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Abstract

Semi-linear n x n systems of the form A du/dz + B 0u/0dy = f can generally be solved,
at least locally, provided data are imposed on non-characteristic curves. There are at most
n characteristic curves and they are determined by the coefficient matrices on the left-
hand side of the equation. We consider cases where such problems become degenerate as a
result of ambiguity associated with the definition of characteristic curves. In such cases, the
existence of solutions requires restrictions on the data and solutions might not be unique.

1 Introduction

It is well known that the Cauchy-Kowalevski Theorem tells us that problems of the form

ou ou
A—+B—=f, 1.1
ox oy (1.1)
where u is an n-dimensional vector and A and B are n x n constant matrices, have analytic
solutions, at least locally, provided we have analytic data on a non-characteristic analytic curve.
The unique solution can be determined, locally, by solving n scalar equations given by (1.1), in
conjunction with the n found by differentiating the Cauchy data

u = Up(t) on x =x0(t) (1.2)

along the curve (z,y) = x = x¢(t) = (zo(t),yo(t)), to find the 2n first partial derivatives du/dx
and Ou/dy. An entirely equivalent way of thinking about characteristics is to regard them as
curves across which u can have discontinuous first derivatives.

The Cauchy-Kowalevski argument fails when the curve is characteristic so that

dz dy

)\:7 = —
a M

(not both zero) (1.3)

are such that (1.1) together with the equations got from differentiating (1.2), in vector form



fail to have a unique solution. This of course happens with A, u such that

air ... Qin b11 e bln
A B o anl ... Qpn bnl e b'rm .
‘)\I MI'_ A ... 0 p ... 0 =0, (1.5)
0 ... A 0 ... u

where I is the n X n identity matrix. Equivalently,

pair — Abir ... pai, — Abin, bin ... bip
0 .. 0 0o ... 1

For “most” problems, with no sort of degeneracy associated with the left-hand side of (1.1),
the condition (1.5) would make the curve direction (A, p) that of the characteristic.

In the present paper we consider problems such that (1.5) holds for all A, i, so that, whatever
direction is used, the system (1.1) fails to have a unique solution. We anticipate that, since the
coefficient matrix of the combined system

A ‘ B ou/ox \ [ f (1.7)

AL | pI ou/oy )\ Uj '
is singular, whatever data curve is chosen, at least one compatibility condition relating f and
ug has to be satisfied if the problem (1.1), (1.2) is to have a solution; moreover, that if this

condition holds the problem can have multiple solutions. It is clear that degeneracy is associated
with the rank of uA — AB being identically less than n.

We remark that the above comments and conditions apply both when we seek curves across
which du/0z and du/dy have jump discontinuities while u remains continuous, and when we
consider weak solutions for systems in which u itself has a jump discontinuity. Indeed, this
observation is one of the motivations for the present paper.

Although situations in which (1.6) holds for all A and p are not usually discussed in partial
differential equations texts, either from the analytical or numerical viewpoints, they can readily
occur in practice. For example, consider a simple normalised model for longitudinal elastic
waves where ¢ is the time, x the displacement, u the velocity, o the stress and X the Lagrangian
coordinate relative to the unstressed state:

1 0 0 P T 0 0 O P T U
0 0O o 1 0 0 o o

In this case the matrix analogous to that in (1.6) has rank 2. We note that while trivial
manipulations reveal that any one of the dependent variables satisfies the scalar wave equation

with wave velocities +1, (1.6) tells us nothing about the wave speeds. Of even more concern

0
o= e—a, then

is the fact that if the last equation is generalised to the visco-elastic law X T



(1.6) gives eA3 = 0, suggesting that jump discontinuities in the derivatives only occur on ¢t =
constant lines for e — 0.

Another common situation concerns the derivation of Charpit’s equations for scalar non-
quasi-linear first-order equations of the form

Oou Ou
F <$,y, U 5 8y> =0. (1.9)

As in [5], for example, five different quasi-linear equations can easily be written down for the
vector (u, p,q), where p = du/0x, ¢ = Ou/dy, and most subsets of three of these five equations
satisfy (1.6) identically.

An easily understood example with three independent variables is curl (u,v,w)” = 0. Then

d ] a\ [
Al —+Ay— +A3— =0 1.1
< 18$+ 28y+ 382) v ) (1.10)
w
where the generalisation of (1.6), namely
3 0 & &
Z&'Ai =& 0 —&,
1 =& & 0

has rank 2. (This result gives no hint that (u,v,w)" is a gradient.)

Denoting the number of scalar equations by ni, the number of scalar dependent variables
by no and the number of independent variables by ns, other n; X ng X n3 examples are:

(i) Elastic waves in plane strain and in three dimensions.

Here there are three stress components, two displacements, all functions of (x,y,t) and
we have a 7 x 7 x 3 system in which, in the notation of (1.10), the 7 x 7 matrix Z‘Z’ &iA;
has rank 4.

The analogous 12 x 12 matrix for general three-dimensional waves described by a 12x12x4
system has rank 6.

(ii) Maxwell’s equations.

Considering the 8 x 6 x 4 system

E
curl H = ea—, curl E =

5 divE =0, divH =0, (1.11)

H
—H ot )
we find that the four 8 x6 matrices A; are such that 211 ¢A,; has rank 6. However, choosing
just six equations to get a 6 X 6 x 4 system with four 6 x 6 matrices A;, the rank can be
either 5 or 6, depending on which two equations are dropped; with a “wrong” selection
the system is degenerate. The full 8 X 6 x 4 is non-degenerate, but over-determined. (See
[3] for a discussion of over-determined systems.)

(iii) The reduction of general elliptic systems to first-order systems.

2 2
When the elliptic equation 07u + 07u = 0 is replaced by
ox? = 0y?
ou;  Ous ou ou
= — —u1 =0, — —uy =0 1.12



we obtain a degenerate system for u = (u,uy, us)" in which

010 0 0 1
A=(1 0 0), B=]|0 0 0

0 00 1 00
Such systems have been treated in [1], [2] by allocating “weights” to both differentiated
and undifferentiated terms, and this always results in determinantal criteria that do not
degenerate. In the above example, the weights for the undifferentiated terms —wu; and
—ug are equal to the coefficients of wq and wus, in this case both equal to —1 and the
matrix uA — AB is replaced by

0 p =X
K —1 0 )
-2 0 -1

whose determinant does not vanish for real A, u. Indeed, in [2] it is proved that, if the
original higher-order system is elliptic, then, when suitable weights are introduced, the
resulting generalised determinant never vanishes for real parameters A, u. We shall return
to this result on page 20.

For linear systems with constant coefficients, the method of weights is equivalent to that
of seeking explicit exponential solutions, which is the approach we will adopt for most
of this paper. This will enable us to see, by elementary means, not only how to classify
given degenerate first-order systems, but also to identify the types of singularities they
can support and appropriate boundary conditions.

We also note that partial-differential-algebraic systems are inevitably degenerate when
thought of as quasi-linear systems of partial differential equations and the classification of such
systems has been discussed in [4]. While it is tempting to conjecture that degenerate systems
are, generally, differential-algebraic, we shall soon find that this is not the case.

General approach

In the following sections we shall only consider linear and semi-linear problems, with, for sim-
plicity, the coefficient matrices A and B being constant, although some of the results could be
generalised to allow them to vary with x and y. We take two points of view:

o We first ask whether or not the solutions can have discontinuous first derivatives across
any real curves. For simplicity here, we only consider constant-coefficient homogeneous
equations of the form

ou ou
A—+B—=
7 + 3y Cu,

where the matrix C is also constant. We then consider the result of seeking a solution
with gradient discontinuities, of the form

u(z,y) = e (Hy(Ay — pz)ug + Ho(Ay — p)ug + -+ +), (1.13)

where Hi(+) is the integral if the Heaviside function H(-), H5 = H; and so on, and where
a, B and ug, uy etc. are constant. However, as we shall see, @ and 8 may often be ignored
in a local analysis. More precisely, it is only in cases where we need to consider several
terms in (1.13) simultaneously that the exponential dependence needs to be taken into
account for the purposes of studying singularity propagation. We shall often refer to ug
as an eigenvector. Note that, as we are only considering two dimensions, we are free to
take aA + Bu = 0, and that not all components of u; will be determined.
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e More generally, we then broaden the discussion to the case of semi-linear equations with
A, B still constant, from the point of view of the existence of solutions and appropriateness
of boundary data.

We start by considering 2 x 2 systems in Sec. 2, and then look at 3 x 3 systems in Secs. 3
- 4. Although our discussion will make use of trivial linear algebra and partial differentiation,
the combination of these ideas turns out to reveal some surprising results.

2 Two Equations with Two Dependent Variables

With two dependent variables, with f = (f,g)" the system of PDEs is now just
ou ov ou v

a117— + a2 + bi1— + bi2 =f (=cnu+ciov  in the linear homogeneous case),
ox ox y y
ou v ou ov
215 + G225 + b21@ + 52287/ =y
with the coefficients a;j, b;j, ¢;; all constant. For the system not to be completely trivial (that
is, for it not simply to be the pair of algebraic equations (f = 0, g = 0), at least one of the
coefficients on the left-hand side must be non-zero; we can thus take a1y = 1 without loss of
generality.

The degeneracy condition (1.6) holding for all A and p here becomes

(= ca1u + c9v)

\uA — AB| = 12| A| + M\u(—a11bag + ag1bia + arbar — abiy) + A2B| = 0. (2.1)
Hence both A and B are singular,
|A| =0, |B|=0, (2.2)
and, additionally,
ar1beg + azabi1 = aizbar + a2 bia. (2.3)

Note that with a1; = 1 # 0, we are free to change our dependent variables, if necessary, to make
aj2 = 0 and add a multiple of the first equation to the second (if necessary) to make ag; = 0.
The first part of (2.2) reduces to ags = 0 while (2.3) leads to baa = 0.

The coefficient matrices are now

(10 _ (bin b1
e (30), B ) »

A change of independent variables, replacing (x,y) by (Z,9) such that z = &, y = § + b1 Z, i.e.
T=ux,9y=1y— bz, gives

ou  Ou Ou Ou  Ou <8u ou ou  Ou 8u>

8;8:8755—’_1911873/ %—@ %:%—bllafgy 37y:83]

and can be employed to ensure that bj; vanishes, in which case the second of (2.2) gives
b12b21 = 0.

Scaling (if needed) gives three canonical problems, for each of which rank (uA — AB) = 1.
We discuss each in turn, first as a homogeneous constant-coefficient linear system, then as a
semi-linear system, discussing all possible degeneracies.

Type 2.1. b12 = b21 =0.

ou B [ O
a =l 0=y MA—)\B_(O 0). (2.5)




Linear: Substituting the expansion (1.13) and equating coefficients of the most singular term,
namely H) (Ay — px) (which is, of course, equal to H(\y — px)), shows that, in the generic case
of coo #£ 0, ug = (uo,vo)T can only be non-zero when g = 0. Thus there is a single family of
‘characteristics’ y = constant. When we consider the next term in the expansion (1.13), we find
that ug vanishes unless

ci1+ B8 c2

C+pBA|=
’ ﬂ ‘ C21 C22

=0,

so that C determines both the x-dependence of u, via 3, and its direction, i.e. the eigenvector
(o, vo)-

However, for cos = 0, various special cases can occur. In particular, if ¢19 = o9 = 0, v can
take any values, with singularities along any curves; with co; = 0 = ¢12 = c99, u again satisfies
a first-order PDE with a =0 charactelﬁc, while for co1 # 0 = c12 = ¢29, u = 0. Next, for
o2 =0, co1 #0, ¢12 # 0, u = v = 0 and, finally, with coo = 31 = 0, ¢12 # 0, both v and v are
indeterminate although they are related through the first PDE.

Semi-linear: If g depends on v, the second of (2.5) is solved to get
v="V(xyu) (2:6)

and this is then substituted into the first of (2.5): gu = f, which can be solved as a family of
x

ODEs given initial data on a curve y = Y (x); v is then determined from (2.6). It is clear that
for us to have a solution, any initial data prescribed for v must satisfy (2.6).

If g is independent of v but varies with u, the second of (2.5) is solved to get u = U(x,y).
Any data prescribed must be consistent with this. Then the first of (2.5) fixes v, provided that
f depends on v; specified data must be consistent. For f independent of v, the first equation
is either an identity or cannot hold.

If g depends upon neither u nor v, the second equation is either impossible to satisfy or an
identity. In the latter case, at least v is then indeterminate.

Type 2.2. b12 = ]_7 b21 = 0.

ou  Ov B (o =A
%—'—@_f’ 0=g. nA AB—(O O)' (2.7)

Linear: We now need ucos + Aco; = 0 so that the single family of characteristics is now C-
dependent, with a single eigenvector satisfying cojug + c20vg = 0, as long as co1 and cso do not
both vanish. In this case, C determines both the direction of propagation of singularities and
the mode of propagation, i.e. the eigenvector ug. In the extra-degenerate case of ca; = co0 =0,
u and v are indeterminate, and we can have any sort of singularities on any line, as long as
they are compatible with Ou/0z + 0v/Jdy = c11u + c12v.

Semi-linear: With g depending on v, the second equation can be solved and the result used
in the first, to get a single, generally quasi-linear, PDE for u. Alternatively, u dependence of g
can be used to eliminate u and get a single PDE for v. In either case, any initial data must be
consistent with ¢ = 0 for there to be a solution. Should g not vary with either of u or v, the
second of (2.7) either (i) holds trivially, with the first not giving a unique solution for u, v, or
(i) fails to be satisfied so the problem has no solution.



Type 2.3. b12 = 07 b21 =1.

ou ou ([ O
afw—f, oy o pA AB—(_)\ 0>. (2.8)

Linear: We now have to consider the first two terms in (1.13). Taking u; = (uy, vl)T, this
reveals that ug = 0 and —pu; = c12v9, Aur = co2v9. Now it is only when c12 and cao do not
both vanish that there is a single family of C-dependent characteristics cooy + c1ox = constant,
with a single eigenvector (0,v0)". In this case, C again determines the direction and mode of
singularity propagation. Again, with cj9 = co9 = 0, singularities in v can be arbitrary.

Semi-linear: If neither f nor g has dependence on v, (2.8) requires a compatibility condition,

0 of of 0 dg dg

o f=a T =g =t

oy oy ou Ox Ox ou
to get u; v is then indeterminate. If one, but not both, of f and g depends on v, the correspond-
ing equation can be used to find v in terms of u, with the other equation being an ODE for u;
initial data for v must be consistent. Should both f and g vary with v, v can (in principle) be
eliminated to get a (generally fully non-linear) PDE for u. This determines v and then v can
be got from either part of (2.8); specified data has to be consistent.

It is clear that, in the forms written, Type 2.1 and Type 2.2 are algebraic-differential systems,
while only differential equations make up Type 2.3.

It is easily checked that introducing extra independent variables does not change these types
of degenerate system.

3 Three Equations with Three Dependent Variables

We now turn to non-trivial problems for u = (u, v, w)T, with A and B both constant 3 x 3
matrices. The right-hand side is now (f, g, k)", and in the homogeneous linear case

f C11U + ¢12v + c13w
g | =Cu= | co1u+ coov + co3w
h Cc31U + c32v + c33w

We can again take a1; = 1, then redefine the dependent variables and take linear combinations
of the equations, if necessary, to make a12 = a13 = as; = a3y = 0.

There are now two main cases, since we still need |A| = |B| = 0 so both matrices have rank
less than three:

Case 1. Rank(A) =1, so

Il
S O =
S O O
o O O



Case 2. Rank (A) = 2 so, after another change of dependent variables and another new com-
bination of equations if needed,

We sub-divide Case 1 into sub-cases 1(i) and 1(ii) according to:
Case 1(1). b22 = 523 = b32 = b33 = 0;

Case 1(ii). At least one of bag, bas, b3z, b33 is non-zero. From 0 = |pA — AB| = A\2pu(bygbsz —
basbsa) — A3|B|, baobss = bozbsz, and further manipulation of the second and third rows
and columns can be used to get bao = 1, bog = bzo = b33 = 0.

For Case 2, the coefficient of Au? in the expansion of |[uA — AB| is —bs3 so (1.6) gives b3z = 0
and then

p—Abir  —Abi2  —Abi3
WA = AB| =| —Xba1  p— Abay  —Abaz| = —A3|B| — A2u(bizbay + bagbze) =0,  (3.1)
—Ab31 —Abso 0

with corresponding PDEs

ou ou ov ow ov ou ov ow ou 5]
p —l—bna —i—b12a +b138y f 9z +le8 +b228 +b238y 9, b318y+b328; h.

(3.2)

If b13 # 0, beg # 0, we can take a linear combination of the first and second of (3.2) to get

rid of the dw/0y in the first equation. If by # 0 = bag, we can swap the first two equations,

and u with v. Hence we can always assume that b13 = 0, while with a change of independent
variables we may take b1; = 0:

0 b2 O
|B| = b21 b22 623 = b12b23b31 =0 and b23b32 =0 (33)
bs1 bz2 O

from (3.1). We can consider the following sub-cases:
Case 2(i). bs; =0, bs2 # 0;

Case 2(ii). bs; = 0, bsz = 0;

Case 2(iii). b3y # 0, bsa # 0;

Case 2(iv). bz; # 0, b3z = 0.

In the remainder of this section, we catalogue the canonical types, based on consideration of
the left-hand sides of the equations. For each type we will only consider the basic degeneracies
that can occur for the linear problem in which the right-hand side is Cu. Hence each type
will not be covered in detail as in Sec. 2, where we discussed all the higher-order degeneracies.
Discussion of the resulting semi-linear problems is left until Sec. 4.

We remark that the method of weights, as described in the Introduction, would immediately
tell us that Type 3.1 - Type 3.3 below are in general equivalent to first-order scalar equations,
while Type 3.4 - Type 3.13 are equivalent to second-order scalar equations. This already
gives general clues about the types of singularity the systems can support and the boundary
conditions they can satisfy. However, we shall find that there are many special cases to consider.



3.1 Case 1(i)

Combining the last two equations and the last two dependent variables as necessary, the system
can be written as

ou ou ov ou
%+b1187y+b1287y_f’ 521@—9, 0=h, (3.4)

where f, g and h are (potentially) functions of both the independent variables x and y and the
unknowns u, v and w. Again making a change of variable x = &, y = § + b112 if needed, the
system may be supposed to be of the simpler form

ou ov ou
—— 4 bhig— = bo1— = = h. .
or 12 By f 21 By g, 0 (3 5)

Depending on whether or not b1o or be; vanishes, there are then four possibilities, after further
rescaling if needed:

Type 3.1. b12 = b21 = 0.

ou po 00
Ge=f 0=g, 0=h  pA-AB={0 0 0 (3.6)
0 00

With ug = (ug, vo,wp) " in (1.13), we have pug = 0 and there appear to be two possibilities.

However, for ug = 0, we require
C22 €23 (3.7)
€32 €33

to be singular; we do not consider this special degeneracy further.
We are left with © = 0, as in Type 2.1, but now needing cooc3s # cogcze. Again, G is
determined from C, now by the condition that

ci+pB c2 cs
IC+BA|=| ca co2 c23| =0,
C31 C32 (€33

which also determines the mode of propagation (ug, v, wo) along the characteristics y =
constant. [

Type 3.2. b12 = ].7 b21 =0.

[T
O f =g 0=h  pA-AB= |0

0
5%t 5 8 . (3.8)

For the generic case, in which

C22 C23
€32 €33

€21 C23
€31 €33

and




are not both zero, we have —uug 4+ Avg = 0, so that the characteristics are determined in terms
of C by

- A 0
co1 o2 c23| =0,
€31 €32 €33

with ug being an eigenvector of this matrix. [J

Type 3.3. b12 = O, b21 =1.

0 0
5, d K
a—u:f, a—u:g, 0O=h, pA—-XB=|-\ 0 0 (3.9)
o Y 0 00
For the generic case, in which
C12 €13 and C22 (23
€32 €33 €32 €33
are not both zero, we have ug = 0 as in Type 2.3, and, since
—JuU1 = €12V + €13Wo, (3.10)
AU = Co9vg + Ca3wy, (3.11)
0 = c32v9 + c33wW)0, (3.12)
singularities can propagate in the C-dependent direction given by
—H C12 €13
A e ce3| =0,
0 c32 33
with associated eigenvector (0, vg,wg)". O
Type 3.4. b12 = b21 =1.
-2 0
du 0 d K
Ly Yy 0=h, uA-XB=|-x 0 o0]. (3.13)
or Oy Ay 0 0 0

We note that for the generic case of ¢33 # 0, w can be eliminated to obtain a non-degenerate,
but special, 2 x 2 system with a unique characteristic direction: A = 0 is a double root of the
characteristic equation and the reduced problem for u, v is of parabolic type. [

For each of the above four types of system, whether linear or semi-linear, the solutions
depend sensitively upon the right-hand sides of the equations, as in Type 2.1 - Type 2.3.

3.2 Case 1(ii)
Here (1.6) gives

p—Abi1 —Abi2  —Abi3
0=|pA —AB|=| —Aby  —)\ 0 | = Mbizbs
—\b31 0 0

10



so at least one of b3 and b3y vanishes. There are then three possibilities which can be written

as follows:

For b13 = b31 = 0,

ou ou ov ou Ov
%+bnf)7y+bm87y_f’ b2187y+87y_g’ 0=h.

Taking © = v+ boju if ba; # 0 and with another change of independent variables if need be, the
system becomes

ou ov ov
%‘f‘blZ% =/, oy

Then adding a multiple of the second equation to the first gives

=g, 0=h.

Type 3.5. b13 == 0, b31 =0.

w0 0
ox oy 0 0 0

For the generic case in which cs3 # 0, ug and vy cannot both vanish. The problem then has
two characteristic directions, with (A, u) parallel to (0, 1) or (1,0). We have the two possibilities:

(a) A =0, up =0, which requires that

C22 — @ (23
€32 €33

=0,

and (0, v, wg)" is a corresponding eigenvector. As in Type 3.1(b), C determines the
mode of propagation and its x-dependence along the characteristics.

(b) u =0, vg =0, which requires that

cii+ 08 c3
€31 €33

=0,

and (ug,0,wp)" is a corresponding eigenvector; this situation is analogous to (a) above.
]

For 1)13 = O, 1)31 = 1,
ou ou ov ou Ov ou
8:U+ 116y+ 128y f 218y+6y 9, oy )

which, proceeding much as for Type 3.5, can be written as

Type 3.6. b13 = 07 b31 =1.

0 0
) ) ) p
8—”:]“, al:g, a—u:h, UA-XB=]0 -) 0]. (3.15)
v Y 4 - 0 0
We have pug = —Avg = —Aug = 0, with the following cases for the generic situation, css # 0:

11



(a) A =0, up = 0, which leads to the same situation as Type 3.5(a) above.
(b) up =wvp =0 and
—pu; = C13wo ,
Avi = co3wyp
Aui = c33wp

so that (A, u) = (e33, —c13) and singularities can occur across cj3x + ¢33y = constant with

eigenvector (0,0,wp)". O

FOl"blgzl, 1)3120,
ou ou ov  Ow ou Ov
— 4+ by1— +bpo=—+—= by — + — = 0=nh
6w+ 116y+ 126y+8y f 218y+6y g, ,

which, on replacing v by ¥ = v + b2ju and w by W = w + byju + bigv is then

Type 3.7. big =1, bg; = 0.

0 —\
ou o 0 H
G 9y Ly 0=, pA-XB=|[0 -x 0 |. (3.16)
or Oy 0y 0 0 0

Similar to Type 3.5 and Type 3.6, for the generic case in which ¢33 # 0 there are the

following possibilities:

(a) A = 0, ug = 0; we retrieve Type 3.5(a), in which singularities can occur across r =

constant.

(b) wo = 0; we now find that —pug + Awy = 0 and c31up + c3z3wo = 0, so that C defines both
the eigenvectors and the characteristic directions. [

3.3 Case 2(i)
Now b3; = 0 # b3z so, because of (3.1), beg = 0, and the third equation may be scaled:

bu_, v, u_ o
or 7 Oz 218y_g’ oy

If bo1 = 0, this is equivalent to Type 3.6, and otherwise the system can be rewritten as

h.

Type 3.8. b31 =0 ;é b32, b23 = 0.

W 0 0
ox or 0Oy dy 0 -\ 0

To lowest order, —pug = Aug — pvg = Avg = 0. Hence ug = vg = 0 and, since

—pu; = C13wWo,
Aup — pvy = ca3wy,
Av1 = c33wp,

12



A and p must satisfy

w0 s
- 1% C23| = 0, (3.18)
0 —A C33
giving
033,u2 + cosAp + 613)\2 =0. (319)

For the generic case in which not all of c¢i3, co3 and cs3 vanish, we have the possibility of
two characteristics, which may be real or, for the first time, complex according to the sign of
cgg — 4c13c33. However, only one eigenvector, namely (0,0,wp)", can propagate singularities,
so the situation is far from that of conventional hyperbolicity, where two Riemann invariants
are associated with two real characteristics. [

3.4 Case 2(ii)

With b3; = 0 = bse, w may be redefined to give us

ou ov ov Ow

%—Fleaiy:fv %—i_aiy:ga

First suppose that bag # 0.
If b12 = 0 we get a system like Type 3.7, while for bjs # 0 some rescaling leads to

0=h.

Type 3.9. b31 =0= b32, b12 ;é 0.

v =X 0
%—F@:f, @+8£:97 0 = h, UA—-—XB=10 pu -X]|. (3.20)
or Oy or Oy 0 0 0

Since, to lowest order, pug — Avg = pvg — Awg = 0, the eigenvector ug is determined by the
propagation direction. But since

Ul — Avy cu+pB c2—a a3 Ug
vy — Awy | = — 21 o+ B c3—a vo |,
0 €31 €32 €33 wo

we require that csijug + c32v9 + csz3wg = 0. Hence, for the generic case in which c3o # 0, the
propagation direction satisfies the quadratic equation c31A\? + e\ + c33u? = 0. However,
in contrast to Type 3.8, there will generally be a different eigenvector for each propagation
direction. [

Returning to the general discussion, now take bog = 0 so the system is

ou ov ov ou ov
— +bpo— = — 4 by — + byg— = 0=h. 3.21
5 T 125, s e 216y+ 25, =9 (3.21)
With b1o # 0, bey # 0, appropriate scaling of v and y provides
Type 3.10. b12 # 0, b21 # 0, b22 75 0.
% FA 0
%i@:f, @-Fafu%—bm@:g? 0=nh, PA—=AB = | —-A pu—Abp 0
or Oy Oor Oy oy
0 0 0
(3.22)
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The sign for the second term in the first equation is that of bisbo;. It is not possible to rescale
again to remove the constant bos.
Now, through b92, B plays an additional role because

—pug £ Avg =0,  Aug + (Ab2a — p)vg = 0,

so that p? — (bagpt & M)A = 0. Note that, through wg, C still plays a role in determining the
eigenvectors, and can also be responsible for higher degeneracy of non-generic cases. [

Returning again to the general discussion, with bjo = 0 # boy, scaling gives

ou ov  Ou ov
%_fv %"‘@4‘522%—9’ 0=h.

If boy = 0 this is equivalent to Type 3.4. However, for bos # 0, scaling to make b = 1,

adding the first equation to the second, replacing v by ¥ = u+v, and changing the independent
variables leads to

ou ov
= 3y
which is the same as Type 3.5.
Next, for bio # 0 = boy, the system is, after some scaling,
gz+gz=f, gz—i-bmg::ga 0=h.
With boo = 0 this is equivalent to Type 3.4. For bos # 0, we have, with a possible change of y,
oxr Oy 0z Oy
Subtracting the second equation from the first, replacing v by &« = u — v, and a change of
independent variables leads to

=g, 0=nh.

ou v
S=f =g,
Oz oy
which is again the same as Type 3.5.

0=h,

Finally for this sub-case, bjo = 0 = by; and
ou ov ov
O 1 pye + QQay g,

For bos # 0, a change of independent variable makes the system identical to Type 3.5 once
again. However, if byo = 0, we have a new type:

Type 3.11. B = 0.

0 0

9 0 K

%:f, 87;:9, O=h, pA—-XAB=[0 u 0 (3.23)
0 0 0

Since pug = pvg = 0, we have p = 0 and the characteristics are y = constant. However, we
now require that
ecn+pf 2 o
(C+ BA)ug = 21 e+ c3]u =0,
€31 €32 €33
so that, for the generic case of ¢33 # 0, C again determines the eigenvector and the exponential
variation of the solution along the characteristic. [J
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3.5 Case 2(iii)
Now b3 # 0, bza # 0 and so bgz = 0 from (3.3):

Y A L L
Ox 12ay_’ Ox 218y 228y_g’ dy Oy

with appropriate scaling. Subtracting a multiple of the third equation from the second yields

8u+b (%_f 8v+b ou 8u+6v_h
or oy or 218y_g’ oy oy
Taking b1o = bo1 = 0, replacing v by ¥ = v + v, and adding the first equation to the second
gives a problem equivalent to Type 3.6.
If b1o # 0 = be1, with suitable scaling, the system is

ou v _ v ou v,
or oy 7’ or 7 oy Oy
Replacing v by 4@ = u + v and adding the second equation to the first shows that this system
is equivalent to Type 3.8.

For b2 = 0 # bo1, with suitable scaling, the system is

oxr 7 Ox Gy_g’ oy Oy
Manipulations as immediately above indicate that this is also equivalent to Type 3.8.
With b1o # 0, ba; # 0, we can write the system as

or oy 7 ox ' oy 4 oy Oy
A change of independent variables and the subtraction of the third equation from the first

produce

ou ou v Oou  Ov

— — (1+4+bo)— = — = —+—=h

Ox (1+ 21)83/ / or 9 oy + oy

Taking by = —1, replacing v by ¥ = u + v, and adding the first equation to the second gives a
system equivalent to (3.16). Trying be; # —1, the problem scales to

87u+@_f @_ aiujL@_h
or oy 7’ or 7 oy Oy

Replacing u by 4@ = u + v, adding the second equation to the first and subtracting the third
from the first leads to a problem like Type 3.8.

3.6 Case 2(iv)

Here b3; # 0 = b3z and, because bs; # 0, (3.3) gives bj2 = 0 and/or byz = 0 in

ou v ov ov ow ou
— 4+ bpo— = — 4+ bygg— + byg3— = —=h
e 125, fs 9z 228y+ 55, =9 By ;
where the third equation has been used to simplify the second.
For b1o = b3 = 0, adding a multiple of the third equation to the second puts it in the form

u_, o, o,
or 7 Oz 228y_g’ oy
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For bys = 0 this is equivalent to Type 3.6, while for byo # 0, the problem scales to

Type 3.12. bas # 0, bag = 0, bg; # 0.

0 0
0 v 0 0 H

Gy L T JA-XB={0 p-x0|.  (324)
ox ox Oy dy Y 0 0

To lowest order, —pug = (—p + N)vg = Aug = 0 and thus we generically have uy = vy = 0,
which implies that

—puy = c13wo, (= + A)v1 = cazwo, Aui = c33wp-
Hence
—H 0 —c13
0 —p+X —c3|=0,
A 0 —C33

giving (A — p)(cssp + c13\) = 0. Clearly, for the generic case of ¢13, ¢33 not both zero, we have
another case of two real characteristics; they are coincident if ¢13 = —cs3. UJ

Returning for the last time to the general discussion, taking by = 0 # b2 leads to

ou ov ov ov ou
87x+b1287y_f’ %-f—bmafy =g, oy = h.

A change of independent variable, addition of a multiple of the third equation to the first and
a scaling give a problem equivalent to Type 3.8.
For bo3 # 0 = by2, a redefinition of w puts the system into the form

Type 3.13. b22 = 0, b23 # 0, b31 # 0.

0 0
B, w9 0 H
8—“:1", 8—U+8—w:g, 8—u:h, uA-XB=[0 u -A|. (3.25)
. T y ~A 0 0
In this situation, —pug = —pvg + Awg = Aug = 0, giving ug = 0, Awg = pvg. Generically
this implies that
—pu1 = €12v0 + C13Wo, —pv1 + Awy — Bug + awg = 2209 + 23w, Auy = €320 + €33W0-
Hence singularities can propagate as long as (c12v9 + c13wo) A = — (3209 + c33wo) 1, and we see

that there are two families of characteristics, determined in terms of C by c33pu?+(c13 + c32) A+
c12A? = 0; the respective eigenvectors depend correspondingly on C. This generic case demands
that at least one of ¢33, c13+c32 and c12 be non-zero, along with ci12¢33 # c13¢32, see Sub-Sec. 4.2.

This system has such a wide variety of higher-order degeneracies that we will discuss it in
further detail in Sec. 4.

We note that the system (1.8) is of this type. O
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3.7 Summary

Concerning singularity propagation, the most striking feature of the above catalogue are the
roles played by

(i) the degeneracy of the matrix pA — AB in determining the propagation directions, and

(7i) the matrix C which usually decides the propagation directions and always decides the
propagating eigenmodes.

Concerning the directions of propagation, we can classify the generic degeneracies according
to :

1. Type 3.1 - Type 3.3 have a single characteristic, generalising the cases of Type 2.1 -
Type 2.3.

2. Type 3.4 and Type 3.11 have one double characteristic.
3. Type 3.5 - Type 3.7, Type 3.10 and Type 3.12 have two real characteristics.

4. Type 3.8, Type 3.9 and Type 3.13 have two, possibly complex, characteristics.

4 Summary of Three-by-Three System Types

We now briefly generalise our discussion of the systems listed above to situations where they
are semi-linear.

4.1 Semi-Linear Degenerate Systems

We first note some obvious facts regarding Type 3.1 - Type 3.7.

° Type 3.1 is generically equivalent to Type 2.1, needing two constraints on the data.
° Type 3.2 is generically equivalent to Type 2.2, needing two constraints on the data.
° Type 3.3 is generically equivalent to Type 2.3, needing two constraints on the data.
° Type 3.4 is generically equivalent to a 2 X 2 system, needing one constraint on the

Cauchy data.

° Type 3.5 is generically equivalent to a 2 x 2 system, needing one constraint on the
Cauchy data.

° Type 3.6, rather like Type 2.3 for 2 x 2 systems, unless w appears nowhere in the
right-hand sides of (3.15), w can be eliminated to get a generally fully non-linear 2 x 2
system, needing one constraint on the Cauchy data. If w is completely absent from the
system, a compatibility condition must be satisfied by the equations.

° Type 3.7, for the generic case of h depending upon w, is again equivalent to a (quasi-
linear) 2 x 2 system, needing one constraint on the Cauchy data.
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Type 3.1 - Type 3.3 The first three canonical forms are differential-algebraic equations
and doubly degenerate, turning out to be generically equivalent to 2 x 2 degenerate problems:
Provided that h depends upon w, w can be found from the third equation and substituted into
the first two to get a degenerate pair of PDEs for v and v.

Should A be independent of w, unless h is identically constant, w or v can then be got
from the third equation and eliminated from the first two, to get a pair of equations involving
derivatives of the remaining unknown, v or u respectively. With w appearing in neither f nor
g, this reduced problem is as for the corresponding 2 x 2 case. With w in one but not the other,
there is one semi-linear equation which can be solved for the surviving unknown, and the other
two unknowns are got from the other two equations. With w in both f and g, it is eliminated
to get a (generally quasi-linear) PDE for the survivor of w and v; the other and w are then
determined explicitly.

For these problems, only one set of Cauchy data can be imposed.

Type 3.4, Type 3.5, Type 3.10 and Type 3.11 The last equation is again algebraic and
no derivatives of w appear. It is easily checked that the first two PDEs form a non-degenerate
system, regarded as a problem for u and v alone. This means that as long as h depends on w,
w can be eliminated and we have a 2 x 2 system. Two sets of Cauchy data are required.

If h does not depend on w then, excluding the trivial possibility of it’s being a function of
x and y only, it must depend on one of the remaining dependent variables, say u. Using the
last equation to eliminate u from the first two equations gives two equations involving v and its
derivatives. For Type 3.10 it is possible that this pair of equations has extra degeneracy, with
the two left-hand sides being proportional. If precisely one of f and g depends on w, we have
one equation for v alone; this gives v and the other two equations then determine u and w. If
both f and g depend on w, w is eliminated to give a single (possibly fully non-linear) PDE for
v; the solution of this can again be used in the other equations to provide v and w. In both
these cases with h independent of w, we should only impose one set of Cauchy data.

If none of f, g and h depends upon w, for there to be a solution the equations must be
consistent. For example, with the left-hand sides of the first two equations proportional, the
same constant of proportionality must clearly relate the right-hand sides. The data for u and
v must be consistent and w is indeterminate.

Type 3.7 and Type 3.9 These are also differential-algebraic equations, with their third
equation being algebraic, but, in contrast to those just considered, they contain a derivative of
w in their first two equations. For h dependent on at least one of the dependent variables, say
w, w may be found from the last equation and substituted into the first two equations to get
a (generally quasi-linear) 2 x 2 system. The other unknowns are found from this system and
they then fix w. Clearly only two sets of Cauchy data are needed. If h = 0 gives w as a linear
combination of u and v, this elimination procedure could produce a degenerate 2 x 2 system,
as in Sec. 2.

Type 3.6, Type 3.8 and Type 3.12 These have derivatives in all three equations, and so
are purely differential equations, but no derivative of w appears. Should precisely one of f, g
and h depend on w, the corresponding equation can fix w, with the other two PDEs forming a
2 x 2 system for u and v. For Type 3.6 and Type 3.12, if it is g which depends on w so that
the first and last equation make up the 2 x 2 system, this will then be degenerate, as in Sec. 2.
Otherwise the 2 x 2 system is non-degenerate and two sets of Cauchy data are required.

With at least two of f, g and h depending upon w, w is eliminated to give a (generally fully
non-linear) problem for u and v; two sets of conditions are imposed. Should the 2 x 2 system
be linear or semi-linear, it is possible that this is degenerate, as in Sec. 2.
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If none of f, g and h varies with w, some consistency condition is needed between the PDEs
and w is indeterminate.

Type 3.13 We are left with this as the only case with both:
e all three equations containing derivatives;
e derivatives of all dependent variables in the system.

It is clearly another purely partial differential-equation system. Its special status motivates the
more detailed consideration in Sub-Sec. 4.2 below.

4.2 Problems of Type 3.13

The problem has the general form

ou
— 4-1
ax f’ ( )
ov Ow
= 4.2
ou
o=h (43)

The generic case has f and h dependent on v and w so that (4.1) and (4.3) can be solved
to get v and w in terms of u and its derivatives. Substitution into (4.2) gives a second-order
(usually quasi-linear) PDE for u. Depending on the nature of this equation, we would normally
expect to impose either two initial conditions or one boundary condition.

A more special case is when (4.1) and (4.3) themselves add a further level of degeneracy, so
that (4.1) and (4.3) provide a first-order PDE for u, and an equation relating v and w (and wu,
Ou/0z and/or Ou/dy). This PDE is solved and substitution for v (or w) in (4.2) gives another
PDE for w (or v). Two sets of Cauchy data are needed.

The most degenerate case has both f and h independent of v and w. A compatibility
condition for f and h has to hold. Assuming that it does, u can be found (applying one initial
condition) but v and w are indeterminate.

To see more clearly what might happen, we look at cases which are linear and, for simplicity,
autonomous, so that
f =Cu,

with C constant. As before, u = (u,v,w)" and f = (f,g,h)".

The generic case has ciac33 # c13¢32 so that the subsidiary matrix

c.- (o) (1.0

C32 (33

has rank 2, and (4.1) and (4.3) can be solved to get

[ ou ou ( ) 1 ( )
v= ||c33=— —ci13=— | + (c13¢c31 — c11¢33)u €12€33 — C13C
I 33 2 13 9y 13€31 11633 | 12€33 13€32
and ) )
ou ou ( ) ( )
w= ||clo=— —c3a— | + (c11¢32 — c12C31)0 C12C33 — €13C32).
_ 12 9y 3275 11€32 — €12€31 | 12€33 — €13C€32
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Substitution into (4.2) gives a PDE

0%u 0%u 0%u ou ou
37— — (C: — — =d do— + d3— 4.5
C33 %3 (c32 + c13) 920y teng g =diutdag -+ 3y (4.5)
where the d; are constant. This equation is clearly

o clliptic if dciocss > (c13 + c32)2,

e hyperbolic if 4c1ac33 < (€13 + €32)2,
e cither parabolic or a second-order ODE if 4cjacs33 = (c13 + ¢32)%.

(Note that, for the generic case, at least one of ¢12, ¢13, ¢32 and ¢33 is non-zero.)

We remark that, had we used the method of weights described in the Introduction, we would
have been immediately led to the differential operator on the left-hand side of (4.5), and hence
identified that (1.12) is elliptic.

The last case admits the the extra-degenerate possibility of ¢15 = ¢33 = 0 with ¢13 = —c39 #
0. Here v and w can be eliminated to get the first-order hyperbolic equation for u:
ou ou

c23 —C31)—=— + (€11 — Cc29)—=— = (€c23C11 — C99€31 + C32C21 )U .
(c23 31)8:5 (c11 22)83/ (c23c11 — C22€31 + €32€21)
The characteristic direction is (A, 1) = ((c23 — ¢31), (€11 — €22)).

For ciac33 = c13¢30 with at least one of ¢12, 13, €32, ¢33 non-zero, say cjo, so that C,; now
has rank 1, we have

5] 0
032(% — 012(% = (c11632 — c12€31)U (4.6)

ou
v = <8£L’ — C11u — 013w>/012. (47)

The PDE (4.6) is solved for u, then (4.7) is substituted into (4.2) to give

ow c130w c13¢C C99C c c ou 1 9%u
_13+<13 22—023)11):(021— 292 11)u+<22+11>

Oy ci2 0z 12 12 ci2  ci2) Oz cip 0%

with

This may be solved to find w and hence v. (The appearance of the second derivative of u in
the PDE for w might indicate that care should be taken in a numerical method based on this
way of solving the system.)

The most special case is when C; = 0 so that

ou ou

5 = C11U, éTy = C31uU.

oz
If ¢11 = c31, we have a single PDE for u. On the other hand, for ¢;1 # c¢31, u must be identically
zero. In both cases v and w cannot be determined. (Note that if the problem were to be
generalised by including constant terms on the right-hand sides of (4.1), (4.3), a solution might
not exist. Supposing now that du/0r = c11u + c19 and Ou/dy = cs1u + ¢30, the compatibility
condition c¢11¢30 = ¢31¢10 has to be satisfied to get a solution.)

We conclude this sub-section with a few specific examples.
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ou ou ov  Ow
421 — =0, — = — 4+ —=0.
Oz > Oy Y B + y
Solving directly gives u = U(y), w = U'(y), v = V(y) — U"(y)z, with U and V being fixed by
two boundary conditions.
In this case c19¢33 = c13¢32 = 0 # ¢33 so the system has one extra level of degeneracy.

ou ou ov  Ow
4.2.2 — = — =v, — + — =0.

ox w oy v ox + oy
The system has general solution v = V(y), w = W(x), u = ["W(£)dE+ [YV(n)dn and is
clearly hyperbolic.

ou ou ov oOw
423 =ty — =w, — + — =u.
Ox v oy Y ox + oy b
Here
Pu 0 .
oy~ ox2 7

which illustrates how easily degenerate systems can conceal ellipticity and hyperbolicity.
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