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Abstract

Modern financial practice depends heavily on mathematics and a cor-
respondingly large theory has grown up to meet this demand. This paper
focuses on the use of matched asymptotic expansions in option pricing; it
presents illustrations of the approach in ‘plain vanilla’ option valuation, in
valuation using a fast mean-reverting-stochastic volatility model, and in
a model for illiquid markets. A tentative framework for matched asymp-
totic expansions applied directly to stochastic processes of diffusion type
is also proposed.

Keywords: option pricing, matched asymptotic expansions, financial deriva-
tives, stochastic volatility.

1 Preface

It is an honour to have been asked write the 2005 James Lighthill Memorial
Paper, and I am most grateful to the Editors of the Journal of Engineering
Mathematics for their invitation. When I was a graduate student Lighthill was
one of a very small number of colossi of applied mathematics in the UK and I
was fortunate to hear a number of talks by him, given in his characteristic style.

I have been asked to write on the subject of mathematical finance, an area
in which as far as I am aware Lighthill never worked, although he included a
chapter on the subject in [1]. However, one of Lighthill’s best-known works is
the book Introduction to Fourier Analysis and Generalised Functions [2] which
introduced many, many applied mathematicians to the idea of the delta func-
tion as a limit of a sequence of ‘normal’ functions, for example parametrised
continuously by a parameter ¢ which may be thought of as time; Lighthill devel-
oped the theory of distributions within this framework. This idea sees a natural
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interpretation in finance, where option prices in the standard Black—Scholes the-
ory demonstrate just such a smoothing effect on singular ‘payoff’ functions as
time to expiry increases; indeed, the ‘Gamma’ of a vanilla call or put option is
exactly equal to the delta function at the expiry date. The theme of this paper,
therefore, is to illustrate how the smoothing idea can fruitfully be combined
with the techniques of matched asymptotic expansions in a variety of models in
finance.

2 Introduction

The modern theory of finance, and especially of financial derivatives and finan-
cial engineering, depends absolutely on mathematics. Since the subject was
kick-started by the work of Black & Scholes [3] and Merton [4] there has been
a very fruitful two-way technology transfer between a range of areas of math-
ematics and the financial applications, the principal mathematical area being
applied probability and in particular applied and numerical stochastic analysis.
However, the fact that the Black—Scholes methodology leads, via Itd calculus,
to partial differential equations, has led many physical applied mathematicians
to contribute to the field; this is the impetus behind, for example, the early
text [5]. Much of this activity has focused on obtaining exact solutions (which
are particularly useful in the financial context) to certain boundary value prob-
lems representing the prices of options, or on numerical methods. The purpose
of the current article is to illustrate the scope for another technique, asymptotic
analysis, to make a useful contribution to the solution of financial problems,
with a particular emphasis on the use of matched asymptotic expansions.

We begin in Section 3 with some simple examples of matched asymptotic
expansions applied to vanilla options close to their expiry date. In Section 4 we
consider a nonlinear model arising from the study of illiquid markets, and we
contrast the smoothing of the payoff singularity by nonlinear diffusion with the
effect of linear diffusion demonstrated in Section 3. In Section 5 we turn to a
model of fast mean-reverting stochastic volatility and we show how to construct
the boundary layer near expiry for European options. Finally in Section 6 we
speculate on the possibility of applying the methodology of matched asymptotic
expansions directly to stochastic processes, without going via the associated
Kolmogorov partial differential equations.

Before proceeding, we recall the standard Black—Scholes formulation of deriva-
tives pricing (see [5]). We consider options on an asset whose price Sy is modelled

as a function' of time ¢ by the stochastic differential equation
ds,
== pdt + o dWy,
St

in which dW; is the increment of a standard Brownian Motion and p and o are,
respectively, the drift and volatility of the asset, taken to be constant, except in

1We include the customary subscript t on variables such as S; when we wish to emphasise
the time-evolution of the process. In other contexts it may be omitted.



Section 5 where o is also taken to be stochastic. Given an option whose price
V(S,t) depends only on S and ¢, application of Itd’s formula to the evolution of
a hedged portfolio IT =V — AS, consisting of one option and —A of the asset,
shows that the risk in the option is perfectly correlated with that of the asset

and that the choice
N
88

renders the portfolio instantaneously risk-free. In the absence of arbitrage and
transaction costs, the portfolio must then earn the risk-free rate r, also taken to
be constant, so that dII = rIId¢; in the absence of dividends this leads to the
Black—Scholes equation

oV 1 , 0%V 1%

E + 50 S ﬁ + 7"5%
In the simplest cases this backward parabolic equation is to be solved with a
terminal condition V(S,T) = P(S) where P(S) is the payoff received at the
expiry date t = T, and in the absence of barriers S ranges from 0 to co. The
simplest (‘plain vanilla’) options are call and put options, whose payoffs are
max(S — K,0) and max(K — S,0) respectively; they represent the terminal
value of an option to buy (call) or sell (put) the asset at time T for the fixed
price K, called the strike price.

An alternative view of the hedging strategy is that it entails pricing with
respect to a probability measure Q that is risk-neutral, rather than the objective
(observed) measure PP associated with the stochastic differential equation for the
asset price cited above. That is, for pricing purposes, the asset is assumed to
follow

—rV =0.

% =rdt + odW;,
St

where r is the risk-free rate, and then the value of the option is
V(S;,t) = EQ[P(Sr)|S:).

By the Feynman-Kac formulas, this expectation is equivalent to the solution of
the Black—Scholes equation.

As an aside, we comment that in practice the hedging strategy above is
impractical and in particular it is impossible to hedge continuously in time:
even if the Wiener process were an exact description of asset prices rather than a
good approximation, it would still be impossible to trade either instantaneously
or at each t. For this reason the hedge parameter termed Gamma,

B o?V

082’
is of enormous practical importance as it is a measure of the risk incurred
in rehedging at non-infinitesimal time intervals. To see this, suppose that a

portfolio IT = V — A;S, where A, = 0V/0S evaluated at (S, t), is perfectly
hedged at time ¢, and that no trading takes place over the interval (¢t + dt).



Using Taylor’s theorem, the change in the portfolio over this interval is 611 =
0V — A0S which, in the infinitesimal limit where §t becomes dt, is equal to
the risk-free return rII d¢. Over the non-infinitesimal interval the hedging error
(the difference between the return on the portfolio and the risk-free rate) is

oV 102V oV
_ rét _ - 2 _ _
SIT—1II (e 1) S0t T35 —r (V 35 5S> bt + o(6t)

1 0*V
= 50253 (6W? —6t) 57 T o(6t)
where we have used the Black—Scholes equation and the fact to this order §5% =
025%25W?, the random variable 6W, whose distribution is N(0,dt), being the
small change in the Wiener process W. The error is seen to be proportional
to the random variable §W?2 — §t, whose expectation is zero, multiplied by the
option’s Gamma; the calculation is equivalent to comparing tangent-plane and
quadratic approximations to the value surface. For a call option, we have

d2
(S, T)= d—SQmaX(S—K,O) =4(S — K)
where (- ) is the delta function, and the same for a put. Bearing in mind that for
a call option without dividends [A]3=0° = 1 for all £, so that JST(S t)dS =1,
we see that as ¢ — T the Gamma of such an option is an approximation of the
delta function in the spirit of [2].

3 Vanilla options near expiry

Our first example is the behaviour near expiry of a call option (or, by put-call
parity, a put option) in the standard Black—Scholes model. Here the payoff is
P(S) = max(S — K,0) and there is a famous explicit formula for the option
value,

V(S,t) = SN(d,)— Ke "T"YN(d_),

where
log(S/K) + (r+ 13T —t))
£ ovT —t ’
and

d
N(d) = \/%/ e/2 ds

is the standard Normal cumulative density function. For small time, we can
derive an approximation to this formula as follows.

First we make some preliminary scalings: we measure time backwards from
expiry and scale it with o2, writing t = T — ¢’ /0. The Black—Scholes equation

becomes
v 1 , OV oV

v 2% g5 T~V



where o = r/0? is dimensionless (at this stage, V and S are still dimensional).
Now suppose that a = O(1), but that scaled time is small, so that

t' = et
where 0 < € < 1. The Black—Scholes equation is now

10V 1 _,0°V ov
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If the spot is far from the strike, we have a regular outer expansion
V(Sa T) ~ %(57 T) =+ 62‘/1(57 T) +oee

where
o 0 GrTeldEg W

and so on, which with the final condition gives

vy v, (avo >

Vot SV, = {S — K(1-€ar) S — K > eK, far above the strike,

K — 5S> eK, far below the strike.

This is just the first two terms in the small time expansion (in unscaled variables)
of the function

S — Ke r(T-1) S > Ke (=t
0 S < Ke r(T—t)

whose components are the value of the forward contract in which the option
holder is compelled to buy the asset, corresponding to certain exercise, and
zero, corresponding to no exercise.

However, as remarked earlier we expect large Gamma near the strike, and
hence the second S-derivative term cannot be ignored. We deal with this by
rescaling near the strike, introducing an inner variable

S =K(1+ex),
and at the same time rescaling
V(S,7) =eKv(z,T).
The Black—Scholes equation becomes the non-dimensional equation

1 0v L

v« ov
. — 2 —_ —
e20r 2 (1+ex) Ox? + € (1+ex) av,

ox

and the payoff is
v(z,0) = emax(x,0).

Having calculated the solution to this inner problem, we will match it with the
outer solution.



We now expand
v(x, 7€) ~vo(z,7) + vy (x, ) + O(€?).
Collecting together terms of O(1), the problem for vy is

vy _ 1070
or 2 0x2’

vo(x,0) = max(z,0).
The conditions at = +oo for this equation are, consistently with the payoff,
v(z,T) ~x, T — 400, v(x,7) =0, x— —o0.

They can also be obtained by matching, using the Van Dyke rule. This is
accomplished by first writing the one-term outer expansion V;(9, 7) in terms of
the inner variables and then expanding to one term in €; the resulting expression
is the large-z behaviour of the one-term inner expansion vg(z, 7).

This inner problem is much simpler than the original problem, and it has a

similarity solution
vo(@,7) = VT f(z/VT)

where, with z/\/7 = ¢,
fr+ef = f=0,

and with the boundary conditions
f—0 asé— —o0, f~E asé — 0.
The solution is readily found (it is convenient to differentiate the equation

for f first) to be
vo(z,7) = zN(z/V/7) + VT n(z/V7)

where N(-) is as above and n(-) is its derivative, e~ /2/y/27.

The approximation just found is valid in the inner region, while in the outer
region we have the outer expansion found earlier. In more complicated problems,
one can often find a uniformly valid expansion, holding in both inner and outer
regions, by calculating ‘outer 4+ inner — common’, in which ‘outer’ and ‘inner’
are the expansions already found and ‘common’ is the intermediate limiting
behaviour of these expansions used in matching (i.e, the large-x behaviour of
the inner expansion or the small |S — K| behaviour of the outer expansion). In
our case the outer expansion is so simple that it and the common expansion
coincide, and so the inner expansion is in fact uniformly valid and can be used
as an approximation for all S and small ¢'. In these original variables, this
expression is

V(S 1) ~ (S — K)N (fﬁ%) +oVT—iKn (f{f%) .

Note that the parameter €, which is artificial, does not appear in this expression.



It is not hard to proceed further, to find the two-term inner expansion vy +
evy. The problem for v is

6’1)1 1 321)1 32?}0 8’00
=X + a——

or 2 0x2 o2z Yor’

vy(z,0) =0.
As vy satisfies the diffusion equation, a particular solution is readily found? and,
as it vanishes at 7 = 0 it is the solution we need:
821}0 1 2631}0 Bvo
a2 27 9 T on
1
= gfz:ﬁn(x/ﬁ) +arN(z/\/T).

vi(z,7) =T

Furthermore, the two-term inner expansion ¢K(vg + €vy) is again uniformly
valid. In the original variables, this expression now reads

V(S.1) ~ (S~ K +r(T ~ ) N (?f%) VTS K)n (f/j%) |

It is also straightforward to show that these expressions agree to O(e?) with the
small-time expansion of the exact solution.

The approximation is remarkably good for practical parameter values, as
shown by the example in Figure 1. Even with a time to expiry of 1 year, for
which with ¢ = 0.3 we have 02T = 0.09, the maximum relative pricing error
is about 2.5%; furthermore the approximate expression can be differentiated to
calculate the ‘Greeks’ (the industry term for A, I' and other partial derivatives
of the option price, needed for hedging) as well as the price itself.

As a further test of the accuracy of the approximation, we calculate the
error divided by K(e7"(T=Y — (1 — (T —t))) and, as shown in Figure 2, this
is always bounded and tends to 1 as S — oo; one expects the errors associated
with approximating the discounting to be O((r(T — t))?) which is small for re-
alistic values, and the figure confirms that the errors associated with the second
derivative (volatility) term are not significantly bigger than those arising from
approximate discounting.

In this particular example, the outer expansion is simply the outer expansion
of the inner problem and the error incurred in simply using the inner expansion
is, in fact, exponentially small in o?(T — t); in effect, the inner solution is an
expansion of the exact solution in terms of this quantity. If the payoff had been
more complicated then the outer expansion would have been non-trivial, and
another example in which the method yields non-trivial results is described in
the following section.; for more complicated illustrations of the potential of the
method in a Black—Scholes setting, see [6].

2We use the following: (i) if ur — %um =0 and v, — %v,m = u, then a particular solution

is Tu; (ii) if w is as above and v, — lvzz = zu, then a particular solution is v = z7u + %TQ’U,I;

(iii) N"/(€) + EN'(€) = 0. ’
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Figure 1: Approximate call value minus exact value, scaled with the at-the-
money value, as a function of moneyness S/K. Time to expiry one year and
0.25 year. Volatility is o = 0.3, r = 0.05.
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Figure 2: Approximate call value minus exact value, scaled with the discounting
error, as a function of moneyness S/K. Time to expiry one year and 0.25 year.
Volatility is ¢ = 0.3, r = 0.05.



3.1 CEV models

The methodology above can be applied to the constant-elasticity-of-variance
(CEV) model in which the Black—Scholes equation is replaced by
av 1 S\ o*v oV

The difference from the previous model is that the volatility is now S—dependent
for v # 2 (the model is used to represent a ‘leverage’ effect whereby the impact
of a given stochastic change dW; is assumed to be greater when the asset price
is small than when it is large, and v is thus taken to be less than the Black—
Scholes value of 2). The parameters Sy and o are not independent, but writing
the equation in this form allows one to compare option prices with the same
volatility at a given price level; for example, choosing Sy = K gives the same
at-the-money volatility for options with strike K as ~y varies.

It is now much less straightforward to calculate explicit solutions, but the
asymptotic procedure is virtually the same as for the case v = 2, the Black—
Scholes model. Indeed, the outer expansion is unchanged, while with the scalings
previously used, the inner equation becomes

0 1 0? 0
871) = 5%;2(1 + ex)”a—z +ea(l+ ex)a—v — aw,
T x x
where k2 = (Sy/K)?~7, with the same payoff as before. If we rescale time

by setting 7 = 7, / k2 and expand to two orders in €, we recover precisely the
previous problem for vg, so the solution is the same but written in terms of the
new time variable 7.,. The equation for v; is

(%1 1 821}1 1 82’00 81}0

= St al 0) = 0.
or, 2o 2o TGy n@o)

where o, = a/k? (note that ar = a,7,). We can, therefore, easily adapt the
earlier result to write down the inner solution (which is the uniformly valid
expansion to this order) as

vo + €v1 = (x + eat)N (kx//T) + k/T(1 + eyz/4)n(kx /V/T),

which reduces to the previous expression when « = 2. In original variables, we
have the approximation

Vs ~ (5 - K 4T - 0)v (SEED)

4 roVT T (75+(47)K>n (n(S/K 1)) '
4 oVT —1t
The accuracy of the approximation is illustrated in Figure 3, which compares
the error relative to the at-the-money option value for three different values of
~. The ‘true’ value was calculated numerically by an explicit finite difference
scheme. The approximation is even better for v < 2 than it is for the Black—
Scholes case v = 2, and appears to improve as v decreases.
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Figure 3: Approximate CEV call value minus numerically calculated value,
scaled with the at-the-money numerical value, as a function of moneyness S/ K.
Time to expiry 0.25 year. At-the-money volatility is 0.3 for all options and
r = 0.05.

4 Vanilla options in an illiquid market

The standard assumptions of the Black—Scholes model include that of perfect
liquidity: it is possible to trade an arbitrary amount of the asset at the price S;
without incurring transaction costs and without changing the price by trading.
In practice this is simply not true, and in this section we consider an aspect of
a model for the effects of illiquidity.

Illiquidity is manifest in three forms in most markets. First, there is a
difference, called the bid-offer spread, between the prices for buying and selling
even a small amount of the asset. Second, the price paid for trading the asset
depends on the amount traded; for example, a trader wishing to buy a large
amount of the asset will have to pay a price per unit of the asset that increases
with the amount traded, because there is only a limited amount on offer at the
lowest offer price (there are usually offers to sell at higher prices as well). This
we term the liquidity cost. Third, the action of trading a large amount may itself
move the asset price independently of the effect of other random innovations due
to external news and the effect of smaller trades. This is termed market impact.

In this section we assume that the bid-offer spread is small and we focus on
the effect of liquidity cost and market impact. These have been considered by
a number of authors (see [7, 8, 9, 10, 11, 12] and references therein), and the
common thread is that where a ‘Black—Scholes equation’ can be formulated as a
result of a continuous-time trading strategy or a continuous-time approximation
to a discrete-time strategy, it is nonlinear (the precise form of the nonlinearity

10



depends on the model used). This is not surprising as whenever costs of any
sort are incurred, the total value of two positions held separately is in general
distinct from the value of the net position, an extreme example being that of
a trader who is both long (has bought) and short (has sold) the same contract
and whose net exposure is therefore precisely zero and so does not need to be
hedged: hedging the two positions separately incurs two sets of costs and thus
results in long and short prices whose difference is not zero.

Our interest here is how the nonlinearity affects the valuation of a call or
put option near expiry, as in Section 3. As a representative of the class of
models used we consider that of [8]. In this model, the price paid to trade a
number N of the asset is S,.e*, where S, is the asset price before the trade and
A > 0 is a parameter measuring the liquidity of the market; it is always small
in practice, but markets with relatively small A are more liquid than those with
relatively large A. If N < 0, representing a sale, the price received is less than
S, while if N > 0 the price paid to buy is greater than S;. The market impact is
represented by assuming that, after the trade, the asset price moves to S;e*V,
where the parameter 3 measures the market impact, 6 = 0 representing a trader
whose impact on the market is negligible. While the parameter A is typically
very small, 8 may be O(1).

With these dynamics superposed on the standard asset price random walk,
it is shown in [8] that the model possesses a continuous-time limit in which the
value of an option satisfies the nonlinear equation

1 1
Vi + 502521/55 + X028V + §A2520254V§’S +7rSVs —rV =0

(in this section we consistently use subscripts for partial derivatives). Recall that
the Gamma, Vgg, of this option is a delta-function at expiry; following [13], we
show how the nonlinear equation for V' handles this singularity.

As X is small, we construct a regular outer expansion

V(S,t;2) ~ Vo(S,) + AVi(S, 1) + A?Va(S, 1) + O(N),

in which
LpsVo =0, Vo(S,T) = P(S)

(we anticipate that the payoff condition should be applied to this function; in
this problem the interest is in a small inner region near the strike),

‘CBS‘/I - _0'252‘/025‘5" ‘/I(Sa T) = 07

1
LpsVe = —20°5*VyssViss — 5520254‘/03557 Va(S,T) =0,

and so on, where Lpg is the standard Black—Scholes differential operator. Suc-
cessive terms can be calculated in integral form with the aid of a Green’s function
or, more likely, numerically (numerical comparisons showing excellent agreement
are given in [8]). The expansion is valid provided that higher-order terms remain
smaller than lower-order ones, and breakdown first occurs when the magnitudes

11



of Vo and AV; become comparable. This is for asset values near the strike
and for times near expiry, specifically (recalling the results of Section 3) for
|(S — K)/K| = O(\) and o*(T —t) = O(\?). We therefore rescale, writing
o?(T —t) = N7 and S = K(1+ Az), and V(S,t) = Av(x, 7). The leading order
term in an expansion in powers of A in the inner region then satisfies

1 1
Vor = 5“0‘” + vgm + 5527)8’”, vo(z,0) = max(z,0).

This problem is itself intractable but its small and large time behaviour can
be calculated. The large-time behaviour is straightforward, as for large times
the dominant term on the right-hand side is %UOM, namely a linear diffusion
term, and the asymptotic behaviour is that of linear diffusion, matching with
the inner limit of the outer solution as discussed in Section 3. The short-time
behaviour is, conversely, dominated by the balance between vy, and 13203, ..

We analyse this by first setting 7 = €7, z = €37, vo(z,7) = e%\/%(i:,f)/ﬁ,
where € is an artificial small parameter, to find

Ur = 1_1277 + (\@/ﬁ)eéfa;? + %E@i@ v(z,0) = (5/\@) max(Z, 0).

By differentiating twice and making the substitution vzz = u, the equation for
v can be transformed into one of a type familiar in nonlinear diffusion, namely

1
Ur = (u3 + (\/§/ﬁ)e%u2 + Qeu) ) u(z,0) = (8/v2)8(z).
The leading order behaviour as 7 — 0 is described by the solution of

uor = (uf) o uo(7,0) = (B/V2)d(),

and this is given by the Barenblatt—Pattle similarity solution

1 9 1 o\Z _ 1
<CT2—:E> , |Z| < T3,
0 |Z| > 71,

where ¢ = 2y/68/m. This solution, which is integrated twice to recover the
original option value function, has compact support and indicates, in effect, that
for short times near expiry, the option value is equal to the payoff (discounting
takes effect at higher order) except in the sharply-defined small region |S— K| <

1
Kc (02(T - t)) *: in the linear diffusion case, by contrast, the region where the

option value is non-trivial merges smoothly into the outer region.

Still following [13], it is possible to push the analysis a little further by
considering the transitions near z = +¢77, via which the non-zero part of the
solution above joins onto the zero parts. The Barenblatt—Pattle solution has
infinite gradient at Z = +¢71 and vanishes for |z| > ¢74, but the original
differential equation for u contains a linear term and its solution is strictly

12



positive for positive initial data. The discrepancy is resolved as in a similar
problem from a model of semiconductor fabrication [14] by introducing a further
inner layer near (say) & = 5(7) = ¢74 in which Z = 5(7) + €X, u = e2 U, to find
that

2 Jxx
with U — 0 as X — 400 and matching with the Barenblatt—Pattle solution as
X — —o0. To leading order the solution is the travelling wave U(X,T) = Up(X)

where
dUo L4 d?
dX dXx?

so that integrating once and using the condition at X = oo we have

{4 (VE/OUS + 30 =0,

1
U+ 75 (Ug’ + (V2/B)UZ + 2U0> = 0.
A second integration shows that

2
fUO + ﬁ\[UO + = logUy = —$(X — Xp),
where X is a centering constant which can only be determined at higher or-
der. We therefore have exponential decay in the solution as X — +oo, while
matching as X — —oo shows that

1
2. 2
UON (35X> y

which is indeed consistent with the expansion of the Barenblatt—Pattle solution
1
near z = s(7) = ¢71, and this completes the asymptotic analysis of this problem.

5 Fast mean-reverting volatility

Our final example of the applicability of boundary-layer techniques is in the
analysis of fast-mean-reverting stochastic volatility models [15]. In these models
the volatility itself is assumed to follow a stochastic process while the asset price
is assumed to follow the lognormal process as before. That is, we assume that

d —~
%:udt+0tth, dO’t:Mtdt+Etth
t

where M; and ¥ are the drift and volatility of the volatility and the instanta-
neous correlation between the Brownian motions W; and W, is denoted by p.
A commonly used example is the Heston model [16]. This is

d(o}) = —k (07 —0%) dt + 0oy aw,
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for constant x, € and G; it will be noted that the volatility exhibits mean-
reversion to the long-term level To,. (Although the model is written in terms
of the instantaneous variance o2, it can be transformed into one for o, via the
It6 formula.)

When using such a model, perfect hedging is no longer possible and there is
no unique pricing measure. Instead, a standard analysis shows that there is a
market price of volatility risk, denoted by A (which may be a function of any of
S, o and t) and pricing is done with respect to the measure associated with the
processes

dS; —~

?t:rdt—l—atth, dUt:(Mt—)\E)dt+Etth
In effect, the market price of volatility risk represents the extra return required
by the market for taking on this (untradable) risk. A standard analysis then
shows that the price V' (S, o,t), which now depends on the instantaneous volatil-
ity o as well as the spot price and time, satisfies the backward parabolic equation
8V 1 2528 V o?V , 0%V ov oV

615 957 +p502658 +22 9% 2—1—7"565 (M — AE)%—TV—O

which evidently contains the Black—Scholes equation as a special case.

We assume for simplicity (as is reasonable in practice) that the drift and
volatility of the volatility are functions only of o, not of S or t. Let us consider
the commonly occurring situation in which the volatility process is fast mean-
reverting, in which the timescale for mean-reversion is much shorter than that
for the evolution of the asset price, their ratio ¢ being small.> (In the Heston
model above, this ratio is 7%, /k.) Then M; and %; are written

my St
M, = — = —=
t 6 ) t 61/2 ’
the relative sizes of these coefficients are chosen so that o, has a nontrivial
invariant distribution

lim p((ft, t|005 O)
t—o0o

where p(oy, t|og,0) is the transition density function for o, starting from og at
time zero, which satisfies the forward Kolmogorov equation
19) 0 (1_,0 0
g-2(8)-2

Mp).

ot oo oo )  do

We denote this time-independent invariant distribution by pe (o).
With these assumptions the pricing equation becomes

02V pg 0’V 1¢20%V ov (m /\g) ov

a1 957 T 178500 T2 902 T35

3We use ¢ rather than €2 (which would have been consistent with the usage of Section 3)
in conformity with existing literature, especially [15, 17]. Note also that, for the same reason,
we do not make the pricing equation dimensionless. In this problem, there is little advantage
to be gained by so doing.
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It is possible to construct asymptotic approximations to the solutions of
this equation, valid as ¢ — 0, and this approach was pioneered by Fouque,
Papanicolaou & Sircar; it is summarised in their book [15]. They construct ap-
proximations correct to O(e2) which are valid everywhere except in a boundary
layer near expiry. In later work, Rasmussen & Wilmott [18] extended the outer
expansion to O(e). However, the solution to this order contains an arbitrary
function which can only be determined by a boundary layer analysis which they
do not carry out, and this gap is filled in the current paper. Our analysis paral-
lels that of [17] who analysed products whose payoff depends on some measure
of the realised volatility and who also analysed the boundary layer, although
they did not construct as many terms as are needed for the accuracy we now
achieve. In related work, [19, 20] consider the question of convergence of the
asymptotic series to the exact solution, and derive formulas similar to ours, al-
though they do not exploit the boundary-layer structure. The work in [20], in
particular, was carried out simultaneously with ours although independently of
it, and derives similar formulas in a rather different setting. It is a pleasure to
acknowledge helpful comments from one of the authors of this paper.

5.1 The outer expansion

We begin with the outer expansion. We write the fast mean-reverting pricing
equation in the form

( ﬁo—l— El +£1> =0

where
82 0
Lo §< “a07 Ty
2 0
£y =05 5585 a0
0 1 g 0 P
L= 3t+ S 652—1—7‘585 r;

note that £, is the Black—Scholes operator with volatility o. Because L is the
generator of the backward Kolmogorov equation for o, its adjoint Lf is the
generator of the forward equation and so p. (o) satisfies

. 0% /1 )
‘Copoo—a 2( gpoo)_ao_(mpoo)_o'

Assuming that ¢2, m are such that p. exists, it is then proportional to

e—2 I m(s)/§2(s)ds/§2(o_).

The standard integration-by-parts identity
(Lou,v) = —(u, Lyv)

15



for suitable functions u and v, where (-, -) is the usual inner product over
0 < 0 < 00, will prove useful.
We now expand

V(S,0,t) ~ Vo(S,0,t)+€2 V1 (S, 0,1)+€Vi (S, 0, t)+€2 V3 (S, 0,)+Va(S, 0, )+ - -

and substitute into the pricing equation. Equating coefficients of powers of ¢,
we obtain in increasing order of the power the equations

‘CO‘/O = Oa

LoVy + L1V =0,
LoVi+ L1 Vi + L1V =0,
LoVs + L1V + L1V) =0,
LoVa+ LyVs + L1 =0.

At lowest order, we have LoV = 0 and so Vj is a function Vy(S,t) of S and
t alone, since L consists only of o-derivatives (the particular solutions that
depend on o are ruled out by the conditions at large and/or small S). However,
Vo is as yet undetermined and this is the principal feature of the analysis. In
approximating, we have replaced the non-degenerate stochastic volatility differ-
ential operator by the degenerate operator £y which has no S or ¢ derivatives.*
In consequence, the solution contains eigenfunctions (of which Vy(S,t) is one)
which can only be determined by application of the Fredholm Alternative at
higher order.

As Vg is a function of (S, ¢) alone, we have £1Vy = 0 and so V1 is also a
function, also as yet unknown, of (S,t) alone, Vi (S,t). Thus L1Vy =0 and so
we have

£0V1 = —El%.

Because the operator Lg is degenerate, by the Fredholm Alternative this equa-
tion only has solutions if the right-hand side is orthogonal to the relevant eigen-
function of L, namely po,. Thus, (£1V), po) = 0; carrying out the integration,
bearing in mind that the only o-dependence is in the volatility coefficient o2,
we find that

Ny 1 Mo

. 3V
L1V = <£1V07poo> = W + 20'252 8520 —|—TS¥ —rVo =0,

where 02 = (02, ps0) = Iy~ o*pso(0) do (the notation o2 thus represents the

average of 02 with respect to the invariant distribution p..). This is the Black—
_\1/2

Scholes equation with averaged volatility (02> . The solution can be calcu-

lated by standard Black—Scholes techniques once a suitable final value is given.
As we show below, this value is the payoff P(S), and so V;(S,0,t) = Vo(S,t)

4A similar situation occurs when, in a classical ‘lubrication theory’ analysis in a long thin
domain, an elliptic operator is replaced by a parabolic one [21].
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is the Black—Scholes value of the option with constant volatility equal to the
square root of the stationary mean of the variance. This is intuitively reason-
able in view of the fact (see [5]) that if the volatility in a Black—Scholes equation
is a given deterministic function o(t) of time, the option value can be calculated
by replacing ¢ in the relevant constant-volatility formula by

(Tl—t /tT o?(s) ds> 2 ,

so that we have, in effect, an application of the law of large numbers.
We now calculate V7. As £,V = 0, we have by subtraction

9*Vy
052”7

thereby replacing the majority of the source terms in LyV;, leaving

_ 1 _
LVo =LiVo — L1V = 5(02 —02)5?

1 — 5 20
£0V1:§(0'2—0' )S 852
The solution of this equation has the form
0%V,
Vi(S,0.t) = g1(0)S> === + V1 (S, 1)

052

where V1 (S, t) is another eigenfunction of £y which can only be determined by
a solvability condition at the next order; g1(o) satisfies

1 2 d291 dgl - 1 —5 2
2° (o) 102 +m(0)$—§(0 —07)

and can be written in integral form (one of the “complementary solutions” is
a constant and can be absorbed into V;(S,t), and the other is unbounded at
infinity).

Although we have calculated Vp, at this stage Vi and V7 are still undeter-
mined to within an eigenfunction, and furthermore V; depends explicitly on o,
which is not consistent with a o-independent payoff P(S). We deal with the
former difficulty by going to higher order in the expansion, and the latter by a
boundary layer analysis.

Before proceeding further, we outline the pattern followed by successive it-
erations of the solution procedure. We first solve equation n, namely LyV,, =
=LV, 1 = L1V, for Vi, (S, 0,t) (the right-hand side is assumed known from
earlier stages), finding a particular solution v,(S,0,t) and an eigenfunction
Vi (S, t) (for the case n = 0 dealt with above, the former is zero and the latter
is Vp(S,t)). We repeat this process for V, +1 obtaining a further particular
solution v,, 1 and a further eigensolution V,, 1 (note that the eigensolution V,,
is annihilated by Lp). Finally we substitute the functions just found into the
right-hand side of the equation for V, 41, namely LoV, 11 = fE%V,H_% — L1V
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again the eigenfunction V), 41 is annihilated, so the right-hand side is known in
terms of the particular solutions just found. We can now apply the solvability
condition (LoV;41,P0) = 0 for existence of a solution to obtain an equation
from which the eigenfunction V,,(S,t) can, in principle and given appropriate
terminal conditions, be found; this equation is

flvn = —E%vn+% — L:l'l)n.

Having dealt with n = 0 above, we now apply this procedure to the case n =
%. We have already found V% (S,0,t) and V1(S,0,t) up to eigenfunctions, so we
need only apply the solvability condition to the equation Lg V% =-L 1 Vi—~L4 V% ,
noting that £%V1 = 0. This gives

—— 0 5 0%V o 2 0%V
Elvé—fpgang% <S 592 19 592

where ¢g| = dg1/do. Using a manoeuvre similar to that employed for the heat
equation in Section 3, and assuming pro tem that the correct final condition
(from matching) is Vi (S,T) = 0, we find

0%V, 0 9%V,
1 A1 ,6? Al 2
Vg(Sa U?t) ( ) ( IS aSQ + 2585 (S 852 ))

where Vj is already known and A, ; = Asd), Ay y = —psogy (as noted earlier,
V% is independent of ¢). This result, and elaborations thereof, is an important
practical consequence of the method since, as described in [15], it allows cali-
bration of the three constants o2, psogy and Agg) to market prices of options
(as represented by an implied volatility surface) in a simple manner: the key
point is that only these directly deducable constants are needed, rather than
the unobservable functions M (o,t) and 3(o,t).
We need to carry out one more iteration. For ease of notation, we set

2
25’

D=S
equivalent to using a logarithmic price variable as in [20]. We first calculate
LoVs = |egi(h— poD) + £ (a2 = 0?) (T — 1) (4 A.,D) (D*-D
Vi = [sgih = poD) + 5 (2 = o?) (T = 1) (4, + 4, ,D) (D* - D)
Ay, - A%VQD} (D% — D)V,
From this, we find V% in the form
Vi(S.0,0) = |92(0) + 2(0)D + a(0)(T ~ 1) (A3 1 + 43,D) (D = D) | (D*~D)y

where go(0) and g3(o) satisfy the same equation as g; (o) but with the relevant
inhomogeneous terms taken from the equation for V%; that is, for go(o) the
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inhomogeneous term is Acgi (o) — Ay ;, and for gs(0) it is —pocgi(o) — A1,
(recall that p, A and ¢ may depend on o). Then, the solvability condition for V3,
applied to the equation LoV = —L 1 V% — L1 V1, gives, after some calculation,

LV = [(A1,1 + A12D)D
(T —t) (A%’l + A3 ,D(D? - D)) (A;1 + A%QD)} (D% — D)V,
where the new constant coefficients are

A1 =c<gh(o)(A—po), Az =cgs(o)(A—po).

The relevant particular solution with zero payoff condition is

- [(T —#)(A11 + A, 2D)D
1

+5(T =) (A%,1 + A3 ,D(D? - D)) (A%’l + A%}QD)] (D? — D)Wy

however, we leave open the possibility of adding a further solution Vi(S,t) if
the payoff, determined by matching into the boundary layer, dictates that we
should do so. Likewise, the o-dependence of the solution can only be resolved
by matching.

5.2 Boundary layer analysis

We introduce a boundary layer in ¢ near ¢t = T, of size O(¢), defining the inner
time variable 7 via
t=T+er, T <0,

so that the pricing equation for V(S,0,7) = V (S, 0,t) is

18V 1

cor 25225‘2 pgasaa;a +;<e g; 55 (nz B ?g) 5TV =
We write this as
( Eot ogly+ £ ) 0,
where
Lo %Jrﬁo §+%<2(%22+ 867
EN% = L% = pwsa?; )@(%7
L= 3025266—; + TSBS -,
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(note that Eo, unlike Lo, contains the time derivative 9/07; this effectively
removes the degeneracy that made the outer expansion so complicated) and we
expand L _ _

VaVo+e?Vi+ eVt

At leading order we have the one-term inner solution which satisfies
LoVo=0,  Vo(S,0,0)=P(S);

the solution is _
Vo(S,0,7) = P(5)

and it matches automatically with the one-term outer solution V;(S,t) ast — T,
T — —00.
At the next order, we have

20‘7% = _[,%% =0, ‘7% (S,T) = 0;

the solution is ‘7% = 0, and this is consistent with matching with the two-term
outer expansion Vj + e/ 2V%, since in inner variables the T'—t in V% means that

this term only contributes O(e3/2) to the inner expansion of the outer solution.
We now see the correctness of ignoring the possible added eigenfunction at this
order in the outer expansion.

At the next order we have

20‘71 = _2:1,‘}6 = _le7 ‘Z(S7 0',0) = 07
which, noting that OP/01 = 0, can be written as

AL —1(9—02)5282—13—213 Vi(S,0,0) =0
o7 oVl — 2 852 14, 1 » Uy — Y
We now need the limiting behaviour of the solution of this equation as 7 —

—oo in order to match with the three-term outer solution. A particular solution
is

~—00 %P _ ~

\%1 :gl(U)Szj—T,ClP—FVl(S)

oS

where )71(5 ) is arbitrary, and this is in fact the correct form for the asymptotic
behaviour of V1 (S,0,7) as 7 — —oo. To see this, we first note that
- o, ~ o,
£ V o) — \—Q("— L V yPo) — \ a5 1P
(LoVi,Poo) <87+ 0V, Poo) <87p>

since <£0‘~/1,poo> = 0. Furthermore,
R

o ~ _ —
§<V17poo> - <W7p00> - _<‘C1Pap00> - _‘CIP
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and so, integrating and using ‘71(5', 0,0) =0,
<‘~/1,poo> =—7L,P.

However, using the solution found for ‘71, we also have that

~ o — , 0P~
(Vi™°, Poo) = _7£1P+91(U)S 952 +V1(5).
Comparing these two expressions for the inner product, we see that
=~ , 0% P
Vl(s)ii‘gl( )S 852

Thus, as 7 — —o0,

~ %P
Vi~ 77 = (91(0) = 010)) 8255 — LA,

since what is left after subtracting the particular solution, ‘71 — 17100, satisfies the
homogeneous version of the parabolic equation, has initial data that vanishes
at large and small o, and therefore vanishes as 7 — —oo.

5.3 Matching

We can now complete the matching. From the outer expansion, written in inner
variables, we have

Vo(S,0,T + e1) + e%V% (S,0,T + e1) + V1 (S,0,T + €7)

~Vo(S,0,T) + E%V% (S,0,T) +¢ <T68‘;0(S’ o, T)+ Vi(S, 0, T))

P
— V(S T) + ¢ <T;to(s, T) + g1(6)SVoss + V. (S, T))
= P(S) + ¢ (=7L1P(S) + g1(0)S*Voss + Vi(S,T)) ;

because, from one-term matching, Vo(S,T) = P(S) and £V, = 0, we have
0Vy/0t = —L1 P, a result used in deriving the last line of this equation. This
is the three-term outer expansion, in inner variables; note that the particular
solutions in V1 and V; that are multiplied by T' — ¢ do not contribute to it.

As demonstrated in Section 5. 2, the large-7 behaviour of the three-term inner
expansion is

P(S,I)-I—E(—Tﬂlp“r(gl(o')_ (o )) Szasf)

Matching these two expressions, the missing final condition for V;(S,t) is

82

V{(SvT) = _gl( )SQ 952
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Hence, as S?Vygg is itself a solution of £;V = 0, we have

— 2 OV,

and the complete outer expansion to three terms is
V(S,0,t) ~ Vo(S,t) + €3 (T — t) (A%,l + A%QD) (D% — D)V,
+e|91(0) = 01(0) = (T = t)(Ar1 + A12D)D
—%(T 1) (A%,1 + A3 ,D(D* - D)) (A%,l + A%QD)} (D% — D)W,

again, we recall that D = 59 /0S.

This result can be used to refine the O(e2) calibration [15] to market data; it
should be noted that at O(e) this involves the determination not only of the two
new constants A 1 and A; 2 but also of the function g;(c) — g1(o). In practice,
the contribution from the latter is likely to be relatively small as the average
of ¢g1(o) is subtracted from g¢; (o) itself. The calibration is described in detail
in [20).

The analysis just presented must be modified if the payoff has a gradient
discontinuity (or a jump), as then S?Vygg is large near expiry for certain values
of S; an example would be a call option with large Gamma near the strike
K. This case can be treated by invoking a further inner region, in which S =
K(1+e2z), t = T + er, in which the leading order equation to be solved for
v(z,o0,7) =V(S,0,t) is

8v+1 282v+1282v+ ov 0

or 27 022 T2 90 Moo
with v(z,0,0) = max(z,0). Unfortunately the coupling via the coefficient of
0?v/0x? means that explicit progress is unlikely for this problem, although its
very short-time behaviour will be as in Section 3.

6 Discussion

We have discussed a number of applications of the method of matched asymp-
totic expansions in finance, focusing on European vanilla options in several
models. It is clear that the method can be applied in a much wider variety
of situations, and although few of these opportunities have yet been exploited,
there is corresponding work on American put options close to expiry where both
conventional asymptotics and ray methods have been applied (see the recent pa-
per [22] and references therein) and on discretely sampled barrier options [23].
But perhaps the most intriguing possibility is that of translating the techniques
of matched asymptotic expansions so that they apply directly to the stochastic
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processes, rather than going via the partial differential equation for the proba-
bility density. For example, in Section 5, we introduced the process

doy = — 2t + = aw,.
€ €2

for a fast mean-reverting volatility. Given the starting value og of oy, it is
intuitively clear that over a timescale of O(e) the exponential decay associated
with the mean reversion acts to ‘erase’ the initial condition and that for longer
timescales, say t = O(1), all that we can say at time ¢ is that oy is sampled from
its stationary distribution ps(-); the ‘memory’ of the initial condition is then
O(e™/€), i.e. exponentially small. Similarly, the values of o; at two times
t1 and to separated by O(1) are effectively independent samples from ps, even
though they are linked by a sample path.

To make this concept more precise, we first need to extend the traditional
definition of an asymptotic expansion, which we do in conformity with the
standard weak (in distribution) and strong (pathwise) convergence for stochastic
processes. We propose the definition that a stochastic process X depending on
a parameter € has the expansion

X{ e Xt(o) +€Xt(1) +€2Xt(2) +-- ase—0

over a given time interval if, for each fixed ¢ in this interval, one can find processes
Xt(o), Xt(l), ...such that, for each N, the error

1 )
-~ [ Xi- > exy

j=1
converges in probability to zero as € — 0. This is a pathwise asymptotic expan-
sion in the sense that the sample paths of the expansion converge to those of
the target process X;, and it corresponds to a conventional regular expansion.
Likewise we propose that

X; 2 Xt(o) + eXt(l) + 62Xt(2) +-- ase—0
if the same error converges to zero in distribution as € — 0, interpreted as

|FS(N) — Fx; /eN -0 as e — 0,
t

where SIEN) is the sum of the first N terms in the expansion and F' is the
cumulative density function. We term this type of expansion distributional.
By way of example, consider the slowly mean-reverting Ornstein—Uhlenbeck
(O-U) process
dX; = —eX; dt + dW;,

with the starting value X = x¢ given. Posing a regular (pathwise) expansion
as above, and equating coefficients of powers of € in the usual way, we find the
set of equations

ax” =aw,,  X§” =,
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—O0-U
8r [ Approximation

Figure 4: Numerical simulation, by explicit forward scheme with timestep 0.01,
of the O-U process dX; = —eX;dt + dW;, ¢ = 0.05, and of the two-term
asymptotic approximation. Divergence clearly becomes significant when et =

o(1).

axM=-x"a, x{’=o,

and so on; their solutions are
t
Xt(o) = X0 + Wt, Xt(l) = —J,‘ot - / WS ds
0

and these are in accordance with the exact solution, obtained with an integrating
factor:

t
Xf = xpe” +/ e~ (=)W,
0
t
=xo(1l —€t) + / (1 —e(t—s)) dW, + O(€?)
0
t
= X9 + Wt + € <—Jf0t — [(t - S)Wg]é - / Ws dS) + 0(62),
0
in this calculation we have a conventional expansion in the second line, and we
have integrated by parts; the endpoint contributions vanish on using Wy = 0. Of
course, the same sample path for the Brownian motion must be used throughout.
It should be noted that the expansion is only valid for t < O(1/e), as higher

order terms become comparable with those considered above when ¢ = O(1/¢).
A sample simulation is shown in Figure 4.
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Figure 5: Difference between numerical simulations of the nonlinear process
dX; = —eX?dt +dW;, e = 0.02 and € = 0.1, and of their two-term asymptotic
approximations. Divergence clearly becomes significant when et = O(1) and
increases with e. Explicit forward scheme with timestep 0.004.

Although this example is trivial, the same technique can also be applied to
problems such as
dX§ = —e(X0)2dt +dW;, X = 20,

for which the exact solution is less straightforward; however, taking xq = 0 for
simplicity, successive approximation readily gives

t
xs L w, 76/ W2ds + O(e%);
0
the last term can be integrated by parts to give
1 t
XA W, +e (2t2 —tW2 + 2/ sW, dWs) +0(é?).
0

A numerical simulation of the error is shown in Figure 5.
For a simple example of an asymptotic approximation valid in distribution,
we could consider the O—U process

1+e 1

dX;f=——X7dt dW; X5 =
t p t + \ﬁ ts 0o = To,
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for which if ¢ = O(1) the distribution is approximately the stationary distribu-
tion of the leading-order process

1 1
ax(? = —=x at + —aw,
t € t + \ﬁ ty
all information about the initial value xg (and hence about the path) being
exponentially small and hence invisible at this order. It can be seen for how
long this information is significant by making the time-change ¢ = e7, giving

dX:f=—-(1+¢) X, dr +dW,

(note the effect of changing the timescale on the Brownian motion W), and a
regular expansion can be made, although as noted above it becomes invalid for
7 = O(1/€), at which time the initial information has effectively been forgotten.

It remains to consider the analogue of conventional matching. Bearing in
mind the examples above, we formulate a tentative conjecture: matching a la
Van Dyke corresponds to moving from a pathwise expansion to a distributional
one. That is, specific information about the path is lost by a matching pro-
cess, but distributional information is preserved. Thus, in the O-U example
just cited, the pathwise information in the ‘inner layer’ ¢ = O(e) is lost, but
the limiting distribution for large 7 of the ‘inner’ process X, is, to leading or-
der, identical with the leading-order ‘outer’ stationary distribution. Whether
this formulation is reasonable and the conjecture correct and, if so, whether the
idea can give new information about other problems such as discretely sam-
pled barrier options or stochastic processes other than Wiener processes, are all
interesting questions for future research.

7 Conclusion

This paper deals with a small number of the many possible applications of
matched asymptotic expansions in finance. As mentioned earlier, this is just
one example of the kind of technology transfer that has enabled the subject of
mathematical finance to develop from its infancy. It would be fair to say that,
in the early days of the subject, this transfer was mostly from established areas
of mathematics (probability, partial differential equations) to finance, with the
primary novelty being in the modelling of financial contracts. Now, however,
one may reasonably say that the level of mathematical difficulty inherent in
financial models has risen to match that of the modelling: in a sense, the easy
mathematical pickings are over. Current models are characterised, for example,
by complexity, as they attempt to deal with more realistic problems than single
options; by mathematical technicalities and difficulties such as those that arise
when Levy processes are used to model asset prices, or when inverse problems
are solved to determine model parameters, or when nonlinearities arise as in
models of illiquid markets; by large scale of computation, as banks may have
to value thousands of contracts to determine their overall mark-to-market po-
sition; and most of all by the difficulties of modelling an ever-changing market
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environment. Although the subject is ‘mature’, it still presents many challenges
to the mathematician and financial engineer alike.
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