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a- Integrate[l/ (1+xA2)A2, x]

o —1—( x +ArcTan[x])

2

2 \1+x

1
appe PLIX_] 1= — ( +ArcTan[x])

2 \14x?

we - Integrate[l / (1 +xA2)A3, x]

1 (x(5+3X2)
8 (

+ 3 ArcTan{x]
1+ x2)?

x(5+3x2)

(1+x2)2

1
ag - F2[x_] 1= = + 3 ArcTan[x]
8

ws- galb_, y_] 1= (F2[b/Sqrt[2y]] +F2[Sqrt[1-y]/Sqrty]]) /y/

i

it

(FL[b/Sart[2y]] +F1[Sart(l-y] /sart(y]])
wer- plly_] := Graphics[Text[y, {Sqrt[2 (1-¥)], ga[0, ¥]-0.3}]]
pply_] := Plot[Evaluate[ga[b, y1], {b, 0, Sqrt[2 (1-¥)]}]

Table[pply], {v, 0.1, 0.9, 0.1}];

s Table[pl[y]l, {v, 0.1, 0.9, 0.1}];

ae;. Show[%%, %, PlotRange - All, AxesOrigin » {0, 0}, AxesLabel - {3, Y}]

Y

it

8

0.1

0.2

0.3
0.4

0.5

- oo o8 o7 %

012 of4 Oj6 ofs 1jo 1.2
srine (ky versus B for different values of n. Note that the value of y at f=
a is the same as that at B=0.

In each case there is a range of values of
y for which there are two positive roots for B.%)

sip- (% Now let n=l-e, B=€'’?b and y=1+el'/3, where e<<l.%)

v Series[Evaluate[ga[Sart[e]b, 1-el], {e, 0, 1}] // FullSimplify

SHICT % (4+ (V2 -B)B) e role]’”
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e %$-L1-eT /3

(~l— (4+ (\/2——b) b) - §)e+o[e]3/2

6

a5z Normal [% / e]

s = (4 (VB -b)b) -

6

msr Solve[% == 0, b]
1 94T 1 m
s {for A T gy, L VAT
Vi AR
it b /. %[ [1]]
1 Nfar
A

. (#The smaller root is the physically relevant solution. We need I'>
2 so that this root is positive, and I'<9/4 so that it is reals)
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- eq = Simplify([% t];

e
HEPSHE

min- R{2_] :=R1zZ+R22A2+R3zA3 +R4 2A4 +R5 2A5
mize ulz_, € ] 1= 1+ tf1[z/t] +tA2Ff2[z/ L] +tA3E3[z/t] +tndE4([z/ ] +EtA5E5[z/t]

wpre 8[E_] 1= 81t+82tA2+83tEA3+84tAd+85¢EA5 (BtD[ufz, t], t] -

D[u{z, t], z, 2] -2R"'[2] /R[z] D{u{z, t}, 2] +2u[z, t] /R[2]) /. 2ty

v (St D[ulz, t], t] -D[ulz, t}, z, 2z} ~2R'{z] /R[{z] D[u[z, t], 2] +2ulz, t] /R[z2]) /.

zZ-»ty;

mie- Series[%, {t, 0, 3}] // Simplify

2-2R1f1(y] -R1ly £17[y] 1

Rlyt R12y
(2R2y-R1 (2+R1Sty) f1[y] +R1y (2R2 +R1 Sty) £1'[y] +2R1%£2'[y] +R1%y £27[y]) +

2R2%y 2R3y 2R2flly] 2R2%y £1'[y]
- - +2 |{St+ f2lyl]+ ——— -
R1? R1%2 R12 ly R12
4R3y£1'[y] 2R2f2[y] 2 £3'{y] 1
- -Styf2'{y] - ——-£3"[y] | t+ |38t £3[y]-—
R1 R1 y R1¢
R13 £3[y]
2 ((Rz3 ~2R1R2R3 +R1?R4) y? +R1 (-R2*+R1R3) y £1[y] +RI’R2 £2[y] ~ ——— | -
%

Sty f£3'[y] -

2 ((r2*-3R1R2R3 +3R1? R4) y® £1/[y] +
R1%y

R1 (- (R2?-2R1R3) y” £2'[y] +R1 (R2y £3'(y] +R1 £4'(y1))) ~f4”{y]) t? 4

1
-2 ((R24—3R1R22R3+2R12R2R4+R12 <R32-R1R5))y3«R1 (R2°-2R1R2R3+

48t faly] +
R1

R1? R4) y? £1[y] -R1? (-R22 +R1R3) y £2[y] -RI’R2 £3[y] +

R1% F4 [v) )
Y

Sty fd'[y] -

2 (- (R2* -4 R1R2°R3 + 4 R1*R2 R4 + 2R1% (R3% -2 R1R5)) v* £1'[v] +
R1lty
R1 {(R2° -3 R1R2R3+3R1? R4) y® £2'[y] +

R1 (- (R2% -2 R1R3) y? £3'[y] +R1 (R2y £4’[y] +R1 £5' 1y1)))) - f5”[y]) e +o[t)?t

ul[s[t], t] -1 // Simplify;
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wi - Series[%, {t, 0, 5}] // Simplify

1
cuie £1[81] t+ (F2[s1] +s2 F1'[s1]) t2+ (f3[sl] +e3f1/[s1] +82 £2/[s1] + — 822 fl”[sl]) 3+
2

(f4[sl] +83£2/[s1] +82 £3°[s1] +s283 F17[s1] +

285 285 f1[y) 1 1
£1'(s1] |sd + - 85 f17[y] l+ — 822 £27[s1] + —s2P £1 [s1] [t
Rly h% 2 6

285 285Ff1[y]

-85 £1” [y]) +

(fS[Sl] +83 £3'[s1] +82 £4'[s1] + £2'[s1] (34 +
Rly Y

1 ) 285 2s5fl(y]
—f£17[sl] |s3°+28s2 |84+ - ~-s5£17[y] i)+
2

Rly Yy

52 83 £27[s1] - s5£1[s1] (2R2y ~R1 (2+R18ty) f1[y]+

R12 v

1
Rl1y (2R2+RL1Sty) £1'{y] + 2R1%2 £2'[y] + R1? yf2"[y}) + —s2? £37[s1] +
2

1 1 1
2283 f13 [s1] + —e23 £29 [51) + — 2% £11%) {sl]) t>+0[t)¢
2 6 24

nifls bel = Slmplify[% / t};

wpop (D[ulz, €1, 2] -1-s'[t] /. 2 s[t]) // Simplify;
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Series[%, {t, 0, 4}] // Simplify
(-1-s1+f1l'[81]) + (£2'[s1] +82 (-2+£17[s1])) t+

1
(—3 83+ £3[s1] +83 £17[s1] +82 £27[s1] + —s2% £103) [sl]) £? +
2

+f4'[s1] - +84 £17({s1] +
Rly 0%

285 f17[s1]

8 s5 2s5f17[y] (-4 +£17[s1])
-4 s4 -

+485Ff17[y] -s5£1"[s1] £17[y] +s3 £2"[sl] +
Rly

1 1
S2 £37[s1] +8283 £103) [81] + —s2? £2 [s1] + —s2* £1 1) [sl]) £+
2 6

(10 R285 1085 £2/(y]

+ + £5°[s1] + S5 (2+R1Sty) £f1[y] (-5+£f1”[s1]) -
R12 y R1y
2R2s5f17[sl] 2s5f2'{y] £17[s1] 2 85 £27[s1]
- +84 £27[81] + ———— -5 £17[y] £f27[s1] +
R1% v Rly

1
55 £27[y] - 5 £17[s1]) £27[y] + 83 £3[s1] + 82 £4" [s1] + — 832 £103) [s1] +
2

, 2s2s5f103) [s1]
5284 £1) [s1] + -~ 8285 f1”[y] £1% [s1] -
Rly Rly

(-10R2y-5R1Sty*+y (2R2+R1Sty) £17[s1] + 2R1 £2”[s1] + 2 R1 82 £10) [s1]) +

s5 £1'[y]

1 1
2832030 [81] + —s22 £3 [81] + —s2%2 83 £179 [51] +
2 2

1 1
Ze23 2 s1]+ — 2 £1 [g1] [ 4+ 0[t]°
6 24

be2 = Simplify[%]:

Simplify{eq/. t » 0]
2-2R1fl1[y] -RLy £1”[y]

Rly
DSolve[% == 0, £1, y]

{{fl - Function[{y], Ry—1~ C[yl] +C[2]H}

. fl[y] /. %[[1]1] /. C[1] » O

Y
— +C[2]
R1

f1 [y_] =%

Y
—+C[2]
R1

(* Must be bounded as y-0 x)
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{bcl, bc2} /. t-0

sl 1
{--+C[2], —l+——sl}
R1 R1

Solve[% == 0, {C[2], s1}] // Simplify

~1+RL 1
{{C[2} S, sl ~1+———}}
R12 R1

g 81 = (81 /. %[[111): £1[y_] = (Simplify[£f1[y] /. %[[1]1]11):

{eq, bcl, be2)} = Simplify[{eq, bcl, bec2} / t];
(* Now repeat procedure x)
Simplify[eq /. t - 0];

DSolve[% = 0, £2, ¥]

HEZ >

Function[{y} ,

1 3R C[1]
3(-14R1) y+ —RL (2-4R2 - St +RL St) y? - ———— +c[2]]}}

R1° 2 y

- £2[y] /. %[[1]] /. C[1] - 0 // Simplify

1

y (-6 +R17SCy+RL (6 - (-2 +4R2+8t) y)) +cCl2]
6 R13
£2[y_] = %;

{bcl, bec2} /. £ - 0 // Simplify;

Solve[% == 0, {C[2], s2}] // Simplify;

s2 = (s2/.%[[1]1]); £2[y_] = (Simplify[f2[y] /. %[[1]]]);
{eq, becl, be2} = simplify[{eq, bcl, be2} / t];

Simplify{eq /. £t -» 0];

~ DSolve[% == 0, £3, y] // Simplify

- {{f3 N

1

Funccion[{y}, - (-1+R1) (5-4R1+8R2-4RLR2+2St-3R1L st +R1% 5t) y-

6 R1° 18 R1*
(-1+R1) {-6+12R2+58t-4RLSt+8R2St-4RLR2 St+2St2~3Rlst2+R12St2)y2—

1 cl1]
(-1+7R2-10R2%+9 R1R3 +2 St - 2R1 St - R2 St +R1R2 8t} ¥’ - +C[2]H}
18 R13 1%

£3[y] /. %[[1]] /. C[1] » 0 // Simplify;
£3[y_] = %;
{bcl, bc2} /. t >0 // Simplify;

Solve[% = 0, {C[2], s3}] // Simplify;

<)
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s3 = (83 /.%[[1]]); £3[y_] = (Simplify[£3[y] /. %[[1]]]);
ss = Series[s[t], {t, 0, 3}] // Simplify
1 1 1
(«1+———-)tﬂ ((-1+R1) (-1-4R2+ (-1 +R1)8t)) t%+ (-1 +R1)
R1 6 R13 54 R1°

(—4—46R22—9St—53t2+2R13Stz-R2 (23 +278t) -R1%2 (27R3 +8t (5+11R2+95¢L)) +

R1 <3+3OR22+27R3+14St+12St2+R2 (15+38st))) ?+0[c]?

(* We need s'(t)20 and hence R1<1l ¥)
(* As Rl-1 we then need s'' (t)20 )

Simplify[D[ss, t, t] /. £ > 0]

1
- (-1+R1) (-1-4R2+ (-1+R1) St)
3 R1°

p. Simplify([%/ (1-R1)] /. R1-1

1
— {(-1-4R2)
3

(¥ Therefore as R1-+1 we need R22-1/4 )
(* As R1-»1 and R2--1/4, we need s'''[0]20 +)

Simplify[D{ss, t, t, t] /. £ -» 0]

T (-1 +R1) (~4—46R22—9St458t2+2R13St2—R2 (23 +278t) -
9 R1

R1? (27R3+ 8t (5+11R2+9St)) +R1 (3+30R22+27R3+14St+12St2+R2 (15+385t)))

(* R3 must exceed the zero of this coefficient #)
(* Let R2--1/4 and Rl1-1 carefully! x)

Solve[Evaluate[D[ss, £, t, t] /. t » 0] == 0, R3] // Simplify
1
{{R3~>———————-————(4+46R22+9St+58t2‘2R13St2+R12St(5+11R2+9St)+
27 (-1 +R1) R1

R2 (23 +27St) -R1 (3 +30R2%+14 St + 12 St + R2 (15+38St)))}}

s~ PullSimplify[(R3 /. %[[1]1]1) /. R2 - -1/4]

9+2 (-1+R1) S8t (-9+4 (-5+2R1) St)
216 R1

. FullSimplify[% /. Rl - 1]

1

24

(* This gives us the required maximal radius profile

2 3
Rm(z)~z—z:-+i-+...*)

|5
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- Integrate[Exp[I x] /x/ (1-1Ix)"2, x]
i (ei *e(1-1 x) ExpIntegralEi[i x] )

1+ X
(%/.x->w)-(%/.x->w/Dr) +Exp[Iiw] (1/(1-Iw/Dr)-1/(1-Iw)) //FullSimplify

, fw
elY - e

Dr + (Dr -1 w) (EprntegralEi [iw] - EprntegralEi{ ED—;H )

Dr-1w

- Flw_, Dr_] = %;

. ContourPlot [Evaluate[{Re[F[w, Dr]] == 0, Im{F[w, Dr]] == 0}],
{w, 0, 20}, {Dr, 1.5, 100}, Contours —» {0}]

100 - z ¢ g
Lo |
§
o i
g | |
i i
80 - i i
!
| H N i
60+ z? % § 5 -
| § ]
N
| ] | i
% i H
H } N N
{ N N
40| A\ { | |
§ i :
R | * |
b / ! g | |
o j % i g
] \ f | | / |
/ \ § | |
; { § é ¢
}f !\z § fg‘ H g
Ed ad 2 bl §
0 L L . L
0 5 10 15 20

FindRoot [Evaluate[{Re[F[w, Dr]], Im[F[w, Dr]]} == 01, {{w, 4.5}, {Dr, 20}}]

s {w - 4.66015, Dr - 20.218}

24
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vo1/(1-f+a(x-1/2)"2)

G Z@

1

1 2
l~f+a(—é—+x>

Integrate([%, x]

\/a_

1
- X

ArcTan[ —‘—LJ——L]
VITE
Vva J1-¢£
(%/.x->ze)-(%/.x—>0)//FullSimplify
1
ArcCot[ ﬂ} + ArcTan[ M]
a i-f

JENTE

- z=2e+f%

£ (ArCCOt{ 2VIE | | proran| Yo Lrel] )

a 1-

Va VJi-f

h|

ParametricPlot [
Evaluate[Table[{z, 1-f+a (ze-1/2)"2}/.a-»0.5, {f,0,0.9,0.1}]11,
{ze, 0, 1}, PlotRange » All, AspectRatio » l/GoldenRatio,
AxesOrigin -» {0, 0}, AxesLabel » {"2z", "A"}, PlotLabel » "Here a = 0.5",
PlotLegends » Join[{f == 0}, Table[f, {£, 0.1, 0.9, 0.1}]]]

Here a=0.5

0.8f, e S

,2 , I I "1 6 , 8
e F=0 0.1 02 o 03 oo 0.4
05 - 06 0.7 -~ 0.8 -~ 0.9

z /. ze-1//FullSimplify

2 £ ArcCot [ ﬂ]

a

Va VI E

. 8=%

2 fArcCot[2 \/1_’f }

a

VA ATE
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pl= ParametricPlot[Evaluate[{s, f}1/.a-»0.5, {f, 0, 0.99},
AspectRatio - 1/GoldenRatio, PlotRange » {{0, 20}, {0, 1}},

AxesLabel -» {"s", "f"}, PlotLabel » "a = 0.5"]
a=05

f
1.0r

08}

04f
02f |
5
0oLl , . : s
0 5 10 15 20
i~ S-8s /. f- 1—Pi‘2/a/ss"2—f3/ssA3—f4/ss"4 // Simplify // PowerExpand
Jafd+af3 ss ss?
2 (n?ss?+a (f4+£3 ss~ss4)) ArcCot[2 afdraflssin set }
a ss
ass®+/afd+aflss+nlss?

a f4 Vikd 1
- 2
= o[ L

4 af3 8 st 2 12
+
Ss ss

( Aa_ 2 n?
Solve[% =0, {£3, £4}] // Simplify
n? (48+3a2—2a(12+ﬂ2))}}

1-ss-
Assuming{a > 0&& £2 > O && ss » 0, Series[%, {ss, Infinity, 1}] // Simplify]

3a? £32

3

a

2 (-4 +a) n?
f4 >

[{£3 |
a?
! 1—.Pi/\z/a/ss"Z-:f3/ss"3—f‘.l/SsA4;/.%[[1]]
w2 (484302 2a(12+72)) 2 (dra)
1 7 |
ad sst a2 ss? —
wi3= Plot[Evaluate[% /. a > 0.5], {ss, 10, 20}, PlotStyle -» Dashing[{0.01, 0.01}]]
0.96 O
0.94 M
w 0.92 ,
?é(g
re
0.90 f;’
0.88 fd
g
f
12 14 16 18 20
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- Show[pl, %, PlotLabel » "Comparison with asymptotics"]

Comparison with asymptotics
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- kn[n_, R_] s=

(k /. FindRoot [k 8in[k] == RCos[k] /3, {k, (n-1) Pi, (n-1/2) Pi}1[[1]11)

1= Integrate[Cos[kz], {z, 0, 1}] /Integrate[Cos[k z]~2, {z, 0, 1}1 // FullSimplify

.‘ 2 Sin[k]
"k +Cos[k] Sin[k]

2S8in[kn[n, R]}

= A[R_, ’ i t 1= 8
[R_,m_,2_,t] um[kn[n, R] + Cos[kn[n, R]] Sin[kn[n, R]]

Cos[kn[n, R] z] Exp[-3 kn[n, R]*2t/R], {n, 1, m}]

i~ pl[Re_] :=

Plot [Evaluate[Join[{1}, Table[Evaluate[A[Re, 20, z, t]], {t, 0.5, 3, 0.5}11],
{z, 0, 1}, PlotLabel -» R == Re, AxesLabel - {"z", "A"},
PlotLegends -» Join|[{t == 0}, Table[t, {t, 0.5, 3, 0.5}1], PlotRange » {0, 1}]

- pl[1.0]
R=1
A
1.0
- =0
08F
- 0.5
1.
04
o2t - 3.
: . . . =z
0.0 0.2 04 0.6 0.8 1.0
= pl{0.1]
R=0.1
A
1.0
J— ¢
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. (¥ When R is small, A is approximately spatially uniform.=x)
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- pl[100]

R=100
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(* When R is large, there is a boundary layer near z=1l., *)




