MOTIVIC ACTION ON COHERENT COHOMOLOGY OF HILBERT
MODULAR VARIETIES

ALEKSANDER HORAWA

ABSTRACT. We propose an action of a certain motivic cohomology group on the coherent coho-
mology of Hilbert modular varieties, extending conjectures of Venkatesh, Prasanna, and Harris.
The action is described in two ways: on cohomology modulo p and over C, and we conjecture that
they both lift to an action on cohomology with integral coefficients. The conjecture is supported
by theoretical evidence based on Stark’s conjecture on special values of Artin L-functions, and by
numerical evidence in base change cases.

1. INTRODUCTION

A surprising property of the cohomology of locally symmetric spaces is that Hecke operators can act
on multiple cohomological degrees with the same eigenvalues. One can observe this by a standard
dimension count, but this does little to explain the phenomenon. In a series of papers, Venkatesh
and his collaborators propose an arithmetic reason for this: a hidden degree-shifting action of a
certain motivic cohomology group.

Initially, Prasanna—Venkatesh [PV21] and Venkatesh [Ven19] developed these conjectures for sin-
gular cohomology of locally symmetric spaces. Later, Harris—Venkatesh [HV19] observed sim-
ilar behavior for coherent cohomology of the Hodge bundle on the modular curve. See also
[Mar21, DHRV21] for more evidence for their conjecture. Connections to derived Galois defor-
mation theory and modularity lifting were also explored by Galatius—Venkatesh [GV18]. For a
general introduction to this subject, see [Venl7, Venl8].

In this paper, we propose analogous conjectures for coherent cohomology of the Hodge bundle on
Hilbert modular varieties. To give a more precise statement, we first set up some notation.

Let F be a totally real extension of QQ of degree d and let f be a parallel weight one, cuspidal,
normalized Hilbert modular eigenform for F', with Fourier coefficients in the ring of integers Og of
a number field F. One can identify f with a section of the Hodge bundle w on a Hilbert modular
variety X:

feH (X,w)® 0.
More specifically, we consider an integral model X of the toroidal compactification of the open
Hilbert modular variety with good reduction away from primes dividing the discriminant of F

and the conductor of f. While this choice is not canonical, the resulting cohomology groups are
independent of the choice of X.

The action of the Hecke algebra extends to higher cohomology groups H*(X,w) ® O and we may
consider the subspace on which the Hecke algebra acts with the same eigenvalues as on f, which
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we denote by H'(X,w). It follows from [Sul9] that

(1.1) rank H'(X,w); = <‘f)

(c.f. Corollary 4.3). There is a motivic cohomology group Uy associated to f, which is an Op-
module of rank d = [F' : Q] (Corollary 2.13); explicitly, it is the Stark unit group [Sta75] for the
trace zero adjoint representation of f. We conjecture that there is a degree-shifting action of its
dual U}/ on the cohomology space H*(X,w)s which makes H*(X,w)¢ a module of rank one over

the exterior algebra A" U}, generated by f € HY(X,w)s.

We can describe this action in two ways: modulo p and over C. Let p be a prime of O, n > 1 be
an integer, and ¢: £ — C be an embedding. We show that there is:

(1) a map
d
Du}; - Uj @ 0n/p”
j=1
for some free Op/p"-modules Ufpr;. of rank one (Proposition 3.4), and define an action of
UJEZ on H*(X,w)s ® Og/p™ by derived Hecke operators (Definition 3.6),

(2) an isomorphism

1

Uy eC

d
Duy;
j=1

for some one-dimensional C-vector spaces U;?j (Proposition 4.13), and define an action of
U}% on H*(X,w); ® C by partial complex conjugation z; — Z; (Definition 4.15).

The following conjecture predicts that these actions come from a single “motivic” action that is
defined rationally or even integrally.

Conjecture 1.1 (Conjectures 3.7, 4.16). There is a graded action x of the exterior algebra \* U}/
on H*(X,w)¢ such that:

(1) the action of \* U}/ ® Op/p™ is the same as that in (1) above, up to GL,(Og) ambiguity,
(2) the action of \* U}/ ® C is the same as that in (2) above, up to GL,(E) ambiguity.

Moreover, H*(X,w); is generated by f € H°(X,w); over \"UY.

The conjectures will be stated precisely in the main body of the paper.

Part (1) is a generalization of the main conjecture of Harris and Venkatesh [HV19, Conjecture 3.1].
It should be seen as a first step towards establishing a p-adic conjecture, similar to Venkatesh’s
conjecture [Venl9]. In fact, our original motivation to study the Stark unit group Uy for Hilbert
modular forms was to generalize the conjecture of Darmon-Lauder—Rotger [DLR15] to elliptic
curves over totally real fields. A p-adic version of Conjecture 1.1 may explain the appearance of
p-adic logarithms of Stark units therein.

Part (2) is similar to the main conjecture of Prasanna and Venkatesh [PV21, Conjecture 1.2.1] but
in the coherent (as opposed to singular) cohomology setting. We discuss the precise relationship
in Appendix A. As far as we know, it is new even when F' = Q. In the Hilbert case, it is also
closely related to the study of period invariants attached to Hilbert modular forms at the infinite
places. Such period invariants had previously been defined by Shimura [Shi78, Shi88], Harris
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[Har93, Har90b, Har94], and Ichino—Prasanna [[P21] in cases where the weight of f is at least two
at some of the infinite places. The parallel weight one case is different because the form does not
transfer to a quaternion algebra ramified at any infinite place, so the periods at infinite places
do not admit a simple interpretation as periods of a holomorphic differential form on a Shimura
curve, or even as ratios of periods of holomorphic forms on quaternionic Shimura varieties. Instead,
we give specific linear combinations of the higher coherent cohomology classes which we expect to
be rational in coherent cohomology. The expressions involve logarithms of units which is natural
because the adjoint L-value is non-critical at s = 1 in this case, so one should expect the periods
to be of “Beilinson-type”.

Part (2) of the conjecture admits a natural generalization to partial weight one Hilbert modular
forms, which we discuss in Appendix A. In that case, however, the motivic cohomology group in
question does not admit an interpretation as a unit group.

These conjectures lead to many interesting questions about potential generalizations to other re-
ductive groups which we are currently pursing elsewhere. We were also recently made aware of the
forthcoming work of Gyujin Oh and Stanislav Ivanov Atanasov on this topic.

Next, we give a more explicit versions of Conjecture 1.1 in the cases [F': Q] = 1 and [F' : Q] = 2 and
summarize our evidence for them. For simplicity, we assume that the automorphic representation
associated to f is not supercuspidal at p = 2 (this assumption avoids a potential factor of v/2 and
we expect it to be unnecessary; see Remark 5.10).

The case [F: Q] = 1: modular curves. When [F': Q] = 1, X is a modular curve and f is a
classical modular form of weight one. This is the situation considered by Harris—Venkatesh [HV19]
and Conjecture 1.1 (1) specializes to their conjecture. Conjecture 1.1 (2) is its archimedean version
and follows from Stark’s conjecture on special values of Artin L-functions.

Theorem 1.2 (Corollary 5.4). Let f be a modular form of weight one. If f does not have CM or the
Fourier coefficients of f are not rational, assume Stark’s conjecture 2.9. Then Conjecture 1.1 (2)
is true and has the following explicit form: there is an action * of \* U}/ Q@ FE on H*(X,w)s such
that given u}/ € UY, the action:

0 upr o
H (X,w)f —— H (X,w)f
s given by
wOO
— 7f7
log |uy|
where

. _, dzNdz
Wi = 12— € H'(Xc,w)y

and uy € Uy, is a unit in the splitting field L of the adjoint Artin representation of f associated to
v

uy.
f

oo
“r

Tog [u] is equivalent to Stark’s conjecture for the trace 0 adjoint represen-

In fact, the rationality of
tation of f.

The case [F : Q] = 2: Hilbert modular surfaces. When [F' : Q] = 2, X is a Hilbert
modular surface and f is a Hilbert modular form in two variables z1, zo. We give an explication of
Conjecture 1.1 (2) in this case and summarize our evidence for it.
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Corollary 4.3 gives an explicit basis for H*(X,w); ® C:
feH (X,w)y
wit Wi € H (X,w);®C
w;lm € H*(X,w); ®C,

where we choose a fundamental unit € such that ¢; < 0, €5 > 0 and let:

dz1 Ndz1
(1.2) wit = fe1z1, e222)y1 %,
1
dzo N\ dzg
(1.3) w;‘f = f(e221,€122)Y2 %,
2
. dz1 Ndz1 dzo N\ dzg
(14) w;1702 = f(—zl, —22)y1y2 y2 y2 .
1 2

Conjecture 1.1 (2) gives explicit linear combinations of these cohomology classes which should be
FE-rational in cohomology. Specifically, there are four units uq1, w12, uo1, U220 € Uy, in the splitting
field L of the adjoint Artin representation of f, and we can form the Stark regulator matrix:

log |7(u11)| log|7(u12)|
1.5 R =
(15 A Celit it
where 7: L — C is a complex embedding of L. We show that there is an explicit basis uy, uy of
U} ® E such that the action of u; and uy is given by:

log |7 (u22)| - wi' —log |7 (u21)| - wi?

(1.6) uf x f = Qo R € H'(X,w); ®C,
—log |7 (u12)| - wF* + log |7 (u11)] - w3
(1.7) w * f = dJ;tRf L e H'(X,w);®C
and the action of uy A wuy is given by:
01,02
(1.8) (uYAug)*fzdgtRf € H*(X,w); ®C.

We then have the following explicit version of Conjecture 1.1 (2) for [F': Q] = 2.
Conjecture 1.3 (Conjecture 4.17).
(a) A basis of HY(X,w)¢ is given by:
log |7 (u22)| - Wit —log |7 (u21)| - wi?
det Ry ’
—log |7 (u12)| - wf' + log |7 (u11)| - wF?
det Ry i

(b) A basis of H*(X,w)y is given by:
w;1702

det Rf.

A previous version of the manuscript incorrectly assumed that the matrix of the isomorphism

d
U]Y ®C= 6 U;?j is diagonal in certain natural bases. This led to a different rationality statement,
=1
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namely that some multiples of w;l and w;'{" are rational. We would like to thank the anonymous
referee for the previous version and Gyujin Oh for pointing out that this claim may be false in
general.

We next summarize our evidence for this conjecture. The theoretical evidence in the case [F' : Q] = 2
is summarized in the following theorem.

Theorem 1.4 (Corollary 5.16, Corollary 5.3). If the Fourier coefficients of f are not rational,
assume Stark’s conjecture 2.9.

(a) The determinant of the basis uy * f, uy * f is E-rational, i.e.
(uy * f) A (uy * f) € NPHYX,w); C A?HY (X, w); @ C.

(b) The cohomology class (uy Auy) * f is E-rational, i.e. belongs to H*(X,w)s.

In fact, the rationality of (uy A uy)* f is equivalent to Stark’s conjecture for the trace 0 adjoint
representation of f. Therefore, we may think of Conjecture 1.3 as a refinement of Stark’s conjecture
for this representation. We thank Samit Dasgupta for suggesting this phrasing.

See Section 5 for generalizations of these results and further evidence in the case [F': Q] > 2.
Numerical evidence. The next goal of the paper is to verify the rationality of the classes

(1.9) uy * fyuy x f € HY(X,w); ® C

numerically. These cohomology classes are a linear combination of w;'cl, w;?, which are defined in

equations (1.2) (1.3) as Dolbeault classes. We identify them with sheaf cohomology classes via
the Dolbeault and the GAGA theorems. To check that they are E-rational is to show that the
resulting sheaf cohomology classes come from base change of cohomology classes in H' (X, w) ¢- The
translation between Dolbeault and sheaf cohomology is not explicit enough to yield a satisfactory
criterion for rationality. Worse yet, there seems to be no natural automorphic criterion to verify
rationality. Indeed, the integral representations of Rankin—Selberg or triple product L-functions
for Hilbert modular forms only involve cohomology classes wf‘] where J is the set of places where f
is dominant (see [Har90b| for details). Since parallel weight one forms are never dominant at any
place, the cohomology classes we are interested in do not feature in these integral representations.

Instead, we consider an embedded modular curve ¢: C' — X and check computationally in some
cases that the restriction of u) * f for i = 1,2 to C is rational, i.e.

(1.10) U (wf  f) € H(C,'w) ® E.

The drawback of this approach is that this restriction is non-zero only if the Hilbert modular form f
is the base change of a modular form over Q (see, for example, Proposition 6.12). Let us hence
assume that f is the base change of a weight one modular form fy. Then Conjecture 1.3 (a) can
be restated in the simpler form (Conjecture 6.7): the classes

S
U fo
w? —w? 1
(1.12) eI T € HY (X,w);®C
Jo

belong to the rational structure H'(X,w) f, where uy, is the unit associated to the adjoint repre-
sentation of fy and u]}% is a unit associated to a twist of the adjoint representation of fy. Finally,
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we check that this conjecture is equivalent to the single rationality statement:
* (w?l)
log |ug,|
as long as ¢* (w;'cl) # 0 (c.f. Conjecture 6.11, Proposition 6.14).

(1.13) e H(C,/'w)® E C H(C,/*w) ® C

We develop an algorithm to compute the trace of this cohomology class, i.e. an integral on the
modular curve C(C) (see Conjecture 6.11). We use results of Nelson [Nell5] to derive an expression
for this integral (Theorem 6.20) which may be of independent interest. To use it, we give explicit
formulas for the g-expansion of f at other cusps when the level of f is square-free (Theorem 6.25),
generalizing results of Asai [Asa76]. Finally, we compute the integral numerically up to at least 15
digits of accuracy to give evidence for equation (1.13) in several cases (Tables 6.1, 6.2).

The paper is organized as follows:

e Section 2 briefly discusses Stark’s conjecture, introduces the unit group Uy, computes its rank,
and gives a relation to a motivic cohomology group.

Section 3 introduces the derived Hecke action and the generalization of the conjecture of Harris
and Venkatesh [HV19] to the Hilbert modular case (Conjecture 1.1 (1)).

Section 4 introduces partial complex conjugation operators on cohomology and the archimedean
conjectures (Conjectures 1.1(2) and 1.3).

Section 5 discusses how the results of Stark and Tate give evidence for the archimedean con-
jecture, proving Theorems 1.2 and 1.4.

Section 6 discusses base change cases, proves Theorems 6.20 and 6.25, and provides numerical
evidence for the archimedean conjecture.

Appendix A explains how Conjecture 1.1 (2) fits in the framework of Prasanna—Venkatesh [PV21]
and gives a version of this conjecture for partial weight one Hilbert modular forms.

Sections 3 and 4 are independent of one another and hence may be read in any order. The reader
who wants to understand the full statements of the two conjectures as fast as possible may just
skim Section 2.3 and proceed directly to these two sections.
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2. STARK UNITS AND STARK’S CONJECTURE

The goal of this section is to introduce the unit group Uy mentioned in the introduction, compute
its rank, and discuss its relation to motivic cohomology. We start by briefly recalling the definition
of Stark units and Stark’s conjecture. We then compute the unit group explicitly in the case of
Hilbert modular forms.

2.1. Stark units. We follow [Sta75] to introduce the group of Stark units associated to an Artin
representation. We caution the reader that the representations in loc. cit. are right representations,
whereas we consider left representations, which leads to some discrepancies in notation. See also
Dasgupta’s excellent survey [Das99].

Consider any Artin representation, i.e. a representation of the absolute Galois group Gg which
factors through a finite Galois extension L of Q:

Go 2 GL(M)

Gr/o
where M is a free Og-module of rank n and F is a finite extension of Q. We often write G for the
Galois group G, /g and Uy, for the group of units of O,.
Definition 2.1. The group of Stark units associated to o: G /p — GL(M) is
Ulo] = Homgp () (M, UL, ®z OF).

We will soon check that Uy [g] depends only on ¢ and not on the choice of L. To describe the group
ULlo] in more detail, we first need to understand the structure of Uy, as a G jp-module.

Fix an embedding 7: L < C which induces a complex conjugation ¢o of L. Note that rank Uy +1 =
#(G/{co)) by Dirichlet’s units theorem.

Lemma 2.2 (Minkowski’s unit theorem, [Sta75, Lemma 2]). There is a unit € of L, fized by co,
such that there is only one relation among the rank Up 4+ 1 units €0 for o € G/{co), and this

relation s B
I ¢ =+
c€G/{co)

Definition 2.3. A unit whose existence is guaranteed by Lemma 2.2 is called a Minkowski unit
of L with respect to 7: L — C.

Corollary 2.4. The log map induces a G-equivariant isomorphism:

U, Ut =, Zllog(I7(e” ) | o € G/{eo)]

< > 10g(7(6"1)!)>
c€G/{co)

(the numerator on the right hand side is the free abelian group in those variables) and there is also
a G-equivariant isomorphism:

mdf, >z = Z[log(lf(e"_l)\) | o€ G/la),
(F: Gfleo) > Z) = D flofeo))log(Ir(e” D):

o€G/{co)
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In particular,
UL U™ =~ Ind<GcO> Z — 7 as a representation of G = Gp,q-

We now compute the rank of Ur[p] and find a natural basis for UL[o] ®o, E, given a basis of
Mg = M®(9E E. Let

(2.1) a = dimg M.

Note that a = (Tro(1) + Tro(cp))/2, so since any two complex conjugations of L are conjugate, this

number is independent of the choice of ¢y. We write b = n — a where n = dimg Mg.

Proposition 2.5. Suppose ¢ does not contain a copy of the trivial representation. Then
Utle) ® E = (M)

and hence rank U [o] = a.

)

Moreover, if mq,...,mg is a basis of Mgo and we complete it to a basis mq,...,my, of Mg such

that o(co) = <I(;L _(}b> in this basis, then the corresponding basis of Ur[p]| ®o, E consists of the

homomorphisms ©1, ..., defined by:

(2.2) pi(m;) = [[ (e )@ e @ E,
oeG
where
o(c) = (aij(0)):; in the basis my, ..., my.

Proof. We have that
Urle] ®oy, £ = Hompg(q (Mg, UL ®z E)

= Hompg) (Mp, ndf},) E— E) Corollary 2.4
= Hompgg (M E, Indgw E) o does not contain the trivial rep.
= Hompj())(ME, E) Frobenius reciprocity
= (M),

Iq

Now, pick a basis mq,...,my, of M such that o(cy) = <O

OI) in it. By definition of the
—1p

matrix (a;;(0))i;,
n
ooym; = a;(o)my.
k=1

Hence a map ¢ € Homp,, (M, UL, ®z Of) is G-equivariant if and only if:

(2.3) ((my))" = p(o(T)m;) = ¢ (Z akj(T)mk> = H ¢(mk)akj(7)
k=1

k=1

(where the group of units is written multiplicatively).

We check that each ¢; defined above satisfies this equation. Let

uij = [[ (7)™ e UL ® Op.
ceG
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Then:

ul; = (H (eol)ama))

oceG
= H (ETUfl)aij(G)
o€l
= H (6(01)—1)%].(017.) for o/ = o771
o’'eCG

for o' = o

Il
3
—
(@)
Q
|
-
S~—
8
=
2
N———
IS
~
<.
=

— ﬁ uls ()

This shows that the functions ¢; given by ¢;(m;) = u;; are G-equivariant (2.3). Indeed:
pi(m;) = ufy = [Jug”™ = T i(mp) .
k=1 k=1

Hence ¢1,...,¢q € Urlo].
Tracing through the isomorphism
Usle] ®o, B = (M)

established above, we see that

pi—m) fori=1,...a,
where m,” is a basis of M}, dual to the basis m; of Mg. Since this is an isomorphism and my, ..., mq
is a basis of MécO), ©1,---,paq 18 a basis of Up[o] ® E. O

Corollary 2.6. Suppose 9: Gg — GL(M) is an Artin representation. Then Up[o] ® E is indepen-
dent of the choice of splitting field L/Q.

Proof. For an extension L'/ L, the natural inclusion Uy, < U}, induces an inclusion Uy [g] — Up/[¢'].
By Proposition 2.5, dim Uy, [p] ® E = dim Up/[¢/] ® E, which completes the proof. O

We will later be interested in the reduction of Up[g] modulo p™ for a prime p of E. For now, we
just remark that the following follows from Proposition 2.5.

Corollary 2.7. Let t = #U°™ and p be a prime not diwiding t. Then UL[o] ®z Zp[%] is a free
O ®g Zp[%]—module of rank d. Hence, for a prime p of E above p, Uplo] ® Og/p™ is a free
(Og/p™)-module of rank d.

Proof. This follows immediately from Proposition 2.5 and the structure theorem for modules over
PIDs. O
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2.2. Stark’s conjecture [Sta75, Tat84]. We give a brief summary of the results and conjectures
on special values of Artin L-functions.

For any Artin representation ¢: G, /g — GL(M) where M is an n-dimensional E-vector space and
an embedding E — C, we consider the L-function L(s, o) of p. If we need to make the embedding
t: E — C explicit, we write L(s, p,t) for L(s, p).

The completed L-function is then:

s/2
(2.4 Moo = (£2)7 rs/2ere /21105,
where:
(2.5) fo = Artin conductor of o,
(2.6) a =dimpg Mgw, (as above)
(2.7) b=n-—a.

It satisfies a functional equation of the form:
Al —5,0) = W(e)A(s, 0)
where |W ()| = 1.

Stark gives a formula for the special value of L at s = 1 (or, equivalently, the residue of the pole
at s = 0). Associated to the units u;; in Proposition 2.5 is a regulator defined in terms of their
logarithms.

Fix an embedding 7: L < C and let ¢y be the complex conjugation associated to 7. Define

log:C=L®C—R
z +— log |z]

and extend it linearly to
log: (L®,;C)®(EF®,C)—C
z® X Alog |z|.
Thus for z @y € L ® E, we write
(2.8) log |7 @ (z®@y)| =(y) - log|T(z)| € C.

We often make the choice of embeddings ¢ and/or 7 implicit in the notation and write simply
log |7(—)| or log |(—)] for log |7 ® ¢(—)].

Definition 2.8. The Stark regulator matrixz associated to o (and the embeddings 7: L — C and
t: BE—C)is

R(0) = (|log(7 ® t(us;))])1<i j<a-
Abstractly, there is a perfect pairing
UL[Q] x M — C
(p,m) = log(|T @ 1(p(m))|)

via Proposition 2.5 and R(p) is the matrix of this pairing.



12 ALEKSANDER HORAWA

Conjecture 2.9 (Stark, [Sta75, Tat84]). If o does not contain the trivial representation, then

W (g)27"
1/2
4

for some 0(0) € Q(Tr 0)*, where Q(Tr o) is the field generated by the values of the character of o.

L(1,0) = -0(2) - det R(p),

Remark 2.10. The assumption that o does not contain the trivial representation is completely
innocuous. Indeed, L(s, x1,1,) = (r(s), so the value at s = 1 is given by the class number formula
for L. Moreover, L(s, 01 @ 02) = L(s, 01) - L(s, 02).

Stark’s conjecture is known for representations with rational characters.
Theorem 2.11 (Stark [Sta75, Theorem 1], Tate [Tat84, Corollary I1.7.4]). Conjecture 2.9 is true

for representations o whose characters take rational values.

2.3. Stark units for Hilbert modular forms. We now discuss Stark units for Artin represen-
tations associated to weight one Hilbert modular forms. Let F be a totally real field. By [RT83],
normalized weight one Hilbert modular eigenforms f with Fourier coefficients in O, correspond
to 2-dimensional odd irreducible Artin representations

Gp o y GL(M
R& %

Gr/r

)

where M is a Og-module of rank 2 and E is a finite extension of Ey. By enlarging L if necessary,
we may assume that L is Galois over Q. We write G = G,/ and G =Gy, /r for simplicity.

As in the previous section, fix an embedding 7: L < C which induces a complex conjugation cg
of L. Note that ¢y necessarily lies in G’ because F is totally real. Since gy is an odd representation,

0f(co) is conjugate to ((1) _01> .

Consider the adjoint representation of o, i.e.
Adoy: Gr/p — GL(End(M))
o = (T = o(o)To(0)™).

We note that if 7' has trace 0, then so does o(c)To(c)~!. The representation is hence reducible,
and we define the trace zero adjoint representation as

Ad° o5 G p — GL(End’(M)),
where End®(M) = {T: M — M | TrT = 0}. This is a 3-dimensional representation.

Choosing a basis of Mg such that o(cp) = <(1) _01>, we see that

T A I R T AT R B

Hence rank ((Ad0 Qf)<00>) = 1.
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Definition 2.12. Let Uy, be the units of L and O = Op be the ring over which gy is defined. The
group of Stark units associated to f is

Uf = HomO[GL/F] (Ado Qf, UL K7z O)

We sometimes write Ad* p = HomO[GL/F](AdO 0f,0), so that Uy = Ad* o ®z(GL,,r] Ur.

Write o1, ...,04 € G for representatives of G/G’. Having fixed an embedding 7: L < C, we have
embeddings 7; = 777 : L — C. We sometimes identify o; with the embedding 7j|p: F — R. We
write ¢; = ajcoaj_l for the complex conjugation associated to ;.

Corollary 2.13. Suppose that oy is irreducible. Then:
Uy = Ur[Ind%, Ad° o],

is the group of Stark units associated to the 3d-dimensional Artin representation Indg/ Ad° oF.
Therefore,

d
Up == ((Indg) Ad® o))" = (A" g7)()"

j=1
and hence
rank Uy = d.

Moreover, for each j =0,...,d, fix a basis m1 ;,maj, m3; of Ad° of such that o(cj) = ('61 _(}2>

wn this basis, and consider the basis
{ojmij|j=1,...,d,i=1,2,3} of IndS, Ad° p.

Let a°(0) be the matriz of Ad® o;(c) in the basis {mo;} and write P; for the change of basis matriz
from {m; o} to {m,;}. Then there is a basis p1,...,¢q of Us defined by Proposition 2.5 such that

opoloT )1 (PkaO(U/)P'il)ll
on(o-kml,k) = H (6( k j ) ) J
o'eG’
Proof. We have that:
Uf = HOHlo[G/] (Ado Of, UL X7 O)
= Homgjg (Indg, AdY o UL ®z O) Frobenius reciprocity
= Ur[Indg, Ad° of].

Since gy is irreducible, Ad°p ¢ does not contain a copy of the trivial representation. We may hence
apply Proposition 2.5 to the Artin representation Ind%, Ad% o ¢ to get the result. Finally:

-

(Ind&, Ad° gp) = (o;Ad" 05)

7j=1

(Ad%0p)7,

-

1

J

completing the proof of the first part.
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It remains to prove the final assertion. To compute the action of an element o € G on o; Ad o, we
find oy, and o’ € G’ such that oo; = o0’ and send

ojm = ap(a’m) € o Ad® oy

By Proposition 2.5, for 1 < j, k < d:

pjloxmig) = Ujp = H (eg_l)ajk(0)7
oceG

where aj;(c) is the matrix of Ind%, Ad” (o) in the chosen basis. Then for 1 < j,k < d:

J

(0) (Ppa® (o) P M1y if 0 'oo; = o' for some o' € G,
ajr(o) =
7" 0 otherwise.

Therefore:

i = H (6(%0/%—1)1)%’&(%0/%1) B H (E(UW/UJ_—1)1)(Pka°(0')Pj1)11
Ik T - 9
o'eG’ o’'eG’

as claimed. 0O

Remark 2.14. The decomposition in Corollary 2.13 generalizes to any plectic Artin representa-
tion [NS16], i.e. an Artin representation of G for a totally real field F'. We have not used anything
specific to Hilbert modular forms.

Remark 2.15. There is also a description of Uy similar to [DLR15]. For a chosen prime p of F,
for each ¢,, we may consider the component of ¢, (Ad° 0f) € Ur on which a chosen Frobenius
Frob, € G p acts by /3 where a and 8 are the ordered eigenvalues gy (Froby). As in loc. cit.
this space should be one-dimensional under extra assumptions; for example, that o # —f. This
description may be useful when considering a p-adic analogue of the conjecture, but we omit this
here entirely.

2.4. Stark’s conjecture for Hilbert modular forms. We now state Stark’s conjecture for the
trace zero adjoint representation associated to a Hilbert modular form of parallel weight one.

Definition 2.16. The Stark regulator matriz associated to (the trace zero adjoint representation
of) fis
Ry = (log(|ujkl))1<jk<d;
with
0(/ -1
Ujk = H (e(okﬂ/"j_l)_l>(Pka ()P
o'eG’

(notation as in Corollary 2.13). If we need to specify f, we write u;k_ for wjj.

Proposition 2.17. Stark’s conjecture 2.9 for Ad° oy is equivalent to the statement:

2d

-0 T
L(1,Ad° o) ~px —7 det Ry,
4

where f, is the conductor of o = Indg, Ad° of-

Remark 2.18. In Section 5, we will relate the adjoint L-function to the Petersson inner product
of f. This will give evidence for our archimedean conjecture (Conjecture 4.16).
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2.5. Examples. The Stark unit group can be determined explicitly in many cases. We provide a
few illustrative examples.

Example 2.19 (Heegner units). The first example of Stark units comes from the theory of elliptic
units.

Let FF = Q and K/Q be an imaginary quadratic extension. For any Dirichlet character x: G H/K —
C* of K, where H/K is an abelian extension, there is an associated weight one form f = 6,, the
theta function of x, such that

L(s, x) = L(s, f).
The Artin representation g associated to f is the 2-dimensional representation:
G
o = Indg /2 x = {0 Gryjq = C | 6(07) = x(0)8(7) for o € Gy

For the non-trivial element ¢ € Gk /g, we can define a character x°(0) = x(coc). Writing 1 for the
trivial representation and yq for x - (x¢)~!, we see that

~ G
Ad® g = 1@ Indg)" Xo-

Since the unit group does not contain a copy of the trivial representation, this shows that

Uy = Unlxol,
the xo-isotypic component of the units of H. For a Minkowski unit e € O}, the unit associated
to f is:
w=wo= [ @)
UGGH/K
In literature, this unit is often written additively as u,, = >  xo(0)'u? € Un[xo]. Elliptic

CTGGH/K
units, constructed using singular values of modular functions, provide an explicit construction of
Minkowski units u € O}, and hence of Stark units uy.

The logarithms of these units appear as special values of the L-function of yg, via Kronecker’s
second limit formula. This also has a p-adic analogue: the p-adic logarithm of u,, accounts for
the special value of the Katz p-adic L-function evaluated at the finite order character x, ! which
is outside of the range of interpolation [Kat76, 10.4, 10.5]. More generally, Darmon, Lauder, and
Rotger conjecture [DLR15, Conjecture ES] that p-adic logarithms of other Stark units associated
to weight one modular forms appear in a formula for values of triple product p-adic L-functions
outside the range of interpolation.

The following example is suitable for computations in the case F' = Q. In fact, it is the example
where Harris—Venkatesh [HV19] perform their computations. It is also a simple example where our
archimedean conjecture (Conjecture 4.16) can be proved (Corollary 5.4).

Example 2.20 (Units in cubic fields, F' = Q). This example is discussed in [HV19, Sec. 5.6], but
we recall it here in detail to provide context for the generalizations to [F' : Q] = 2 we make below.

Let K be a cubic field of signature [1,1] and write L for the Galois closure of K. Then Gp, g = S3
and we may assume that K is the fixed field L(?) of the action of the cycle (12) € S3 on L.

To give a 2-dimensional representation of Gy g, we need to give a 2-dimensional representation
of S3. There is a unique irreducible 2-dimensional representation: the regular representation
0: Gg - S3 = GL(M) = GL3(Z), obtained by considering the action of S3 on

in :O}

M = {(1}1,.’172,(1)3) € ZS
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by permuting the coordinates.

In the basis e; = (1,0, —1), ea = (0,1, —1) of M, we have that:
0 1
0‘—(12)I—>S—(1 O)’

T=(123) =T = <_11 _01> :

Note that ¢ is an odd Galois representation since det S = —1. Therefore, there is a weight one
modular form f corresponding to p.

Recall that
U = Homg, ,,(Ad° o, UL).
Lemma 5.7 in [HV19] shows that

17 = 1
(2.9) U @7 [6} Sv¥ez M

(p: A0 — UpL) — ¢(S),
where U [((1 ) are the norm 1 units of K.

We recall the proof here. By definition
Ad° p = End® (M),

with the action of S3 on the right hand side given by conjugation. Note that each element of S3
gives an element of End(M) and we may use the Ss-invariant projection

End(M) — End®(M)
A A—(1/2)Tr(A)

to get a spanning set for Hom®(M, M) this way. Since the lengths of cycles are conjugation-
invariant, we see that

Hom®(M, M) = span(images of (123), (132)) @ span(images of (12), (13), (23)).

One checks that span(images of (123), (132)) = Zle], where e € Hom"(M, M) is the common image
of (123) and (132). We write W = span(images of (12), (13), (23)). Hence

Ad° o= Z[e] @ W.
Now, for any Ss-representation V':

e Homg,(Zle], V) = V8" the sgn-isotypic part of V,
e Homg, (W, V) 2 {v € VU2 | v + (123)v + (132)v = 0} via ¢ > ¢(S).

This shows that:
U2 U o Uy
. : _ 7((123)) prsen _ . .
Since Q(y/disc(L)) = L U U 0 ( \/m) is a finite group of order at most 6. Hence

1 (1) 1
Z |- = Z|—=|.

The following is the simplest example of explicit Stark units over real quadratic fields. It is the
base change of Example 2.20 to a real quadratic field and one of the examples in which we will do
the numerical computations later on.
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Example 2.21 (Units in cubic extensions of F' for [F : Q] = 2). Consider K as in Example 2.20
and consider a quadratic extension F' of Q. Then KF is a cubic extension of F of signature [2,2]:

L
K

ém
N LA

As above, we consider the Galois representation ¢: Gpp/p = S5 — GL(M). If f is the weight one
Hilbert modular form associated to g, then one can check that

Ur ® Z[1/6] = Homg, ,.,,.(Ad" 0, Urr) © Z[1/6]
=~ UENQZ[1/6] ® {u € Ukp | NFFu=1} ® Z[1/6]
= ({u e Uk | Ngu =1} @ {ueUgp |u” =u !, NEFu=1}) @ Z[1/6],

where we write Gal(F/Q) = (o). The Hilbert modular form f is the base change of the modular
form fy associated to K in the previous example. We will later prove a more general result of this
form in Corollary 6.5.

Finally, we present the “simplest” non base change example where explicit Stark units are available
over real quadratic fields. It is a direct analogue of Example 2.20, but the Galois theory is more
complicated.

Example 2.22 (Units in cubic extensions of F for [F': Q] = 2, non base change). We generalize
Example 2.20 to the case [F': Q] = 2 and a cubic extension K of F' of signature [2, 2]:

et

K S3><53

w

P S31C2

PN

We may assume that K = L9*{(12) Consider the representation

0 = sgnXreg: S§ — GLa(Z),
(0, (12)) = sgn(o) - <(1) (1)) 7
(0, (123)) — sgn(o) - (j (1)) :

Then p corresponds to a Hilbert modular form f of parallel weight one.
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As before,
Ad’ o= Zle)o W

and for any S3-representation V:

o Homgz(Z[e], V) = J/senksen,
o Homg (W, V) = {v € VU2 | o 4 (1, (123))v + (1,(132))v = 0} with the isomorphism
given by sending ¢: W — V to ¢(S5).

Therefore,
Up = Homsg(AdO 0,Ur)
= Hom(Z[e], Ur) ® Hom(W, Ur)
= (UEY*) @ (u e Ug | NEu=1}.

We claim that the group Uzgn&sgn is torsion. If u € UZgn&Sgn, then w is fixed by a subgroup
H C 82 of order 18 of elements (0,0’) such that sgn(c) = sgn(o’). One can check that L =
F(y/disc(L/F)), which is a CM extension of F'. Therefore, if Gal(F(y/disc(L/F))/F) = (1),

sgnXsgn ~ T=—1

Up = (UF( disc(L/F))) :
Since F'(y/disc(L/F))/F is CM, the ranks of the two unit groups are equal. On the other hand,
ifue U4 was a non-torsion element, then u would generate an infinite subgroup of

F(4/disc(L/F))

T=-1 which does not belong to Ur. This is a contradiction.

F(y/disc(L/F))
Finally, let N be the order of the torsion group Uzgngsgn. Then:
(2.10) U @ Z[1/N] = {u € U | NFu =1} ® Z[1/N].

As expected by Corollary 2.13 this is a group of rank 2. In terms of the notation of Definition 2.16,
the units u11, w12 give a basis of the last space. Identifying the units uo;, u2e seems more difficult.

2.6. Comparison with motivic cohomology. This section is not used in the remainder of this
paper. The general conjectures of Venkatesh [Venl9] predict the action of the dual of a motivic
cohomology group associated to the coadjoint motive of f. We identify this motivic cohomology
group with the group of Stark units Uy, analogously to [HV19, Sec. 2.8]. Some of this section is
based on standard conjectures.

2.6.1. Motivic cohomology. Let k be any number field and Oy, be its ring of integers. (In general,
Oy, could be any Dedekind domain and k its field of fractions). Let E be a field of characteristic 0.

For any Chow motive M defined over k& with coefficients in F, we may define motivic cohomology
groups (cf. [Blo86] or [MVWO06, Definition 3.4])

Hj, (M, E(n))
which are equipped with specialization maps to various cohomology theories, including étale coho-
mology:
Hjy, (M, E(n)) @ Ey — Hg (M, Ep(n)).
Scholl [Sch00, Theorem 1.1.6] proved that these have a subspace of integral classes
Hjyp, (M, E(n)) € Hjy, (M, E(n)).
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We will be concerned with the case r = 1, n = 1. For the trivial motive M = k, conjecturally:
(2.11) Hhok (k,E(1)) 2 U, QE.

This statement is certainly true in all realizations; see, for example, [Nek94, 4.3] or [MVWO06,
Corollary 4.2].

2.6.2. Motivic cohomology of the coadjoint motive. Conjecturally, there is a 3-dimensional Chow
motive Mcoaq With coefficients in E, the coadjoint motive of f, associated to the dual of the trace
zero adjoint representation, Ad* oy. By definition, for any prime p of E, its p-adic étale realization
is isomorphic to:

H;(Mcoad XQ Q, Ep) =~ Ad* 0f Qp Ep
(concentrated in cohomological degree 0). Without loss of generality, we assume that Mcyaq is
defined over F' (and not just F)).

Remark 2.23. Motives associated to Hilbert modular forms were constructed in [BR93] in some
cases where the weights are cohomological. Since weight one Hilbert modular forms are not coho-
mological, there is no known construction of the motive, but we assume that (at least) the coadjoint
motive exists.

According to [Venl19, PV21], we should consider the motivic cohomology group
H/l\/l@F (Mcoada E(l))
There is a natural map
Hjyp,, (Moo, B(1)) = Hjy, (Moo, B(1))“H/7

and we will work with the codomain instead. According to [HV19, (2.8)], this map should be an
isomorphism. In the proof of Proposition 2.24 below, we check this in the étale realization (the
induced map is denoted by 7).

For a prime p of E, the p-adic étale realization map:
Hjpo, (Meond, E(1)) @ Op — H(F, (Ad" of @ Op)(1))

is conjecturally an isomorphism [BK90, 5.3(ii)]. Here, H} denotes the Bloch-Kato Selmer group [BK90].
(We apologize for the clash of notation with the Hilbert modular form f and hope that this does
not cause confusion.) We compute the last group.

Proposition 2.24. We have that
H(F, (Ad" 0; ® 0p)(1)) = Uy © Q@ Oy
for all p such that Np is coprime to [L : F].

Proof. This argument is adapted from [HV19, Lemma 4.5]. We claim that
H}(GF,Ad* of & Op) = (UL ®Q® Ad* of ® OP)GL/F.
Recall that (Ur, ® Ad* o f)GL/ F = Uy by definition, so this will prove the proposition.

We write Ad* g, for Ad* oy ® O, for simplicity. The (global) Bloch-Kato Selmer group H } is defined
by the short exact sequence:

* * : ’U7A -
0 — H}(R Ad* g5(1)) —— HY(F,Ad" gy(1)) ’ EP fl}gv,Aj* 5283
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where H}(Fv,Ad* 0p(1)) are the local Bloch-Kato Selmer groups. The restriction maps to the
subgroup G1 L < G /F give a commutative diagram

* * ! (Fy,AdY
0 ——— H}(F,Ad" gp(1)) ——— H'(F,Ad" gy(1)) ® g}gAg e

| | |
G . Gr/F
0 —— (HHL.AC (1) " —— (H(L, A" gy(1)) " —— <@ W)

(
T(Lu,Ad 0p(1))

with exact rows. Since Ad" gy(1) is trivial as a G,/ -representation, we have that:

(HF(L, Ad" gp(1))) /" 22 (Ad” gy @0, H' (L, Op(1))) """
> (Ad* g, ®0, U, @ O @ Q) /7,
so we just need to show that the map ¢ is an isomorphism.

Since Np is coprime to [L : F], the restriction map j is an isomorphism by a general group
cohomology result [Ser02, 1.2.4]. By the Snake Lemma, this shows that i is also injective.

To show that it is surjective, we must show that k is injective. In fact, for a place w of L above a
place v of F', the restriction map

HY(F,, Ad* 0p(1)) R HY(L,, Ad* 0p(1))

H}(Fv,Ad* 0p(1)) H}(Lw,Ad* 0p(1))

is split by the corestriction map divided by [L,, : F] (since [Ly, : F,] is invertible in Op). O

3. DERIVED HECKE OPERATORS ON THE SPECIAL FIBER

Let:

e f be a normalized Hilbert modular eigenform of parallel weight one, new of level 91, with
coefficients in the ring Op,;

e 0 = oy be the associated Artin representation, defined over O = O where E is a finite
extension of E;

e Uy be the group of Stark units, which has rank d = [F' : Q] over O;

e p be a prime of O such that (p) = p N Q has good reduction in F' and p is coprime to N,
and let k = Og/p".

We consider a smooth, compact, integral model X = X7 (M) for the Hilbert modular variety associ-
ated to F' and the level I'1 (M) (the level of f). Such integral models for the toroidal compactifications
with the level structures considered here were developed in [DT04], following the standard methods
of Rapoport [Rap78]. They are defined over Z[1/Np/g], where N g denotes the norm from F
to Q. See also [Cha90], [Dim13], or [Gor02] for surveys on Hilbert modular varieties and Hilbert
modular forms.

Let w be the Hodge bundle on the integral Hilbert modular surface X7/, /0s SO that

f € H(Xg1/np o @) @2 O
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In this section we construct an action of U]\/ ®oy k on the cohomology space
(H*(Xz(1/Np g w) ®2 Op)f @0, k = H* (Xj, w)

via derived Hecke operators on the special fiber and conjecture that it lifts to Op. This is an
analogue of the Harris—Venkatesh conjecture [HV19] for the coherent cohomology of the Hodge
bundle on Hilbert modular varieties.

Recall (c.f. Section 2.3) that the Artin representation associated to f factors through a finite Galois
extension L/F and has coefficients in the integers Og of a number field E, i.e. py: Gal(L/F) —
GL2(Opg). Let ¢ > 5 be a prime and q be a prime of F' above it such that Nq =1 (p"). We fix a
choice of a prime ideal Q of L above q. We write G’ = Gal(L/F) and G = Gal(L/Q).

This configuration is summarized by the following diagram:

Q L
o N
Ng=1(p") q F E p
AN \Q/ /
q b

We will describe:

® a map
0): @ Uf,->Uf ek
ocG/G!

in Section 3.1 (Proposition 3.4);
e an action of the domain via derived Hecke operators:

Tyqni HY(Xpw)y — HIL(Xp0);
associated to z € U]YU in Sections 3.2, 3.3 (Definition 3.6);

and conjecture that the resulting action of U}/ ® k lifts to characteristic 0 in Section 3.4 (Conjec-
ture 3.7).

3.1. Dual Stark units mod p™. We start by describing the group va ®oy k. The description
will depend on a choice of a Taylor—Wiles prime q of F.

3.1.1. Taylor—Wiles primes. Suppose p is a prime of E above p and for any n, consider
k= 0Og/p".
Definition 3.1. A Taylor—Wiles prime for f of level n > 1 consists of the following data:

(1) a prime q of of F, relatively prime to the level of f, such that Nq=1 (p"),
(2) a choice (o, 8) € F} with a # § such that

atrvobg) = (5 5)

where 9 is the reduction of ¢ modulo p.
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If q is a Taylor—Wiles prime, (Or/q)* contains a subgroup A = Z/p"Z of size p". We frequently
denote it by (Or/q)n-

We also write

(3.1) k(L)g =k @ (Op/a)yn, k(-1)q=Hom((Op/q)m, k),

both non-canonically isomorphic to k. When the underlying prime q is clear, we drop it from the
notation.

Finally, for any Z-module M, we write
(3.2) M(m) =M ®z k(m) for m = +£1.

For example, F,,(1) is canonically identified with a quotient of (Or/q)* of size p.

3.1.2. Reduction of dual Stark units at a Taylor—Wiles prime. Let Q be a prime of L above a
Taylor-Wiles prime q of F'. Let

Frobg = FrObQ/q € GL/F - GL/Q
be the Frobenius automorphism associated to the prime 9 above q.

Lemma 3.2. For any Artin representation oo: G /g — GL(Mo) where My is an Og-module, there
1 a natural pairing

(Usleo] © k) x (Mg™** @ k) = k(1)
(¢, m) +— reduction of p(m).

Proof. For ¢ € Ur[oo] and m € Mg ™2, we have
o(m) € (Up @ k)Froba,
The composition
Up — ULQ —» ULQ/(l —I—Q) %]Fé
induces a reduction map
(Up ® k)FePa — (F @ k)FoP2 = k(1),
where we recall that k(1) = k£ ® (Op/q)n. O

Remark 3.3. We think of the reduction map as a discrete logarithm. Then this lemma is the
discrete analogue of Lemma 4.12, where the actual logarithm will be used. To generalize this result
p-adically, one would use a p-adic logarithm.

Proposition 3.4. Let o: G' = Gr/r — GL(M) be the Artin representation associated to f. Recall
the notation G = Gr, /. Then there is a natural map:

0y: @ (Ad°M @ k)™Ponim @ k(-1) - U{ @ k

0cEG/G

where the domain is a direct sum of free k-modules of rank 1.

We will later use the shorthand Uy, = (Ad° M @ k)¥r°Poa/oa @ k(—1). In the notation of the
introduction, U}/Ui = UJEZ if we label the representatives of G/G’ by o1,...,04.
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Proof. Applying Lemma 3.2 to oo = Ind%, Ad° o, we see that there is a pairing:
(U @ k) x (My™*2 @ k(-1)) = k,
which induces a map
Frob
(My™ " @ k(=1)) = (U} @ k).
Then
MOFI"ObQ — (Indg/ AdO M)FrObQ
Frobg
=| 6 cAdM
oeG/G
— @ (Ado M)waaﬂ/ffq
penes

because o Frobg ;g 07! = Frob,g,q € G'.

Finally, using the basis such that o(Frobg) = (a 3 for oo #£ 3, we have that

@R N—

Ad® o(Frobg) = 8

Since a # 3, this shows that (Ad° M)F°Pea/ea has rank 1. O

We finally recast this in the language of [HV19, Section 2.9]. For any £, we may consider the
element
eq = o(Frobg) — (1/2)Tro(Frobg) € Ad° .

Note that for all g € G /p,

egn = Ad(o(g))eq-
Therefore:

AdO(FI'ObQ)EQ = €Frobg O = €9

showing that

eq € (Ad0 Q)Fmbﬂ.

By Proposition 3.4, this choice defines a map
(3.3) 0y: @ k(-1)—>Uf @k
c€G/G!
When F' = Q, this recovers the map 05 from [HV19, Section 2.9].
3.2. The Shimura class. We consider two level structures: for an ideal 91 C Op,

To(MN) = {(‘CL Z) €EGLOraD ) |ce m}

c,a—le’ﬁ},

I (M) = {(Z Z) €GL(Orp@D™)

where © is the different ideal of F'. Note that I'1(91) C I'o(9) and the quotient is isomorphic to
(O/7)*. We let

Xo(M), X1(N) = Hilbert modular variety with T'g(91), I'1 (91)-level structure, respectively.
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For 9 large enough, both of these are schemes over Z[1/Np/gMN] (c.f. [DT04]) and they have good
reduction modulo primes p not dividing Nz/g0. The covering

X1(9) = Xo(N)
descends to a covering
Xl(‘ﬁ)k — Xo(‘ﬁ)k
with Galois group (O/M)*.
Let ¢ > 5 be a prime and q be a prime of F' above it. Then
X1(q) = Xo(q)
is a (O/q)*-covering. We may pass to the unique subcovering with Galois group A = (O/q)n:
X1(a) — Xo(q).
This extends to an étale covering of schemes over Z[1/q], and hence induces an étale covering
X1(a)i — Xo(a)

(c.f. [Maz77, Corollary 2.3] for [F': Q] = 1 and [Dim13, Prop. 3.4] for [F : Q] > 1; the assumption
that ¢ > 5 is needed to avoid elliptic points).

We hence get a class
(3.4) Sy € Hey (Xo(a), k(1)),

where we recall that k(1) = k ® A. Using the natural map k — G, of étale sheaves over Xo(q)g,
we obtain a class:

(3.5) Sg, € Hélt(XO(q)bGa(l»'
Finally, using Zariski—étale comparison, we have an isomorphism:

H (Xo(a)r, O(1)) = H' (Xo(a)k, Ga(1))
and hence G¢, defines a class
(3.6) & € H'(Xo(a)x, O(1)).

Definition 3.5. The Shimura class is the cohomology class & € H'(Xo(q)g, O(1)) obtained
above (3.6).

We will use it next to construct a mod p"™ derived Hecke operator.
3.3. Construction of derived Hecke operators. Let 91 be the level of f and recall that we
consider X = X1(M) over Z[1/Np/oN|.

Write Xo1(q,0M) for X with added I'g(q)-level structure at q. This is a Hilbert modular variety
for the group I'1(q,91) in the notation of [DT04], and hence also has a smooth, projective, integral
model.

Then the Shimura class & pulls back to a class
Sx € H' (Xoa(q, M, O(1)).

Cupping with this class gives a map

(37) HO(XU,I(qam)kaw) L&){ Hl(XO,l(qam)kvw)<l>'

Classically, Hecke operators are defined as operators on cohomology induced by certain correspon-
dences:
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XO,l (q7 m)

V x
X X

We define the derived Hecke operator by the same push-pull procedure but cupping with &x in
the middle:

HO(Xpw) —s HO(Xo1(a, Mty ) 5 HY(Xo1 (g, M) w) (1) —255 HL(Xp, w)(1).

Finally, for any z € k(—1), we define
(3.8) Ty»: HY(Xp,w) — HY (Xy,w)
by composing the above map with multiplication by z.

More generally, for each z € k(—1), there is an operator
(3.9) Tyo: HY(Xp,w) — H (X, w),
defined analogously.
Recall that equation (3.3) defines a map:
0y: @ k(-1) > Uf @k
0EG/G
We may hence define an action of the codomain on coherent cohomology of the special fiber as

follows.

Definition 3.6. For each 0 € G/G’ and z € k(—1), we define the action of z in the o-component

of @ k(-1) by:
e le

Toqz: H (Xg,w)p — H Xy, w) .

This naturally extends to an action of A* @ k(—1) on H*(Xj,w);.
o€G /G

3.4. The conjecture. We conjecture there is an action of U]Y on the f-isotypic component of the
cohomology space H*(X,w) which reduces modulo p™ to the action of the operators Ty ..

For h € H*(Xop /N, w), we write h € H*(Xj,w) for its reduction. Equation (3.3) defines a map:
0y: @ k(-1) > Uf @k
0c€G/G
associated to a Taylor—Wiles primes q of F' and a prime 2 above it. In Definition 3.6, we defined

an action of the domain by derived Hecke operators. We conjecture that the resulting action of
U}/ ® k on the special fiber lifts to an integral action of U}/.

Conjecture 3.7. There is an action x of the exterior algebra /\*(va) on H*(Xou/ne,w)y such
that the induced action of \"(UY) @k on H*(Xop/nmy,w) s @k is the one described above. More
specifically, fiz a quadruple (p,n,o,q) with

e p a prime of E satisfying the above conditions,
e 1> 1 an integer,
e 0 €G/G,

e ¢ > 5 a prime and q a Taylor-Wiles primes of level n above it; in particular Nq =1 (p™).
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For an element u" € U]Y, consider its reduction uV € U]Y ® k, and suppose that

Z 9;/(20) for some z, € k(—1).
0€G/G!

Then:

- uv*wf Z Toq,20W0f
oeG/G

for some constant «.

Remark 3.8. Harris and Venkatesh [HV19] and Marcil [Mar21] provide numerical evidence for this
conjecture for F' = Q and n = 1. To do that, they first perform an explication ([HV19, Section 5]),
putting the conjecture in a more computable form. They relate it to a question about a pairing
considered by Mazur [Maz77] and then rely on a computation of this pairing due to Merel [Mer96].
While the initial steps of the explication can be performed in our case, putting Conjecture 3.7 in a
similar framework, the analogue of Merel’s computation is currently not available in the literature.

In dihedral cases, the conjecture of Harris and Venkatesh has since been proved by Darmon—Harris—
Rotger—Venkatesh [DHRV21].

When F = Q and n = 1, Harris—Venkatesh [HV19, Section 4] prove the following result:
vanishing of TWf —> vanishing of the map 9(\1/: k(—1) — U}/ Rk,

assuming an “R = T” theorem. It would be interesting to obtain a similar result in our case. We
expect that the rank r of the map

P k-1 -Uf ek
ceG/G

from equation (3.3) can be any number 0 < r < d. Hence the strongest analogue of the above
result should be:
rank(Toq.f | 0 € G/G') = rank(6,).

A weaker version simply states:

vanishing of T, f for all 0 € G/G' =  vanishing of the map 9;/ .

Note that the proof in the case F' = Q relies on the approach of Calegari-Geraghty [CG18] to
modularity lifting. Since their results apply to general F', one could hope to prove the above results
in a similar way, but we have not explored this further yet.

Since we expect that the map 9(\{ may sometimes have rank d, we want to make sure that we can
produce a rank d group of operators Ty . in order to pin down the conjectural action.

Lemma 3.9. For any p and n, there is a prime ¢ = 1 (p") which splits completely in F and the
primes q1, - .., qq above q are Taylor—Wiles primes for f of level n.

Proof. We first show that there exists a positive density of primes g of Q which split completely in
F such that ¢ =1 (p"). Consider the field F'({») for a primitive p"th root of unity and a prime ¢
of Q in the field diagram:
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Since we assume that p has good reduction in F, the fields Q((p») and F' have disjoint ramification,
and hence we have isomorphisms:

Gr(eyn)/F T G/ — = (Z/p"T)*

J ] J

D(Q/q) —— DQNQ(¢r)/q) —— (q)

via the restriction map. By Cheboratev density theorem, there is a positive density of primes ¢ of
Q that split completely in F'((y»). These ¢ also split completely in F' and in Q((p») which shows
that

g=1 mod p"
using the above diagram.

Since there is a positive density of primes ¢ with the above property, there exists a positive density
for which q1, ..., qq are Taylor—-Wiles primes for f of level n. (|

In this case, we have d derived Hecke operators Ty, .,,..., Ty, , and we expect that if they are
linearly independent, then the map 9qv is an isomorphism.

4. ARCHIMEDEAN REALIZATION OF THE MOTIVIC ACTION

We continue using the notation of Section 2.3: the Artin representation oy associated to f factors
through a finite Galois extension L/F and has coefficients in a number field F, i.e. o¢: Gal(L/F) —
GL2(E).

Fix embeddings 7: L — C and ¢: £ — C. We will describe:

e an isomorphism
d
0t PUs; = Uf ®.C
j=1

for some one-dimensional spaces U;? ; in Proposition 4.13;
e an action of the codomain via partial complex conjugation operators:
HY(Xc,w); = H™ (Xe,w)g
o
Wi = w fJ
for a chosen element of U}Cj in Sections 4.1 and 4.2 (Definition 4.15);

and conjecture that the resulting action of U}/ QFE C U]Y ®, C preserves the rational structure on
coherent cohomology in Section 4.3 (Conjecture 4.16).
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4.1. Partial complex conjugation and Harris’ periods. Following [Shi78, Har90b], we briefly
recall the definition of partial complex conjugation operators on Hilbert modular forms. We en-
courage the reader to consult [Har90b, Har90a, Sul9] for details.

Let Y be an open Hilbert modular variety of level T';(M) and write X for a smooth toroidal
compactification of Y defined over Q. Associated to a weight (k,r) where k& € Z? and k; = r mod 2
for 1 < j < d is an automorphic sheaf &, over Y whose sections are weight (k,r) Hilbert modular
forms. We normalize the isomorphism between the sections H°(Yg, &) and Hilbert modular
forms of weight (k,r) so that Hilbert modular forms with Fourier coefficients in E give sections of
Ldr+3k;
HO(Y, &) ® E. In particular, this differs from Harris’ normalization by a factor of (27i) ! +%: ]);
see [Har90b, (1.6.4)]. For simplicity, we assume that r € {0,1} according to the parity of k;.

The automorphic sheaf £, can be extended to X in two ways, denoted &% and 82‘;}3. The
cohomology of these sheaves is independent of the choice of toroidal compactification. Following
Harris, we will be interested in the space:

HU(X, &) = im(HI(X, ) — HUX, E2))
which is a vector space over F(k) = FT'®) where T'(k) = {0 € Gg | k” = k}.

Let f be a normalized Hilbert modular eigenform f of weight (k,r) and level I';(91) such that
T(p)f = apf and a, € Ef. Hecke operators act on the higher cohomology groups and we write:
(4.1) HY (X, Eyr)p ={w € HU(X, Epyr) @ Eyp | T(p)w = apw}

for the f-isotypic component under the action of the Hecke algebra.

For any subset J of the infinite places Yoo = {01,...,04} of F, we assume that there exists a
unit €; € O such that

(4.2) {U(GJ) >0 ifo¢l,

o(ey) <0 ifoed

When d = 2, this amounts to the standard assumption (e.g., [Oda82]) that Op has a fundamental
unit of negative norm.

Given f and a subset J of Y, we can apply complex conjugation to variables corresponding to
places in J:

(4.3) F(2) = f7) - [] tm(=)"

jeJ
where
(4.4) (ZJ)j _ (EJ)jzj if 0j Z J,
o (6J)j§j if o; € J.

This defines a C™-function on H? which has weight —k; at places o; € J and k; at places 0; € J.
We can then define a Dolbeault class associated to f and J:

dz; N\ dz;
(4.5) w%=ﬂ@%A—§rieHWw@@m»%me@mm
jeJ J

Mﬂz{@ e

where:

Q—kj O'jGJ.
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Remark 4.1. This cohomology classes wf are independent of the choice of the unit e; above.

Moreover, if f corresponds to the automorphic function ¢, the function f’ defined in equation (4.3)
corresponds to the automorphic function:

0’ (9) =g 9s)

0
_1> o € J,

(90); = 0
o; € J.

01

This gives a definition of partial complex conjugation even in cases where the unit €; does not
exist. See [Har90b, Section 1.4] for details.

Theorem 4.2 (Harris, Su).

where gy € GL2(F ® R) is:

=

(1) The cohomology classes w% extend to toroidal compactifications:
CA.)fJ € H‘J‘ ()(([j7 gE(J)ﬂ")f
(2) Let J C Yo be any subset. Then a basis of H‘J|(X(C,5E(J)’T.)f is given by
{wf | ] =1J] and k(I) = k(J)}.
In particular, if we write J1 = {0j € Yo | kj = 1}, then:

‘ J
dlmHU'(XCagE(J)W)f = (’J’mth\)'

Proof. For kj > 2, see [Har90b, Lemmas 1.4.3, 2.4.5]. When k; = 1 for some j, this follows from
the main theorem of [Sul9] and an analogous computation of (3, K)-cohomology. O

We are particularly interested in the case (k,r) = (1,1). In this case, £ is identified with the
Hodge bundle w used in the previous section.
Corollary 4.3. Suppose (k,7) = (1,1). Then a basis of H'(Xc, 1) is given by
{w}] | J C ¥ and |J| = j}.
In particular,

dim H? (X, E11)f = <d>
N J

It is also important to note when the cohomology spaces are one-dimensional.

Corollary 4.4. For any J C Y, dim H!”I (Xc, Enyr)y > 1 if and only if both J and Yoo \ J
contain a place at which f has weight one.

Proof. For the ‘if” implication, take o € J N J; and o’ € (X \ J) N J1, and define

J'=(J\{c}) U{o'}.
Then |J'| = |J| and k(J') = k(J), so wf‘],wf € HY\(Xc, Eyy)»)y are linearly independent.
Conversely, suppose dim H|J|(X(C,5E(J)7T)f > 1. Then there exists J' # J such that w%l €
H\J\(Xc,é’ku)’r)f, ie. |[J)| = |J] and (JUJ)\ (JNJ) C J. Then o € J\ J belongs to
JNJyand ¢/ € J'\ J belongs to (X0 \ J) N Jj. O
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This leads to the definition of Harris’ period invariants when the cohomology space is one-dimensional.

Lemma 4.5 ([Har90b, Lemma 1.4.5]). Let J be a set of infinite places which contains either all
or none of the weight one places of f. Then there is a number v’ (f) € C*, well-defined up to
multiplication by elements in E¢(J)* where E¢(J) = E¢F(k(J)), such that

J
“r J J
Z/J<f) EH‘ I(X,E&T)ngl |(X(C>(€E,r)f'

Clearly, when J = 0, we may take v’ (f) = 1.

Definition 4.6. Let J be a set of infinite places which contains either all or none of the weight
one places of f. Then the complex number v/ (f) defined by Lemma 4.5 is the period or period
invariant associated to f and J. It is well-defined up to E¢(J)*.

Remark 4.7. Despite of the difference in trivializations of the line bundles, the above period invari-
ants v/ (f) agree with Harris’ period invariants v/ (), where 7 is the automorphic representation
associated to f. For example, note that both of the normalizations result in 1?(f) = 19(7f) = 1.

Shimura defines periods by considering Petersson inner products on Shimura varieties associated
to quaternion algebras over F'. Harris’ definition is much less explicit, but it is related to Petersson
inner products as follows.

Proposition 4.8 ([Har90b, Prop. 1.5.6]). For any J C ¥+, we have that:
(4.6) v (£) N (f9) ~pay ()
where f(z) = f(—%) is Shimura’s complex conjugation, and
d —
—_ k. dz: N\ dz;
(4.7 o= [ ree@ [y =52
j=1 J

L\H

Therefore, we may think of v/(f) as a certain factor of the Petersson inner product (f, f).

Remark 4.9. Here and elsewhere we use the above normalization of Petersson inner products. This
is consistent with [Hid91, HT'93], which we refer to later. This differs from Shimura’s normalization
of Petersson inner products [Shi78, (2.27, 2.28)]:
1
<fag>Shimura = Woca g>a

where p(I'\H?) is the volume of the fundamental domain. It also differs from Harris’ normalization,
since:

(48) <f7 f)Harris ~Qx (27T7;)_dr<f7 f>Shimura-
[Har90b, (1.6.3)].

Remark 4.10. The proof in loc. cit. is based on the rationality of (a Tate twist of) the Serre
duality pairing [Har90b, (1.5.4)]:

(4.9) U: HY(X, Eypyr)p x HPNN(X, Eym\gyr) pe — E(J)
induced by the cup product, and the identity [Har90b, (1.5.5.2)]:

(4.10) wf Uwi = £(f, f).
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Remark 4.11. In this extended remark, we discuss the relation of Harris’ periods to other periods
attached to Hilbert modular forms. The study of period invariants was initiated by Shimura
[Shi83, Shi88], who studied the case when the weights at all places are at least two. In this case,
Shimura conjectured the existence of a set of period invariants c,, one attached to each infinite
place o of F'; moreover, he conjectured that if B is any quaternion algebra over F' such that f
transfers to a form fp on B*, then the Petersson norm of fp (if fp is chosen to be algebraic) is
essentially a product of some of the ¢, up to algebraic factors. More precisely, defining

qB(f) = <fBafB>a

Shimura conjectured that

(4.11) a(f)~g [1 e

UGEB,oo

where X p o is the set of infinite places where B is split. This conjecture was proved by Harris
[Har93], using the theta correspondence for unitary groups. In this work, the periods ¢, are essen-
tially defined as suitable ratios of periods on quaternion algebras. The fact that the definition of the
periods does not depend on choices of quaternion algebras boils down to proving relations between
periods on different quaternion algebras, which provides the main thread of Harris’ argument. This
work admits an integral refinement which is studied in the ongoing work of Ichino—Prasanna (for
example, [IP21]).

In related work [Har90b, Har94], Harris gave another definition of such period invariants using
rational structures on coherent cohomology. This is what was recalled in Definition 4.6. The
advantage of this definition is that it does not require working with quaternion algebras; rather
everything happens on the Hilbert modular variety attached to the group GLg r. This also makes
it easy to see the relations between these periods and the transcendental factors of Rankin—Selberg
and triple product L-functions attached to two (respectively, three) Hilbert modular forms.

The point of our work is to define periods attached to parallel weight one forms, and relate them
to rational structures on coherent cohomology. For dimension reasons, one cannot simply use these
rational structures directly to define periods. Indeed, the proof of Lemma 4.5 relies on higher
cohomology groups being one-dimensional whereas the dimensions are greater than one for weight
one forms (c.f. Corollary 4.3). Instead, we give an ad hoc definition using logarithms of units, and
conjecture (Conjecture 4.17) a relationship to rational structures.

4.2. The action. To define the action of U ]Y ® C on coherent cohomology via partial complex
conjugation operators, we first give an identification of this group with the trace zero adjoint
representation of f.

Lemma 4.12. For any Artin representation og: Grio— GL(Mp) where My is an E-vector space,
there is a natural perfect pairing

(Uzloo) ® C) x (Mg° ®,C) = C
(¢, m) = log(|(7 @ ¢)(e(m))|)

which induces an isomorphism

Uploo)Y ® C S M ® C.

Proof. This is a paraphrase of Proposition 2.5. ]
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Proposition 4.13. Let o: G’ = Grip— GL(M) be the Artin representation associated to a Hilbert
modular newform of parallel weight one. We then have an isomorphism:
d
0t @PA° M ®,C)% 5 UY @, C.

j=1
For each j, consider the element my; in (Ad® M)% as in Corollary 2.13 and let {p;} be the
corresponding basis of Uy @ E. Finally, let {u;/} be the dual basis of U}/ ® E. Then the matriz of
the map 0 in these bases is the Stark regulator matriz Ry = (log |u;k|)jr (c.f. Definition 2.16).

Proof. The result is obtained by applying Lemma 4.12 to gy = Indg, Ad%p and recalling that

-1

M= @ (Ad0 M )UCOU by the proof of Corollary 2.13. The explicit description of the map
0c€G/G’

is given by the second part of Corollary 2.13. g

Remark 4.14. Note that both UJ\/ ®,C and (Ad0 M ®L(C)"CO"_1 have natural E-rational structures

U}/ ® Ey and (AdM®FE f)"CO‘fl but the above isomorphism does not respect them. The rational
structures differ by the Stark regulator matrix.

d
Definition 4.15. We define the action of € (Ad° M ®, C)% on H*(Xc,&11)s by letting mq ; act
j=1
by
H(Xc,&11)p — H™ (Xe, &)
Ju{o;} -2
w} v w0 ¢
0 (IS J.

d _
This defines a graded action of A* @ (Ad° M ®,C)7% "on H*(Xc,&1,1) ¢ such that H*(Xc,&11)f
j=1
is generated in degree 0 by f € H*(X,w);.

4.3. The conjectures. Recall that Proposition 4.13 defined an isomorphism:
d ~
(4.12) 0t P M, C)% = UY ®,C
j=1
and Definition 4.15 described an action of the latter group on coherent cohomology. We conjecture
that the resulting action of U]\/ ® E' is rational.

Conjecture 4.16. Fix embeddings 7: L — C and ¢: E — C. Then the action of U]\/ ®FE C
U} ®,C on H*(Xc,&1,1)5 via equation (4.12) and Definition 4.15 preserves the rational structure
H*<X,€l71)f ®Ef FE.

This is the analogue of the main conjecture of Prasanna—Venkatesh [PV21]. In Appendix A, we
discuss the specific relation to their conjecture and justify why the definition of the action is natural.
Next, we give a more explicit statement of rationality of cohomology classes, via Propositon 4.13.

Conjecture 4.17. Let A = (a;5) = RJTI be the inverse of the Stark requlator matriz. Then for
j=1,...,d, the cohomology classes

uf x f =) ayef € H' (Xc, &)y

=1
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belong to the rational subspace H'(X, &11)f ® E. More generally, the rational cohomology classes
in Hj(XC,ELl)f are given by the entries of the vector:

(w4

where Jq, ..., J(c;) are the subsets of Yoo of order j. In particular, the cohomology class
J

Ji
Wy

Yoo

f d
HY(X
Qot 7 € HY(Xc,&1,1)y

s rational.

The final statement is equivalent to Stark’s conjecture 2.9 for Ad® of (Theorem 5.1). Therefore,
this conjecture may be interpreted as a refinement of Stark’s conjecture in this case.

Remark 4.18. A previous version of this manuscript incorrectly assumed that the Stark regulator
matrix Ry is diagonal, which lead to a different rationality statement.

Example 4.19 (d = 1). Suppose d = 1, i.e. f is a modular form of weight one. Then the conjecture
simply asserts that:

wy”
log |7 (uy)]
where uy € Uy is a unit associated to f. As far as we know, this conjecture is new in this case.
It gives an archimedean analogue of the main conjecture of Harris—Venkatesh [HV19]. As we will

see (Corollary 5.4), it is equivalent to Stark’s conjecture 2.9 for AdYp t, and hence is true when the
Fourier coefficients of f are rational or when f has CM.

(4.13) e H' (X,61)®F

Example 4.20 (d = 2). Suppose d = 2, i.e. f is a Hilbert modular form of parallel weight one for
a real quadratic field F'. Then there are four units wy1, u12, w21, u2e € Uy, associated to f and

log [7(u11)| log|T(u12)]
4.14 R — .
1y / (108;\7(“21” log |7 (u22)|
Its inverse is:

1 log |T(ug2)|  —log |7 (u12)]
4.15 A= .
(4.15) det Ry (-1082 7 (uz1)|  log |7 (u11)]

Therefore, the rational classes in H(Xc, 11) ¢ should be:

log |7 (u22)] -wh —log |7 (u21)| - w2

(4.16) W x f = dfet = I ¢ HY(X,611); ® E,

—log |7 (u12)] -w} + log |7 (u11)] ~w]2@
det Rf

We will give the following evidence for this:

(4.17) uy x f = € H'(X,&E11); @ E.

(1) the determinant of this basis of H!(X¢,&1,1)y is rational, assuming Stark’s conjecture 2.9
(Section 5),

(2) in base change cases, we give numerical evidence that the restrictions of these cohomology
classes to an embedded modular curve is rational (Section 6).
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Finally, we expect the following class in H?(Xc,&11) # to be rational:
w0'110'2

(4.18) (uf ANuy)x f = € H*(X,&.1); @ E.

f
det Rf

We prove this assertion in Corollary 5.3.

The goal of the next two sections is to present our evidence for Conjecture 4.16.

5. EVIDENCE: STARK CONJECTURE

In this section, we present the theoretical evidence for Conjecture 4.17. These follow from results
of Stark and Tate presented in Section 2.2.

5.1. Action of top degree elements. We show that Stark’s conjecture 2.9 for Ad° oy is equiv-
alent to the following consequence of Conjecture 4.17. In particular, Theorem 2.11 implies this
consequence when f has rational Fourier coefficients.

Theorem 5.1. Let f be a parallel weight one Hilbert modular form and oy be the associated Artin
representation. Stark’s conjecture 2.9 for Ad° oy is equivalent to the statement:

(5.1) (f, ) ~px [)5 det Ry,

where f,0 = 20(02) s the Artin conductor at p = 2 of the trace 0 adjoint representation. In
particular, equation (5.1) is true unconditionally if f has rational Fourier coefficients.

Remark 5.2. We expect that the factor f 91?/22 is rational; see Remark 5.10 for more details. If we

could prove this, we could remove “up to a possible factor of v/2” in the corollaries below.

Before presenting the proof of Theorem 5.1, we give two corollaries.

Corollary 5.3. Stark’s conjecture 2.9 for the Artin representation Ad° of 1s equivalent to the
assertion that top degree elements, i.e. elements in /\d U}/ ® F, act rationally, up to a possible

factor of /2. In particular, the latter is true if f has rational Fourier coefficients.

Proof. Recall from Conjecture 4.17 that top degree elements act by
Yoo
w

f
1= Ger,

Yoo
1o Wy _ L5
" det Rf det Rf'
SD
Since HY(X, &1,1) is one-dimensional and the Serre duality pairing is rational, the rationality
Seo

of dejtci& is equivalent to equation (5.1). O

Then:

Corollary 5.4. Conjecture 4.16 is equivalent to Stark’s conjecture 2.9 for Ad® oy when F' = Q,

up to a possible factor of /2. Hence Conjecture 4.16 is true unconditionally when f has rational
Fourier coefficients or complex multiplication.

Remark 5.5. We checked computationally (using the method of Collins [Col18]) that for a few
modular forms f of weight one from Example 2.20, we have that (f, f) = 3log(|¢(uy)|). This was
already observed by Stark [Sta75, pp. 91].
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The proof of Theorem 5.1 requires 2 steps:

(1) relating L(1,Ad% o) to (f, f),
2) showing that f, is a square when o = nd%2 AdO or), so that f, 12 ¢ Q* (away from 2).
0 Gr f 0

We will then conclude Theorem 5.1 from Proposition 2.17.

The relation of the adjoint L-value to the Petersson inner product was first observed by Hida,
based on the work of Shimura [Shi76]. He also related the prime factors of the quotient W

to congruence primes of the modular form f [Hid81, Hid81, Hid88]. This work was later generalized
to Hilbert modular forms [Hid91, HT93, Gha02]. An integral refinement of Conjecture 4.17 would
hence have to account for congruence primes.

Theorem 5.6 ([HT93, Theorem 7.1]). Let f is a primitive Hilbert modular form of weight (k,r),
level . Then

(f. ) = |Dp|" T p(k)Npjo(d)2 2B a=d= kL o(1, £, Ad),

where

Ls(s, f, Ad) = [ | La(Npyg(a)"*)L(s, f, Ad),
qes

S is a set of bad places, Lq(Np/g(q)™°) are bad local factors, {k} = > k;, and m is an explicit
J

integer which accounts for Hida’s unitarization [Hid91, (4.2a), (7.1)].

For an automorphic proof relating L(1, Ad(f)) to (f, f), see [IP21, Prop. 6.6].
For parallel weight one Hilbert modular forms, this specializes to the following result we will use.
Corollary 5.7. Suppose (k,r) = (1,1). Then:

(. F) e 7L, £, Ad).

To finish the proof of Theorem 5.1, we need to check that f, is a square (away from p = 2).

Proposition 5.8. Let m, be the local representation of GLa(F,) associated to f at a finite place v
of F. When v lies above 2, assume that m, is not a theta lift from a ramified quadratic extension.
Then the adjoint conductor of m, is a square.

Proof. It is enough to prove that the analytic conductors of the Rankin—Selberg L-functions L(m, ®
m.,s) are squares. When 7, is not supercuspidal, Jacquet’s results [Jac72] give explicit formulas

for the local conductors (see, for example, [Col18, Section 4.2]) and they are visibly squares.

We hence just need to show the conductor is a square at places v where m, is supercuspidal.
Suppose throughout the rest of the proof that F'is a finite extension of @, and 7 is a supercuspidal
representation of GL(2, F'). We write a(—) for the valuation of the conductor of a representation
and prove that a(m x 7V) is even.

Since 7 is supercuspidal, it is a theta lift of a character £ of a quadratic extension K/F [Gel75,
Theorem 7.4]. Then:

(5.2) a(m x w) = 20p(dg/p) + frx/r - a(€(€9)7")

where dg/p is the discriminant of K/F, fx/p is the residue degree of K/F, and g is the non-trivial
element of Gal(K/F'). Indeed, if p is the Galois representation corresponding to 7 via the local
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Langlands correspondence, then o = Indf; (x) where x corresponds to £ via class field theory, and
hence

(e® ")

(Ind% x ® Ind% x™1)

= a(Ind% 1 @ Ind% x(x2) ™)

= a(Ind% 1) 4 a(Ind% x(x9) ™)

Fldi/r) + freyr - alx(x9) ™) [Ser79, pp. 101]
rdi/r) + frr - a(€(€9)7H).

a(r x 1) =a

=a

2v
2v

When K/F is unramified, fx/p = 2, so a(r x 7V) is even by equation (5.2). Suppose that K/F is
ramified and has residue characteristic different than 2. Let w = wg, wr be uniformizers of K,
F, respectively. Then w} = —wg. Also, since Jx/p=1, Ok /wk =2 Op/wp. There is a filtration
on the unit group Uk

UY =Ug, Uk=1+wy Ok fori>1
with quotients:

(5.3) Uk/Uk = (O /wg)*, U/UZ" = Ok /wi.
We show that if 5(59)*1|U;( = 1 for ¢ odd, then 5(59)*1](];-(_1 =1.

For i =1, if 5(69)_1\(]}( = 1, then £(£9)7(z) for # € Uk depends only on the residue class of x
(equation (5.3)). We may hence assume = € O since Or /wr = Op/wp. Then

£(0) (o) = E(@)E(a) = 1.

Similarly, for 7 > 1 odd, if (5(59)_1)](]}{ =1, then £(£9)~'(1 + @' 12) for € O depends only on
the residue class of = (equation (5.3)). We may hence assume x € Op since Ok /wg = Op/wp.
Then

) 1+ wicte) = €1+ wic ') (1 + (—wr) a0t = 1.
Therefore, a(£(£2)71) is even, which completes the proof. 0

Remark 5.9. The strategy in the proof of Proposition 5.8 gives an explicit formula for a(mw x V)
in terms of a(£) when p # 2. For example, when K/F is ramified:

vy Ja§)+2 ifa()is even
a(mx ) = {a(f) +1 if a(§) is odd.

A similar result was obtained by Nelson—Pitale-Saha [NPS14, Proposition 2.5] when F' = Q and
the central character of 7, is trivial.

It would be interesting to compare these formulas with the ones given in [BHK98], but we have not
attempted to do this.

Remark 5.10. In fact, Nelson-Pitale-Saha [NPS14] prove that the adjoint conductor is always
a square when F' = QQ and f has trivial Nebentypus. We expect that the adjoint conductor is a
square also in our more general setting. However, proving this would require a careful analysis of
dyadic representations [BH06, Chapter 12] and we decided not to pursue it here.

We are finally ready to prove Theorem 5.1.
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Proof of Theorem 5.1. By construction of oy [RT83],
L(L, £.Ad) = L(1,Ad" gy).
Then, by Corollary 5.7, we have that
<fa f> = <fgv fg> ~EX F_QdL(la Ad(f),Z) = W_QdL(lv Ado vaz)'

By Proposition 2.17, Stark’s conjecture for Ad” o ¢ is equivalent to the statement:

2d

_ s
L(l,AdO Qf,L) ~ Ex W detRf
4

Putting these together and noting that W(p) = £1 and f, is a square away from p = 2 (Proposi-
tion 5.8) gives the result. O

5.2. Further evidence. We now present further evidence for the conjecture which may be deduced
from Stark’s conjecture 2.9.

We first observe that we have an algebraic operation given by complex conjugation. Recall that
the vector space HVI(X, Ek(1),r) is defined over the field F'(k(J)) C F which is totally real, and

hence HlJ‘(X,SE(L])J) ®p) C = H|J|(X<C75k(J),r) has an action of complex conjugation F,,. By
definition, it preserves the rational structure H!” ‘(X s Er(I) )

Lemma 5.11. The complex conjugation Fu: H|J‘(X(c,5k(1])7,ﬂ) — H‘J|(X(c,5k((])7r) is given on the
basis w} where |I| = |J| and k(1) = k(J) by

wh — Whe,
where f9(z) = f(—%) is Shimura’s complex conjugation. In particular, on f-isotypic subspaces, it

defines a map:

Foo: HIW(X &gy ) = HYUX, Egy i) ge-
Proof. This is a paraphrase of an observation of Harris [Har90b, pp. 164]. U
Proposition 5.12. There is an E-linear isomorphism Uy = Uyo. In particular, Conjecture 4.17

for [ is equivalent to Congecture 4.17 for f9.

Proof. The first assertion follows from the observation that Q}/ = 075 = e, so we can realize
Ad° 0 C 0y ® ofe. Since oy ® pre = g0 ® 0, we have that Ad° o = Ad° 0fe. This induces an

isomorphism Uy = Uye. O
Next, recall that we have a Serre duality pairing (4.9):
(5.4) (= —)sp: HYUX, &)y @ HZVNX, Ege \g)r) po — E(J)
which is E(J)-rational. We modify it slightly to replace f¢ with f via Lemma 5.11.
Definition 5.13. We define a pairing
(= =) HY (X, E11)p x HT (X, E11)f — B
by (=, =) = (= Foo(—))sD-

Proposition 5.14. Assume Stark’s conjecture 2.9. Conjecture 4.17 in cohomological degree j if
equivalent to Conjecture 4.17 in cohomological degree d — j (up to a factor of \/2).
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Proof. Recall that Conjecture 4.17 in cohomological degree j states that the elements:

(W 4)

give a rational basis of H7(X, £1,1)¢. Let us assume that this is true and prove that the elements

Ji
Wy

J
w fl
(W,

J
(a5)
“r
are rational in H977(X, & 1) ¢- It is enough to check that each of these classes pair rationally with
the classes in H7(X, €1,1)¢ using the pairing (—, —). Note that the pairing (—, —) is induced by cup
product and

/ + if JJ =3 J
<wf7w}7>: <f7f> 1 OO\ )
0 otherwise.
Since A = R;l and (f, f) ~gx f;/; det Ry by Theorem 5.1, this completes the proof. O

Now, suppose that j = d—j, i.e. d = 2j is even and we consider the middle degree sheaf cohomology.
Definition 5.13 then gives a non-degenerate bilinear pairing

<_7 _>: HJ<X75l,1)f ® H](Xa 8l,l)f —E
which satisfies: '
(wi,w2) = (—1)7 (w2, wa).

Proposition 5.15. Suppose d = 2j is even. Consider the basis of Hj(X(c,SLl)f given by the

entries of the vector

J1
W

WA

are consecutive. Then the of the pairing (—,—) ® C is

(i)

Moreover, assuming Stark’s conjecture 2.9, we have that * € E[v/2]*.

ordered so that the pairs wf and W=\
block-diagonal with 2 x 2 blocks given by

Proof. This follows from the same arugment as the proof of Proposition 5.14. U
Corollary 5.16. When d = 2, we showed in Fxample 4.20 that Conjecture 4.17 predicts that

log |T(u22)| - wj —log |7 (ua1)| - w}

Y = Hl X, E E
Uy x| Lot Rf € ( ) Ll)f ® F,
10g|7(LL12)|-(~1 10g|;(u11)|'w2
v f / 1
* [ = cH (X, & QR E.
Uog f lot Rf ( ) Ll)f

Assuming Stark’s conjecture 2.9, the determinant of this basis lies in E[v/2]*.
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Proof. Suppose that w1, ws is a rational basis of H'(X, &1)f ® E and
w1 = auy * f +buy x f
wy = cui x f +duy * f
for some a, b, c,d € C. Then:
(wi,ws) = (auy * f +buy x f,cui x f + duy * f)
= (ad — be)(uf * f,ug * f),
showing that ad — bc € E[v/2]* by Proposition 5.15, assuming Stark’s conjecture 2.9. Finally, this

shows that (uy * f) A (uy » f) = 9242 is E[/2]*-rational. O

6. EVIDENCE: BASE CHANGE FORMS

Let Fj be a totally real number field and consider a totally real extension F' of Fy. Any Galois
representation of G@ /1, May be restricted to a Galois representation G@ /- Hence, according to
Langlands’ functoriality conjecture, for any automorphic representation 7o of Resg, /o GL2 g, there
exists an associated base change representation m of Resp/g GLa F, written 7 = BC;OTF(). This is
discussed in detail and proved when F/Fj is a cyclic Galois extension in [Lan80]. See also [AC89].

We now make the following definition.

Definition 6.1. A Hilbert modular form f for F'is a base change form from Fy, if the associated
automorphic representation 7 is equal to BCEOWO for some automorphic representation .

Of course, this leaves the following question: given a Hilbert modular form fy € mg, how to choose
an explicit Hilbert modular form f € 7 = BC?OTFO? As far as we know, there is no canonical choice
of f in this generality.

When F' is a real quadratic extension of Fy = QQ and the weight of fj is at least two, one can define f
as a theta lift of fy, called the Doi-Naganuma lift. The reader can consult [DN70, Nag73, Zag75] for
the original results and [Oda82, Ch. III] or [vdG88, Ch. VI.4] for an overview. In examples below,
we will primarily be interested in cases where the level of fj is coprime to the discriminant of F;
such cases were treated by Kumar—Manickam [KM19]. When f has weight one, we are not aware
of an explicit construction of the base change of fy to a real quadratic extension in the literature.
We expect these forms can be constructed using the theta correspondence as above.

We will instead satisfy ourselves with the fact that these forms exist according to the Strong Artin
Conjecture, which is known in several relevant cases [Kas13, KST14].

Definition 6.2. Let f; be a normalized parallel weight one Hilbert modular eigenform for Fy and
0o be the associated Artin representation. The base change of fo to F' is the normalized parallel
weight one Hilbert modular eigenform f whose associated Galois representation is oy = ResG@ Q0
The goal of this section is to consider Conjecture 4.17 for base change forms. We compute Stark
units for base change forms, give a more explicit from of the conjecture in this case, and provide
numerical evidence for it in the case of real quadratic extensions.

6.1. Stark units for base change forms. For a Hilbert modular form f which is the base change
of fo, we want to relate the unit groups U; and Uy,. We fix a common splitting field L which is
Galois over Q. We denote the three Galois groups by:

G=Gr2G,=Gp 26 =GP
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If go: G, = GLo(E) is the Artln representation associated to fo, then the Artin representation o
associated to f is p = ResG, 0o by our definition of base change forms (Definition 6.2).

The goal of this section is to discuss the relation between the Stark unit groups and regulators for f
and fy.

Proposition 6.3.

(1) We have a natural isomorphism:
Uy 2 UL[Ad? o ® P,

where P is the permutation representation of G{, on the cosets Gy,/G'.
(2) In particular, if we consider the Gy -invariant subrepresentation

Py = span Z oG’ » C P,
oGIEG) /G

then
Uy, = UL[AdO 00 ® Py C Uy.

Proof. Part (2) clearly follows from part (1), so we just prove part (1). We have that:
Uy = Homer (Ad0 0, Resg, Ur)
= HomG/ (RGSG9 Ado 00, ResG, UL)
= Homg(Indg, ResG9 Ad° gy, Uy)
= Homg(Ind86 (Ad® oo ® P),UL),
= Homgy (Ad” g0 ® P,UL)

as claimed. The penultimate equality follows form the following fact from representation theory: if
K C H C G and V is a representation of H, then

Ind% Restl v = @ (Resit V @ @ gh(Resi v @ g(V ® P) = Ind%(V ® P)
geG/K g€G/H he H/K geG/H
g(hv) — g(h-v® hK)

where P is a permutation representation of H on the cosets H/K. O

Suppose now that Fy = Q for simplicity.

Proposition 6.4.

(1) Let f be the base change of a modular form fy of weight one. Then the units ufk associated

to f as in Definition 2.16 are given by:
;”k - H (6(01@0’0{1)’1)ao(tfktf’ajl)117
o'eG’

where a®(o) is the matriz of Ad® oo(c) in the basis m; .
(2) For any j, we have that

d
I _
H Usp = Ufo-
k=1
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In particular,

Ry | | = logluy,|

Proof. For part (1), we may take M; = Ad° oo(oj) for j = 1,...,d in Corollary 2.13 to get this
expression for uf - Part (2) then follows from Proposition 6.3 (2). O

Corollary 6.5. Suppose [F : Q] = 2. Let uy, be the unit associated to fo and ug be the unit asso-

ciated to the Artin representation Ad° oo ® wr/Q, where wr g s the quadratic character associated
to the extension F/Q. Then:

(6.1) Url - U2 = Ufy,
(6.2) U2l - U2 = Ufy,
(6.3) uy gy = uj%,
(6.4) Uyy - ugg = u?o

In particular,
-1
log |u11| log |uis] 1 -1\ [log|ug,| 0 1 -1
6.5 Ry = _ _
(6.5) 4 (log|um| log |ugs| 1 1 0 log|u5§;| 1 1

Proof. Fix representatives 01,09 of G/G’ and assume that 01 € G'. Then the permutation repre-
sentation P of G on G'/G decomposes as

P=Q(o1+ 02) ® Qo1 — 02).
Therefore,
Ur = Uy, © UL[Ad® 0o © wpg)

by Proposition 6.3. Tracing through this isomorphism under the chosen bases, we obtain equa-
tions (6.1)—(6.4) and the resulting equation (6.5). O

6.2. Consequences of Conjecture 4.17. Recall that we can use the matrix R;l to predict which

cohomology classes in H*(Xc, €1,1) are rational. When f is the base change of a modular form fo,
Proposition 6.4 (2) implies that:

1

R;! =—
f log [uy,|

1 1
Therefore, the following is a consequence of Conjecture 4.17.

Conjecture 6.6. Suppose f is the base change of a modular form fo of weight one. Then the
cohomology class

d
1 o 1
—_— w e H (X,ng)
log [uf, | ; / .
18 rational.

When [F : Q] = 2, Corollary 6.5 gives the following stronger rationality statement.
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Conjecture 6.7. Suppose [F' : Q] = 2 and f is the base change to F of a modular form fo of
weight one. Then a rational basis for H*(X, E11)y s given by:

o1 g2 g1 o2
Wy —i—wf Wy — Wy

log ug,| 7 logluf |

In light of Corollary 5.3, this is equivalent to Conjecture 4.16.

6.3. Embedded Hilbert modular varieties. To check if Conjecture 4.17 is compatible with
base change, we consider the Hilbert modular variety for Fy embedded in the Hilbert modular
variety for F'.

We will write d = [F : Fy] and d' = [Fy : Q]. Let 71,...,74 be the infinite places of Fy. Above
each place 7;, there are d infinite places o;; for j = 1,...,d of F. We write (;, ¢ = 1,...,d', for
the variables on H ® Fy and z;;, i = 1,...,d, j = 1,...,d for the variables on H ® F. Here (;
corresponds to 7; and z; j corresponds to o ;.

We write Xy and X for the Hilbert modular varieties associated to Fy and F', respectively. There
is a natural embedding
L: XO — X.
Over C, it descends from the map
H R F 0 HRQF
(Ch"'v(d’) = (Clu"'7(17C27'"7C27Cd’7"'7€d’)7

i.e. the subvariety is given by the equation z; ; = (; for all 4, 5.
We are interested in the restriction map
H{(X,E11) S H (X0, Eq.4)-

Particularly, we defined a class wf‘] € HI(X,& 1) associated to f € HY(X, &1) which is represented
by

(6.6) wiz) =&y N =L

as a Dolbeault class, and we consider L*(w}’ )

Lemma 6.8. If J contains o;; and o, j for j # 7',

L*(wf) =0.
Proof. This follows immediately from the expression (6.6) and the identity z; ; = (; on Xp. O
Let us assume that J only contains at most one o; ; for each 7, so that it is possible that .* (wf ) is
non-zero.

The following conjecture is a consequence of Conjecture 4.17.

Conjecture 6.9. Let A = (a;5) = R;l be the inverse of the Stark regqulator matrixz. Then for all
j=1....d:

> aij(w§) € HIW(Xo,E40) ® E C H((Xo)c, Ea) @ E.
=1
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Note that it is possible that L*(chj ) = 0 for all j in which case this conjecture is void. In fact, we

expect that L*(w;j ) = 0if f is not a base change form from Fj (see Proposition 6.12 for an example
of this phenomenon).

6.4. The case of real quadratic extensions. We finally restrict our attention to real quadratic
extensions F//Q. In the previous notation, Fy = Q and d = 2. We denote by z1, 22 (instead of
211, 21,2) the variables on X¢ and by z (instead of (;) the variable on (Xo)c.

Let f be a holomorphic Hilbert modular form of parallel weight (k, k) and consider w' € H L(xan, Eby k,)),
given by:

(6.7) wit (21, 22) = f(e171, €222)y 7
i

There are embedded modular curves ¢: C' < X in the Hilbert modular surface, studied exten-
sively by Hirzebruch—Zagier [HZ76]. We only consider the simplest example which is obtained by
considering the map:

v Ot — X"
z > (2z,2)
over C which descends to varieties over Q. Via this map,
) = 5 QL (00)

by the Kodaira—Spencer isomorphism, where (co) indicates that differentials are allowed to have
poles of orders at most one at the cusps. Hence:
Y2

defines a class in H'(C2", Qlcan(oo)) Via the trace map, we have:

L*(W;I)(Z) = f(e1Z,e22)y

Tr: H'(C&, Q5™ (c0)) = C,
y2

I

(Wit (z) = / f(e1z, e22)y
Can
and the isomorphism respects rational structures.

Lemma 6.10. For a Hilbert modular form of weight (k, k), *(w3') = (—1)k+1b*(w;2).

Proof. It suffices to check that Tr(¢*(wf")) = Tr(¢*(w}?)). This follows by a change of variables:

%/ o _ dz Ndz
Tr( (W) = /f(ﬁlz,GQZ)yk "
C((a:n
dz Ndz
:_/f(—elz,—Qz)yk )2
can
_ N dz Ndz 1
— 0 [ reahn et ERE (1 L) env =1

an
C(C

= (1M Te( (W),

as claimed. 0
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Putting this together with Conjectures 6.7 and 6.9, we get the following conjecture.

Conjecture 6.11. Let f be the base change of a weight one modular form fy. Then:

fle1z, e22)y ~px log |ug,|.

an
CC

For k > 2 and full level, these integrals were considered by Asai [Asa78]. The following result was
also obtained by Oda [Oda82]. See also [vdG88, Proposition (VI.7.9)].

Proposition 6.12 ([Oda82, Theorem 16.5]). Suppose f is a Hilbert modular form of parallel weight

k > 2 and level one. If f is not a base change form, then

dz N dz
flerz, e22)y" Zy2 =0

Can
Otherwise, if f is the Doi—Naganuma lift of a modular form g of weight k > 2, level D = disc(F/Q),
and character wg/qg, then there is a constant ¢ € Q™ such that
rdzAdz _ (f, f)
5 =¢C .
y (9,9)

(68) / f(elf, EQZ)y
Can

Remark 6.13. The proof of Proposition 6.12 in loc. cit. uses the explicit realization of f as a Doi—

Naganuma lift of a modular form g, which is currently not available in the literature for weight one

forms. If an appropriate analogue of Proposition 6.12 holds for a weight one forms fy of arbitrary

weight, level, and character, then we expect that Stark’s conjecture 2.9 implies Conjecture 6.11 for

base change forms of fj to a real quadratic fields.

Verifying the details of this would take us too far afield, so we will pursue this elsewhere. Instead,
in the next section we describe some explicit numerical computations that support Conjecture 6.11.

We end this section by proving that Conjectures 6.7 and 6.11 are equivalent for base change forms,
as long as " (w') # 0.

Proposition 6.14. Let f be the base change of a weight one modular form fy. Assume:

(1) Stark’s conjecture for the adjoint representation associated to f,
(2) *(wf') #0,

Then Conjecture 6.7 for f is equivalent to Conjecture 6.11 for f, up to a potential factor of v/2.

Proof. Clearly, Conjecture 6.7 implies Conjecture 6.11. We will prove the converse.

Consider the algebraic map ¢: X — X given on X¢ — X¢ by (21, 22) — (22, 21). By examining the
proof of Theorem 4.2, one can deduce that if f is a base change form, then ¢ preserves f-isotypic
components of coherent cohomology and hence induces a map:

and ¢ (wf?) = w}'. Letting

2

Clearly, g (w$') = w}
:|: _ g1 (o)
w> = wy +w o
we see that gp?é(wjf) = iwjf. Hence wjf are eigenvectors for the linear map g with distinct
eigenvalues, and so there exist AT € C such that:

At S Hl(X, 5171)]0.
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We have a rational functional Troc: H'(X,&11)f ® E — E such that:

(Trot)( A Tw™) ~px AT / L*(w;l), (Trot)(ANw™) =0
Can
by Lemma 6.10. Conjecture 6.11 then shows that we may take
1

A= ——
log ’uf0’

Finally, by Corollary 5.16, we know that the determinant of the basis

wt w

log [u,| " log [uf |

is E[y/2]-rational, and hence
1
log |ug,| - log [uf, |

)\+ AT NE[\@]X

showing that we may take A\~ = —L— (|

= —
log\uf0|

Remark 6.15. The idea to use the map ¢ was communicated to us by the referee for a previous
version for this manuscript. We thank them for this suggestion.

Remark 6.16. We expect that the condition (2) in Proposition 6.14 (i.e. t*(w$') # 0) is equiv-
alent to the character yg of fo being quadratic. One implication is clear: L*(w?) transforms by
the character x2 under the action of T'o(N), and hence Tr(v* (w$')) = 0 unless X2 = 1. Conversely,

if X% = 1, then the global analogue of Jacquet’s conjecture [Kab04, Pra01] implies that the auto-
morphic representation 7 generated by f contains a non-zero GLa(Ag)-invariant functional. We
predict that f +— .*(w}!) is this functional, i.e. t*(w') # 0.

Finally, we expect that Proposition 6.14 has a refinement when X% # 1. If wg is the character of Aa
corresponding to xo by class field theory and wy is its extension to A} (which always exists), then

Jacquet’s conjecture predicts that the representation 7 ® @B_l has a non-zero GLy(Ag)-invariant
functional. One could hope to translate this to a classical statement analogous to Conjecture 6.11.

6.5. Computing the integrals numerically. The next goal is to provide numerical evidence of
Conjecture 6.11, i.e. check that

dz Ndz
(6.9) / f(ez, egz)yT ~px log |ug,|.

Can
We will assume that x2 = 1 (c.f. Remark 6.16), and hence the integral may be taken over T'o(N)\H
instead of I'; (N)\'H. Indeed, equation (6.9) is equivalent to:

_ dz Ndz
(6.10) / fleZ, e22)y 2 e log [uj,|,

Lo(N)\H

because the two integrals differ by a factor of ¢(N).

We first derive a formula (Theorem 6.20) for the integral on the left hand side using Nelson’s
technique [Nell5] for evaluating integrals on modular curves.
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Let I' C SLo(Z) be a finite index subgroup and let F': I'\{ — C be a I'-invariant function on the
upper half plane H. Suppose we have its g-expansions, i.e. for all 7 € SLy(Z), we have

(6.11) F(rz) =Y ap(n,y;7)e(nx)
neQ

where e(nz) = e?in,

Theorem 6.17 ([Nell5, Theorem 5.6]). Suppose F' is bounded, measurable, and satisfies F(1z) <
y~ @ for some fixred a > 0, almost all z = x+iy withy > 1, and all 7 € SLy(Z). Then for 0 < § < «
we have that:

/ (o)™ _ [ es-n2e) X ar0an -9 55 ds

Y 211
F\'H (1+5) TEF\ SLa (Z)
where
I'(s
29) = " c(2s),
CLF(O, T 1 - S / S ! dy
Yy

Applying this to F(2) = fo(2)- fo(z)-y* gives an explicit expression for the Petersson inner product

(fo, fo)-

Corollary 6.18 (Nelson, [Coll8, Theorem 4.2]). Suppose fy is a cusp form in Sk(N,x). For a

cusp s, let Y ansq"™ be the g-expansion at oo of fol[Tsnlk, where 75 = s <}(L)s (1)> and Ts00 = s.
n

Then we have that:

- am32 > x - m
<fo,fo>=vol(;f\m > Z' | _1(87r>kl(ka_Q(x)—Kk_l(x)), x:4m\/}:,

seT\P1(Q) hs m=1

where K, is a K-Bessel function, hsg tis the classical width of the cusp s, and hg is the width
described in [Coll8, Lemma 2.1].

Remark 6.19. An algorithm to compute these Petersson inner products was developed and im-
plemented by Collins [Col18, Algorithm 4.3].
The goal for this section is to prove the following theorem, which is an explicit form of Theorem 6.17
in our case.
Recall that for a € SLa(OF), we write a;; = 0;(a) and

Fllede(z1, 22) = flanz1, apze)jlan, z1) " j(ag, 22) "
where

j(g. 2) = det(g) "?(cz + d).

By definition, if f is a Hilbert modular form of weight (k1,k2) and level I" and character x, then

fllals = x(d) - f for a = (Z Z) cT.
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Theorem 6.20. Let f be a normalized parallel weight k Hilbert modular newform of level Mt and
character x. For each cusp s € PL(Q)/To(N), let T € SLo(Z) satisfy Too = s. Let hg be the width
of the cusp as described in [Coll8, Lemma 2.1], and

e (€ 0 e 0\ '
T~\o 1)"\o 1) >
€ €h50
Th:T()l'

If 37 a@my),sq™ is the q-expansion of f|[t;]k at oo, then
m>0

flez eyt ELE D> Sj m/i’}k 12(23;)'“‘1 (2K a(x) — Ki1())

To(N)\H

where x = 227121, and hs g is the classical width of the cusp s, and i =0 ifd =1 (4) or

i=1ifd=3(4).

m
hsVd

Remark 6.21. This formula is very similar to the formula for (fy, fo) in Corollary 6.18. We can
hence adapt the algorithm [Coll8, Algorithm 4.3] to compute the integral. The computation of
g-expansions of f at other cusps given the g-expansion at oo is discussed in the next section (6.6).

We devote the rest of this section to the proof of this theorem. We want to apply Theorem 6.17 to
the function

(6.12) F(z) = F{'(2) = f(e1Z, e22) - 4"
where f is a Hilbert modular form of parallel weight k.

We will need g-expansions of F(z) at other cusps, i.e. g-expansions of F(7z) for 7 € SLy(Z), as
in equation (6.11). The idea is to express them in terms of g-expansions at co of another Hilbert
modular form.

Lemma 6.22. Suppose f is a Hilbert modular form of weight (k,k). For a cusp s, let T € SLa(OF)

be such that Too = s and set
. 0 e 0\ '
T 0 1)7\o 1) -

Fll(rz) = F}’ﬁﬂ (2).

Then we have that:

Proof. For 7 € SLy(Z), we have that:

fatraeatra) = 1] | (5 1)7] o (V)2 20t 20

[ (0 ‘fﬂ (21, 22) - (N ()™ i (r, 20) " (7, 22)"

= fIrTk(e121, €222) - (7, 21)F 5 (7, 22)F.
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Therefore,
F{'(72) = f(e1(r%), e2(72)) - (Im(r2))"*
= fIlr ke, e22) - (7, 2) ¥ - (Im(72))"
= fl[rk(e1Z, €22) - Im(2)*
= Fy|ire),,(2),
since Im(72) = |j(r, 2)| 2y. O

Lemma 6.23. For a cusp s, consider T € SLa(Z) such that Too = s. Let hg be the width of cusp s
(as in [Coll8, Lemma 2.1]) and
T =T° (%5 ?) .

The q-expansion coefficients of F(7z) (as in equation (6.11)) are given by

ar(nfhe g = (0/ha)* - S agys - e 2 B a0/

m>0
Tr(em)=n

where a(y) s are Fourier coefficients of f|[r)]x. In particular,

> 1—i,,
CZF(O, Y; T) = (y/hs)k . a(m%S . 6_27T2 Nz (y/hs)

m=1

where i =0 ifd=1(4) andi=11if d=3 (4).

Proof. We write h = h, for simplicity. Suppose the g-expansion of f|[7}] is:
Ik (21 20) = Y agmy g™

m>0
Then:

Az z2) = h78 Y agmsa™ .
m>>0
By Lemma 6.22,

F(rz) = fl[m]k(e1Z, €22) - yk
= (y/h)k Z A(m),s * e2milerm /61 (Z/h)+eama/82(2/h))
meok
= (y/h)k Z Am),s * o 2m(€2ma /62 —c1m1 /61)(y/h) ,2mi(Trem/8)(z/h)

mEO}

_ (y/h)k Z Z Urm).s e~ 27 (e2ma/d2—e1m1/61)(y/h) e((n/h)z).

Hence
ap(n/hyT) = /R Y - e 2T Bam 60/,
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and in particular,

ar(O.pi7) = (/) S a e 2rema B /),
m>0
Tr(em/6)=0

To make this last formula more explicit, we write m = a + 8v/d. We may choose § = 2:v/d - € to be
the totally positive generator of the different ideal. Then

_ 5
em/d = — + 2ld\/g'
If Tr(em/d) = 0, then 8 =0, so m = « € Zxyo. Moreover:
2=
Vd -

€ama /0y — €e1my /01 =

We may hence rewrite the above sum as

e lfim
ar(0,57) = (/W)Y a7V O,

proving the lemma. O
We finally complete the proof of Theorem 6.20.

Proof of Theorem 6.20. We will apply Theorem 6.17 to the invariant function F(z) = F}” (z). By
Lemma 6.23,

ap(0,y;7) = (y/hs)* - > agm), /),
m=1

Hence:

7 d
ap(0, 7)1 — ) = / ar(0,:7) 5 L.
0

= T —27r21_ ™ (4 /hs _ dy
=>. a(m),s/e Vi W)yt (g gy &Y
m=1 0
00 o 1—i,,
=D amyshi” / eI i1
m=1 0 Yy
O x Tt+k—1)
= Z QA(m),s'ls 2= im k1
= (27r75 )
A(m),s Nt+k—-1)

I
AN

= (22w /)b th, (27 a)t

According to [Nell5, Lemma A.4]:

/ (t—l/Q)W;i = Ky 1 (2) — Ko (o)
(1+5)

for v € C with Re(v) > 0.
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By Theorem 6.17,

/F(z)dzgy: /(zt_1)2§(2t)ZaF(o,-;T (1-¢) 2L

211
\H (1+9)

Am),s = / POt +k—1) 1 dt
=43 h t—1/2 o
Z OZ (22~imm/v/d)*~1hy ;(1 5)( /2 (227m? o 2)t 2 2mi

t+k—1) ds

_ 4§ Bso / (t—1/2) QLN
Z Z (22— zﬂ_m/fk 1ZI+6 /2) (22-ix 2::%)1& o97i

hfs() > a(m)s e T k—1
=4 : ’ , 2Ky _o(x) — Kp_1(x
where we set z = 227"/27ny/m/hsV/d in the last line. U

In order to use Theorem 6.20, we need to compute the g-expansions of the Hilbert modular form f
at other cusps, i.e. g-expansions of f|[a]; at oo for a matrix a. We discuss this problem in the next
section.

6.6. ¢g-expansions at other cusps. In this section, we address the following question: given the
g-expansion of a Hilbert modular form f(z) at the cusp oo, what is the g-expansion of f(z) at any
cusp of To(N)\H??

We take two methods available for modular forms and discuss their generalization to Hilbert mod-
ular forms:

e Asai’s explicit formula [Asa76] (Theorem 6.25),
e Collins computational method based on a least-squares algorithm [Col18] (Algorithm 6.27).

The first one is much faster in practice but only works for square-free level. The second one works
for any level, but our implementation is too slow in practice to compute the above integrals. We
include it here since it might be of independent interest.

Collins also introduced an improved computational method for modular forms using twists of
eigenforms [Col18, Algorithm 2.6]. This is also discussed in Chen’s thesis [Chel6, Chapter 4].

An alternative approach is to use the adelic language. The Fourier coefficients of a modular form
are given by value of the Whittaker newform of f at certain matrices. LoefHler-Weinstein [LW12]
give an algorithm to compute the local representations, so one just needs an algorithm to compute
the local newforms. For more details, see [CS18, Section 3] .

6.6.1. Ezplicit formula, following [Asa76]. Let F' be a totally real field of narrow class number 1
(of arbitrary degree d). Suppose f is a Hilbert modular eigenform of level 9 with character
x: (Op/M)* — C* and parallel weight k. Suppose the level M is square-free. We write I' = T'o()
throughout this section.

The goal is to prove an explicit formula (Theorem 6.25) for the g-expansion of a Hilbert modular
form f at a cusp C' = a/b € F in terms of the g-expansion at oo, generalizing the main result of
[Asa76] to the Hilbert modular case.
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Since M is square-free, the cusps C' = a/b of I'\H? are in bijection with decompositions 9 = A - B,
where B = ((b),0). For each divisor 2, we consider the matrix

W_Aaﬁ_aBAO
A= \Ny 46) “\By A5)\0 1

e A, N are totally positive generators of 2, 91, respectively; then B = N/A is a totally
positive generator of B,

o det Wy = A,

o o, 3,v,6 € Op.

such that:

Such a matrix always exists: since 2 = (A) and B = (B) are coprime, we have that 1 = AA + uB,
for some A\, € OF, so A = AA% 4+ uN, and we may take « = 8 =1 and v = —u, 6 = X to obtain

such a matrix:
A 1
War = (—NM A)\) '

Conversely, for a matrix Wy,

is a cusp with ((B7),M) = B, because
1= Aad — BBfy=—Bfy mod «,
so () is coprime to 2.

Such a matrix Wy associated to 2l is well-defined up multiplication by elements of I". Moreover,
Wy normalizes I' and A*1W§l erl.

The g-expansion of f at the cusp corresponding to 9t = AB is the ¢-expansion of the Hilbert
modular form fy = f|Wy at co.

For a prime ideal p = (w) of Op, coprime to M, with totally positive generator w, the action of
the Hecke operator T'(p) on the space of cusp forms S (91, x) is given by

CRIEPN

(6.13) FIT(p) = Nejg(0)* 1 | x(w) f

For example, when d = 2, this simplifies to the more familiar expression:

FIT(p) = Npjg(0)" ' | x(@)f(@121, @222) + Npjgp™* Y f<

21+ 2o+ 1/2>
bl
veOr/p

w1 w2

We will write T'(p, x) for the action of the Hecke operator T'(p) on Sk(M, x).

Remark 6.24. This normalization of Hecke operators is consistent with 77(p) in [Shi78].

For simplicity, whenever we write down a generator of an ideal, it is assumed to be totally positive.
The main result of this section is the following.

Theorem 6.25. Let f be a newform in Sp(M,x) and f|T(p,x) = apf. For each decomposition
M = ADB, let fo = f|Wa. Then fy is a newform in Sp(MN,*x) and

FalT(p, %) = i fu
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for every prime p = (w), where

L _ )xa(@ay ifp £
P xs(w)a, ifp fB,

and

xu: (Op/A0p)* — C*,

m = x((=BBy)m + (Aad)),
xs: (Op/BOR)* — C*,

m — x((Aad)m + (—BfB7)),
A (Op/MOR) = CX,

m— x((Aad)m + (—=BBy)m™1).

Proof. The proof is a straightforward generalization of [Asa76, Theorem 1], so we just give a sketch.
We first check that fy has character *x described above. Write
d: T =To(N) = (Op/N)%,

<“ b)i—>d mod 9.
c d

Then we just need to check that
d (WagWy ') = *x(d(9)),

where

y(m) = (Aad)m + (=BBy)m™* mod N.

For g = <i Z), we have that

1 (Aa B a b ) —B/A
Wwwﬂl—(z\w A(S) <c d> <—B~y o >

_ [(Aa P ad —bBy —afB/A + ba
~ \Ny Ad§) \cd —dBy —cB/A+ da

SO
dWayWy ') = —aByB + bNay — 6 + dAasd
= (—pyB)a+ (Aad)d mod N since c=0 mod N
which proves the above result, since ad =1 mod .

One then computes a formula for how the Hecke operator T'(p, x) commutes with Wy using the
above expression for Hecke operators (c.f. [Asa76, Lemma 2]). To check that fy is a newform, one
shows that Wy preserves oldforms (c.f. [Asa76, Lemma 1]). O

The Hecke eigenvalues a, of T'(n) may be computed from the eigenvalues a, of T'(p) in the standard
way [Shi78, (2.26)]. For n coprime to m, we have that

Gpm = Gn * Am
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and for n = p”, we have that
(6.14) D ap N(p) ™ = [1 = apN(p) ™ + x(p) N (p)'o' 7>~

where kg = max{ki,...,k,}.
We can then recover the g-expansion of fy, up to a constant A, from the Hecke eigenvalues a,(?l)
given by Theorem 6.25. There is an explicit expression for A, described in the next theorem.

Theorem 6.26. Let f be a normalized Hilbert newform with character x and level . Then there

18 a constant \ such that N
fa=AYag)e”

>0
F@)
where we define:
@) _
Yy =
afy) = xa(V)ag) if (), %) = O,
= xsV)ag if (v),B) = Op,
aéi% = aya, 3 if (vs1) = O

Moreover, there is an explicit formula for A\, analogous to [Asa76, Theorem 2|. First, for a decom-
position M = pB for a prime ideal p = (w), let

w 1
Wy = <N’y wé)

be a matriz of determinant w with 7,6 € Op. Then

FIWy = 2 f)
with
N = {C’(Xp) -Np~ k.G ifp divides cond(y),
P —Npl-k/2 X otherwise,
where

Clxp) = Z Xp(h) - e2miTr(h/=)
h mod p
is a Gauss sum associated to Xp.

In general, for any 9N = AB with an associated matriz Wy = (;1;’); fé) , we have that
A=x(46-By) ] xe(A/@)A.
(@)=p[A

Proof. Once again, the proof generalizes the proof of [Asa78, Theorem 2]. Since for 2 coprime to
A, we may take Wagy = Wy Wy, it is enough to check the assertion for a prime ideal 21 = p.

By definition of agi)) and \,, we have that:

(6.15) FIT(B) 0 Wy = ap fIWy = apdy 3 af) g/
v>0
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We compute the left hand side in another way to get the result.
Since det W, = w, we have that
By=By—wf=—-1 mod p.
Hence for j # 1 mod p,
1+Byj=1—35%0 mod p,
so there exists £ # 0 mod p such that
(1+Bvj)f=1 mod p.

Moreover, this defines a bijection

{1 €0F/p[j#1 modp} < {{eOr/p|j#0 modp}.

One can then check that for j £ 1 mod p

(2)m=n(t2)( )

for some o1 € T'y(N) such that x(d(o1)) = xp(4).

(¢ o )

for some o9 € I'y(M) such that x(d(o2)) = xn(w@).

L 2m)

For 5 =1, we have that:

Using the expression (6.13) for T'(p):

FIT(p) o Wy = (Ngygp)*/?~ 1( S of

JEOR/p

= (Npygp)"?! (Z Xp(O)f

120

Using the g-expansions:

>0 v>0

we have that

v>0

v>0

Hence

(O 1)) -y

=Y e =2 Y ala .

R4 i Tr(vl/dw) v
€ -

Wy (w 1) (Nrygp)* X Zap) v,
k

)

f’T(P) ° Wp _ (NF/Qp)k/2fl Z (ZX 2mTr uf/éw)) qu/5

>0 1£0

+ (Np/gh)*~ @) Ap Z a qm/(S
>0
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If Xy is primitive, then

> (O T W) (9)C ()
020
since § is coprime to =, and hence

FIT(p) o Wy = (Nesgh)** xp(6)C (xp) Z Xp(V)awa”’* + (Ngjgp)™™ @) Ap Z a qyw/‘s
>0 >0

If xp is not primitive, then x, = 1, is the trivial character modulo p. Then, since w is coprime
to 4,

1 Tr(vl/dw i Tr(vl/dw) -1 pIY),
S s (O TO) 3 it _{_(q) ()

=0 =0 1 otherwise.

Hence:

FIT(p) o Wy = —(Npygp)*/*! Z ag)q”’ + Z <(Np)k/2a(uw) + (NF/Qp)k_l)(%(w))\paEE))) q="°.
v>0 >0

Comparing the expression for f|T'(p) o W), in each case with equation (6.15) gives the result. O

6.6.2. Numerical method, following [Coll18]. The explicit formulas above only apply to Hilbert
modular forms of square-free level. We discuss how one could generalize a method of Collins to
compute g-expansions at other cusps for general levels.

As in [Col18, Section 2], we consider a matrix o which takes infinity to the cusp and
_fa b\ [(h O
“h=\c a)\o 1)

fllonlk € Sk(Lo(MNh))

and we want to compute its g-expansion:

(616) f‘[ah]k = Z a(u),aq Zana <Z q" V)

v>0 meZ

For f S Sk(l“o(‘ﬁ)),

where ¢™ = e2™T(m/%) and u € (Op)% is a fundamental unit.

The idea of Collins [Col18, Section 2.3] is to sample points 21, ..., z); € H? and use the g-expansion
at oo of f to compute f[ap|x(z) for these values. Then to use a least squares algorithm to approx-
imate the constants a, o which satisfy

ahszam<z )

mEeZ

Algorithm 6.27 (g-expansion at other cusps, adapted from [Col18, Algorithm 2.3]). Given:

e a Hilbert modular form f of level M, weight (k, k), with an algorithm to compute its Fourier
coefficients a, for arbitrarily large n,

e a cusp a/c € Q of width h,

e a maximal norm K of Fourier coefficients needed,

e a desired accuracy 107,

e an exponential decay factor e~ 0,

we can compute the Fourier coefficients a, o for Norm(n) < N, accurate up to 10~F as follows:
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(1) Either increase K = Ky or decrease C' = Cp so that KC =~ log(10)E and work with
interpolating

S an (qu).

n
Nn<K meZ

(2) Choose M (for example, 2K) and pick points z1,. .., zy € H? with both imaginary parts
equal to C/27 and Re(z;) randomly in (—d/ch —1/2,—d/ch + 1/2).

(3) Numerically compute the values f|[as](z;) = h¥/2(ch(z1) + d)7F(ch(z;2) + d)7F f(anz;)
using the g-expansion of f, truncating until we have reached an accuracy a little greater
than 10~%, and fill these into a vector b.

(4) Numerically compute the values . ¢*"" for each z = 21, ..., 2y with an accuracy a little

meEZ
greater than 10~ and store them in a matrix A.

(5) Numerically find the least squares solution to Az = b as the exact solution to (A*A)x = A*b.
The solution vector is our approximation to the coefficients an, for each n of norm at
most K.

We implemented this algorithm, but step (3) is very slow in practice. Since we need a lot of Fourier
coefficients in our case, it is not realistic to apply this algorithm for our purposes.

6.7. Numerical evidence. We can use Theorems 6.20, 6.25, and 6.26 to compute the integral
and verify that:

dz Ndz
(6.17) / fle1Z,e22)y R c-log|uyg,|

Co(N)\H

for some ¢ € E*. This numerically verifies Conjecture 6.9 which we showed is equivalent to
Conjecture 4.16 in base change cases.

6.7.1. Modular forms associated to cubic extensions. In Example 2.21, the unit group Uy, is de-
scribed explicitly, so this is the first case we consider. This is the base change of Example 2.20 to
a real quadratic extension F' = Q(v/d) of Q.

We briefly recall Example 2.20 to set up the notation. Let K = Q(«) be a cubic field of signature
[1, 1], obtained by adjoining a root « of a cubic polynomial P(z). The splitting field L of P(z) is
the Galois closure of K and Grg = S3. We consider the irreducible odd Artin representation

GL/Q =~ S5 — GLQ(Z).

It has an associated modular form fy and we consider its base change f to F' = Q(\/&) The
associated unit group is Uy, = I((l ), the norm 1 units of K, and we consider a generator u = uy, of

this group.

Table 6.1 shows constants ¢ € Q such that the equality (6.17) holds up to at least 15 digits. The
computations were performed on the High Performance Computing cluster Great Lakes at the
University of Michigan.
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d | polynomial P(x) | lmfdb.org label | level N | unit u | constant ¢ | time taken
5 -2+ 23.1.b.a 23 a2 — « 2 00:09:34
5 -1 31.1.b.a 31 o —4 00:13:36
5 342 —1 59.1.b.a 59 a? -8 01:56:22
51 ad—a?+2x+1 87.1.d.b 87 a -2 04:15:09
13 -2 41 23.1.b.a 23 a?—« 8 00:10:19
13 B +r—1 31.1.b.a 31 a -2 00:49:47
13 3+ 2 —1 59.1.b.a 59 a2 —22 29:47:44
13| —22+22x+1 87.1.d.b 87 a —4 04:23:13
17 -2+ 1 23.1.b.a 23 a?—« 14 00:16:52
17 »4ar—1 31.1.b.a 31 a —18 01:01:15
17|23 —22+22+1 87.1.d.b 87 « —14 19:40:11
29 -2+ 23.1.b.a 23 a? -« 4 00:32:08
29 B +r—1 31.1.b.a 31 a —14 02:38:12
37 -2+ 1 23.1.b.a 23 o — 10 00:25:45
37 »4r—1 31.1.b.a 31 a —6 01:41:38

TABLE 6.1. This table presents constants ¢ such that equation (6.17) holds for the
unit « and the base change to Q(v/d) of the modular form of level N associated to
the polynomial P(z). We give the 1mfdb.org label of the modular form. The time
taken to perform the computation with at least 15 digits of accuracy is displayed in
the format hh:mm:ss.

It is quite remarkable that all the constants ¢ are even integers and not just rational numbers.
Rubin’s integral refinement of Stark’s conjecture [Rub96] could provide an explanation. Under-
standing this phenomenon may also be related to studying congruence numbers for f [DHI98] and
a potential integral refinement of Conjecture 4.17 would have to take them into account.

Weight one form of level 47. We give an example where the coefficients of fy are not rational and
hence Stark’s conjecture 2.9 is not known for the base change form f. Let fp be the modular form
of weight one, level 47, label 47.1.b.a in 1mfdb.org, and g-expansion:

fo=q+(-1+8)¢* — B¢+ (1 — B)g* + -

where 8 = (14 V/5).

The associated Galois representation is:

0: Gal(L/Q) = D5 = (s,r | s> =1,r° = 1,srs = ") = GLa(Z[(5])
0 1
s (1 0).
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where we choose s € D5 corresponding to the complex conjugation ¢y € Gal(L/Q) associated to

L — C. For the basis (0 1), < 0 1>, <1 0 > of Ad® p, the adjoint representation is:

1 0)7\-1 0)\o -1
0: Gal(L/Q) = D5 — GL3(Z[¢5])
1
S -1 9
—1

(@E+G2/2 (@E-¢G2/2 0
re (G -G2/2 (G+E2/2 0
0 0 1

Finally, this shows that:
4

(6.18) =g, = [ )<,

i=0
where € is the Minkowski unit (Definition 2.3) for the embedding 7: L < C such that s is the
complex conjugation associated to 7.

Note that 8 = (2 + (72, so the coefficients ¢? 4+ (=% lie in the coefficient field Q(v/5) of f.

d | Imfdb.org label | level N | unit uy, | constant ¢ € Q(v/5) | time taken
47.1.b.a A7 (6.18) 15 04:44:15
13 47.1.b.a 47 (6.18) 5—-/5 09:20:12
17|  47.1.b.a 47 | (6.18) 8 — 83 02:04:28
29| 47.1.b.a 47 (6.18) 33 15:47:31

TABLE 6.2. This table presents constants ¢ such that equation (6.17) holds for the
unit u s, and the base change to Q(v/d) of the modular form fy of level 47. The time
taken to perform the computation with at least 15 digits of accuracy is displayed in
the format hh:mm:ss.

i

Interestingly, in this case, the right hand side seems to always be an integer multiple of 1 — %
Once again, this may be related to congruence numbers for f.

APPENDIX A. COMPARISON TO PRASANNA—VENKATESH [PV21]

Prasanna—Venkatesh gave a conjectural definition [PV21, Definition 4.2.1] of the adjoint motive.
Beilinson’s regulator defines a map

(Al) H_/l\/l(MCOad7 Q(l)) — HB(Mcoad,CaR)WR = QWR-

For a cohomological, tempered automorphic representation, they define an action of A*(§""®) on
Betti cohomology of the associated symmetric space, and conjecture that the action is rational for
the rational structure given by motivic cohomology.

In this appendix, we explain that Conjecture 4.16 is the natural analogue of this for coherent
cohomology. In our case,
d
§= Pslac.
j=1
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The archimedean Langlands parameter associated to a Hilbert modular form f of weight (k,r) is
given by
d
p: Wr =C*UC"j — P GLy(C)
j=1
, 2r i(k;—1)0
X 0 s e
C”* > se” = ( S2re—i(kj—1)0>

o (0 1)

A simple computation of the adjoint action gives the following lemma.

(see [Kna94)).

Lemma A.1. For a Hilbert modular form of weight (k,r), we have that:

W 1 0
(A2) e @D R(O 1>‘
j st kj=1 J

This allows us to define the action of this Deligne cohomology group on coherent cohomology.

Definition A.2. Let f be a Hilbert modular form of weight (k,7). We define an action x of A* g"V®

on H*(Xc, &) s by letting <(1) _01> for j such that k; =1 act by:
J
HY(Xc, &) p — HITH (X, €y

JU{o;} ]
wi s A
0 oj € J

Here, we use the bases of cohomology groups given in Corollary 4.3.

This is precisely the action we defined in Definition 4.15.

Remark A.3. Recall from Remark 4.1 that the cohomology class wf is associated to the action of
right translation by the matrix g; € G(R) where

1 0
0j € J,
0 -1

(90); =
1 0
0 1) oj & J.

Although the elements in equation (A.2) belong to the Lie algebra g and not G(R), this seems like
a natural way to define this action.

In the case (k,r) = (1,1), we expect from Proposition 2.24 that UJY = H}\A(Mcoad,Q(l)). Proposi-
tion 4.13 gives an explicit expression for the (inverse of the) Beilinson regulator (A.1). Therefore,
Conjecture 4.16 amounts to the fact that the action of H./l\/[(McoadaQ(l)) preserves the rational
structure on coherent cohomology.

Finally, we briefly discuss the motivic action conjecture for partial weight one Hilbert modular
forms. Suppose f is a Hilbert modular form of weight (k,r) and let M = M_yaq be the conjectural
coadjoint motive of weight zero associated to f. The Beilinson short exact sequence for M is:

(A.3) 0 — FYHyr(M)) g R — Hp(Mg,R) — Hp(Mg,R(1)) — 0.
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A simple calculation using the Hodge decomposition of Hg(M) gives:
dim F' (Har(M)) = #{j | k; > 1},

and hence
dim Hp (Mg, R(1)) = #{j | k;j = 1}.

The last assertion is consistent with Lemma A.1.

Consider the rational structure on Hy, (Mg, R(1)) given by the motivic cohomology group H} (M, Q(1))

via Beilinson’s regulator (A.1). This gives an action x of H}M(M ,Q(1)) on coherent cohomology
H*(Xc,E,y)y via Definition A.2.

Conjecture A.4. The action * of N* H},(M,Q(1)) on H*(Xc, ) s preserves the rational struc-
ture H*(X,Exy) ¢

The action of top-degree elements, i.e. the group A° H},(M,Q(1)) where £ = #{j | k; = 1}, has
a particularly nice description in terms of Beilinson’s conjecture for the adjoint L-function. For
me N\ H},(M,Q(1)), we have that

Ji

_ Yy ¢
mx* f = ro(m) cH (X(c,f:&r)f,

where J; = {j | k; = 1}. This final space is one-dimensional according to Theorem 4.2 (2) and
hence we may check the rationality of m % f using Serre duality. We consider the rational element

Eoo\Jl
“r

VE V()

e g (Xv 52—E,r)f

(see Definition 4.6). Then:
J Yoo \J
Wit W\ ) (f. 1)
ro(m)" R (f) [ rp(m) -y VA ()
by Proposition 4.8. Using Theorem 5.6, this amounts to the statement
L(1, £, Ad) ~gy g ro(m)r™=\11(f),

up to appropriate powers of .

Finally, Beilinson’s conjecture implies that:
rp(det Hy (M, Q(1))) = L(1, f, Ad) det Hp(Mg, Q)

as rational structures on Hz,(Mg,R(1)). Assuming this, Conjecture A.4 is equivalent to the state-
ment:

VEOO\Jl(f) = det Hp(Mg, Q),

which we would expect to be true. It would be interesting to verify this final equality, but we
decided to pursue this problem elsewhere.
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