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MOTIVES AND AUTOMORPHIC FORMS

Langlands program.

Eautanaphic 3 > Scalessentationse tale actives]fams/reps
neach.

G=GLz:.f MFit2 1 S HXoNa,Qelf > I elliptic care/
· f MFnot 1 I >P:Gx <6L(e) < 18:Gal(ka) +G(()

odd Artin vep.

F =k() Croughly)
6 =GL2,F: .f HilbertMF, not2 HEt(olna,Gelf: I ellipticare/F
·f HilbertMF, ct1 1 P:GF (G(z(e) < 1P:Gal(F) -GLz(i)

add Artinvep.
k =4(a)
G=GL2,k:.fBiandiMF,wt z 1 P: Gr GLz(e) > elliptic care/K

6 =GSpp:·f Siegel MF, nt 21 P:Ga GSpyle) > i abelicensmiface/a



ALGEBRAIC CYCLES & LANGLANDS PROGRAM

Broad question:How does the theory ofalgebraic cycles interactwith the langlands program?
Example. Motivic action conjectures. (See Kartik Prasanna's talk for a differentexample.(

I I -M(1)

Santanaphic 3 - [matives M3fams/reps
/Related to algebraic cycles)

where does o occur incchonology Motivic cohomology Dimensich

oflocally syna, space? Hm:= Hm(AdMIf) R(1)) 8 = dien Hi
S:=detect

2 ⑲

Almin timint ... mint... Hint 8I f

die I 3 ... (8) ... I am dim MUHM=(E)
coincidence??

Today:Examples: 6 =GL2,a (Hams-Verhatesh, H.)

6 =GL2, 7 (H.)

any 6, i tempered, 6 =GL2, k (Prasama-Venhotesh, Venkatesh, Galatins-Venkatesh)
cohomological 3

6 =GSP4,(Oh, ongoing:H. - Prasanal



EXAMPLE1:G=GLz,

autanaphic13 - [matives M3
fams/reps
f MFno 2 ellipticcure/
-s =0 => no motivic action



EXAMPLE1:G=GLz, [Hanis-Venkatesh' 16]
[Hovawa'22]

Santanaphic I - [matives M3·

fams/reps

f MFnotI :Gal(ka) +G(z) odd Actin rep.

X =modular cure/Q, w=sheafofnot Motivic chonology
- f-> Ho(X, w)7 3 H' =UI Stark unit group8 =1 e

- wq= =f(-E)y
-

'd= = H'(X,w)1 Up ==HanlAd, 82) rank I
Galla)

AdP-isotypic component

Def. UDCc explicit element -> UI*DG H*(XD, wIf by
(xf =w18

E.e. H**,wIf=free 1*UIRD-module ofok 1.

Caj. This action descends to*UIG H*,wII. Prop. Thisis equiv

Explicitly:EU acts by Ho, w) > H'(X,w) tostank's conjective
N

fi >W18 on LAdOD, 11.
Logluf

Archimedean analog ofmod pn conjecture ofHamis-Venkatesh ('16).



EXAMPLE 2:G=GL2, F F =G(r) [Harawa 122]

·Sautanaphiesare > [matives M3
& Hilkert modular form of(1,1) :Gal(kE)+G(z) odd Actin rep.

Hilbert modular
X = surface /4, w=sheafofnot (1,1) Motivic cohomology
- f-> Ho(X, w) H' =Up Stark unitupe

I
-

WI, wI H'(X,w) 3 S =2 UI ==HanlAd, 82) rank 2 v
1,2 Gal(LF)

-

I -> H(4,w) AdoP-isotypic component

Def. UDC4, explicit elements -> UIDG H*(XD, wIf by
I

C,* f =Wf,(24f =wI
E. e. HX4,wlf=free 1*URD-module ofok 1.

Caj. (H). This action descends to*UIG H*,wII. Results (H).

Explicitly, Imets win, Die, 42,UzzE* s.t. (1) Numerical evidence

(1
- logluzwe +log/azz) WI

- H'IX,w1(4 another similar)
in base change case.

login) logluzz1 -log(nz) log(uzi 12) Equivalenttostarkcan
1,2

(2) WI for LAAdOP, 1).
logIn,) logluzzl - log(uz/logluzil

EHP(X,w)1.



EXAMPLE 3: G=GL2, K =G(Ed) [Prascuna -Venhatesh'21
[Vealatesh' 19]

autanaphic·13 > [matives M3 IGalatins-Venkatesh' 18]
fams/reps

IxBianchi modular form not(2,2) E=elliptic care/K
X = real threefold (Bianchimod. Hreefdd) Motivic cchanologyk

- wip - HB,K)fx Letgiven by .... Ci_ExE

- WIEHB(X, KL1n 3 6 =1 " · 4i =mevanaplic on (i
E · [div(4i)=0

Def. (m)*DC Sexplicitelement, covesp. toSV==woawo + woawowoeHOE, rEo)
~(H) DGH5 IX,DIA SY:HB /n, RIf >HB(X,D)1

Irational class) 1 3 WEr

Caj. (Prasanna-Venkatesh). (H')"GH,(X,R)1
Tum IPrasanna-Venkatesh).

k
Equivalentto Beiliusan's

Explicitly:for actas above: anjecture for LIf,Ad, 1).
weis

↳diegteil su Itilotine
- Urban:integral version IGHBIXE,RIAR

in BC case;E) Block -Kato.



EXAMPLE4: G=GSpi [Harawa-Prassa, inprogress]
IOh, '22]

Eautanaphic 3 > [matives M3·

fams/reps
I Siegel modular form not(2,2) A =abelian surface/

X =Siegel modular threefdd/Q, Ez,2 sheaf Motivic cohomology
- [f] =H0X, E2,2)1"holonaphic" Letgiven by .... Ci AXA divisorsrational 6 =1
- [fW]-H'(XD,Ez,z)1 "Whittaker" I " · 4i =mevanaplic on (i

A · [div(4i)=0

Def. (a)a DCSexplicitelement, covesp. to7,52 +wew,)-(wz, tw,
wal

WI, W2G HYA, r') basis

~(H)D GH*KK, E2,211 8V:HOX, E2,211 > H(X0,92,2) 1
If] 1s [fw]

Caj. (H. - Prasanal. (Hi)"4 H**, E2,2)1
The (H.-Prasamal.

(1) Equivalent toBelinson for LIA.Ad,1

Explicitly:for actas above: 12) Our canj. => IPUS for Bianchim.f. Als
IfW] H'Kr,R)

fr
O
>HoX,a)1

S/ log/4il SV
6H'(,92,2)1 [PV] G [HP]

CilD) H4Y,R)Ax 02 >Hi, a)1


