COUNTING DESIGNS
PETER KEEVASH

ABSTRACT. We give estimates on the number of combinatorial designs,
which prove (and generalise) a conjecture of Wilson from 1974 on the
number of Steiner Triple Systems. This paper also serves as an ex-
pository treatment of our recently developed method of Randomised
Algebraic Construction: we give a simpler proof of a special case of our
result on clique decompositions of hypergraphs, namely triangle decom-
positions of quasirandom graphs.

1. INTRODUCTION

When does a graph G have a triangle decomposition? (By this we mean
a partition of its edge set into triangles.) There are two obvious necessary
‘divisibility conditions’: the number of edges must be divisible by three,
and the degree of any vertex must be even. We say that G is tridivisible if
it satisfies these divisibility conditions. In 1847 Kirkman proved that any
tridivisible complete graph has a triangle decomposition; equivalently, there
is a Steiner Triple System on n vertices if n is 1 or 3 mod 6. In [5] we showed
more generally that a tridivisible graph has a triangle decomposition if we
assume a certain pseudorandomness condition. In fact, we proved a more
general result on clique decompositions of simplicial complexes, which in
particular proved the Existence Conjecture for combinatorial designs.

One purpose of the current paper is to illustrate the new technique (Ran-
domised Algebraic Construction) of [5] in the simplified setting of triangle
decompositions; we will also prove a conjecture of Wilson [12] on the num-
ber of Steiner Triple Systems. These results are proved in the next three
sections, roughly following the method of [5], but introducing some novelties
in technique that lead to considerable simplifications in the case of triangle
decompositions; the material here closely follows a lecture series that the
author recently gave at the Israel Institute for Advanced Studies. In Section
5 we sketch an argument of Bennett and Bohman [1] on the random greedy
matching process and adapt the calculations to the version needed in this
paper. We generalise from Steiner Triple Systems to designs in Section 6.
We conclude by noting that it remains open to obtain an asymptotic formula
for the number of designs, or even just for the number of regular graphs.

2. TRIANGLE DECOMPOSITIONS

We start by stating our result that tridivisible pseudorandom graphs have
triangle decompositions. The pseudorandomness condition is as follows. Let
G be a graph on n vertices. The density of G is d(G) = |G|/(5). We say
that G is c-typical if every vertex has (1 & ¢)d(G)n neighbours and every
pair of vertices have (1 + ¢)d(G)?n common neighbours. (We write b+ ¢ for
any real between b — ¢ and b+ ¢.)
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Theorem 2.1. There exists 0 < ¢g < 1 and ng € N so that if n > ng
and G is a c-typical tridivisible graph on n vertices with d(G) > n=°"" and
c< cod(G)106 then G has a triangle decomposition.

Note that in Theorem 2.1 we allow the density to decay polynomially with
n; this will be important for the application in the next subsection, but in
many cases of interest one can consider d(G) and ¢ to be fixed constants
independent of n. One such consequence of Theorem 2.1 noted in [5] is that
the standard random graph model G(n,1/2) with high probability (whp)
has a partial triangle decomposition that covers all but (14 o(1))n/4 edges.
Indeed, deleting a perfect matching on the set of vertices of odd degree
and then at most two 4-cycles gives a graph satisfying the hypotheses of the
theorem. This is asymptotically best possible, as whp there are (1+0(1))n/2
vertices of odd degree, and any set of edge-disjoint triangles must leave at
least one edge uncovered at each vertex of odd degree.

We remark that our definition of typicality here is weaker than that used
in [5]. In fact, for most of the paper we will assume the stronger version,
then explain at the end how the proof can be modified to work with the
current definition. We also make the (well-known) remark that typicality
implies the standard regularity property (for appropriate constants) that
appears in Szemerédi’s Regularity Lemma, but the converse is not true, as
regularity allows individual vertices to behave badly, even to be isolated.

2.1. The number of Steiner Triple Systems. Another purpose of our
paper is to prove the following conjecture of Wilson [12] on the number
of Steiner Triple Systems on n vertices, i.e. triangle decompositions of the
complete graph K,,; denote this by ST'S(n).

Theorem 2.2. If n is 1 or 3 mod 6, then STS(n) = (n/e* + o(n))"’/S.

Note that K, is tridivisible if and only if n is 1 or 3 mod 6, so ST'S(n) =0
for all other n. The upper bound in Theorem 2.2 was recently proved by
Linial and Luria [8], who showed that STS(n) < (n/e? + O(y/n))" /5. Our
lower bound will be ST'S(n) > (n/e2 + O(n'=*))"*/6 for some small a > 0.

Theorem 2.2 will follow quite easily from Theorem 2.1 and the semiran-
dom method (nibble). It will be most convenient for us to apply the results
of Bohman, Frieze and Lubetzky [2] on the triangle removal process (al-
though we could make do with a simpler nibble argument, or the argument
of Bennett and Bohman [1] sketched in Section 5). We say that an event
E holds with high probability (whp) if P(E) = 1 — e~*") for some ¢ > 0
as n — 00; note that when n is sufficiently large, by union bounds we can
assume that any specified polynomial number of such events all occur.

In the triangle removal process, we start with the complete graph K,
and at each step we delete the edges of a uniformly random triangle in the
current graph. It is shown in [2] that whp the process persists until only
O(n3/?+°(D)) edges remain, but we will stop at n?=107" edges (i.e. at the
nearest multiple of 3 to this number) so that we can apply Theorem 2.1. We
need the following additional facts from [2] about this stopped process: whp
the final graph is n=/3-typical, and when pn? /2 edges remain the number
of choices for the deleted triangle is (1 4 n~=2/3)(pn)3/6.
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Proof of Theorem 2.2. Consider the following procedure for constructing
a Steiner Triple System on n vertices: run the triangle removal process
until n2=107" edges remain, then apply Theorem 2.1 (if its hypotheses are
satisfied, which occurs in 1 —o(1) proportion of all instances of the process).
Writing m for the number of steps and p(i) = 1 — 6i/n?, the logarithm of
the number of choices in this procedure is
m
Ly = (log(p(i)*n®/6) = 2n~*/?) = (n® /6)(log(n’ /6) =34 n~'07),
i=1
since Y1, log p(i) = (1+0(n~19""log n))(n2/6) fol log p dp and fol logp dp =
—1. Also, for any fixed Steiner Triple System, the logarithm of the number
of times it is counted by this procedure is at most

Ly = Zlog(p(i)nQ/(;) = (n2/6)(log(n?/6) — 1 + n,lofs).
i=1

Therefore log(STS(n)) > Ly — Ly = (n2/6)(log(n) — 2 & 2n~19"%) which
implies the stated bound on ST'S(n). O

2.2. Strategy. The strategy of the proof of Theorem 2.1 is encapsulated
by the following setup (we give motivation and discussion below). We say
that J C G is c-bounded if |J(v)| < ¢|V(G)] for every v € V(G), where
J(w) ={u € V(G) : uwv € J} is the neighbourhood of v in J.

Setup 2.3. Suppose we have G* C G with a ‘template’ triangle decompo-
sition 1" such that

Nibble: G\ G* contains a set N of edge-disjoint triangles with ‘leave’
L :=(G\ G*) \ UN that is ¢;-bounded,

Cover: For any L C G \ G* that is ¢;-bounded, there is a set M¢ of
edge-disjoint triangles such that L = (G\ G*)N(UM€) and the ‘spill’
S = G* N (UMF°) is cp-bounded,

Hole: For any tridivisible S C G* that is co-bounded, there are ‘outer’
and ‘inner’ sets M°, M* of edge-disjoint triangles in G* such that
UMP® is cg-bounded and (S, UM?) is a partition of UM®,

Completion: Given L, M¢, M° and M" as above, there are sets M,
My, Ms, My of edge-disjoint triangles in G such that (L,UMy) is a
partition of UMy, UMs = UMy, M3 C T and My C My.

The key step is choosing T' (which determines G*). We will use our
method of Randomised Algebraic Construction, which takes a particularly
simple form for triangle decompositions. To motivate the construction, sup-
pose that V(G) is an abelian group, and consider the set 3 of triples zyz
such that z +y + z = 0. We note that ¥ is a good ‘model’ for a triangle
decomposition, as for any xy there is a unique z such that z +y 4+ z = 0.
However, we cannot simply take X, as not all such zyz are triangles of Gj;
moreover, x,¥, 2 may not even be pairwise distinct.

The idea of the construction is that a suitable random subset of ¥ can
act as a template, which covers a constant fraction of G. Next we find an
approximate decomposition of the rest of G by random greedy algorithms:
this is accomplished by steps Nibble and Cover of Setup 2.3. After these
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steps, every edge of G has been covered once or twice, and the spill S is the
set of edges that have been covered twice. Finally, we use local modifications
built into the template to turn the approximate decomposition into an exact
decomposition: this is accomplished by steps Hole and Completion of
Setup 2.3.

To motivate Completion, we imagine first that we have Hole and also
M?° C T. Then we could delete M° and take M* instead, thus reducing by
one the multiplicity of every edge in S, so that we have a triangle decompo-
sition of G. However, specifying a triangle of T' is very restrictive, as there
are only order(n?) such triangles out of a total of order(n?) triangles in G.
If we had chosen T uniformly at random it would be hopeless to obtain any
useful configuration formed by triangles of T'. However, the algebraic struc-
ture implies that certain configurations of triangles are dense within a sparse
configuration space (described by linear constraints). This forms the basis
of a modification procedure that replaces M¢, M° and M*? by other sets of
triangles with the same properties, where M; plays the role of M¢U M?, M,
of M°, and each triangle f of My can be embedded in a small subgraph that
has one triangle decomposition (part of My) using f and another triangle
decomposition (part of Ms3) contained in 7.

It is not hard to see that G contains a triangle decomposition in Setup 2.3.
Indeed, we start by taking the sets N provided by Nibble and then the sets
M€ and S provided by Cover. Now we note that S = UT +UN +UM® -G
is tridivisible, as any integer linear combination of tridivisible graphs is
tridivisible. So we can apply Hole to obtain M° and M*?. Then we can
apply Completion to obtain M;, My, M3, My. Finally, M = N U M; U
(Mg \ M2)U (T \ Ms3) is a triangle decomposition of G. Thus the remainder
of the proof will be to show that we can achieve Setup 2.3.

2.3. Template. We choose the template as follows.

Construction 2.4. Let a € N be such that 2¢72 < |V(G)| < 297L. Let
7 : V(G) — Faa \ {0} be a uniformly random injection. Let

T ={zyz € K3(G) : w(z) + 7(y) + 7(2) =0} and G* = UT.

To avoid cumbersome notation, we use xyz to denote either the vertex set
{z,y,z} or the edge set {zy,xz,yz} of a triangle. The context determines
which interpretation is intended, e.g. in Construction 2.4 the graph G* is
the (disjoint) union of the edge-sets of the triangles in 7.

In this subsection we will show that whp the pair (G, G*) is ‘typical’ (in
a precise sense defined below); this will allow us to implement the approxi-
mate decomposition in steps Nibble and Cover. Moreover, we will show in
Section 4 that G* is ‘linearly typical’ (roughly speaking: we can count sub-
graph extensions with linear constraints on the vertices); this will imply the
existence of the local modifications used in steps Hole and Completion.

We start with some notation and preliminary observations. Throughout
we write n = |V(G)|. We identify G with its edge set E(G), so that |G|
denotes the number of edges of G (rather than the number of vertices, as is
used by some authors). We write [n] = {1,...,n}. We define

v =2""n,
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and note that 1/4 < v < 1/2. We observe that if x,y,z € Faa \ {0} and
r+y+ 2z =0 then z,y, z are pairwise distinct. We note that +1 = —1 in
Faa, so we can use + and — interchangeably in Fos-arithmetic. We consider
Foa as a vector space over Fy, and observe that any two nonzero elements
span a subspace of dimension two.

Next we introduce the stronger typicality assumption used in [5]. We say
that G is (c, h)-typical if

| Npes G(2)] = (1 £15])d(G)®In for any S C V(G) with |S] < h.

Note that being c-typical is essentially the same as being (¢, 2)-typical (up
to a factor of 2 in ¢). For most of the paper we will assume that G is (c, 16)-
typical; at the end we will explain how the proof can be modified to work
with the weaker assumption that G is c-typical.

Now we define the typicality condition for (G, G*) and show that it holds
whp. Let G* be a subgraph of G. We say that (G, G*) is (¢, h)-typical if

| ﬂ G*(z)N m G(z)| = (1 £ |S|e)d(GH)I5 d(G)151=15"1y
reS* TES\S*

for any S* C S C V(G) with |S| < h. For a convenient statement of the
following lemma we will assume that ¢ is not too small; as the typicality
conditions become stronger as ¢ decreases, without loss of generality we can
assume ¢ > cod(G)1° /2.

Lemma 2.5. whp d(G*) = (1 £ 3¢)vd(G)? and (G, G*) is (6¢,16)-typical.
The proof uses the following consequence of Azuma’s inequality.

Definition 2.6. Let S, be the symmetric group, f : .S, — R and b > 0.
We say that f is b-Lipschitz if for any 0,0’ € S, such that ¢ = 70 ¢’ for
some transposition 7 € S, we have |f(o) — f(o)| < b.

Lemma 2.7. (see e.g. [11]) Suppose f : S, — R is b-Lipschitz, o € S, is
uniformly random and X = f(o). Then

P(|X — EX| > t) < 2¢1/270°,

Proof of Lemma 2.5. We start by estimating E|G*| = ) ., P(e € G¥).
For any e = zy, given m(z) and 7(y), we have e € G* if and only if 7(z) =
m(x) + 7(y) for some z such that zyz € K3(G). Since G is (¢, 16)-typical,
there are (1 + 2¢)d(G)?n choices for 2. Each satisfies 7(z) = 7(x) + 7(y)
with probability (2¢ — 3)~!, so E|G*| = |G|(1 % 2¢)d(G)*n (2% — 3)~L. We
can view 7 as o o mg, where mp : V(G) — Faa \ {0} is any fixed injection and
o is a random permutation of Foa \ {0}. Any transposition of o affects |G*|
by O(n), so by Lemma 2.7 whp d(G*) = (1 4 2.1¢)yd(G)>3.

Similarly, we consider any S* C S C V(G) with |S| < 16, write ¥ =
Nues G (@) NNyeg s+ G(@), and estimate E[Y| =3 o) P(y € Y). For
any y € NyesG(z), given 7(y) and w(x) for all z € S, we have y € Y if and
only if for all x € S* there is xyz, € K3(G) such that m(z;) = 7(z) + 7(y).
Since G is (c,16)-typical, there are (1 & |S|c)d(G)!%In choices for y. By
excluding O(1) choices of y we can assume 7w(x) + 7(y) # w(a’) for all
x,2' € S. Then for each x € S* there are (14 2¢)d(G)?n choices for z,, and
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for any set of choices, with probability (1 + O(1/n))2~%5"| they all satisfy
7(2z) = m(x) + 7(y). This gives

E|Y| = O(1) + (1 £[S|c)d(G)*In- (1 £20)d(G)*n)! ¥ - (1 4+ O(1/n))27 1.

Any transposition of o affects |Y| by O(1), so by Lemma 2.7 whp |Y| =
(1« (38| + 1)e)d(G)S (vd(G)?) !5 In = (1 £ 6]S|c)d(G*)IS1d(G) 151157 In. O

Since d(G*) = (1 4 3¢)vd(G)? and 1/4 < v < 1/2 we have 0.24d(G)3 <
d(G*) < 0.51d(G) for small ¢. Also, as (G,G*) is (6¢, 16)-typical we can
deduce that G\ G* is 50c-typical. Indeed, for any v € V(G) we have

(G\G")(v)| = (1 £c)d(G)n — (1 £6¢)d(G*)n
= (d(G) —d(G"))n £ 6¢(d(G) + d(G™))n = (1 £20c)d(G \ G*)n.
Furthermore, for any u,v € V(G) we estimate |(G\ G*)(u) N (G \ G*)(v)| as
G(u) NG)] = |G (u) NG(v)] = |G(u) NG (v)] + |G (u) NG (v)|
= (1£2¢)d(G)*n — 2(1 £ 12¢)d(G)d(G*)n + (1 £+ 12¢)d(G*)*n
= (d(G) — d(G*))*n £ 12¢(d(G) + d(G*))*n = (1 £ 50¢)d(G \ G*)*n.
Applying the following theorem, we deduce Nibble with ¢; = (50¢)'/4.
Theorem 2.8. There are by > 0 and ng € N so that if n > ng, n™ %! < b <

bo and G is a b-typical graph on n vertices with d(G) > b, then there is a
set N of edge-disjoint triangles in G such that L = G \ UN is b /4 -bounded.

We remark that the parameters in Theorem 2.8 are not very sharp: we
have just fixed some convenient values that suffice for our purposes. Similar
results are well-known, but we are not aware of any reference that implies
the theorem as stated, so we will sketch a proof in Section 5.

For convenient reference, we give here the values of some other parameters
that will be used below:

Cy = 10201d(G)_6, C3 = 102062d(G)_50
cs = 10%c3d(G)71°  and ¢5 = 101%4d(G) 0.

The tightest constraint on ¢ that will be required in our calculations is
100c5 = 10°4(50¢)/4d(G) =33 < 1076d(G)'80; this holds for small ¢q if ¢ <
cod(G)3Y0. (This is the bound we need if G is (c, 16)-typical, but if G is
c-typical we need the stronger bound in Theorem 2.1.)

2.4. Cover. Consider the following random greedy algorithm. Let L = {e; :
i € [t]} (with edges ordered arbitrarily). Let M¢ = {T; : i € [t]} be triangles
such that 7T; consists of e; and two edges of G*, and is chosen uniformly
at random from all such triangles that are edge-disjoint from all previous
choices; if there is no available choice for T; then the algorithm aborts.

To analyse the algorithm we require a concentration inequality. We
say that a random variable Y is (u,C)-dominated, if there are constants
Py fom with D770 ;s < p, and we can write Y = >, Y], such that
|Y;| < C for all i, and conditional on any given values of Y; for j < ¢ we have
E|Y;| < pi. The following lemma follows easily from Freedman’s inequality
[3] (see [5, Lemma 2.7]).
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Lemma 2.9. If Y is (u, C)-dominated then P(|Y| > 2u) < 2e=#/6C.

Sometimes we will use a modified inequality with 2 replaced by 1 + c.
We also note that if the Y; are independent (not necessarily identically dis-
tributed) indicator variables we recover a version of the Chernoff bound for
(pseudo)binomial variables (where better concentration is known). For the
following lemma, we recall that L is ¢;-bounded, where ¢; = (50¢)/4, and
that co = 10%c1d(G) 5.

Lemma 2.10. whp the algorithm to choose M€ does not abort, and S :=
G* N (UM®) is co-bounded.

Proof. For i € [t] we let B; be the bad event that S; := G* N (U;;T}) is
not co-bounded. We define a stopping time 7 be the smallest 7 for which B;
holds or the algorithm aborts, or co if there is no such i. It suffices to show
whp 7 = o0.

We fix to € [t] and bound P(7 = tp) as follows. For any i < to, since
B; does not hold, S; is co-bounded. Writing e; = vivg, we can bound the
number of excluded choices for T; by con < |G*(v;) N G*(v})|/2, so at most
one half of the triangles on e; are excluded.

Next we fix e = vv' € G*, and estimate 7. := }_,.; P'(e C T;), where
P’ denotes the conditional probability given the choices made before step i.
We compare 7. to the expected number of times that e would be covered if
we chose all triangles independently. To be precise, we let

E. := ZP(e cT),
i<tg
where each 77 is a uniform random triangle consisting of e; and two edges
of G*, and (T} : i € [t]) are independent. By the bound on excluded choices,
P'(e CT;) < 2P(e CTY), so re < 2Ek.
The ith summand in E. is only nonzero when e; Ne # (. As L is ¢1-
bounded, the number of such i is at most |L(v)| 4+ |L(v")| < 2¢1n. Also, for
each i such that e; U e spans a triangle, we have

Ple C T)) = |G*(v;) N G*(v})| 7! < 2d(G*)*n~L.
Therefore E, < 4c¢1d(G*)™2 < ¢ /4.

Finally, fix v € V(G) and consider X = [Sy,(v)] = >, Xi, where
Xi = peeecq Lect;- We have |X;| <2 and

ZE/(Xi) = Z Z PeCT;) = Z re < cam/2.

i<to i<tg vEeeG* vEeeG*

By Lemma 2.9 we have P(X > cyn) < 2e~"?4 Taking a union bound
over i < tg <t, whp |S(v)| < can, i.e. S is ca-bounded and 7 = co. O

Below we will require several more random greedy algorithms similar to
that above. One could formulate an abstract general lemma to cover all cases
(see [5, Lemma 4.11]), but here we will prefer the more intuitive approach
of identifying the key principles of the proof, so that it will be clear how it
may be adapted to future instances. For a general random greedy algorithm,
we identify some desired boundedness conclusion, then at each step of the
algorithm, assuming that boundedness has not failed, we show that at most
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one half (say) of the choices of the required configuration have been excluded.
Then for each edge e in the underlying graph H we estimate the expected
number FE. of times that e would be covered if we chose all configurations
independently. If E. < b/4 and the configurations have constant size (not
depending on n) then the graph of all covered edges is whp b-bounded.

We record some estimates that are useful for such arguments. Suppose H
is a small fixed graph (|H| < 500 say), F C V(H) and ¢ is an embedding of
H[F])in G*. We call E = (¢, F, H) an extension. Let Xg(G*) be the number
of embeddings ¢* of H in G* that restrict to ¢ on F. We suppose that E is
16-degenerate, meaning that we can construct the embedding one vertex at
a time, so that at each step we add a vertex adjacent to at most 16 existing
vertices. As (G,G*) is (6¢, 16)-typical, when we add a vertex adjacent to
t < 16 existing vertices, there are (1 + 6tc)d(G*)'n choices. Multiplying
these estimates, we obtain the following estimate for Xp(G*).

Lemma 2.11. Suppose E = (¢, F,H) is a 16-degenerate extension with
|H| < 500. Then

Xp(G*) = (1 £ 7|H|c)d(G*) HENEIE]p[VHE)=IF]

Now suppose that we wish to exclude embeddings ¢* that use some edge
in J, which is ¢-bounded. Fix e € H \ H[F] and consider the embeddings
¢* with ¢*(e) € J. If enN F # () there are at most cn choices for the
embedding of e then at most n!YEI=IFI=1 choices for the remainder of ¢*.
If enF = () there are at most cn? choices for the embedding of e then at most
nlVIEI=IFI=2 choices for the remainder of ¢*. Thus at most |H|cn!V(H)I=IF
choices of ¢* are excluded, which is a negligible fraction of Xg(G™).

3. INTEGRAL RELAXATIONS

In this section we establish Hole. Our first step is to consider an integral
relaxation, in the following sense. Instead of thinking of (S,UM?) as a
partition of UM®°, we think of S as a weighted sum of edge sets of triangles,
where triangles in M have weight 1 and triangles in M* have weight —1. We
can express this by the equation $A = S, where ® is the corresponding +1-
vector indexed by triangles, and A is the inclusion matrix of triangles against
edges, i.e. Ay, = lccy for any edge e and triangle f. It is straightforward
to show that this equation has a solution if we allow ® to have any integer
weights on triangles (see [4, 13, 14] for more general results).

It will be more convenient to work with linear maps rather than matrices.
For any graph H we define Z-linear boundary/shadow maps 0; : ZKi(H)
ZKi M for i > j > 0 by di(e) = Y- (§) for e € K;(H), ie. for J € ZF:«H)
and f € K;(H) we define 9;(J) 5 = 3_ tccek,(m) Je- For example, if J € AL
then 91 (J) € ZVH) is defined by 01(J)y =, cocss Je-

It will also be notationally convenient to identify vectors with (gener-
alised) sets. It is standard to identify v € {0,1}* with the set {z € X :
vy = 1}. Similarly, we can identify v € N¥ with the multiset in X in which
x has multiplicity v, (for our purposes 0 € N). We also apply similar nota-
tion and terminology as for multisets to vectors v € ZX (‘intsets’). Here our
convention is that ‘for each x € v’ means that x is considered |vg| times in
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any statement or algorithm, and has a sign attached to it (the same as that
of v,); we also refer to = as a ‘signed element’ of v. For v € ZX we write
v =vT —v~, where v = max{v,,0} and v; = max{—wv,,0} for z € X.
Given J € N% and v € V(G), we define J(v) € NV(©) by J(0)y = LuvegJun-
Then we can extend the definition of boundedness to multigraphs: J is
c-bounded if |J(v)| < en for every v € V(G).

With this notation, our integral relaxation of Hole is expressed by the
following lemma (in which K, denotes the complete graph on V(G)); for
Hole we will need the additional properties that ®(f) = 0 for any f €
K3(K,)\ K3(G*), and ®(f) € {0,1, -1} for all f € K3(G*), as then we can
write ® = M° — M".

Lemma 3.1. There is ® € ZX3(En) with 9,® = S such that da® is 100cs-
bounded.

Proof. We will construct ® = &g + ®; + ®5 such that JO = S — 9Py,
JP=J0 — 9,®1, J? = J' — 0,5 satisfy 9;J° = 0 for i = 0,1,2. Recalling
that S is tridivisible, each J? will be tridivisible, in the ‘intgraph’ sense: i.e.
>, J¢ is divisible by 3 and Y, J¢, is divisible by 2 for all v.

Step 0: For ®p, we choose |S|/3 independent uniformly random triangles
in K,,; then JO = S —0,® satisfies 9y.J° = 0. For each vertex v, the number
of these triangles containing v is binomial with mean |S|/n < can/2, so by
the Chernoff bound whp 0»®¢ is 1.1co-bounded.

Step 1: We let J* = 01J, so 0pJ* = 20pJ° = 0, i.e. |J*F| = |J*~|. Note
for all z € V(G) that J} is even, as J? is tridivisible, and |J}| < 1.1can. We
fix an arbitrary sequence ((z;,z;) : i € [|J**|/2]) so that each z € V(G)
occurs Ji /2 times as some x; and J:~/2 times as some x; . For each i
we choose a;b; C V(G) \ {z;,z; } independently uniformly at random, and
let & = Zie[u*ﬂ/z]({x;raibi} — {z; a;b;}); then J' = JY — 9,®; satisfies
oJ =0.

We claim that whp 624% are 8ca-bounded. To see this, we first fix any
e € K, and estimate the expected contributions to e from each step ¢,
according to whether e contains x;r, x; , or neither. Each endpoint of e
occurs at most 0.6con times as xzi, and for such 7 we cover e with probability
2/(n—2), so the expected contribution to (92®7 ). from all such i is at most

2.5¢o. At any other step, we cover e with probability (”;2)_1, so the total
expected contribution to (82<I>f[)e from these steps is at most 1.1¢co. Now, for
each vertex v, summing over its incident edges, |92®5 (v)| are both (4can, 1)-
dominated, so the claim holds by Lemma 2.9.

Step 2: We start by fixing an arbitrary expression J! = ZCECO C, where
each C' is a closed walk in K,, with edge weights alternating between 1 and
—1, and there are no cancellations, i.e. every edge appears in the sum only
with weight 1 or only with weight —1. As is well-known, such an expression
may be found by a greedy algorithm: each C' can be obtained by following
an arbitrary alternating walk on the signed elements of J' until we return
to our starting point using an edge with the opposite sign to that of the first
edge, whereupon we add —C' to J! and repeat the procedure. (We note that
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FIGURE 1. Decomposing even signed cycles.

this argument leads to a convenient shortcut for triangle decompositions,
but does not generalise to hypergraph decompositions.)

Next we express each C' € Cy as a sum of signed four-cycles in the complete
graph K, on V(G), where we write each closed walk of length 2m as a chain
of m — 1 signed four-cycles, using the identity (see Figure 1)

Z Y ({ziwigr} —{zivryir} + {viryi} — {viz})
i=1

={zwy1} + (=)™ {zmym} + Z {$1$1+1} + Z {ylyl+1}

This identity can be used as is if x; # y; for i € [m]. For each i such that
x; = y;, we note that 1 <@ <m, ;1 # yi—1, Tiy1 7 Yit+1, and Ti11 7# Yi—1,
so we can replace the four-cycles for summands ¢ — 1 and ¢ by

(—1)%1({332‘711‘1'} —Aziwip} i1y — {yic1via},
(1" ({@is1yi-1} — {wim1vi} + Wivir} — {viri@iza}).

Thus we can write J! = > cec C, where each summand is a signed four-
cycle in K,,. Furthermore, the above construction has the property that for
each v € V(G) and w € {—1,1} we use at most 3|J'*(v)| < 24con edges at
v with weight w.

For each C' = {ab}—{bc}+{cd}—{da} € C we choose x € V(G)\{a,b,c,d}
independently uniformly at random, and add {zab} — {xbc} + {xcd} — {xda}
to ®y; then 0Py = Zcec C = J'. Let I denote the multigraph formed
by summing {za,zb,xc,xd} over all such C. For any e € K,, at most
48con elements of C can contribute to I'e, so EI'c < 49con. Then for any
v, summing over its incident edges, |I'(v)| is (49con,4)-dominated, so by
Lemma 2.9 (modified) whp T is 50co-bounded. Defining & = & + 1 + Do,
we have 9,® = S and 9@ is 100c3-bounded. O

To obtain Hole, we will modify ® using the following ‘octahedral’ con-
figurations (see Figure 2). Consider a copy of K3 22, the complete tripartite
graph with 2 points in each part, with parts {(4,0), (4,1)} for j € [3]. We
denote its triangles by {f, : = € {0,1}3}, where f, = {(j,z;) : j € [3]}. The
sign of f, is 5(f;) = (—1)2%. Thus each edge is in one triangle of each sign.
Defining Q = 3 1o 133 s(fa){fa} € 7K3(K22.2)  we see that 0,0 = 0. This
gives a method to eliminate any signed triangle f from ® without altering

10



(2,0)

FIGURE 2. An octahedron with signed triangles.

0o®: we add some copy of  with the opposite sign to f in which (say)
fooo = f, thus replacing f by seven other signed triangles that have the
same total 2-shadow. Similarly (and more importantly), we can eliminate
any pair of triangles f, f’ that have opposite sign and share an edge e, replac-
ing f, f' by six other signed triangles that have the same total 2-shadow and
do not use e. We apply this method in the following two-phase algorithm.

Octahedral Elimination Algorithm (Phase I). We eliminate all triangles in
®, according to a random greedy algorithm, where in each step we consider
some original signed element f of ®, and choose an octahedral configuration
1y to replace f. We refer to edges of 2 not in f as new edges, and choose
17 uniformly at random subject to the new edges belonging to G* and being
disjoint from 9;®* and all new edges from previous steps.

Let ®" denote the result of Phase I (if it does not abort). Then 02®" =
0o® = S, and we can write 9o®'T = 9,®T +T', where I is the graph of new
edges, and every signed element of ® contains at most one edge of 9a®™.

Octahedral Elimination Algorithm (Phase II). We replace all signed edges
apart from those in S and I'. To do this, we fix a sequence S of pairs of
signed elements of ®', so that (i) for each ff’ € S, there is some e € 9o ®™
such that f and f’ both contain e, and f and f’ have opposite signs, and
(i) the multiset consisting of all e as in (i) is J2®~. Now we eliminate each
ff €8, according to a random greedy algorithm, by subtracting some copy
Qsp of Q with fooo = f and foor = f’, or vice versa, depending on the
signs. We refer to edges of Qs not in f or f’ as new edges, and choose
Qyp uniformly at random subject to the new edges belonging to G* and
being distinct from 9@ UT and all new edges from previous steps.

Let ¥ denote the result of this algorithm (if it does not abort) and I the
graph of new edges for Phase II. Then 0¥ = S and ¥~ =T UIY C G*.
This implies ¥(f) = 0 for any f € K3(K,) \ K3(G*), and ¥(f) € {0,1, -1}
for all f € K3(G*), so ¥ = M° — M, where M° and M' are as in Hole,
once we have verified the boundedness condition.
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Lemma 3.2. whp the Octahedral Elimination Algorithm produces M° and
M?" as in Hole.

Proof. We first show that whp T is ch-bounded, where ¢, = 105cod(G*)~°.
The proof follows the discussion after the proof of Lemma 2.10, where a
configuration for f consists of the new edges of some 2;. By Lemma 2.11,
at each step, the number of choices of {2y with all new edges belonging to G*
(with no excluded configurations) is (1 4 60c)d(G*)?n?®. Assuming that the
graph of previous new edges is ch-bounded, as 9@ is 100co-bounded, the
number of excluded configurations is at most 10cyn3, which is less than half
of the total. Next, for each e € G*, we consider separately the contributions
to E., according to whether e intersects f in 0 or 1 vertex (there is no contri-
bution to new edges from triangles containing e). There are at most 600can
signed elements of ® that intersect e in 1 vertex. For each of these, a random
configuration covers e with probability at most 3n2?/(1 — 60c)d(G*)?n3, so
the total contribution to E. from such elements is at most 2000c2d(G*)~°.
Also, ® has at most 100con? signed elements, and for each one that is dis-
joint from e the contribution to E, is at most 6n/(1 — 60c)d(G*)?n3, so the
total contribution from such elements is at most 1000c2d(G*)~?. We obtain
E,. < 3000c2d(G*)~?, which implies the claimed bound on I'.

Next we claim that whp I' is c¢j-bounded, where c§ = 20c,d(G*)~7. The
argument is very similar to that given for I'. Now a configuration for ff’
consists of the new edges of some yy. By Lemma 2.11, at each step,
the number of choices of €244 with all new edges belonging to G* (with no
excluded configurations) is (1 4 50¢)d(G*)"n?. Assuming that the graph of
previous new edges is ¢j-bounded, as 92®t UT is 2¢h-bounded, the number
of excluded configurations is at most 10cyn?, which is less than half of the
total. Next, for each e € G*, we consider separately the contributions to
E. according to whether e intersects f U f’ in 0 or 1 vertex (there is no
contribution to new edges if e C f U f').

First we consider those ff’ € S that intersect e in 1 vertex x. There are
two choices for z € e. If z € f N f’ then there are at most 200con choices
for fN f' € 0@t U Go®~, which determines f and f'. If {z} = f\ f’
then there are at most |I'(x)| < ¢yn choices for f, and so f’. The same
bound applies if {x} = f'\ f, so there are at most 5chn such ff’. Each
contributes at most 2n/(1 — 50¢)d(G*)"n? to E., so the total contribution
from such ff’ is at most 11chd(G*)~7. Also, |S| = |02®~| < 100con?, and
for each ff’ € S with en (f U f’) = 0 the contribution to E. is at most
2/(1—50c)d(G*)™n?, so the total contribution from such elements is at most
300cod(G*)~7. We obtain E, < 12c¢,bd(G*)~7, which implies the claimed
bound on I". Recalling that d(G*) > 0.24d(G)? and c3 = 10%¢2d(G) =" we
see that UM° = 950" = SUT UT" is c3-bounded, so we have the required
properties for Hole. O

4. COMPLETION

For Completion, we divide the analysis into two parts. Firstly, we will
determine what conditions on M; and My enable us to find M3 and M,.
Secondly, we will show that the sets M¢, M° and M" from Cover and Hole

12



can be modified to give M; and My satisfying the required conditions. For
convenient notation we suppress the embedding 7 : V(G) — Foa whenever
we do not need to refer to it, instead thinking of V(G) as a subset of Faa.

4.1. Shuffles. Suppose we have a set Ms of edge-disjoint triangles in G*,
and we want to find sets M3 and M, of edge-disjoint triangles in G* such that
UM3 = UMy, M3 C T and My C M,. Our basic building blocks (‘shuffies’)
will be edge-disjoint subgraphs of G*, each having two different triangle
decompositions, one only using triangles in T', and the other including any
specified triangle of Ms. Then the unions over all blocks of the two triangle
decompositions will give M3 and M, as required.

We define the shuffles as follows. Fix x = (z1,79,73) € Fi. and t =
(t1,t2) € F3. such that {1,729, 73,t1,t2} is linearly independent over Fa.
Let (x) be the subspace of Faoa generated by {x1,z2,x3}. The zt-shuffle Sy
is the complete tripartite graph with parts t;+(x) = {t;+y : y € (z)}, i € [3],
where t3 := t1 + to. If S;3 € G* then it has a triangle decomposition Mz,
only using triangles in 7" take all triangles y1y2y3 where each y; € t; + (x)
and y; + y2 +y3 = 0. We define another triangle decomposition My, of Sy
by translating each triangle of Ms, by (21,22, x3), i.e. My, consists of all
triangles y1y2ys where each y; € t; + (z) and x1 + zo +x3+y1 +y2 +y3 = 0.

To construct M3 and My, we choose shuflies according to a random greedy
algorithm, where in each step we consider some z12923 € Ms, and choose
some shuffle S;; € G* such that z; = ¢; + z; for all i € [3]. We will see
in Lemma 4.2 that the Randomised Algebraic Construction is whp such
that there are many choices for such a shuffle. This is the most important
property of the construction, and it would not hold if we had chosen the
template to be a uniformly random set of edge-disjoint triangles; in fact the
expected number of shuffles (or any ‘shuffle-like’ configuration) would be
o(1). First we identify a property that we need for triangles in My so that
the required shuffles exist and can be chosen to be edge-disjoint. We say
that z12223 is octahedral if z1 + 2o + 23 # 0 and there is a copy K’ of K329
in G such that 7(K') has parts {z1, 22 + 23}, {22, 21 + 23} and {z3, 21 + 22};
we call K’ the associated octahedron of z1z923. We assume

(P1) all triangles in My are octahedral, with edge-disjoint associated oc-
tahedra.

Remark 4.1. The associated octahedron has all the properties that we
require for the construction of M3 and My, so we could implement our
algorithm without using shuffles. This remark was communicated to the
author by Yang, and independently by Glebov and Luria. We have opted to
keep the shuffle argument in this paper, as it indicates how to treat general
(hyper)graphs (we only see how to dispense with it for triangles), and also
illustrates the arguments needed for Subsection 4.4.

Lemma 4.2. Under the random choice of m used in the definition of T, whp
for any octahedral 212223 there are (14200¢)d(G)¥041822¢ shyffies Spy C G*
such that t; + x; = z; for i € [3].

Proof. We can write the number of such shuffles as a sum of indicator
variables X = > 1p(x ¢2,), Where the sum ranges over all (K, ¢, z,t) such
13



that K is a copy of Kggg in G containing the associated octahedron K’ of
212923, £ is a bijective labelling of each part of K by F3, we let E(K, {, x,t)
be the event that m(w) = t; + ¢(w) - = for all ¢ € [3] and w in the ith part
of K, and we assume /£ is consistent with K’ in that ¢(771(2;)) = e; and
e(ﬂ_l(zi + Zj)) =¢; +e; for {i,j} C [3].

As G is (c, 16)-typical, there are (1 + 181¢)d(G)'®n!® choices of (K, /).
There are 22¢ — O(n) choices of ¢, which determines x given z, as only O(n)
choices of t are excluded by the condition that {xi,x9,x3,t1,t2} is linearly
independent over [Fy: there are O(1) possible linear relations between them,
and each such relation is linearly independent or contradictory to the system
ti +x; = z for i € [3] (as 21 + 22 + 23 # 0), so is satisfied by at most 2¢
choices of t. Given (K, ¢, x,t), conditional on 7|, we have P(E(K, ¢, z,t)) =
(14 0(1/n))2718, Therefore EX = (1 + 182¢)d(G)801822a,

Also, any transposition 7 of m affects X by at most 100 - 2¢. To see
this, we estimate the number of shuffles containing 212923 and any fixed
v € Foa \ {21, 29, 23,21 + 29,21 + 23,22 + 23}. Consider any j € [3], b €
F3\ {ej,(1,1,1) — e;}, and the equations t; + b-z = v and t; + x; = z; for
i € [3] in (t,z). We have four linearly independent constraints, so there are
at most 2% solutions. Including multiplicative factors for ¢, b and 7 gives the
required bound. Now by Lemma 2.7 whp X = (1 4 200¢)d(G)!80y18222. O

4.2. Linear extensions. We digress to note a more general estimate for
future reference. Suppose H is a graph, y = (y; : @ € [g]) are variables, and
for all v € V(H) we have distinct linear forms L,(y) = ¢y + D cq, ¥i for
some ¢, € Foa and S, C [g]. We call E = (L, H) a linear extension with base
F={veV(H):S, =0} Let Xp(G*) be the number of L-embeddings
of H, i.e. embeddings ¢ of H in G* such that for some y € FJ, we have
d(v) = Ly(y) for all v € V(H). The above argument (see also [5, Lemma
5.15]) gives the following formula analogous to that obtained for shuffles.

Lemma 4.3. Let E = (L, H) be a 16-degenerate linear extension with |H| <
500. Suppose

e H has a triangle decomposition M such that for each xyz € M we
have Ly + Ly = L,
o The incidence matriz of {S, : v € V(H)} has full column rank g > 1.

Then
Xp(G*) = (1 £ 1.1|H|c)d(G)F\HIFlly[VHN\Flgga,

4.3. Shuflle algorithm. Recalling our general framework for random greedy
algorithms, we want to show that, of the potential shuffles S, with ¢; +x; =
z; for i € [3], at most half are excluded due to sharing an edge with a previous
shuffle, assuming some boundedness condition on the graph I' of new edges
from previous shuffles. We classify the potential restrictions according to the
label of the shuffle edge involved, which is specified by some {j, k} C [3] and
bj,br € F3 such that b; ¢ {e;, (1,1,1)—e;} or by, ¢ {ex, (1,1,1)—ex} (here we
do not consider edges of the associated octahedra: these are already deter-
mined, and edge-disjoint by (P1).) For any v;jv, € G*, the shuffles excluded
because of mapping the given labelled shuffle edge to v;jv; are given by the
(x,t)-solutions of the system S of equations t; +b; - & = v, t + by, - = = vy,
14



and t; +x; = z; for i € [3]. There may be 0, 1 or 2% solutions. We can ignore
the case of 0 solutions, as it does not exclude anything. For the cases with
1 solution, we can bound the number of excluded choices by the number of
edges covered by all shuffles, which is 192|Mj].

It remains to consider the case that S has 2% solutions, which occurs
when one of the equations is redundant, due to being a linear combination
of the other equations. There are a constant number of linear combinations,
and each constrains (vj,vy) to lie on a line, as may be seen from general
considerations of linear algebra, or simply by enumerating the possibilities:
wlog t + by - * = vy, is redundant, due to

(i) bk = €k and Vi = Zk,
(ii) b = (1,1,1) — e and vg = 21 + 22 + 23 — 2k,
(iii) bj + by = e; + e, and vj + v = 25 + 2,
(iv) bj + by, = e; and v; + vy = z;, where [3] = {1, 7, k}.

In cases (i) and (ii) where vy, is fixed, assuming that I' is ¢5-bounded, there
are at most csn choices for v; such that vjv, € I'. In cases (iii) and (iv) we
need an additional boundedness condition:

We say that I" is linearly c5-bounded if I" is c5-bounded and also contains
at most ¢52% edges from any line of the form {(z1 + p,z2 + ) : oo € Foa}.

We also need similar conditions so that we can avoid the associated oc-
tahedra; writing A for the union of all associated octahedra of triangles in
M5, we will ensure that

(P2) A is linearly c4-bounded.

Then the total number of excluded shuffles is at most 192(|Ma| + (¢4 +
c5)2%%) < 200c522?, which is less than half of the total.

Next we fix e € G* and estimate E.. To do so, we fix b;, b, as above, write
e = vjv, and estimate the sum over 212023 € My of the probability p that a
random shuffle Sy; with t; + x; = z; for i € [3] satisfies t; + b; - @ = v; and
tr + by - © = vg. For fixed z12923, if the system S as above has N solutions
then p = N/(1 £ 200¢)d(G)*8~®22¢ When N = 1 the total contribution
is at most |Ma|/(1 — 200¢)d(G)180~1822¢ < 1.1c4d(G) 180418, If N = 2¢
then (z1, 22, z3) is constrained to lie in a certain plane (this can be seen by
linear algebra, or by considering each possibiity as above: e.g. in case (iii)
the plane is vj + v = zj + 21). Thus we see the final property that we need
from Ms:

(P3) Mj contains at most ¢42% elements 22923 from any basic plane of
the form b - z = v where b € F3 \ {0}.

(Note that by (P1) we can assume v # 0 in (P3).) Then the total contribu-
tion is at most ¢42% - 2¢/(1 — 200c)d(G)1841822¢. Summing over {4, k}, b;
and by, we can estimate E, < 250c4d(G) 1899718 = ¢5/4. Applying Lemma
2.9 as in the proof of Lemma 2.10, we deduce that whp the boundedness
assumptions on I' used above do not fail (linear boundedness follows in the
same way as boundedness), and so the algorithm does not abort. This com-
pletes the analysis of the first part of Completion: given M; and M, as
in Completion, under the conditions (P1-P3) on M, we can find M3 and
M, as in Completion.
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4.4. Octahedral Elimination Algorithm. To complete the proof of Com-
pletion, and so of the theorems, it remains to show that we can find M;
and My satisfying the conditions (P1-P3). We apply a similar two-phase
algorithm to that used in Hole.

Phase 1. We start with ® = M¢ + M? — M?°, so 0p® = L, 0,01 =
U(MeU M%), 9@~ = UMP°. Next we eliminate all triangles in ® according
to a random greedy algorithm, where in each step we consider some original
signed element f of ®, and choose an octahedral configuration {2f to replace
f. We say that a triangle f" of Qy is far if |f' N f| < 1, and that Qf is valid
if (i) none of its triangles are template triangles, with the possible exception
of f, and (ii) all of its far triangles are octahedral, and their associated
octahedra share edges only in Qf, in which case we denote their union by
the extended configuration Q]T We say that an edge of Q;{ not in f is new,
and choose a valid €2y uniformly at random subject to the new edges being
distinct from all new edges from previous steps.

Let @' denote the result of Phase I (if it does not abort). We have 92®' =
09® = L, and writing ' for the graph of new edges, every signed element
of @ is either a far triangle consisting of three edges of I, or is not far and
consists of two edges of I and one edge of 9, ®T.

Phase II. Now we will eliminate all triangles of ® apart from those that
contain an edge of L or were far in the previous modification procedure. We
partition all such triangles into a sequence S of pairs of signed elements of
@', so that for each ff’ € S, there is some e € 9o®™ such that f and f’ both
contain e, and f and f’ have opposite signs. We eliminate each ff’ € S,
according to a random greedy algorithm, by subtracting some copy €2y
of Q with fooo = f and foo1 = f’, or vice versa, depending on the signs.
Now we say that Qgp is wvalid if all of its triangles apart from f and f’
are octahedral, and their associated octahedra share edges only in Qy, in
which case we denote their union by the extended configuration Q?f/. We

refer to edges of Q;ff, not in f or f’ as new edges, and choose a valid Qs
uniformly at random subject to the new edges being distinct from I" and all
new edges from previous steps.

Let ¥ denote the result of this algorithm (if it does not abort) and I the
graph of new edges for Phase II. Since 9o¥ = 9o® = L, defining M; = ¥
and My = ¥U~, we see that UMy = TUTY and UM; = LUT UT’, so
(L,UMs) is a partition of UM;. The following lemma completes the proof
of Completion, and so of the theorems, under the assumption that G is
(¢, 16)-typical.

Lemma 4.4. whp Ms satisfies (P1), (P2) and (P3).

Proof. To analyse Phase I, we first estimate the number of choices for an

extended configuration on a triangle f. This can be described by the linear

extension (Q;{, L), where Q}r is as above, we have variables z = (z1, 22, 23),

which we also use to label the vertices of Qy \ f, we define L, = x for all

x € Qy, and define L, for all other = as required for the far triangles in

1y to be octahedral, i.e. in the associated octahedron for a triangle abe, the
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linear forms on the two vertices in each of the three parts are {Lg, Ly + L.},
{Lp,Le+ Ly} and {L¢, Lo+ Lp}. By Lemma 4.3 whp G* is such that for any
triangle f in ®, there are (1460c)d(G)y1523¢ valid choices of ;. Here we
also use the fact that for any triangle abc of 2 other than f there are only
22 solutions to L4(2) + Ly(z) + Le(2) = 0. The precise exponents of d(G)
and 7 (which are not important for the argument) may be easily calculated
from the observation that adding an octahedron to a triangle adds 3 new
vertices and 9 new edges, and Q}r is the composition of 5 such extensions.

Next we claim that whp the graph I' of new edges is linearly ¢4-bounded,
where ¢ = 400c3d(G) 454715, We assume this bound on the current graph
of new edges and estimate how many configurations are excluded. Consider
any edge uu’ of the extended configuration. Suppose first that uu' N f = 0.
If Ly(y) + Ly (y) is not constant, then for any vo’ € G* the number of L-
embeddings with L,(y) = v and L,(y) = v’ is at most 2% There are at
most 45(|M¢|+ | M?| + |M?|) < 100czn? choices for a previous new edge vv’,
so this excludes at most 100c3n?2% configurations. On the other hand, if
Ly(y)+ Ly (y) is constant, then L, (y) and L,/ (y) are constrained to lie on a
basic line; there are at most ¢52% choices for vv’ by linear boundedness, and
each such vv’ excludes at most 22¢ configurations. The latter estimate also
applies to the case when one of w or v/ is in f. Summing these bounds over
all uu', we see that fewer than half of the total configurations are excluded.

Next we fix any edge uu’ of the extended configuration, any vv’ € G*, and
estimate the sum over f € ® of the probability p that a random configuration
satisfies Ly (y) = v and Ly (y) =o' If wu' N f =0 and L, (y) + Ly (y) is not
constant, then p < 2%/(1 — 60c)d(G)* 23 for any f € ®. There are at
most c3n? choices for f, so the total contribution is at most 2c3d(G) 45y ~15,
Otherwise, if L,(y) + Ly (y) is constant or one of v or v’ is in f, then one
vertex of f is specified by (Ly(y), Ly(y)). For example, writing f = abc,
in the associated octahedron for azozz, if u = 29 and v/ = a + 29 then
a is specified by (Ly(y), Ly (y)). Then there are at most 2csn choices for
f (as UM? is c3-bounded). For each such f we have a contribution of
at most 22¢/(1 — 60c)d(G)*~v523¢ so again the total contribution is at
most 2c3d(G) ™4y~ 15, Summing these bounds over all uu’ we can estimate
Eyy < 100c3d(G)~4~y71% = ¢} /4. Applying Lemma 2.9 as in the proof of
Lemma 2.10, we deduce the claimed bound on I'.

We also claim that whp there are at most 2¢52% far triangles in any basic
plane IT = {z : b- z = v}. To see this, we first consider the contribution
from the template triangles II* = IINT. Since z; + z2 + 23 = 0 is linearly
independent or contradictory to the defining equation of IT we have |IT*| <
2%, Summing F,,s < ¢4/4 over an edge vv’ in each triangle of IT*, by Lemma
2.9 whp II contains at most ¢42% template triangles. Now fix any far non-
template triangle f’ of the extended configuration, any g € K3(G*), and
estimate the sum over f € ® of the probability p that a random configuration
satisfies Ly/(y) = g. If f'0f = () then as f’ is non-template it determines the
configuration, so p < 1/(1 —60¢)d(G)**y1523¢ giving a total contribution of
at most 2¢c3d(G) "y~ 1°n~L. Otherwise, f’ determines one of the associated
octahedra, so specifies one vertex of f, for example, writing f = abc, if
/" = {22,a + z2,a + 23} then a is specified. Then there are at most 2csn
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choices for f; for each such f we have p < 2¢/(1—60c)d(G)*~'523% 5o again
the total contribution is at most 2c3d(G) ™4y~ n~!. Summing over f’ and
applying Lemma 2.9 as in the proof of Lemma 2.10, we deduce the claimed
bound on II. This completes the analysis of Phase I.

To analyse Phase II, we first estimate the number of choices for an ex-
tended configuration on a pair ff’. This can be described by the linear
extension (Q}Lf,,L), where Q}Tf, is as above, we have variables z = (21, 22),
which we also use to label the vertices of Qs \ (fU f'), we define L, = x for
all z € Q¢ s, and define L, for all other x as required for the triangles in €2/
other than f and f’ to be octahedral. The linear forms are distinct, as f and
f are not template triangles. By Lemma 4.3 there are (1460c)d(G)%3~222¢
valid Qfp. Again, the precise exponents of d(G) and v are not important
for the argument, but are straightforward to calculate: e.g. v appears with
exponent 20, as 2y and each of the 7 associated octahedra adds 3 new
vertices to the extension, but 4 vertices in the associated octahedra belong
to the base of the extension, being the third vertex of the template triangle
containing an edge in f or f’ other than e.

We claim that whp TV is linearly c¢4/2-bounded. The argument is very
similar to that given above for I'.  Assuming this bound on the current
graph of new edges, one can show similarly to before that fewer than half of
the total configurations are excluded. We also need to estimate the sum over
f € @ of the probability that a random configuration satisfies L,(y) = v
and L,/ (y) = v/, for any uu’ in the extended configuration and vv' € G*.
For most choices for uu’ the required bound follows as before, but there is
an additional case, namely when wu' N (f U f') = 0 and Ly (y) + Ly (y) is
constant, it may be that no vertex of f U f’ is specified by (Ly(y), L/ (y)),
but instead some pair (not e) is constrained to lie on a basic line. For
example, writing f = abc and f' = abc, if u = b+ z; and v/ = ¢ + 2 then
(Lu(y), Ly (y)) specifies b+ ¢, but not b or c¢. In this case, we use the fact
that T is linearly c¢s-bounded to see that there are at most ¢42% choices for
ff'. Each such ff’ contributes at most 2%/(1 — 60c)d(G)>3y?022¢, giving
a total contribution of at most 2¢5d(G)~53y72%. Summing over all uu’ we
estimate E,, < 100c4d(G)~53y720 s0 the claim follows from Lemma 2.9.

Finally, M satisfies the conditions (P1-P3): indeed, (P1) holds by defi-
nition of the extended configurations and random greedy algorithms, (P2)
holds as A C T'UTY, and (P3) holds as whp ¥ has at most csn triangles
in any basic plane: this holds for the new triangles in this algorithm by the
same argument as for ®’, and we may include the far triangles from the
previous algorithm in this estimate. O

This completes the proof of Completion, and so of Theorem 2.1, under
the assumption that G is (¢, 16)-typical. The following modification proves
the theorem under the assumption that G is c-typical. It is well-known
that G is ¢'/*0-regular (say) in the ‘Szemerédi sense’ (see e.g. [6, Theorem
2.2]). For S C V(G) with |S| < 16, say that S is good if | Nyes G(z)| =
(1 % |S|c/199d(@)5In, otherwise bad. As G is c-typical, there are no bad
sets of size 1 or 2. By regularity, for £k < 15, any good k-set is contained
in at most ¢'/1%n bad (k + 1)-sets. The proof of Lemma 2.5 still applies if
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we assume that all subsets of S are good. Thus we can avoid using bad sets
with negligible changes to the calculations.

5. RANDOM TRIANGLE REMOVAL

In this section we sketch a proof of Theorem 2.8, by describing how to
apply the analysis of random greedy hypergraph matching by Bennett and
Bohman [1] (we choose this for simplicity, but there are several other alter-
native approaches).

Consider the random triangle removal algorithm starting with G rather
than K,. The intuition is that after i steps the remaining graph G* should
look like a random subgraph of G where edges are retained independently
with probability p = 1 — 3¢, where t = i/|G|. For any e € G let T, (i) denote
the number of triangles of G* containing e and Q (i) denote the total number
of triangles of G!. By assumption, T,(0) = (1 £b)D for all e € G, where
D = d(G)*n. Note also that Q(0) = (1 £b)|G|D/3.

We will show that for 0 <4 < (1 — b'/%)|G|/3 whp

Q(i) = |G|Dp*/3+ e, and T.(i) = Dp* + ¢4 for all e € G,

where e, = 2(1 — 3logp)?b|G|D and e; = 2(1 — 3logp)b?/3D. We restrict
attention to the upper bounds, as the lower bounds are similar. A convenient
reformulation is to show negativity of shifted variables

Q1 (i) = Qi) — |G|Dp*/3 — e, and T, (i) = T.(i) — Dp* — eq.

This follows whp from martingale concentration inequalities (e.g. [3]) after
we verify the following ‘trend’ and ‘boundedness’ hypotheses, supposing that
the required estimates for @) and T, hold at previous steps (i.e. ¢ < 7, where
the stopping time 7 is the first step where any of the required estimates fails,
or o0); we use primes to denote conditional expectation given the history of
the process.

Trend hypothesis: If QT (i) > —b|G|D then E'QT(i + 1) < Q1 (i); if
T} (i) > —b*3D then E'TF (i 4+ 1) < TeH(i).

Boundedness hypothesis: (Q% (i +1) — Q% (i))?|G|plogn < (b|G|D)?, and
—O < TH(@i+1) =T (i) < 6 with § < ©/10 and 60|G|plogn < (b*/3D)2.

We start with the boundedness hypothesis, which holds with room to
spare. Indeed, |QT (i+1)—QT(7)| = O(n), so (Q*(i+1)—Q*(i))?|G|plogn =
O(n*logn), whereas (b|G|D)? > b?d(G)3n%/4 > n55 /4. Also, for any e € G*
we have —2 < T,(i + 1) — T.(i) < 0. The change in Dp? is O(Dp/|G|) and
in eq is O(b*3D/p|G]), so we can take © = 3 and 6 = O(p + b*/3/p)D/|G.
Then #0|G|plogn = O(p? + b*/3)Dlogn = O(nlogn), whereas (b*/3D)? =
b/3d(G)*n? > n'4.
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Next consider the trend hypothesis for ). Conditional on the required
estimates at step 7, if Q7 (i) > —b|G|D we have

E'QG+1) - Q)] = -Q) ™ ) Te(i)* + 0(1)

ecG?
= —9Q(i)/|Gp = 2|Glpei/Q(i) + O(1)
< —=3Dp® = 9¢,4/|G|p + 90D /p + (6 + o(1))e/ Dp*.
Also, as e, is increasing, the one-step change in —|G|Dp?/3 — ¢, is at most
(1+0(1/|G|))3Dp?. As p > b"/*, we deduce
E'[QT(i+1) — Q1 (i)] < —9eq/|Glp + 9D /p + Te3/ Dp®
< —18(1 — 3log p)?bD/p + 9D /p + 28(1 — 3log p)?b*/*D /p* < 0.

Now consider the trend hypothesis for T,. Conditional on the required
estimates at step i, if T (i) > —b*3D we have

E'[Tc(i + 1) = Te(i)] = —Q(i) " Te(0)2(Dp* £ ea + O(1))

< —2Q(i) "N (Dp? + eq — b*/*D)(Dp* — ¢4 — O(1))
< —6(Dp*)?/|G|Dp’ + (6 + o(1))(b** D)(Dp?) /|G| Dp® + O(eq/|GI*p?).

Also, the one-step change in —Dp? is at most (1 + O(1/|G|))6Dp/|G|, and
in —ey is at most —(1 + O(1/|G|p))18b*3D/|G|p. We deduce
E'[T) (i +1) = T, (i)] < —106*°D/|Glp + O(log? p)bD/|G|p* < 0.
Thus the required estimates hold, i.e. for 0 < i < (1 — b/H|G|/3 whp
Qi) = |G|Dp®/3 + e, and T.(i) = Dp? £ ¢, for all e € G'.

Now we apply the same method to deduce the boundedness conclusion of
Theorem 2.8. For 0 <i < (1 — b'/%)|G|/3 we show whp

|G (v)| = p|G(v)| £ e, for any vertex v,
where e, = 2b'/3d(G)n. The upper bound G; (i) := |G*(v)|—p|G(v)|—e, < 0
will follow whp after we verify the following two conditions.
Trend hypothesis: If Gt (i) > —b'/3d(G)n then E'GH(i 4 1) < G (4).
Boundedness hypothesis: —0© < G (i +1) — G (i) < 0 with § < ©/10
and 00|G|plogn < (bY/3d(G)n)>.

For the boundedness hypothesis, we can take © = 2 and 0 = 3|G(v)|/|G],
so 00|Glplogn = 6p|G(v)|logn = O(nlogn), whereas (b'/3d(G)n)?> >
b>n? > n!7. For the trend hypothesis, if G:f (i) > —b'/3d(G)n we have

E[GH ) -G W)=~ Y Ti)/Q)

evcecGl
(p|G ()] + ey — b"/2d(G)n)(Dp* — €a) /(|G| Dp? /3 + €4)

S —
< =3|G(v)|/|G] = 3(ey = b3d(G)n) /|Glp + Olea) 15mab + Oleq) irnpus-

The one-step change in —p|G(v)| — e, is at most 3|G(v)|/|G|, so

pn E GG+ 1) - GFH(i)] < —6b'/3 + O(eq/Dp) + O(eq/]G\Dpz) <0,
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as eq/Dp = O(b*3p~logp), eq/|G|Dp* = O(bp~ log? p) and p > b'/4.
Thus, letting N be the set of triangles removed during the process, whp
L =G\ UN is b*/*-bounded.

6. THE NUMBER OF DESIGNS

In this section we generalise Theorem 2.2 to estimate the number of de-
signs. We start by describing the results of [5] on the existence of designs.
Let D be a g-graph (i.e. a set of subsets of size q) of a set X of size n. We say
that D is a design with parameters (n,q,r, \) if every subset of X of size r
belongs to exactly A elements of S. Note that if ¢ =3, r =2, A =1 then D
is a Steiner Triple System. The necessary divisibility conditions generalise
in a straightforward way: if D exists then (?~}) must divide A\('~}) for every
0 < i < r —1; to see this, fix any i-subset I of X and consider the sets in
D that contain I. In [5] we proved the ‘Existence Conjecture’, which states
that these divisibility conditions are also sufficient for the existence of a de-
sign with parameters (n, g, 7, A), assuming ¢, r, A are fixed and n > ng(q,r, \)

is large. We will generalise Theorem 2.2 as follows.

Theorem 6.1. For any q,r, A there is ng such that if n > ng and (1‘{:2) |
)\(7:::) for all0 < i <r—1, writing Q = (g) and N = (Z::), the number
D(n,q,r,\) of designs with parameters (n,q,r, \) satisfies

D(n,q,r,3) = M=) (0 /)@ N 4 o) (7).

The proof of Theorem 6.1 follows that of Theorem 2.2: the lower bound
generalises the argument given earlier in this paper, and the upper bound
generalises that of Linial and Luria [8].

We start with the lower bound. In the same way as a Steiner Triple System
can be viewed as a triangle decomposition of K,,, we can view a design with
parameters (n,q,r, \) as a Kj-decomposition of AK7, where K denotes the
complete r-graph on ¢ vertices and AK] denotes the multi(hyper)graph in
K, in which each edge has multiplicity A. To generalise Theorem 2.1, we
first need to define the divisibility and typicality conditions for general r-
graphs (we will omit multiplicities in the definitions, as we do not need them
for our application here).

For S C V(G), the neighbourhood G(S) is the (r — |S|)-graph {f C
V(G)\ S: fUS € G}. We say that G is K] -divisible if () divides |G(e)]
for any i-set e C V(G), for all 0 < i < r. We say that G is (c, h)-typical if
there is some p > 0 such that for any set A of (r — 1)-subsets of V(G) with
|A| < h we have |NgeaG(S)| = (1 £ ¢)pliin.

Now we can state the r-graph generalisation of Theorem 2.1. When d(G)
is at least a constant independent of n this follows from [5, Theorem 1.4];
the same proof shows that d(G) can decay polynomially in n.

Theorem 6.2. For any q > r > 1 there are co,a € (0,1) and h,¢,ny € N
so that if n > ng and G is a K -dwisible (¢, h)-typical r-graph on n vertices
with d(G) > n~% and ¢ < cod(G)" then G has a K -decomposition.

In the proof of Theorem 6.1 it is more convenient to count designs together

with a choice for each e € K, of a bijection between the A copies of e in AK],
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and the X sets of the design containing e; we will refer to such a structure as
an edge-labelled design with parameters (n,q,r, A) and denote their number

by D*(n,q,r,\). As D*(n,q,r,\) = )\!(T)D(n, q,r, A), it suffices to show

n
T

D*(n, 1, 3) = (Me)@ N + o(N))@ (7).

Proof of Theorem 6.1. For the lower bound we start by setting aside
a random subgraph R of K in which each edge is chosen with probability
n~%Q where we can apply Theorem 6.2 with a and ¢, and we suppose
without loss of generality that Q@ < h < ¢ < 1/a (i.e. parameters are
chosen from left to right to satisfy various inequalities below).

Next we will consider the random greedy matching process in the following
auxiliary hypergraph A. We let V(A) consist of A\ copies of each edge of
K] \ R and A — 1 copies of each edge of R. We let E(A) consist of all
(4)-sets in V(A) that are edge-sets of a copy of K in K.

In the random greedy matching process, we start with A, and at each
step we select a uniformly random edge e of the current hypergraph, then
delete all vertices of e (and all incident edges) to obtain the hypergraph for
the next step. We stop the process when fewer than n” 3 vertices of A
remain and let L denote the multigraph in K consisting of the remaining
vertices of A. Similarly to the previous section, one can adapt the analysis of
Bennett and Bohman [1] to show that whp (i) when pA(”) edges remain the
number of choices for the next edge of the process is (1 £ nil/Q)(p)\)Q(Z),
and (ii) |L(e)| < 2n'=3% for any (r — 1)-set e C [n].

Next we apply a random greedy algorithm to sequentially cover each edge
of L by a copy of K; in which all other edges are in R; as usual, at each
step we make a uniformly random choice subject to not using any previously
covered edge. The proof of Lemma 2.10 generalises to show that whp the
algorithm does not abort, and writing S for the subgraph of R covered by
the algorithm, whp |S(e)| < n'=2¢ for any (r — 1)-set e C [n]. By Chernoff
bounds whp R is (n~2/, h)-typical. Also whp |R| > %nr_a/Q, so R':= R\ S
is (con~!e, h)-typical with |R’| > n"~?. Furthermore, R’ was obtained from
AKj, by deleting edge-disjoint copies of K¢, and AKj} is Kg-divisible by
assumption, so R’ is K-divisible. Therefore R’ has a Kj-decomposition by
Theorem 6.2. Combining this with the previous choices of K;’s we have
constructed an edge-labelled design with parameters (n, q,r, \) (the vertices
of A specify the edge-labelling).

Now we may calculate similarly to the proof of Theorem 2.2. Writing
m for the number of steps in the random greedy matching process, and
p(i) =1-n"%Q —iQ (:,‘)_1 for the approximate density at the ith step, the
logarithm of the number of choices is

m

Ly = Z(log(p(i)Q)\Q (Z)) + 2n_1/Q) =\Q! (:}) (10g()\Q (Z)) —Q+ n—a/2Q).
i=1
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Also, for any fixed design, the logarithm of the number of times it is counted
is at most

L2 = Y Tosp(AQ ™ () = Q7! () 1og(0Q ™ () — 1 £ 0779,
=1

As (")Q(")_l = N + o(N) we deduce

log D*(n,q,m,A) > AQ~(7) log((A\/e)97IN + o(N)).

For the upper bound in Theorem 6.1 we apply the Entropy Method,
following the argument of Linial and Luria [8] for Steiner Triple Systems
(see their paper for motivation and exposition of the method). We let X
be a uniformly random edge-labelled design with parameters (n, g, r, A), and
consider the entropy H(X) = — >, P(X = D)log P(X = D) (using natural
logarithms). We have D*(n, q,, \) = e1(X) 50 it suffices to estimate H(X).

We consider the labelled edges of AK] in a uniformly random order: it
is convenient to select u = (ue) € [0,1]*" uniformly at random, and to
proceed by decreasing order of .. At each step, when we consider e, we
reveal the block X, of X that contains e and is assigned to e according to
the edge-labelling. Conditional on u, we have

HX) = S H(X. | (X ple) > ple))).
eEAKT

We estimate H (X, | (Xe : p(€') > p(e))) < log N&, where N/' is the size
of the support of the random variable X, | (X : u(e’) > p(e)), ie. N =1
if e is a labelled edge of X,/ for some ¢’ that precedes e, otherwise N/’ is the
number of choices of a labelled g-set f containing e (i.e. we fix labellings of
the other @ — 1 edges in f) such that for each such labelled edge €’ in f, no
labelled edge of the block X,/ precedes e.

Next we condition on X, fix e, and write F, for the event that u(e’) < u(e)
for all ¢/ € X,. We estimate Elog N, where the expectation is with respect
to p, and we suppress the X-conditioning in our notation. We have

Elog N¥ = E(E[log N¥ | pe]) = E(u@ " E[log N¥ | pie, Fe))

and by Jensen’s inequality E[log N | e, Fe] < log E[NE | pe, Fe).

Now we write E[NZ' | pe, Fe] = 1+ 32 P[Ef | pe, Fe], where the sum is
over all labelled g-sets f # X, containing e, and Ey is the event that for
each labelled edge €’ in f, no labelled edge of the block X,/ precedes e. Note
that there are only O(N/n) such f with |f N f’| > r for some block f’ of

X. For any other such f we have P[Ef | e, Fe] = ug(Qfl). We deduce
E[NY | e, Fu] = p@ @ VAQ-IN 4 O(N/n).
Finally,

log D*(n,q,r, ) = H(X) < Y Euf 'logE[N/ | re, F]
eEAKT,

1
=A(") / 197 og(tP@=VNCTIN) + O(1/n) dt.
0
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For any A,B,C > 0 we have fol tA~ T og(CtP) dt = A~'logC — A~2B.
Setting A =Q, B=Q(Q — 1), C = A2 N we deduce

log D*(n,q,7,A) < AQ™"(}) log((\/€)?'N + o(N)). O
7. CONCLUDING REMARKS

Although we have proved (and generalised) Wilson’s conjecture, one may
still ask for more precise estimates (even an asymptotic formula) for the
number of Steiner Triple Systems, and more generally designs. Such results
have been obtained by Kuperberg, Lovett and Peled [7], using very different
methods to ours, but only for designs within a certain range of parameters.
One open case of particular interest (recently drawn to my attention by Ron
Peled) is the problem of estimating the number G(n, d) of d-regular graphs
on n vertices. These may be viewed as designs with parameters (n,2,1,d),
for which our methods give G(n,d) = d!""(dn/e + o(dn))*/2. Much more
precise results have been obtained by McKay and Wormald, including as-
ymptotic enumeration for d = w(n/logn) (see [9]) and d = o(y/n) (see [10]);
their conjecture in [9] regarding a general asymptotic formula remains open.
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