
Recap (from Dominic Joyce's Lecture ①

Let X : smooth , projective surface
fix. rEEyo

· xEH2(X , 2)

·
kE

· L : line bundle on X with

[i(t)=x

· Ox(1) : ample line bundle
an X

M2)= LE,E is a tersied-free sheaf
on X with dete= L
= S

C(E)= K and

# & EHem LE , Ex (x) sit.!= STry= 0
·

↳ W
.
r . to·(E, e) is Gieseker Semistab

Ox(1)

· If E were a vector bundle
detE = NE

·
A coherent sheef E on a smooth,

Minjective surface X admits a resolutionM

locally gree



②
0-V- V= Vo= E- 0

-
group G , there should

be VW Mrs.

3 for , algebra-geometrically,
·
G= Wii) us no need the data

of L

MS = (E, a) -- -
q(E)=C

· G =Suhr) : most standard

fix Lox

~ If ↳X (naive guess) is to
get VW # for SUCr)

/finity?
EkX =5 V(r)/ere group



(E, e) is Gieseker Isemi)-stable ③

if for every proper, -invariant*E -Le(F) FeXX)
subsheaf FCE on X , we have :

-#F(
-

Here, Eln)= ExOX(n) , FIn=FeOy(n)
-

Ox(1)
e

· XIE) =[1-1)
:dimHi(XiE)

T

· X(E(n) = rankle +degle)n
Y ↓

degree2 polynomial in a can be writted
as a fric of"

Hubertpolynomial
"

rank , degree , GE)
by Riemann-Koeh



·"never(semi)stability ⑪

#rankE

-

I It

This holds either if

&E

jFrankF rankE

&rankE

&fromDominic'stalle if
Slope(F)

Hence;

↓
Slope stable Gieseker stable

↓Eisenessscopes



DDJ's talk : ⑤

* ↳ (E,D) -(E , + a)
So **
M(r

,4) non-compact

(MS4)** compact
↳ Carries a 2 term P. D-T. E -D=#10)
->dimHX , (x) = hie

( for Pg3O : - a "reduced" POT
Iremove bad piece in El-1))

VWra := Jetvir) E

-Mil↓ k&=0



&
We assume (T-TG8) :

· X has Pg > O

· r=2

· L= Kx

& dimH'(X , 8x) = 0
② 7 smooth , connected curve

OCElkx/

③ LOX is the only line bundle
with OdegL1] degkx
where dem(2) · (Ox(1)

o
Examples :

-

ID Generic quintic surface in IP3
2) Generic double cover of IP2 branched

over anoctic. curve .

3) General type surfaces with PicIl=E.x
2) Blow-up of 13 at a point.



⑰ga5fX : dep 5 hypersurface in3

? · Lefschetz hyperplane thm =H'(X,x O
-

* Adjunction formula: XCIP3
0 - Tx= TPix ->Nx+ 0

Dualize ;
~

a=Mxyp--Tay-Ty- 0
=> det (TYpsix)= de+/Nxps)xde+(ix)

Il 1)To II
NuKPsX X1/p3 kX

Tensor both sides with NX13
#

(x = K,psyNx/ /p
-4) )



= kx= Opi1)/
,

2 very ample

~
-

Bertini's
imm :smotesectionfurni
·chetz - Noether Thi : XCIP3
Every line bundle on X is desides
restriction of a line bundle (0 , 01 ,

012)...)
on IP3.

&XCIP3 satisfies all assumptions.



⑨

Under all these assumptionis

Helpclassifyinghoa
Giesekerestableker stable

↳
rank!ran
incre-invariant subshe
&If deg (det (i)<0 :

By assumption : det E= L='Kx
=> day (E) = deg 1x > O

&

By assumption I
come. curve in 1Kx1

=Espeable

-

②Ifdeg (det#) 0 :

LE ,4) :Gieseker s= Slope 33 defFLdE
By assumption ↳

OdefF F=xdegF=0
=deffen



Goal : Understand concretely the monopole ⑳
-

branch contribution to UW # in terms of
↑ Nested Hilbert schemes of points

"

-

Let Le, EM,K
for tee*: (d)Le , +a)

↓

EE

↓ It
ExKX-> Exkx
↑+ Idkx

In particular ,
4*->Aut(E)+

E + 4+

· Any representation of D * decomposes into
weight spaces : Ent mi



⑪
where Ei : weight : space

At acts by multiplication)

#aim (57-3 T-T)

↑ : : Ei -Ex

#: Let x**e a local section of Ei

Want to snow &(x) is a local section
Of Ei-1.

i .e .
Team.4(x)
-

V

t (u+ ()
Il
+ q(tix)=()

↳
fix by saying Ei : weight space



Want:O Imanopole branch ⑫
· Assume EETEj , for i

with rank Ei=rankEj=1

W .1. e.g. assume in5
: Ji- 1

&: Ei -E-Xkx .

& : What are Ei+, Ei ?
↓from now

ont to

Lemma : det (E1)= Ox
=

& Et CEuxslope Stably
2.&-invariant since

&:,O

Slope (E1) < Slope (E)
17

)(d



⑬
& def(E-) 0 :

off : Fo - E * Kx

Ofdet : det (to)- deflElyKx

=> 7 a non-zero map

OxdetlE)"detlE_ lekx
-

line be with a nonzero section

needs to have non-negativtree
=> deg (E_ ) + deg(kx) -deglEd) > 0
=> def (Kx) +deg(E) >,deg (tol
-

But E=EoRE degedegto +degen
D

def((x)

=Ed)= degKx-degE-+
des(detEo



slope stability ⑭E
=> OdegIdetIE) de
=> By assumption a :

det (E)= Ox
-

Gori det (fo)=x
Since E-EEs

dettE) =det Eo X def(E)
IS -

KX Ox

-



⑮
N

. B3. On a complex surface any sheaf
which is

- rank=1 is the ideal sheaf
· torsion-free
-⑤

· det =o 3. of a O dim'
Subschene -

Why ? because
3

-

⑪ A torsion free sheaf F embeds

into its double dual :

5c(zv)v
F= HancF, Ox)

& Firank 1 * (FYV=det5
&

since (EV) Vis a reflexive sheaf
an a surface it needs to be deff

& detF= OX by assumption
We have a SES
-

0=5- 0x=0x/-0

X surface)deteo- din'l
.-



[
idea sheaf of7 ⑯

a = [z = 0x = Az= 0

: E-1 = Iz
,
for 7, for

zX
O dim'l subscheme

det(F)=/x
· Es XKy1 satisfies

=>Fox If where

Zo CX is a O dim'

Eston-free
Subscheme

as

injective T]
- IzoSo

, & : E -Eekx
II If

Izoxx Iz@Kx

zizIz
= zZo



⑰
G : What's the number of points in-

E- , Zo?
Grotnendieck Riemann Roch

- & LE)=ScuCEl-ToddXX
X

C(Tz1)= 17 i
↳ E=0z

1

ClIzo Iza)
1) Fo=zoxKX

ClEd

· Since E=FotEy by the

Whitney formula for Chern classes

C(E) =G(Ed) +C (E)Tc (tol ·c CE-1
-

D
since det (E)=OX

c(0x10

:
(zd +-

Il

K



⑮
- Lemma 8.3 T-T)

#M
&70 LK/]
monop

M2
, xik

= 1) X( +,
k-i)

O

where Xlisk-i)-> nested Hilbert scheme

is the moduli space of pairs (2011)
with -EX : & dim'l subscheme ofX

of length- i

· z,CX : O dim'l subscheme of X
of length i

z- <Zo

def=
3 S#8. 39 T-T

: T#WP
/

&0

I VW2
, kxk (x-g" = 3

kEX
2

[(2)r-t12+



Let
inst ⑨
Z
ris
=I run 9

K
-> instanton
branch

xEZ partition fre

zenZuw K monopole
= branch

r
,xik 9 partition

kE4 function

2
r,d
:= Zinst mantoone-

Conjecture1 (VataWitten,,
( GoTanaka Thasa

zmen(tG(q) vDog

S if &O in HaLXIYHan
( G(gt))V2)1g
20 ea

(k)



G(q) = q T(1 -gk)
-24

127,

=
24

(1-gk)-
k

Oo(g) =[gk
KEI

&, (q)= [gk
KE

-inst .
- a similar conjecturefor Zaid

TMIV-W) If Conj 122 hold
, then

22 (2) =2
↓ ziT
q=e [B] -> HEIXiYzerNit


