote by
[+ |[Gr] — C its base-change, normalized with ¢;(f) = 1. It is right K(N,9)-equivariant
with character x := xo o Nmp/q, where

(4.1) K(N,0) := {y € GLy(O) : v = (%) mod N, det(y) = 1 mod 9}

7=
is an open compact subgroup of GLy(O) and x((2 %)) := x(a).

4.1. Schwartz function. We start with the Schwartz function. For a character y of
(Z/pZ)*, let gy = 3" cz/pmyx X(4)e(i/p) be its Gauss sum. Define ¢, € S(V}) by
(4.2)
Char(Z2 ® O,) if pt DN,
L S xop(h) <Char(% +Z,) — iChar(pAZp)) ® Char(pZ, ® O,) ifp|N,
¥p =\ 07 je@/om)

L > Xrp(det(h))Char(h - ((;lw 0,0) + Zi ® D;l)) if p| D.

-1
0P 10 0n)

In the case p | D, denote L := Z;®d, " with the quadratic form Q(a, b, v) = p(ab—Nm(v)).
For po € LY /L, the intersection supp(y,) N L+ p is non-empty if and only if 4 is an isotropic
vector, i.e. Q(u) =0 € Q/Z and p # 0. Since D is odd, we have GLy(0,/v,) = GLy(Z/pZ)
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actingon LY /L = (%Z/Z)3 & Sym,(Z/pZ) by conjugation and scaling by determinant. The
set of isotropic vectors in are given by

{£(1,0,0) : d € (Z/pZ)*} U{L(j*,1,)) : j € Z/pZ,d € (Z/pL)"},

since it is acted on by GLq(Z/pZ) transitively and the stabilizer of (}D, 0,0) is generated by
(1) and the center. So we can explicitly write

(4.3) Yp = Z Xrp(d) Char( (1,0,0) + L) + Z Char 1,5)+ L)

de(Z/pZ) > JEL/pL

when p | D.
It is now easy to check that ¢, satisfies the following result.

Lemma 4.1. The Schwartz function ¢ = ®p<oopp defined in (4.2)) satisfies
(4.4) wy (K, h)e = xo(K)x(h),
for all k € Ko(N) C SLy(Z) € G(Q) and h € K(N,2) C GLy(0).

Proof. We check this claim locally. When p 4 DN, the Schwartz function ¢, is spherical
and the claim is clear. When p | D, we have w,(k)p, = ¢, for all k € SLy(Z,) since ¢, is
an invariant vector [LZ25, §5.1]. When p | N and k = m(a) € Ko(N) N SLy(Z,), we have

(wp(R)pp)(T) = pplar) = Xop(a)pp().

This proves the claim for k € Ky(N). The claim for h € K(N,0) follows easily by
substitution. This completes the proof. U

Now let ¢ = (1,0,0),¢ = (0,1/D,0) € V C V, be isotropic vectors, which satisfy
(¢,0") = D. They give the following partial Fourier transform

(4.5) F(o)(,v) = /A olal +ml + (0,0, 0))p(an)da

for p € S(V(A)) and n = (n1,m2) € A% This linearizes the symplectic part of the Weil
representation on V; C V, i.e.

(4.6) Fluilg)p)(n,v) = Fle)n - g,v)

for all g € G(A). Furthermore, Poisson summation gives us

(4.7) 0(g,h,0) = > (wlg. h)p)(x) = > Flwlg, h)e)n,v).
zeV n€Q?, velp

If ¢ = @pccotpp, then Flp) = [[ <. Fp(pp), where F, is the Fourier transform on S(V,)
defined similarly as in (4.5)). -

We record the partial Fourier transforms of the Schwartz functions ¢, defined in (4.2)).
This will be used in Section when we compute the Fourier expansion of the theta lift.



18 A. HORAWA AND Y. LI

Proposition 4.2. Let ¢, be defined as in (4.2). Then its partial Fourier transform as
defined in (4.5)) is given by

(Char(Z2 & 0,)(n, v) if pt DN,
Xo,p(—12)Char(pZ, & Z,; ® Op)(n,v) ifp| N,

XFp(—12)Char(pZ, ® 25 ®0,')(n,v)
48 Flednn) =S el 4

gXF',p p

de(Z/pZ)*
JEL/PL

xChar((pZ, + d) ® Z, ® (0,' + L)) (n,v) ifp|D.
Remark 4.3. When 1 = (0,72), we have
Char(Z, ® Op)(n2,v) if pt DN,

(4.9) Folp)(,v) = { Xop(—12)Char(Z @ Op)(n2,v) if p| N,
XFp(—n2)Char(ZX @0, ") (e, v) if p|D.
f

This implies that F(¢)(nr,v) = xo(r)xr(r)F(p)(n,v) for any r € Z*. Also for p | N,
Z, x {0} does not intersect the support of ¢,.

Proof. When p 1 D, i.e. in the first 2 cases, we can write ¢, = ¢1,®@Char(O,), where ¢; , €
S(Vip). Then Fy(pp) = Fp(p1,) @ Char(O,) with F (1) = pr p1.p(al +ml')y(ans)da.
When pt DN, we have ¢, , = Char(Z) = F,(1,). When p | N, we have

O Fp(P1p) () = Char(pZy)(m) Y Xo,(j) ( . wp(anz)da—% / o wp(anz)da>

JE(@ /)
= Char(pZ,)(m) Y.  xop(j) (e(—@)Char(Zp) - Char(PZp>> (72)
. « p
JE(Z/pZ)
= Char(pZy, ® Z ) (1) X0,p(—72) 9557

Here we have used e(—%j)Char(Zp)(ng) — Char(pZ,)(n2) = e(—’%j)Char(Z;)(ng). When
p| D, we use (4.3)) to obtain

Char(pZy)(m)Char(d,")(v) [, vy(am)da

p e
gXF,pr(Sﬁp)(n?V) = Z XF,p(d) .
de(Z/pL) + Char(d + pZ,)(m) Z Char(% + Ogl)(u) /dj2 Yp(anz)da
JET /T T
= Z XF,p(d)e(_%)Char(pr D Zp ® 0;1)(7% V)
de(Z,/pZ)*
+ > xepld)e(—42)Char(d + pZ,) © Z, ® (4 +2,1) (1, v).
d.je(Z/pL)*

This finishes the proof. U
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4.2. Lifting identification. The goal of this section is to identify the theta lifts of f,
resp. fo, with fy, resp. f.

Lemma 4.4. Fori=1,2, let f; € S1(N;, xi) be normalized newforms with Fourier coeffi-
cients {a;(n) : n > 1} and associated Galois representations o; : G := Gal(L/Q) — GLy(C)
for some number field L. If every conjugacy class of G contains Frob, for a prime p such
that a1(p) = a2(p), x1(p) = x2(p), then fi = fo.

Proof. Under the assumption, we have p; = g9, which implies f; = fs. [l

Now let fo € S1(N, xo) be a normalized newform. For a real quadratic field F = Q(v/D)
with fundamental discriminant D, denote f : [H] — C the normalized base-change of f
to F' of weight (1,1) and character x(a) = xo(Nm(«)) for & € Aj. Let o5 and Q(f), resp.
os, and Q(fy), denote the Artin representation associated with f, resp. fo, and number
field generated by the Fourier coefficients of f, resp. fo. Then oy is just the restriction of
o1, to Gal(F/F) C Gal(Q/Q), from which it is clear that Q(f) C Q(fo). In general, the
latter is at most a quadratic extension of the former. In the following case, they turn out
to be the same.

Lemma 4.5. Suppose D and N are co-prime. Then Q(f) = Q(fo).

Proof. Let L/Q be the fixed field of the kernel of gpy. Then L and F' are disjoint since
they are ramified at primes dividing N and D respectively. By the Chebotarev density
theorem, every conjugacy class in Gal(L/Q) contains Frob, with p splits in F. In that

case, the trace of pf(Frob,) = oy, (Frob,) is contained in Q(f). Since Q(fy) is generated
by Tr(ps,(C)) over conjugacy classes C' C Gal(L/Q), we obtain Q(fy) C Q(f). O

A

For ¢ € §(V'), we have the following result.

Proposition 4.6. There ezists constants r = r(p), 0 = ro(¢) in C such that

(4.10) OU(h; fo,p) = - f(R), 1(g; fr0) =70 [ ().
Furthermore, we have
(4.11) 70ll foll3 pee = 71p(E) FIIT pet

for all £ € H(A).

Remark 4.7. Since fy, f are normalized, the constants r,  are the first Fourier coefficients
of I(7; f, ) and ®(z, 2’; fo, p) respectively.

Proof. For the first identity in , note both sides are holomorphic by , and
eigenforms of Hecke operators 7, with the same eigenvalue for all but finitely many primes
p. By strong multiplicity one, they generate isomorphic automorphic representations.
Furthermore, the right hand side is a newform of level N, whereas the left hand side also
has level N. So both sides agree up to scalar. For the second equality, write the left hand
side as linear combinations of (scales of) newforms. Both sides have the same eigenvalue
under T, for almost all primes that split in F. Since (D, N) = 1, the field F' is fixed by
the Galois representations associated to the newforms appearing on the left and right hand
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sides. Applying Chebotarev density theorem and Lemma [4.4] tells us that these newforms
are all the same, namely f,.

Finally, Equation (4.11)) is a direct consequence of (4.10)) as
roll foll* = (I(g; £,), folg)) = (f(h), D" (B; fo, ) =TI FII* [

4.3. Unfolding I. We compute the constant r = r(y) from Proposition (4.6 with ¢ de-
fined in (4.2)). The procedure is standard via changing the model of the Weil representation.
A similar case can be found in §4.2 of [BLY25].

Starting with (4.6) and (4.7)), for h € H;(A) and > € S(V), we have

O (h; fo, / 9 Y Fluolg)wh)e)n- g,v)dg,

neQ?,vevy
where ¢ == 0™ ® @i} € S(V(A)). Since there exists v € H,(Q),r’ € Hi(A) with hj, =1
such that h = vh', we have

]:(wo(g)w(h)@) (07 0, V) = F(WO(Q)WUL/)@) (07 0, V) =0

for all g,v by (4.8). Therefore the term n = (0,0) in the summation above does not
contribute. The other terms is the (N(Q)\G(Q))-orbit of (0, 1). Writing g = n(b)m(a)rke
and unfolding this gives us

W o) =530 [ peQ)laa)

veVy

x /K 7 (n®)m(a)r) F(w(r)w(h)p) (0, a” )dﬁdbdx

Jal?

The factor 1 is the volume of PSO5(R).
Suppose from now on h = h, € H;(R). Then it is not involved in the integral over

ke K C G(Q). Using f(gr) = xo(k)fZ (9) and Lemma , we can write
[ @omia)m) ) 0.7 av)i
=vol(Ko(N)) D fif (n(0)m(a)m) F(w(x)p)(0,a”", av)

KEK/Ko(N)
=vol(Ko(N)) Y D fo m(a)(n(5)w) ) F(wo((n(5)w)n)e) (0, a™wnr, av).
N[N 0<j<N'—
N —1} as N

Here we have parametrized K/Ko(N) byf| {(n(j)w)n : N' | N,0 < j
is square-free. If N’ > 1, i.e. there exists p | N, then ((0,a ')w,v)

I IA

(—a"1,0,v) is

SFor ~ G(Q) and M € N, we use vy € G(@) to denote the element, whose component at p is v if
p | M and 1 otherwise.
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outside the support of F,(wo p(n(j)w)p,) by (4.8). Therefore the corresponding summand
vanishes, and only N'" =1 contributes. That means

@1((,le Z / L, ORI nBm(a) b F o h)p) 0,7 an (@)

= /R Q\Aw (bQo()) fF (n(a™2b)m(r))dbF (w(h)) (0, (ar) L, arv)—

veVh,a€Qso

2w Qo (v)r? 1,1 -1
= Y cwaumlUlbania) [ et E ek, (ar) am)
1 R>o
Ve,
a~'eN—DNN
aueblfﬁl

In the second step, we have used A* = QX(ZXR>O), Remark and Equation (2.13)) to

obtain invariance in the integral over Z*. Since o and —« give the same contribution, we
receive a factor of 2. In the last step, we applied Equation (2.15) and Remark -
It was computed in [BLY25, (4.18), (4.19)] that

Foo(w (h)@oo )(0,7,v) = yryae(r(zi/ + ﬂsz))foo(SOiél)(O,T\/ylym v\ Y2 /Y1)
= (ryays + vyo + Vg1 )e(r(zy) + wov))e T Y v/t () 0 fu2),

Substituting in this expression gives us the following Fourier expansion for h € H;(R)

(4.12) (I)V,Of(h[;({(()}\%;ﬂ = Z e<V/21+V22) Z (XOXF)(_d)CDNm(y/d)<fO>-

vedn! >0 d|v/Dv, ged(d,DN)=1

From this, we obtain the following result.
Proposition 4.8. Let r = r(¢™) be the constant in Proposition[{.6. Then r € Q(fy)*.

Proof. Since D and N are co-prime, we can find a prime p of F' in same narrow class as 0
such that pt DN and ¢,(fo) # 0, where p = Nm(p). Writing p = 9(v) with v € F* totally
positive, we obtain

r-c0(f) = co(@) =6 (fo) € Qfo)*.
Since f is normalized with ¢; o(f) € Q(f) and Q(f) C Q(fo), we have r € Q(fo)*. O

4.4. Unfolding II. Now, we will take f to be the base change of f,, and unfold the theta
integral I(g; f, @) from (2.54)).

For x € V(Q), recall that H,, C H; is the subgroup stabilizing x defined in Section
2.5 If x = 0, this is just Hy. If Q(z) = 0 but = # 0, then let v € Gr(Q) be such that
x="-(89) for some a € Q*, and

(4.13) BN H, = Hy,, g 97"
If m = —Q(x) € Nm(F™), then there exists v € GF(Q) C H(Q) such that z = ~ -
<_\/5‘/5). In that case,

(4.14) SLy = Higy g9y
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If m g Nm(FX), then Hl,x/F = SLQ/F .
Suppose x € V(Q) is a positive vector. For any function ¢ : [Hy] — C, we define its
cycle integral associated with H; , by

(4.15) 0. (9) == / o(h)dh

[Hl,z}
along the Shimura subvariety obtained from H;, C H;. It is easy to check that
(416) ny.w((ﬁ) = O-x(p(’y_l)gb)

for any v € H1(Q) and ¢. First, we state a few lemmas needed for the unfolding process.

Lemma 4.9. Recall w; € H(R) from [2.48) and denote f; == p(w;)f. For any x € V(Q)
with m = Q(z) # 0, the following functions on Hy(R)

M (h-Z+,$)

2/ Dlm] 2/Dlm|

are constant, which we denote by X, ;(f). If m < 0, this is identically 0. Otherwise, we
have

(4.18) S (f) = 0u(pha) fj) = " fi(h'hg)dn,

where h, € Hi(R) satisfies x = hy - (\/m/D (_1 1)).

Proof. Denote by, C b; = sl5 the Lie algebras of H;,(R) C H;(R) = SLy(R)2. Choose
he € Hi(R) such that h! -z = \/|m|/D (,Sgﬂ(m) 0). Then sly = b, C sl3 via A —
heo(A, A)hl. Tt is easy to check that X, ;(f, hoo) is right Ko = SOo(R)*invariant. Since
f is holomorphic, Equation gives us R;¥X, ; = L3_;j¥,; = 0for j = 1,2, where L;, R,
are the raising and lowering operators in 5[3,(: = b1 ¢ defined in (2.8)). Since X, ; is left
H, ,(R)-invariant, it is annihilated by by , ¢, R}, L3_j,50§’(c, which generate b; ¢. Therefore
it is independent of H;(R).
For the second claim, notice

(h-Z* 2)=(Z",h" - x) = (1 +sgn(m))y/ D|m],

which is zero for m < 0. The last claim follows easily after substitution. O

(4.17) Yea(foh) = ox(p(h) f1); Eap(f,h) = ax(p(h) f2)

Lemma 4.10. For any x € V(R) with Q(x) = m # 0, we have

1

(419) / G_QWUQ+(h71$)dh — _6—27rm1)'
Hy(R)\H1(R) muv

Proof. After translation by h, we can suppose © = \/|m|/D (,Sgn(m) 1). Then SLy(R) =

H,(R)\H:(R) via g — (g,1). The measure dh = dg is du(z)2 when g = g.xp. Direct

calculation gives
TUm (

270Q (goriow) = T (|22 4 1),
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Therefore, we have

/ 6—27T’UQ+ (h— 1z dh /
H (R)\H1(R) H

which yields (4.19)) after standard calculations. d

gz,

Now we are ready to start the unfolding process. Take g, = ¢» = n(u)m(y/v) €
SLy(R), g0 = goo (! 1) € G(R) C G(A), and hg = w; € H(R). Then v(hy) = v(go) and

v I (go; fr) = v [ }f(hwj)m’l(goo(l 1), hwj; p)dh
H;y

- > e [ P ((h) 1) (L, ) kD) (Vohsld - )0, (p(h) ;) A dhoe.

rEH1(Q\V(Q) Hio (A)\H1(4)

When z = 0, the function %!, hence integrand, vanishes identically. On V(Q) — {0}, the
group Hi(Q) = Spin, (Q) acts transitively. For each m € Q, we then choose z,, € V(Q)
with Q(z,,) = m. Asin Section , we can find a finite subset S(, z,,) C H(Q) satisfying
and rewrite the unfolding as

v goi fo) = vol(K) S e(—mu)p(s - a)

meQ
SES(vam)

x / (C(0,) 0 2) (Vohaam)oa, (pls, hoo) f;)dh
Hy,, (R)\H1(R)

m

To simplify the integral above, we can apply (2.51)) and Lemmas to obtain

/ (C(0)) 22 ) (Vohaam) o (pls, hoo) f1)dh
Hyp, (R)\H1(R)

B / o (Vo) 0, (p(5, hoo) fr)dh
Hap, (R)\H1(R)

:/ D (2t 3, X (— 1YY )@ e o (o(s b F)dh
Haz,, (R)\H1(R)

— (—1)J+1 D|m|2$m,](p(s)f)/ 6—27FUQ+(}L;O af:m)dh

Hep, (R)\H1(R)
(~)"VD e
= s, s e

By (4.16)) and ( -, the following sum
(4.20) Cong(f;90) = V/D/lml Y~ p(s7wm)Es,,5(p(3)f)

s€S(v,xm)

is independent of the choice of x,,. Putting these together gives us the following result.
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Theorem 4.11. In the notations above, we have

ro(@)fo(=T) = L(go; f,0) = D (=1)""'Con(f: p)e(—mT)

meQ>o

for j =1,2. In particular, we have ro(@) = C11(f;¢) = —Ci2(f: ).

Proof. The first equality is simply Proposition plus the relation fgét (90) = fo(—T). The
second equality follows from the deductions preceding Theorem [4.11] ]

5. MOTIVIC ACTION CONJECTURE

In this section, we deduce from Theorem [£.11] the motivic action conjecture for Doi-
Nagunuma lifts of weight one modular forms (Theorem [5.5)).

5.1. Statement of the conjecture. We start by briefly recalling the statement of the
motivic action conjecture for Hilbert modular forms of weight one over real quadratic fields
F/Q, formulated in [Hor23]. We keep the notation of Section [2]

Let f be an adelic Hilbert modular form for G of weight (1, 1) and level K (N). Assume
that f is a normalized eigenform and write F := Q(f) C C for the number field generated
by the Hecke eigenvalues of f. Associated to a level K = K;(N), there is a Shimura
variety X := Xy defined over Q, together with a Hodge bundle w, such that f defines
an E-rational section [f] € H*(X,w) ® E. In fact, H°(X,w) has an action of the Hecke
operators, and if we let H%(X,w); be the f-isotypic component of H°(X,w) ®q F, then
H°(X,w) is 1-dimensional, spanned by [f].

The point of the motivic action conjecture is to consider the higher coherent cohomol-
ogy group H'(X,w). Since the variety X is not proper, we consider a suitable toroidal
compactification X" defined over Q. The line bundle w admits two natural extensions
W and w to X' and we define the Q-vector space:

(5.1) HY X, w) == Im(H*(X,w™) = H(X,w™)),

as in [Har90; Hor23|. It again admits a Hecke action and we consider the f-isotypic
component H*(X,w)y, an E-vector space. Associated with w; € Gp(R) (defined in (2.48)),
there are automorphic forms f;(g) := f(g - w;) for j = 1,2, which give rise to a natural
basis of this cohomology group over C:

(5.2) wh = [f;] € H'(Xc,w)y 2 H(X,w); ®5 C

(c.f. [Har90], where w is denoted & ;). Very roughly, the motivic action conjecture now
predicts that the rationality of these classes is related to certain Stark units.

Let o7: Galp — GL2(C) be the Artin representation associated with f [DS74; RT83].
This representation is odd and clearly has traces in F, and this means it can be defined
over E. Then the trace zero adjoint representation Ad° o: Galp — GL3(E) is obtained
from the conjugation action of Galp on traceless matrices. Since Ad® o s factors through a
finite quotient, there is a finite Galois extension L/F such that

(5.3) Ad’p: Gal(L/F) — GL3(E).
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(In fact, Ad” o might be defined over a smaller field than the field £ of Fourier coefficients
of f, but we extend it here to E for convenience.)

Definition 5.1. The Stark unit group associated with f is
Uf = HomE[Gal(L/F)} (Ado 0, OZ X7z E)

Given the two embeddings F' — R, we extend them to embeddings 7, 7: L — C, and
get two associated complex conjugation automorphisms ¢, ¢y € Gal(L/F).

Proposition 5.2 ([Hor23, Cor. 2.13]). There is a natural decomposition
U = ((Ad” gp))" @ ((Ad” ))"
into 1-dimensional vector spaces ((Ad® os)%)V.

For i = 1,2, consider a vector v; € Ad’ os such that gs(c;)v; = v;, well-defined up to £*.
Moreover, for each ¢; € Uy lying in the line ((Ad" 0f)°")Y in the above decomposition, we
get a unit:

U5 = wj(vi) S OZ ®Kz7 E.
We obtain the matrix of logarithms of these units Ry := (log |u;;|);; and Stark’s conjec-

ture predicts that
2d

L(A® g, 1) ~px ;—det Ry,

1/2
0

where f, is the conductor of Ad° g; (c.f. [Hor23, Prop. 2.17]).
The motivic action conjecture is then the following.

Conjecture 5.3 ( [Hor23, Conjecture 4.17] ). An E-basis of H'(X,w); is given by
1
R;'- (“5) .
f w¥

log |U22|W]10 — log |u12|wfc

Ezxplicitly, the basis is:

5.4

( ) det Rf ’

(55) — log |u21|w]1c + log |u11|w120.
det Rf

5.2. Conjecture for base change forms. Now, suppose that f; is a weight one modular
form and f is a base change of fy, i.e. o5 = 04,|¢,. Then the unit group Uy is
Us = Hom(Ad" gy, OF ® E) @ Hom(Ad° o ® xr, Of @ E).
We fix ¢y € Hom(Ad" go, OF ® E) and ¢f € Hom(Ad° gy ® xr, OF ® E), together with
v € (Ad® o), and define
ug, = ¢o(vo), va; = ¢ (vo)-
One can then check that:

(1 =1\ [log|uy,] 0 1 -1\
(5.6) Rf—(1 1)( 0 logluf])\1 1
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(c.f. [Hor23, Corollary 6.5]). In particular, Conjecture has the following form.
Conjecture 5.4 ([Hor23, Conjecture 6.7]). An E-basis of H'(Xq,w); is given by:

1 2 1 2
wf—l—wf Wy — Wy

log [ug,| " log uf |
Our goal is to prove this conjecture.

Theorem 5.5. Suppose fy is a modular form of square-free level N co-prime to 2D, and
let f be the base change of fo to F' = Q(v/D). Then:

(1) An E-basis of H'(Xq,w); is given by:
wi +wi wp—wj

Y]
<f07f0> o fo)

(2) If the projective image of oy is As, assume Stark’s Conjecture [Sta75] for Ad° o and
Ad® o ® xp. Then Conjecture 18 true.

5.3. Proof of Theorem [5.5. The proof of the theorem will proceed in 3 steps:

(1) There is a rational involution s: X — X (the swap map) which allows to decompose
the 2-dimensional E-vector space H'(X,w) into two 1-dimensional E-vector spaces

H'(X,w); such that

(5.7) nt = € H'(X,w); ®C,

(5.8) n= =g © HY(X, w); ®C.
(fo.fo)
The goal is then to prove that n™ and 1~ are both rational.
(2) Theorem implies that 7~ is rational.
(3) One then uses Serre duality (Proposition to check that n* is rational.
We start by introducing the swap map. For any Q-algebra R, we have a map Gr(R) —
Gr(R) induced by the non-trivial Galois element o € Gal(F/Q) via the following diagram:

Spec(R ®q F) LM Spec(R ®q F)

GLop

This gives a map s: Gp — G of algebraic groups, which induces a map at the level of
Shimura varieties.

Proposition 5.6. Let X be the open Hilbert modular surface of level T1(NOpg) for an
integer N. Then the swap map s induces a map s: X — X which defined over Q. Moreover,
there is a choice of toroidal compactification X < X' such that s extends to a map

51 Xtor — Xt defined over Q. Moreover, s*w = w and hence s*w” = W™ and s*w =
wcan.
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Proof. First, note that s(I'/(NOp)) = I't(NOpF), so s induces a map X¢ — Xc. As
in [DR80, 85|, recall that X is a moduli space of polarized abelian varieties with Op-
multiplication with I'o(NOp)-level structure, i.e. an O-linear immersion ay: O® uy — A.
Then the map s induces the following map on moduli:

(A/S, 1, A\, an) — (A)S; 17\, a%),

where 17 (z) = 1(27) and o (z ® () = an(z? ® (). Since this is clearly rational, the map s
induces a rational map s: X — X.

Consider the minimal compactification of X(C) — X(C)*, obtained by adding the
finitely many cusps ' (NOg)\PP!(F). The action of s extends to the natural Galois action
of 0 on T';(NOg)\P}(F). For each ¢ € T'1(NOp)\P!(F):

(1) if ¢” = ¢, then choose any admissible polyhedral cone decomposition for ¢,
(2) if ¢” # ¢, then choose any admissible polyhedral cone decomposition ¥ for ¢, and
then the associated polyhedral cone decomposition 37 for ¢. .

This gives rise to a toroidal compactification

Xtor

.

X — X~

We extend s: X — X to amap s: X* — X™ by defining:

(1) if ¢” = ¢, then s|r-1(0) = L1,
(2) if ¢ # ¢, then s|—1(¢: 7' (c) = 77 (¢”) is the natural map induced by o.

This gives a rational map s: X' — X"’ as required. In that notation of [Har90], it
is easy to check that s*E, ko) = kg ki), and s*w = w follows from the identification
w = Eu ) O

We next observe that the swap map switches w} and wj% for a base change form f.

Lemma 5.7. In general, s*w} = wf*f. Moreover, for a base change form f, s*f = f, so
*, 1 2
s'wp = wy.

Proof. Note that sg(w;) = we under the map sg: G(R) — G(R). Therefore, s*[f1] = [s* f1]
and s*f1(g) = f(s(w1g)) = f(was(g)) = (s*f)2(g). Finally, if f is a base change form, then
by Proposition [4.6) ®41(h, fo, ) = r- f(h) and we note that s*®L1(h, fo, @) = ®L1(h, fo, )

by ([£52). 0

Since s* defines an involution on H'(X,w); for a base change form f, we can define:
(5.9) HY(X,w)f = {ne H'(X,w); | s"n=+n}.
Corollary 5.8. The space Hl(X,w)f ® C is spanned by wy £ w3. In particular,
dim(H'(X,w)7) = 1.
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Next, we want to use use Theorem to get an E-rational functional on H'(X, W)

Recall the weighted cycle (2.40)):
(510) Z = Zl(Io, S Kl) S € S(QO,.IO)
(511) ( ) \/_ Zl( 7907[(1 : \/_ Z s-

s€S(¢,x0)

whose components Z, are defined over Ey := Q((y) and whose coefficients are in the field

of values of VD - ¢.
We now fix the choice of ¢ in (4.2)) (or indeed its complex conjugate which is what we
will eventually use). Note that:

(5.12) o= H H - o,

piv B ip Sxrs

where ¢y has values in Ey = Q(xo). By definition, gy, , € Eon := EyEy for all p|N.
The Gauss sums for p|D were computed by Gauss:

D p=1 mod 4,
(5.13) Oxr, = \/_ B
iv/P p=3 mod 4,

Under our assumption that D is odd, there is an even number of primes p = 3 mod 4
dividing D, and hence v/D - H o € Q*. Altogether, this shows that v/D - ¢ has values

piD
in Eyn. In summary,

(514) Zl(g0> € DiV(XQ(CN)) X7z EO,N~

Lemma 5.9. For ¢ as in (4.2)), the divisor Z1(p) is invariant under the diagonal action
of Gal(Ey n/Ey) = Gal(En/Enx N Ey) C Gal(Ey/Q) = (Z/NZ)*.

Proof. Recall that action of o5 € Gal(Ey/Q) on the connected components of the cycle is:
(515) Zl(Xa hu -[(l)atS - Zl(x())h(;_laKl)

by Equations ([2.26)) and -

It is enough to compute the Galois action on ¢, for p|N. Taking d, = (g ?) foraeZ

representing a class in (Z/NZ)*, we see from (4.2) that
(5.16) wp(é_lx) = Xo(a)pp(7).
Therefore, for o, € Gal(Ex/Ey) C (Z/N7Z)*, we have
p(0; 7)™ = (xo(a)pp(2))™
= Xo(a)pp(2).

Since g7, , = Xo0(@)8y,p and the values of ¢, are otherwise Eyp-rational, this gives:

(5.17) 0p(6,12)7 = xo(a)xo(a)py(x) = p().
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Altogether, this gives that:

Z1 ()7 = Z (VDep(s ™ o)) Z1 (X, 5, K1)

SES(%IO)

= Y VDep(s ) Z1(X, 50,1 Ky) (5-15)

SES(SD,IQ)

= Z VD07 s ) 2y (X, ', Ky) s =s6,"

s'€S(ip,0)

== Z \/BQO(S,_IZL'O)Zl(X, S,7K1) 517

s'e€S(p,70)

= Zl(@),
completing the proof. O

For any s € S(p,x0), we write t5: Z; — Xg, for the embedding, and observe that
(w) = Q. Lemma (applied to @ instead of ¢) immediately gives the following
corollary.

Corollary 5.10. The functional
Cy: H' (Xc,w); — C
1o VD Y Wt [ )
s€S(p,z1) Z1(x0,5,K1)

1s E-rational, 1.e. it is the base change of a functional

Co: H'Y(X,w); — E.

Finally, Theorem gives the following rationality statement.

Corollary 5.11. We have that:

(5.18) Cs (n") =0,

(5.19) Cs(n) e E”.
Therefore:

(5.20) n- € H'(X, w); C HY (X, w);.

Proof. Note that Cg(w}) = C1;(f; ) by definition of Cy ;(f;¢) in (4.20) and Lemma
Therefore, the two Equations (5.18) and (5.19) follow from Theorem together with

Proposition [4.6] and Proposition [4.8|
Finally, since H'(X,w); is 1-dimensional and =~ € H'(X,w); ® C, there is a constant

¢~ € C* such that ¢~ -7~ € H'(X,w);. Then ¢ - Cp(n~) = Cy(c™ - ) € EX which
together with (5.19) gives ¢~ € EX,son~ € H'(X,w);. O
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To complete the proof of Theorem [5.5] it remains to prove the rationality of n*. There
is a Serre duality pairing (—, —)sp: H(X,w) x H(X,w) — Q which we can use to prove
the following.

Proposition 5.12 ([Hor23, Prop. 5.14]). There is an alternating pairing
(—, =) H'(X,w); x H'(X,w); — Q(f)

such that (wp,w?) = (f, f). In particular, the decomposition H'(X,w); = H'(X,w)} @
H'(X, w); is a polarization with respect to this pairing.

Corollary 5.13. We have that
nt e H'(X,w)} € H'(X,w);.

Proof. Recall that = € H'(X,w); by (5.20). Since H'(X,w)} ®C is 1-dimensional, there
is a constant ¢* € C* such that ¢*-n* € H'(X,w)}. Therefore, ¢*(n*,n7) € E*. On the

other hand:
o= (222 )
| oo fo)
= -2
showing that ¢t € E*, and hence " € H'(X,w);. O

With these ingredients in place, we are ready to prove Theorem [5.5]

Proof of Theorem[5.5. Part (1) is Equation (5.20]) in Corollary together with Corol-
lary [5.13|

For part (2), we first use the well-known relationship between the Petersson norm of
a Hilbert modular form f and the adjoint L-function. For example, by [HT93, Theorem

71}
(5.21) (f, f) ~ox 24 VD - L(f, Ad, 1).

In fact, there is even a completely explicit formula for the rational constant, but we omit
it here. This gives:

(522) <f7 f> ~Qx 7T_4 ’ \/B L(fa Ad>1)
(523) <f07 f0> ~Qx 772 ' L(f07 Ad7 1)

Next, we want to use Stark’s conjecture for Ad® gy and Ad° gy ® Y to connect this to
logarithms of units. We need to consider the different possibilities for the projective image
of 0o:

"The factor of v/D comes from a difference in normalization of measures. Indeed, [HT93| use the

normalizations of [Hid91, Section 4], where the additive measure gives O, volume 1 instead of |D|11,/ > Ot
also [IP21, Prop. 6.6] where the same normalization is used.
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e Suppose gy has dihedral projective image, i.e. fy is associated with a character y of
a quadratic extension K/Q. Then Ad® gy = Ind2(x/x¢) @ xx. If K is imaginary
quadratic, then the unit group Uy, is associated with the character x/x¢ of K and
the unit group U ;f) is associated with a character of the third intermediate extension
between Q and K F’; in either case, the conjecture was proved by Stark [Sta80]. If K
is real quadratic, the conjecture for both Ad® gy and Ad® gy ® yx follows from the
class number formula.

e If gy has solvable projective image which is not dihedral (i.e. A4 or S;), then Ad° g,
and Ad’ gy ® xr both have rational traces, and the conjecture was proved by
Stark [Sta75].

e If gy has projective image As (the only non-solvable case), then Ad° gy does not
have rational traces and we have to assume the Stark’s conjecture in this case.

In all cases, under the assumptions of (2), we obtain:
2

™
(524) L(l, Ado Q()) ~ EX T : log |Uf0|,
Ad® go
2
0 i F
(525) L(l,Ad QO®XF) ~ EX f1/2—|l)|1/210g|uf0|
Ad° g

Moreover, we have that L(f,Ad,1) = L(1,Ad° gy) - L(1,Ad° oy ® xr). Combining this
with Equations (5.23]) and (5.28)) gives:

1
(5.26) (fo, fo) ~Ex a2 log |ug, |,
Ad® o
<f7 f> 1 F
/2 fo
(fo, fo) fAdog
Since [Hor23, Prop. 5.8] shows that f,q0, is a square, this completes the proof. O

5.4. Consequence for period invariants of Hilbert modular forms. Using Theo-
rem 5.5 we are able to answer an old question raised by Michael Harris” work on period in-
variant of Hilbert modular forms [Har90]. For a Hilbert modular form f of weight (k1, ko; )
with k1 = ko = r mod 2, there are similar coherent cohomology classes w} € H (Xc, &)y
for some rational line bundles &;. Under the assumption that k; > 2, it turns out that
dim H'(X¢, &) = 1, and Harris defines 1/;} e C*, well-defined up to £, as the constant
such that:

i c H'(X,&)

i yCi)f-

Yy
These period invariants play a crucial role in the algebraicity of Rankin—Selberg and triple
product L-functions of Hilbert modular forms. In special cases, they are related to CM
periods and Shimura’s periods [Har94|; see [Hor23, Remark 4.11] for further discussion.

This raises the natural question: for ki = ko = 1, is any multiple of w} rational?
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Corollary 5.14. Suppose f is the base change of a weight one modular form fy of square-
free level co-prime to D whose Galois representation does not have projective image As.
Then no multiple of wy or w} is Q-rational.

Proof. Suppose that A - w} is Q-rational for some A € C. Then s*(\- w}) = - w} is
rational. Therefore, A(w} +w?), A(w} —w}) € H'(X,w)s @q(y) Q, and comparing this with
Theorem [5.5] gives:

I I

A ~gx log lug, A ~vge log |U]}c;

and hence
F
log [u, | ~gx log Juy|.
We claim this is impossible. Since the level of fy is co-prime to D, gy, is factors through

a finite Galois extension L/Q linearly independent from F'/Q. Moreover, xp corresponds
to the non-trivial map Gal(F/Q) — {£1} C Q*. Consider a basis uy,...,u, of Of and

extend it to a basis uy, ..., u,,v1,...,vs of Of . Then, writing the unit groups additively
and E for the field of definition of Ad° g,
ufO:Zaiui u; € EX,
ui}:ZbiuH—chvj bj,CjEEX.

Writing o € Gal(F/Q) for the non-trivial element, note that ouf = —uf, while ou; = u;,
which shows that ¢; # 0 for some j. On the other hand:

log |uy,| = Zai log |u;| u; € B,
log]u]’;]:Zbilog]uil—{—Zleog]vj\ bj,c; € E”.
If plog |ug,| = log |uf | for some p € Q" then

> (pai = bi)log |us| = ¢;log [v] =0,

which shows that ¢; = 0 for all j by Baker’s linear independence of logarithms. This
contradiction shows that log [uy, | g~ log |uf |, and hence proves the corollary. O

5.5. Explicit example. In this section, we work out an explicit example of our result.
More specifically, we will work out the identities (5.26)) and (5.27)) to show how the first
part of Theorem [5.5|implies the second in a special case. This also gives a concrete example

of Corollary [5.14]
Let F = Q(vD) where D > 0 is a fundamental discriminant. For (5.26)), we will

use (5.23)) directly. For (5.27)), we combine ([5.21)) with ([5.23) to get the formula:
<f07f0> ° 2 L(anAdal)

Now, Artin formalism gives the factorization:
(5.29) L(f,Ad,s) = L(fy,Ad, s) - L(Ad" gy ® xr, 5),
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where xr is the quadratic character associated with F'/Q. Therefore,

(£, f) . IDIV2
(fo foy & =2

Therefore, computing an explicit version of (5.27) amounts to finding a formula for L(Ad® gy®
XF, 1)

We now specialize to the example of complex cubic fields as in [Hor23, §2.5]. Let M/Q
be an imaginary quadratic extension with class number three, so that its class field L is
an Sy extension of Q. Let K = L(1?®) be the associated complex cubic field.

P
M K
| 4
Q

We take gy to be the unique irreducible representation of S3, which gives rise to a weight
one modular form f;. Note that gy = Ind]LWX for the non-trivial character y of C3, and
explicitly f = 0,.

Then Stark observed that uy, = €, the generator of unit group of the cubic field K. Since
00 = Ind x, Ad” gy = Ind(x) ® xas. Then one can check that:

(5.30) L(Ad® oo ® xF, 1).

(5.31) LA g, 5) = L) 2050 = L9,

We recall the class number formula: for a number field K,

2m . (2m)™ - Regy - hi

wr - /| Dk

(5.32) Res;—1(k(s) =

Then we obtain:

672

| Dl

Example 5.15. Let M = Q(v/—23). Then ¢ is a root of 23 —z — 1. Combining ({5.23))
with (5.33]) gives:
1 23 672

1
34 = — 22 2 logle| = — log €.

In Stark’s classical normalization of the Petersson, this gives the identity [Sta75], pp. 91]
(fo, fo)stark = 3log €],

(5.33) L(Ad° go, 1)

log |e].

because

(fo, fo)stark = 2 - [PSLa(Z) : T'9(23)] - {fo, fo) = 16 - 3 - (fo, fo)-
(Here, we have included the rational constants which were left implicit in ((5.23)) to recover
Stark’s result on the dot.)
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Alternatively, in this example, we could have used the formula

Cr(s)
Ck(s)

and observe that Reg; = 3Reg} = 3log|e|?. Indeed, the unit group of L is generated by
€ € O and a unit § € O such that Ny k0 = €. For embeddings oy, 05,03: L — C, the

regulator is:
2logloi(e)| 2logloa(e)] _ 2logle| —log el
det(zlogwl(én 21og o2(0)] ) =29 \logle]  log ]

= 3log |e]?.

L(Ad0 00,8) =

Next, we would like to understand the L-function L(Ad0 00® X, s) in terms of Dedekind
(-functions. We have a bigger diagram of fields:

N
‘><M%1L
2&@

where F is the other intermediate field between F'M and Q.
Recalling that Ad” oy = 00 ® xar, we have Ad° 0o @ xr = 00 @ xr ® x&. One then check

that:
Ce(s)
¢(s)

(

L(Ado 00 ® Xr,5) = L(00 ® xF,5) -

To get a formula for L(gy ® xr,s), we observe that

Crr(s) _ Cu(s) - Lo ® X, 8) - Cu(s)
Cx(s) - Crrc(s) ((s)?

and rearrange this to get

Cre(s) — C(s)®  Ce(s) _  Crr(s)C(s)’
Cr(s) - Crrc(s) Cu(s)Cr(s)  C(s)  Cx(8)Crr(s)Cum(s)

In fact, there is a simpler formula. Since:

Cx(s) = L(0o, s) - €(s),
Crr(s) = L(0o ® xr, ) - L(0o,5) - Cr(s),

(5.35)  L(Ad° 0o ® xr,s) =
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we see that

53 Ll w0 s e ) - GRS 20 - D

Example 5.16. Let M = Q(y/—23) and F = Q(v/5). We record the relevant quantities:

ri|re | h|w | D|
FK|[2]2]|1]2]5% 232
K | 1/|1]1]|2 23
F 21011112 5
FE 0111212] 5-23
Then by Equation (5.36]), we get
22‘(3})2'1 e Reg (27)? Reg
537)  L(AJ 1) — 25v623  2V533 FK _ _ ) FK
( ) ( Qo & XF, ) 21.(2m)1-1 ] 22.(27)0.1 RegK RegF 5. \/5 .93 RegK RegF

2.4/23 2.5
The unit group of F K is generated by three units: €, € and a third unit § such that
Ngr/gd = —1. For three embeddings 01, 03,03: FIK — C, the regulator is

log|oi(ex)| logloa(ex)| 2log|os(ex)l
Regpy = det | log|oi(er)| log|os(er)| 2log|os(er)]
log|o1(d)]  logloa(d)]  2log|o3(0)]

log |ex| log |ex| —log |ex|
=det | log|ep| —log |ep| 2log |ep|
log |o1(6)]  —loglo1(0)| 2logos(d)]
1 1 —1
= log |ex|log |ep| det 1 -1 2

log|o1(d)] —loglo1(d)] 2log|os(d)|
= 4 Reg - Regp -(log |01(0)/05(9)|)
Finally, we get from ([5.28]) that:

<f’f> ~ \/E 4m? Regrx s Regrx
(fo, fo) v a2 5v/5 - 23 Regy Regp ¢ Regy Regp

01(9) ‘
o3(9)

(5.38) ~qx log

Data sharing is not applicable to this article.
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