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1. Introduction

The edge isoperimetric inequality is a fundamental result in Extremal Combinatorics
concerning the distribution of edges in the cube. The n-cube @, is the graph on vertex
set {0,1}™ in which vertices are adjacent if they differ in a single coordinate. The edge
boundary of a set A C V(Q,) is the set of edges J.(A) C E(Q,) that leave A, i.e.
0.(A) = {zy € E(Qn) : x € A,y ¢ A}. A tight lower bound on |0.(A)| was given by
Bernstein [4], Harper [16], Hart [17] and Lindsey [22], who proved that the extremal
sets are initial segments of the ‘binary ordering’ on @, (see also Chapter 16 of [5]). In
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particular, the following bound is tight when |.A| = 2¢ for some d € N (take A to be the
vertices of a d-dimensional subcube).

Theorem 1. Every A C V(Qy) satisfies |0.(A)| > |A| - log, (27/]A]).

The next natural question is to understand the structure of subsets in the cube for
which the inequality in Theorem 1 is close to an equality: must they be close to an
extremal example? Indeed, for any problem in Extremal Combinatorics, the study of this
‘stability’ question often leads to a deeper understanding of the original question. The
following stability version of Theorem 1 was obtained by Ellis [10], solving a conjecture
of Bollobéds, Leader and Riordan.

Theorem 2. There is ¢g > 0 so that for 0 < e < &g, the following holds. Suppose
A CV(Qn) with |0:(A)| < | A|(logy(2"/|A]) +¢€). Then there is a subcube C of Q, with
[AAC] < mj%l)hﬂ.

This result has recently been refined by Ellis, Keller and Lifshitz [11] in the regime of
extremely close approximation: they proved that a set A whose edge boundary is within
an additive constant d of the minimum possible is O(d)-close to (an isomorphic copy of)
the unique isoperimetric set.

It is generally more challenging to obtain any structural information in an extremal
problem as the distance from the extremum increases. Kahn and Kalai [19] made a series
of compelling conjectures around the theme of thresholds of monotone properties, some of
which explore a potential connection with the stability problem for the edge-isoperimetric
inequality.

One such conjecture, in a strengthened form proposed by Ellis in [10, Conjecture 3.3],
suggests that small edge-boundary should imply some correlation with a large subcube.
Concretely, for any K > 0 there are K’,§ so that if A C {0,1}"™ with |A] = a2 and
|0.(A)| < K|A|logs a™! then there should be a subcube C of {0,1}" of codimension at
most K'log, a™! with |[ANC| > (1 + §)a|C|. Kahn and Kalai proposed this conjecture
in the special case of monotone properties, but in the more general setting of biased
measures on the cube. Kahn and Kalai further conjecture (see [19, Conjecture 4.1(b)],
again for monotone properties) that such A must be close to a union of at most a K
cubes.

A weaker form of the latter conjecture follows from a result of Friedgut [13] in the
‘dense’ regime.

Theorem 3. Let K,e > 0. Suppose that A C {0,1}"™ with |0.(A)| < K2". Then there are
disjoint cubes Cy,...,Cr with |AA(CL U---UCL)| < e2™, where L < L(K,¢) = 92719
for some constant C' > 0.

Remark. Friedgut actually proved that given such A there is set S C [n] with |S| < D :=
2C(K/2) 50 that A is e-approximated by disjoint cubes, all of whose fixed coordinate
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sets lie in S (often stated as A is e-close to a D-Junta). Theorem 3 is an immediate
consequence of this.

Our main result gives an analogue of Friedgut’s theorem that also applies in the sparse
regime.

Theorem 4. Let K,e > 0. Suppose that A C V(Qn) with |0:(A)| < |A|(logy(27/]A]) +
K) Then there are disjoint cubes Cy,...,Cr with |[AA(C1 U ---UCp)| < ¢|A|, where
e 2

L<L(K,e)= 920"/ for some constant C > 0.

Remark. Letting F(A) denote the set of edges in A, ie. E(A) = {z2’ € E(Q,) :
z,2’ € A}, Theorem 1 is equivalent to |E(A)| < |A|(log, |A])/2. In this setting, The-
orem 4 says that if 4 C {0,1}™ with |E(A)| > |A|(logy |A] — K)/2 then A can be
g-approximated by at most L(K,e) subcubes. In this sense, Theorem 4 gives a ‘dimen-
sion free’ stability theorem.

We conclude this introduction with a brief outline of our argument, and how the
paper will be organised to implement this. Most of the proof is geared towards showing
that A has a coordinate of significant influence. This exploits the connection between
edge-boundary and the influences of Boolean functions, which we will discuss in the next
section, together with two inequalities (due to Talagrand and to Polyanskiy) that we will
use in our proof. The starting point of our strategy is to choose an appropriate partition
of the coordinate set, such that we maintain control on two important quantities: the
constant K appearing in Theorem 4 (which we call the isoperimetric excess of A) and a
certain ‘mutual information’ quantity (in the sense of information theory). In section 3
we prove a partitioning lemma that will enable us to control both these quantities.
The mutual information is then used in section 4 to show that A is ‘product-like’ in a
certain sense. The control on the isoperimetric excess will be such that we can apply
Ellis’s theorem to approximate certain sections of A by cubes, provided that they are
not too dense. To address the latter point (density of sections), in section 5 we apply
Polyanskiy’s hypercontractive inequality to show that A is typically not too dense in
random subcubes (this result can be viewed as a sparse variant of the “It Ain’t Over Till
It’s Over” conjecture, proved by Mossel, O’Donnell and Oleszkiewicz [23]). The results
of the previous sections are combined in section 6 in finding a coordinate of significant
influence. This is the main ingredient of an inductive proof of our main theorem, given
in the final section.

2. Influences of Boolean functions
Edge boundary has a natural reformulation in terms of the analysis of Boolean func-

tions, which is an active area in its own right, with many applications to other fields,
including Social Choice and Computational Complexity; we refer the reader to the
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book [24] for an introduction. While our approach in this paper will be generally combi-
natorial rather than analytical, we will require some auxiliary results obtained by these
analytic means.

To discuss this connection we require some notation and terminology. Given f :
{0,1}" = R, let E(f) = 27"} cq01yn [(2) and Var(f) = E(f — E(f))?, the ex-
pectation and variance of f respectively. The function f is said to be Boolean if
f:{0,1}" — {0,1}. Subsets of V(Q,,) are naturally identified with Boolean functions,
where a set A C {0,1}"™ corresponds to the indicator function 14, with 14(z) = 1 if
xz € A and 0 otherwise. Given x € {0,1}" and i € [n] let = ® e; denote the element of
V(Qy) obtained by changing the ith coordinate of x. The influence of f in direction i
is defined as I;(f) := [{x € {0,1}" : f(z) # f(x ® e;)}|/2". The influence of f, denoted
I(f), is simply the sum of the individual influences, i.e. I(f) = >_;c(, Li(f). Thus L;(f)
denotes the proportion of edges in direction ¢ whose vertices disagree under f, and so
I(14) = |0.(A)|/27! for all A. Thus any statement regarding the edge boundary of A
is equivalent to a statement on the influence of 1 4.

The notion of influence was first introduced by Ben-Or and Linial [3] in the context
of social choice theory. They conjectured that any Boolean function f : {0,1}™ — {0,1}
with E(f) = 1/2 satisfies max;e[n) 1i(f) = Q((logn)/n). This was later established by
the fundamental KKL theorem of Kahn, Kalai and Linial [20], who proved that such f
satisfy Zie[n] L(f)? = Q((log2 n)/n) The following related inequality, that we will use
in this paper, was given by Talagrand [28].

Theorem 5. Any Boolean function f : {0,1}" — {0,1} satisfies Zie[n] %ﬁf)z(ﬁ >

c-Var(f), where ¢ >0 is a constant.

An important tool in the proof of the KKL theorem (and many results in this area)
is hypercontractivity of the noise operator, due to Bonami [6] and Beckner [2] (see also
[24, Chapter 9]). (An alternative approach based on martingales and the log-Sobolev
inequality for the cube was given by Falik and Samorodnitsky [12] and Rossignol [26].)
Hypercontractivity will also be important for us in this paper, via the following estimate
for spherical averages due to Polyanskiy [25].

For p € [1,00] let L,({0,1}") denote the set of functions f : {0,1}" — R equipped
with the norm || - [|, where [[fll, = (27" X, c(0,13n |f(z)[P)Y/P. For p = 2, the space
L2 ({0,1}™) also forms a Hilbert space equipped with the usual inner product, given
by (f,9) = 3= vefo1yn [ (@)g(x). Writing dp (z, Z) for the Hamming distance between
x and T, let Sy : Ly({0,1}™) — L2({0,1}™) denote the linear operator acting on f €
L»({0,1}™) pointwise by
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This operator can be seen as a variant of the standard noise operator. In [25] Polyanskiy
gave a hypercontractive estimate for Sy, proving the following result (see Theorem 1,
together with the remark following it).

Theorem 6. Let £ € [0,0.15n]) N N. Then for any f : {0,1}" - R

1Se(f)llz < 22 fll4 1-ae/mye-

While we do not need it for this paper, we should also remark that the threshold
conjectures of Kahn and Kalai are intimately connected via Russo’s lemma [27] to the
large literature on influences under p-biased measures, which can be viewed as a weighted
edge boundary (see e.g. [7,14,15,18,28]).

3. A partitioning lemma

In this section we establish some notation for partitions of the coordinate set and the
corresponding sections of 4 that will be used throughout the paper. We also prove a
lemma which shows that lower-dimensional sections of A tend to have smaller isoperi-
metric excess than A, and also bounds a certain ‘mutual information’ that will be used
in the next section to show that A has an approximate product structure.

Given x = (7)) € {0,1}" and a set I C [n] the I-restriction of x is the vector
xr = (2i)ier € {0,1}. Given a partition [n] = I;U- - -UI; and vectors z(™ € {0, 1}/ for
allm € [M], let 2 o--.0xM) € {0,1}" denote the concatenation of (1), ... (M) the
unique vector y € {0,1}" with y; = 2™ for all m € [M]. Note that 2 = 27, 0--- oz,
for all z € {0,1}".

Let Dir : E(Q,) — [n] denote the function with Dir(zz’) = ¢ if 2’ = = & e;. For
I C [n] and A C {0,1}" the set 9!(A) := {zz’ € 9.(A) : Dir(zz’) € I} is the I-edge
boundary of A. Clearly ol (A) = 8.(A). Given a partition I U J = [n] and y € {0,1}”
the y-section of A is the set

Al i={2€{0,1}} :yoz e A} C{0,1}".

The contributions from different sections give 97 (A) = U, ¢ (0,137 Oe (A]).
Given a set I C [n], with complement J = [n] \ I, let:

e ol = (aé) be the probability distribution on {0,1}”, with ozé = |Aé|/|.,4| for all
y € {0,1}7;

o [OL(AD] = |Al|(log, (2111 /| AL]) + KI) for all y € {0,1}, and set K' = >, an Ky
Note in particular that o is uniformly distributed on A, i.e. a?(z) is 1/|A| if z € A or
0 otherwise.

These section sizes can be naturally reformulated in terms of the following random
variables. Consider selecting € A uniformly at random. Let X; for ¢ € [n] denote
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the random variable X;(z) = ;. Write X; = (X;)ier for I C [n]. Then X satisfies
P(X;=y)= aé.

We will see that the entropy of these random variables appears naturally in the edge-
isoperimetric problem. First we recall some standard definitions (for an introduction to
information theory see the book [9]). Given a probability distribution p = (p,,)weq on
a finite set 2, the binary entropy of p is given by H(p) = — > Pwlogyp,. Given
v € [0,1] we will also sometimes write H(y) for the binary entropy of the probability
distribution {v,1 —~}, i.e. H(y) = —ylogyy — (1 — ) logy(1 — 7). The entropy of a
random variable X, denoted H(X), taking values in Q is the entropy of its probability
mass function, i.e. H(X) = H(p) where p = (p,,)wea and p, = P(X = w).

We will use the following entropy inequality of Shearer (see [8] or Chapter 15 of [1]).
We say that a family of sets S = {Sy, }me forms a D-cover of [n] if every j € [n]
appears in at least D sets from S.

Theorem 7. Let X = (X;)ic[n) be a random variable taking values in a finite set Q and
let Xg denote the random variable Xs = (X;)ics for all S C [n]. Then given a D-cover
S of [n], we have ) g s H(Xs) > D - H(X).

With this notation in place, we can state the partitioning lemma.

Lemma 8. Let A C {0,1}" with |9.(A)| < |A|(logy(2"/|A|)+ K). Suppose I U- - -UIp =
[n] is a partition. Then

() Smepn Hla) = (M = DH(@") < K;
(i1) Tep K < K.

Proof. As Al c {0,1}!, by Theorem 1 we have [9!(Al)| = |A]|(log (21/|AL]) + K)
with qu > 0. Expanding this expression, we find

102 (Ay)| = gl Allog, (2111/]A]) — ay | A| logs (ay) + ay Ky | Al.

Summing over y € {0,1}7, as Zye{o 1} 0‘75 = 1 we obtain

DLA) = D [0L(A] = |Allog, 211/ A]) + Al (H () + K7).

ye{0,1}7

Apply this equality for I, ..., Inr. Using [9e(A)| = 3,,.cia 1027 (A)|, we obtain

19e(A)] = |4 Togy (2" /1A + |41 Y0 H(al™) = (M = 1)logy A+ > K™).

me[M] me[M]
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Since log, |A| = H(a”) and |0.(A)| < |A|(logy(2"/]A|) + K) this gives

> H(a'™)— (M- + > K" <K (2)

me[M)] me[M)]

Both (i) and (i) now follow from (2). Indeed, (i) holds since K= > 0 for all m € [M].
To see (i), by (2) it suffices to show 3, 1 H(a') > (M — 1)H(a?). To see this,
consider selecting x € A uniformly at random, and for all i € [n] let X; denote the
random variable given by X;(z) = z;. For all I C [n] also let X;» = (X;)ier. Then X
satisfies P(X,, = ym) = a» for all m € [M], giving H(X,,) = H(a’™). Furthermore

H(X[,) = log, | Al However {Jm}mep forms a (M — 1)-cover for [n]. Theorem 7
therefore gives >, <1/ H(alm) = Yomepn H(Xm) =2 (M -1)H(Xp,) = (M — DH(a?).
This completes the proof of the lemma. O

4. Approximate product structure

In this section we will use Lemma 8 (i) with M = 2 to show that if A has small
isoperimetric excess then it has an approximate product structure with respect to any
partition [n] = IUJ, in the sense that for most elements = € A the product of ‘orthogonal
sections’ |A] || AL | is comparable with |A|.

Recall that for y € {0,1}7 we let o) = |A]|/|A], for z € {0, 1} we let of = |A7]/|A],
and o = 1/|A] for all 2 € A and 0 otherwise. We also let o/, a” and a? denote the
corresponding probability distributions. The quantity H(a!) + H(a’) — H(a?) can be
viewed as the mutual information of the random variables X; and X ; considered in
the previous section. If the mutual information were zero, then the variables would be
independent, and A would have a product structure. The following lemma can be viewed
as a stability version of this observation.

Lemma 9. Let K,e > 0 and suppose H(a') + H(a’) — H(a?) < K. Then for at least
(1 —¢)|A| elements x € A we have |A] || AL | > |A|/(e - 25/¢).

Proof. Write b, = o /(al and let f(t) :=tlog,t+ 1 —t. We claim that

xJ xI)

log, 2 x (H(a') + H(a”) —H(am)) = Z am] J (b log, by)
z€{0,1}"]

= Y ab,af fba)

z€{0,1}"]

To see this, first note that

Z aé log, (a{/) = — Z 042 log, (%ch)-

ye{0,1}7 z€{0,1}°
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Using the analogous expressions for H(a!) and H(a?), we obtain

H@' )+ H@)-H@") = Y oallog,(b,) = > al ol b.log,b,.
z€{0,1}"] z€{0,1}["]

This gives the first equality of the claim. The second follows as

Z aiJOé;f]I:( Z szl)( Z aé):l, and

z€{0,1}I] z€{0,1}/ ye{o,1}/
I J _ 0 _
Z (arjaxl)bm = Z o, = 1.
ze{0,1}"] ze{0,1}n]

Now consider Ap :={x € A:b, > D} C Afor D > 1. We have

|Ap| _ 0 _ IoJg I ba
A Z ay = Z Ay, 0y by = Z 0, (bﬁ)(f(bm)>

Tz€AD r€A:b,>D r€A:b,>D

< (757) > 3 alaz, f(b:) = (7755) * oz 2 (H(a") + H(a) = H(a"))

o (log. 2)K
“log,D—1

The first inequality holds as f(¢) > 0 for t > 0 and g(t) := f(¢t)/t satisfies ¢'(t) =
t=! —t=2 > 0 for t > 1. The following equality holds by the claim, and then the final
inequality holds since D/f(D) < 1/(log, D — 1) and H(a') + H(a”) — H(a?) < K by
Lemma 8(i). Setting D = e25/¢ gives | Ap| < ¢|A|. Since |A|/(| AL, [|AL]) = b, < D for
all z ¢ Ap, this completes the proof. O

5. Sparse sections

In this section we prove the following result, which shows that if A C V(Q,,) is sparse,
then this is also true of typical sections of A. Another way to interpret the result (which
is also convenient for the proof) is to consider a random element x of A, reveal all but
d of its coordinates, then sample a new element of & € {0,1}" that agrees with the
revealed coordinates. Then there is typically still some uncertainty as to whether x is
in A (It Ain’t Over Till It’s Over).

Lemma 10. Let A C V(Q,,) with |A| = a2" and d € N with d < 0.15n. Independently
select:

e z € A uniformly at random,
o I C [n] with |I| = d, uniformly at random.

Then By 1(|AL |) < 2a4/872¢ where J = [n] \ I.
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Note that the exponent of « is tight up to a constant factor (for example, when A is
a subcube).

Proof. Given z and I, we also select & € {0, 1}™ uniformly at random subject to Z; = x ;.
Note that

E.r(JAL ) = E. 1 (P € Alz,I)-2%) =P(@ € A) - 2¢

The lemma is thus equivalent to showing that P(z € A) < 2a4/5,
To see this, we note that given w € A and w € {0,1}" with dy(w,w) = ¢, we have

P(z = wlz = w) =P(dy(z,7) = llz = w) - P(T = w|r = w,du(z,2) =)

_ {2d<2)~<2>1 ite <

0 otherwise.

Let S denote the linear operator S = 2~¢ Z?:o (‘Z)Sg, with Sy as in (1). Let 14 denote
the indicator function of A. Then for w € A we have

d

S(14) (w) = <21d ; <Z) sg>1,4(w) —P(E € Az = w).

We deduce that P(z € A) =3, ¢4y Plz = w)P(Z = wlz =w) = (a4, 514).
Separating S and using the Cauchy—Schwarz inequality gives

P(3 € A) < —12( ) Lo} Se Ll 3)

However, by Theorem 6 we have [|Se(1.4)[l2 < 2[|Lall14(1-2¢/n)2 for £ < d. As

(1+(1—2¢/n)*)" —1/2 = (2¢/n — 202 /n®)(1 4+ (1 — 2¢/n)*) ™ > ¢/n — £* /n?
> L/2n,

since £ < n/2, this gives

1 —20/m)2)-1 "
1Lall2llSelallz < 201 all2lllalli+(1—2e/my2 = 202 TAFET2/MIDTE < 914 2n,

Combined with (3) this gives

d d
2 Z/Qni 1+Oll/2n

£=0
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To simplify, let o = e~ L. As ¥ < 1+v/2 for vy € [-1,0] and 1+ < e” for all v € R,

we find
<1+a1/2”>d B <1+e—L/2n>d _ <1+ (1 —L/4n)>d
2 N 2 - 2

d
— (1= £ < ede/Sn — ad/8n
8&n) — '

Therefore P(Z € A) < 2a%/®", completing the proof of the lemma. 0O

Remark. Lemma 10 may be seen as a variant of ‘small set expansion in the noisy hyper-
cube’ (see Section 9, [24]).

6. Finding a coordinate of large influence

In this section we prove that if .4 C {0,1}" has small isoperimetric excess and is not
close to being the whole cube then there is a coordinate of large influence.

Theorem 11. Let A C V(Q,) with |A] < (%)2" and |9.(A)| < |A|(logy(2"/]A]) + K).
Then max;ep,) Li(1a) > 2-CE+D*| A /2 for some constant C > 0.

Proof. Let |A| = a2", where a < 7/8, and let 8; = I;(14) for all i € [n] and 8 =
max;c(,] B;- We will also fix a number of parameters to be used in the proof. Set co =
min{eg, 1/8}, where g is as in Theorem 2. Also set C; = 2'2/cy, § = ¢o/(32(K + 1))
and M = [1/46]. Lastly set C = 32C4 /¢, with ¢ as in Theorem 5.

We first consider the case when o > 2-C1(K “)2, where the result follows from Tala-
grand’s inequality. Indeed, in this case |0c(A)| < |A|(C1(K +1)*+K) < 2C1 (K +1)?|A].
As a < 7/8, we have Var(14) > |A|/2"3, so Theorem 5 gives

c| Al Bi I1a)  _ [0(A)
s Se-Var(a) < ) “loga B; ~ logy(B-1) 2 Tlogy (51

i€[n]
2C1 (K + 1)2\A|
< —
~ 277 llogy(B71)

Rearranging 8 > 273201 (K+1)*/c — 9=C(K+1)* 45 required.

It remains to consider the case o < 2-C1(K +1° We start by giving an overview of the
argument in this case. We will find a partition IU.J of [n] so that for many elements z of A
the I-section is sparse and has small isoperimetric excess, and the product of orthogonal
sections through x is comparable with 4. We can then apply Ellis’ theorem to find a
subcube C C {0,1}! such that many elements of A have an I-restriction in C. Finally, we
show that one of the coordinates that is influential for C must also be influential for A.
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To begin, select a partition [n] = Io U Iy U...U Iy uniformly at random, with |I,,,| =
d = [én] for all m € [M] and |Iy| = n — Md. (This is possible as n > C1(K + 1)?,
dn > Cico(K +1)/32 > 1 and Md < (20)71(20n) < n.) Write J,,, = [n] \ I, for all
m € [M]. We say I, is controlled if

[{z e A:|Aln | <16a%5"27}| > 3|A|/4.
By Lemma 10 we have

1
1% P(I,, is not controlled) x 16a%/372% < Em,lm(|Ac{:";m ) < 204/8n2d,

This gives P(I,,, is controlled) > 1/2. Letting S; = {m € [M] : I,,, is controlled}, we find
that E(|S1]) > M/2. Fix a choice of I, ..., Ips such that |S1| > M/2.

Now set So = {m € [M]: K" < 4K/M}. As 2 ome[M] K < K by Lemma 8 (i),
Markov’s inequality gives |S3| > 3M /4. Combined with the previous paragraph, this
gives S1 NSy # 0. Fix m € S; NS, and take I = I,,, and J = J,,,.

To proceed we now consider the following subsets of A:

(i) A = {z € A: |AL | < 16ad/8n24};
(i) Ao ={z e A: K] <16K/M};
(i) As = {o e A: AL [|A],| > [A]/(e2*F)}.

Further let B = A; N A N As. We claim that |[B| > |A|/4. To see this, first note that
|A1| > 3| A|/4 as m € Sy. Also, since B a KL = K' <4K /M as m € S,, by Markov’s
inequality |As| > 3|.4|/4. Lastly, since H(a!) + H(a”’) — H(a?) < K from Lemma 8 (i),
applying Lemma 9 with € = 1/4 gives | A3| > 3|.A|/4. Therefore |B| > |A|/4 as claimed.

We will now show that for some x € B the set AL € {0,1}! has a coordinate of large
influence which also gives large influence for A. To see this, note that partitioning B over
the I-sections gives

A Ayl
ORAE TR Sy

y€{0,1}7 ye{0,1}7

Therefore |B] | > |A] |/4 > 0 for some yo € {0,1}/. For any z € B} we have z =
yo o z € B C Ay which gives K;O = KiJ < 16K/M < ¢y, ie.

10 (Agy )| < A, | (loga (2171/AL 1) + o).

Theorem 2 therefore gives | Al AC| < 3col Al |/log,(cgt) < | AL |/8 for some subcube
Cc{0,1}. As Bl c AL and |B] | > |.A] |/4, this gives |BL nC| > |AL |/8.

Set D = {x € A:x; € C}. Note that D is insensitive to coordinates in J, in the sense
that if z € D and Z € A with x; = Z; then € D. Therefore D D J,co{yoz:y € A}
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and in particular [D| > Y . |A/|. However for each z € Bl NC C Al we have
z:=yooz€ Az and so [AL||A] | = AL ||A] | > |A]/(e2*). Combined, this gives

A] [A]
D2 Z AT > Z 21K | AL = By, n¢l- 21K | AT
zeB] nc zeBl nC c o ¢ Yo
I
> |Ay0 . |'A| > ‘Al (4)
= 8 624K|A£ | — 94K+5°
0

Thus a large proportion of elements z € A satisfy x; € C.

We will now show that one of the coordinates that are influential for C C {0, 1} must
also be influential for A. To see this, as C C {0, 1} is a subcube there is T' = {iy,...,i;} C
I and z € {0,1}7 with C = {z € {0,1} : 20 = 20} and log, |C| =d —t = [T \ T|. As
IC| < AL |+ AL AC| < 2| AL | < 25a4/8727 we find

d _ ] _
t=d—log,|C| > 8—nlog2(a H-5> glogz(a H—5

> C()Cl(K + ].)

> 5 — 5> 4K +7. (5)

Here we used a < 27C1(K+D” 1§ — ¢ /(32(K + 1)) and C) = 2'2/c.
Finally, suppose for a contradiction that 8; < |A|/(24£5+627) for all i € T. For 0 <
?<tlet

Ar=An{z e {0, 1}t i,y iy = Zivsn,ie} -
Clearly D = Ay C A; C -+ C A = A As B, < |A]/245162" we have | Ay >
2| Ag_1| — | A|/2*5 5. Equivalently |Ag| — | A|/25F5 > 2(|A;_q| — | A|/2*5¥5). Taking
¢ =t, we find
A > [ Ae| = [A]/25F0 > 28| Ao| — |A] /21570 = 27457014,
The final inequality holds since |Ag| = |D| > |A|/2*5F5 by (4). However, as t > 4K + 7

from (5), this is a contradiction, and so, as Cy > 6 we have f > max;er ; >
2-4K=6| 4] /2n > 2-C1(K+1)?| 4| /2" as claimed. O

7. Almost isoperimetric sets are close to a union of cubes

With Theorem 11 in hand, we can now prove Theorem 4.

Proof of Theorem 4. To begin, let C7 > 1 be the constant given by Theorem 3 and let
C3 > 1 be the constant given in Theorem 11. Set C' = max{6C7,8C3} and let g : R - R

. 2
be the function g(x) = 227" We will show that for all K > 0 and ¢ > 0, given a set
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A c {0,1}" with |9.(A)] < |A|(logy(2"/|A]) + K) there are disjoint cubes Cy,...,Cr
with [AA(C1 U---UCL)| < ¢]A| and L < g(K/e).

Before beginning the proof, we note that this seemingly weaker bound on L implies the
bound stated in Theorem 4. Indeed, if € > 1 then A can be e-approximated 0 subcubes.
Fore <1,if K < K/e < ¢ := max{eg, 1/8} then A can e-approximated by 1 < L(K/¢)
subcube by Theorem 2. Otherwise, 1 < ¢y 'K /e and g(K/¢) < L(K/¢) := 92'00 "/

We will prove the result by induction on |A| + n. Clearly it holds when |A| = 1 for
all n. We also claim that the result holds when |A| > (%)2”. Indeed, in this case we
consider A° = {0,1}" \ A, and write |.A°| = a2" so that o < §. Using 1 — 2 > 272 for
x € [0,1/8] and applying Theorem 1 to A° we find

2" (logy(1 — a) ' + K) > [0.(A)| = |0.(A°)| = a2 logy(a™ ') > 3a2"
3 n -1
> (§>2 logy(1 — )™+

Thus K > 1log,(2"/|A|) and |0.(A)| < 3K2". By Theorem 3 there are disjoint subcubes
Ci,...,Cp, such that [AA(CU---UCL)| < (5)27 < el A with L < 227 < (K /e),
as desired.

Let A C {0,1}™ and assume that the result holds for smaller values of |A| + n,
and that [A| < (£)2". We can apply Theorem 11 to A find a coordinate j € [n] with
I;(14) = b;|A]/2™ where b; > ¢(K) := 2-C2(K+1)” Without loss of generality j = n. Set
A= = A and A+ = A and let y € [0, 1] with |A~| = v|A] and |A] = (1—7)] 4.
By symmetry we may assume v < 1/2. By Theorem 1, there are K, K+ > 0 with

0L (A7) = AT | (loga (21 /JAT) + K ),

0 (AT = |AT|(logy (2771 /|AT]) + K.
Expanding these expressions gives

|08 H (A7) = 7| Al logy (2" /]A]) + 71 Al(logy y ™! — 1+ K7),
05 (AT)| = (1 = 1) Allogy (2" /JA]) + (1 = 1) Al(logy(1 — ) 7! = 1+ K ).

Combining these identities together with the contribution b,|.A| from the edges in direc-
tion n gives

|0e(A)| = [0 (A7) | + [0l H(AY) + |A-AAT
= |A|log, 2" /| A| + |.A|(H(7) —14b,+vK™ +(1 —*y)KJr).

By possibly decreasing K we can assume that |9.(A)| = |A|(logy(2"/|A|) + K). Then

VK~ + (1=Kt =K = (H(y) = 27) = (bo — (1 - 27)) = K. (6)
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Note that both bracketed terms here are non-negative. Indeed, H (7y) is concave on [0, 1/2]
as H'(vy) = logy(v/(1 —«)) > 0 and so H(y) > 2v for v € [0,1/2] as H(0) = 0 and
H(1/2) = 1. The second term is also non-negative as b, |A| = |[ATAA™| > |AT|—|A7| =
(1 — 2v)|A|. By partitioning the contribution of (6) we find § € [0,1] with yK~ = 6K
and (1 —)K+ = (1 — §)K. Also fix E := 9—2C2(K/e+1)*

First suppose that K < K — E. In this case, we will approximate both A~ and
A* by appropriate collections of cubes. Set e~ = de/y and et = (1 — d)e/(1 — 7).
By the inductive hypothesis, there are disjoint subcubes €'~ = {C; }¢z-) with L™ <
L(K~,e7) and € = {C/ };e(r+) with LT < L(K*,e™) so that

AT A(Ueew-C)l <7 [AT[ = de|A] - and
AT A(Ueew+C)| < eT|AT| = (1 6)e| Al

We can naturally identify cubes in €, €+ with subcubes of @, in which the nth
coordinate is 0, 1, respectively. Taking ¢ = ¢~ U %+ we find |AA(UcegC)| < €| Al
Therefore

€] < LK~ =) + LIK™,e%) < 29(K /e) < 29((K — E)/<) < 29(K/e — ). (7)

Note that the function h(z) = log, g(z) = 2°@+D* satisfies W/ (z) > 2(log, 2)C(z +
1)h(z) > h(z) and so h'(z) is increasing. By the mean value theorem, using E < (K /e +
1)/2, this gives

1+ h(K/e — E) <1+ h(K/e) — EW(K/e — E) < 1+ h(K/e) — E2CK/+1)*/4
< h(K/e).

Here E2C(K/e+1)?/4 — 9(C/4=2C2)(K/e+1)* > { a5 C' > 8C,. Exponentiating, and com-
bining with (7) we find || < 2g(K/e — E) < g(K/e), completing the proof of this
case.

It remains to deal with the case K > K — E. We claim that this is only possible
if ¥ < E. To see this, note that by (6) in this case we have (i) b, — (1 —2y) < E
and (it) H(y) — 2y < E. Since b, > ¢(K) > 2E, by (i) we have v < 1/2 — ¢(K) /4.
Also H(y) — 2y > 2y — 49 = 2y(1 — 27) > min(y, 1 — 27) for v € [0,1/2]. Therefore
H(vy) —2y> E for vy € (E,1/2 — ¢(K)/4], which by (i¢) forces v < E, as claimed.

As A~ is small, we can approximate A by deleting A~ and approximating A" by
subcubes with accuracy ¢’ = (¢ —v)/(1 —v). By induction, there are disjoint cubes ¢ =
{Ci}icr) with |ATA(UcesC)| < €'|AT| and L < g(K*/e’). But then |AA(UeexC)| <
/| AT|+]A7| <] Al Lastly, using y < E, C > 1and K™ < (K — (H(y) —27))/(1—7)

we have

K+ - K —vlogyy~1/3 < K —2yCy(K/e +1)?/3 - K—-7K/e K

e’ €—n - €—7 - e—x €
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Therefore L < g(K*/e') < g(K/e), completing the proof of this case and the theo-
rem. O

Note. Keller and Lifshitz [21] have independently and simultaneously proved a stronger
version of our main theorem, with an essentially optimal bound of L(K e) < 927/,
Although our bounds are weaker, as our approach is significantly different we feel that
the methods may be useful for similar problems in the future, particularly if they are
not amenable to the compression arguments used in [21].
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