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Abstract

This thesis studies classification problems of codimension 1 and codimension 2 threefold
families
f:X 5P XCF,

fibred in low-degree K3 surfaces over P! and embedded in weighted scrolls F4, where
A is an integer matrix defining weights and twists. We classify X such as K3 surfaces
with rational double points, Calabi-Yau 3-folds with isolated singularities which extend
results of Mullet, K3 surfaces and Calabi-Yau 3-folds with at most Gorenstein singularities.
Further, the thesis revisits degeneration of quartic K3 fibred Calabi-Yau threefolds studied

some time ago by Gross and Ruan.

The thesis also sets the stage for a general study of fibrations embedded in weighted scrolls
(f:X = B) = (n:Fq — P 1))

over any nonsingular base B C P*~![¢;] by proposing a multi-graded C-algebra geometry
method for constructing them. We initiate the study of fibrations embedded in families of
key varieties such as weighted Grassmannians fibrations, leaving detailed investigations

for later work.
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Chapter 1

Introduction

Let (X, D) be a polarized projective variety over C: a pair consisting of a normal projective
complex variety X and an ample QQ-Cartier Weil divisor D on X, with associated divisorial

sheaf Ox (D). We can then consider the graded ring

R(X,D)=PH"(X,0x(nD)).
n>0
Ampleness of D is equivalent to an isomorphism X = Proj R; and in particular, R is a finitely
generated C-algebra. A choice of algebra generator set {ry,...,r,} € R of positive integer

weights {by,...,b,} gives a surjection
S=Clx1,...,xs] > R
of graded C-algebras, and a corresponding embedding
(X,D) <= (P[by,...,by),0(1))

into a weighted projective space. Miles Reid’s graded ring method studies classes of projec-
tive varieties of increasing complexity according to their codimension in this embedding.
Well-studied classical examples include the "famous 95" families of codimension one K3
surfaces in [Fle00,(CPR00] , codimension 2 complete intersection K3’s in [Fle00] , codimen-
sion 3 Pffafians in [Alt98] . Further sets of examples include (Q-Fano 3-folds studied in
[ABRO2| ICPR00]. Together with corresponding papers, the Graded Ring Database [BK04]
gives more lists of this type with absolutely graded C-algebras and information on their

corresponding polarised varieties.

This thesis studies the models of projective fibration f : X — B polarized by a pair of
divisors, one ample and the other relatively ample, which together embed the fibration

into a weighted scroll F4. In this study, we take polarised projective varieties (X,H) and



(B,D) with H and D ample divisor line bundles on the respective varieties.

Assume that f,Ox = Op so that the projective morphism f : X — B has connected fibres.
The bipolarised variety (X,H, f*D) has a corresponding bigraded ring

RX,H,f'D):= @ H'X,p1f*D+pH)
(p1,p2)€Z?

whose structure encodes the geometry of the fibration.

The aim of this thesis is to construct Calabi—Yau varieties of dimension n = 2,3. A Calabi-
Yau n-fold is an n-dimensional complex projective varieties X with at most canonical

Gorenstein singularities and
Kx = Ox with Hi(X, Ox)=0forall0 <i<n.

A weak Calabi-Yau n-fold is a variety whose singularities are at most Gorenstein, has

trivial canonical bundle whose middle cohomologies vanish.

The focus of this thesis is to construct models of K3-fibred Calabi-Yau families over P!
and codimension 2 K3 fibred weak Calabi-Yau families over P! which are nonsingular or
quasismooth and have st worst isolated singular points. The thesis also identifies these
isolated singularities as well as studying the degenerations of these anticanonical threefold

families.

Suggested by Reid, Mullet in [Mul06] took the first steps in this relative construction with

the assumptions:
(i) Fix the base B =P

(ii) the general fibre of f is one of the “famous95” list of Fletcher—Reid K3 hypersurfaces

in weighted projective spaces;

(iii) the fibration f: X — P! embeds into a weighted scroll 7 : F — P! as a quasi-smooth
anticanonical hypersurface.
X—F

X ln
P!
Here, the 4-fold weighted scroll F = F(a;|b;) is a P*[b;]-bundle over P! with a; the

integer twisting data
as > az >ay>a; > 0.



In this thesis, this problem is extended to allow isolated singularities on a general hyper-
surface along the base locus. This allows for a longer list of examples in low-degree K3
fibrations missed in Mullet’s search: Calabi-Yau threefolds in [F with isolated singularities
and fibred in K3 surfaces S; C P3[b;| for low degree d =Y b; < 6.

The thesis also relaxes conditions (if) to allow for complete intersection fibres with hyper-
surface singularities. Using these methods, bi-polarized elliptic K3 surfaces with rational

double point singularities are also constructed.

In the specific results proved in this thesis as listed below, "at most isolated singularities"
means either nonsingular or having isolated singularities or, in cases where the fibres have

non-trivial weights, having quotient singularities and/or isolated singularities.

Theorem 1.0.1. [=Theorem (4.1.1)] Let X € | — K| be a K3 surface with elliptic cubic fibres
E3 C P? where F = F(ay,az,a3) is a P> bundle over P'. There are 12 such families of K3
surfaces with at most isolated singularities along the base locus of | — Kg|. These surfaces are

listed in Table (4.1).

Theorem 1.0.2. [=Theorem (4.2.2)] Let X € | — Kp| be a K3 surface with quartic elliptic
fibres E4 C P[1,1,2] where F = F(ay,az,a3|1,1,2) is aP[1,1,2] bundle over P'. There are
24 such families of K3 surfaces with at most isolated singularities along the base locus of
| — Kg|. These surfaces are listed in Tables and (4.6).

Theorem 1.0.3. [=Theorem (4.3.2)] Let X € | — K| be a K3 surface with sextic fibres Eg C
PP[1,2,3] where F = F(ay,az,a3|1,2,3) is a P[1,2,3] bundle over P'. There are 31 such
families of K3 surfaces with at most isolated singularities along the base locus of | — Kp|.

These surfaces are listed in Tables (4.9) and (4.10).

Further, Theorems (5.1.1),(5.2.1), (5.3.3) and (5.3.4) classify Calabi-Yau threefolds X with at
most isolated singularities and embedded in weighted scrolls F(a;|b ;) over P! and fibred by
low degree K3 surfaces S4 C P3, S5 C P[1,1,1,2], S¢ C P[1,1,1,3] and S¢ C PP[1,1,2,2].

This extends the classification in [Mul06] as discussed in [[GS22] and summarized below.

Theorem 1.0.4. Families of anticanonical hypersurfaces X € | — Ky| in weighted scrolls,
fibred in quartic, quintic or sextic K3 surfaces, containing isolated singularities along the base

locus B = Bs| — K| and quasi-smooth outside B are given in the table below.



F=F(aj|bj) General X € | — Kr| with mild isolated singularities

F(0,0,1,2[1%) General X € | — K| has 3 isolated ODP singularities on Bs(| — Kr|)
F(0,0,1,2]1°,2) | General X € | — Ky| has 4 isolated ODP singularities on Bs(| — Kr|)
and one smooth curve of A; singularities
F(0,1,2,0[1°,2) | General X € | — K| has 2 isolated ODP singularities on Bs(| — Kz|)
and one smooth curve of A; singularities
F(0,0,2,1]1°,2) | General X € | — K| has 3 isolated ODP singularities on Bs(| — Kr|)
and one smooth curve of A; singularities
F(0,0,1,2]1%,3) | General X € | — Kg| has 5 isolated ODP singularities on Bs(| — Kz|)
and three (1,1, 1) singularities
F(0,0,2,1]1°,3) | General X € | — Ky| has 3 isolated ODP singularities on Bs(| — Kr|)
and one 1(1,1,1) singularity
F(0,0,1,2]1%,2%) | General X € | — Kp| has 4 isolated ODP singularities on Bs(| — K|)
and a smooth curve of A; singularities
F(0,2,0,1]1%,2%) | General X € | — K| has 2 isolated ODP singularities on Bs(| — Kg|)
and two disjoint smooth curves of A| singularities

Table 1.1: Weighted fourfold scrolls with general anticanonical hypersurfaces fibred in
quartic, quintic or sextic K3 surfaces with at worst isolated singularities along the base
locus

It is worth noting that only ODPs arise in Table [1.1|when } b; < 6. It is an interesting
question whether non-canonical isolated singularities ever arise for other (b;) in the
"Famous 95’.

The thesis also classifies codimension two surfaces and threefolds in the following results:

Theorem 1.0.5. [=Theorem (6.1.2)] Let X = V(f1, f2) C F be a codimension two surface in

a 4-fold scroll F =TF(0,az,a3,as) and having a trivial canonical class

Ly 2+Lop—ay-as—as2+ Kr = Ox with fi € [Lp, 2

Y fz € |L2*plfazfa3fa4,2|'

Suppose X is fibred by E» > C IP3 complete intersection of two quadrics and embedded in F
over P1. There are 18 such families of weak K3 surfaces with at most isolated singularities

along either of the base loci Bs(|Ly, 2|),BS(|Lo—p,—ay—a3—as,2|)- These surfaces are listed in

Tables and (6.2).
Theorem 1.0.6. [=Theorem (6.2.2)] Let X = V(f1, f2) C F be a codimension two threefold
in a 5-fold scroll F = F(0,ay,a3,a4,as) and having a trivial canonical class

Lp172 +L2—p1—a2—a3—a4—a5,3 +Kp = ﬁX with fl € |Lp172|7 fZ € |L2—p1—a2—a3—a4—a5,3|'

Suppose X is fibred by K3 surface complete intersection of a quadric and a cubic X 3 C P
over P! and embedded in F over P'. There are 12 such families of codimension two weak
Calabi-Yau threefolds X with at most isolated singularities along either of the base loci
Bs(|Lp, 21), Bs(|La—p, —ay—as—as—as 3|). The Table summarizes the classification.
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The thesis also revisits the degeneration of quartic K3 fibred Calabi-Yau threefolds studied
by Gross in [Gro97]. By considering the universal extension Ext!(&p1 (1), Opi(—1)) over
P! and adding two copies of a trivial bundle and projectivizing, Gross got a deformation
family .# — A! with central fibre .%, = F(0,1,1,2) and all other fibres isomorphic to
Foo =2 P! x P3. He noticed, see also [GS22]], that the nonsingular general members of the
anticanonical families X| C % and Xy C .%, cannot be smoothly deformed into each other
from his construction. However, he proves that X; specialises in the deformation family
Z to a singular Calabi-Yau threefold X, with a curve of canonical singularities along the
base locus B= P! C F(0,1, 1,2) of the anticanonical system of the central fibre. The 3-fold
X is a smoothing of X(. The point of this construction is that there is one singular variety
X which has two different smoothings: to X, and also to Xj. But these latter smooth
varieties are in two different families. Ruan observes in [Ruan96l][Theorem A.4.3] that
though X1, Xy are diffeomorphic, with Hodge numbers (2,86), they are not symplectic
deformation equivalent. By first using a half-anticanonical embedding of .%; then studying
the images of X1, Xp, this thesis describes a projective version of this specialisation including
a toric description that meets Ruan’s description. The This example has also been studied
in [CDT18| Tho00].

The thesis, in Proposition|7.1.2] introduces a set-up where Mullet’s condition (i) is replaced

by any nonsingular base B. This allows one to embed fibrations in weighted scrolls
(f:X = B) = (n:F—=P1¢]).

It goes further to generalize this construction by finding interesting examples of fibrations

where fibres of 7 are other key varieties such as weighted Grassmannians.

Other than Mullet’s, other studies on classification of varieties fibred over a base include
[Reid89,Lop89] where B is assumed to be quasiprojective or affine. The fibration f: X — B
is then equipped with a relatively ample divisor, say relative canonical divisor K = Kx /g

defined as
Kx/p:=Kx — ["Kp
or something closely related. The object of study in this setup is the relative (sheaf of)

ring(s)
Z(X/B) = D f(K™").

n>0
The discussion is often restricted to a small open neighbourhood of some point b in B
"near a 2-connected fibre". Following on from these works is [CP22]; here threefolds of

general type embedded in relative Proj of (1,1,2,5) weighted free symmetric algebra



are constructed. These threefolds are constructed by first fixing the fibres as surfaces of
general type with invariants p,(S) = 2,K3 = 1 (second row of Table (2.3)). In [Tho11]],
Thompson uses data from the base curve to construct an algebra whose relative Proj over
the curve is the ambient space for threefolds fibred by S¢ C P[1, 1, 1,3]. Also among the
initial motivations for this thesis is [BCZ05] where the geography of Mori fibre spaces
is studied in ways that include embedding the nonsingular total space X in scrolls of
type (n,k) = (3,2) and (3,1) [that is, P" bundles over PX]. Also related to the work in
this thesis are [Kuh03, Kuh04] where Kédhler cones of hypersurfaces in scrolls of type
(n,k) =(1,3),(3,1) and (2,2) are studied.

Throughout this thesis, all varieties are over the field of complex numbers.

The outline of the thesis is as follows:

In Chapter 2, we start by a brief review of the geometry of the absolute case (X,H)
associated to the finitely generated graded ring R(X,H). We end by giving an introduction
to Mori theory.

In Chapter 3, three equivalent definitions of scrolls are presented as well as a study of
the space of sections of line bundles on a scroll and the related rational maps. We also
discuss some properties of divisors and line bundles on scrolls and a computation of cones

of surface scrolls.

In Chapter 4, we construct models of bipolarised elliptic fibred K3 surfaces over P!

embedded in weighted scrolls.

Chapter 5 extends the results in Chapter 3 to construct interesting families of mildly
singular K3 fibred Calabi-Yau varieties embedded in weighted scrolls. We also discuss the

deformations and degenerations of these fibrations.

In Chapter 6, we study families of dimensions 2,3 Complete Intersection Calabi—Yaus
[CICYs] in scrolls. There is a rich background of such CICY3 families in the pioneering
works [BB96,[CDLS98]] constructed in Gorenstein toric Fano varieties and in products of

projective spaces.

Finally, in Chapter 7, we introduce a set-up for probing the geometry of projective
fibrations bipolarised by an ample and a relatively ample divisor. In this way, we set the
stage for developing the theory of fibrations in scrolls understood in a wider context.
This theory has potential of generalizing Reid’s Graded Ring Methods in interesting ways.
Another potential direction is to apply techniques used in chapters 4 and 5 to study

weighted Grassmannian fibrations and other relative key varieties.



Chapter 2

Graded Rings and Projective Varieties

2.1 Graded Rings from Varieties

This section is a summary of material from [Reid79], [Reid02]], [GW78] and [Fle00].

Let the pair (X,H) be a complex nonsingula projective variety X over C polarised by an
ample divisor H on X. For an integer n > 0, we have the finite dimensional vector space

of rational functions
HY(X,nH) =H®(X,0x(nH)) = {f € C(X)|divf +nH > 0}

on X with divisors of poles of at most nH; it is called the Riemann-Roch (RR) space of nH.

The graded vector space
R(X,H) =@ H"(X,nH)

n>0

of X is naturally a ring through the map

(f.8)—fg

H(X,nH) x H(X,mH) HY(X, (n+m)H).

When H is ample, the graded ring R(X,H) is finitely generated, so can be described by a
finite number of generators and relations. Further, R(X,H) is a Gorenstein ring whenever
Kx = nH for some integer n. Details of this can be found in [GW78]]. The generators
of R(X,nH) are weighted so that ProjR(X,nH) is embedded in a weighted projective
space discussed in [Fle00]] . By standard algebraic geometry, we also have a rational map

O X - PN = P (H)=1 £ X to a straight projective space.

The following toy example illustrates the graded ring methods.

X can be allowed to have mild singularities. We have chosen it to be nonsingular to start our discussion.
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Example 2.1.1. In this example, we compute the canonical ring R(C, K¢) for a genus 3
nonsingular projective curve C and conclude that it is a plane quartic curve under additional

assumptions. By the Riemann-Roch theorem for curves
dimH(D) —dimH®(Kc — D) = 1 — g +degD, (2.1)

where g = g(C) = 3 is the genus of C and D = Y n;P; € DivC has degree degD = Y n;. We

get that
1 n=0,

R (nK¢) := dimH®(nKe) = { g =3 n=1, (2.2)
(2n—1)(g—1)=4n—-2 n>2.

Since g = dimH%(C,K¢) = 3, a choice of basis x1,x7,x3 of H*(C,K¢) defines a rational

map @k, :C --» PP2. Now, with distinct points P,Q € C, we have by Riemann-Roch that

h(Ke —P) =1 —g+deg(Kc —P)+h°(P) =2

since deg K¢ = 2g — 2 = 4 and there are no functions with only a simple pole at P.

We use Equation (2.2) to make algebraic arguments about the graded ring

R(C,Kc) =P H(C,nKe).

n>0

We have
dim H°(C,2K¢) = dim(Sym? (x;,x3,x3)) = 6

quadric monomials and
dimH°(C,3K¢) = dim(Sym? (x,x,x3)) = 10

cubic monomials. However, there are dim(Sym*(x1,x2,x3)) = 15 quartic monomials which
do not match the prediction dim H%(C,4K¢) = 14 of Equation (2.2). We conclude with a
prediction that the simplest form of the graded ring R(C,K¢) is

R(C.Kc) = Clxy,x2,x3]/ (fa) = C[P?]/(fa)
with the plane quartic C4 = V(f4) the image of the corresponding canonical embedding

. 2
(P|KC| . C — ]P)[)Ci]'



For the nonhyperelliptic case, with the predicted fs, we need to show that
¢ : C[P’]/(fa) = R(C,Kc)

is a ring isomorphism. It is injective since there is a linear relation between degree 4
monomials and that there are no new relations in higher degrees. Surjectivity follows from

the fact that, in degree n,

dime ((CIPL1/(f2)) ) = dime (CIP2, ) ) — dime(fa),
= dim mg ( P[x ) —dim@ (C[P[zx[]]n—4>
n+2 n—442
< ) ( ) ) =4n—-2
= dimH°(C,nK¢).
In the hyperelliptic case, the quotient ring

C[P3[17 1, 1,2] xi,y}]/(QZ(xi)7y2 _f4(xi>)

is the canonical ring. To compensate for the relation given by the conic defined by ¢», a new
degree 2 variable y is added to the previous ring C[x,x2,x3]. Now, with f3 = y* — f3(x;),
we have a double cover C — {g»(x;) = 0} of the quartic over the conic with the ramification
locus {g> = f4 = 0}. The ambient space of C in this case is P[13,2]. Even better, we can

consider a degenerating family

V(Ay — qa(x:), 5% — falxi)) = A

which gives a hyperelliptic curve for A = 0 and nonhyperelliptic curves for A # 0.

2.2 Hilbert Series

The material on Hilbert series in this section is adapted from [Reid79, Reid97|] and [Eis95].
The Hilbert series of a finitely generated C-algebra R says a lot about the variety Proj R that

would otherwise be, in higher dimensions, more difficult to obtain using explicit analysis
such as that used in (2.1) above.

Definition 2.2.1. The Hilbert function of a graded C-algebra R = @©;>0R,; over the

field of complex numbers is the function

d—dim¢ R
P77



The formal power series

is referred to as the Hilbert series of R.

The Hilbert series Py is a rational function whose denominator is [T, (1 — %) where R

is finitely generated with n generators x; of weights wr(x;) = a; > 0. The numerator is the

polynomial
n

N(t) =] —1%)Pe(t)

i=1
which encodes syzygies of R of different orders.

The following are some easy examples.
Example 2.2.2.

1. Let R = C[P"] = Clxo, ..., Xs] = @450 C[x0, ..., %]a. The Hilbert series is thus

n+d 1
w= 2 ("3 )= e

d>0
2. Genus g hyperelliptic curve C and H a g% on C; that is C can be represented as a
double cover C — P!. Now, by Riemann—-Roch
n+1 if n<g

dimH(C,nH) =
l1—g+2n if n>g.

The Hilbert series of the graded ring R(X,H) = @©,>0H(C,nH) is thus
P(C.,H)(t) =1 —|—2t+3t2+...+gtg_1 +(g+1)5+ (g+3)tg+l 4.

Multiplication of Pc g (t) by increasing powers of 1 —¢ yield a closed numerator in

finite steps

(I=0)Pepy(t) =T+1+7+ 484 28T (2.3)
(1=1)*Pemy(t) = 14257
which is then manipulated by multiplying both sides of Equation by (1 —1%)?
for positive integers a, b to yield the Hilbert series
148! 1 —r28+2
P (t) = =
() (1—1)2  (1—1)2(1—ss+T)

whose numerator is palindromic; that is, a polynomial of degree d with coefficients

ax = —aq—. The genus g hyperelliptic curve C can then be thought of as having
P[1,1,g+ 1] as its ambient space and defined by one polynomial of degree 2g + 2.

10



The graded ring techniques result in various varieties depending on codimension as listed

in Table (2.1). Construction of some variety (X,H) by graded ring techniques involves

Codim Geometry

1 hypersurfaces, see [Fle00]

2+ conditions | complete intersections, see [Fle00]]

3 4 conditions | Pfaffians of an antisymmetric matrix, see [BE77, IAlt98]

>4 No structure theory yet but many interesting constructions

Table 2.1: Geometry of graded ring in different codimensions.

studying the structure of its graded ring R(X,H) under the natural correspondence
X = Proj(R,H) + R(X,H).

From the graded pieces of the ring, the Hilbert series of (X,H) in ]P’[af.”'] takes the form

Pix k) (1) = Y, dimH°(X ,nH)t"
n=0

= i P,(X)t"
n=0

_ N(t)
B lIﬁnite(1 - tai)bi

where the Hilbert Numerator N(¢) is a palindromic polynomial ("Gorenstein symmetric")

whenever R(X,H) is Gorenstein [GW78]. Special cases are when H is
« Kx and ample with (X,H) a canonically polarised variety of general type,
« —Kyx and ample with (X, H) an anti-canonically polarised Fano variety,
« ample and Oy = Kx # H hence (X,H) is a polarised Calabi-Yau.

The Hilbert series Px z)(t) encodes a likely form of R(X, Ox(1)) by giving a guess on
the number of its generators and their syzygies, hence a prediction of a model of X as a
variety embedded in a weighted projective space (w.p.s) with the generators and defining

equations.

Example 2.2.3.
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1.

Let E be an Elliptic curve. We would like to associate a graded ring R = R(E,H)
to a divisor H = P € Div(E) where P € E. We denote by H(E,P) in C(E) the
Riemann-Roch space associated to the divisor H = P. By the R-R theorem for curves,
the dimension #°(E,nP) = deg(nP) = n € N. To describe the graded ring

R(E,P)=PH(E,OF(nP)),

n>0

choose x,y,z € R so that
HY(E,0p(P)) =< x>, HY(E,0p(2P)) = (x*,y) and H*(E, O (3P)) = (x*,xy,z).

By proving that x,y defines a 2-to-1 map Ppp| E— P! so that x, y are algebraically
independent, one proceeds to prove that y has a pole at P of order 2 and z a pole of
order 3. Further, we write out monomials in x,y, z of weighted degree 4 and prove
that they form a basis of H’(E, Og(4P)), and similarly for degree 5. Next, one shows
that there must be a relation in degree 6, and that it must involve y3 and 72. Finally,
using z — z+ a3(x,y) and y — y+ B2 (x), unwanted terms in the relation are cleared
by completing squares and cubes to obtain f5 = z> — y® — ax*y — bx®. We can repeat
the process for H = kP for k =2,3,4 and 5 and tabulate the data obtained in Table

below.

k | P(t) Degree Ambient SpageDescription of E
1| 0 (112;26) =iy P[1,2,3] the classical Weierstrass eqn
2 (l_té;ﬁ 4 P[1,1,2] Double cover over P! with 4 branch pts
3 (ti 7 3 P? plane cubic with a flex point at infinity

2\2
4 ((11__2))4 2,2 P3 Intersection of two quadrics
5 % 5 P4 P* sections of Gr(2,5) C P’

Table 2.2: Graded ring geometry for elliptic curves.

2. Table shows some regular surfaces of general type (Y, Ky ) and the corresponding

data on their canonical ring R(Y,Ky).

We illustrate the computation of the Hilbert function of the surfaces Y from their

numerical invariants, say

pe=h(Y,Ky) =h'(Y,0y) = 4, K7 = 6.

12



No. | (pe(Y), K7) | Ambient Space | (# Eqns, degree) | N(t)

1| (1,1) P*[1,22,37] (2,6) 1—2¢6 4112

2 | (2,1 P3[12,2,5] (1,10) 1—¢10

3 (2,2 P*[12,22,3] (1,4),(1,6) 1—1%— 164410

4 |32 P3[1°,4] (1,8) 11—

5 1(3,3) P3[1°,2] (1,6) 1—1°

6 | (3,4) P4[13,27] (2,4) 1—2t* 413

7 | (3,5) P3[1°,27] (5,4) 1—5t% 4 5¢6 10

8 | (4,9 P3 (1,5) 11

9 | (4,6) P4[1%,2] (1,3),(1,4) 1—12—t*+17

10 | (4,7) P3[14,27] (2,3),(3.,4) 1—-203—3t% 430 + 26— ¢°
11 | (5,9) P4 (2,3) 1—263 4140

12 | (7,16) P° (4,2) 1— 42 4 61% — 415 16

Table 2.3: Hilbert series data of the canonical ring of some regular surfaces Y of general
type from the data (pg(Y),K3).

From the graded pieces of the canonical ring

R(Y,Ky) = PH(Y,nKy),
n>0

the Hilbert series of (Y,Ky) C P[a?"] takes the form
Py ky)(t) =

= Z h()(Y, ﬁy(ﬂKy))ln
n=0

_ N(1)
_Hﬁnite(l —rai)bi’

Suppose Ky is ample, then nKy is ample for n > 1. Therefore, from Kodaira vanishing,

W' (Ky + D) =0 for i >0, ample D

h'((n4+1)Ky) =0 for n>1or h'(mKy) = 0 for m > 2. The canonical ring R(Y, Ky)
is therefore Gorenstein [GW78]. Now from RR

R’ (nD)) + h°(Ky —nD) — h'(nD) = x(Oy(nD)) + %(nD—Ky).nD,
for D = Ky, we get that forn > 2,
1 (nKy) + h(=tr="1)Ky)) — hMnKy] = 1 (Oy (nKy)) + Fn— K7 (24)

13



Hence the plurigenera

1 ifn=0
Pa(Y) = q pg =4 ifn=1
1+pg+ (5)Kf=5+3n(n—1) ifn>2

Therefore,

Py gy)(t) = 1+41 + 22[5 +3n(n—1)]".

We express Py k) (t) as a rational function by multiplying both sides by increasing
powers of 1 —¢ until we get a closed form on the Right Hand Side

P27 4141
Plygy)(t) = (1—1)3

The coefficients of closed form numerator in the equation above sum to degY =
K%— = 6. We can further use computer algebra to manipulate the numerator into a
Gorenstein Symmetric form

11— —t* 447

from which the degree 7 Hilbert numerator N(¢) encodes the resolution structure
of R(Y,Ky) hence useful information about Y; the surface Y can be thought of as a

codimension 2 subvariety of P[14,2] defined by 2 equations; a cubic and a quartic.

In more complicated cases, X C P"~![by,...,b,] is often contained in a weighted "key"

variety, say X C Z C P""![by,...,b,], as a complete intersection. For example, if X is
codimension 3 then Z is a weighted Grassmannian [[CR02] , see also section (7.2.2)).

The graded ring approach is applicable in several situations, such as
(i) constructing varieties such as

- ample H = Kx gives (X,Kx) a variety of general type,
« ample H = —Ky gives (X, —Kx) a Fano variety or

« H # Kx = Ox gives (X,H) a Calabi-Yau variety;
(ii) probing the structure theory of graded rings and resulting embeddings;

(iii) studying interesting classes of varieties such as cluster varieties [ST20] .

14



2.3 Cones and the basics of Mori Theory
The material in this section is from [Deb16, HM70] and [KM98]. Let (X, Ox ) be a smooth
complex projective variety and Ky the sheaf of rational functions on X with Oy C Ky.
A line bundle Ox (D) corresponding to a (Cartier) divisor D € Div(X) :=T'(X, Ry /O%) is
given by local data {D; = V(f;), fi € I'(D;, R% ) } glued by

fi=gijfj where g;; € I'(D;j, O%).
The cycle map

Div(X) > D — [D] € H*(X,7Z),

which associates to D its class [D] on X, descends to a map

__ Div(X)  Div(X)
ClX) = PDiv(X)  ~yp

— H*(X,7)

on the class group CI/(X), where the subgroup of principal divisors is

Div(X) 5 PrDiv(X) := {(f) = (f)o = (f)=|f € C(X)}.
Thus D1, D; € Div(X) are linearly equivalent, denoted as D ~y;, D>, whenever D — D, €
PrDiv(X ). We then have the following definitions:
« Pic(X) :=isomorphism classes of invertible sheaves on X (line bundles on X) where

Div(X)

D) — CHX) = Pic(X) defl D D).
PrDiv(X) Cl(X) — Pic(X) defined by D — Ox (D)

« Canonical divisor K = Kx € Div(X) is such that
Ky — Ox(K) = QimX . \dimX ]
under the map above.

« The evaluation of the intersection form on a Cartier divisor D and a curve C on X is
given by D.C := deg(C|p).

« D1,D; € Div(X) on a surface X are numerically equivalent, written as D| ~
Dy, if D1.C = D,.C for all curves C C X. The Néron-Severi group
~ Div(X)®R Div(X)®R

N (X)p := = Div(X.Z)®R
( )R Num(X) ~num IV( , >®

is a R—vector space of finite dimension p (X) = rank N'(X) called the Picard rank
of X.
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Further, for a curve C C X, we can equivalently and dually define its intersection product

with a divisor D € Div(X) via the cup product map

U:H*(X,Z) x Hy(X,Z) = Z (2.5)
([D],[C]) — D.C := [D].[C]. (2.6)

One can then infer that linear equivalence of divisors imply their numerical equivalence
Dy ~jiy Dy <= Ox(D1) = Ox(D2) = D1 ~pum D>.

Further, two 1-cycles C; and C; on X are numerically equivalent if they have the same
intersection number with every Cartier divisor D € Div(X); this is denoted by C; = C;.

Define
C1(X)

Ni(X)r=Ni(X)z®R:=

By extending (2.5), we get the non-degenerate (by definition) intersection pairing map
]\71 (X)R X N](X)R — R.

In particular, N; (X ) is a finite-dimensional real vector space.

The base locus Bs([D]) of [D] C CI(X) is given by

Bs(D))= (| H={peX:VseH’(Ox(D)),s(p) =0}.
He[D]

Definition 2.3.1. Let L € Pic(X) where X is projective variety. We say L is
(a) movable/mobile if and only if codim(Bs(L),X) > 2;
(b) numerically effective (nef) if and only if L.C > 0 for all effective curves C C X;

(c) big if and only if there is a constant C > 0 such that A°(X,mL) > C.m%™X for all

sufficiently large m from the semi-group
N(X,L)={m>0:1’(X,mL) #0};
(d) effective if and only if H*(X, L) # {0}.
(e) Base Point Free (BPF) if and only if ¢ : X>PH L)1 5 5 morphism;

(f) very ample if and only if @y is an embedding with L ~;, (p|*L‘H for a general hyper-
plane H C PHY(X,L);
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(g) ample if and only if mL is very ample for some m € N.

Definition 2.3.2. Various cones associated to a complex projective variety X are:

« The cone NE'!(X) :=cone spanned by effective divisors.

« The cone of effective 1-cycles NE (X ) :=the closure of the convex cone of (smooth)
curves of X in Ny (X)g.

« The nef cone NE(X)" :=the closed cone generated by nef divisors in N'(X)g.

« The Base Point Free cone #(X) :=the cone generated by base point free divisors
in N'(X)R.

« The ample cone NA(X) C N'(X) is the cone generated by the ample divisors; this
is the interior of the nef cone. By Kleiman’s criterion in Theorem (2.3.6)) , the closed

cone of curves is the dual to the nef cone NE(X)".

Proposition 2.3.3. In Definition above, it is the case that
(&) == (f) == (e) = (d) < (o)

so that
NA(X) C Z(X) Cc NE'(X) C N'(X)g.

Further, with the natural topology on the Néron-Severi group N'(X), the interior of the nef

cone is the ample cone.

Proof . The implications are clear from the definitions. The last statement follows from
Kleiman’s criterion, Theorem (2.3.6) below. ]

Proposition 2.3.4. If L is base point free then it is nef () = (b)).
Proof . Let L be base point free and consider the map
P X =Y

and C C X. The image @) C of the curve C is either a curve or a point. We can express L
as the pullback L = @y *H of a hyperplance section H C Y. By the projection formula and

the facts that H is ample and ;| C is a curve or a point, we have that
LC= (o *H).[C]=H.[¢;,C] >0

which demonstrates nefness of L. O]
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Proposition 2.3.5. If L is base point free on a smooth projective variety X and big then
dlm(Im((p|L|)) = dlm(X)

Proof. Assume L € #(X) for a smooth projective variety X then
01—
Oy X = Im(py)) =Y C P(HO(X,L)") =P" (-1 =PV,

In this case,
HO(X7mL) = HO(Y7 ﬁY(’”))

where Oy (1) = Opn(1)]y as @y )* Oy (1) = Ox(L). Moreover, since L is big, we have that
RO(Y, Oy (m)) = h®(X,mL) > C.m%™X and using the Hilbert polynomial of X, we get that

dimY > dimX from which we obtain

dimY =dimX.

The following theorem give, in [HM70], a numerical characterization of ampleness.

Theorem 2.3.6. [Kleiman’s criterion] For a projective variety X we have that
(a) A Cartier divisor D € Div(X) is ample if and only if D.[C] > 0 for all 0 # [C] € NE(X).

(b) For D' € NA(X) ample and any c € Z, the set {|C] € NE(X) : D'.|C] < ¢} is compact

hence contains only finitely many classes of curves.

Theorem 2.3.7. [Mori] Let X be a smooth projective variety and H € NA(X) ample. Assume

that there is an irreducible curve C C X such that —Kx.C > 0. Then there is a rational curve
E C X such that
dimX +1> —Kx.E > 0.

Example 2.3.8. Let X be a smooth projective surface with Kx not nef. Then by the theorem
above, we have a rational curve E such that —3 < Kx.E < 0 hence Kx.E € {—3,-2,—1}.

Since X is smooth and E is rational E = P!, we have by the adjuction formula that
degwp = (Kx +E).E =Ky .E+E*= -2
giving three classes of surfaces X

« E? = —1: this is Castelntiovo’s criterion where Kx.C = —1,

« E2=0: X =~ F,, aruled surface with E fibres and
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« E?=1: X birational to P> with L € P? and L?> = 1 and K> = —2L.

Definition 2.3.9. An extremal ray R := R [C] is, in the sense of convex geometry, half-
line where for C;,C; € NE(X) and C| +C, € R, we have that C;,C, € R and in addition

Kx.R < 0, where Ky is the canonical divisor of the nonsingular variety X.

We recall, from [KM98]], the following Theorem about extremal rays as special generators
of the Mori Cone NE(X).

Theorem 2.3.10. [Mori Cone Theorem] Consider a non-singular projective variety X. We
have that

1. There are countably many rational curves C; C X such that dimX +1 > —Kx.C; > 0,

and
NE(X) = NE(X)x 20+ LB [C]].

2. Forany € >0 and H € NA(X) ample,

NE(X) = NE(X) (ky+em)>0 + Y R4 [G].

finite # of extremal rays

The following is a cohomological characterization of ampleness of divisors on a projective

scheme.

Theorem 2.3.11. Let X be a projective scheme over a field and let D be a Cartier divisor on

X. The following statements are equivalent:
(a) D is ample;

(b) for each coherent sheaf .F on X, we have H*(X,.7 (mD)) = 0 for m > 0 and for all
k> 0;

(c) for each coherent sheaf F on X, we have H'(X,.7 (mD)) = 0 for all m > 0.

Proof. Theorem 2.37 of [Deb16] . O
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Chapter 3

Introduction to Scrolls

This chapter uses materials mainly from [Reid89, Reid97/] and [[GS22]. We also refer to
[Har77],[Mul06]], [ADHL10]],[Ful93],[CLS11] and [SP22].
3.1 The Product of Two Projective Spaces

Let us start with a special and very classical case of the more general construction we are

going to discuss later. Consider the usual construction of
Ph—1y ph! .— (cll \{0}) x (clz\{O}) JC* % C*

where each C* acts on one of the factors separately. The combined action of C* x C* is
thus

(A t) = (e ey Xp 331552 ) F> (AXD, ey AX S AV e 1UYL) (3.1)
for (A,u) € C* x C*.
A subvariety X =V (fy, ¢+ fdpen) C Phi—1 x P2~1 is defined by bihomogeneous poly-
nomials {fyz ., }™, C Clxi,...,x1,,¥1,...,)1,] of bidegree (d;,e;) € (Z>0)?.
Let

R:(C[xl,...,xll]: @ (C[xl,...,xll]d
deNU{0}
and, with degx; = (1,0),degy; = (0,1),
S=Rp1,...ovl= B S

(d1.d2)E(Z0)*

This is the bigraded homogeneous (bihomogeneous) coordinate ring of the product P11 x
P2~1 where

S(dl ) = Symdl <X1, ey XY > X Symd2 <y1,. .. ,y12>
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is the d;(1,0) +d>(0,1) = (dy,d»)-graded piece consisting of bihomogeneous polynomials
of degree d) in xs and d, in y’js.
The product P = P/1=! x P21 has a Segre embedding

Ponity. 1y PIT X PETL S w Ly PR = P(Mat(C, 1y x 1))

X1
(s ey = | o oo ] = (wj=xyjli=1,.. 55 =1,...,1).
Xy,
The image is given by the condition that rank(u;;) < 1 so that X;,_; ;,_; is the variety
defined by the vanishing of all 2 x 2 minors of (u;;).

The projections 7y : Xy, 1 1,—1 — P! and m; : X1, -1 — P2~1 are defined by

one of the non-zero columns of (#;;), k=1
i ((uij)) =

one of the non-zero rows of (u;;), k=2.

Furthermore, with X; C P%~!, we have that o1, —1, ,—1(X1 X X2) € Xy 1 1,—1 giving the
Zariski topology on the product X; x X as the induced topology inside P'"2=!. The Picard
group

Pic(P' ! x P21 2 Pic(P 1) x Pic(P2 ™) = Z[m* Opi, -1 (1), 1 Opip—1 (1)] =2 72

is generated by pullbacks of hyperplane sections.

3.2 Construction of Scrolls

To define a scroll [, we generalise the group action above to allow mixing of the two
factors so that the first projection 71 : F — P/1~! can be a nontrivial P2~!— bundle. We
also allow weighted C*actions.

Before giving the definition of a scroll, let us fix some notation. Let G = C* x C*, (A, ) =
g € G and the lattice of characters Q = Hom(G,C*) = Z? = (x1, x2) of G with basis given
by the projections

x1(8) =27, xo(g) = uwith x(g) = (dix1 +daxn)(g) = ldl‘udz.

Also, let ® = Hom(Q,Z) = Hom(C*,G) = (v1, V) be the lattice of co-characters (one-
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parameter subgroups) of G with basis given by

v,V :C* = G
vi(A) =(4,1)
v2(4) = (1,4)

withx1,x0 € Z, V(A) = (x1vi +x2v2)(A) = (A, A7?).

We then have that ® = Q" through the pairing

OxQ—7Z
(v,x)n—m::deg(xov:c*%c*).

Definition 3.2.1. Leta = (ay,...,a,),b = (b1,...,b,),c = (c1,...,c;) with the integers
aj>0,bj,c;>0and

S=Clt1,.. ., tgyX1ye ey Xy] = @ S(dhdz) (3.2)
(dl,dz)GLCQ

the graded ring generated by variables #; € S, o), Xj € S(_q4, ;) for some sublattice L =
((ci,0),(—aj,b;) C Q. The rational scroll F4 associated to the weight matrix

A:=wt(tl,...,tk,xl,...,xn):[Col Cok —bclll —bjn}
is the quotient
Fa = ((C\ {0}) x (C"\ {0})) /G, (33)

where G acts by

(A1) 2t oo B X0y 2) 3 (AN A Ay A (3.4)

Xp) >
s ey lgs X1y .- X 1yeoeslks Xlyewns Xn)- .
(L) (0, )=ty 1™ ux,) (3.5)

The action gives a map Homy : G — (C*)* x (C*)" which is compatible with the weighted
C* action on (CF\ {0}) , with weights (c1,...,¢;). The projection to the first factor 7 :
F — Pk~ ![¢,] defined by

(l‘],...,l‘k;xl,...,xn)'—)[l‘]2...Ztk]
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is a morphism with fibres 77! ([t; : ... : 1;]) 2 P 1[by,...,b,].
We get the diagram

(C\{0}) x (C"\ {0}) —— F4

I ln

CN{0} ———— P e,
where g is the quotient map defined by the action (3.5).

The scroll Fy withc; =b;=1fori=1,...k;j=1,...,nis called the straight case; we will
often denote this scroll by Fi(ay,...,a,) and drop the the subscript k whenever k = 2.
For example, we can consider the straight scroll with k = 2 over

Pllcy,co] 2P,

11 —ay ... —a
Wt(tlatz;xla---7xn):|:0 0 11 1"] =A.

The fibres 7! ([t; 1 12]) 2P . so that with Xp; = X' = 2

[x1:2x] T

. 1 n—1 1 n—1
F=(Cx, xP ; ,)C,J)LJ(CX21 ><]P’[xl_ ,xn]),

n
P ) ul <<cn p— )
m=1 <Xi1, Yj=" " |i#m> m=1 <Xa1, Yaj=2p—|jF#m>

I
=
9
S
1
5

I

C-=

S

S

C
(-

S

S

S
1l
S
1l

More generally, the rational scroll F(ay,...,a,) is covered by 2n copies of
Uij = {ti;éO,xj 7&0} %(C”, i=1,2j=1,...,n.

For the chart x; # 0, the nontrivial gluing data is given by

Un=C" o, —t €y =Unm
<Xi1, hii=2 :

. a;—a t Xi .
ligm> Yo;=X|| "V <Xpy, Yp="2 “|jAm>

Xm Xm

The coordinates of the second factor transform by a matrix diag(X}i “")im-

Example 3.2.2.
1. The scroll F(a) = P*"1¢;] x pt 2 P*~![c;] for all a € Z.

2. The straight scroll F(0,...,0) = P*~1[¢;] x P*~1,
——

n
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—a

%% 1) %x]

Y= 1= T2
t t
Xiu=2 7 =X
Fy
t 1t
Xip =72 = X2
t9x; t9x;
Yo S FT2
]P)l
=20 =0

Figure 3.1: Four copies of the affine plane C? covering surface scroll F.

3. For integer a > 0 the surface scroll F, := F(a,0) over P! is covered by 4 copies of
C? with the gluing data illustrated in Figure . We study some examples further

below.

4. The 3—fold scroll F4 :=F(2,1,0) over P! has IP? fibres and is covered by 6 copies
of C.

3.3 Toric Construction of Weighted Scrolls
Let [1,,) = [1:...: 1] € P". The standard toric structure

(P P T s T [, 1)) = (B < P70 (CF 1) (€717, ([, [1])
on P=1 x P*~! comes with the standard torus action

(A, ).ty s tisxy cxj] = [ty Aitisxy s ujxj) where i =2,...,k,j=2,...,n.
On the other hand, the homomorphism
Homy : G — (CH)F 1 (C*)rt 2 k=2

described above is an open embedding with an obvious base point ([14],[1,]) on F4. We

can then define the scroll Fy4 as a toric variety by:
(Fa, G, ([1al, [1a))) := (Homa (G), T2, [15: 1))
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with the torus action
(A, ). [tisxj] = Homa (A, p)[ti; xj].
We now illustrate the toric construction of F4 below.

The subtorus G = (C*)? used in the definition of the scroll
Fa = (C"*\2)/G
gives an exact sequence of tori
1= G— (CH o (CH 2 =T =1 (3.6)

with an open orbit of F4 isomorphic to T. Now, by taking Hom(C*, ) at every point of
the sequence (3.6)), we get an exact sequence

0— 72 L 75 9 Hom(C*, T) =N — 0 (3.7)

of abelian groups. The generators {c;,p;} = {q(¢i),q(¢;)} of N, with {¢;,¢;} the standard
basis element of Z**", are the one-dimensional cones of the fan X , of the projective toric
variety F4. It suffices to define f on the standard basis {(1,0),(0,1)} of Z? as

= [flo] =

where A is the weight matrix associated to [F4. Associated to a one-dimensional cone o; is

a Weil divisor Dy, € CI(F4). By extension, we have the dual sequence

0 — N = Hom(T, C*) £ z¥+n-2 @Z[DGI @@Z Dp] 5 Cl(Fs) =0 (38)
of SES with

k n
f(m) = Z <m,vg; > D6i+ Z < m7ij >Dpj
i=2 j=2

where < m,v, > is a valuation at x of a character m € M with v, a generator of the ray of

1-dimensional cone x € X.

Now, with p = (01,...,0k,P1,---,Pn) € N, we have that

N = Z[lep]]/<A(o-l7pj)/> = Zk+n_2 =<02,--,0k;,02,- -5 Pn > . (39)
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Proposition 3.3.1. With N as defined by Equation (3.9), define a fan ¥ C Ny by declaring
that 2n maximal cones of F(ay,b;|1,b;) over P! are

Ti.j = Span(Gi,p1,. .-, Pj,- - Pn)-
Using standard toric notation in [Ful93], we have that

F(a1,bj|1,bj) = Xy x

with its Cox ring the bigraded ring Cox(Xnx) = @4, a,)ez2 CltisXj](4).a5)-
Proof . The first map of SES is defined by

(Aott) = (2,4, A, 20,

This precisely describes the action of G = (C*)? on C,zi X (C)”Cj. Now the scroll definition
is comparable to the standard toric description of Xy y found in [Ful93]], to check
that everything agrees. In particular, the irrelevant ideal corresponding to our chosen fan
¥ is the ideal

Lir =A{tixj 1 1 <i<2,1 < j<n} < Clt,xj],

with Z = V(ly) = C* x C"\ U where U = C;\ {0} x C}. \ {0}. O

3.4 Scrolls as Projective Bundles

Let B be a nonsingular projective variety over C and & a rank n vector bundle over B with
fibres &, = C" over b € B. In this section, we would like to construct the projective bundle
P := Projz(&), and its tautological line bundle &p(1). We will also show that this general
construction covers the previous one Fy in the special case when B = P! and & is a sum
of line bundles over B with

1 ... 1 —a ... —ay

Ai=wt(ty, ... ey X1, ooy Xp) = 0 0 1 X

We first note that
P, := Proj(Sym® &,) = P" 1.

Further, denote S; := Symd & — B, a vector bundle over B with fibre
(Sa)p = Sym? &, =T (P!, Opu1(d)) -
We then take the graded vector bundle
S=Sym* & := PSym’ & = P S,
d d
from which we construct a projective bundle Pg(&’) := Projz(S) over B as follows:
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Pick a cover {U;|i € I} of the base B over which & is trivialized. For b; € U, the
trivialization éa|Ui = U; x &, gives S|U,- =~ U; x Sym*® Ep;-

Identify the trivializations &y, and &|y; by sections ¢;; € I (Ui s GL(n)) where

GL(n) is a constant sheaf on B with fibres GL(n), so ¢;;(b) € GL(n) forallb € U;; =
Uuin Uj.

Take V; := Projg(S|u,) = U; x Proj(Sym*® &,) 2 U; x P*~ 1.

Glue V; and V; by transition maps ¢;; € I' (U,- j,PGL(n)) on B, where @;; is the

projectivisation of ¢@;;.

We shall call 7 : Pg(&’) — B the natural projection to the base B obtained by gluing

the projections 7;

SN
.°°<T

The fibres of 7 are 77! (b) =P, =< P* 1,

Definition 3.4.1. [Tautological Subbundle] The bundle 7*& — Pg(&’) on B is locally
given by rank n vector bundles n*&|y, :=V; x &, = V; x C" at b; € U; C B which are glued

along the isomorphisms

Vij x C" = Vj; x C" (3.10)
(B, V]),w) = (b, @i [V]), 9ijw). (3.11)

Its tautological subbundle . C 7*& is defined as follows:

1. Define .; on V; by

Vilu, x &p, 2 P(8p,) X Ep, D S = {([v],w) : rnk [:}] < 1}.
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For b; € U;, take the local coordinates [v] =[x : ... :x,] =x € P(&p,) and w =
(¥15---,¥n) =Y € &p, from which we get

Fii= () {((bi,x),y) 1 xiyj —x;3: =0} C P} xC". (3.12)
ij=1
Indeed, for b; € U;, we have that the fibres (.}) b C PZ,- x C" are tautological line

bundles on P’gi; so . is a line bundle on V;.

2. By equation (3.12), the definition of .#; is independent of the choice of basis of &,
so that U.%; = . — P(&) = UV, is compatible with the gluing inside 7*&'.
Geometrically, for (b;,x) € P(},), the line (-7, [,j)) C &, is such that

P((S ) = x € P(6p,).

The following definition of the Serre line bundle Op (1) will be restricted to the case

associated to the line bundle & = @' Opi—1(a;) over P*~! with C[P(&)] thought of as
having weights

1 ... 1 —a) ... —dap

0 ..0 1 .. 1|=4

WE(1, oyt XDy e ey X)) =

Definition 3.4.2. [Serre bundle ] The tautological (Serre) line bundle Op(4)(1) is con-
structed by gluing line bundles @1 (1) over the patches V; := U; x P"~! as follows:

i. Using projections f; : V; — P""!  take the line bundle &y, (1) = fOpn-1(1) on V;

consisting of degree one functions in fibre P

! coordinates.
[

ii. Glue Oy,(1) and Oy, (1), first using ¢;; € T (U,' ) (/;i,\(n/)> to identify linear polynomials

~ n— Pij n— ~
&, 2 CIPy )1 = C[By 11 2 &,

in fibre coordinates where b; € U; C B, b; € U; C B followed by @;; € I'(U;;, PGL(n))
to identify V; and V; where V;; := U;; X Pl

The degree d € Z line bundle on P(&’) is then defined by Op,(s)(d) := ﬁpB(éa)(l)®d.

The proposition below captures some properties of the Serre bundle on P(&).

Proposition 3.4.3. The Serre bundle Op(s)(1) and subbundle # on Pg(&’) have the follow-

ing properties
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(a) & = m.Opg)(1).
(b) Opg)(—1) =5
Proof. Compare sections of the respective sheaves locally. For part (b), with p; €

[xi]
Proposition 3.4.4. For any line bundle L € Pic(B) we have that

C (IP’”_]> , the morphism is given by ¢ — (p; = @.x;). O

P(@@ ®L) = ]P)B(@@@L) & PB(éa) = P((ga)

so that the triangle

P(&) = » P(ERL)

commutes and that
OL Op(ser)(—1) = Opig) (1)@ 7" L.

Proof. Consequence of Chapter V Prop 2.2 of [Har77]. [

Theorem 3.4.5. Consider the rank n vector bundle & = Opi—1(a;) ® ... Opi-1(ay) over
B = P*~1. The rational scroll F4 with

1 ... 1 —a ... —ay,

A=Wty ey X1y X)) = 0 0 1 X

is isomorphic to the projective bundle
IFA = ]P)]P)kfl (é&) .

Proof. We provide a proof for kK = 2 but the general case is the same. Using gluing data
on F and on Pp: (&), we would like to show that there is an isomorphism f which fits into

the following diagram

Vi:i=F|y, » F > Ppi (&) +——— Ppi(&y;)
‘”V" ’ 4 "
Ul c —_— > .
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From the quotient construction, we have gluing data on the open covers

F=ViuV,

where the affine patches of the fibre IP’ﬁ;]l are glued by

¢ij = diag (s“~“) ;€T (C*’PEZ/W (313)

on the base P! = U, UU;. Explicitly, with Uj, = U NU, = C*, the gluing is given by

U x Pit = Via = Vilu, = Valu, = Va1 = Un x P!

oM L
nYyi = i #2 |~ §, Y= j#1
X2 X1

22 .2 2 ST 1
(raylay%7y37"'7yn>'_>(Say%7y27y37"'7yn):

(rl, 1) Ty () T Ty ) T T ) T

i#2).

From the Proj construction, we glue V| to V, through the gluing information on & =
@D Opi(a;) where, locally, we get a map &|y,, = ﬁffﬂyz — ﬁgaﬂyl = &|y,, defined
through gluing of &

v; = Ui X C,;4( using global sections
O; € F(U,' = {t,‘ 75 O},Pl) =C [l‘] ,tz]ti

ai—aj
for i = 1,2 and transition matrices M;; = (t’—’> " to yield
J
M;;jo; = o;
on U;;. Then by equation (3.13) we see that the transition matrices M;; = diag(s“~%);;

are used in gluing the same affine pieces on the scroll. Hence

n
Pp: (&) = Projp (@ Sym? ) 6 <a,~>> _ (@12 < P’i}},.._,xn>) U (@% x PZ;E,_A.,W)
fl 12

d>0 i=1
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gluedby @ €T (Cr 1n0:PGL(n )) on P!. We therefore have the morphism
fli 0 xC s {40t xCli=1,2
defined by
ta’ Hx;
flnh=-
Xk

With the gluing data on both sides, f extends to a morphism on F over P'.

Lk fixed j € {1,.. n}) = (r,ylj‘-]kﬁxedje {1,...k,...,n}).

F:=F(ay,.. > Pp1(&) :=Proj (Opi(a1) @ ... ® Opi (an))

\/

t1 1]

Corollary 3.4.6. For L = Opi(—c), we get an isomorphism
F(ay+c,...,an+c) =Projp <@ Opi(a; + c)) RN Projp: (@ Opi (a,-)) =F(ay,...,an).
i=1 i=1

Proof. Combine Proposition (3.4.4) with Theorem (3.4.5). O

Example 3.4.7. For the surface scroll />, we have that
=F(4,2)=F(3,1) =2 F(2,0) =

For a more general construction, we have the following definition involving weighted

locally free sheaves.

Definition 3.4.8. [Weighted projective bundle] Let B be any base. Consider a locally

free sheaf & = @ | &;, with &; of rank n; thought of as having weights b; > 0. Consider
the sheaf of graded algebras

S =Sym*® & = Sym*® (@(5‘2) = @Sd.
i=1 d>0

This inherits the grading of the individual pieces &;. We then have the weighted projective
bundle
Pg(&) := Proj(S) = B

with fibres 77! (b) = P(Sym® &,) 2 P"~![b', ..., bn] weighted projective spaces.

31



Example 3.4.9. Let B= ]P)Enttz} and & = & ® & D &3 be a vector bundle over B where

& = &(a1) ® & (ay) is of rank 2 and weight 1 and & = &(a3), &3 = & (as) both of rank 1
and weight 2,3 respectively. We then have the graded sheaf

S :=Sym*(&) = @Symd(o@)
d>0

over B with the resulting weighted scroll
n

Proj(Sym*® &) = (Ctl X ]P>3[12,2,3]> U ((Cf2 X IP3[12,2,3]>
1

whose projection 7 : Proj(Sym® &) — P! has P3[12,2,3],, x2,y,2> as its fibres with x1,x2,,2
the local sections of &. The choice of the vector (a1,a,a3,a4) € Z* determines the gluing

information and hence the geometry of the weighted scroll.

3.5 Class Groups of Weighted scrolls

This section describes the group CI(F4) of Weil divisors on a weighted scroll Fy = Xy 5,
see Proposition (5.4), associated to the weight matrix

cT ... C —aip ... —ap
wt(tl,...,lk,xl,...,xn): 0 ... 0 b b, =A.
The one-dimensional cones o7,..., 0, p1,...,Pn in the fan ¥ corresponds to Weil divisors

Dg, = V(t;),Dp; = V(x;). The following proposition summarizes the property of CI/(IF4)

forci=...=c¢c,=1.

Proposition 3.5.1. LetL = [Dg,|,M = [D,,] C CI(F) and suppose b| = 0 which guarantees
that a1 = 0 with other weights in the weight matrix A not fixed. That is, assume that
wt(x1) = (—ai,br) = (0,1),wt(xj) = (—aj,bj) and wt(t;) = (c;,0). We have that

(i) CI(F4) = ZL®ZM.

(ii) The canonical class is given by

(iii) Ford,d, € 7Z, we have that
Ho(dlL-i-dzM) = Sd1 s
the bidegree (dy,d,) piece of the graded ring S = C[F4]| = Cl[t;,x;].
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(iv) Every divisor on P4 is Q-Cartier.

Proof. For (i), we remember the dual sequence below
0— NV = Hom(T,C*) L z++2 @ZDG, @@ZDPJ 1% Cli(Fy) — 0.

Here,
k

n
fm)=Y <m,0;>Dg+Y <mp;>D,,
i=2 j=2 ’
with m € NV and the angle brackets <, > denote the canonical pairing between NV and N;

a rational function associated to a character of T.

Note that the elements of NV give the following relations between the classes of various

torus-invariant divisors in CI(IFy4)
n
— ) bipj
=2

and

k n
—ZGiJralPl + Zajpj =-0+ Z j—bjai)p;;
i=2 J=2

the former being valid since wt(x;) = (0, 1). From these relations, we have a Z-basis of
CI(F4). Therefore with p = (oy,...,04,pP1,---,Pn) € N, we have that

N =Z[o;,p;jl/ (A(0i,p;)") X Z*" 2 =< 03,...,0, P2+ -, Pn >
whereas the class group CI(FFy4) is free of rank 2 defined by
CUEL) = ZIDo, D))/ (F(0Y ) (01 ). F (Y )+ F(PY)) = ZIDey Dy .
For (ii), with the basis {2, = 6/,..., fi =0, ,82=p5,...,8n = P, } of N, we have that
f(f)) = —Do, + D5, => [Dg,| =[Ds,] =Lforalli=2,...,k
and

fgj) =<pj,01> Do+ <p;,p1 > Dp,+ < pj,00>Dp,
= (aj —bjal)Dgl _bjDUI —f-ng
= [Dp,] =bj[Dp,] + (a1bj—a;)L for forall j=2,...,n.
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Hence

k
Ky, = — ;[Dﬁi] - Z [DP_/']

=1
= —kL— [Dg,| — i(bj[Dm] +(aibj—aj)L)

n n n
= —k+ Zaj—i—al —aib —ay ij)L— <1—|— ij> [D(yl]
j=2 j=2 j=2

n n n
= —k'f‘ Zaj—al ij)L— (ij)M
j=1 j=1 j=1

n n
=|—k+ Z aj> L— <1 + Z bj> M since wt(x1) = (0,1).
j=2 =2

For (iii), we know that the (C*)?-action induces a bigrading on the ring
§=C[C; x C} ]

with deg(t;) = (1,0),deg(x;) = (—aj,b;). On [y, the coordinates #;,x; € C[F,] are treated
as weighted homogeneous just like in weighted projective spaces. In particular, the sections
of L:=L;oand M = Ly corresponding to wr(t;) = (1,0) and wt(x;) = (0, 1) respectively
are

HO(IF(al, e ,an),L) = Sym'(tl,...,tk) = S(071) CS= (C[t,-,xj]

and, if a; > 0 for all i,
HO(F(al,...,an),M) = Sym“‘ (tl,...,tk)xl @...@Sym""(tl,...,tk)xn.
Generally, the global sections of Ly, 4, = d|L+ dyM are given by

HO(FA,thdZ) = @ Symd‘+zf:1“qu(t1,...,tk)x‘l“ ...xg” §S(d1’d2).
(gi)wkda, w=(b;), wt(ti)=ci
(3.14)

where we use the convention that Sym” is empty for m < 0. Here (g;),, I d» denotes a

weighted partition of d, with fixed non zero integral weights w = (b;) such that ¥ b;q; = d5.
Finally, for (iv), consider the SES

072 Ly 7 2 Hom(C*, T) = N — 0 (3.15)

of abelian groups. The generators {o;, p;} = {¢q(¢i),q(¢;)} of N, with {¢;,¢;} the standard

basis element of Z*", are the one-dimensional cones of the fan £ = Xy , C Ng. For any
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collection of integer labels on the generators {o;,p;} there is a linear function on the
cone that takes these values at the generators and rational values at other integral points.
A multiple of this function is integral-valued on the lattice Ny, hence corresponds to a
(QQ-Cartier divisor. O

Since G = (C*)? acts with finite stabilizers on Z = (C*\ {0}) x (C"\ {0}), the scroll
Fs =Z//G is a geometric quotient. Along the locus where there are non-trivial finite
stabilizers, we obtain finite quotient singularities on the quotient Fy4. Just as the weighted
projective space P"[b;] has singularities while P" is nonsingular, weighted scrolls [F4 have

quotient singularities whereas straight scrolls F(ay,...,a,) are nonsingular.

Remark 3.5.2. Consider the general weight matrix

cT ... C —ap ... —ay

A=1o . 0 by ... b,

In this case, the sections of Weil divisors Ly, 4, define a rational map

P rrarm) * Fa == P(S(ay a0)) = Py

under the assumption that

n

N= Y (di+) aig)—1>0.
(gi)whkd> i=1

Let us return to the case of a straight scroll F(ay,...,a,), with non-negative integral

weights.
Theorem 3.5.3. Assume integers a; > O for alli. Then we have that

H° (F(ay,...,an),M) =Sym“ (t1,...,t;)x; © ... ESym™(t1,...,t;)x, = S©,1)
gives a morphism

Pm| - F(ay,...,an) — ]P(S(O,l)) _ P(al+--~+an)+n71

[vi]
defined by
(1o X X)) P [Sym@ (11, t)xy 5 . s Sym@ (11, 1) x,]
with the image @(F(ay,...,a,)) =V (I) C IP(LV?TF“'M”H"—I where
2
I:/\[M o Yy | Ya+2--+ Yartart1 | o | Yatotagi4n-o N
Y2 oo Yay+1 | Va3 Yaj+a+2 | -+ | Yay+..+ay_+n+1 -+ YN+I1
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Here I is a homogeneous ideal generated by all 2 X 2 minors within and between coordinates
of the projective subspaces P(Sym® (t;)x;) for all j =1,...,n. Moreover, M is very ample if
a; >0 forall i.

Proof. Theorem 2.5 of [Reid97]] proves the k = 2 case which generalizes easily to any
case k > 2. O

The following proposition characterizing base point free divisor classes on [F4 will be

useful in the later chapters.

Proposition 3.5.4. Let X C Ng be the simplicial fan associated to the scroll Fy = Xy . Any

linear system which contains the vertices of facets Fr of ¥ is base point free.

Proof. Proposition 3.2 of [CDT18]]. Using our notations, the idea of proof uses the
implication of Proposition (iv) that the normal fan X of N is simplicial. Its facets are
given by

F

i

ConvexHull(Vy|x € 6;,p1,...,Pj,---,Pn)
where 7; j = Span(0;,p1,...,Pj,- .-, Pn) is a maximal cone, Vy is a ray through a point x in
a one dimensional cone. For all f € FT’?]., a lattice point

\4 vV L4V \Y V
me< 627"‘76k7p27"‘7pn >=N y

is such that < m, f >= —1. Therefore < m,v, >= —1 for all x € Frli‘,”

Example 3.5.5.
1. We revisit F(0,0) = F(1,1) 2 P! x P! by noting that

¢ 3
F(l, 1) — IED[yo:y1:y21YS]

where
(p(tl,tz;xl,)Q) = [t1x1 hx1 Xy l‘2X2].
This is nothing but the standard Segre embedding

01,1

]P’[I,l:tﬂ X ]P’[lxlm] — 21,1 := V(yoy2 —y1y3) = @(F(1,1)) C Pfy,-]-
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— ¢ m2

phism. If y; =#tx; # 0, we can set r, = 1 then

defined by @(t1,12;x1,x2) = [t1x] : 12X : X2] is a surjective mor-

0
(t1,125x1,%2) = (;}—1»1 IY1IY2)

hence
¢~ ({v1 #0}) = {r # 0} x P!
which implies that ¢ is an isomorphism over {y; # 0} C P2
On the other hand, the image of the projective line V(x;) is the cone point

¢((l17t2;07x2>) = [0 :0: 1] =pPEc ]P)[zﬁ]

To understand the morphism in the neighbourhood of this point, recall the standard
blowup

Pf, 1 X Plyy) D (C% \\ X Plyy) D Bligg)C = V(x¥ —yX) % sz )

x=20 y 01

2
) —%0
Y2 y2

with the exceptional curve 6~1((0,0)) & P[l)(:Y}‘ We then have the following diagram

9

F > P2 < , C?

T prl c

G_l((070)) T P[zyj] X IP)[IX:Y} % Bl(()’())(cz.

The fibres

prloioc—1(C2\ {(0,0)}) =P}

[l‘] Il‘z]
of the scroll map 7 are the strict transforms of the lines L, through p € ]P’zw. We
conclude, therefore, that

F(1,0) = BI,P?.

. B :=TF(0,2) & p3

., Where
Do:yi:ya:ys)

(p(l‘l,tz;xl,)Q) = [xl : t12x2 tHixy Z‘%XZ].

We have that

2
9(F(2,0)) =V (/\ {” yﬂ ) =V(yy3 —»3) = Qs C P},

Y2 y3
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0:0:1]=p
x =0 M,
F(1,0 ¢ P2
(1,0) - o:y1:y2]
xl—O M2 7 \
=0 =0 [1:0:0] [0:1:0]

t1=0 =0

Figure 3.2: The surface scroll F(1,0) = Bl[O:():]]IP’Z is the blowup of a point in P?.

The map ¢ : F(2,0) — Q3 is a contraction of M} = V(x;) C F(0,2) to a singular
cone point [1:0:0: 0] of the quadric Qs.

F B
[1:0:0:0]=p
X1 = 0 Ml
F(2,0) —*, im(9) =03 C P}
Xy = 0 M2

t1=0 th=0

Figure 3.3: Contraction of {x; =0} C F(0,2) to a singular cone point p € Q3.

4. We can infer that the blowup of P? embeds in P*

BI,P* ~TF(1,0) 2 F(2,1) — P

The following example explicitly computes line bundles on nonsingular scrolls

Example 3.5.6. The divisor class group of the straight scroll F :=F(ay,...,a,) fibred over
P*~1 is the free abelian group

Pic(F(ay,...,an)) =Z.LSZM

generated by L = [{; = 0}], the class of fibres, and M = [{x; = 0}], the class of sections of

n:F— Pl
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Assume the integers a; > 0 for all i, we have the expressions [M;] = —a;L+ M where
Mj :F(al,...,é},...,an) = {Xj :0}

is the j-th subscroll of F.

Indeed, the first assertion follows from

(aiL—f—M,') - (ajL+Mj) = <ga,- OS)Xi)

8a;(t,)X;
with % € C(F) where g,,(t;) € Sym“(t1,...,t); we conclude that a;L+ M; and a ;L +
M; are linearly equivalent. Moreover, from the weight matrix
- 1 ... 1 —ay ... —ap
wt(tl,...,tk,xl,...,x,,)—{O 0 1 1 :|,

we have that H(F, —a,L+ M) =< x; > hence [M;] = —a,;L+ M for all j.

To demonstrate linear independence of L and M, suppose aL + bM ~;;, 0 then we have ,
by restriction in any P"~! fibre of 7 : F — P*~!_ that forn —k >0

0= (aL—l—bM)nikJrl |Lk_1 = b,

hence 0 = (aL)"**1|,4-1 = a.
Finally, every irreducible codimension one subvariety D C F is a hypersurface. So D

corresponds to a height 1 ideal in S = C[t;,x;] which must be principal by Krull’s theorem.

We can find a monomial x* € S with multi-index
o= (el,...,ek,ql,...,qn) = (d] —|—a1d2,0,...,(),d2,0,...,0),

that is

di+ady d
I X1 € S(ayay)

¥ t—(d1+“1d2)f
hence D — (d]L+d2M) = i Fady dy with IT c C(F)
t X
Example 3.5.7. We have already proved that
Pic(F(a,0)) =Z.LBZ.M,

with L = [Fj| = [{t; = 0}|,M = M, = [{x, = 0}] and M| = —aL+ M. Further, we have that

I’ M, LM 0 1 1
M, M} MM|=|1 —a 0
LM, MM M? 1 0 a
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x =0 M,
2 C
F(a,0) |0 0
=0 M
X1 Ta 2
=0 =0
Ik
P! — —
=0 =0 4

Figure 3.4: Intersection numbers on surface scroll F(a,0)

Indeed, by definition, M = aL + M| = M, so that M| = —aL + M. Since
MiNMy =0,Fy NF, =0 with L = [F},
we have that M. M —0and M.L — 1 and M;.L — 1 since L is a fibre of
n:F(a,0) — P!

whereas M; are sections. Now, by intersecting M} = —aL+ M with M, we get M| .M| = —a;
also with M to get 0 = —a +M.M which gives the last self-intersection M? = a.

Example 3.5.8. In this example, we use alternative methods to compute (hence confirm)

that the canonical divisor of a scroll IF4 where

1 ... 1 —ay ... —ay,

AI:Wl‘(tl,...,tk,xl,...,xn): 0 0 1 1

is given by
Kp, = (—k+a1+...+a,)L—nM.

In particular, for the surface scroll F, = F(0,a) we have that
Kg, = (—24a)L—-2M.
Consider the following two (n+ k — 2)—affine charts of Fy;
Up = {n #0,x; #0} = C" 2

a-—al
gy
rll—ﬁa yj= X
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and
Uy ={t #0,x2 #0} = Cn+k_2

aj—ay
12 )(j . .
< Sip= ,27 gji= l7é2a]7é2>

i=k, j=n 1 -1 ar—ax .  —1 aj—ay —1
(S127Si27Z17Zj)l:37 =3 r—>(r21 1 Tils Ty Yo 5 1 Vo yj)

with the transition functions

One can compute the (n+k —2)—form

n=dspN...Ndspy ANdzy N\ ... Ndz,

an— a2 —1

= —rz_lzdr21 A rz_lldr;;l Ao A rz_lldrkl A —rgifazyz_zdyz A —rgi_azyz_ldyg Ao AN=ry)
1 (—k+¥(a;—a2)) —
=(-1" lrgl X a2)>y2"dr21 A Ndrig Ndyy AL .. Ndyy,

Hence
Kp, =div(n k—l—Z i —ap)div(rp;) —ndiv(y;).

Obviously, div(rp;) and le(yz) in Up; are
diV(l‘z) =L and diV(xZ) =My,=—-aL+M
on [F4 respectively. Hence,

Kr, = (—k—{—Z(aj —ap))L—n(—axL+M)
= (—k+)_aj)L—nM.

Other than through differential forms, we could use intersection numbers to confirm that

Ky,

a

= (—2+a)L —2M for the surface scroll F, = Ppi (Op1(a) ® Opr).

Let Kr, = k1L + koM where kj,ky € Z are to be determined. Now, we use the adjuction

formula in the form
Kp = (Kx +D)|p, where D € Div(X)

is a nonsingular hypersurface and X nonsingular complex variety. Taking degrees on the

surface X gives
2g4(D)—2=(Kx+D).D.

So with g4(L) = g,(M1) = g4(M) = 0, we have that
2g4(L) —2 = ((ki + 1)L+ kM).L,

and
284(M)—2=(kjL—M).M

from which we get k, = —2, kj = —2 4 a so that

Kp, = (—2+a)L—2M.
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The following Lemma from [Reid97] shows a general computaton of intersection numbers

in an n-fold straight scroll F := F(ay,...,a,) fibred over P'.

Lemma 3.5.9. M" 'L =1 and M" = Yaj.

Proof. LetM;=F(ay,...,a;,...,a,) = {x; = 0} be the j-th subscroll so that M; ~;,
—a;L+M. On each P"! fibre, the M, for j = 1,...,n are coordinate hyperplanes x; = 0
which are disjoint so that OS?ZOM i = 0. We therefore have that MM, ... M, = 0. However,
any n— 1 hyperplanes My,...,Mj,... ,M, intersect transversally in a curve section of

n:F — P! (this is the point ¢; € ]P”[“x k]I with 1 in the j-th place and zeros in the remaining

n— 1 places).
We therefore have, say for j=1, that

1=LM,.. M, =L(—asL+M)...(—a,L+M)=LM""!
because L? = 0, and
0=MM,...M,= (—a1L+M)(—a2L+M)...(—anL—l—M)

n

=Y a;LmM" + M.

j=1

Example 3.5.10.

1. Consider the fibrations

®
F =P xP' = F(0,0) — %"

[x1:x2]

(P\L]A’O\

Pl

) = B-

Here, M := Ly | is base point free but not big since dimIm(¢y) =1 <2 =dimF.

2. The morphism F, := F(2,0) AN Q3 C P? is such that dimIm(@y) = 2. We have

shown in example 3 of (3.5.5) that ¢ is not an isomorphism but a contraction of a
proper subvariety {x; = 0} = F(2) = P! C F,. We therefore have that @)y is base
point free and big.
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3. Consider a rank 3 vector bundle & = 0(2)® 0(1)® 0 — P? and Fy = F(2,1,0) =
1 11 -2 —-10

P(&) where A = wt(t1,12,13;x1,X2,X3) = 000 1 1 1

Py 1l

F(2,1,0) = P(&)

P (@, Sym® ())x;) =Pp 1!

M;j =V (x))

M3 Plane at the back

F; = V(t;) Vertical planes

L = [F;] Class of vertical planes

Figure 3.5: Toric representation of 3-fold scroll F(2,1,0).
With the sections M3 =M, M, = —L+ M, M| = —2L+ M we have that
K= (-3+)Y a,)L—nM =—-3M and Op(1)=M
so that —Ky = Op(3). The anticanonical map is

_ . _ ml08=28+2142x154+2x10+6+3+1—1
P—ke| = Pam) : F =P (S(03)) =P

where

_ 2q1+ q1 .92 .93
S3) = @ Sym“1" (1), 15, 13)x7 %57 x3
q1+q2+q3=3

= Sym® (1;)x3 @ Sym° (£;)x7x, & Sym* (1;) (X%X3 -l-xlx%)
D Sym3 (l‘,‘) (X1XQX3 +x§) @D Sym2 (ti)x%)@ &, Syml (ti)xzx% @x; .
The anticanonical divisor —Kp is therefore base point free hence nef by proposition

(2.3.4). However, the map ¢|_g,| is not an embedding as it contracts the subscroll
{X3 = 0} = IF(27 1) = F(I,O)

of F (we know that ImF(1,0) = P? = P(£)) to a point in Im(@|_g.). We then
conclude that since dimIm(¢,_g;|) = 4, it follows from proposition that the

anticanonical divisor —KF is big .
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3.6 Base locus of a Divisor Class in Scrolls

The following results about the base locus of a divisor class |D| for a divisor D € CI(FF4)

will be useful in later chapters.

Proposition 3.6.1. Let the quotient torus T = T**"~* = T**"=2 /G qact on the scroll Fy =
Xz N as induced by the SES (3.6). For a Cartier divisor D € DivIFy4, the base locus B(|D|) is

T-invariant.

Proof. We note that CI(IF4) = Z[L, M| is discrete and that T is continuous on F4 = Xy »
so that for every D = Ly, 4, € CI(F4), the torus T fixes |D|. So T acts on the set of sections
of Ox (D) so the intersection of all E € |D| is T-invariant. O

Lemma 3.6.2. Let 0<a; <...<ap<b<ayu:1 <...<a,and
L_p_1; €Pic(F(ay,...,an)) = Z[L,M].

Then

(1) the base locus

Bs(|L_p—11|) =F(a1,...,an) = {x; = 0| for all j > m} = By,.

(2) withb = ay, B, =F(ai,...,ay) is contained in Bs(|Ly, 4,|) with multiplicity < u iff

dy+amdy+ (u—1)(ap —am) > 0. (3.16)

Proof. Thisis proved in Secton 2.8 of [Reid97]]. The idea of proof lies in the observation
that:

(1) for X =V (f) € |L_p—1,1| with a; <b < (b+ 1), we must have that
f _ 69;71:1 Sym“i+b+] (ti)xi
withx; =0foralli >m+ 1.

(2) Inequality says that there is a monomial of bidegree (d;,d,) whose degree in

Xm+1,---,Xn is less than p. That is X = V(g) € |Lg, 4,| is such that a(ti)xg}_wr]xﬁ_l

is a monomial of g precisely when

deg(o(t;)) = di +amdy + (U — 1) (an — am).
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3.7 Hypersurfaces in the Surface Scroll F,

Choose a character (m,n) € Z? of G = C* x C* with the corresponding line bundle
Of,(mL+nM) € NA' (F,) ample on F,. We shall, in Lemma , discuss how to make

this choice. Meanwhile, once such a choice is made, we study the curves
X:=Hnoy,, (F)

in the linear system |mL + nM)| where

| = p(m+1+3an)(n1)1-2 — P((S () PimL+nm| F,
is a general hyperplane.
We start with an example of the linear system of a surface scroll >. We study a general
X € |mL+nM]| and the fibration | : X — P!,

X CF(2,0) el Pb’i] (=1 = ]P(S(m,n))
Vs
1
Piyn)

where
Simpn) = HO(Fy,nL+mM) = <Symm+2(”*d) (t1,02) X1 x4 :0<d < n> :
Example 3.7.1. In this example (m,n) = (1,1). From
P :=F(2,0) %5y P,
defined by @y (11,12;x1,%2) = [tfxl : tlztle : tlt%xl : tgxl LHxp X, we get
X:=HNY = V(cltf’xl + cztlztle + C3t1t22x1 + C4t§x1 + cst1xp + colaxn).

That is
f=rmx:X— IP)[Itl:zz]

with fibres X,

b(1;) : —a(t;)] = pt € X, == £~ (t) = V(a(t;)x1 + b(tixy) = P!

[x1x]

So for general X, f is an isomorphism X =2 P! by the Riemann-Hurwitz theorem for curves.
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We now return to the general case X := V(f,(x1,x2)) € |mL+ nM| on a surface scroll
F, =TF(a,0) over P'. Here,

Smn(x1,x2) 1= fo = otox] + Otlx’ll_lxz + . Opxs

where o; € Sym" (=0 (t1,12) have arbitrary coefficients. As in the example above, the
fibres X; := (7|x) ! (t) are obtained by evaluating £, ,(x;) at general points in the base P!.
We note that X, chosen generally in the linear system, is nonsingular by Bertini’s theorem.

The Riemann-Hurwitz theorem applied to the n-to-1 map 7|y : X — P! gives
1
gX)=1—-n+ ES(m,n) >0
where n = degf,, , on the fibres and the finite sum
8(fu)(m) =8(m,n):= Y (ep—1)
Pex

where ep is the multiplicity of f,, , at the point P.

Note that, §(f;) is a function of m since 7|x is an n—cover of P! branched over as many
points in P! as the number of zeros of the discriminant A( f,)(x) € C[x]. The dehomogenised
fmn is given by

fo = Oo(x) + @ (X)y+ ..+ G ()"

tl_aXQ

in the affine chart, say (C2<x7y> C F> where x = % is the base coordinate and y = -

coordinate in A fibre of 7. Further, the roots of f, form a fibre of TT|x.

Example 3.7.2. Consider a curve X = V(f2) € |L,, 2| on a surface scroll F, with

H= gm+2a(t17t2)x% +gm+a(t17t2)x1x2 +gmx%'

Since ramification is a local property, it suffices to consider affine patches of X which,

without loss of generality, are defined by a monic quadric f> in y

Xaffi=XN {ti #0,x1 Z0} =V(f>) NA2

—a
) )
<x:ﬁ 7}7: T >

therefore
7'L'|Xaf

Xags = V() = V(@ 2a0) + Brale)y+ ) 2

where 7|x, ., is the composition

Xaff = V(fz) — A2<)c,y> — A1<x>'
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This map corresponds to the C—algebra map (7|, )" : C[s] 2%, Clx,y]/(f>) which locally
at a point p = (xo,y0) € X,y is

(s—x0)—(x—x0

Cls] gy 20, L 3] (o),

where mp = (x — xg,y — yo). We also note that

€(xyyo) = Mult(y, )\ = Maxpen{k : (y— o) f2(x0,¥)}-

Since the discriminant A( f2) € C[x] vanishes at repeated zeros of f», every pointin V(A(f))
adds one to §(f). By the Fundamental Theorem of Algebra and the fact that ramification

indices sum to the degree n = 2, we have that

(fu)(m) =} (ep—1)

Pex
= number of roots of A(fz)

= degA(f2)
hence
1 .
§(X) =1 -2+ 1 (degA(3))

1
= —1+§(2m—|—2a)

=a+m—1.
For instance, a general X € |L,, | in a surface scroll F; is of genus g(X) =m+ 1.

The general case is more easily approached using intersection numbers. Take Kf, =

L 514> and L, , in the ample cone NA' (F,) and a general hyperplane H

PimL+nm|

H = plmt1+3an)(n1)-2 ~ P((Sin)) s F.
We have that the curve X := HN @ (F;) € |Ly, »| of degree
degX = #H NX = Hyperplane class. L, ,
is such that

29(X) —2 = deg(Kx) = (Kr, +X).X

((=2+a)L—2M +mL+nM).(mL+nM)
(m+a—2)L+ (n—2)M) (mL+nM)
nim+a—2)+m(n—2)+na(n—2).
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Hence ,
g(X)= %na(n—l)—l—(m—l)(n—l) = <m+%an—l> (n—1)

or
n

g(X)= a(2> +(m—1)(n—1).
For a = 2, the genus g(X) = (m+n—1)(n—1). Now, for a general hyperplane H, all
curves X := HNIm@y, | are projective lines, Y := HNImgjy, .| are curves of genus
g(X) =m+ 1. These were the cases discussed in Examples (3.7.1) and respectively.

3.8 Cones of Surface Scrolls

We begin with a lemma characterizing the effective cone NE(F,)" and the ample cone
NA(F,) of a surface scroll F, = F(a,0).

Lemma 3.8.1. The divisor Ly, 4, € Pic(F,) = Z[L,M] is
e effective ifdy > 0 and dy +ad> > 0 and
e ample if and only ifdy,d>» > 1.

Proof . By definition, Ly, 4, is effective if |Ly, 4,| # 0. Hence, the sections are such that

d _
H(Fy, Ly, 4) = <Symd‘+aq‘ (t1, 1) x5> 1!

di+aq; > 0>

with nonnegative powers of x;’s making d, to be at least zero. Applying the extreme parti-
tion (q1,d> — q1) = (d2,0) of d to dj +aq; > 0 gives the second condition of effectiveness.
For ampleness of Ly, 4, = diL+dM on

F(a,0) =U;1 WU, UU, UUy (3.17)
~c? . ue; s\ U c a, uc; g\
<X11:%7Y11: lxl > <X12:%7Y12:@> <X21:é7Y21: le > <X22:é7Y22:%(T>

we demonstrate that the restriction maps ¢;jx : U;; — Vj of

Oy, )+ F(@,0) = P (<Symd1+“q‘ (11,02 x5!

dy +aq ZO>) =]P)Q,](

to affine covers of the respective spaces are isomorphisms (defined by polynomial maps in

affine coordinates).
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It suffices, in the diagram below, to show that ¢;1; is an isomorphism. This follows from
the fact that

— .
$111:=g1oPiof
is an isomorphism

o111

defined by

o111(X11,Y11) = (hy,... . hy)

= (XM,XIZI,...,Xf’ll,Yﬁl,X“Yﬁl,...,Xf;lyljl,...,Yl‘le,XHYl‘le,...,Xf’fyl‘le)

(3.18)

This shows that the line bundle d; L+ d>M is ample if all bidegrees deg(h,) > 0 in X;,Y1;.
This imply that a > 0,dy,d> > 0.

Conversely, suppose d» < 0 and d| € [—ad>,—1] C R, a line bundle Ly, 4, is such that

L.Lg g, =d» <0, M.Ly 4, =di +ad, <0.Hence by (a) of Theorem , we have that

Ly, 4, is not ample. [

The result above is a version of the Linear Embedding Theorem; L and M are not ample as
L contracts to P! and M contracts a rational curve.

Similar arguments work for other divisors of scrolls of higher dimension.

3.9 Hilbert Series of Scrolls

We start with a direct computation of the Hilbert series of the bigraded ring corresponding

to the surface scroll F},.

Proposition 3.9.1. Let 4 be an n+ k —2-fold scroll with

cp ... C —ap ... —ay

A::Wl(fl,...,fk,X17-~~7x”): 0 0 b b
“ e “ e n

The Hilbert series associated to the bigraded ring S := C[F5] = C[t;,x;] is given by
1 L 1

(mn)€L it (1=s7) 35 (1 —s;a"sl;j).




Proof. Consider the bigraded ring
R= (C[tl,...,tk,xl,...,xn] = C[l‘i] ®C[Xj].
We then have that

Pr(s1,52) = Py (s1,52) X Pep;)(s1,52)-

O

Theorem 3.9.2. Suppose the character ¥ = (m,n) € Q = Hom(C* x C*,C*) = Z? is such
that Ly is in the ample cone NA(F,) of a surface scroll F,. We have, fora =2, that h°(Fy, Ly )

is give by

q—k(m+2q1+1) = %(m+2n+1)(m+2n+2) , m=—-2k<0,keN
Yo (m+2q14+1) = 3(m+2n+1)(m+2n+2) =1, m=-2k+1<0,keN
n—om+2q+1)=(m+n+1)(n+1), m > 0.

Proof. This proof finds the closed formula for h°(F»,L,,,) and the corresponding
Hilbert series Pr, (s1,52). Note that 71,1, € S(1,0,%1 € S(_q,1) and x3 € g 1) or equivalently,
the line bundle L,, , € NE'(F,) corresponds to (m,n) in the sub-lattice L= ((1,0),(—a, 1))
of Q satisfying, from lemma ,

m-+aq; > 0andn > q; Zmax{ [_—m—‘,O}.

nM
A
36 42 <48 <54 r\‘6\0 6
5| 51 40| 451 50
4
L J61 201 241 281 321 36
'
SURNIIA 151 [i$| oIl p4a
7
3, AL e b g ol 2 D4
0
INSLESE SN SSE SN
—4 -2 0 2 4 Symm(tl’[z)

Figure 3.6: The effective cone NE(F>)"Y O ample cone NA(F,) D very ample cone in
N! (F>)r. The dimensions of the spaces H 0 (Fa, Ly ) of section are shown in blue.
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We then have, from equation (3.14) that

HO(Favme) = <Symm+aq1 (t,0)x{'xy M in> g1 > max{ [—_m-‘ ,0}> = S?mm)

a

Hence for a = 2, we get that h°(F», Ly, ) is given by

Zl (m-|—2q1-|—1):l(m—|—2n+1)(m+2n+2), m=—2k<0,kcN
q1 ((m+2q1+1) = (m+2n+1)(m+2n+2)—1, m=-2k+1<0,keN
n—om+2q+1)=(m+n+1)(n+1), m > 0.
Indeed,
SR
Pr,(s1,52) = Z hO(Fz, Ly n)sT'sh = Z ZE (m+2n+1)(m+2n+2)s]'s5+

(m, n)EL

[e5)

Z Z( m+2’l+1)(m+2n+2)—l>s’1"s§+

2n+l

(o)

i Z(m+n+ 1) (n+1)sT's5

m=0n=0

1
B (1—s1)3(1 —sl_zsz)(l —s5)

]

Remark 3.9.3. With K = Kr, = L_»_ 4 >, the results above are consistent with the RR
theorem for F,

R (F,, OF, (mL+nM)) = 1+ %((mL+nM)2 — (mL+nM).K)

1
= §(2m+an+2)(n+ 1), form > 0.

Define c¢(m) = max{ [—m-‘ ,O} whenever m < Q. In this case, a correction term is involved

a
W (F,, OF,(mL+nM)) = #{(e1,e2,91,92)|q1 + g2 =n > 0,e1 +ex — aq; = m}

n
= Z #{(e1,e2) € Zzzo|el—|—ez =m+aq,}

q1=0
no 0 if m+aq; <0
_ql m+aqi+1 ifm+aq >0
n n
= Z (m+agqi+1)=m+1)(n—c(m)+1)+a Z q

q1=c(m)
qlzc(m):max{ ";"—‘ 70} 1

- %(2m+an+2)(n+ 1)— %(2m—|—a(c(m) —1)+2)c(m).
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3.10 Wellformedness of hypersurfacesin Weighted Scrolls

A codimension m variety X C P[by,...,b,] = P is well-formed, if the codimension of
X NSing(P) C X denoted by Codimy (X NSing(P)), is at least m+ 1. For a hypersurface,
Codimy (X NSing(P)) > 2 is the condition for X to be wellformed.

The following Lemma characterizes wellformedness of subvarieties of P = P[by,...,b,].

Lemma 3.10.1. [6.10,6.11 [Fle00]]

1. P="P[by,...,b,] is wellformed if any n — 1 of the weights are coprime. Otherwise, if
h=hcf(by,... ,I;j, ...,by) # 1 for some j, then we have an isomorphism

~ by :
]P[bl,. .. ,bn] = ]P)[ﬁl, . ,ﬁj,hbj,ﬁjurl,.. . ,ﬁn], ﬁk = E,k 7& J-
This can be repeated until we get a wellformed weighted projective space.

2. A hypersurface X; € P[by, ..., by| is well-formed if anyn— 1 of the weights are coprime
and d is a multiple of the hcf of any n — 2 of the weights.

3. A codimension two subvariety X4, 4, C P is wellformed if any n — 1 of the weights are
coprime, both dy and d, are multiples of the hcf of any n — 2 of the weights and either
of dy or dy is a multiple of the hcf of any n — 3 of the weights.

We say that a P"~![b;]-bundle over P~ ![¢;] (that is, the weighted scroll F4 = F(a;|b;)
over P¥~1c;] is well-formed) if both the fibre and the base are well-formed. In this thesis,

all weighted scrolls are well-formed from construction.

Definition 3.10.2. [Wellformedness in Scrolls] A codimension m variety X C Fy =
F(a;j|b;) is well-formed, if Codimy (X N Sing(F4)) > m+1.

Proposition 3.10.3. An anticanonical Gorenstein wellformed threefold hypersurface X C Fy
with singularities Z = SinglF4 N X is a Calabi-Yau threefold.

Proof. Since Xy =X \Z is smooth and X is Gorenstein [=sheaf of 3-forms Q3 is well
defined on Z], we have that
ox|x, = Qx,

where @y is the canonical bundle on X. Now, consider the codimension two (> 2) em-

bedding i : X9 < X. That X is Gorenstein [in a neighbourhood of d; € Z we may choose a
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generating global section 1 € H° (Qg}o) that ensures that @y is rank one] implies that wy

is locally free so that, by adjunction, we have the canonical isomorphism
Wx = i*i*(i)x = i*((t)x|xo) = l'*.Q.?(O.

Hence i, Ox, = 0. O

3.11 Embedded Deformations of Hypersurfacesin Scrolls

The concept of embedded deformations becomes clearer if one starts with nonsingular

genus g = g(C) = (dgl) plane curves C; C P? of degree d. Consider the open subspace
U ¢ PU5)D (B0 (G52 (a)))

of nonsingular curves in P2. We declare (as we should) that two nonsingular plane curves

are the same if they differ by automorphisms of P2

We then have the moduli space
M, p2» =U/PGL(3) (3.19)

of degree d nonsingular curves in P2

As one would expect, we have that

dim (A, p2) = dim(U) — dim(PGL(3))

() )
S UG

<3 (d; 1) —3 =dim(c,) = dim(.4,);

the embedded deformations are asymptotically much fewer than the abstract (total) de-
formations of the degree d curves for d > 4. These embedded deformations are more

accessible.

The rest of the deformations can be found by considering the canonical embeddings
d—1
2

Cy — P D (HO (a,)Y)

over all distinct [Cy] = {hC; : h € PGL(3)}.

53



Now, let X; C Plby,...,b,| = P be a quasismooth, well-formed degree d hypersurface and
U C P(H°(Op(d))) an open set of such hypersurfaces. We then have the moduli space

My, p = U/ Aut(P[b}]). (3.20)
the construction of the Non-Reductive GIT quotient in Equation (3.20) is the central
question in [Bun19].

The following definition of embedded deformation in scrolls makes no assumptions of

quasismooth and is therefore both relative and general.

Definition 3.11.1. Let F4 = F(a;|b;) be a P"~1[b;]-bundle over P*~![c;]. Assume that
Ly, 4, € CI(Fy4) is such that a general well-formed hypersurface X € |Ly, 4,| has codi-
mension > 2 singularities along the base locus of |Ly, 4,| and P(Sy, 4,) is the space of all

hypersurfaces X € |Ly, 4,|- Consider the open subspace
U := {hypersurfaces X with codimension > 2 singularities along Bs(|L4, 4,|)} CP(Sy4, .4, )-

Now, define by
M1y, 4 = U/ Aut(Fy) (3.21)

the moduli space of sections of |Lg, 4, | with codimension > 2 singularities along the base
locus Bs(|Lg, 4,1)-

The dimension of the moduli space .7}, iy 18
dim(.4, ,,) = dim(P(S4, 4,)) — dim(Aut(F,)).
It is only sensible, therefore, to define a classifying map as follows.

i Py, g,
X ——— IFA ———————— > ]P(S(dl,dg))

Call Xy and By, the smooth loci of the total space X and base B of the fibration f. For b €
By C B C P*"![¢;], we have that ! (b) = X;, C P"~![b;] = #~1(jj(b)) which is identified
with the point

b [ (B)) € A, o

l
J
defining a "classifying map"

o :By— %Xdz/]pnfl[bﬂ.

This hints at how rich the study of projective fibrations in weighted scrolls is.
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Chapter 4

Elliptic K3 Hypersurfaces in Weighted
Scrolls

We recall, from Table , that there are five projective models constructed from their
graded rings. In this section, we would like to construct K3 surfaces X with at worst
perhaps rational double point singularities and which are fibred over P! by the first three
of the five projective models. We do this by classifying ambient scrolls ' such that the
fibration ¢ : X — P! is embedded in the scroll map 7 : F — P!,

4.1 Elliptic fibrations with plane cubic fibres

Theorem 4.1.1. LetF = F(0,ay,a3) be alP? bundle over P! with elliptic cubic fibres E3 C 2.
There are 12 families of mildly singular elliptically fibred K3 surfaces embedded in 3-fold
straight scrolls F. The Table below gives reasons why each family is mildly singular;

that is, either nonsingular or has isolated singularities.

Proof . In this case F = F(ay,az,a3) is a 3-fold scroll over P! with integral ordered
weights
ar < ay < as.

We will assume a; = 0 using the standard isomorphism
F(ay,az,a3) 2 F(a; +k,a, + k,az +k)
where k € Z. The anticanonical divisor class of F(0,a,,a3) is given by
—Kp(0,ay,05) = 2—a2—a3)L+3M =Ly 4, 433
Assume that [Ly_,, 4, 3| 7 0 and take a general surface
X=V(fz)=V < ) a(qj)(rl,rz)x‘{lxgzng) € |Lr—ay—a5 3
(91.92,43)3
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No. | F=T(0,az,a3) General X € | — K|

1 [F(0,0,0) —KF is very ample, so a general X is nonsingular K3 surface
2 F(0,0,1) —KfF is very ample, so a general X is nonsingular K3 surface
3 F(0,0,2) —KF is base-point-free but not very ample.

General X is nonsingular K3 surface.
4 F(0,1,1) —KF is base-point-free but not very ample.

General X is nonsingular K3 surface.
5 F(0,1,2) —KF has a base point but a general X is still nonsingular K3 surface
6 F(0,2,2) —KF has a base point but a general X is still nonsingular K3 surface
7 F(0,2,3) —KF has a base point but a general X is still nonsingular K3 surface
8 F(0,2,4) —KF has a base point but a general X is still nonsingular K3 surface
9 F(0,2,5) —KF has a base point but a general X is still nonsingular K3 surface
10 [F(0,2,6) —KF has a base point but a general X is still nonsingular K3 surface
11 F(0,1,3) General X € | — Kp(p,1 3)| has a 3(1,1) singularity
12 F(0,1,4) General X € | — Kp(g,1 4)| has a %(1,2) singularity

Table 4.1: F =TF(0,a;,a3) for which a general X € | — Kp| is smooth genus-1-fibred K3
surface or can be resolved to give such a surface.

where 0y, (t1,12) € C[P;] is a polynomial in 11,1, of degree

deg (X(qj)(tl') =2+ (q2—1)az+ (g3 — 1)as,

the coefficient of x?'x2*x4*. The surface X fits in the diagram

X — F(0,az,a3)
9
P
The fibration 7 induces the fibration
¢:X — P!
whose fibres are cubic curves; elliptic if nonsingular

Es=V(f(1,x)) CP ), 1€ P,

[x;]?

with f(#;,x;) being the sum of monomials 0y, 4, 4) ()] x3°x%* for fixed 1 = [r; : 1] over

partitions (g1, ¢q2,g3) of 3. We can represent these partitions in a triangle giving a Newton

2

triangle of monomials spanning C[P[xj]]3
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(3,0,0)
(2,1,0) (2,0,1)
(1,2,0) (1,1,1) (1,0,2)
(0,3,0) (0,2,1) (0,1,2) (0,0,3)

Table 4.2: Unweighted partitions of 3

3
X
2 2
xlx% X1X2X3 x1x§
3 2 2 3

Table 4.3: Newton triangle basis of C[IP’[ZX_]]3

The Newton triangle of corresponding degrees 2+ (g2 — 1)as + (g3 — 1)as of coefficients

of the monomials x’l’lxgzxg3 is

These degrees increase from left to right along horizontal rows of the triangle by a3z — a»,

down the left side of the triangle by a, and down the right side of the triangle by a3.

If X is nonsingular, then by adjunction it is a K3 surface, and the map ¢ : X — Pl is a
fibration by plane cubic curves E3 C P2,

If Ly_4,—q; 3 being very ample on the scroll F(0,a3,a3), then X a is nonsingular surface
by the classical form of Bertini’s theorem. The divisor class of F(0,a;,a3) is very ample if

the extremal vector spaces
Sym2fa27a3+3a3 (11, tz)xg, Sym27a27a3+3a2 (t1 ,tz)xg and Sym2fa27a3 (11, tz)x?

are of dimension greater than 1. In particular, —Kp (9,4, 4;) = L2—a,—a;,3 is very ample on

F(0,az,a3) is equivalent to the vertices of the Newton triangle of degrees of coefficients of

H(qhqz,qs)FS xjj being positive
2—ay+2a3>0,242ay~a3>0,2—ar—az > 0. (4.1)

The Inequality together with the asssumption that a3 > ay > 0 gives the three-fold
scrolls
F(0,az,a3) =1F(0,0,0) and F(0,0,1)

in which the respective K3 surface families X € | — Kp(q 4, .4;)| are nonsingular.

Nonsingularity of X also holds if Ly_,, 4, 3 is base points free but not very ample on
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24ap; —a3 2 2—ar+as
2+42a; — a3 2+ap 2+a3 2 —ar+2as.

Table 4.4: The degrees 2+ (g2 — 1)az + (g3 — 1)a; of the coefficients of x{'x3*x?’

F(0,a2,a3) which is equivalent to the Inequalities being non strict
2—ar+2a3>0,24+2a,—a3>0,2—a, —az > 0. (4.2)
In this case we get the further 3-fold scrolls
F(0,az2,a3) =F(0,0,2) and F(0,1,1)

in which the nonsingular elliptic-fibred K3 surfaces X are embedded.

We would like to find a weaker condition than very ampleness or base point freeness
of Ly_4,—q, 3 that still implies nonsingularity of X. Our argument will be as follows:
assuming the base locus |Ly_ 4,4, 3| is nonempty, we find explicit sections of the linear

system |Ly_4,—q, 3| that are nonsingular at the base locus. We want X to be nonsingular
in a neighbourhood of the base locus of |Ly—4,— 45 3|-

The base locus Bs(|Ly—q,—a5,3|) is given by setting some of the variables 1,#,x1,x2,x3 to
zero with 0 < dimBs(|Ly—4,—45,3|) < 2. This is a direct consequence of Proposition (3.6.1).

We start with dim(Bs(|L2—4,—q;,3|)) = 2. For a generic choice of the coefficients
Ay dy.ay)3(ti) € Sym* T2 Dvasts =0y, 4y wyith dy +dp +d3 = 3,d; > 0;
we have that#; ff(#;,x;). In this dimension, the worst case would give a singular
X =V(f3) =X"UBs(|L2-ay-a3 1)

where Bs(|Ly—q4,—a5,3|) is the surface scroll {x; = 0} C IF(0,a,a3). This would happen
when f3 = x;q is reducible with ¢(#;,x;) a quadratic in x; whereas X is the quadric surface
X'=V(q) CF(0,az,a3); we want to exclude this case, so for nonsingularity of X we must
have x3 ff(t;,x;), x2 ff(ti,x;) and x; Jf(ti,xj). The condition for this is that at least one
of the monomials x?, x%xg, xlx% and x% on the left edge of the Newton triangle must occur
in f(ti,x;). Therefore, it is enough to see a nonzero 03 (t:)%3 in f(t;,x,) which gives us

the condition that the corresponding degree of coefficients
242a,—a3 >0 (4.3)
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should be nonnegative. Equivalently, as a consequence of Lemma (3.6.2), we have that non-
singularity of X is implied by B,, =F(0,a;), uB,, =2P! ¢ X; that is ®(030) (t:)%3, Q(201) (t:)x3x3
are respectively in f(#;,x;).

Suppose dim(Bs(|Ly—4,—a;3|)) = 1. The inequality implies that the equation of a
general section of L,_,4,_4, 3 has both a nonzero term involving x% term and a nonzero

term involving xg term hence

S (ti,%)) | (x=xs=0y Z 0 and f(ti,X})| (x,=x;=0} Z O

Therefore, the curve {x, = x3 =0} = C23 = Bs(|L2—4,—a;3|) is the only base locus of
|L2—4,—a3,3| which corresponds to there being no nonzero x? term in f(#;,x;). Then we
need to investigate what happens along ;3. In this case, we have in an affine chart
U= {tl =X = 1} - F(O,az,a3) that

Sing()?) N 62v3 N lji =V (f(ti,Xj% af(at;;Xj) ) afg;zxj) ) 3]’;2,:]) ,xz,X3) (4.4)

= V(04210))(12), 001y (12)) T A} 1, 1y CU
where
X =q"'(X) CC2\{(0,0)} x C3.\{(0,0,0)} =U % U/(C*)* =F(0,az,a3).
We get 3 cases

1. If both 0(201)(f2) and 02;)(2) are zero then Sing(X) 06;7/3 = 62\,; In this case, the
surface X is singular along the whole of the curve C; 3. We eliminate such X from our

search of mildly singular K3 surfaces.

2. If exactly one of 0 1 ))(#2) and @(591)(#2) is nonzero, then we have that 091)(72) =0
and 0(210) (t2) # 0. This is because the former has a larger degree. We equivalently have
that

2—a)>0and2—a3 <0. (4.5)

Two situations arise in this case, namely 0(201) (tp) is either a nonconstant or a nonzero

constant

(a) If a(o01)(t2) is noncostant, that is 2 — a, > 0, we have that

—_——

Sing(X) = Sing(X) NC23NU1 = {(T},0,0) € A}

12,X2,X3
I
Sing(X) ={[1: Tj51:0:0] € A}

12,X2,X3

1<k<2—a} CU

1<k<2—ay} CF(0,az,a3)
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corresponding to the roots of @(591)(#2). These singular anticanonical hypersur-
faces are subvarieties of 3-fold scrolls IF(0,ay,a3) where (ay,a3) are lattice points
of the polytope defined by 0 < a; < a3, Inequality and 0 < a, < 2 < az. Such

hypersurfaces X are subvarieties of either of the 3-fold scrolls

F(O,az,a3) = IF(O, 1,3) and F(O, 1,4).

For the scroll F(0, 1,3) above, the degrees of coefficients of the monomials x7' x32x%*
are
0
0 1
0 2 4

The corresponding hypersurface is
X =V(f(t;,xj) =V (xlx% + r(t;)x}x3 + higher order terms) C F(0,1,3)

with r linear in ¢;.
Locally in the chart U = {t; = x; = 1} CF(0,a2,a3) with r = ut; + 1, we get,
up to higher order terms,

Xapr = V(f(t2,22,33)) = V(x5 +rx3) CAL, . o
which is a %(1, 1) or A; surface singularity which can be resolved by a standard
blOWHp Xaff = Bl(07070)Xaff.

Performing this blowup on the projective variety X, we get an elliptically fibred
K3 surface X .

I

)

IP)[lft]'

Similarly for the scroll F(0, 1,4) above, the degrees of coefficients of the monomials

41,492 .93
X1 Xy Xs are
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The corresponding hypersurface is
Y =V(f(ti,x;)) =V (xg +5(t;)x7x3 + higher order terms) C F(0,1,4)
with s linear in ;.

Locally in the chart Uy C F(0,a,,a3) with s = vt; 4 1; we get, upto higher order

terms,
Yorr = V(f<t27x27x3)/) = V(X% +sx3) C A3<s7xz,x3>

which is a %(1,2) or A surface singularity which can be resolved by a standard

blowup Y/af\f =Bl 0,0)Yass-

Performing this blowup on the projective variety Y, we have a cubic fibred K3

surfaces Y

I

%T%)

P[lli]'

(b) If &(2,1,0)(£2) is nonzero constant, that is 2 —ap = 0 or ay = 2 then Sing(X) = 0.
Together with the condition that a3 > a; > 0, Inequality and Inequality (4.5),

this case results in the lattice points (a;,a3) corresponding to 3-fold scrolls
F(0,az,a3) =1(0,2,3), F(0,2,4), F(0,2,5) and F(0,2,6)
in which nonsingular genus-1-fibred K3 surfaces X are embedded.
3. If both (5 1)) (72) and o ; ) (12) are nonzero or equivalently
2—a3 >0 = 2—a, >0, (4.6)

then geometrically the roots of 0 ¢ 1))(#2) are different from the roots of ¢ 1 o) (#2) in
which case Sing(X) = 0. Together with the condition that a3 > a; > 0 and Inequality
(4.3), this case result in the lattice points (a2,a3) corresponding to other 3-fold scrolls

F(0,as,a3) = F(0,1,2) and F(0,2,2)

in which the nonsingular genus-1-fibred K3 surfaces X are embedded.
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We then obtain the Table summarising with reason the models of 3-fold straight scrolls
F(0,a2,a3) in which the anticanonical elliptically fibred K3 surfaces are embedded. [

Example 4.1.2. For the special case F(0,2,6),
X = V(3 +x3x3 + other terms ) C F(0,2,6)

is the nonsingular K3 surface X whose equation involves constant coefficients of x% and

x2x3 so that every fibre of ¢ : X — P! is an elliptic curve in Weierstrass normal form.

4.2 Elliptic fibrations with weighted quartic fibres

Lemma 4.2.1. The unique normal form of the weighted 3-fold scroll F(a,b,c|1,1,2) is
F(0,a3,a3|1,1,2) withay >0, a3 € Z.

Proof. Note thatfork e Z

w11l —a b —c| |1 1 —at+k —b+k —c+2k
Fla.bel,L2)=F ) o 2}—1[?{0 0 1 1 2 |

We could swap the weights wt(x1) = (a, 1),wt(xz) = (b, 1) and hence conveniently con-
clude that F(a,b,c|1,1,2) = F(0,a;,a3) with ay > 0, a3 € Z. ]

Theorem 4.2.2. Let F = F(ay,as,a3|1,1,2) be a P[1,1,2] bundle over P' with quartic
elliptic fibres. There are 24 mildly singular quartic fibred K3 surfaces with the properties in

the Tables (4.5), (4.6).
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No. | F =TF(0,az,a3|1%,2) General X € | — K|
1 F(0,2,0|1,1,2) | — K| is very ample, so a general X is nonsingular K3 surface
2 F(0,1,1]1,1,2) | — Kr| base point free, general X € | — Kp| is quasismooth
with 2 x %(1, 1) singularities.
3 F(0,1,0|1,1,2) | — K| base point free, general X € | — Ky| is quasismooth
with 1(1,1) singularity
4 F(0,1,—1{1,1,2) | — Kr| is very ample, so a general X is nonsingular K3 surface
5 F(0,0,2|1,1,2) | — Kr| base point free, general X € | — Kp| is quasismooth
with 4 x %(1, 1) singularities.
6 F(0,0,1|1,1,2) | — K| base point free, general X € | — Ky| is quasismooth
with 3 x J(1, 1) singularities
7 F(0,0,0/1,1,2) | — K| base point free, general X € | — Kp| is quasismooth
with 2 x 5(1, 1) singularities
8 F(0,0,—1|1,1,2) | — K| base point free, general X € | — Ky| is quasismooth
with 1(1,1) singularity.
9 F(0,0,—-2[1,1,2) | — K| is very ample, so a general X is nonsingular K3 surface
10 F(0,1,2|1,1,2) Bs(| — Kg|) = {x, =y = 0}. General X € | — Ky| is quasismooth
with 3 x 3(1, 1) singularities along{x; = x, = 0}
11 F(0,2,1|1,1,2) Bs(| — Kg|) = {x, =y = 0}. General X € | — Ky| is quasismooth
with %(1, 1) singularities along{x; = x, = 0}
12 F(0,2,2|1,1,2) Bs(| — Kg|) = {x, =y = 0}. General X € | — Ky| is quasismooth
with 2 x 5(1, 1) singularities along{x; = x, = 0}
13 F(0,2,3|1,1,2) Bs(| — Kg|) = {x, =y = 0}. General X € | — Ky| is quasismooth
with 3 x 1(1,1) singularities along{x; = x, = 0}
14 F(0,2,4|1,1,2) Bs(| — Kg|) = {x, =y = 0}. General X € | — Ky| is quasismooth
with 4 x 5(1, 1) singularities along{x; = x, = 0}
15 F(0,2,5|1,1,2) Bs(| — Kp|) = {xp =y =0}. General X € | — Kp| is quasismooth

with 5 x 1(1,1) singularities along{x; = x, = 0}

Table 4.5: F =TF(0,a;,a3|1,1,2) for which a general X € | — K| is weighted quartic fibred
K3 surface or with quotient singularities.
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No. | F =TF(0,az,a3|1%,2) General X € | — K|
16 F(0,2,6|1,1,2) Bs(| — Kg|) = {x, =y = 0}. General X € | — Ky| is quasismooth
with 6 x %(1, 1) singularities along{x; = x, =0}
17 F(0,2,7|1,1,2) Bs(| — Kp|) = {xp =y = 0}. General X € | — Kp| is quasismooth
with 7 x 3(1, 1) singularities along{x; = x, = 0}
18 F(0,2,8|1,1,2) Bs(| — Kr|) = {x2 =y =0}. General X € | — Ky| is quasismooth
with 8 x %(1, 1) singularities along{x; = x, = 0}
19 F(0,3,2|1,1,2) Bs(| — Kp|) = {xp =y = 0}. General X € | — Kp| is quasismooth
with 3(1,1) singularities along{x; = x, = 0}
20 F(0,4,2|1,1,2) —Ky is very ample, so a general X is nonsingular K3 surface
21 F(0,3,1|1,1,2) —KF is very ample, so a general X is nonsingular K3 surface
22 F(0,1,3|1,1,2) General X € | — K| is singular
with 4 x §(1, 1) singularities along{x; = x, = 0}
and %(1,1) along Bs(| — Kg|) = {x, =y =0}.
23 F(0,1,4|1,1,2) General X € | — K| is singular
with 5 x %(1, 1) singularities along{x; = x, =0}
and %(1,2) along Bs(| — Ky|) = {x, =y =0}.
24 F(0,1,5|1,1,2) General X € | — K| is singular
with 6 X %(1, 1) singularities along{x; = x, = 0}
and }(1,3) along Bs(| — Kg|) = {x, =y =0}.

Table 4.6: F = F(0,as,a3|1,1,2) for which a general X € | — K| is a weighted quartic
fibred K3 surface with quotient singularities.

Proof. By Lemma (4.2.1), we have that

F=TF(a;,a2,a3|1,1,2) 2 F(0,a3,a3|1,1,2), with a, > 0,a3 € Z.

Assume that | — Kp| = |Lo—4,—q4, 4| # 0 and take a general surface

X =V(f(tr.x;.)) =V

Y 0t ) (11,22)x]' X575 | € |Lo—ay—ay 4l-
(91,92:93)(1,1,2)F4

The fibration 7 : F(0,as,a3|1,1,2) — P! induces the quartic fibration

¢:X — P!

whose fibres are quartic curves

for fixed ¢ € P!

1]

Eq =V(f(t,x},y)) = {fa(t,x2) +yf2(t,%1,52) + 0002 (£)y* = 0} C P, 4[1,1,2]
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xix
X2y
x5
3
X1X5 X1X2Y
X5 3y v
Table 4.7: Newton triangle for the basis of C[P? 20 [1,1,2]]4

The degrees of coefficients

degoty;) 5 rati) =2+ (g2 —1)az + (g3 — 1)as

q1 Q2

of the monomials x{' x5*y?* increase down the x| — x, edge of the triangle by a, and increase,

decrease or stay constant on the other two edges depending on the value of a3z € Z.
The scroll F(0,az,a3/1,1,2) = U/(C*)? has finite 5(1,1,0) quotient singularities where
Sing(F(0,az,a3]1,1,2)) ={x; =x, =0} ={(t; : 10;0:0: 1)} = Pp-

Therefore, for a quasismooth quartic K3 surface

X =V(f(ti,x;))
= {002 (t:)y? +y(201) (t7)x7 + o111y (f)x1%2 + 21 (t:)%3)+

kil O (a—rpro) ()X x5 = 0},
we have that singularities on X are inherited from the ambient space
Sing X =X NSing(F(0,a2,a3/1,1,2)) = V(g (12)) x {[0: 0: 1]}
={prx = [Bix: B;0: 0: 1]]1 <k < degapn)}-
So, near p;, we have that
XN {y=n=1} =V(f(t1,x)) = {@oo2)(t1) + Other Terms = 0}.

With By, a simple root of f(#1,x;), we have that o1 tl ’x’ # 0 by the implicit function
theorem. Therefore, up to the stabilizer Stab(C*)z(F(O,az,a3 11,1,2)), we have that (x,x2)

is a set of local coordinates on X satisfying

1
(x1,%2) = (—x1,—x2) hence 5(1, 1) singularity
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at py for every k.

A general section of —Kg = L, 4,45 4 having x‘l‘,x‘zt and y2 terms in f; implies base point
freeness (bpf) of —Ky which in turn implies quasismoothness of a general X € | — Kp|.

Equivalently, bpf is implied by the degrees of the coefficients o, ) (L12)F4 (t;) of monomials

x11x2y%s at the vertices of Newton triangle (4.7) being non-negative.

2—ar—a3>0,2+3a,—a3>0,2—a;+az > 0. (4.7)

The Inequality together with Lemma corresponds to the list 1 —9 of three-
fold scrolls in which the respective quasismooth families of quartic -fibred K3 surfaces
X € | = Kg(0,ay,a5/1,1,2)| are embedded. The (2 —az +a3) x 1(0,1,1) singularities on each
X can then be resolved by blow up.

Further, and weaker than bpf, we check for quasismooth sections across the base locus of
| — KF(0,ay,a3|1,1,2)|- The base loci are of dimension at most two by setting all or some of the

variables x1,x; and y to zero with 0 < dimBs(| — Ky|) < 2. This is a direct consequence of
Proposition (3.6.1).

If x1|f(#;,x;,y) then no term involving monomials on the opposite x, —y edge of the
Newton triangle would be in f(#;,x;,y); this is also true for x, and y with monomials
on the corresponding opposite sides of the triangle. Therefore dim(Bs(Ly—4,—a,—as5,4)) < 1
for a general X € |Ly_4,—q, 4| to be irreducible. That is, x1,x2,y Jf(ti,xj,y) which precisely
means that f(#;,x;,y) must have one term from each edge of the Newton triangle (4.7).
Equivalently, it is enough to have nonzero 040, (;)x5 and the larger (in terms of degree

of coefficient @) of 0490 (;)x} or ®(002) (;)y* nonzero
24+3ay—a3 >0, Max(2—ap —a3,2—az+az) > 0,a3 # 0. (4.8)
If dim(Bs(|L2—q,—as,4])) = 1 then we have, in addition to Inequality (4.8), that
Min(2 —ay —a3,2 —az +a3) <O0. (4.9)
The Inequalities

az >0,

ar >0,

2+3a, —a3z >0,
2—ay+a3;>0and

2—ar)—a3 <0
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imply absence of x{ in f(#;,x;) hence
BS(l —K]FD = {Xz =y= O} = Czy.
The Inequalities

a3z <0,

ar >0,
243a;—a3 >0,
2—ay+a3 <0and

2—a;—a3 >0
imply absence of y? in f(t;,x;) hence
Bs(| —Kp|) ={x1 =x =0} =C)5.
This results in two cases

(i) Where Bs(| — Kg|) = Cay, we get that the singularities on the cone X = ¢~ (X) C U
over X are
Sing(X) NCay = V(310)) (1), %201 (t:)) CU (4.10)

where 52; =q 1(Cyy) C U with

q:C*\{(0,0)} xC3\ {(0,0,0)} =U — U/(C*)? =F(0,az,a3|1,1,2)).

(tix;) If(tixj)

To get isolated singularities, we must have that x; /\/8 ! Iy dy

; equivalently, we

get a further constraint

Max(deg 06(310),ng 06(201)) =Max(2—a3,2—az) >0 (4.11)

The Inequalities corresponding to Bs(—Kp(0,4,,a:]1,1,2)) = Coy With ay =2 and a3 > 2
(or ap > 2 and a3 = 2) are such that

Sing(X)NCyy = V(1) = 0.
This results in the list of ambient threefold scrolls F(a,a;,a3|1,1,2)

F(0,1,2|1,1,2),F(0,2,1|1,1,2),F(0,2,2/1,1,2),F(0,2,3|1,1,2),
F(0,2,4]1,1,2),F(0,2,5|1,1,2),F(0,2,6/1,1,2),F(0,2,7|1,1,2),
F(0,2,8|1,1,2),F(0,3,2|1,1,2) and F(0,4,2|1,1,2)
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in which the respective general K3 surfaces X € | — Kp(0,4,,45]1,1,2)| are quasismooth
and quartic fibred. Their (2—as+a3) x 5(1,1) singularities along SingF (0, a2, a3|1,1,2) =
C2 are resolved by blowing them up. Otherwise (without the constraints on a; and
a3), other than their respective (2 —a, +a3) x 3(1,1) singularities along Cj,, the K3

surfaces X embedded in the scrolls

F(a1,a»,a3|1,1,2) =F(0,1,3[1,1,2),F(0,1,4|1,1,2),F(0,1,5/1,1,2)
and F(0,3,1|1,1,2)

have additional isolated singularities along Bs(—Kp(0,4,.45/1,1,2)) = C2y- From the

degrees of the coefficient of x{'x4?y% in f(1;,x;), we have the following equations up

2—ar—as

2+ar—a;3

2—{—26{2—613 2
243ap; — a3 2+ap 2—ay+tas

Table 4.8: Degrees deg ( (@) 2)H‘(t,)>

to higher order terms:

x}x3 + 1 (t)xty + 51 (t;)x1x5 + HOT) C F(0,1,3]1,1,2);

) X1 =V (xf
(i) Xo = (x1x2+r2 tl)x1y+s2(ti)x§+H.O.T) C F(0,1,4]1,1,2);
) V (6§ + 13

) Xa=V(y?

(
(
(t;)xty + HOT) C F(0,1,5/1,1,2) and
+ r4(t;)x3x, + HOT) C F(0,3,1]1,1,2)

where ry, si are linear in ¢; for 1 <k <4.

Now, in the chart {fr; =x; =1} = A3<,27x27y> with X/ = X, N A3 we have

<tp,Xp,y>>

i) X{ :V(x%+r1(t2)y—|—s1(t2)x%+H.O.T) — %(1,1);
(i) X5 =V (23 +ra(t2)y +s52(t2)x + HOT) = 3(1,2);
(i) X§ =V (xj+r3(2)y+HOT) = 1(1,3) and

(iv) X; =V (3> +ra(t2)x2 +HOT) = 1(1,1)
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where ry, s; are linear in £, for 1 <k <4.

(ii) Along the curve
Bs(_KF(O,az,aﬂl,l,Z)) =Cp = SingF(O7a27a3’1’ 172) = ]P)[lti}v

the singularities

Sing(X)NCra =V (f(ti,x]'), df(ti,x;) df(ti,x;) ,xl,x2> —U

dx; = Idx

coincide with those of the ambient space F(0,a,,a3|1,1,2) which are not isolated. In

conclusion, sections of —Kp are not considered.

4.3 Elliptic fibrations with weighted sextic fibres

Lemma 4.3.1. The unique normal form of the weighted 3-fold scroll F(a,b,c|1,2,3) is
F(0,a3,a3|1,2,3) with ay,as € Z.

Proof. Note thatforkcZ

11 —a —b —C}QF[I 1 —a+k —b+2k —c+3k

Flab,ell,23)=F 1y o | o 3 00 1 2 3

Hence, with k = a, we can conclude that, uniquely, F(a,b,c|1,2,3) = F(0,a;,a3) with
ay,az € 7. [

Theorem 4.3.2. Let F = F(ay,as,a3|1,2,3) be aP[1,2,3] bundle over P! with sextic fibres.
There are 31 mildly singular sextic fibred K3 surfaces with the properties on the Tables

and (4.10).
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No. | F=TF(0,a2,a3|1,2,3) General X € | — Kp|
1 F(0,2,0]1,2,3) | — K| base point free, general X € | — Kp| is quasismooth
with 6 X 3 (1 1) singularity
2 F(0,1,1]1,2,3) | — K| base point free generalX € | — Kp| is quasismooth
with 2 x 3(1,1),3 x 1(1,1) singularity.
3 F(0,1,0]1,2,3) | — Kp| base point free general X € | — Kp| is quasismooth
with %(17 1),4x 3 (1 1) singularity
4 F(0,1,—1|1,2,3) | — Kr| base point free generalX € | — Kp| is quasismooth
with 2 x 5(1,1),3 x § (1 1) singularity.
5 F(0,0,2|1,2,3) | — K| base point free general X € | — Kp| is quasismooth
with 4 X 5 (1 1) singularity.
6 F(0,0,1]1,2,3) | — K| base point free generalX € | — K| is quasismooth
with 3 x 5(1,1),1 5(1,1) singularities
7 F(0,0,0/1,2,3) | — K| base point free general X € | — Kp| is quasismooth
with 2 x 5 (1 1),2x 3 (1 1) singularities
8 F(0,0,—1{1,2,3) | — Kr| base point free generalX € | — K| is quasismooth
with 5(1,1),3 x § (1 1) singularities.
9 F(0,0,-2[1,2,3) | — K| base point free, general X €| — K| is quasismooth
with 4 x 3 (1 1) singularity.
10 | F(0,—1,-1]1,2,3) | — K| base point free general X € | — Ky| is quasismooth
with 2 x 3(1,1), 3 5(1,1) singularities.
11 | F(0,—1,-2|1,2,3) | — K| base point free general X €| — Ky| is quasismooth
with 3(1,1),2 x 1(1,1) singularity.
12 | F(0,-2,-3|1,2,3) | — K| base point free, generalX € | — Kp| is quasismooth
with %(1, 1), %(1, 1) singularity.
13 F(0,-1,0[1,2,3) | — K| base point free, general X €| — Ky| is quasismooth
with 3 x 5 (1 1) singularity.
14 | F(0,—1,-3|1,2,3) | — K| base point free, generalX € | — K| is quasismooth
with 3 x 3 (1 1) singularity.
15 | F(0,-2,-2|1,2,3) — Ky base point free, general X €| — Ky| is quasismooth
with 2 x 3(1, 1) singularity.
16 | [F(0,—2,—4|1,2,3) | — K| base point free, generalX € | — K| is quasismooth
with 2 X 3 (1 1) singularity.
17 | TF(0,-3,—4|1,2,3) | — K| base point free, generalX € | — Kp| is quasismooth
with 3(1,1) singularity.
18 | [F(0,-3,-5|1,2,3) | — K| base point free, general X € | — Ky| is quasismooth
with %(1, 1) singularity.
19 F(0,—4,-6|1,2,3) | General X € | — Kp| is quasismooth. No isolated singularities

Table 4.9: F = F(0,a;,a3|1,2,3) for which a general X € | — Kp| is weighted sextic fibred
K3 surface or with quotient singularities along Bs(| — K|)
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No. | F=TF(0,a2,a3|1,2,3) General X € | — Ky|

20 F(0,4,2|1,2,3) | — Kr| base point free, general X € | — Kp| is quasismooth
with 8 x 3 (1 1) singularity.
21 F(0,3,2|1,2,3) | — Kr| base point free, general X €| — Ky| is quasismooth
with 3(1,1),6 x 3(1,1) singularity.
22 F(0,3,1|1,2,3) General Xe|—- KF] is singular with

7X 3 (1 1) singularities along Sing(F) and
2(1,1) smgularlty along Bs(| — Kp|) = {y =z=0}.

23 F(0,2,6/1,2,3) | — Kr| base point free, general X € | — K| is quasismooth
with 6 x 1(1,1) singularity.
24 F(0,2,5/1,2,3) | — K| base point free general X € | — K| is quasismooth
with 5 x 5 (1 1), 3(1 1) singularity.
25 F(0,2,4]1,2,3) | — K| base point free general X €| — K| is quasismooth
with 4 x 3(1,1),2 x 1(1,1) singularity.
26 F(0,2,3]1,2,3) | — K| base point free general X € | — Kp| is quasismooth
with 3 x 5(1,1),3 x 1 (1 1) singularity.
27 F(0,2,2|1,2,3) Bs(| — Kg|) = {y =z=0}. General X € | — Ky| is quasismooth
with 4 x 5(1, 1) singularities along {x; = x, = 0}
28 F(0,2,1]1,2,3) General X € | — Ky| is quasismooth
with %(1, 1),5% 3 (1 1) singularities along {x; =x, =0}
29 F(0,1,4]1,2,3) General X €| — K| is singular with

5 x 5(1,1) singularities along Sing(F) and
%(1, 2) smgularrty along Bs(| — Kr|) = {y =z=0}.

30 F(0,1,3]1,2,3) General X € | — K| is singular with
4 x 3(1,1),3(1,1), singularities along Sing(F) and
%(1,1) singularity along Bs(| — Kg|) = {y =z =0}.

31 F(0,1,2]1,2,3) GeneralX € | — Kp| is quasismooth
with 3 x 5(1,1),2 x 1 (1 1) singularities along {x; = x, =0}

Table 4.10: F =F(0,a2,a3|1,2,3) for which a general X € | — Kp| is weighted sextic fibred
K3 surface or with quotient singularities along Bs(| — K|)

Proof. Let F = F(aj,a;,a3|1,2,3) be as in the Lemma ( and assume that the

anticanonical divisor class
—Kf = (2 —apy — ag)L—{— (1 +2+ 3)M = L2—a2—a3,6
of IF is such that |Ly_4,—4, 6| # 0. Take a general surface

= V(f6) =V Z a(q,-) (tl ,tz)xﬁhy%Z% c |L2—a1—a2—a3,6
(91,92:93) (12,316

where the coefficient o, ) (1,12) € C[P,] of x71y92z%3 is of degree
deg oy, (1) =2+ (g2 — )ax + (g3 — 1)a3
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As before, the fibration 7 : F(0,a5,a3|1,2,3) — P! induces the elliptic fibration
¢:X — P!
whose fibres are sextic curves
Es = V(f(t,x,y,2)) C P} 4[1,2,3], for fixeds € P.

We can represent these partitions (ql,qz,q3)(17273) F 6, hence the monomials x71y?2z93 | in

a sparser Newton triangle.

X'y
2292
xyz

yS Z2 ]

Table 4.11: Newton triangle for the basis of (C[IF’[%C:y:Z] [1,2,3]]6

The degrees of coefficients of the monomials x?' y927%3 increases, decreases or stays constant

on the three edges depending on the value of ay,a3 € Z.

The scroll F(0,az,a3/1,2,3) = U /(C*)?

X — F(O,az,a3|1,2,3) < g U
f=7lx T prl
]P)[lti} $ (Ctzi,t2 \ {(07 O)}a

where
U =C;, \{(0,0)} xC3; .\ {(0,0,0)},

has finite quotient singularities. These are
1
§(1’ 1,0) along {x =y =0}

and .
5(1,0, 1) along {x =z =0}
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where

Sing(F(0,a2,a31,2,3)) = {x = y = 0} U{x = = 0},
A quasismooth sextic K3 surface X € | — Kp(0,4,,4;]1,2,3)| inherits its singularities

Sing X ={pm = [Bim : Bam;0:0:1] : 1 <m < deg aopp) }U
{@n = [Bin: B2n;0:1:0]: 1 <n < degoypz) }

from the ambient space.
Locally around p,,, up to (C*)? stabilizers on the ambient space, we have that

27

wt(2)

These p,, are indeed, therefore, %(1, 1) isolated singularities on X. We deduce similarly,

(x,y) — (&x,€y) with € = exp ( ) # 1 where wt(z) =3 on IP[1,2,3].

that there are %(1, 1) isolated singularities at gy, .

Base point freeness of —Kg = Ly_4, 45,6 on F =IF(0,a2,a3|1,2,3) is implied by its general
section having terms involving monomials at the vertices of the triangle in Table (4.11).
Equivalently,

2—ar—a3>0,24+2ay—a3>0,2—ay+az > 0. (4.12)
That is, we have nonnegative degrees at the vertices of the triangle below.

2—612—613

24ay—as

242a; —as 2—ax+as.

Table 4.12: Degrees deg <oc(qj)(l‘2_3)k6(t,-)>

The Inequality (4.12) together with Lemma (4.3.1) results in the list of ambient threefold
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scrolls F(0,a;,a3|1,2,3)

F(0,0 0|1 2,3),F(0,0,1|1,2,3),F(0,1,0|1,2,3),F(0,0,—1|1,2,3),
F(0,—1,—1|1,2,3),F(0,—1,-2|1,2,3),F(0, -2, -3|1,2,3),
F(0,0 2|1 2,3),F(0,1,1|1,2,3),F(0,2,0/1,2,3),F(0,1,—1|1,2,3),
F(0,0,-2|1,2,3),F(0,—1,0|1,2,3),F(0,—1,-3|1,2,3),
F(0,—2,—2[1,2,3),F(0,—2,—4|1,2,3),F(0,—3,—4|1,2,3),
F(0,—3,—5/1,2,3) and F(0,—4,—6|1,2,3)

in which a general X € |Ly_4,_4, 6| is quasismooth sextic fibred K3 surfaces; they are
numbered 1 — 19 in the Table (4.9).

Further, we want X to be quasismooth in a neighbourhood of the base locus of |Ly_4, 456
with weaker condition than base point freeness. As a consequence of Proposition (3.6.1)),
base loci is of dimension at most two by setting all or some of the variable x,y and z to

Z€ro.

The dimension dim(Bs(|Ly—4,—q, 6|)) 7 2 for if otherwise, a general X € |Ly_4, 4, 6| would
be reducible. We must therefore have that x,y,z [f(#;,x,y,z) or equivalently

m=Max{2—ay —a3,2+2a, —az,2—ax+az} >0,

(4.13)
Max{2 —a; —a3,2+2a, —az,2 —a, +az} \ {m} > 0.

Suppose the dimension dim(Bs(|Ly—4,—4;6|)) = 1. The Inequalities imply the fol-
lowing three cases of base locus Bs(|Ly_4,—4;6|) (six Inequalities if we order the two

nonnegative vertices in Table (4.12)) Inequalities (4.14) below

({(y=2=01=C,. f2—ay+a3>03ay—2a3>0,2—a,—as<O0or
if24+2a)—a3 >0,—3a,+2a3 >0,2—ay—a3z <0
= nox®in f(t;,x;);

{x=z=0}=C,, if2-ap+a3>0,—2a3>0,24+2a—a3 <0or
if2—a)—a3z>0,2a3 >0,24+2a, —az <0 (4.14)
= no )’ in f(t;,x;);

{x=y=0}=C,, if2+2ap—0a3>0,-3a,>0,2—ay+az3<0or
if2—ar)—a3>0,3a, >0,2—ar+az <0
= no 2% in f(t;,x;).

\

This result in three cases
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(i) Along the curve Bs(—Kp(,q,.45]1,2,3)) = Cyz, We get that the singularities on the cone

X =¢'(X) CU over X are
Sing(X) N Cyz = V(aa10)) (1), Azo1) (1)) C U. (4.15)
where 6;1 =q! (Cy;) C U. To get isolated singularities, we get a further constraint

Max(deg a(410) R deg a(301)) = Max(2 —az,2— Clz) >0 (416)

The Inequalities corresponding to Bs(—Kg(q 4, 43]12,3)) = Cy; With ay =2 and
az > 2 (or ap > 2 and a3 = 2) are such that

Sing(X)NCy, =V(1) =0.
These are threefold scrolls F(0,as,a3(1,2,3)

F(0,1,2|1,2,3),FF(0,2,1|1,2,3),FF(0,2,2|1,2,3),F(0,2,3|1,2,3),

F(0,2,4|1,2,3),FF(0,2,5|1,2,3),FF(0,2,6|1,2,3),FF(0,3,2|1,2,3)

and IF(0,4,2[1,2,3)
in which the sextic fibred respective general K3 surfaces X € | — KF(07027Q3|17273)\ have
(2—az+az) x 3(1,1) and (24 2a, —a3) x %(1, 1) quotient singularities. Without the
constraints on a; and a3z, we expect singularities on X other than the (2 — ap +a3) X
3(1,1) and the (24-2a; —a3) x %(1, 1) quotient singularities from Sing(F (0, a2, a3|1,2,3) =
P! UP!. These K3 surfaces X are embedded in the scrolls

F(0,as,a3|1,2,3) = F(0,1,3|1,2,3),F(0,1,4/1,2,3) and F(0,3,1|1,2,3)

with additional isolated singularities along Bs(—Kp( a,.43/1,2,3)) = Cyz- From the tri-
angle of the coefficient of x71y%2z% in f(t;,x;), we have the following up to
higher order terms:

() X1 =V (2 +ri(t;)x>z+ 51 (1;)y* + HOT) C F(0,1,3|1,2,3);

(il) Xo =V (3 + r2(1;)x*z+H.OT) C F(0,1,41,2,3) and
(il) X3 =V (22 +r3(t;)x*y+HOT) C F(0,3,1]1,2,3)
where ry, si is linear in ¢; for 1 < k < 3.

Locally in the chart {x =7, = 1} = A, ,,.~, we have the following singularities on

X, =XN A3<t27y7z> up to higher order terms:
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@) X{ =V (2 +ri()z+s1()y’ +HOT) = 1(1,1);
(ii) X, =V (3’ +r2(t2)z+HOT) = 1(1,2) and
(iii) X} =V (2 +r3(t)y+HOT) = 1(1,1)

where ry, s is linear in ¢; for 1 < k < 3.

(ii) Along each of the other curves Bs(—Kg(0,4,45/1,2,3)) = Caz> Cxy We have that Sing(X)N
C. = U which is not interesting to us; these singularities are not isolated hence

ignored.
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Chapter 5

K3 fibred Calabi—-Yau Hypersurfaces
in Weighted scrolls

In this chapter, we construct models of Calabi—Yau threefolds fibred by K3 surfaces S4 €
P3 and S C P[1,1,1,3] from Miles Reid’s "Famous 95" list in [Fle00]. In particular, we
extend lists in appendix A of [Mul06]] by relaxing the stronger quasismoothness condition
on the Calabi-Yau threefold families; we would like a general K3 fibred Calabi-Yau threefold
Xe|- Kr(q)) bj)’ to be well-formed and have cannonical singularities along the base locus
of | — Kp(4,[p,)|- Starting with known fibre data (b;), finding the twisting data (a;) is
equivalent to classifying K3 fibred Calabi-Yau threefolds with orbifold singularities and a

finite number of isolated singularities along the base locus of | — Kp(4| /-

5.1 Calabi-Yau threefolds with quartic K3 fibres

5.1.1 Construction

By the standard isomorphism theorem and the assumption that a; = 0, let
F(a17a27a37a4) = F(07a27a37a4)

be a 4-fold scroll over P! with a4 > a3 > ap > 0. Assuming that the anticanonical linear

system
| - KF(O7a2,a37a4)’ = |L2—a2—a3—a474| 7£ 0

is nonempty, we take a general 3-fold

X=V ( Z Oc(qj)(tl,tz)x?lxgzx?x‘qﬁ) C F(0,az,a3,a4)
(41,92,q3.94)F4

in |Ly—gy—ay—ay 4| with x{'x32x%° x4* from the Newton tetrahedron in Figure (5.1).
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Figure 5.1: Newton tetrahedron of the 35 monomial basis of C[P)%jh.

The corresponding degrees

degay) =2+ (q2— Daz+ (g3 —1)az +(qa — 1)as
of coefficients Qy)) of the monomials xi“xgzx?xfi“ increase

1. by ap down the x; — x>-edge, by a3 down the x; — x3-edge and by a4 down the
X1 — x4-edge,

2. by a3z — a; from the x| — xp-edge to the x; — x3-edge,
3. by a4 — a3 from the x| —x3-edge to the x; — x4-edge,

4. by a4 — ap from the x| —xp-edge to the x| — x4-edge.
The 3-fold X fits in the diagram

X e—-—— F(O,az,a3,a4)

78



The fibres of the fibration
¢:X — P!
induced by the fibration 7 are quartic surfaces
C4—,t = V(f(ti,X4)) - Piﬁxﬂ’ re ]P)[lzi]
with

fti,x;) = Z a(ql,q27q37q4)([t1 : tz]))c(flxgzx?xz4 € C[Paj]h for fixed t = |1 : 12].
(91,92.93,q4)4
The following theorem characterizes quartic fibred Calabi-Yau threefolds with at most
orbifold singularities and a finite number of isolated singularities along the base locus of

| - KIF(aj) | .
Theorem 5.1.1. There are exactly 10 families of quartic-fibred CY3 embedded in 4-fold

straight scrolls F(0,ay,a3,a4) as anticanonical hypersurfaces and whose general member is
either nonsingular or has only isolated singularities. The Table below gives a reason why
each family is either nonsingular or has only isolated singularities. The table also shows the

dimension of the moduli space of embedded deformations.

No. | F=F(0,az,a3,a4) | General X € | — Kp| is nonsingular or with mild isolated singularities | dim(.Z_g;)
1 F(0,0,0,0) —Kr is base-point-free with a general X nonsingular 86
2 F(0,0,0,1) —Kp is base-point-free with a general X nonsingular 118
3 F(0,0,0,2) —Kr is base-point-free with a general X nonsingular 83
4 F(0,0,1,1) —Kf is base-point-free with a general X nonsingular 86
5 F(0,0,1,2) General X € | — Ky| has 3 isolated ODP singularities on Bs(| — Kp|) | 86
6 F(0,0,2,2) General X € | — K| is nonsingular 91
7 F(0,1,1,1) General X € | — Ky| is nonsingular 73
8 F(0,1,1,2) General X € | — K| is nonsingular 86
9 F(0,1,1,3) General X € | — Ky| is nonsingular 89
10 F(0,1,1,4) General X € | — Ky| is nonsingular 95

Table 5.1: F =F(0,ay,as,a4) for which a general X € | — K| has at most threefold Ordinary
Double Point singularities along Bs(| — Kr|).

Proof. If X is nonsingular, its canonical divisor class Ky is trivial by adjunction and

the map ¢ : X — P! is a fibration by quartic surfaces Cyy C P3.

By Proposition (3.5.4), base point freeness of —Kp = Ly 4y—a3—ay.4 is equivalent to the
Inequalities
2—ap)—az+3aq >0, (5.1)
2—ar)+3a3—aq >0,
243ay)—az—ayg >0,

2—ay—az—aqg > 0.
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The Inequalities then correspond to smooth threefolds families X € | — Kp(4, 4,a3.a4)]
with the four-fold scrolls

F(a1,a»,a3,as) = F(0,0,0,0), F(0,0,0,1),F(0,0,0,2) and F(0,0,1,1).

These are Calabi-Yau threefolds by adjunction.

We would, as in the previous discussions, like to find a weaker condition than base

point freeness of —Kp( = Ly_4y—a3—ay.4 that would result in a not-too-singular

a1,a;,a3,a4)
X. That is, assuming Bs(|Ly—4,—a;3—a,.4|) 7 0 we would like to find explicit sections of
|L>—4y—as—ay.4| that have isolated singularities along the base locus; resulting in an X that

is not too singular in a neighbourhood of the base locus of |Ly—4,—4;—a, 4|-

The base locus Bs(|L2—a,—a;—a,,4|) i of dimension at most three by Proposition (3.6.1) and is
defined by setting all or some of the variables to zero. The worst case, dim(Bs(Ly—4,—a3—a,3)) =

3, would give a singular
X = V(f4) =X UBS(‘LZ—az—a3—a474|)

where Bs(|Lo—a,—ay—ay.4|) = {xi = 0} CF(0,a2,a3,a4). This would happen when f4 = x;h
is reducible with A(#;,x;) a cubic in x; where X’ is the cubic X’ = V (k). For X to be not
too singular, we must therefore have x4 [f1, x3 [f1, x2 Jf4 and x1 J/f4. For a generic choice

of the coefficients o )-4(t:), we also have that #; [f(#;,x;). The condition for this

q1,92,93:44
is that at least one of the monomials on the x| — xy — x3 face of the Newton tetrahedron
in Figure (5.1) occurs in f(#;,x;). It therefore suffices to have g 4.0 (t:)x4 in f(t;,x)).
The equivalent condition is that the largest corresponding degree of coefficients of the 15

monomials x?‘xgzx?x‘qf‘ in the x| — x; — x3-face should be nonnegative

2—ay+3a3—ayg > 0. (5.2)

Suppose dim(Bs(|L2—4,—a3—ay.4|)) = 2. The inequality (5.2) implies that the equation of a
general section of Ly_4,_4;—q, 4 simultaneously has nonzero terms involving x‘3l and xi

hence
f(ti7xj)|{x,~:xj-:0} =0

for all i, j < 3. Therefore of the six surfaces {x; =x; =0:1 <i < j <4}, the base locus is
Bs(|Lo—ay—a3—ay,4]) = {x3 =x4 =0} = D3g4.

This is equivalent to there being no terms on the x; — x>-edge of the Newton tetrahedron
(5.1) in f(#;,x;); that is, there are no x’l‘x‘z‘*k terms in f(t;,x;) for all k = 0,1,2,3,4 for if
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otherwise f(f;,X;)|x;—x,—0 # 0 which contradicts our interest for X34 to be a base locus
of |Ly—y4,—a3—ay 4| Since x‘z‘ has the coeflicient of highest degree of the five terms, we

equivalently have that there is no xg term in f(#;,x;) and that

24+3ay—az—ay <0 (5.3)

Further, with f(#;,x;) expressed as a linear combination of monomials in the Newton

tetrahedron in Figure (5.1) with corresponding coefficients ¢, )(tl ,12), it is then observed

from
J li, Xj
féTfj) = 03001 (t1,12)%3 + 00101 (1, 12) X3 X2 + Qi1 (11, 22) X163 + G301 (£1,12)%3 and
x3=x4=0
(5.4)
d liyXj
féT:]) = 03010(t1,12)%3 + 0110(t1,12) X372 + Q210 (11, 12) X143 + o3 10(t1,12) %3
X3=)C4=O
(5.5)
that
. B Jdf of df df Jdf If
Sing(X) N X34 = <f, 30 90 O Oxa any dug” (5.6)
B af df Jdf df df df
_V<8x3 = ) )C3,)C4) , since f,a 8t2 8x1 8x2 €< X3,X4 >

and where f = f(#;,x;) under the assumption of Inequality (5.3).
We also note that, for X to have isolated singularities, then the first term of Equation

4) and the last term of Equation (5.5) must be nonzero so that both xj,x, [~ 915) and

aX4
af tl? J)

X1,X2 )( . Equivalently,

2—apy—az>0and2+2a, —ayg > 0. (5.7)

Therefore, with the condition that as > a3z > a, > 0, Inequalities (5.2)), (5.3) and (5.7) result

in the lattice point (a3,a3,a4) corresponding to a 4-fold scroll
F(O,az,ag,cm) = F(0,0, 1,2) and F(0,0,Z,Z)

in which Calabi-Yau threefolds with isolated singularities are embedded.
For these scroll F(0,0,1,2) and F(0,0,2,2) the degrees of coefficients of the monomials
x{'x32x%* x4* are given in Figures|5.2/and [5.3].
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F}gufr; 5')2: . D;greesV(C}f(t a(fij)) (th) Figure 5.3: Degrees of 0, ) (#;) of g4 for
o i,xj) for X = i Xj _
F(0,0, 1,2) Y = V(g4) - F(0707272)

For (0,0, 1,2), the corresponding threefold is

X =V(f(ti,xj)) = V(clx(3010) + cpx(2110) 4 C3x(1210) + 4x0310) ¢ (5.8)
2101) 4 g, (ti)x(1201)+oc1 (1 o (ti)x(2020)+a1 (ti)x(1120)+
+ ot (1) oy (14 + o (£;)x 0130 -
—|—Ot3(t,~)x(1102) + OC3(S)x 3(t,-)x(0202) —|—OC3(l‘i)x(0121)—|—
a +

1:)x0112) 064(li)x(0031) + o5 (i) x Oﬂs(li)x(mm) + o5 (1) %22 4
0103))

x 0301

) (0301)
) +(1030)
)

=

(2101) 4
0220) | gy, (1;)x(2011)

(1021) (1201) 5
(0112) (
(0103)

)
(0220) )
(0210) 4 o5 (ti)x
(1012) 4 au(t;) 2002)
(0013) 4 o7 (1,)x , with general c; € C.

The threefold isolated singularities are

X3 Oxy
— (x3000) 4 ¢, (2100) 4 (1200) 4 (0300
o (ti)x(3000) + (t,')x(2100) + (ti)x(lzoo) + (ti)x(0300))

={di=[ni:Pi:P1i:P2i:0:0]:i=1,2,3=(0,3).(1,3)} c DC X CF(0,0,1,2)
where ([’}’1,‘ : ]/2,‘], [Bli : ﬁzi]) € D3y satistying

c1Bf; + c2BiiBai + ¢33 + caPs; = 0;
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that is [B; : Boi is one of the 3 roots of a general homogeneous cubic in xj,x; and

o1 (Y14, Yo Bit + 01 (i, 120) B Bai -+ o1 (714, 1o ) BriB3: + o (14, 720) B = 0,

a linear equation in f,1, for a fixed [By; : Bail.

Now, locally on the chart Ujp = {t; =x, = 1} = A?

s x1 3.1, @ l0cal change of coordinates
th =ty + %, x1 = x| + Pi; results in

X NUp =V(x3(c1(x] + Bre) + ea(x] + Bro)> + e3(x] + Bri) + ca) +xa(0u (1 + 1) (¥} + Bui)* +
o (th+ %) () + Bir)? + o (b + %) (x) + Bri) + a1 (b + %))+ higher order terms)
=V (81x)x3 +x4(8ts + 83x| )+ higher order terms), let #3 := &1t + &3x)
=V (x| x3 +x4¢) + higher order terms) C A?t// sy CF(0,0,1,2),

2 X143 ,X4

with a full rank quadratic part f> = x|x3 +x4t. Therefore, up to higher order terms, the
Calabi-Yau threefold X has 3 isolated threefold Ordinary Double Point (ODP) singularities

{di}.
On the other hand, for [F(0,0,2,2), the corresponding threefold is

Y = V(g4) = V(d1x810 4 dpxP110) g5 (1210) g,y (0310) 1 (3001 (5.9)

dex10 ¢ g x(1201) 4 e (0301) g (19220200 4 g (1) (2011) -y (11)2002) - g ()5(1120) ¢

0o (1)) 1 0 (1)61192) 4 0 (1)9220) 1 (1) @21 1 01y (1)x(0292) - gy (17)1030) 1

o (1)2192D) 1 0y (1)x61912) 1 00 (1)1993) 1 gy (1120139 1 01y (1) 012D - g (1) O12) 1 gty (1)2(0103)

0t (1) 2% 016 (1)x1903D) g (1) x1%9%2) + g (1,)x 013 4 0t (£,)x%%4)) | with general dy € C.

In this case, we have that

df o
Sing(Y)NY34NUjp =V (8_)2’ 8_)£’x3’x4>

= {d, (3000) | dzx(2100) +ds £(1200) 4 d4x(0300) —0,
dsx0%0) 4 dex2100) 47 x1200) 4 g 90) — 0} =0 C F(0,0,2,2).

This gives a family ¥ C F(0,0,2,2) of nonsingular Calabi-Yau 3-folds.

Suppose dim(Bs(|La—g,—a3—ay.4|)) = 1. Since g4|y,—1 #0, a general section of Ly 4, 45—, 4

must have no @4 (t;)x} term, there is @(0400) (t;)x5 and at least one of

®(3100) (12)x7%2, %(3010) (t2)x]x3, or 0‘(3001)(f2)x?x4
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appears in f(t;,x;) or equivalently
2—ap—a3—as <0,24+3a—a3—a4 >0 and2—ap; —az > 0. (5.10)

This would mean
f(ti?xj) |{)C2:)C3:)C4:0} = 0
so that the one-dimensional base locus is

X234 = {)Q =X3=X4 = O} CcCX= V(f(ti,x]')) C F(O,az,a3,a4).

Along the curve X534 and on the chart Uy} = {t; = x; = 1} we have that

: _y(9of 9f Iof
Sll’lg(X) NXo34NU =V (aXZ, 8X3, ax47-x27x37x4)

= V(3100)(72), %3010)(72), %3001)(12)) C At12~

By assuming non-negativity of one, two, or all of the polynomials Oc(qj)(tz) defining
Sing(X) N X234 MUy, it is the case when the generic choice of the polynomial &3001)(72)

is a nonzero constant and in particular when
deg a(3001) (fz) =2—ar—a3=0

which results in Sing(X) N X34 NUj | being empty. This results in 4 families of nonsingular
Calabi-Yau threefolds embedded in fourfold scrolls

F(0,a,a3,as) = F(0,1,1,1), F(0,1,1,2), F(0,1,1,3) and F(0, 1, 1,4).
From definition (3.11.1), we have that dim(.#_g;) is given by

=—1+ Y (1+deg oy, (t)) — dim Aut(F)
(qj)l_ﬁl-7 dega(qj)zo

n
=—1+ Y (&+Y aig;)—dimAut(P") — dim Aut(F/P").
(@j)p))tda i=1

We then have, for instance, that:

1. For the family of X5 4 C F(0,0,0,0) = P! x P3 we have that deg 0y (ti) = 2 for all
the 35 monomials of Newton tetrahedron . We then compute that

dim(.# g, ) = —1+ (2 x 35+ 35) — dim Aut(P' x P?)
= 104 —dim PGL(2) — dim PGL(4)
—104—(4—1)— (16— 1) =86
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2. Consider the family of X C [F(0,0,0,1). We know that on the Newton tetrahedron
(5.1), the degrees satisfy

(i) deg oy (t;) =2 on the x| — x, — x3 face.
(i) degoy, ) (f;) increase by 1 : along x| — x3-edge, from the x; — x3-edge to the

x1 —x4-edge and from the x| —x;-edge to the x; — x4-edge.

We evaluate dim Aut(F(0,0,0,1)/P') by packaging the parameters on the fibres

of £ :1(0,0,0,1) — P! in a 4 x 4 matrix counting the C* action on the projective
bundle
F(0,0,0,1) = F(—1,—1,—1,0) Z P(Fp1 (—1)P3 & Op1).

Hence, dim(.#Z_k;)

=—14+2x1543%x10+4x6+5%x3+6+35)—dimAut(F(0,0,0,1))
= 139 — dim Aut(P') — dim Aut(F(0,0,0,1)/P')

1 113
. X . 1113

= 139 —dim Aut(P") — sum of entries of L 113l 1
0 0 01

—139—(4—1)—(19—1) =118

3. Consider the family of X C F(0,1,1,2) = P(Opi (—2) ® Opi (—1)P2 @ O ), we have
that dim(.Z_k;)

=—14+(6+2x94+3x6+4x44+5x2+6+32)—dimAut(F(0,1,1,2))
= 105 — dim Aut(P') — dim Aut(F(0, 1,1,2) /P')

1 223
. T Iy . o1 1 2
= 105 —dim Aut(lP" ) — sum of entries of 01 1 2 1
0 0 01

—105—(4—1)—(17—1) = 86.

]

In Theorem (5.1.1), we have found a new singular family in | — KF(0707172)| as well as
recovered the first list in the Appendix A of [Mul06]]; that is the 9 smooth quartic fibred
Calabi-Yau threefolds and a new interesting X € | — Kp(q 0,1 2)| with three isolated Ordinary
Double Points {d;}. This result is achieved by allowing isolated singularities along the
base locus of Bs(| — Kr(0,0,1,2)|) = D34-
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It is also worth noting that the Weil divisor D34 C X C F(0,0, 1,2) passes through all the

three isolated ODP singularities {d;}. We then have a projective small resolution
f:Blp, X=X =X

with Kz = 0. Indeed, we have seen from the proof above that X C F(0,0,1,2) is a
quadric 3-fold cone up to higher order terms; one can then check locally at {d;} that such

a threefold cone admits a small (crepant) resolution [AIt98].

On the other hand, we now re-visit Gross’s [[Gro97] example on Calabi-Yau threefold

family number 8 in the table above. That is
X CF(0,1,1,2) 2 F(—1,0,0,1) = P(Opi (—1) & 057 & Opi (1)).

This family has also been studied in [CDT18| [Tho00] and Appendix of [Ruan96] . The
following treatment uses explicit realization of the Calabi-Yau threefold as a hypersurface

X C F(0,1,1,2) to study its intrinsic geometry including deformations and degenerations.

5.1.2 Deformation

We start with an informative example of degeneration of curves in surface scroll fibrations.
Example 5.1.2. Consider the family

F =V(yiys =3 +195) C A X B |
of quadric surfaces over A]. These are deformations of the image F, = V(y;y3 —y3) of

L P 3
b= F(072) — ]P)[yo:yliyzi)’S]

[ti3;] = [x1 2 £7x0 i 550

We know that @ is the blowup map of the singular cone point p =[1:0:0: 0] of the
quadric .. Now, by deforming %y to .%o = V(y1y3 —y3 +1°y3) followed by a change
of variables

(y1,y2 +1ty0,y2 — tyo,¥3) = (211,212,221,222) for t € C*,

the deformed variety becomes Im(X ;) = X 1 (Fo) = V(z112220 — 212221 ) Where
. _ ol 1 3
2171 . FO — ]P)[ul] X P[Vj] —> P[Zij]

is the Segre embedding.
Blowing up the ordinary double point singularity (0, p) in the threefold total space .7,
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we obtain the deformation .F — A of surface scroll F> to Fy. This deformation is formed
from the family .% — A! with the central fibre Fo=F> = o (o).

Consider a nonsingular anticanonical curve
V(g22(ui3vj)) C | = Kry| = [Op1pi (2,2)]:
We degenerate to t = 0, the elliptic curve V(g2 (u;;v;)) using the change of variables

(z11,212,221,222) = (¥1,¥2 + Y0, Y2 —tyo,y3) fort € C*

to get

V(g2.2(ui;v;) zV(z%l +c1z11212 + czz%z + 3211221 + 4211222 + €5212220 + c6z%1 + 72212020+
c823)) NIm(X; ;)
=V(y7 +ciy1 (v2+1y0) + c2(y2 +130)> + €3y1 (y2 — 1y0) + cay1ys +¢s(y2 +1y0)y3+
c6(y2 —1y0)” + c7(y2 — 1y0)y3 + ¢83)
"2V} 4 (c1 4 c3)yiya + (c2+ca+co)y3 + (5 +€1)y2v3 + csy3)
=V(1 + (c1 +c3)y1y2 + (c2 + ca +¢6)y3 + (c5+¢7)y2y3 + €8)3)
V(@(t1x3 + (c1 4+ 3)65102065 + (c2 + c4 + c6)133%5 + (5 + €7)1115X5 + cg15x3))

=0 (V(fo.2(ti;x5))) C Fo.

The anticanonical curve V(fo2(#;x;)) C Fois singularat p=[1:0:0:0].
We note that the moduli space .#_g, of nonsingular anticanonical curves in c%#() =
7 t#0

P! x P! is, as expected, of dimension

dim(A gy, ) =4—(@4—1)—(1-1)=1.

So in summary, we have a smooth specialisation of Fy to F3, but in this specialisation,
the general anticanonical curve in Fj specializes to a singular anticanonical curve in F5.
This can be smoothed inside F; to get a nonsingular anticanonical section. The threefold

families to be studied next exhibit a similar phenomenon as shown below.

We would like to study the deformation .# — B of nonsingular quartic fibred Calabi-Yau
threefold X € | —Kp(g|g)’ with { € B,

&y = Op & Opi(a2) ® Opi (a3) ® Opi (as)

and P(&|¢) = F(0,az,a3,a4).
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Now, recall that the &pi (1) twisted P! Euler sequence is a nontrivial extension
0= Opi(—1) = OFF = Opi (1) = 0.
Consider the universal extension
& — Ext! (Opi (1), Opi (—1)) x P! = Ap x P!
then define a family with 5-dimensional total space .

T =BED Oy 01 ® Op1 ) — Apx P!

The 4-dimensional fibres of 7 are 7, = P(&'|¢). The fibres are
Fo=P(Op (1) D O @ Opi (1)) =F(—1,0,0,1) = F(0,1,1,2)

and
P02 PO = F(0,0,0,0) = Pl x P}

vl

Starting with a general, non-singular anticanonical section

1 3
X = X274 =V ( Z)M (Xz(ui)vclllvg2vg3vz4 C ,33'4, = P[u,-] X P[Vj]’
qj

we show that it becomes a general quadric Q C P{lzi ol where 1 < j <k <4and f, f> either
1727
19

0 or 1. We then proceed to find a degeneration 0cC IP’[y ]
ejepmn
F — Aé of the scrolls .7y =(0,0,0,0) — F(0,1,1,2) = F. In this way, we would like

to understand the specialization of X5 4 as { ~~ 0.

of O along the degeneration

Let’s make the first steps by noting that both .7, and % are mapped to P'® by sections of
| — %Kgﬂ = |Opi1,p3(1,2)| and | — 1Kz, | = |L_1 2| respectively. We start by understanding
the images of the two scrolls 7, = P! x P3 and %, =F(0, 1, 1,2) under their half-canonical

maps. Thereafter, we shall study the birational geometry of Im D1k |-
0

The map ¢, Ot p3(1,2)] 10 the Proposition below factors through the degree two Veronese

map on the va ] factor of 7. That is, the map Id x v, has the image
J

211 %12 213 214

1 212 222 123 224
P % q lzju] - rank <1
! {13 223 233 234

{14 224 234 44
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This image is then mapped through the Segre embedding on the PEMJ factor of F; to
Im((X9 x Id) o (Id xv»)) which is given in the statement below.

Proposition 5.1.3. The image of ¢ Ot p3(1,2)]

| 9
Phd X kﬂ}
Zi9
Id x v,
Fr =Pl xP} e
i) ™ 7 5] o ) [Sym! (ur) @Sym2(v,)] - i s2k]

is given by
(p‘ﬁ[plx]}ﬁ(lvz)‘(yg) = {[Ml M) = [zf, o) rank‘Ml Mz‘ < l}.

Here, 1 < j <k <4 and f1, f» either 0 or 1, while

21011 <1012 <1013 21014
<1012 21022 21023 21024

M| =
21013 <1023 <1033 <1034
21014 21024 21034 21044
and
20111 20112 20113 20114
M — 20112 20122 20123 20124
2= ’

<0113 <0123 <0133 20134
20114 20124 20134 <0144

so that [N) = [My M,)] can be identified with an element of P'° using coordinates z, f, jx.-
Proof. We first note that
211 <12 <13 <14
I C (L9 xId) | P! Tepank |12 %22 23 4|
(g, s12)) € (Zr9x1d) [ P q [zj] : ran <

<13 223 <33 334
214 224 234 244

Multiplying each of the 24 two-by-two minors of zj; by basis of Sym?(u1,u;) gives the

quadrics
210k210im = Z10pgZi0rs from rank |M;| <1,

201 jk2011m = 201pg201rs from rank [Mp| < 1
and

Z10,jk201m = Z10pgZ01rss 201 jkZ10im = 201pqZ10rs from rank|N| = rank [M; M| <1
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all of which are satisfied on the image. We have shown that the equations
rank|N| = rank‘M; Mz‘ <1

are satisfied on the image of Ot g
X

1 since [M; M;] € P'° so M; and M, are both 0. Now, using Macaulay2 computer algebra,

12)|- These equations are equivalent to rank ‘M 1 Mz‘ =

we can check that

{[N] =[M; M;] :rank‘Ml MZ} < 1} = P[IZ?ﬁfzjk]

is an irreducible projective variety of dimension 4 and of degree 32. This degree was

expected since, by direct computation with LM? = 1 and L?> = M* = 0, we have that
(L+2M)* = L* + 8L3M + 24L°M> + 32LM> + 16M* = 32.
In conclusion, we have that

(@, a2 ={M M)]:rank|M; M| <1} CP}

2fy okl

O

On the other hand, the image of the map ¢ _1k, | is given in the following statement.
2770

Proposition 5.1.4. Let [ye,cymn) = [t]'15°XmXs] be coordinates on P wherel <m<n<4
and ey, e, either O or 1. The map

. 19
(P\Lfl,z\ ' ﬁo - P[Yelezmn]
[ti;xj] =[x xpxs Syml (t;)x1x4 : Syml (%) ®Sym2(x2,X3) : Sym2<ti)x2x4 :

Sym2 (t;)x3x4 : Sym3 (t,-)xﬁ]

is an isomorphism away from the curve Bs(—K z,). Here o =F (0, 1,1,2) with coordinates
t;,x; and the curve Bs(—K z,) = V(x2,x3,x3) = P!, The closure of its image is

Im((p\L7172|> = V(IB)

where
Yoo12 Y1022 Y1023 Y0122 Y0123 Y2024 Y1124 Y0224
B— Yoo13 Y1023 Y1033 Y0123 Y0133 Y2034 Y1134 Y0234
Y1014 Y2024 Y2034 Y1124 Y1134 Y3044 Y2144 Y1244
Yo114 Y1124 Y1134 Y0224 Y0234 Y2144 Y1244 Y0234

and Ig = {rank|B| = 1}
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Proof. We look for all relations within and between blocks

Sym ™~ 1920324 (1) 01 928384 for every (q;) I+ 2 for which —1+ g2 +¢3 +2g4 > 0. First

note that, since %o =F(0,1,1,2),, ., with the weights

110 -1 -1 =2

wi(tn,,X1,0,23,5) = |0 0 1 1 1 |

2 2 2.2 2 22
S22= <x1X4,x2,x2x3,x3,t1x2x4,t2x2x4,t1x3X4,12x3x4,t1 x4,t1t2x4,t2x4> )

S_1,1 = (x2,x3,t1X4,12x4) and

2 2
So,1 :<X1,tlxz,f1x3,t2x2,t2x3,l1x4,t1t2x4,lzx4>-

From these bases, we can obtain the line bundle L_ ; in two ways by forming the matrices

S22

A=
2S-22

_ | Yio14 Y1022 Y1023 Y1033 Y2024 Y1124 Y2034 Y1134 Y3044 Y2144 V1244
L Yo114 Y0122 Y0123 Y0133 Y1124 Y0224 Y1134 Y0234 Y2144 Y1244 Y0344
B=[S 11®S,]

-y0012 Y1022 Y1023 Y0122 Y0123 Y2024 Y1124 Y0224
Yoo13 Y1023 Y1033 Y0123 Y0133 Y2034 Y1134 Y0234
Y1014 Y2024 Y2034 Y1124 Y1134 Y3044 Y2144 Y1244
| Yo114 Y1124 Y1134 Y0224 Y0234 Y2144 Y1244 Y0344

and

= [COC1 - C7]

whose ranks are both 1 on the image. Therefore, the relations are
Ig = {rank|B| = 1} and Iy = {rank|A| = 1}.
Since I4 C Ip, we have that
Im(gy, ,,)) CV(Ip) =X

Finally, using Macaulay2 computer algebra, we find that in fact X’ is a 4-dimensional

irreducible projective variety of degree 32 so that
Im(_,,)) = V().

]

Now, to find a deformation of Im(¢y, ,|), we first note from Proposition that,
from B = [bob ...b7], the matrices [b1bybsbg| and [b3bybgby] are symmetric which is

reminiscent of the matrices M| = [mymymsmy] and M, = [msmgm7mg] in Proposition
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except for overlapping on the column bg. We define the columns ny(r) = bg +thg
and n7(t) = bg —tby for t € C so that

Y1022 Y1023 Y2024 Y1124 +1yoo12
Y1023 Y1033 Y2034 Y1134 +1y0013

Ni(t) = |nynonzng(t)]| =
1) = [mmansna (1) Y2024 Y2034 Y3044 Y2144 +1Y1014

Y1124 +1Y0012 Y1134 +1Y0013 Y2144 +1Y1014 Y1244 +1Y0114

and
Yo122 Y0123 Y1124 — Y0012 Y0224
Y0123 Y0133 Y1134 — Y0013 20234
NQ(Z) = [n5n6n7(t)ng] =
Y1124 —1Y0012 Y1134 — Y0013 Y2144 — Y1014 Y1244 —IY0114
Y0224 20234 Y1244 — Y1014 Y0344

are both symmetric.

In the long discussion below, we now use the two natural maps defined on scrolls in
propositions above to describe a projective degeneration of quartic K3 families using
bi-homogeneous coordinates. By first considering the half-anticanonical embedding of
Fr =P x P

: P! xP3 s PP
l><]p3|

01 = ¢|_% K,
as defined above. Consider the matrix

21011 21012 <1013 <1014 20111 20112 20113 <0114

M — 21012 <1022 <1023 21024 20112 20122 20123 20124

<1013 <1023 <1033 <1034 20112 20122 <0123 20124

<1014 <1024 <1034 21044 20114 20124 20134 20144

joined from two 4 X 4 symmetric matrices M; and M, with independent entries. Also

consider the half-anticanonical map
00 =9 _1x,  F(0,1,1,2) - plo

on the scroll .%y =2 F(0,1,1,2) also defined before with the indeterminacy locus Bs(| —
Kz,|) = V(x2,x3,x4) = PL. Consider the matrix

Yoo12 Y1022 Y1023 Y0122 Y0123 Y2024 Y1124 Y0224
Mo = Yoo13 Y1023 Y1033 Y0123 Y0133 Y2034 Y1134 Y0234
Y1014 Y2024 Y2034 Y1124 Y1134 Y3044 Y2144 Y1244
Yoi114 Y1124 Y1134 Y0224 Y0234 Y2144 Y1244 Y0234

We have proved the first 2 results in the proposition below. In the discussion following the

proposition below, the rest of the results are proved.

Proposition 5.1.5.
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. The image of ¢ inside P'° is described (scheme-theoretically) by the ideal generated

by 2 x 2 minors of the matrix M:

Im¢; =V (A*M) C PP

. The closure Q = Im ¢y C P'° is described (scheme-theoretically) by the ideal generated

by 2 x 2 minors of the matrix My:

0 =Tmgy =V (A*Mp) C PP.

. There is a distinguished divisor P> = D C Q C P!° embedded in P'° as a projective

linear subspace, defined by the condition that all variables except those in the first

column of My vanish.

. The Hilbert polynomials of Q C P'° and F(0,1,1,2) C P! agree.

. Define the variety Q C P'® x A over A! by the equations

Q=V(A’N) CcPP x Al

Then the natural map Q — A is a flat family of projective varieties, with central fibre
Qo = Q C P'°, and all other fibres isomorphic to Q1 = P! x P3 c P1°,

. An anticanonical hypersurface X; C Q1 = P! x P3 specialises in the family Q to a

reducible threefold X, C Q, which contains a double copy of the distinguished toric
divisor P3 C Q.

. [Ruan96, App.A] describes a fan ¥ with 8 maximal dimensional cones and one-dimensional

rays 61,02,p1,...,P4 € N in a rank-4 lattice N for which Xy x =1(0,1,1,2). There
is a refined fan X' generated by 10 cones with the same rank 4-lattice N.

We begin by defining the deformation of

as

P01 x012)(Fe) = {[enipjul 1 rank [My Mo| <1}

—_——

(Im(p‘Liu‘), = {([zflfzjk],t) :rank|co Ni(t) No(1)| < 1} C Atl x P19,

Using Macaulay2, we find that (Im/qﬂ:.ﬂ)t is irreducible of dimension 4 and of degree

32, hence it is a sensible deformation of Im ¢y, /.

93



For t # 0, making a change of variables
My Ma] = [Ni(z) Na(1)]

yields

—~——

(Mm@ o)r = { (Veyesmnl, 1) : rank| N1 (r)  Na(1) < 1}
= {[ef poju) s rank My M| <1}

1
19 0
= (p\ﬁP1Xp3(l,2)\(F(anaoao) cP 1= P <H (_EK’j})) .

(21, 1k

Further, for t =0, we get

(I @y ,)0 = { ([Veresmn)-0) : rankleo N1 (0) Na(0)| <1}

1
g worTen, et (1K)

b’elezmn

We now find the degeneration X = X, 4 ~~ X as follows. Take

Do

_ N.,91,,92,,93,,94
02X =00, o (V] L ce(w)vi'vivEv

(gj)F4
= {[zf, k] € P : q2(z10jks 201 6): 1 < j,k <4} =Q

which degenerates, under the change of variable, to the special quadric

O = V(‘]Z(yﬁezmm t))

Now, we would like to know the singularity of the special surface

XO - (Im(p‘_%](yg|)0 N QO =V (QZ(yelezmmO)yl( - ) = V(C]27IB)

Im ¢|L71,2|)0

from the degeneration

X[:(Im(p_é](yg)ZQQZZV(q2(yelezmn,t),I( —— )

Im (P‘Lfl,Z | )f
of X = X274 .

Using Macaulay?2 codes below, we deduce the following.

R=QQ[z1011,2z0111,21012,20112,21013,20113,21014,20114 ,
21022 ,20122,21023,20123,21024 ,20124,21033,20133,21034,
20134 ,21044 ,20144]
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T=0Q[y0012 ,y0013 ,y1014 ,y0114 ,y1022 ,y0122 ,y1023 ,y0123 ,
y1033,y0133 ,y2024 ,y1124 ,y0224 ,y2034 ,y1134 ,y0234 ,y3044 ,
y2144 ,y1244 ,y0344 ,t]

M=matrix {{2z1011,21012,21013 ,2z1014,20111,20112,20113,
z0114},{21012,21022,21023 ,21024,20112,20122,20123,20124},
{21013 ,21023,21033,21034,20113,20123,20133,20134},

{21014 ,21024 ,21034,21044,20114,20124 ,20134,20144 }}

N=matrix {{y0012, y1022,y1023,y2024 ,y1124+t+y0012,y0122,
y0123 ,y1124—t=y0012 ,y0224},{y0013, y1023,y1033,y2034,
y1134+t+y0013 ,y0123 ,y0133 ,y1134—t+y0013,y0234},{y1014 ,

y2024 ,y2034 ,y3044 ,y2144+t+y1014 ,y1124—t=y0012 ,y1134—t«y0013,
y2144—t+y1014 ,y1244—t+y0114} ,{y0114, y1124+t+y0012,
y1134+t+y0013 ,y2144+t+y1014 ,y1244+t«y0114,y0224 ,y0234 ,
y1244—t+y0114 ,y0344}}

K=minors (2 ,M)

NO=sub (N,{t==>0})

I0=ideal (minors(2,N0),t)
Ni=sub (N,{t=>1})

I1=ideal (minors(2,N1),t—1)

g=map(T,R, matrix {{y1022,y0122,y1023 ,y0123,y2024,
—t+y0012+y1124 ,t+y0012+y1124 ,y0224 ,y1033 ,y0133,y2034,
—t+y0013+y1134 ,t+«y0013+y1134 ,y0234 ,y3044,—t+~y1014+y2144,
txy1014+y2144,—t+y0114+y1244 ,t+y0114+y1244 ,y0344}})
Here, K is affine dimension 5, degree 32 prime ideal of R; the image of 7, = P! xP3 C
IP}? Ak Whereas 10 and I1 are the ideals of (closures of) images under P ik, | of F#y =
2%
F(0,1,1,2) and, respectively, its deformation to t = 1; both of degree 32 and affine dimen-

sion 5 prime ideals of the ring 7.

Since, from Macaulay2, it is the case that
i: ideal(g(K),t—1)==1I1

o: ftrue

the ring map g : R — T is an isomorphism.

With %, =1TF(0,1,1,2), the map P ik, ‘ is not defined on the curve C = V(x,x3,x4) = P!,
70
What happens is that there is a flip of the curve C, so that we have a different birational

model
ﬁojL := flopc(Fo)
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of .%(. The corresponding map is well defined everywhere; in fact

gt _ — 19
JO _Im(p|—%](3¢‘0| - P@]ézm}’l'

The birational map
ﬁo - yo_'—
is a morphism

Fo\C— FJ\S (5.11)

for some locus § C ﬁ&' . The locus S is a surface in P'° with the following interesting

identity in V (10) = .#;" : From Macaulay2, start with the following Macaulay2 codes.

L=ideal (I0,y0012,y0013)
A=minimalPrimes L
S=A#1

dim S

degree S

With a change of variables from

5
P[y1014,y01 14,y3044 y2144y1244,y0344]

(where the 6 variables are those remaining in A#l) to

P=P

T XX o X 150 15 x0]

we identify the degree 4 surface S =F(1,3) = F(0,2) = F, by the 6 quadrics defining the
image of the embedding
Oy, - F(1,3) — P.

It is worth noting that the 3 quadrics in A#l are reducible with {x4 = 0} component;
indeed, it was logical to set xjx, = x1x3 = 0 in L because in doing so we get the base locus

C = {x; = x3 = x4 = 0} away from which we have the isomorphism (5.11) .

The (degenerate variety) special surface Xy at # = 0 is defined by the following Macaulay?2
codes.

J=g(random (2 ,R))+10+S

B=minimalPrimes ]

V=ideal (I0, g(random(2,R)))

C=minimalPrimes V

Here, V is degree 64 affine dimension 4 ideal of the degeneration X; of a generic three-
fold X C #y=F(0,1,1,2). At this level of threefolds, we have two components, one a
V(C#0) = IP? of degree 1, doubled; and a residual irreducible threefold V(C#1) of degree
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62 in P20

ejepmn,t*

The threefold X; is therefore more degenerate at t = 0.

At the level of surfaces, we note that V(B#0) is a rational curve; a section of S = F>.
Also the degree 6 curve V(B#1) meets V(B#0) in six points. We then conclude that the
degenerations X; always intersect with the fixed surface on a fixed curve; a very special

property. In contrast, for example, you get a generic, irreducible, degree 8 =4 x 2 curve if

you intersect X; with a generic quadric in Pg?ezmn,t.

Instead of finding and resolving Sing(Xop), we replace the family .# — Aé by a new

5-dimensional family .+ — A}; whose fibres are .# C+ = F¢ and Fo = flop-(Fo) as

constructed above.

Alternatively, from the toric construction of scrolls in Subsection (3.3), we have that
F(0,1,1,2) =Xy x

with one-dimensional cones 01,07, p1,02,03,04 €EL(1) CEC Ng = R* corresponding to
Weil divisors D, = V(t;),Dp; = V(x;) with relations

01 =—0+p2+p3+2psand py = —p2— P3 — Pa.
We fix
N =<uy = (1,0,0,0),v, = (0,1,0,0),v3 = (0,0,1,0),v4 = (0,0,0,1) >= Z*
with one dimensional cones
O =<uy=—-up+vy+vi+2vy>=<(-1,1,1,2) >;

o =<up >=<(1,0,0,0) >;

P2 =<vy >=<(0,1,0,0) >;

(
(
P1 =<V =-—Vv2—V3—Vv4 > =< (O,—l,—l,—l) >,
(
p3 =<v3>=<(0,0,1,0) >;
(

ps=<v4>=<(0,0,0,1)>.
The 8 maximal cones £(4) of its normal fan ¥ are
Tij =L <UisV1yeooyVjseoo, V4>
The class group and the Z?-graded Cox ring of Xy x are, respectively,

Cl(Xz) = ZIL,M] := Z([V(t1)], [V(x1)])
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and
S=Clti,xj] = @ Clei,xj)(4.0)
(dy.dr)eZ?

with Weight Wt(tl,t2,X1,X2,X2,X4) = (1) (1) (1) _11 _11 _12
We have that

D — _DO'1 +2Dp1,
a T-Weil divisor in the class [D] = —JKy,. The polytope Pp C ngk of sections of [D] is
bounded by

—Xx1+x24+x3+2x4—12>0,
x1 >0,
—xp —x3—x4+22>0,
x2 >0,
x3 >0 and

xq4 > 0.

Using polymake with the commands

$P=new Polytope (INEQUALITIES=>[[—-1,—-1,1,1,2],[0,1,0,0,0],
[2,0,—-1,—-1,—1],[0,0,1,0,0],[0,0,0,1,0],[0,0,0,0,1]]);
$P—>properties ();

we get the required Polytope with 20 = dim H® (F,—%KF) lattice points, 6 facets and 9

vertices wy = wi(u;,v;).

It is important to note that the above polytope P = Pp is not an integral polytope; wg = %V4.

Now, since the section (bi-graded) algebra
xb S C[HO(F(Oﬂ 17 1?2)7 [D])] = C[t17t27x17x27x37x4]—1,2

of [D] = — 1Ky, only sees the (integral) lattice points b € Pp, we want to focus on the

properties of the convex hull Q of the lattice points in Pp and the corresponding normal

fan FQ defined by

$Q=new Polytope (POINTS=>$P—>LATTICE POINTS);
print $Q—>VERTICES;

print $Q—>N_FACETS;

print $Q—>N_LATTICE_POINTS;

application "fan";

FQ = normal_fan($Q);

print primitive ($FQ—>RAYS);

print $FQ—>MAXIMAL_CONES;
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This lattice polytope Q has the same 20 lattice points (as those of P = Pp ), 10 vertices and

7 facets. We then have that FQ is the normal fan of the 4-dimensional projective variety
19

Ime_1g, P

ejeomn*

For purposes of comparison with the above computation, we consider the polytope R = Pp
where [D] = —Kp the anticanonical divisor class of the scroll %y = F(0,1,1,2). The
polytope R has a much larger number ( 106 = dim H°(.%,, —K 7,) ) of lattice points than
the 20 = dim H° (L%), —%K yo) lattice points of P.

$R=new Polytope (INEQUALITIES=>[[-2,—-1,1,1,2],[0,1,0,0,0],
[4,0,—-1,—1,—1],[0,0,1,0,0],[0,0,0,1,0],[0,0,0,0,1]]);
$S=new Polytope (POINTS=>$R—>LATTICE_POINTS);

print $S—>VERTICES;

print $S—>N_FACETS;

print $S—N_LATTICE_POINTS;

application "fan";

$FS = normal_fan ($S);

print primitive ($FS—>RAYS);

print $FS—>MAXIMAL CONES;

The normal fans FQ and F'S of the respective convex hulls Q of the polytope P and convex
hull S of the polytope R compare as in the Table :

Name | Rays of FS 9 Cones of FS
0 —-1,1,1,2 {0,2,3,4},{0,2.4,5}, ,{1,2,3,5},
1 1,0,0,0 {0,1,3,4},{1,2,3,4},{0,1,4,5},{1,2,4,5}
2 0,—1,—-1,—1
3 0,1,0,0
4 0,0,1,0
5 0,0,0,1
Name | Rays of FQ 10 Cones of FQ
0 -1,1,1,2 {0,2,3,4},{0,2,4,5}, ,{1,2,3,5}, ,6},
1 1,0,0,0 {0,1,3,4,6},{0,1,3,4,6},{1,2,3,4},{0,1,4,5,6},{1,2,4,5}
2 0,—1,—-1,—1
3 0,1,0,0
4 0,0,1,0
5 0,0,0,1
6 0,1,1,1

Figure 5.4: Comparison between normal fan FS of Im¢|_ Kz, and normal fan FQ of
Im ?

1

Up to permutation of the rays, the normal fan FS of Im¢,_ Kz, is the fan studied in
[Ruan9é] .
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Related to the deformation demonstrated above, consider the family
P(&® ﬁA‘CxP‘ (-De ﬁA'CXIP" (1)) =F = A
whose fibres 7, = P(&'|¢) are

Fo =P (Op1 (—1)P2 @ Op1 (1)P2) =F(—1,—-1,1,1) = F(0,0,2,2) and
ﬁg;éo%P(ﬁw(—l)@ﬁgﬁz@ﬁpl(l)):F(—1,0,0,1)21F(0,1,1,2).

We also have that .%, = [F(0,0,2,2) is mapped to P!° by sections of | — %K%

image given in the Proposition below.

Proposition 5.1.6. The map

. 19
¢|7%Ky0| = (P|L71’2| : F(0,0,Z,Z) ->P

[We e mn]
1€2

lt::x;] — [Sym' (t;) ® Sym' (x1,x,) @ Sym' (x3,x4) : Sym® (1;) ® Sym?(x3, x4)]
is an isomorphism away from the surface X34 = P! x P'. The closure of its image is
Im(¢y_,) = V(rank|C| < 1,rank|C’| < 1)

where

w1013 W1023 W3033 W2133 Wi233 W3034 W2134 Wi234

C— | Wol3 Woi2z W2133 Wi233 W0333 W2134 Wi234 W0334 = [coct .- 7]
w1014 W1024 W3034 W2134 WI1234 W3044 W2144 W1244
wWol14 W0124 W2134 Wi1234 W0334 W2l44 W1244 W0344
and
C = w1013 W1023 W1014 W1024 W3033 W2133 WI1233 W3034 W2134 Wi1234 W3044 W2144 W1244

w0113 W0123 Wo0114 W0124 W2133  Wi1233 W0333 W2134 Wi1234 W0334 W2144 Wi1244 W0344
Proof. From the weight matrix
Wt (ty,t2,X1,X2,X3,X4) = 100 =2 _2,
0011 1 1
we have that
S_272 = <x1x3,xQX3,x1x4,x2x4,tlzx%,tltzxg,t%xg,t12x3X4,t1t2x3x4,I%X3x4,t%xi,t1t2xi,t%xi> ,
S_171 :<t1X3,t2X3,t1X4,1‘2x4> and

2 2.2 2
So,1 :<X1,XZ,f1x37t1tZX3,f2x3,f1X4f1t2X4,fzx4>.
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The line bundle L_; > is obtained from these bases in two ways by forming the matrices

C - 1S_2>
S 27

_| Wio13 w1023 Wio14 Wi024 W3033 W2133 WI233 W3034 W2134 Wi234
Wo113  Wo0123 WOl14 WO0124 W2133 W1233 W0333 W2134 Wi234 W0334

W2l44 Wi244 W0344
C= [5_171 ®S071}

w1013 W1023 W3033 W2133 Wi1233 W3034 W2134 Wi234
w0113 Wo0123  W2133 Wi233 W0333 W2134 Wi234 W0334
w1014 Wi1024 W3034 W2134 Wi1234 W3044 W2144 Wi244
Woi114 Wo124 W2134 Wi1234 W0334 W2144 W1244 W0344

w3044 W2144 W1244}

whose ranks are both 1 on the image. Therefore, all the relations within and between
blocks Sym ™ 2437244 (1) x11 x2x%xJ* for every (g;) I 2 for which —1+2g3 +2g4 > 0 are

Ic = {rank|C| < 1} and I» = {rank|C'| < 1}.
Since I ¢ I, we have that
Im((p\L_l,z\) - V(IC +IC’) =Y.

Using Macaulay2 computer algebra, we find that Y is a 4-dimensional irreducible projective

variety of degree 28 so that

Im((P|L_1,2|) = VUC +IC’)'
O

Since a flat family preserves degree, we know that ¥” is not a deformation of ¢|_; 5 (IF(0,1,1,2))

over A,l. However, using Macaulay2, we can check that
V(i) =Y'Ugio,, 0, (P' xPY) (5.12)

is reducible of dimension 4 and degree 32. We can therefore conclude that

®_1/(F(0,1,1,2)) deforms into a reducible projective variety V(Ic).

To understand this deformation, we note from Proposition (5.1.6) that, from C = [cpc; ... ¢7],
the matrices [cyc3cscg) and [c3cqc6c7] are symmetric and overlap on the column ¢3 and

c¢. We define the columns

p2(t) = c3+tco, ps(t) =ce —tc
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and
pa(t) =c3+tcy, pr(t) =ce—tcy

for t € C so that

Pi(t) = [p1p2(t) p3pa(t)] =

w3033 w2133 +1w1013 w3034 w2134 —IW1023
w2133 +IW1013 w1233 +1IWo113 W2134 +1W1014 W1234 —IW0123 +1Wo124

w3034 w2134 +1W1014 W3044 W2144 — IW1024
W2134 —IW1023 W1234 —IW0123 T IW0124 W2144 —IW1024 W1244 — IW0124

and

Py(t) = [ps(t)pep7(t)ps] =

w2133 +IW1013 W1233 +IWo113 W2134 HIW1014 —IW1023  W1234 +1IW0124

w1233 +1Wo113 w0333 w1234 —IW0123 w0334
W2134 +1W1014 —IW1023 W1234 —IW0123 W2144 — IW1024 W1244 —IW0114

W1234 +1Wo124 W0334 W1244 — IW0124 W0344

are both symmetric.

We then define the deformation of Im Gt Ks0022) 25
2 U2,

(Im(p|L_l’2|), = {([weleZmn],t) :rank|co ¢; Pi(t) P(t)] < 1} C Atl x P1.
Using Macaulay2 once again, we find that

—~—

(Im(p|L_172|), = Y/U(p\ﬁP1XP3(l,l)\(Pl X P3) UAII x PL (5.13)

[w0333:W3044]
is reducible of dimension 4 and of degree 32 hence, it is a sensible deformation of Im ¢, |

For t # 0, making a change of variables with coordiante entries of [P(t) P»(t)] mapped
to coordnate entries of [Ny (f) N(t)] yields

e~

(Imey_,,) = {([Dereymnl;t) - rank|N1 (1) Na(r)] < 1}

1
=@, (F(0,1,1,2)) P =P (HO (—51{%» .

b}t’] e2mn

Further, for t = 0, we get

—_—

(Im(P|L_172|)O - {([Welezmn],()) . rank|C| S 1}

1
=@ ,,/(F(0,0,2,2)) C P P (HO (—EK%)) .

[We e mn] -
1€2
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It is worth noting that the family number 3, thatis X C (0,0, 1, 1), in Table also maps
to P! by sections of its half anticanonical divisor class |Lg|. Just like families numbers

1,6 and 8 discussed above; the family number 3 is also such that dim(.#Z_k; ) = 86.
P(E® Opyp (1)@ Oprom) = F = A
with fibres

Fo 2 P(Op1 (—1)P2 @ Op1 & Opi (1)) =F(—1,—1,0,1) 2 F(0,0,1,2) and
Fes0=P(Op (-1)® O57) =F(—1,0,0,0) = F(0,1,1,1).

An attempt at considering an "almost-half" anticanonical divisor class using sections of

|Lo 2| or |L_; 2| did not embed the fibres into projective spaces of same dimension.
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5.2 Calabi-Yau threefolds with Quintic fibres

Consider the 4-fold weighted scroll

_ 1 1 —a —ap —az —ay
FA_F(O o 1 1 1 2)

or use the shorthand F4 = F(ay,az,a3,a4|1%,2). By the standard isomorphism
F(al,az,a3,a4\l3,2) = IF(a1 +k,ay +k,a3 +k,a4—|—2k]13,2) fork € Z,

we can set a; = 0 so that Fy = F(0,as,a3,a4|1°,2) with az > ay > a; = 0 with a general
as = a.

The anticanonical divisor of [F4 is given by

_KFA - ( Zal> L+ (Zb )M L2 (ar+az+ayg),5 :Ld,5'

The sections of L, 5 are
x(flenxfl]%ym Symd+azqz+a3CI3+a4Q4 (t;) C HO(FA,Ld,S)a q1+q>+q3+2q4=5.
We therefore have that the general 3-fold section X € |L,_ (4, +ay+4,),5/ is defined by a sum

X = V(f(li,xj,y)) =V Z xtlllxq2x613yq4symd+a2@+a3613+a4¢]4 (tl , lz)
(6].]’)(13’2)F5
of monomials x7'x3?x%y44 f(g;)(t:). The degree 5 monomials x(flxqzx? y% are displayed in

the (1,1,1,2) weighted Newton tetrahedron in Figure . The degree of coefficients
f(qj)(ti) is given by

deg fi4)(ti) =2+ax(q2— 1) +a3(qz — 1) + as(qs — 1).

Theorem 5.2.1. Let F = F(ay,ay,a3,a4|1,1,1,2) be a P[13,2] bundle over P! with quintic
fibres. There are2 quintic fibred Calabi—Yau 3-fold families with at worst orbifold singularities

and finite number of isolated singular points along Bs(| — Ky |) embedded in scrolls as listed
in Table (5.2).

Proof . We first note that
Bs(Opsp3(5)) ={p=1[0:0:0:1]}
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Figure 5.5: The 34 monomial generators of C[Piﬁy[ﬁ, 2]]s.

No. | F=F(a;|13,2) General X € | — K|
1 | F(0,0,1,2|13,2) X has 4 ODP singularities along V(x3,y)

X is quasismooth along Sing(F) = V(x1,x2,x3)
with Bs(| — Kp|) = V(x1,x2,x3) UV (x3,y)

2 | F(0,1,2,0]1°,2) | X has 2 ODP singularities along Bs(| — Kr|) = V(x2,x3)

X is quasismooth along Sing(F) = V(x;,x2,x3)

3 | F(0,0,2,1|1°,2) X has 3 ODP singularities along V(x3,y)

X is quasismooth along Sing(F) = V(x;,x2,x3)
with Bs(| — Kr|) = V(x1,x2,x3) UV (x3,y)

Table 5.2: F = F(a;|13,2) for which a general X € | — K| has at worst orbifold singularities
and finite number of isolated singular points along Bs(| — Kr|)

and that some points of
Sing(F(0,az,a3,a4|1%,2)) = Py X Bs(Opay3 5))(5)

will be in the one dimensional base loci of |Ly_4,—4;5—q,5|- These are %(1, 1,1,0) quotient
singularities along IP’[II'] x {p}. Existence of the one-dimensional base locus P! x {p} on

every general quintic fibred Calabi-Yau threefold X means that Bs(|Ly—4,—4;—a,,5]) # 0.
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) # 3. This is

guaranteed if a general section f(#;,x;,y) of |Ly_y4, 45—, 5 is not a multiple of x; and y.

We must also have an irreducible threefold X so that dim(Bs(|Ly—4,—a3—a,.5

That is, the largest corresponding degree of coeflicients of the monomials on each face of
Newton tetrahedron (5.5) is nonnegative. The "fourth vertex" is represented by the smallest

integral face on which (degrees of coefficients of monomials satisfy) conventionally
2 2 2
X1y~ Sxy” <x3y
since a3 > a; > 0 and a4 € Z. Further, since x? < xg < xg, we have that
5 2 5 2 5 2
Max{x7,x1y"} < Max{x3,x2y"} < Max{x3,x3y"}.

Now, depending on the directions of arrows of magnitude of degree of coefficients within

the three edges, ireducibility of X is then implied, respectively, by the Inequalities

(2+4a2—a3 —ay > 0,a4 > 0,—ar+aq4 > 0,—az+aq4 >0 Whenx? §x1y2 §x§
2—ay+4az—as>0,as > 0,—ar+as > 0,—az+as <0 whenx;y* <xpy* <13
2—a3+a4>0,a4>0,—ar+a4 <0,—az+a4 <0 whenx? §x1y2 < xpy
244ary—a3—as4 > 0,a4 >0, —ar+a4 <0,—az+a4 <0 Whenxly2 §x2y2 ng

2 N

\S)

2—ar+a4>0,a4 <0,—ar+a4 >0,—az+a4 >0 whenxS §x2y2 §x3y2
2—ar+4a3—as > 0,a4 <0,—ar+a4 <0,—az+a4 <0 Whenxly2 ng §x3y2
2—ar+ag >0,a4<0,—ar+aq4 <0,—az+a4 <0 Whenxly2 §x§ §x3y2
(2+4ar—a3+as>0,a4 <0,—ay+a4 <0,—a3+as <0 when x1y? <xy? < x3.
(5.14)

This would mean that the one-dimensional base locus is
5 V(x2,x3,y)  for (.14)(1)-G.14)(4)
V(x1,x2,x3)  for (5.14)(5)-(.14)(8).

Along this curve B = P! we get that

B V(955 xxy)  for GIDO)-EID()
Sing(X)NB = oo,
V(4555 ) for EIDE)-EIDE)
B {V(a(moo) (i), 010 (t:), z001) (1)) for (5.14)(1)-(5.14)(4)
V(e1002) (1), %0102) (1), %0012) (1)) for (5.14)(5)-(5.14)(8).

We want isolated singularities along the base locus so we require, for a general choice of
the polynomial, the coefficints @y, (#;) of maximum degree in the equation of Sing (X)NB

to be nonnegative; in particular

{2 —ay—az >0 for (5.14)(1)-(5.14)(4)

(5.15)
2—ay+aq >0 for (5.14)(5)-(5.14)(8).
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This results in families of Calabi-Yau threefolds embedded in fourfold scrolls
F(ay,az,a3,a4|13,2)

(F(0,0,0,0[13,2), F(0,0,0,1]13,2), F(0,0,0,2[13,2), F(0,0,1,1[1%,2),
F(0,1,1,1]1%,2), F(0,1,1,2]1°,2), F(0,1,1,3|13,2), F(0,1,1,4[13,2),
F(0,1,1,5|1%,2), F(0,0,1,0]1%,2), F(0,0,2,0|1,2), and F(0,1,1,0[13,2)
for (5.14)(1) + (G.15)(1),...,(5.14)(4) + (.15)(1);

F(0,0,0,—2|13,2), F(0,0,0,—1|13,2), F(0,0,1,—1[13,2),
F(0,1,1,—1[1°,2), F(0,1,2,—1[13,2), F(0,1,3,—1|13,2),
F(0,1,4,—1[1°,2) and F(0,1,5,—1|1%,2)

 for (5.14)(4) + (.15)(2),. .., G149 (8) + (5.15)(2)

with either 3(1,1,0) curve singularities along Bs(| — Kg|) = V(x2,x3,y) or

1
(2—ax+as) x 5(1,1,1)

quotient singularities along Bs(| — Kr|) = V(x1,x2,x3). The new singular families are
colour coded blue whereas the rest of the families are quasismooth and already classified
in [Mul06].

If dim(Bs(|L2—4,—a3—ay,5])) = 2 then the following Inequalities follow line-by-line from
Inequalities

2—ar—a3+as >0,2—ar—az3—ag <0,a4 > 0,—ar+ay4 > 0,

—a3+ag > 0; N <xy? <
2—ay—aztas<0,2—a3+as >0,a4 > 0,—ar +as > 0; x1y? <xy? <o)
2—ay—az+as>0,2—a;—az3—as <0,a4 >0,—az+a4s >0,

—a3+ay <0; x) <x1y? <xoy?
2—ar)—az+as <0,2—az3+aq >0,a4 >0,—ar+ayq <0; xly2 §x2y2 ng
2—a3+ag4 >0,2+4ay —az—aq <0,a4 <0,—ar+aq >0,

—a3+ay>0; 5 <xy* <y
2—a3+as>0,2—ay—az+as <0,a4 <0,—ap+ayg <0,

—a3+ay < 0; x1y? <03 < xzy?
24+4ar —az—as > 0,2—ar) —az+aqg <0,a4 <0,—ay+aq <0,

—az+ay <0, x1y? <0 < x3)?
2—a3+a4>20,2—ay—az+ag <0,a4 <0,—ar+aq <0,
| —a3+a4 <0; x1y? <xy? <5,

(5.16)
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We then have that the base locus is

)_ V(x3,y)%15‘(0,a2|1,1) for(l)_(4)7
V(xz,x3) = F(0,a4/1,2)  for (5.16)(5) — (G-16)(8).

Further consider a general section f of |Ly_4,—4;—q, 5| as an affine equation of the cone

B= BS( ’LZ—az—a3—a4,5

X=q"'(X) C A}, \Z % F(0,az,a3,a41%,2)

over X withZ = {t; =, =0} UB.

Along the base locus we have that

_ |V g)ﬁ;,g]yc x3,y) for (5.16)(1) — (5.16)(4),

Sing(X)NB =
A\ 59,?;, gxfs xz,x3> for (5.16 -(5) (5.16)(8)
where
af
x3=y=0
0
3_;; =0t4010(11, tz)x‘lL + oz110(11 ,tz)x?xz + apo10(t, tz)x%x% + a310(t ,tz)xlx%_F
x3=y=0
0a10(t1,12)X3;
d
X2 xp=x3=0
d
X3 xp=x3=0

Therefore for X to have isolated singularities we must have that 5 af and §—§ ( or that and T )

are not identically zero on B and have no common factor. Equlvalently,
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(2 —ay—ay > 0,24 2ar — a3 > 0;
ag—a3>0,2—ay—a4 >0,24+2a, —az >0,
{a4—a3 <0,2—ay—a3z>0,243a, —aq > 0;
2—ay—a4 > 0,24+2ay—az >0,
ag—a3>0,2—ay—a4 >0,24+2a, —az >0,
\{a4—a3 <0,2—a—a3>0,2+3a, —ay > 0;
(2—a3—a420,2—a2+a420;
2—a3—a4 >0,2—ay+ay >0;
2—a3—aq4 >0,2—ay+ayq > 0; for (5.16)(5) — (5.16)(8).
2—a3—a4 >0,2—ay+ay >0,
2—a3—a4>0,2—ay+as >0

for (5.16)(1) — (5.16)(4)

\ \

(5.17)
Therefore, together with the condition that a3 > a, > 0, Inequalities and result
in the following families of Calabi-Yau threefolds embedded in fourfold scrolls F(a;| 13,2)

(F(0,0,1,2|1%,2), F(0,0,2,2|1%,2), F(0,1,3,1]13,2), F(0,1,2,1[13,2),
F(0,1,2,0]1%,2) and F(0,2,2,0|13,2) for (5.16)(1) + G17)(1),...,(16)(4)+
(.17)(4a,4b);

F(0,0,2,1]1°,2), F(0,0,1,—2[13,2), F(0,0,2,—2[1%,2), F(0,0,3,-2|1%,2),

F(0,0,3,—1[1%,2) and F(0,0,4, —2|13,2) for (5.16)(5) + G-17)(5), ..., (5.16)(8) +
5.17)(8).

(

having either P! and or a curve of %(1, 1,0) singularities along the base locus as the
respective base locus. The new singular families are colour coded blue whereas the rest of

the families are quasismooth and already classified in [Mul06]].

We now analyze the singularities in the new families. We are only interested in the families

with at worst isolated singularities along the base locus.
1. For F =F(0,0,1,2[13,2) we have that X € | — Kp| = | — L+ 5M]|. Also
Sing(F) = {x; =x, =x3 =0} = F(2) = P!,
A general section f(t1,t2,x1,X2,x3,y) of | — L+ 5M| has coefficients
deg(ay;(ti)) = —1+q3+2q4
as listed in Figure (5.6). There is no pure y-term so we always have that f(1,1,;0,0,0,y) =
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0 hence

Figure 5.6: Degrees of coefficients of a section of | — KIF(0707172|13,2)|

Sing(F) = {x; =x2 = x3 =0} C Bs(| — Kr|).

Further, since there is no term involving x? and xg we have a reducible two dimen-

sional base locus

B = Bs(| — Kp|) =Sing(F) U{x; =y =0}
:{x] =Xy =X3= O}UF(0,0)

with disjoint components.

Consider the equations

9f
dy

of

dx3

x3=y=0

x3=y=0

— 03001 (11,12)3 + 00101 (t1,12)X3 X2 + Q201 (11, 12) X105 + Qo301 (11,12) %3 €

L1 3]w(0,0) |3
u 4—k
=Y oot 12)x1 " € [Loalr(o)l-
k=0

Therefore, along {x3 =y = 0} we have 4 isolated singularities

s o uf9f 9f
Sll’lg(X)m{X3 _y_O} _V<ax37 3y’x3’y)
BN |Lo74|3| C ]Pﬂti] x P!

[xl :xz] :

=|Li3
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Along the curve Sing(IF) = {x; = x; = x3 = 0} the singularity of X is defined by

general, nonzero forms in C[t}, 5] of different degrees 3,3,4

9x1 dxy’ dx3

=V(ai002(ti), 0to102(ti), 0oo12(2:)) = 0.

Sing()?) NV(xy,x2,x3) =V ( of 9f 9f ,X1 ,xz,x3>

The threefold X is therefore quasismooth along Sing(F) of %(1, 1,1,0) curve singu-
larity on F. This family makes it to the list.

2. For F = F(0,1,2,0/13,2) we have X € | — K| = | — L+ 5M|. A general section
f(t1,02,x1,x2,y1,y2) of | — L+ 5M]| has coefficients

deg(oy; (1)) = —1+q2+2q3

as listed in Figure (5.7). A general section of | — KF(07]7270“3’2)| is therefore divisible

Figure 5.7: Degrees of coefficients of a section of | — KF(O’1727O|1372)\

by either x, and x3. Consequently, along the base locus

B=Bs(|~L+5M|) = {xs =x3 = 0} =P}, x Pl

we have that

d

a—f = 04100(11,22)xT + 0101 (11, 82) X7y + G102 (11, 22)Y* € |Lo2|5],
X2 xp=x3=0

d

8—f = auo10(t1,12)x] + 0011 (f1,12)x7y + co012(11,12)y* € |L1.2|3].
X3 xp=x3=0
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B|. The family X is qua-

Along B, we have 2 isolated singularities |Ly2|g| N |L1 2
sismooth along Sing(F) = {x; = x, = x3 = 0} C B. This family makes it to the

list.

The Table (5.2) has two new singular families with with at most isolated singularities along
the respective base locus. The new singular families with worse than isolated singularities

as well as the quasismooth families classified in [Mul06] are not included in the list. [
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5.3 Calabi-Yau threefolds with Sextic fibres

5.3.1 Fibres: Xs C P?[1,1,1,3]

In this section, we classify sextic K3
_ m3713
Xo C Plbj] =P°[1°,3]

fibred Calabi-Yau threefolds X| — K]F(aj|13,3)| with quotient singularities and finite isolated
singular points along Bs(| — Kg(,,j13 3 )-

This is achieved by relaxing the quasismooth requirement on X C F = F(a;| 13,3) so that,
other than %(1, 1, 1) singularities on X, there are at worst isolated singularities on the base
locus Bs(| — Kr|). The classification theorem proved in this section extends the (1113) list
in the appendix A of [Mul06] by 2 new singular families in Table (5.3).

No. | F=TF(a;|13,3) General X € | — K|

11 | F(0,0,1,2|13,3) | General X € | — K| has 5 isolated ODP singularities on Bs(| — K|)

12 | F(0,0,2,1]|13,3) | General X € | — K| has 3 isolated ODP singularities on Bs(| — K|)

Table 5.3: Sextic fibred Calabi-Yau threefolds X C F = F(a;|1%,3) with at worst isolated
singularities along Bs(| — Ky|)

Lemma 5.3.1. The unique normal form of the P[1,1,1,3]-bundle over P! is the weighted
4-fold scroll
F(a,b,c,d|1,1,1,3) =2 F(0,az,a3,a4]1,1,1,3)

with integers a3 > ay > 0 and aq € 7.

Proof. Note that

o1 —dg(1) +k —dg(2) +k —dg(3) +k —d+3k
F(a17a27a37d|1713173) =F |:O 0 1 1 1 3 5 GES?)
e 1 1 0 —ay —a3 —ag
1001 1 1 3
Hence, uniquely, we have that
F(a17a27a37d‘1373> = IF(acr(l)761(7(2)7616(3)7d|1373) = F(07a27a37a4|1373)
with integers a3 > a» > 0 and a4 € Z. O
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The anticanonical divisor of F4 = F(0,a5,a3,a4|13,3) is given by

_KFA — (2—26[1) L+ <Zb}> M = L2—a2—a3—a4,6-
J J

We then have that

Sym2+a2(Q2*1)+03(Q3*1)+a4(q4*1)(tl.) Hx?f C HO(FAaLz—az—a3—a4.6)

with a general 3-fold section X € |Ly_(4,44;+ay),6| 15 given by

X=V Z Qg )(tl t2)x‘1hx32xq3y C IE‘ﬂ((),012,013,014|13,3)
(5117‘12743744)(13_3)'—6

where x7'x2*x%*y% from the Newton tetrahedron in Figure (5

The degrees of coefficients

deg oty ), 5r6ti) =2+ (92— Daz+ (g3 —1)az + (g4 — 1)as

of the monomials x?lxqzxq3 y%* increase down the x| —x, edge of the tetrahedron by a»,

increase down the x; — x3 edge of the tetrahedron by a3; increase, decrease or stay constant
down the x; —y edge by a4 € Z. They increase from edge x; — x» to edge x; —x» to edge
X1 —x3 by a» —a; and a3 — a, respectively. Increase, decrease or stay constant by a4 — a3

from x; —y edge to x| —x3 edge.

Lemma 5.3.2. On the fibres of & : F(0,az,a3,a4|1°,3) — P! we have
SingPy, ,[1°,3] = {[0:0:0: 1]}

whereas on F = F(0,a5,a3,a4|13,3) there are 1(1,1,1,0) singularities
Sing(F) = V(x1,x2,x3) = IP’[lti].

Theorem 5.3.3. Let F = F(0,a2,a3,a4|1,1,1,3) be a P[13,3] bundle over P' with sextic
fibres. There are 26 sextic K3 surface fibred Calabi—Yau 3-folds with quotient singularities
and finite isolated singularities listed in the Tables (5.4),(5.5).

Proof. A general section of —Kp = Ly_4,_4,—qa, 6 having x?,xg,xg and y? terms in
f(ti,xj,y) implies base point freeness (bpf) of —Ky which in turn implies quasismoothness

of a general X € | — Kp|. Equivalently, bpf is implied by the degrees of the coefficients
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Figure 5.8: The 39 monomial generators of C[Piﬁy[ﬁ, 3]]6-

Otg) 11 3)|—6(fi) of monomials x7'x?x$°y74 at the vertices of Newton triangle (5.8) being

non-negative.

2—ay—az+ag >0, (5.18)
2—ar)+5a3—aq >0,
2+5a; —az—as >0,

2—ay—az—aqg > 0.

The Inequality (4.7) together with Lemma (5.3.1) corresponds to a list of 10 quasismooth
Calabi-Yau three-folds X € | — Kg(0,4,45,45/1,1,1,3)| in Table (5.4) .

A weaker condition than bpf results in these further cases

1. The threefold X € | — Kp| is irreducible hence dim(Bs(| — Kr|)) # 3. Equivalently,
xj,y [f(ti,x;,y); that is, the largest corresponding degree of coefficients of the mono-
mials on each face of the Newton tetrahedron is nonnegative. The equivalent

condition is that the larger of the three corresponding degrees of coefficients of the
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No. | F=F(qj|13,3) General X € | — Kp|
F(0,0,0,—2|13,3) — K base point free, general X € | — Kp| is nonsingular
2 | F(0,0,0,—1]13,3) — K base point free, general X € | — Kp| is quasismooth
with %(1, 1,1) singularity
3 | F(0,0,0,0/1%,3) — Ky base point free, general X € | — Kp| is quasismooth
with 2 X 3 (1, 1, 1) singularities
4 | F(0,0,0,1|13,3) —KF base point free, general X € | — Kp| is quasismooth
with 3 x 3 (l, 1, 1) singularities
5 | F(0,0,0,2|1%,3) — Ky base point free, general X € | — Kp| is quasismooth
with 4 X 3 (1, 1, 1) singularities
6 | F(0,0,1,—1]1°,3) —KF base point free, general X €| — Ky| is quasismooth
with 2 x 1(1,1,1) singularities
7 | F(0,0,1,0/13,3) — Ky base point free, general X € | — Kp| is quasismooth
with %(1, 1, 1) singularity
8 | F(0,0,1,1]|13,3) — Ky base point free, general X €| — Ky| is quasismooth
with 2 x (1, 1,1) singularities
9 | F(0,0,2,0|13,3) —Kp base point free, general X € | — Ky| is nonsingular
10 | F(0,1,1,0]13,3) — K base point free, general X € | — K| is nonsingular
11 | F(0,0,1,2[1°,3) | General X € | — Kg| has 5 isolated ODP singularities on Bs(| — Kr|)
and 3 x 1(1,1,1) singularities
12 | F(0,0,2,1]1%,3) | General X € | — Ky| has 3 1s01ated ODP singularities on Bs(| — Kr|)
and %(1, 1, 1) singularity
13 | F(0,0,2,2[1%,3) General X E | — K| is quasismooth
with 2 x 1(1,1,1) singularities

Table 5.4: F =TF(q/]| 13,3) for which a general X € | — K| with at worst isolated singularities
along Bs(| — Kr|)

monomials on the x; —x3 —y face or x; — x; —x3 face is nonnegative

2—ar+5a3—aq4 > 0,a4—3a3 > 0,a4 —3a>, >0 if deg 0(0002) 18 largest
{2+5a2—a3—a4 >0,a4 —3a3 <0,a4 —3a; <0 or

ifdego is largest.
2—ay—az+as >0,a4 —3a3 <0,a4—3a2 >0 (0060) g

(5.19)

2. Suppose dim(Bs(|La—4,—a;—ay.6|)) = 2. The inequalities (5.19) imply, depending on
the value of a4 € Z, that the equation of a general section of |L;_4,—4;—q, 6| simul-

taneously has nonzero term involving the pairs {x3,y*} for (5.19)(1), {x5,x3} for

EI@) or {3y} for EI(3).

(i) From the pair {x§7y2}, we deduce that the two dimensional base locus is
Bs(|Lo—ay—ay-as.6) = V(x3,) = F(0,a2).
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No. | F=F(a;|13,3) General X € | — K|
14 | F(0,1,1,1]|13,3) General X € | — Ky| is quasismooth
with %(1, 1, 1) singularity
15 | F(0,1,1,2|13,3) General X € | — Kp| is quasismooth
with 2 x §(1,1,1) singularities
16 | F(0,1,1,3]13,3) General X € | — Ky| is quasismooth
with 3 x %(1, 1, 1) singularities
17 | F(0,1,1,4[1°,3) | —KF base point free, general X € | — Ky| is quasismooth
with 4 x %(1, 1,1) singularities
18 | F(0,1,1,5]13,3) | —Kp base point free, general X € | — K| is quasismooth
with 5 x %(1, 1, 1) singularities
19 | F(0,1,1,6|1°,3) | —KF base point free, general X € | — Kp| is quasismooth
with 6 x %(1, 1, 1) singularities
20 | F(0,1,2,1]13,3) General X € | — Ky| is nonsingular

Table 5.5: F = F(a;|13,3) for which a general X € | — K| with at worst isolated singularities
along Bs(| — Kr|)

This is equivalent to there being no terms on the x; — x;-edge of the Newton
tetrahedron (5.8) in f(t;,x;,). Equivalently, there is no x5 term in f(t;,x;,y);
That is

24+5a; —az—ay <O. (5.20)

Further, in the cone
Xv = qil(X) - (Ctzl,tz \ {(070)} X Cféj,y\{(o?()»o?o)} 1> F(07a27a37a4|1373)7

we observe that

. - T o af(tivxﬁy) af(thxjay)
Sing(X) NV (x3,y) —V( e Iy 3 X3,y

5 3
5—j j 3k
:V< Qs—j.j.1,0)(t1,12)x) ]xé, Z 3k k0,1) (71, 12)X] Xlﬁ)
j=0 k=0

=V(f1,/2) CF(0,a2)

where fi € |Ly_4,a,5| and f2 € Ly, a3 3l and V(x3,y) = ¢~ (Fyy).-

Therefore for X to have isolated singularities, we musthave |Ly_4, 4, 5| and [Ly—4, 4,3
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both non-empty and without a common component. Equivalently,

deg 0ps10)(t:) =2 +4az —as > 0, (5.21)
deg 0301) (i) =2 +2az —az > 0 and

2—ar—as >0 for (5.19)(1) or
2—ap—az>0 for (5.19)(3) '

Therefore, from Lemma (5.3.1), Inequalities (5.19)(1), (5.20) and (5.21) OR from
Lemma (5.3.1), Inequalities (5.19)(3), (5.20) and (]5.21]), we get the lattice point

(az,as,ay4) corresponding to the ambient weighted 4-fold scrolls

Max(deg o¢s5010) (i), deg 03001) (i) = {

F(0,a2,a3,a4|1%,3) =F(0,0,1,2[1%,3),F(0,0,2,1]13,3) and F(0,0,2,2|13,3);
for 3 Calabi-Yau threefold families X € | — aj|13, 3)-
For F =F(0,0,1,2|13,3), let

(i = %24l [Bui = Bai)) € Py x Py ) = Bs(| — Kl)-

That is, [B; : Boi] is one of the 5 roots of a general homogeneous quintic in
x1,% whereas [); : ;] satisfies a linear equation in #1,1, for a fixed [f1; : Bai].
Therefore, for the family X € | — Kp( ¢ 1 213 3)|; we have that

Sing(X)NF(0,0) = (Z c]x1 xz, Z o (ty,t)x kxé)

={ei=[ni:pi:Bri: Bai:0:0]:i=1,....,5=(0,5).(1,3)} C P}, xIP’[x] C
X C F(0,0,1,2[13,3).

Locally on the chart A7 a change of coordinates

1,X1,X3,Y?

/ /
th=t+Y2, x1 =x;+ P

results in

5 3
XNAL 4y =V <x3 Y i+ B +y Y () + i) au(t + v2) HOT)
=0 k=0

V(caxixs +y(8x] + 83t5x3)+ HOT), let ()2 := x|y, (£5)? := thxsy
V(xixs+ ()24 (&)*+ HOT), let T :=y' +it) .Y :=y — it}
(%)
(q

V(xjx3+YT+ H.OT)
\%

»(T,x},x3,Y)+ HOT) cA‘(‘Tx wr) CF(0,0,1,2]1%,3),
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(iii)

where g» = xx3+ YT is a full rank quadratic expression. Therefore, the Calabi-
Yau threefold X has 5 isolated threefold Ordinary Double Point (ODP) singular-
ities {e;}.

A similar analysis shows that the Calabi-Yau threefold X € | — Kr(0,02,113, 3)\
has 3 = (1,5).(0,3) isolated threefold ODP singularities { f; }.

For the threefold X C F(0,0,2,2|13,3), there are no isolated singularities along
the base locus ]P’[1 i X IP’[I o’ hence a quasismooth CY3-fold family.

From the second pair {xz,x3} we deduce that the two dimensional base locus
is

Bs(|L2—a2—a3—a4,6|) - V(xz,)Q) = F(O,a4| L, 3)
Equivalently there is no term on the x; — y-edge of the Newton tetrahedron
in f(t;,x;,y). Equivalently,

Max(2 —ap —az —a4,2 —ap —az +ay) <O0.

That is to say

2—ay—a3—a4 <0,3a3 >3a, >0>a4 or
(5.22)

2—ap—az+ag <0,3a3 >3ay > a4 >0

We then have, along F(0,a4|1,3), that

s —— o [ 9f(tix;y) If(ti,x),y)
Szng(X)ﬂ]F‘(O,a4\1,3)—V( T

=V <0‘(5100) (ti)x? + 0‘(2101)96%% %(5010) (ti)x? + 0201 1)x%)’)
=V(g1,82) CF(0,a4/1,3)

where g1 € [Ly_4;—a, 5| and g2 € [Lo— 4,4, 5|-

We observe that x|g1, g2 hence SingX is reducible and contains the compo-
nent V(x;) = F(0,as — az,a4 — 3ay|1,1,3) along the base locus Bs(—Ky) =
[F(0,a4|1,3). Therefore in this case, there are no new examples under the as-
sumption of the classification problem; at most isolated singularities on X along
Bs(| = Kp(q;13,3)1)-

Let f = f(t;,x},y) be a section of | — (aj|13,3) | = |L2—a,—a3—ay.6] and suppose
that dim(Bs(|Ly—4y,—a3—ays6|)) = 1. We elther have that

X% ¢ fandx5,x8,y* e f
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or
y2 ¢ fandx?,xg,xg ef.
Equivalently
2—a—a3 >0 or
2+5ar)—az3—ay4 <0,2—ar)—az+aq > 0and
2— ajy —day 2 0
2—ary—az3+a4 <0,2—ay—az—ag >0
The one-dimensional base locus is therefore

V(x2,x3,y) = F(a;) = F(0) = P!

X:V Y] :B Lia27a37a47 -
(f(t1%j29)) = Bs(|Lz sl {wxl,xz,m%wus»

Along F(0) and on the chart Uy = {t; =x; = 1} = A} we have that

12,X2,X3,y
. ot — af(tirxjvy) af(thxjay) 8f(ti,)€j,y)
Sing(X)NIF(0) —V( on T om Iy ,X2,X3,Y

= V(0ys100) (t2), %s010) (12), Az001) (12)) € C7 ,, \ {(0,0)} x Cf v 1{(0,0,0,0)}.

Along F(ay|3) and on the chart Uy = {fj =y = 1} = A} we have that

12,X1,X2,X3
. > T . af(tiaxjay) af(tiaxﬁy) af(ti,Xj,y)
Sing(X) NF(ay4|3) —V( T T R ,X1,X2,X3

—wc@itz\{mm}xc »\{(0,0,0,0)}.

Hence, Lemma (5.3.1) and Inequalities (2iii) result in 7 families of quasismooth
Calabi-Yau threefolds embedded in fourfold scrolls
IE‘(07a27a37a4—|137 ) F(Oalvz 1|13 ) (071>171|13 )7]F(0715172|13a3)
F(0,1,1,3|1%,3),F(0,1,1,4/1°,3), F(0,1,1,5]13,3)
and F(0,1,1,6[13,3).
Note that the isolated singularities of the respective Calabi-Yau threefolds

families X € \ Kp(a13 3) | do not meet the respective one dimensional base

locus Bs(| — Kr(a;13 3) |) hence are either quasismooth or nonsingular.

From all cases above, y*> € f(t;,x /,¥), the isolated singularities of the Calabi-Yau
threefold
X = V(f(tiuxj7y)) - F(07a2>a3>a4|1373)

are therefore

X NSing(F(0,az,a3,a4]1,1,1,3)) = V(0ygonz)(12)) x {[0:0:0: 1]} =
{Pe=[Bix: Bu;0:0:0:1]: 1 <k < degopop) } C Sing X.
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So, near py, we have that

4
(tl X1,X2 7x3)

XN {y=t=1} =V(f(t1,x;) = {o0002) (1) + Other Terms =0} C C

from which we deduce that there are (2—a —az +as) x 3(1,1,1) quotient singu-

larities at py for every k.

In conclusion, the Tables and summarise with reason the models of 4-fold
straight scrolls F = F(0,a,,a3,a4|13,3) in which the anticanonical threefolds have

at most codimension two singularities on base locus of Bs(| — Kp(, |13 3)|)- O
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5.3.2 Fibres: Xs C P?[1,1,2,2]

Theorem 5.3.4. Let F = F(0,a,,a3,a4/|1,1,2,2) be a P[1%,2%] bundle over P! with X5 C
P3[12,2?] fibres. There are 43 sextic K3 surface fibred Calabi-Yau 3-folds with at worst
Al x %(1, 1) singularities along the base locus of | — Kr|. The 3 families listed in the Table

(5.6) are the families with quotient singularities and finite isolated singular points along

the base locus. The quasismooth ones are already, up to isomorphism, in the (1122)-case in

Appendix A of [Mul06].
No. | F=F(a;[1%,2%) General X € | — K|
1 | F(0,0,1,2]1%2,2?) Has 4 ODP singularities along Bs(| — Kg|) = V(y1,y2)
and a genus 5 curve of 3(1,1,0) singularity along V(x1,x,)
2 | F(0,2,0,1]1%,2?) Has 2 ODP singularities along Bs(| — Kr|) = V(x2,y2)

with P! and a genus 0 curves of %(1,0, 1) singularity along V(x,x;)

Table 5.6: F = F(a;|12,22) for which a general X € | — Kp| with quotient singularities and
finite isolated singular points along Bs(| — Kr|)

Proof. We have, by a standard isomorphism, that

F(alva%dhdz‘lalaz?z) =F |:0 0 1

%F{l 1 0 —a

001 1

Hence, uniquely, we have that

1 1 —aguy+k —agpo)+k —dyoy+2k —dyo)+2k

2

1 1 3 767p652

2

F(a17a27d17d2| 12722) = IE‘(a(F(l)7a($(2)7dp(1)7dp(2) | 12722) = F(07a27a37a4| 12722)

with integers ay > 0 and a4 — a3z > 0.

We assume that the anticanonical divisor class | — Kr| = |L2—4,—a3—ay,6| 7 0. The quasis-

mooth Calabi-Yau threefold hypersurface X € | — K| inherits its singularities from

Sing(F(0,a,a3,a4/1,2%)) = {x1 = x, = 0}

:]F{l 1 —aj

00 2

2

00 1 1

]gw[l b —a _a4]:F(a3,a4).

We then have %(1, 1,0) quotient singularities on X along X NF(a3,a4)

Sing X DX ﬂIF(a3,a4)

=V (0030 (t:) + A(0210) (ti) + Ao120) (1i) + C0003) (7)) x {[0: 0: 1 : 1]}
:{rk = [ﬁlk : ﬁ2k;0 :0:1: 1] 1<k < Max(dega(0030),deg 06(0003))}.
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If
deg 0 po30) = 2 —az +2a3 —as > 2 — ay — az + 2as = deg 0pp03);

then near r; we have that
XN {y1 =N = l} = V(f(tl,x]',yz)) = {05(0030)@1) + Other Terms = 0}.

With By, a simple root of f(t1,x;,y2), we have that M # 0. Therefore, up to the sta-
bilizer Stab .2 (F(0, a2, a3, a4l 12,22)), we have that (x1 ,xz,yz) is a set of local coordinates

on X NC? satisfying

X102,
(x1,x2,¥2) — (—x1,—x2,y2) hence (2 —ay + 2a3 —ay) X %(1, 1,0) (5.23)

isolated quotient singularities at r; for every k. Otherwise, we have

(x1,x2,¥1) — (—x1,—x2,y1) hence (2 —ay — a3 +2a4) X %(1, 1,0) (5.24)

isolated quotient singularities at r; on X NC} for every k.

11,X1,X2,)1
We will refer to the Newton tetrahedon in Figure (5.9) with similar arguments as those
used for elliptically fibred K3s in F(0,a;,a3(1,2,3).

Base point freeness of —Kp = Ly_4, 4,4, 6 is implied by the Inequalities

2—ay—az+2a4 >0, (5.25)
2—ay+2a3—ayq >0,

2+5ay—az—as >0

2—arp—az—ays >0

whose integral solutions under the assumptions that a, > 0,a4 — a3 > 0 correspond to the

following list of 11 quasismooth Calabi-Yau threefolds

F((Z],az,ag,a4|12,22> :F<0a07_27_2‘12722) ( —1 _1’12a22)7 F(070;_170‘12722)
F(0,0,0,0[1%,22), F(0,0,0, 1|12 22), F(0,0,0,2|12,2%),
F(0,0,1,1]1%,2%), F(0,1,—1,—1[12,2%), F(0,1,0,0]1%,2?),
F(0,1,0,1[1%,22) and F(0,2,0,0[12,22).

For X = V(f(ti,x,3})) € | = Kr(0.a3,03,a4]12,22)| = [L2—ay—a3—ay,6| to be irreducible, the

second largest of the corresponding degrees of coefficients of the monomials at the vertices
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2

Figure 5.9: The 30 monomial generators of C[Pi,yj [12,22]].

of the Newton tetrahedron (5.9) is nonnegative so that at least one vertex of every face

exists

(2—ar+2a3—ag > 0,—2ay+a3z >0,—2ay+aq > 0,a3 > 0,a4 >0
2+5a—a3—as > 0,—2ar+a3 <0,—2a>+a4 > 0,a3 > 0,a4 > 0
2+5a—a3—as > 0,—2ar+a3 <0,—2ar+a4 > 0,a3 < 0,a4 >0
2—ay—a3z+2a4>0,-2a,+a3 <0,—2a,+a4 <0,a3 > 0,a4 >0
2—ay—az+2a4>0,-2a,+a3z <0,—2a,+a4 <0,a3 <0,a4 >0

(2—ar—az—aq > 0,—2ay+a3z <0,—2ay+a4 <0,a3 <0,a4 <0
Inequalities (5.26) guarantee that dim(Bs(|Lo—4,—g;—ay6])) 7 3. If

dim(Bs( |L2*a2*a3 —a4,6

) =1,
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we must have that

(2—ay—a3—as <0,2+5a,—a3—ay >0 from (5.26)(1);
2—ay—az—as <0,2—ay+2a3—as >0 from (5.26)(2);
2—ay—az—as>0,2—ar+2az3—as <0 from (5.26)(3); (5.27)
2—ay—a3—as <0,2—ar+2az3—as >0 from (5.26)(4);
2—ay—az—as>0,2—ar+2a3—as <0 from (5.26)(5);

(6)

(2—ar+2a3—as <0,2—ar—az+2a4s >0 from (5.26)(6).

The one-dimensional base locus is the curve B’ = Bs(|Ly_4,—q;—a, 6|) given by

Bi = V(x2,y1,y2) = F(aa|1) = P'  for (.27)(1), (.27)(2), (5.27)(4),
By =V (x1,x2,y2) 2 F(a3]2) P! for (5.27)(3), (5.27)(5), (5.27)(6).

Along the curve B’ we have that

v (2L 9f 21 p,

dxy? dy’ dy,
Sing(X)NB' = ¥
f 9f df .
v Px10 9x3 s NBy;
_ V (05100 (1), Qo10(t:)xT, aaoor (t:)xF)  x1 #0,
V (0,0, 0021 (#:)y7) y1 #0.

We then require of the equation above that the largest degree of coefficient is nonnegative

to have isolated singularities

( .

2—ary—a3 >0 1fx?§xg§y%§y§;

2—ay—a3 >0 ifX?Sy?ngéyg;

2—ay+a3 >0 if y} <x§ <x§ <y3;
—ar+as>0,2—a,—az3 >0 5.28

2+aq4 =0, 2 32 1fx?§y?§y%§xg; ( )

—ar+as<0,2—a3—aq4 >0

2—ay+a3>0 1fyl<x?§yg§xg;

k2—6124—61320 1fy1<y%§x?§xg.

With the condition ay > 0, ag — a3 > 0 and Inequalities (5.28) and (5.27), we get other
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Calabi-Yau threefolds X embedded in the weighted scrolls F(0,a,,a3,a4|1%,2?)
(F(0,1,1,2[12,2%), F(0,1,1,3]12,2%), F(0,1,1,1]12,22),
F(0,2,1,1]1%,2%) and F(0,3, 1, 1]12,2?)

for (5.27)(1), (5.27)(2), (6.27)(4);

F(0,1,—1,0[1%2,2%), F(0,1,—1,1|1%,2%), F(0,0,—2,0|1%,2?),
F(0,0,-2,1[1%,22), F(0,0,-2,2|1%,2%), F(0,0,—2,3|1%,2?),
F(0,0,—2,4]12,2%), F(0,0,—1,1[1%,2%), F(0,0,—1,2|1%,2?),
F(0,0,—1,3]12,2%), F(O,l, 1,2]12,2%), (0,1, 1,0[12,2%),
IF(O,l, 1,1[12,2%), F(0,0,—6,—4|12,2%), F(0,0,—5,—3|12,2?),
F(0,0,—4,—3|12,2%), F(0,0,—4,—2[12,2%), F(0,0,—3,-2|1%,2%),
F(0,0,—3,—1|12,2%), F(0,0,—2,—1[12,2%), F(0,1,-3,-2[12,2%)
| and F(0,1,-2,—1[1%,2%) for 5:27)(3), (527)(5), (B-27)(6).

The new families are colour coded blue and have either isolated or more than isolated
singularities along the base locu. In Table (5.6), we omit families with more than isolated
singularities as well as the quasismooth (non-colour coded) families which had been
classified in [Mul06]].
Finally, if dim(Bs(|L2—4,—a3—a4,6|)) = 2, we must have that
(2+5ay—az—as <0,2—ay+2az—as >0 from (5.26)(1);
2—ar+2a3—a4 <0,2+5ay)—az—as >0 from(2),
2—ay—az—as <0,2+5ay—a3—as >0  from (5.26)(3); (5.29)
4 5.29
2—ar+2a3—as4 <0,2—ay—az+2a4 >0 from(4),
2—ay—az—as <0,2—ay—a3+2a4 >0, from (5.26)(5);
(2—ay—az+2a4 <0,2—ay—az—as >0  from (5.26)(6).

Consequently, the two dimensional base loci B = Bs(|L2—4,—a;—a,.6|) are

V(yi,y2) = F(07a2| 1, 1)ti7x17x2 for (1);
V(-xZayZ) = ]F(Ova3|17 2’) = IF(O7a3|17 1)[[7)5%7})1 for (2)_(5),

V(x1,x2) = F(a3,a4)2,2) = F(0,a4 —as|1, 1)y, for (5.29(6).

For X to have nice singularities of codimension at least two along the base loci F(0,a,|1,1)
or F(0,as|1,3), we must have that

. *3f@hﬁhw) df(ti,xi,y;) (Orxhylkafﬁu%am) af@hthD>.

X1,X2 P )
dy Iy dx3 Iy2
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Here,

af o .
\Y a){laay];7ylvy2> 1fx?§xg§y?§y
Sing(X)NB=<V aaj;ayj; X2,Y2 otherwise
v (2f of

where f = f(t;,x;,y;) and
a_yz y1=y2=0
(9_y1 y1=y2=0
92 |y y0
932 |1,y

of _of
oxy  ox

Il
e

X1 ZX2=0 X1 ZXZZO

Therefore for X to have isolated singularities we must have that 5 af and g—yf;

a—xla—xleaxz

= o001 (4;)x7 + 0011 (1;)xTy1 + Qoo21 (£)y7,

= 0t5100(t:)x; + 03110(8:) X3 y1 + 01 120(8)x1 Y7,

= oyoo1 ()X + @101 (1:)X3x2 + 0201 (1) X733 + 01301 (£:) %13 + Qloaor (1)

= ouyo10(t:)xT + 03110(8:) X3 %2 + 00210(£:) X333 + Q310 (1)x1X3 + Qoa10(8:)X3,

( or that g and )
dy2

are not both identically zero on B and have no common factor. Th1s is guaranteed by the

constraints,
(2—ar—ay>0,2+3a,—az >0
2—a3—a4>0,2—ay+a3>0
2—a3—a4>0,2—ay+a3; >0

(2—ax—a3>0,24a3—a4 >0

—ar+as>0,2—a3—a4>0,2—ay+a3 >0
—ar+as<0,2—ar—a3>0,24a3—as4 >0

if x0 <«
ifx? <y
0.3
if yy

—o\ —W ooy
IAIA A
=X <
NN —

e 6 3
if x} <yy

IA
<
W

VAN VARVAN
ST

(5.30)

[\ o) DLW W W

IA
=

1fy3<x6<y%§xg.

However, if the family X for which y1 < y2 < x? < x2 exists, it would be singular on the

entire surface F(0,a4 —a3|1,1) on which both g—){z and g—){l are identically zero. We are not

interested in such families and can ignore this case already.
Therefore, with the condition a; > 0 and a4 — a3 > 0, Inequalities (5.29) and (5.30) we get
other Calabi-Yau threefolds X embedded the weighted scrolls F(O, as, a3,a4| 12, 22)

(G-29)(1) +E39)(1)

| from (5.:29)(2) + (5:30)(2), ..

(IF(0,0, 1,2|12,2%) and F(0,0,2,2[12,2?) from Inequalities

F(0,1,0,2]1%,2%), F(0,1,—1,3|12,2%), F(0,2,0,2|1%,2?),
F(0,2,0,1[12,2%), andF(O,3,—1,1|12,22)

(G-29(5) + G39)(5)-
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The new families are colour coded blue and we list, in Table (5.6),those with at worst
isolated singularities along the respective base locus. The non-color coded families are

quasismooth.

We now analyze the singularities in the new families. We are only interested in the families

with at worst isolated singularities along the base locus.

1. For F =F(0,0,1,2[12,2?) in which case X € | — Kg| = | — L+ 6M|, we have that
Sing(F) = {x; = x» = 0} 2 F(1,2[2,2) = F(0,1]1,1) = F.
A general section f(t1,t2,x1,X2,y1,y2) of | — L+ 6M| has coefficients
deg(ag; (1)) = —1+q3+2q4

as listed in Figure (5.10). We then get the curve

Figure 5.10: Degrees of coefficients of a section of | — K]F(o,o,1,2\12,22)|

C:XQSlng(F) :V(f(t17t270707y15y2)) Ch=I

=V (gs(t;)y3 + ga(t:)y1v3 + &3 (t:)yiy2 + £2(t:)y}) €
‘2L|F1 +3M‘Fl| = ‘mL|F1 +nM|F1|
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of 3(1,1,0) singularities on the surface scroll F; whose genus is
£(C)=a(}) 4= 1)
3
—1x (2) +2-1)(3-1)=5.

Since f was general, we have that along the base locus

B =Bs(| —L+6M]|) = {y =2 =0} =P}, xP}

that
af
E =010 (t;)x] + 03110(t:) %7 X2 + 00210 (1) X123 + cuz10(1:) X125+
V1 ly=y2=0
0410(1i)X3 € |Lo 4|5l
of
E —=oy001 ()X + @3101 (1:)X3%2 + 02201 (1) X753 + 01301 (£1) X153+
y1=y2=0

0401 (1)X5 € |Li 48]

Therefore, along the base locus B, we have 4 isolated singularities
df of )

. oL JY1)2

dy1’ dy2 Y

B| N |L1’4|B| - P[lti] X P[lxj}.

Sing(X)NB =V (

=|Lo4

We also note that BN Sing(F) = 0 so that these 4 singular points p; = [¥1; : Y2i;B1i
Boi : 0: 0] are the worst there is along B.

Now, locally on the chart Ujp = {t; = x, = 1} = A} /Z, a local change of

1,X1,Y1:)2
coordinates t = 5 + 7, x| = x| + P, results in

4 4
_ X _
XNUp =V (yl @ +B) F+n Y M5+ 1) () + Bri)** H.O.T>
k=0 k=0
:V(ylxllz—f—yzgl(té,x'lz) H.OT), let u; =: x’lz, té’ = gl(té,ul)
:V(ylul +y2t£/ H‘O‘T) C A?lgﬂfil,yh}ﬁ) C F<0’07 172| 12722)7

a quadric threefold cone with a full rank quadratic part g; = yju; + yzté’. Therefore,
up to an analytic Z, change of coordinates, the Calabi—Yau threefold X has 4 isolated
threefold Ordinary Double Point (ODP) singularities {p;}. It is known, see [Ati58]] ,
that blowing up along B C X C F(0,0,1,2|12,22) gives a small (crepant) resolution
of the 4 isolated ODP singularities {p;} C B.
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2. For F =T(0,2,0,1|1%,2%) where X € | — Kp| = | — L+ 6M|, we have that
Sing(F) = {x; =x, =0} =2F(0,1]2,2) ZF(0,1|1,1) = F}.
A general section f(t1,t,x1,X2,y1,y2) of | — L+ 6M| has coefficients
deg(ay,(ti) = —1+2q2+q4
as listed in Figure (5.11). We then get a union of {x; =x, =y, = 0} and genus 0
curve in |Lg 1| |
C =XnNSing(F) =V(f(11,12,0,0,y1,y2))
={x1 =x2 = y2 = 0} UV (g2(11)y3 + &1 (t)y1y2 + go(1:)y7) C Fi

on the surface scroll F;. Both curves are of %(1, 1,0) singularity. Further along the

Figure 5.11: Degrees of coefficients of a section of | — Kr(0,2,0,1 “2722)|

base locus

B Bu(| L 6M]) = {12 =2 = 0} =Bl xBly

we have that

Jdf

B = auoo1 (1:)x] + o011 (8:)x3y1 + o1 (1:)y7 € |Loal,
Y2 lxy=y,=0

of

P = as100(1;)x] + Qa110(t)x1y1 + 120 (t)x1yT € x1|L1 2]
X2 lxy=y,=0
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There, along the base locus B, we have 2 isolated singularities

o= o[ df Odf
Smg(X)ﬂB—V(a—m,a—m,xzyyz)

BN |L1’2|B| C I[D[lli] X P[lxj}.

=|Lo>
We note that the 2 isolated singular points are not in
BNSing(F) = {x1 =x =y =0} =P}, x {{0:0:1:0]}.

We therefore have that the family X has 2 isolated singular points along the base
locus of | — Kf| and a P! curve of %(1, 1,0) singularities. This family makes it to our
list.

In conclusion, the Table summarizes with reason the models of 4-fold weighted scrolls
F = F(0,a;,a3,a4|1?,2%) in which the anticanonical threefolds have at most isolated

singularities along the base locus of | — Kp|. ]
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Chapter 6

Codimension 2 Calabi-Yau Varieties
in Weighted Scrolls

In this chapter, we first construct K3 surfaces over P! by complete intersections of two
quadrics E> > C P3 from Table (2.2). This is intended to introduce the classification of
Complete Intersection Calabi-Yau threefolds [CICY3] in weighted scrolls fibred by

X2,3 C P4
which are either nonsingualr or has isolated singular points.

Lemma 6.0.1. Let |D;| and |D;| be base point free linear systems on the scroll F4. The
codimension two surface X = V(f1, f2) with equations f; of general sections of | D;| is quasis-

mooth.

Proof. By Bertini’s Theorem, since |D)| is base point free, a general section X| :=
V(f1) € |D1| is a quasismooth hypersurface in Fy. Since |D,| is base point free, the re-
striction D;|X] is basepoint-free with at least as many sections as |D|. Therefore, with f,
being the equation of a general section of |D;|, the general section X = V(f1, f2) of D>|X;

is also quasismooth. [

6.1 Elliptic fibrations by X,, C P° in Scrolls

Definition 6.1.1. [Codim 2 K3 Surface in scroll] Let F = F(0,a,, a3, a4) be a 4-fold straight
scroll with weakly increasing twisting data

0<a; <az<ay. (6.1)

Let D,D; € CI(FF) and suppose that D| + D, + Kp = Ox. Now, with f; the equation of a

general section of |D;|, we have that
X =V(f1,/2) CF(0,a2,a3,a4)
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is a codimension two surface.

Now since —Kr =Ly 4, —a3—ay4, let Dy =Ly 2 sothat Do =L, 4, 43,2 In the 72—
graded coordinate ring S = C[t;,x;] of the scroll F(0,a,,a3,a4), we take equations of

general section
Ji(tisxj) =02000) (t,-)x% + 01100) (ti) X162 + Q0200 (fi)x% + Q(1010) (1i)%163 + X(0020) (fi)X§+
o1001) (7)x1X4 + o1 10) (1) X2X3 + Qo101) (1) X2Xa + Qoo11) (1) X3%4 + 0002 (11)x3 € |Lp, 2]
and
fa(ti,x;) =PB2000) (11)x5 + B(1100) (7i)x1x2 + Bio200) (1) + Biio1o) (ti)x13 + Bioozo) (ti )5+

Bioon) (ti)x1xa + Bror10) (t:)x2x3 + Bioror) (i) xaxa + Bioor1) (i) x3%4 + B(oooz) (t:)x5 €

\Lo—pi—ay—a3—as 2
Here, 0., B(y;) € Clt1,12] of degrees
deg oy (i) = p1+q2a2 + q3a3 + qaas,
deg By (ti) =2—p1+ (g2 — Daz+(q3 — )az + (g4 — 1)as
are the coefficients of x? where g = (q1,...,q4) I 2.

Denote a general
X = V(fl,fz) =V Z Ot(qj)(tl,lz)xqj, Z ﬁ(qj)(l‘l,tz)xqj

by

2 2
We also note, by symmetry that

{m 2opmdd _a4} C F(0,a2,a3,a4).

p1 2—-pi—a—a3—a4| _ |2—pi—ar—ay—ai pi
2 2 2 2

and therefore without loss of generality we may assume that p; >2—p; —Y a; or
—242p1+ay+az+aq > 0. (6.2)

We get a fibration f : X — P! by genus 1 curves E>» C P3 induced from the canonical
P3-fibred scroll map
X — ]F(O,az,a3,a4)

\ Pllﬂ
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The following theorem classifies codimension two surfaces with at most isolated singulari-

ties fibred by intersection of two quadrics and living in P3-bundles over P!.

Theorem 6.1.2. Let F =F(0,as,a3,a4) be a fourfold straight scroll over P'. There are 18
families of mildly singular codimension two surfaces X = V(fi, f2) fibred by Ex5 C P

a complete intersection of two quadrics with at most isolated singularities along either of
the base loci Bs(|Lp, 2|),BS(|Lo—p,—ay—ay—as,2|)- The Tables (6.1) and (6.2) summarise the

classification.

No. | X C F(0,a2,a3,a4) =F

General X = pi 2=pi—ar—a3—dag

2 2
1 g (2) C F(0,0,0,2) |D1],|D;| are base-point-free
- General X is nonsingular K3 surface.
2 g (2) Cc F(0,0,1,1) |D1|,| D3| are base-point-free
General X is nonsingular K3 surface.
3 ; ; C F(0,0,0,0) |D1|,|D;| are base-point-free
General X is nonsingular K3 surface.
4 ; (2) c F(0,0,0,1) |D1],|D3| are base-point-free
General X is nonsingular K3 surface.
5 ; (2) c F(0,0,0,0) |D1|,|D;| are base-point-free
General X is nonsingular K3 surface.
6 (2) _21 c F(0,0,1,2) |Dy| is base-point-free and Bs(|Da|) = V(x3,x4)
General X has 4 isolated singular points along Bs(|D;|)
7 (2) _22 c F(0,0,1,3) |Dy| is base-point-free and Bs(|D3|) = V(x3,x4)
General X has 4 isolated singular points along Bs(|D;|)
8 g _22 c F(0,0,2,2) |Dy| is base-point-free and Bs(|D3|) = V(x3,x4)
General X has 4 isolated singular points along Bs(|D;|)
9 (2) _23 c F(0,0,2,3) |D1| is base-point-free and Bs(|Dz|) = V(x3,x4)

General X has 4 isolated singular points along Bs(|D;|)

Table 6.1: The data (p;,a;) for which a general codimension two K3 in |L, »| N
|L2—p,—ya;2| C F has at worst isolated singularities.
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No. | X C F(0,a2,a3,a4) =F General X = pZ] 2—p1—a§—a3—a4
10 (2) _24 C F(0,0,2,4) |Dy| is base-point-free and Bs(|D3|) = V(x3,x4)
General X has 4 isolated singular points along Bs(|D;|)
11 g _23 C F(0,1,2,2) |Dy| is base-point-free and Bs(|D3|) = V(x3,x4)
General X has 6 isolated singular points along Bs(|D;|)
12 g _23 c F(0,1,2,3) |D1| is base-point-free and Bs(|D3|) = V(x3,x4)
General X has 6 isolated singular points along Bs(|D;|)
13 ; _21 c F(0,0,1,1) |D1 | is base-point-free and Bs(|Dz|) = V(x3,x4)
General X has 4 isolated singular points along Bs(|D;|)
14 ; _22 c F(0,0,1,2) |Dy| is base-point-free and Bs(|Da|) = V(x3,x4)
General X has 4 isolated singular points along Bs(|D;|)
15 (2) _21 C F(0,1,1,1) |Dy| is base-point-free and Bs(|Da|) = V(x2,x3,x4)
General X is nonsingular along Bs(|D>|)
16 g _22 C F(0,1,1,2) |D1| is base-point-free and Bs(|Da|) = V(x2,x3,x4)
General X has 1 isolated singular point along Bs(|D;|)
17 g _24 c F(0,2,2,2) |D1| is base-point-free and Bs(|Da|) = V(x2,x3,x4)
General X is nonsingular along Bs(|D>|)
18 ; _22 Cc F(0,1,1,1) |D1| is base-point-free and Bs(|D;|) = V(x2,x3,x4)
General X is nonsingular along Bs(|D>|)

Table 6.2: The data (pi,a;) for which a general codimension two K3 in |L,, 2| N
|La—p,—ya;2| C F has at worst isolated singularities.

Proof. Let us first consider that case when |Di| = |L,, 2| and |D2| = |Lo—p, —ay—a3—a, 2

are both base point free on F. By Proposition (3.5.4), base point freeness is implied by 2

Inequalities

p1 > 0and (6.3)

2—p1—ar—az—aq > 0.

From (6.1), and we deduce that
(p1,a2,a3,as) = (0,0,0,2),(0,0,1,1),(1,0,0,0), (1,0,0,1) or (2,0,0,0);
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the data on 4-fold scrolls where X is embedded in F and fibred over P! by complete

intersection £, C P3. These families are nonsingular by Lemma (6.0.1).

We further have, by irreducibility of X, that both
B, = Bs(|LP1,2|)7BZ = BS(|L2*P1*612*03*“4’2|)) -

are each of dimension at most two. Otherwise, the general section is reducible; there is a
fixed divisor in each member of the linear system whose base locus is 3-dimensional. The

surface X is irreducible whenever o g20) (t;)x3 appears in f; and B(0020) (t;)x3 appears in f>

p1+2a3>0and (6.4)
2—pi—ax+az—as > 0.

Now, define Sing(X) = V(fi, f2,A) with the ideal

Alti,x)) = (rank {gg] < 2) = (/2\

We would like to find data (py,a;) for which X has at most isolated singularities along
B| and B;. The case when dim(B;) = dim(B;) = 2 is such that the surface X contains

I I Iy du oy I
9 9h 9h dfr b 9N
al‘l atz (9)61 8x2 8x3 aX4

2dfi dfi 9dfi dfi Idfi 9f1]>

(hence is exactly) the surface D34; such X is therefore reducible. We omit this case as well
as the cases when dim(B;) = dim(B;) = 1 and the case when dim(B;) = 1 and dim(B;) =2

where there no new data. We now check the remaining cases.

1. Consider the case when |L,, »| is base point free and dim(B,) = 2. These assumptions

imply that &(2000) (;)x7 appears in f; and B(o200) (;)x3 does not appear in f, B(0020) (t:)x3
apears in f;. Equivalently

p12>0, (6.5)
2—pi1+ay—a3—ag <0and
2—pi—ax+az—as > 0.

Moreover, the surface X will have isolated singularities whenever
2 2
Jilv=x=0 = O2000) (#:)XT + 01 100) (1) X1X2 + Q0200) (i) X3 and A(#;,x1,%2,0,0)
have no common factor. Equivalently, we want

ai010(2:)x1 + 00110y (11)X)2 - 1001) (1:)X1 + Xo101) (i) X2

A(t;,x1,%2,0,0) = det
(t,31,x2,0,0) = de Bioo(t:)x1 + Bror1oy(t)x)2 - Brroor) (ti)x1 + Bioror) (t:)x2
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not to be identically zero which is guaranteed by

deg(@(o110)) = p1 +a2+az > 0 and (6.6)
deg(Boi01)) =2 —p1—az > 0.

From the Inequalities a4 > a3z > ap > 0, (6.2), (6.5) and we get the following data

on K3 families

<p17a27a37a4) :(0707 172)7(0707 173)7(0707272)7(0707273)7(0707274)7(07 17272)’
(0,1,2,3),(1,0,1,1) or (1,0, 1,2).

We now find the singularities along By = V(x3,x4) in each example. Let the respective
subscripts of polynomials coefficients from C|[t;,#;] defining X be the degree. From
the list above, we get that

() X; = B _21} C F(0,0,1,2) with

Sing(X1)N By = V(e2000) (1)x7 + 1100) (1) %152 + X0200) (1:)%3, Alti, x1,%2,0,0))
= V(aox% ~+ box1x + Cox%, Aj (t,-)x% + B> (t,')xl)Q + G (ti)x%).
These are 4 isolated singularities along F(0,0).
Sing(X1) ={[1::1;0:1:0:0],[1:%:51:0:0:0], Ca(71;) =0=A2(p) }

Similarly,

0 -2
Xy = |:2 2:| CF(0,0,1,3), X3 = |:

Xy = B _23} C F(0,0,2,3), X5 = {2 _2} C F(0,0,2,4)

each have 4 isolated singularities.

Now, let us have a close look at these 4 isolated singularities on X;. We first

make a change of coordinates

fi =x132 4 p1(t:)x13x3 + Pi ()23 + p2(t:)35 + Pa(ti)x1x4 + g (t) X234+
@2 (t)x3x4 + qa(t:)x5 € |Lo| and

fo =gox1x3 + Goxaxs + g1 (1:)x3 4 &1 (t:)x1x4 + hy (1) x2x4 + ho (1) 304 + b3 (1:)xF € |L_1 2]
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(iii)

Now, near the singular point [1 : 15;;1:0:0: 0], an analytic change of coordinates

gives
XiN {xl # O} :V(fl |X1:laf2’X1:1) - IP>[1t,»] X A)%Z,X3,X4

=V(p(t2,x3,%2)x2 +q(t2,%3,X4), fo|x,=1(t2,%2,%3,x3)) C P[ 1 % A i,

2=V (foly=1 (02, (02,%3,%4),%3,4)) C Ply X AT, ..
This is a hypersurface singularity.

X = [g 23} C F(0,1,2,2) with

Sing(Xe) By =V(« (2000) (1) X7 + 0(1100) (1) X1X2 + Q0200) (1) X3, Alti,x1,%2,0,0))
= V(aoxi + b1 (t:)xi1x2 + c2(1:)x5, (1010 (6)x1 + o110 () *2) Biotor)x2)
= V(aox} + by (t;)x1x2 4 2 (6:)%3, (q2(t1)x1 + q3(t:)x2) pox2)
= [Lo2|N|L1 2| CF(0,1).

Hence a general Xg has 6 isolated singular points along F(0, 1). Similarly, a

general

0 —4
X; = {2 2} C F(0,1,2,3)

has 6 isolated singular points along F(0, 1).

Xg = B 21} CF(0,0,1,1) with

Sing(Xs) N By = V(@2000) (11)xT + C1100) (1) X152 + Qo200) (1:)%3, A(ti x1,%2,0,0))
= V(al (t,-)x% + b (ti)xle “+Cq (l‘,’)x%, Ar (t,')x% —+ Bz(t,‘)xle —+ Cz(l‘,')x%)
= |L172| N |L272‘ c P! xP!

Hence a general Xg has 4 isolated singular points along F(0,0) = P! x P!. Simi-

larly, a general

Xo — B ﬂcxﬁ*(oo,l,z)

has 4 isolated singular points along F(0,0).

2. Finally, consider the case when |L,, 5| is base point free and dim(B,) = 1. Inequality
implies that a(y00) (;)x? appears in f; and B2000) (t;)x3 does not appear in f,
B(o200) (t;)x5 appears in f». Equivalently

p1 >0, (6.7)
2—py1—ay;—a3—ag <0and

2—pi+a—az—as > 0.
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Moreover, the K3 surface X will have isolated singularities
Sing(X) ZV((X(z()OO) (t,-)x%, A(t,-,xl,0,0,0)) C P!
2
=V (Oc(zOOO) ()21, \ [g(noo) (ti)x1 - ao10)(11)x1 0‘(1001)(%')?61])

(1100)(fi)X1 13(1010)(fi)x1 B(1001)(li)x1

along By = V(x2,x3,x4). We then get, from Inequalities a4 > a3z > ay > 0, (6.2) and
(6.7), the K3 families

(p1,a2,a3,a4) = (0,1,1,1),(0,1,1,2),(0,2,2,2) or (1,1,1,1).

The general members of the families

—4
2

-2

2

0 —1 0
X = {2 ) } CF(O,I,l,l),Xz— [

} CF(0,1,1,2) and X; — {0 ] CF(0,2,2,2)

are, respectively, such that
Sing(X;)NBy =0, {[ty :12:1:0:0: 0]|1010)(t1,12) = {1 (t1,12) = 0} and 0.
1 =2

2 2
There are therefore 18 families of codimension 2 K3s fibred by a complete intersection

of two quadrics as Listed in Table (6.1).

The family X4 = [ CF(0,1,1,1) is also such that Sing(X) NB, = V(apx?) =0.

]

6.2 K3 fibrations by X, ; C P* in Scrolls

Definition 6.2.1. [Codim 2 Calabi-Yau threefold in scroll] Let F = F(0, a3, a3, a4,as) be
a 5-fold straight scroll with weakly increasing twisting data

0<ar<a3;<a4<as.
With Dy, D; € CI(FF) such that D| + D, + Kr = Ox, we have that
X € [Di[N|D2| CF(0,a2,a3,a4,as)

is a potential codimension 2 Calabi-Yau threefold.

With —Kp = Ly ya;s, let Dy =Ly, 2 sothat Dy =Ly, ~Ya;3 and let X be denoted by

;1 2—p1—Xaj
x_[z . }
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We get a K3 fibration f : X — P! by codimension 2 K3 surfaces X>3C P* and embedded

in the scroll map 7 : F — P'. The equations of general sections
filtx)) =), 0 (,0)x% €S0y, 0y, faltix)) = Y Bigy(t1,22)x9 € S _ya,3)
(gj)F2 (gj)F3
are such that the degrees of coeflicients of monomial x%/ = H lx / are

5
deg (X(qj)(l‘,') =p1+ Z qjaj,
j=2

deg B, (1) =2— P1+Z Daj.
j=2
The following result classifies codimension 2 Calabi-Yau threefolds fibred by codimension

2 K3 surfaces X 3 C P4 over a projective line and having at most isolated singularities.

Theorem 6.2.2. Let F = F(0,a,a3,a4,as) be a fivefold straight scroll over P'. There are
12 families of codimension two Calabi-Yau threefolds X = V(fi, f>) fibred by X, 3 C P a
complete intersection of a quadric and cubic, which are nonsingular or has isolated singular
points along either of the base loci Bs(|Ly, 2|),Bs(|Lo—p,—ay—ay—as—as,3|)- The Table

summarizes the classification.

Proof. Consider the case when |Di| = |Lp, 2| and |Dz| = |Ly—p, —y 4, 3| are both base
point free on F which is implied by 2 Inequalities

p1 > 0and (6.8)
2—pi—Y.a;>0.

From Inequalities and as > a4 > az > ar > 0, we get the following data of nonsingular
Calabi-Yau threefold X € |D;| N |D,| embedded in 5-fold scrolls

<p17a27a37a47a5) :(070707070)7(07070707 1)7 (070707072)7(070707 17 1)7(170707070)
(1,0,0,0,1) or (2,0,0,0,0).

By irreducibility of X, both By = Bs(|Ly, 2|),B2 = Bs(|L2—p,—y,4,;3|) C I are each of
dimension at most three. Equivalently oo (t1,12)x7 appears in f; and B(ooozo) (t1,2)x3

appears in f>

p1+2a4 > 0 and (6.9)

2—p1—ay—az+2a4—as > 0.
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Now, depending on whether |D;| and |D;| are base point free or have a base locus of
dimension at most 3, there are 15 more cases to consider for potential data (py,az,...,as)
for which X has at most isolated singularities. We omit the cases when 1 < dim(B;) =
dim(B;) < 3 since for these cases, there is at least a whole curve of singularity along the

base loci.

1. For the case whendim(B;) = 1 and B, = 0, the Inequality implies that a(>0000) (11 )X
does not appear in fi, @(g2000) (1 ,t)x3 appears in fi and B3000) (t1,t2)x; appears in
f>. Equivalently

p1 <0, (6.10)
p1+2a; > 0and
2—p1—ay—az—ag—as > 0.
We define

2
. P12 P13 P14 P15
A(tj,X],OyOa()?O) - /\ P22 P23 D24 P25

ofi .
where p;; = o -
P12 = A(11000)(1)%1, P13 = Q10100) (1)1, P14 = O10010) (t:)X15 P15 = O(10001) (1) %15
2 2 2 2
P22 = Bra1000) (t:)x1: P23 = Bao100) (1) X1, P24 = Biaoo10) (:)x1, P25 = Braooor) (1)1 -
We have isolated singularities along the curve {x; = x3 = x4 = x5 = 0} whenever

deg((10010)) = p1+a4 > 0 and (6.11)
deg(ﬁ(zoom)) =2—pi—ay—az—as > 0.
From Inequalities as > a4 > a3 > ap > 0, (6.10) and (6.11) we get no new Complete
Intersection Calabi—Yau threefolds

2. For the case when dim(B) =2 and B, = 0, the Inequality implies that 0¢go000) (1,22)%3

does not appear in f1, &(o0200) (1 ,t)x3 appears in fi and Bzo00) (t;)x; appears in f.

Equivalently
p1+2a> <0, (6.12)
p1+2a3 >0 and
2—p1—ay—az—ag—as > 0.
Define

2
. niy ni2 ni3
A(ti7x17-x2707070) = /\ |J,l21 N2 I’l23:|
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0
ny = a—fl = 0(10100) (t:)x1 + ®(01100) (ti)x2,
23 [{x3=xy=x5=0}
dfi
np = — =qQ L)x1+aQ ti)xo,
2= R (10010) (ti)X1 + Qo1010) (ti)%2
dfi
na3=-—=—— =0 ti)x1+Q ti)x,
3= 5 S (10001) (ti)X1 + Qo1001) (fi)x2
0
npp = ﬁ = ﬁ(20100) (t,')x% + ﬁ(lllOO) (ti)-xl-xz + ﬁ(ZOlOO) (ti)x%’
9x3 {x3=x4=x5=0}
0
Ny = ﬁ = [3(20010) (t,-)x% + By 1010) (t:)x1262 + ﬁ(zoolo) (t,-)x%,
ax4 {X3=X4=)C5=0}
d
ny = a_)]z = Baooon) (1)t + Ba1001) (1) 12 + Baooon) (1:)3.

{x3=x4=x5=0}
Note that with

deg(01010)) = p1 +a2+as > 0and (6.13)
deg(Brooor)) =2 —p1—az—az —as >0,
the threefold X has isolated singularities along {x3 = x4 = x5 = 0}. These are
Slng(i) N F<07a2) - V(flafZaA(tiaxl ,XQ,0,0,0),X3,X4,X5)
= V(f2(ti,x1,x2,0,0,0), A(t;,x1,x2,0,0,0),x3,%x4,X5).
We then get, from Inequalities as > a4 > a3 > ap > 0, and the Complete
Intersection Calabi-Yau threefold

-1 0
X_[z 31@9“(0,0,1,1,1)

with 2 isolated singular points
Sing(X>) NIF(0,0) = V(B(30000) (1:)x3 + .. + B(osooo) (11)x3, A(ti, x1,x2,0,0,0))
= V(|Lo2lr0.0)l, L1 3lr0.0)]) CP' x P

. Consider the case when dim(B;) = 3 and B, = 0, the Inequality implies that

(00200 (;)x3 does not appear in fi, ®(00020) (t;)x appears in f] and Bz000) (t:)x3 ap-
pears in f>. Equivalently

p1+2a3 <0, (6.14)
p1+2a4 >0 and

2—p1—ay—az—ag—as > 0.
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Define Sing(X) = V(f; ,fz,A(l‘i,x]‘)) with

A(ti,x;) = (rank {g}‘j = 2) B </2\

Now, along {x4 = x5 = 0}, the threefold X has singular locus

8t1 812 8x1 8x2 8x3 aX4 8x5
9 dh dfh dfh dh I If
oty Jdv dx; Odxy Jdxz Odxq4 Jxs

%MM%M%%])

e~

Slng(X) DF(O,CIZ,CB) = V(fl,f27A(l’i,X1,XZ,X3,0,O),X4,X5)
= V(f2(ti,x1,%2,x3,0,0), A(t;, x1,%2,x3,0,0), x4, X5)

where

—~——

F(0,a2,a3) = ¢~ (V(x4,%5)) C C; \ {0} x C} \ {0} & F.

The locus Sing(X) NF(0,ay,a3) are isolated singularities if it is defined by

Pl {ry=xs=0y 0

and an irreducible non-constant quadric

A(fi>x1,X2,X3,O,0):det([mll mlzD £0.

myp mp)
Here
af
my| = 8_1 =0(10010) (ti)X1 + Q01010 (1) %2 + Oo0110) (1i)X3,
X4 | {xy=x5=0}
d
myp = a—fl =0(10001) (ti)X1 + Qo1001) (ti)X2 + 0101 (1i)X3,
X5 {x4=x5=0}
d
my| = O—,—fz =B20010) (1:)xT + Bi11010) (t1)x12 + Brronio) (1) x1x3+
'x4 {X4=)C5=0}
Bio2010) ()35 + Biot110)(t)x2x3 + Broo210) (1),
d
ma = a_fz =B20001) (t1)x5 + Biioon) (ti)x1x2 + Brioron) () x1x3+
X5 {x4=x5=0}
ﬁ(ozool) (ti)x% + 5(01 101) (ti)x2x3 + 13(00201) (ti)x%-
Equivalently

deg(@(0o110)) = p1 +a3+as >0 and (6.15)
deg(Boo210) =2~ p1 —ax+az —as > 0.

We then get, from Inequalities as > a4 > az > ay > 0, (6.15) and (6.14), the following
data on Complete Intersection Calabi-Yau threefold in 5-fold scrolls

(p1;a2aa3;a4;a5) = (_370717272)7(_270707272)7(_1707071>1) and (_1707071;2>'

From the list above, we get
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() X, = [_23 (3)} c F(0,0,1,2,2) with

Sing(X1) NF(0,0,1) = V(B30000) (t:)x1 + - -+ Bioosoo) (11)x3, Alti, x1,%2,x3,0,0))
= V(|Lo3lr(0,0,1)] [La3lr(0,0,1)]) = 0 C F(0,0,1).

(ii) X» = [‘22 g} C F(0,0,0,2,2) with

Sing(X2) NF(0,0,0) = V(B(30000) (1) + - - - + Bioosoo) (t)23, Alzi,x1,%2,x3,0,0))

2
[x1:x2:x3]

= V(g3 (x1,%2,%3)) N L2 3](0,0,0)| € P,y X P

where g3 = B(30000) (1)) + ...+ B(ooso0) (11)23.
Here we are intersecting a general (0,3)- and a general (2, 3)-form onF(0,0,0) =
P! x P2. Now, with at most 2 vertical rulings and at most 3 horizontal rulings
on F(0,0,0), we concluded that there are 6 = 2 x 3 isolated singular points
{[ni:piskii kyi k3 :0:0]:i=1,2,3} on X.

(iii) X3 = {_21 ﬂ c F(0,0,0,1,1) with

Sing(X3) NF(0,0,0) =V (B30000) (t:)x1 + - - + Bioosoo) (11):3, Alti, x1,x2,x3,0,0))
= V(|L1 3lr(0.0,0): 1L2.3lR(0,00)) = @ C P x P,

(iv) X4 = {_21 (3)} C F(0,0,0,1,2) with 6 isolated singular points

Sing(X2) NF(0,0,0) =V (B30000) (1:)x1 + - -+ Bioosoo) (11)x3, Alti, x1,%2,x3,0,0))
F(000)) C P x P?

= V(r3(x1,x2,x3), L2 3

where r3 = B30000) ()] + - - - + B(ooso0) (1) %3-

4. Consider the case when dim(B;) = 3 and dim(B;) = 1, the Inequality im-
plies that 0g200) (t1,12)x3 does not appear in fi, ®(00020) (t1,12)x3 appears in f; and

B(z000) (t1,12)x; does not appear in f3, B(o300) (;)x3 appears in f». Equivalently

p1+2az <0, (6.16)
p1+2a4 >0,
2—p1—ar—az—ag—as <0, and

2—pi1+2ay—az—ag—as > 0.
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We then have that
Bl :D45 == {.X4 = X5 :0} ande :D2345 = {XQ = X3 = X4 = X5 :0}

Now, along Dys, we get isolated singularities whenever Inequalities (6.15) are satisfied.
That is

pr+az+as >0,2—p;—ar+az—as >0

are satisfied together with Inequalities (6.16). This, however, do not result in new
examples. In fact, for all By and B, with distinct dimensions

1 < dim(B,),dim(B,) < 3,

the analysis results in no new Calabi—Yau threefolds. [
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No. | X C F(0,az,a3,a4,a5) =F General X = P21 2—[?13—2%'
1 g g C F(0,0,0,0,0) |D1|, |D3| are base-point-free
General X is nonsingular CY threefold.
2 g :1)’ C F(0,0,0,0,1) |D1|,|D3| are base-point-free
General X is nonsingular CY threefold.
3 g g C F(0,0,0,0,2) |D1|,|D3| are base-point-free
General X is nonsingular CY threefold.
4 g g C F(0,0,0,1,1) |D1|,|D3| are base-point-free
General X is nonsingular CY threefold.
5 ; :1)’ C F(0,0,0,0,0) |D1|,|D3| are base-point-free
General X is nonsingular CY threefold.
6 ; g C F(0,0,0,0,1) |D1|,|D3| are base-point-free
General X is nonsingular CY threefold.
7 ; g C F(0,0,0,0,0) |D1|,|D3| are base-point-free
General X is nonsingular CY threefold.
8 _23 g c F(0,0,1,2,2) |D1| is base-point-free
General X is nonsingular along Bs(|D>|) = V (x4, x5)
9 _22 ;) c F(0,0,0,2,2) |D1| is base-point-free
General X has 6 isolated singular points
along Bs(|D3|) = V(x4,x5)
10 _21 ; C F(0,0,0,1,1) |D1| is base-point-free
General X is nonsingular along Bs(|D>|) = V (x4, xs)
11 _21 (3) C F(0,0,0,1,2) |D1| is base-point-free
General X has 6 isolated singular points
along Bs(|D3|) = V(x4,x5)
12 {_21 (3)J c F(0,0,1,1,1) |D1| is base-point-free
General X has 2 isolated singular points
along Bs(|D;|) = P! x P!

Table 6.3: The data (pj,ay,...,as|) for which a general codimension two Calabi-Yau
threefold in |y, 2| N|Ly—p,~y4; 3| C F has at worst isolated singularities.
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Chapter 7

Further Directions

7.1 General Theory of Fibrations in Scrolls

Let X C P" be a projective variety with well-understood resolution structure and such
that the cone C(X) C A"*! has a large number of possible torus actions that induces
various grading on the coordinate ring C[C(X)]. One can make other interesting varieties
Y C X C P" by taking complete intersections in X. If this is the case then we call X a key
variety of Y. The straight projective variety P" is an obvious key variety for the usual
weighted complete intersection in P". One could also take, as a key variety, products of

projective spaces with their respective Segre embedding such as
P? x P? < P® or P! x P! x P! — P’

with nice resolution structure and construct interesting varieties in them. For examples, in

[BKQ18], codimension 4 Fano 3-folds are constructed from P> x P? as a key variety.

Other examples include more Fano 3-folds of codimension 4 and 5 constructed in [ST20]
by taking rank 2 cluster varieties as the key variety. In [[CR02]], codimension 3 K3’s in
weighted projective spaces are constructed by taking (quasi) linear sections of weighted
Grassmannian wGr(2,5) < P?[b;]; this simplifies the harder unprojection construction
in [Alt98]] of the same varieties. Generalized Gorenstein resolution formats are used in

[BKL19] to construct non-complete intersection Calabi—Yau threefolds.

In this section, we introduce examples of relative key varieties; that is, key varieties in
families over a base B (we use B = P! for illustration) in which projective fibrations in
weighted scrolls may be embedded by taking hypersurface sections of these relative key
varieties. We would like to make sense of "construction of interesting fibrations" over the

same base in specific cases.
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We also start to develop machinery for studying the geometry of such projective fibrations

using geometry of bigraded rings.

7.1.1 Bigraded Rings from Projective Fibrations

Let (X,H) and (B,D) be polarised projective varieties where H is an ample Q-Cartier
Weil divisor on X, and D is an ample Cartier divisor on the nonsingular base B. Assume
that f.Ox = Op so that the projective morphism f : X — B has connected polarised fibres
(X;, H;)rcp with H, = H|x, .

Now with L,,, ,, := p1f*D+ p2H € CI(X), define the bigraded ring
Ri= @ H'X.Lpp)
(p1,p2)€Z*

Since the base B is nonsingular and the fibres of f are connected, we get from the projection

formula that
fof*Op(D) = f.0x @ Op(D) = Op(D).

At the level of cohomology, we have that
H°(X,p\f*0p(D)) = H’(B, pf.f*O5(D)) = H’(B, p1 Op(D)). (7.1)

We then have a subring

Ri:= @ H(X,p1f*Op(D)) = @ H'(B,p105(D)) = (u1,....,ux)c CR
p120 p1=0

where the algebra generators uj,...,u; of Ry are of bidegree (c¢;,0) for some positive

integers c;.
Remark 7.1.1. For a hypersurface X C IF, we have that the restriction map

ri @ HF,0r(piL+poM))=C[F|=>Rx= € H(X,0x(piL|x+p:M|x))
(p1,p2) €2 (p1.p2)€Z?

is not surjective in general. For example, on F> with L = f*D and M = H, we know from
Theorem that p1f*D+ poH is ample for p1, p» > 0 but not anything else. That is, for
a hypersurface X C F», unlike in the absolute graded pieces H*(X, pi f*D) of Rg = Ry, the
bigraded pieces H*(X, p1 f*D+ pH) of R can have sections without p1 f* D+ poH necessarily
being ample.

Now, consider the finitely generated bigraded ring

Rp.n = (Rg,Ru) C Rx
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where the absolutely graded rings

Rg =Ry := P H(X,p1f*Op(D)) and Ry = P H° (X, p-H)
r1>0 p2>0

are finitely generated subrings of Rx. Even though Proj(Rp ) = X, this re-embeds X into

something bigger than 4 so that we do not have
(f: X =P (Fy — P

as we would like. Therefore, we need a bigraded ring that remembers the base and has just

enough generators to recover X with C[X| = C[[F4]/(Relations).

It is the case that exactly one of HO(X, p1 f*D + poH) or H*(X,—p1 f*D — p,H) is nonzero
and that H*(X, py f*D+ poH) = 0 if p1 <0, pp < 0.

The following result introduces a set-up for constructing projective fibrations
(f:X = B) = (F - P 1))

Proposition 7.1.2. Let f : X — B be a projective fibration with connected polarised fi-
bres (X5, H|x, := Ox(1)|u) as above. Assume the bigraded ring R defined above is finitely

generated. Consider algebra generators vy,...,v, of R over R{. We have a surjection

R=Ri[vi,...,vn] o S=S1x1,..., %]

Ry :(C[ul,...,uk] «W M ZC[Z‘l,...,tk].

from which we have the diagram below
X —— 1 s ProjSXF,

f:ﬂ!‘x T

Bl Projs, = P1[¢]

where
cT ... C —ap ... —ay

A::Wl(ll,...,lk,X],---vxn): 0 0 b b
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Proof. We first show positivity of the weights b; so that we have the embedding
hg : Xy < Plby,. .., by,]. It suffices to show that HO(X, py f*D+ poH) = 0 whenever p; < 0.
To do this we note that the divisor H is ample on fibres X; and that f*D is nef. In particular,

we have that
p1f*Dlx, + p2H|x, = p2H|x,

is ample. Suppose p> < 0, from the inclusion i; : X; — X, we have that
it : H'(X,p1f*D+ poH) — H°(X,, p2H|x,) = 0.

A section 6 € H*(X, p1 f*D -+ poH) on X is therefore such that i*c = 0 for all s € B hence
o = 0. We also have a nonsingular base B so that all requirements of [Har77][Cor 12.9]

are satisfied; hence
f«Ox(D) = H°(X,, 0x,(Dlx,)) = H’(X;, p2H[x,) = 0.
It then follows from the Equation that
H(X,p1f*D+ pH) =0.

Now let S| = C[ty,...,t] and consider free ring S generated over S; by xj,...,x, such that
deg(t;) = (c;,0),deg(x;) = (—aj,b;) with integers a; € Z,c;,b; > 0. We then have that

— . ~ cKr ... C —ap ... —ap
S—(C[tl,...,lk,xl,...,xn]_C{F{O .0 b .. bn:H

We then note, by surjectivity, that the upper horizontal ring map preserves the grading of
S so that S, ,, is mapped onto R, ,,. Let R =5/J and R; = S /I with bi-homogeneous
ideal J <§ and homogeneous ideal /<S;.

Taking bigraded Proj, as in Lemma 6.4 of [KU19], at the vertices of the first diagram gives
the second diagram with X = V(J) and B = V(I). Note that with R, = @ H (X, poH) — R,
we also have V(J) = Proj(R) < Proj(R,) = X.

We further have that
f*D = L|X and H = M|X with CI(FA) = Z[L,M]

where
L:= ﬂ*ﬁp(l) andM|7r1(t) = ﬁpn—l[bj](l).

Since H ~ H + f*D, we have

Ry « S = @ HO(]FA,pzM) — § with ample M
220
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so that
. Pm|
X = PI‘O_](Rz) — P(S(O,l)) — FA.

We then have the following diagram

Here, the inclusion
ki i N (e) 2P By

is such that
kM =P [bj] (1) = M| 1.

By Equation and pullback of H along i; we obtain

Hlx

A

=iy'H =i5"(i"M|x)

= is" (k M|x)

=i (Ox (1)|n)-
We have therefore exhibited polarised fibres (X;, H|x,) such that

(X Hlx) = (P (b)), Gy (1)
Starting with the general hyperplane H = Zle ait; on P one gets that
so that the diagram above commutes. Hence
(f:X = B) = (F — P 1[¢])

with f:=moi|p.

(7.2)

O

The fibration f : X — B gets embedded in the fibration 7 : F4 — P*~![¢;] whose fibres are
P, :=n~1(t) =P""![b,]. We also have (B, D) N (P, Op(1)).If the embedding codimension

of the fibres is low and/or j is an isomorphism with P = P! or P?, we can hope to study f

using explicit methods.

In the next example, we show that we can use the same methods of this thesis to classify

and study other classes of varieties in Weighted Scrolls over P?. The example constructs a

3-fold of general type fibred by a family of plane curves of a fixed genus over P?.
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Example 7.1.3. Let 7 : F = F(2,1,0) — P? be a 4-fold scroll over P[Zt,] with IP’[ZX  fibres.
i J
We also have that

CI(F(2,1,0)) = Z|L,M] with M = [V(x3)],L = [V(5;)]

Let Lp, p, be ample on F and assume that Kx = L,, ,,|x. We get that X =V (f,, ,,) CFis
a 3-fold of general type. Here

= +2q1+ q1.92 93
S(plvp2) - @ Sympl a qz(t17t27t3)x1 xZ .X3
q1+q2+q3=p2
and
= 91,92 .93
Toip = Z Opy+2g1+q» (11,12, 13)X] X3°X3”.
q1+92+q3=p2

For X chosen generally, its fibre is a nonsingular plane curve of degree p;.

We conclude a general X € |L,, ,,| in F is a 3-fold of general type fibred by a family of

plane curves which are generically nonsingular of genus

22~ 1)(p2-2)

7.2 Projective Bundles over Relative Key Varieties

Consider u : X — X with ¥ a key variety of X. Let g : ¥ — B be a family of ¥ over a
nonsingular base B. This section will introduce these relative key varieties g : ¥ — B
whose relative hypersurface sections are fibration f : X — B fitting into the following
diagram

Xe—— X% > F

j p— N

Construction of these fibrations will form part of future projects.

7.2.1 A relative Key variety for Degree 5 Elliptic fibrations

From the graded ring
R(E,5P) = (PH (E,Op(5nP)),

n>0

projective models of Elliptic curves E, with P € E, are given on Table[7.1].

We want to define a Gr(2,5)-bundle over P¥[c;] and hence construct Calabi-Yau varieties
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Hilbert Series Pg(t)| Degree | Ambient Space| Description of E

I—SETJ_rf)t; - 5 P4 P* sections of Gr(2,5) C P°

Table 7.1: Data on elliptic curve Proj(R(E,5P))

X with at worst rational double point singularities and which are fibred over PX[c;] by P*

sections of Gr(2,5) : degree 5 elliptic curves.

We first note that the Grassmannian

Gr(2,5) = P(Imn) & P(A2CY) = P

[xij]
is the projectivisation of the variety defined by the image of
u,v)—>uNv ~
n:C>xC> Lew)uhv, 205 o @10,
In coordinates, we write
0  xi2 x13 x14 X15
2 0 x23 x4 X25
upr uy uz Ug Us . Ui Uj
/\ = 0 x34 x35| = (W,‘j), with Xij = .
Vi V2 V3 V4 V5 Vi Vj
—sym 0 x5
0

These variables x;; are known to satisfy 5 Pliicker quadrics
Ps := P f1234 = X12X34 — X13X24 + X14X23

Py = Pf1235 = X12X35 — X13X25 + X15X23
P3 := Pf1245 = X12X45 — X14X25 + X15X24
Py := P f1345 = X13X45 — X14X35 + X15X34
Py := P f345 = X23X45 — X24X35 + X25X34

from 4 x 4 Pffafians Py of the 5 x 5 skew anti-symmetric matrix (x;;). We have that the

nonsingular 6-dimensional Grassmannian is given by

Gr(2,5) = Proj (Clxij]/ (Pfijur)) -

The curve E C Gr(2,5) is generated by the 5 Pliicker quadrics and 5 general linear forms
(xj) on ]P’?x,] or 5 non-general quadrics g, on a general linear subspace ]P’?e 1 C IP’[gx,.}
ty J i

I(E) :(Pl,...,PS,El,...,65)<1C[Pgij]
2(6]1,---#]5)4C[IP’2],].

153



That is .
E =Gr(2,5NP* —— P*

[ I
Gr(2,5) —2—— P,
Now,
Kgr(25) =P Ops(=5) = Og,(25)(—5)
and since P* is a general linear subspace of P?, the normal bundle Ny /Gr(2,5) 18 given by

N jGr2.5)E = I*Nps po = i* Opa (1),

Indeed, by the adjunction formula, we have that
Ke =Ky (2,5)|E © det(Ngj6,(2,5)) |E
ZﬁE(—S) ® ﬁE(S) =0
so that E is an elliptic curve as we want.
We now take the weight matrix on (C[IP’?U] to be

0 bin b1z bis bys
0 b3 b bos

W = (wt(x;)) = 0 b3y b3s|. (7.3)
—sym 0 bys
0

Define the cone C(Gr(2,5)) over Grassmannian Gr(2,5) by
g H(V(P,...,Ps)) U{0} C C'” where ¢ : C'°\ {0} — P%[b;;].

We want to single out the ( relative key variety X) twisting vectors (a;;) where the ordered
integers a;; satisfy
aip+azs = a3 +ax = ays +a3; (7.4)
aip +azs = a3 +dazs = ays +azs;
ap +a4s = a4 +azs = ays + ax;
a3 +d4s = a4 +dass = ays +as4;

a3 +a4s = ax4 +azs = axs +azs.

A Gr(2,5)-bundle over P¥[c;] is then defined by
. k * * Ci _aij
Fa = (C5\ {0} x C(Gr(2,5)\ {0}) /C" x C*, A = [ o (7.5)
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where C* x C* acts by
(A, ). (t1,x:7) = (A8, A% pPiix ).

The system (7.4) of 10 linear equations in g;; has solutions a;; = w; +w; with w;,w; € Z [%}

p _
a2

as
as
ais
(aij) € ZIO : Zij =wi
aszs
asq
ass
[ 445 |

)

+ w2 +w3 +wy +ws

_—o = O = OO = OO0
_—_ 00— OO~ OO0

S OO === OO =
O = OO = O o =0

SO OO OO == ==

V

We considering Gr(2,5)-bundle ¥ over P! fitting into the following set-up with superscripts

denoting respective dimensions:

X2 c > 27 c > F]O(alz,...,a45)

Nk

1
Pr-

Here, the fibres of 7 are le,j [bij], the fibres of ¢ are copies of Gr(2,5) and f-fibres are

copies of the elliptic curve E.

On IF, we have L := [V(1;)], M := [V(x12)] € CI(F) = Z|L,M] with the relations
L>=0,LM° =1and M'° = Zaii =4(wy+...+ws).

I will go on to first understand the hyperplane sections of T as families over P!. With this,
I plan to characterize 5 relative hyperplanes whose intersection is the surface X fibred by

degree 5 elliptic curves.
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7.2.2 Weighted Grassmannian Fibrations

Another possible class of relative key variety is families of weighted Grassmannians. In
this subsection, we construct fibrations with weighted Grassmannians as fibres. We start

by recalling a modified construction of Grassmannians in [[CR02].

Definition 7.2.1. Let w = (wy,...,ws) € Q° be weights on (C)SQ such that w;; +k := w; +
wj+k are positive integers for some rational k and for all i, j. A weighted Grassmannian
wG(2,5) is defined by

wG(2,5) == (aGr(2,5)\0) /C* C wP(A*CY) =P [wij]

[xij]

with action defined by A @ (x;;) ~ A"iikx;; for 2 € C*. Hence
WG(Z,S) = PI‘Oj ((C[x,'j]/ <Pfijkl>>

with weights wt;; = w;; +k of x;;.
The following result from [CR02]] gives numerical data on weighted Grassmannians

Theorem 7.2.2. Letd =2k + Zle w;. The numerical data of

wGr(2,5) C wP := ]P’Exi ][Wjj + k]

J
are

(i) The Hilbert numerator

5 5
H(l . twij+k)P(l) —1— th—wi + Z td-i—Wj-i-k . l‘2d+k.
ij i=1 j=1

(ii) The degree
H(Wij +k)
(iii) K,p = —det(A\’C°®C) = O(— Y wix;;) = O(—4d — 2k).
(iv) If wGr(2,5) is well-formed, its canonical class is K,,G(2 5y = O'(—2d — k) where

degwGr =

wGr(2,5) C wP(A2C° @ Q)
with adjunction number

2d + k = deg(C® A’°C> @ C?).
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The following example shows how to construct families of weighted Grassmannians with

an example of a fibration living in them.

Example 7.2.3. Consider a projective fibration G4 %, P! whose fibres are weighted

Grassmannians
wGr(2,4) = (aGr(2,4)\0) /C* C wP(A*C}) = IP[SXU] [Wij ]

where aGr(2,4) = Spec (Clx;j]/ (Pfi234)) . Let

1113
w= (Wi, wa,w3,wg) = (575,5;5)
be the weights on (Cf;i and k = 0; we get the weight matrix
wio+k biz+k wiutk 1 1 2
W= waz+k wu+tk| = 1 2 (7.6)
—sym w3g +k —sym 2
We can then define
Ga = (C%,, > x Cone(Gr(2,4),,)\Z) /C* x C* (7.7)

with Z a closed locus of Gr(2,4) where C* x C* acts by the weight matrix

1
A= Wt(l‘l,tz;xij) = (0

:<(1)

with the point (b]g,b]j,,b|4,b23,b24,b34) € aGr(2,4) = C6/(Z/W,'j) C P[SXH][13,23]. We
ij

then get 7 : G4 — P[lz,-] a weighted Grassmannian fibration with 7! (p) = wtGr(2,4).

b1z bi3 D14 b3 b4 b34
wio+k wizs+k wiut+tk wyt+k wut+k witk

bio b1z bia bz byy by
1 1 1 2 2 2

S = O =

In this example, a general G4 D X € | — Kg, | is a Calabi-Yau variety fibred by K3 hyper-
surfaces in wGr(2,4). With this set-up, I plan to extend classification problems in this

thesis to include Calabi-Yau varieties fibred by K3 surfaces in weighted Grassmannians.
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