
MOTIVIC ACTION CONFECTURES 1

These are notes for a series oftwo talks atImperialCollege London:

· Talk 1 ("June 2, 2023):singular chandogy oflocally symmetric spaces,
· Talk 2 (June 9, 2023):cohanology ofvector bundles on Shimura varieties.

Talk 1:Cohanology ofarithastic groups aperiods ofautomaphic forms.
(see also Venkatesh's Takagilectures (

So. Very briefintroduction.

Motivating question:How do algebraic cycles interact with the Langlands program?
We will study an example ofthis phenomenon:
multiple contributions ofan act formtocohomology algebraic cycles
Global Langlands correspondence:

autanaphic Galis

E 3 I representations] Luctives]fams/teps it 1 > Pu tal
spacket oftempered)

real. Ad*Mi =dual
e
it =automaphic rep. ofGA) ? dim=ajcint motive

->H*o*o,)=t*,(1)M
motivic can group algebraic cycles(Heche algebra acts as on i dim=1?)=(?)

Plan:1. Computing * Lo**Rock, D) (Matsushima's famula,Bard-Wallach).
2. The fundamental problem:explain contributions by extra endomaphisms.
3. The extra endomaphisms: .over D (Prasuma-Veahatesh),

· over Up (Venkatesh).

4.Theextra endorphisms over R(conjecturally):motivic action.



31. Chandogy of arithmetic groups.
2.

6 =reductive alg.p/ (SLn,a, RuaSLn,, Spzn, ...)

locally sym, space:Xo =

=Ga**/kok ka- GIR), k =G(Af)
maxle spot spotopen

real manifold,no complex structure in general
Goal:Compute H*(XG, D). Note:H*(F, D) for some - G(Q)

when XO=

Motivating examples. (keepon the board!

10) GL2,1:Eichler-Shimura H2 =4z =D(Tmz< 03

X6 =H2 Sk(E)
W

c H'(2,K)
imin=

I 8 =0

modularne f(z) I Wf: =f(z)dz thatinteresting
for us

(1) GL2,k, k =Q(ed):Bianchi modular fens

Hs = hyperbolic 3-space =((2,t) ->DxR + c 03
↳

with metic ds=dx +dy2 +dt2
F(G2(8)?GLz(k) +2

x6 =3 real tweeted (no algebraic structure (

Biaudimodular form f ofweight 2:1:H3 ((3(f =(f,,fz,73))
2 tranfamation property under 1.

w', H'(Ys, ()C-w: =f, - f2 +fs imin=1

Sz(P)
8 =1

w2 H2) *3, () C- WI:=1,dtdz-fzdz +As dtdE



3.

(2) GL2,R, K/F CM, [F:R] =2

~ -G(z(8x)(Gk(k) xGk)D)6H X6 =realde
wh HEY, D) 5WE 1 imin=2

S2,2A)
W?,H3(N,K)C-we,, w.2 2 8 =2

W3
cx > H4 (NH3, K) CWI I

Thm. (1) Matsushima's famula:

H*(g,k;(*(S/1)) =0 m(n,f).H*(g,k;π)
H(((S/1)

TEL2+3 VEC
(2) Borel-Wallach:Ifit -tempered, then 6 =rh (G) -r (k),min =dim(S))-

and: · Hi(g,k;5) =0 ifi-D [rmi, imin+8]
· dien Hi(g,k;H) =(; imn ifit [imin, imin+8].

/For it =non-tempered, contributions look different.)

Det. 8 = rG-rk isthe defect. Sometimes called to.



52. Thefundamental problem. 4.

=extra endomaphisms:
! ?

-Himin(,) pinint(I, E Himin+i),D) -> H
imin+6

(I,a ->

die d d. S d.( d

s.t. H*(EX is all explained in terms ofHimin(, D)?T
Endomaphisms currently there:Hecke operators, letschetz operators.

53. Extra endanaphisms over D & over up.

Over D: . In examples, clear:
These can be deser.

(1) H'(H3/1, @) < H(Hs /, D)

we wI gequetricallyeatsin
c.f. Veakatesh's

, WE, We Takagi lectures.
W1Y2we >H3(H3/,K7 i w

(2) H2(131, () ;H4(13/,D)
I H3(H3/4, D1

WeW1,
· w1,2 WI?

· Ingeneral:go back to Borell-Wallach a definethe endorphism
atthe level ofG,k)-echonology (see Prasoma-Venhatesh for details).

Result (Prasanna-Venkatesh). 1*(DS) G H*(1, D) temp
S =defect

1$8 will be a canonical v.sp., see later)



Over up. Think aboutH*(F,Q). 5.

Iwe had a lotofclasses in HIR,Q), we could cup with

them todefine maps H*(1, Q) > H*+(,R),
butalas not many classes in H*F,Q).

Instead, look at HILA, y) for various 9.

Replacing I by I'S1, we can always find classes
in HI,/9).

Example:SL2IX) >Rolp3 for 91p-1
-> a:(ed) is a modp -plY , q

gives at H'Pop),2/q).

Hecke operators. Given I, Ez? finite index & 4: F, Esz,
cas

HO) ves, Hillz) **, HILP,] > HF)

Example:1 =SL2(x), E,
=Fclp)

12 =R°(p) =((E) madpI
Y =anjugation by [P9]

=>the above process gives to an HIE).

Derived tech operators. Given atHI,9),
HOL,p) MS, HO, **, HEl,70, HI+1,)?HI+iI).

Recall:can think of Tg, defined Heche operator
S, ----- S/c "Shinura cover".

~ L

S

me similaritytothe Taylor-Wiles method!



Result (Venkatesh):Using a limiting process, pass to H*(H,<p)temp,
and tensor with kp -> algebra of derived operators isison to

1*Rp8G HIP,4p)temp.
assuming:a 7 Galas rep. ass, to torsion can classes, (Qp* will be a

canonical v.sp.,
· local-to-global compatibility, see later)
· technical conditions atplok for plarge).

84. Extra operators over Q. [Iquare powers ofi & T for simplicity.]
So far, have: . *D8 H*(1, Dltemp,

· 1* 4pHIP, Pp/tecp.
Q:WhataboutH*(, R)?

Let's go back to example (1):GL2, k, K
=G(ed).

7 =Biauclim.1. ofnot2 E/K elliptic cure
Recall:the action was H'(Hb/, K11 > H2(H3 /1, Dif

we wI

Define periods us, ue-Dsuch thatwe/up-H,alf.
I-dimensional

These seem tobe closely linked to the geometry ofE:
· Canj. (Cremona-Whitley). II-I wiwo see forthcoming work

ECD) W/ Kartik for His
phrasing.

· Conj. (explicit version ofBeiliusan +()

CiCEXE

~ fiesin ugfiltwinwortwonwal[div (fi) =0

E



7.
S =Urban's thesis:UI.4p-LIf, Ad, 1)

adjoint L-fruction

Conclusion:rational action (up toabove conjectures)
H'IX,k) >H2(X,a)

N

! We
Jan wo Elgfil. (wonwotwon worlE(K)

~>the data [CCi,fill defines a "motive chaudogy class":

[Kif)3; E Hi)ExE, QIII).
General stay.
it =aut.rep. ofG(A) - G

Pi, G(Qe)
Ad*

adjointrep. Ad*Dis

-*
~LIT, Ad, s) =LIAd*, s).

Assume:7motive M whose Gala'srep. is Ad*Pit.

a consider H:=HuM, R(1)) motivic cchanoogy group,
&-vector space higher Chow group.

Example (1). 7 =BMF f 2 < E/K EC

m M =(Sym H' (E)) (1), realized within ExE
-Hu1M, Q11)) =HE(Sym'H'IE), Q(2)) = HulExE, a(2))

[Exi,fill.It
id.

aare]/9...3Edivfi =0



Belinson:Iregulator map regy:Hh(Ad*M,RIIIIIIRM,IIS
78

Deligne canology

Example (1). [regp (9Ki , fil 3), I(wonwo +worwo) >pD
- Elaghfil. (wanwo+worwol

Conj. (Beilinson). (a) negeisan isomaphism
16) L(i, Ad, K isexplicitly related to detfregs).

Example (1). (a) dim(Hu)=1

16) LIf, Ad, 1) (foowo)(claghfil. (wanwo+ worwol)
Factit:temp. out. uep. of G(A), S

=mh G-rhk defect

=>dim (HD) =S, i.e. Hh*Q8 according to (a).

(Assuance (a) above).

Conjective(Prasana - Venkatesh). it:tempered (Inicial weight)
Defineaction of*Hb)G H*(*, R1+ as before

->getaction of1*(H)"* via regi:HulaR-(Hp)".
then 1*(H)" G H*(, a)+(i.e. rational action).

Example (2). regie:(H'p)" (Hm)2x2 matix

us this predicts rationalityofsome linear comb. ofWI,WI.
Note:12 (H'r)" gives action H2 H4

A its rationalityis> Belinson (b).



9.
Whatabout up?
Iregp:HI(m, R(Igup H1 (Ad*, 4pIIS)

Block-Kato seler gp
which is conjecturally an isanaphism.

Ca. (Venkatesh).

Defineaction of*(H1)" G H*1R, kp)ias before.

-> getaction of**()" -up via regp":(m)" ->(He)"
Then M*(H'al" G H*(F, R)iacts rationally.

more specifically:Venkatesh considers

#Ypn8 End (H*(1,pn)) gen. by 5g, Fg,.

Exp =End (H*(,<p(i) s.t. mod. ph land in Ikypn.
im (Venkatesh). Under assumptions,

H*(X,<p) i =free over I A T =A*()".

IIdon'tknow how to make such a niceexplicit statement
outofthis ... The action over up is constructed inexplicitly
->can only getan explicitstatementfor pix;
see nexttalk for a slightly differentexample ofthis.)

Things Idid not talk aboutbutshould have:
·Galatius - Venkatesh:* ()" = (x) *4p

R =derived deformation ring for Di modpand IAR G Hx(X,Yp)i



· Hausen-Thome, Khare-Ronchetti: 10.
l =p, i.e. p-adic version ofthis stay.

Nexttime:fresh startwe can we repeatthis stay for canology
of vector bundles over shiura varieties?



Talk 2:Chandogy ofvector bundles over shimura varieties. 1.

Lasttime:Goal:explainmultiple contributions to canology in tens
ofalgebraic cycles.

it
=temperedaut.vep. for G(A) -> Mi motive, M=Ad*Mi dual

adjointmotive

Canj (Prasanna - Venbatesh, vealtesh). 1* H 1M, Q(K) "G H*(8, N)i
s.t.. overD, explicitaction of1*(b)",

· over Epn, explicitaction by derived Hecke operators,
· over up, action of*(H1)" via patching from n

-> explicit version over ( for Bianchimodular focus for > E/K =Rd):

a = HI caresponds to(IC:, 4i)3,Ci-ExE nure, 4ifa.m (i, [divYi =0

H'IX,k) >H(X,a)
N

! We
Jan wo Elgil. (wonwotwon witE(K)



Today:Is there a similars for "coherentcohomology"toy S

i.e. canology ofvectorbundles over shinura varieties?
Plan:Examples!
(1) Modular forms (GL2,R).
12) Hilbertmodular farms (GL2,F).
13) Siegel modular forms (65p4).
14) Why are things hander?(Generalities on coherentchanology.

51. Modular farms a coherentchaloogy.
7:H 1Dasp form ofnotk, level I =1, (N)

1xD5(z,1) =(Ed,(cz +d)".2) wik W=Hodge bundle
(z,f(z)) WaZER'X

V 1 --

H 2

section upgrade
I

Z
toQ IImodular cure /*

Upshot:If I has FC inE, then:AfH9XR, wh) & E.

other chanology classes associated with 1?

facts. 1. Al-E). yh-2 dE defines a dass WIEH'ID, w2-k).

2. I Tpf =ap1 Yp+N, then Tp W18 =ap 4 ptN;

we write:201*H'(XD, a2-4) 1 "A-isotypic component".
3. These are all the canology classes associated to f

Secretly:48/sLIR)
=

S* frmy corresponds towat'-l].

key difficulty:no such map was was needed in Prasanna-Venkatesh!



langlands program. 3.

Galais

Sautanaphic 3 [ 7 E representations]forms/reps

I modular form ofnotbymePf:Gal(/) -> G2z(Re)

fEHOX, why, WI EH(Xa,w2-)1
DEGENERACIES FOR K =1.

foft k =1
GOAL. Pf:Gal(k)

-GLz(E)

1HoX, wh, WIEH'ke,we
s

factors then a finite L/Q

Consider stark unitgroup associated with Ad"Pf:

Uf
=Han(AdoPf, WYGE) =Hm(Ad*M, K(l)

from last time!

fact. dim UI= 1. In fact, cEUI*D explicitbasis element.

Def. UDCc explicit element -> UI*DG H*(XD, wIf by
(xf =w18

E.e. H**,wIf=free 1*UIRD-module ofok 1.

Caj. This action descends to*UIG H*(w)I . (See H.;implicit
Explicitly:the acts by Ho, wIe< H'K,w)1

in Harris-Venkatesh.)
N N

fi >W18
Logluf

Prop. This conjecture is equivalentto start's conjecture for Adolf.
Inparticular, it is true in CM/RM cases.



Pf. Need tocheck thathe is rational in cohomology. 4.

Use Sewe log 1u11

↳ =(fif LIf. Ad, 1)
-duality: ↳ A, ne sD log1U11 Exilog(uf1 Ex,π

1.

Hais-Venhotesh:action modulo p".
Action ofderived Hecke operators:
9 pie, q =I modph, c:Ral" 4

=

0

X
, (9)

-x,(9)-- SatHe+(Xo(9),pn) i SEHar(Xo(9)pn, 0)
xoY

#I
Xolg

usa Xo(a)

L #2
X X

Def. T9,x:H9X-pn, W)
c H'n, w) derived Hecke operator

given by TG,=T2,x0 (US) oi,
*

caij. (Hanis-Vealatesh). I action **UIC H*(X, w)A
S.t. for EU, p, n &q =I modp

reduction of upacts via Tg,.S modpu I

Evidence:
~

-> Numerical:Hauis-Venkatesh, Marcil
-> theoretical:in CM & RMcases (as above ever ()

· Damon-Hauis-Rotger - Venkatesh
· rcaututier
· Robin Zhang



32. Hillertmodular fans. F =K) for simplicity5.
7:HxH (KHilketmodular for not (k,,kal

fact. Thecontr. of7 to coherent chanoogy are:
· fHXa,whikz)I
· w1= =f( - z,,zz) y,r-2 dE, H'IXD, w-hik) f
④ wI: =f(z,, - Ez) y,kz

- 2 dE E H'IX, wh,2-kz)1
· wii: =f(- z,, -E)y,k,

-

2ykz
- 2dE,1dEz -H"(Xa,w2

-b,,2-k)1

Secretly:HoHo,* 00,2
->restrictto k, =hz =1 so that & Ha, ils=Dh!,DE.

Pf:Gal(WF) < GL2(E) Artic representation.
Fact:Uf:=HanzallWFs (AdoOf, OY* E) has dimension 2 and:

UD =UIY * Use (decomp, into lines)
N

C "n

Def. Action of*4I*D an H*IK, whqby: Secretly:
C, acts by (t'-,[',3) at

a(f) =w1,211) =w etc. 12 acts by (['], t'-1) att

Cai (H). This action descends to MUG H*(a,wlf.
Explicitly, Imets win, Die, 42,UzzE* s.t.

(1
-logus, 1 we + logluzz) WI

-> H'X,w1(4) another similar
login) logluzz1 -log(nz) log(uzil

1,2

(2) WI

logIn,) logluzzl - log(uz/logluzil
EHP(X,w)1.



Evidence: 6.

· Tun (H). AssumingStark's conjecture:
·(2) is true

· the determinantofthe basis in (1) is rational.

· Consider ( -X A restrict cchanology classes toC.

modular Hillent mod.
are surface

->Numerical evidence when f:base change from Q.

Runk. Also have action modulo ph & a Hamis-Vealatest conjecture
butit's hard togetevidence for it.



33. Siegel modular fens. joint work in progress w/Prasanal 7.

1 =hdanaphic Siegel modular fam, not1k, k2)

=>have [fIE Ho, 1n,,n2)) Note:b, =3-k2, 42 =3 -k, =kikz=23
=-[wof] G H3KD, E13-h2,3-h,)) WD L -]

Secretly:10 /
spx,R

=>Dink) * Dink) & was interchanges them.

Butthe A-packet associated to f isbigger:

Gaut.repsof65py(A3 · SoCalaisde 3
f -> it" (hdanaphic) I

=18 (generic),
1:Ga Gspylae)

H=S44,583 =A-packet of f
Root diagram positive

I

I

- [f] -HIX, EK,,k2)) C
·
Idomaphic

Th ⑧

qwwhittabed [fr] E H'IXD, Elk, 4-hee 49 W Na ·
I

generic
W 2

⑧ ⑧

[wofW] = H2 (XR, E(b2-1,3-4.)) IV I

[wo f] EH (XD, E(3-42,3-h,1) < antilate generic

k
=2

=4 - bz =kz degeneracy
Take (k,,kz) =12,2) for simplicity.

San()3 . [Gae Smatives'
f =hdomaphic SME, not(2,2), param.Level tramer), A =abelian surface(a

H*(XD, Ec2,2)=Hye H4
& He (M, G(1)) =H(AxA, a(21)
?

is ewy A

⑯ Di
c =GDi,fi)3 s.t.

t · DieAxA ired. 3-fold,
~ · fi =mero fee. On Di /
D3

A
· [div (fi) =0.



8.

(Ignore powers ofits factors in(Rab* (

Regulator map regp:He >Hy
~>explicit elementin Hygiven by

Wi,W2G HOA,R1) m y:
=(, +2ew,) -(wza, +wiawz)H

basis -YE 4b)" carespondingelement
and defineaction ofyou H*(X, E2,2)it by

Ho(X,32,2)i > H'lX, Ez,z)i
[13: [1WJ. compare to explicit[PUT

conjecture!

Caj. (H. -Prasanal. Theresulting action of(H'm)" isrational.
Explicitly, for G =G (Di, fi)] as before:

HOX, E2,2) > H'(X,E2,2)i
N

N
[fW]

[f]:

Spelghfil. Gr
Thm (H.-Prasanal. Assml:

S
· Beilinson's say. For AdMIA) => Canj. istrue.
· Deligue's caj. for MIA)

(This relies on a few difficultresults ->nuns quitedeep.)

special case:A =RF/QE, [F:K] =2, Elf elliptic cure.

=>SyHIA)
=RAG Sym2H'E) o Asaif/aH'E)

dis 18
- 6 t 4

I =real quadratic He = ⑧ ⑦ H where is

motivic ch.
F =imay, quadratic Her - His ⑦ O 3 va-Firial?



Case 1. F/Q real quadratic. 9.

ForHilbertmodular form ofnot(2,2) [chanological;no motivic action]
Note thatHE+(XaL r,, Q)q= AsaiF/Of o Asaimotive in XoXGLz,r
Ramahishman:Constructs classes inHM/Xo, 4(2))

by considering to -Hilbertmodular surface
Ci =XF modular came
fick(C)*modular unit

->[Ki,fil3 - HIKXo, K12)) motivic coh. dass.

The (Ramalwishman). (17.Asai, 2) ,1991f il Iwoewar-warawwe)

(Note:still can'tprove dim HB (AsceiF/aMIf), K(2))=1.(
Thun (H.-Prasana). Assuming dim Hm=1(as expected),

lang, istrue for f assoc. with to via Yoshida lifting.

Analogous toRM/CM cases before:itseems you canprovesamehitisthe
Case 2. F/Q imaginary quadratic
fo:Biauclimodular form ofnot (2,2). EIF elliptic care

Lasttime:H(AdMIAd, R(1)) "G H*(XL2,r, R)
~regr ↑

Hm (Ad MIfo), Q11S)"H*(XaLz,F, GS
Now, f=Yoshida liftoffo; A =RFIE. Then:

H'(Ad M(10),R(l)) => HI (AdMIA), R(l))
=? rege G E?negk

E?
H'm(AdMIfo), Q(1)) @ R > Hn(AdMIf), RII)) GRR



10.

Thn (H. -Prascuma). (a) Via Hy(AdM(fo), IR (1)) v =H (AdMIf), R(I))V

O,
H'(XGL2,F,K) fo HoXosp4,e,z,z)1

Prscenestastice G Frascaaction
V

HKGL2,7, Dlfe
Gz

· H'Kaspi,e,Eziz)1
commentes!

Note:this is completely unconditional!
16) Assuming Hu(AdM(f),a(1))V=HI(AdMIf), a(I)",

i.e. rauk partofBeilinson's conjecture,
same diagram for metivic actions.

Inparticular, H.-Prasana =>Prascua - Venhatesh inthis case.
canj. cari.

other relevantworks on coherentcanology:
· Oh:"volumaversion ofthe conjecture,
· Atanasa:derived Hecke operators on unitary Shiura varieties.



Open questions: 11.

1. General coherentcanology motivic action.

Difficulty: The contributions to different degrees came from differentmembers

of i=ST, . . .,3 A-packet
=>no good way tononalized autanphic embeddings
a Siegel case:
+2->G(A) Th < rational now.

int E 48 - GSp4A) Whittaber nam

2. Whatis the p-adic analogue ofthese conjectures?
E.g.F =cotI mod. fam

want:HoK, w)*4p < H'IX, w) &up "natural map"
fl Lo

3.t. W E H'IX, w)
logp(uf)

Longing work w/ Wang - Ercluson; forthcoming work ofchl
3. Is there a "motivic action"for torsion classes?

Note:no "motive"->nota well-posed question...)


