SIAM J. DISCRETE MATH. (© 2005 Society for Industrial and Applied Mathematics
Vol. 18, No. 4, pp. 713-727

SET SYSTEMS WITH RESTRICTED CROSS-INTERSECTIONS AND
THE MINIMUM RANK OF INCLUSION MATRICES*

PETER KEEVASH! AND BENNY SUDAKOV#

Abstract. A set system is L-intersecting if any pairwise intersection size lies in L, where L
is some set of s nonnegative integers. The celebrated Frankl-Ray-Chaudhuri-Wilson theorems give
tight bounds on the size of an L-intersecting set system on a ground set of size n. Such a system
contains at most (f) sets if it is uniform and at most Y ;_, (ZL) sets if it is nonuniform. They also
prove modular versions of these results.

We consider the following extension of these problems. Call the set systems Aj,..., Ay L-
cross-intersecting if for every pair of distinct sets A, B with A € A; and B € A; for some i # j
the intersection size |A N B| lies in L. For any k and for n > ng(s) we give tight bounds on the
maximum of Zle |Ai]. It is at most max {k(7), (Ln72J)} if the systems are uniform and at most
max {kY5_o (%), (k—1) S (%) + 2™} if they are nonuniform. We also obtain modular versions
of these results.

Our proofs use tools from linear algebra together with some combinatorial ideas. A key ingredient
is a tight lower bound for the rank of the inclusion matrix of a set system. The s*-inclusion matriz
of a set system A on [n] is a matrix M with rows indexed by A and columns by the subsets of [n] of
size at most s, where if A € A and B C [n] with |B| < s, we define Msp to be 1 if B C A and 0
otherwise. Our bound generalizes the well-known result that if |A| < 25F1, then M has full rank |.A|.
In a combinatorial setting this fact was proved by Frankl and Pach in the study of null ¢-designs; it
can also be viewed as determining the minimum distance of the Reed—Muller codes.
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1. Introduction. Extremal problems on set systems with restricted intersec-
tions have been an important part of combinatorics in the last half-century. One of
the first such results was obtained by Majumdar [11] and rediscovered by Isbell [8].
Extending earlier results of Fischer, they showed that a set system on [n] = {1,...,n}
in which the intersection of any pair of sets has the same cardinality ¢ can have at
most n + 1 sets, and if ¢ # 0 it can have at most n sets. This is commonly known as
the nonuniform Fischer inequality. (A set system is uniform if all of its sets have the
same size.)

Throughout this paper L will denote a set of s nonnegative integers. We say that
a set system A is L-intersecting if for every A, B € A we have |AN B| € L. The
nonuniform Fischer inequality was further generalized by Ray-Chaudhuri and Wilson
[13] and Frankl and Wilson [7], who obtained tight bounds for L-intersecting set
systems, both uniform and nonuniform. They showed that an L-intersecting family
on [n] can have at most (7) sets if it is uniform, and at most .7 (7) sets if it is
nonuniform. Frankl and Wilson also proved modular versions of these results. For
p prime, they showed that the same bounds hold if the intersection sizes belong to
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L mod p and the sizes of the sets in A do not belong to L mod p. For an excellent
account of this subject and its applications we refer the reader to [2].

In this paper, we consider the following extension of these problems. Call the
set systems Ay, ..., Ay L-cross-intersecting if for every pair of distinct sets A, B with
A € A; and B € A; for some i # j we have |AN B| € L. We consider the problem
of finding L-cross-intersecting systems with total size as large as possible, for each
k. This can be thought of as a multicolored version of the Frankl-Ray-Chaudhuri-
Wilson theorem in the following sense. We can reformulate the property of being
L-intersecting as a forbidden configuration condition: we forbid any pair of sets with
intersection size not lying in L. Now suppose we are given a list of set systems
A1, ..., A, which we think of as colors. We call another set system F multicolored
if for each F' € F we can choose a color 4; containing F' in such a way that each
F € F gets a different color. Suppose we have an integer k& and some forbidden
configurations {F, : v € T'}. The multicolored extremal problem is to choose k
colors Ay, ..., A, with total size |Ai| + --- + |Ax| as large as possible subject to
containing no multicolored forbidden configuration F,. The L-intersection problem
has as forbidden configurations all pairs of sets with intersection sizes not belonging
to L. The multicolored version of this is clearly equivalent to the L-cross-intersection
problem defined above.

We refer the reader to [9] and [4] for recent results on other multicolored extremal
problems and to [14] and [6] for other results on cross-intersecting families.

There are two natural examples of large L-cross-intersecting systems that are
uniform. One is to take all of the A; equal to some fixed maximum uniform L-
intersecting set system, which in the case L = {0,1,...,s — 1} can have as many as
(Z) sets. Another is to take one A; to be as large as possible, i.e., of size (L7L72J)’ and
then all the other set systems have to be empty. The following theorem shows that
one of these constructions is always optimal.

THEOREM 1.1. Let L be a set of s nonnegative integers, n > 100s%log(s + 1),
and let Ay, ..., Ay be uniform set systems on [n] that are L-cross-intersecting. Then

g'*‘i <max{£(1): (L)}

We get a similar picture in the nonuniform case. Again we have the example
where all of the A; are equal to some fixed maximum L-intersecting set system, which
can have as many as Z?:o (?) sets when L = {0,1,...,s—1}. Alternatively, if we take
one A; to be as large as possible, i.e., to contain all 2" subsets of [n], then the other
A; can contain only sets whose sizes belong to L (and are also L-cross-intersecting).
In the case L = {0,1,...,s — 1} we could take one A; to contain all sets and take all
the other set systems to consist of the subsets of size at most s — 1. Again we prove
that one of these two possibilities is optimal.

THEOREM 1.2. Let L be a set of s nonnegative integers, n > 100s%log s, and let

Ay, ... Ay be set systems on [n] that are L-cross-intersecting. Then
k s n s—1 n

il < k (k-1 . AN

e U OF

One can ask similar questions in a modular setting. For a prime p, we say that
a set system A is L-intersecting mod p if the sizes of all pairwise intersections of
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sets belong to L mod p. We define L-cross-intersecting mod p in a similar fashion.
The uniform modular Frankl-Ray-Chaudhuri-Wilson theorem states that if A4 is an
r-uniform set system that is L-intersecting mod p and r ¢ L mod p, then |A| < (7).
The nonuniform modular version is that if A is L-intersecting mod p and no set in
A has size belonging to L mod p, then |A| < 37 (7). We can show the following
cross-intersecting versions of these results.

THEOREM 1.3. Suppose p is prime, L is a set of s < p residues modulo p,
and Ay, ..., A, are set systems on [n] that are L-cross-intersecting mod p such that
every set A € Ule A; has |A| = r for some r ¢ L modp. Let m be chosen so that
m ¢ L modp and [n/2 —m| is as small as possible. Then for n > n(s) sufficiently

large
Stz () (1))

THEOREM 1.4. Suppose p is prime, L is a set of s < p residues modulo p, and
Ay, ..., A are set systems on [n] that are L-cross-intersecting mod p such that every
set A € Ule A; has |A| ¢ L modp. Then for n > n(s) sufficiently large

pism (1), £ ()

i¢ L modp

Our proofs use two tools from linear algebra that are often useful in problems
concerning set systems with restricted intersections: the original inclusion matrix
method of Ray-Chaudhuri and Wilson [13] and the polynomial method as used by
Alon, Babai, and Suzuki [1]. The s*-inclusion matriz of a set system A on [n] is a
matrix M with rows indexed by A and columns by the subsets of [n] of size at most
s, where if A € A and B C [n] with |B| < s, we define Map to be 1 if B C A and 0
otherwise. A key ingredient of our proofs is a tight lower bound on the rank of M,
which is interesting in its own right.

For s € Ny = NU {0}, we define functions fs : Ny — Ny as follows. For any s
we let fs(0) = 0. For any a > 0 we let fo(a) = 1. Given s,a > 0, write a = 2! + ¢,
where 0 < ¢ < 2t. We define f,(a) =37 (1) + fo—1(c). (Here we let (¥) be equal to
w fort >i>1; for t >0 we let (é) = 1 and for other values of ¢ and 1
we set (f) = 0.) The following theorem shows that these functions give a tight lower
bound for the rank of the s*-inclusion matrix over any field.

THEOREM 1.5. If|A| = a and M is the s*-inclusion matriz of A, then rank(M) >
fs(a). Furthermore, there is a set system A for which rank(M) = fs(a).

We say that a set system A is s*-independent if the rows of its s*-inclusion matrix
are linearly independent. It is well known (see, e.g., [2]) that if |A| < 2°T!, then A is
s*-independent. In a combinatorial setting this fact was proved by Frankl and Pach
[5] in the study of null ¢-designs; it can also be viewed as determining the minimum
distance of the Reed—Muller codes (see [10] for background information on codes).
One can deduce this statement immediately from the above theorem together with
the observation that fs(a) = a for a < 2°T!. This observation can be proved by
induction as follows. As before, write a = 2¢ + ¢, where 0 < ¢ < 2. Since t < s,
we have >°7_ (¥) = 2%, Then as ¢ < 2° we have f,_1(c) = ¢ (by induction), and so
fs(a) = 2" + ¢ = a, as required.
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The rest of this paper is organized as follows. In the next section we prove cross-
intersecting versions of the oddtown theorem and the nonuniform Fischer inequality.
These are special cases of our main theorems, but have the advantage that we can
prove them for all n. We set up the linear algebra machinery in section 3 and prove
Theorem 1.5. Section 4 contains the proofs of Theorems 1.1 and 1.2. In section 5 we
sketch how the proofs may be adapted to give the modular Theorems 1.3 and 1.4.
The final section contains some concluding remarks.

We use the following notation throughout the paper. Write [n] = {1,...,n}. The
subsets of [n] of size s are denoted by [r](*), and those of size at most s are denoted
by [n](=9).

2. Warm-up. In this section we will prove a couple of special cases of our main
results, both for illustrative purposes and because in these cases we do not need
to impose the condition that n has to be sufficiently large. We recall the oddtown
theorem of Berlekamp [3] (see also [2]), which is a special case of the modular Frankl-
Ray-Chaudhuri-Wilson theorem. It states that if we have a collection of odd subsets
of [n] such that every pairwise intersection has even size, then we can have at most
n sets in total. Equality can be achieved by the collection of all singleton sets, for
example. We will prove the following cross-intersecting version.

THEOREM 2.1. Suppose Ay, ..., Ay are set systems on [n] each consisting of odd
sets so that every pair of distinct sets A, B with A € A; and B € A; for some i # j
has intersection of even size. Then Zle |A;| < max{kn,2"~1}.

Proof. Let A be the subsets of [n] that belong to at least two of the A; and
let B be those sets that belong to exactly one of the A;. Then for any A € A and
B € AU B with A # B we have |A N B| even. We use boldface letters to indicate
the incidence vectors in F% corresponding to subsets of [n]; ie., if A C [n], then
A denotes the vector whose ith coordinate is 1 if i € A and 0 otherwise. Let 1
denote the vector with all coordinates equal to 1. Any A € AU B has odd size, i.e.,
A-A =1, and for any A € Aand B € AU B with A # B we have A -B = 0.
The sets in A are linearly independent as vectors, for if 3 ,. , cAA = 0, then taking
the inner product with A for any A € A, we get ¢4 = 0. (In particular |A| < n.)
The sets in B therefore satisfy |A| independent homogeneous linear constraints of
the form A - B = 0, as well as the inhomogeneous constraint 1 - B = 1 (because
they have odd size). If |A| = n, then these constraints are inconsistent. Then B
is empty and we have Zle |A;| < k|A| < kn, so we are done. Otherwise the sets
in B belong to an affine subspace of dimension n — |A| — 1, so [B| < 2"~ 14I=1 and
then Zle |A;| < k|A| + 27 A= Tt is easy to see that k|A| + 2"~ MI=1 is a convex
function of | A| (e.g., by differentiating twice), so as 0 < |A| < n — 1, it is maximized
at either |A| =0 or | A] = n — 1. Either way we have Zle |A;| < max{kn,2"" 1}, as
required. 0

It is clear from the proof that equality can occur only when either A or B is
empty. In the first case every odd set appears in exactly one A;. In fact, one of the
A; contains all the odd sets, and the other A; are empty (assuming that n > 3).
To see this, note that the graph on the odd sets defined by joining sets with odd
intersection is connected, so if there are two of the A; that are nonempty, we would
find an edge of the graph going from one to the other, which is impossible. In the
second case A4 must be a system of n odd sets with all pairwise intersections of even
size, and A; = --- = Ay = A.
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We will also prove the following cross-intersecting version of the nonuniform
Fischer inequality.

THEOREM 2.2. Suppose A1, ..., A are set systems on [n] and there is some t so
that for every pair of distinct sets A, B with A € A; and B € A; for some i # j, we
have |[AN B| =t. Then Zle |A;] < max{k(n+ 1),k — 14 2"}. Moreover, if t # 0,
then we have Zle |A;| < max{kn,2"}.

Proof. Let A be the subsets of [n] that belong to at least two of the A; and let B
be those sets that belong to exactly one of the A;. Then for any A € 4 and B € AUB
with A # B we have |AN B| =t.

We first consider the case when there is no set in A of size ¢t. As in the previous
proof we use boldface to denote incidence vectors of sets, which we now think of as
belonging to R™. One can show that the vectors {A : A € A} are linearly independent.
(This follows from the proof of the nonuniform Fischer inequality given in [2], which
we briefly sketch. Let M be the matrix with rows equal to the vectors {A : A € A}.
Then M M7 is the |A| by |A] intersection matrix, which has each off-diagonal entry
equal to t and each diagonal entry larger than ¢. It is not hard to show that any such
matrix is nonsingular, and therefore M has rank |.A|, as required.) It also follows that
|A] < n.

Now for each A € A we consider the linear form f4(x) = A -z —t in the variables
x = (z1,...,2Zn). Then f4 vanishes on all the incidence vectors of members of AU B,
except A itself. Since the incidence vectors of sets B € B satisfy |.A| independent
constraints f4(B) = 0, they lie in the intersection of an affine space of dimension
n — |A| with the cube {0,1}". Tt follows that |[B| < 2"l To see this, pick any
By € B and consider the vectors {B — Bg mod2 : B € B} in F}. If there are more
than 2"~ 14! such vectors, then they span an Fa-vector space of dimension at least
n—|A|+1. It follows that the real vectors {B —Byg : B € B} span a real vector space
of dimension at least n — |A| + 1 and satisfy |.A| independent constraints, which is
impossible. Therefore Zle |A;| < kJA| + 27 < max{kn,2"} by convexity. This
proves both parts of the theorem under the assumption that there is no set in A of
size t.

Now suppose there is some Ay € A with |Ag| =¢. Then all sets in AU B contain
Ag. Repeating the above argument, we see that the vectors {A : A € A\Ap} are
linearly independent, so |A\Ao| < n and |B| < 27~ 1A\l If |A\Ay| = n, then
B must be empty. For if there is B € B, then A U B contains n + 2 sets with
all pairwise intersections having size t, which is impossible. In this case we have
Zle |A;| < KkJA] < E(n+1). In the case A = {Ap} we have |B| < 2™ — 1 (since
Ay ¢ B) so S8 | Ai| < kJA|+|B| < k42" — 1. Otherwise we have 2 < |A| < n and

o

> 1AL < kJA] 4277 AF < max{2k + 277 kn + 2}

=1

by convexity. Now kn +2 < k(n + 1) for k > 2, and if 2k + 2"~ ! > k(n + 1), we
have k < 2" 1/(n—1),s0 (k —1+42") — (2k +2""1) = 27"t — (kK +1) > 0. (We
are ignoring the case n = 1, for which the theorem is trivially true.) We deduce that
Zle |A;| < max{k(n+ 1),k — 1+ 2"}, which is the first part of the theorem.

To get the improvement when ¢ # 0, consider the set systems A, = {A\Ay : A€
A;}. These are defined on a set of size n — ¢, and for every pair of distinct sets A, B
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with A € A} and B € A} for some i # j we have |[AN B| = 0. By the first part of the
theorem we have

k k
D AL =) A < max{k(n —t + 1),k — 1+2"""} < max{kn, 2"}

i=1 i=1
and we are done. 0

3. Tools from linear algebra. This section contains the linear algebra compo-
nents of our argument, which are a tight lower bound on the rank of the s*-inclusion
matrix and the polynomial method.

3.1. The rank of the inclusion matrix. For a set system A on [n], the s*-
inclusion matriz M has rows indexed by A and columns indexed by the subsets of [n]
of size at most s (including the empty set), where if A € A and B C [n] with |B| < s
we define Map to be 1 if B C A and 0 otherwise. In this subsection we will prove a
tight lower bound for the rank of this matrix, which is of interest in its own right.

Let V = Fi=o (?), where F is some field, and denote its standard basis by ez,
where Z ranges over subsets of [n] of size at most s. Given a set A € A, we define the

s*-inclusion vector
vy = g €z.

ZCA,|Z|<s

These are the row vectors of the s*-inclusion matrix. We define V3 to be the row
space, i.e., the subspace of V spanned by the vectors {v5 : A € A}. Note that the
rank of the s*-inclusion matrix is equal to the dimension of V3.

Throughout we adopt the following standard convention for binomial coefficients.
We let (!) be equal to w for t >i>1; for t > 0 we let ({) =1 and for
other values of ¢ and i we set (}) = 0. We will use the following well-known identities,
which follow easily from the fact that (t+1) = (t) + ( ¢ ):

(1 ;(”1)=§(t)+§(t>

t+1 " t—i
@ (2)-2(5)

For s € Ng = NU{0}, we define functions fs; : Ny — Ny as follows. For any s we
let f5(0) = 0. For any a > 0 we let fo(a) = 1. Given s,a > 0, write a = 2! + ¢, where
0 < c< 2. We define f(a) =7 (1) + fs—1(c). We will show that if |.A| = a, then
dim V3 > fs(a). First we need some inequalities for the functions f;.

LEMMA 3.1. Ifa < 2!, then fi(a) — fs—1(a) < (%).

S

Proof. Write a = 28 4282 4 ... where t > t; > to > ---. Then t; <t —i. We
have
t; t—1 t
— _ = < =
fs(@) = fo-r(a) Zm (s+1i> —Zm <s+1i) (5)

where we use (2). 0
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LEMMA 3.2. Ifa >, then fs(a+b) < fo(a) + fs—1(b) for s > 1.

Proof. We argue by induction on a + b and s. Write a = 2! + ¢, where 0 < ¢ < 2.
First we check the base cases of the induction. The statement is trivial when b = 0,
so we can suppose b > 0. When s = 1 we have two cases. First suppose that
c=0. Then fi(a) =t+ 1. Since 0 < b < a = 2 we have 2 < a +b < 2!*L, 5o
fila+b) =t+2. Since fo(b) =1 we have fi(a +b) = fi(a) + fo(b). Next suppose
that ¢ > 0. Then fi(a) = t+ 2. Since b < a < 2!7! we have a + b < 21+2, so
fila+b) <t+3= fi(a) + fo(b), as required.

Now suppose that s > 1 and that the statement is true with s replaced by s’ < s
and also for the same s applied to a pair a/, b with a’ + b < a+b. Note in particular
that for any s’ < s and any z,y we have fo(x +y) < fo(z) + fo(y). For we
may suppose that z > y, and then by induction fy(x +y) < fo(z) + fo_1(y) <
fs/(x) + fs/(y)~

Consider first the case that b < 2! —c. Then a + b < 21, We have f,(a) =
Yico () +fem1(e) and fi(a+b) = 327 (;) +fa-1(b+e), 50 fa(a)+fa1(b)—fo(atb) =
fs—1(b) + fs—1(c) — fs—1(b+¢c) > 0, by the observation in the previous paragraph.

Next we consider the case that b > 2!, say b = 2! + d, where 0 < d < ¢ < 2¢.
Then fo—1(b) = 30—, (£) + fs—2(d). Since 21 < a +b < 2'+2 we have fy(a +b) =
Z?:o (Hl'_l) + fsfl(c + d) Using (]-) we get fs(a’) + fsfl(b) - fs(a + b) = fsfl(c) +
fs—2(d) — fs—1(c + d) > 0 by induction (since ¢ > d).

Finally, we are left with the case 2! —c < b < 2*. We have 2!*! < a+b < 2t+2, 5
fs(a+b) =30 (51 + fo—1(b+c—2"). Since 28 < b+c < 2!+1 we have f,(b+

: c)
2o ( >+fs 1(b+c—2%), 50 fs(a+b)—fs(b+e) =307, (ttl) -2 ( ) :(} (
Then f(a)+ fo—1(b) = fs(a+b) = 35 ({) + fomr(€)+ fuma (b) = Folb o) 1 3 )
fsm1(b)+ fs—1(c)— fs(b+c)+ ( ) If b > ¢, then by Lemma 3.1 we have f,_1( (i)
fs(b), so fs(a) + fs—1(b) — fs(a+b) > fs(b) + feo—1(c) — fs(b+¢) > 0 by 1nduct10n
(since b+ ¢ < a + b). Similarly, if ¢ > b we have fs(a) + fs—1(b) — fs(a +b) >
fs(e) + fs—1(b) — fs(b+c) > 0. In all cases we are done. O

Proof of Theorem 1.5. We argue by induction on a and s. The result is trivial if
a=0,a=1,or s =0, so we suppose that « > 2 and s > 1. Let A be a set system
on a set X with |[A] =a. Pick x € X andlet A, = {A € A : x € A}, Ay = A\A,.
Write a, = |A,| and az = |Az|. We can choose z so that 0 < a,,az < a.

Let M be the matrix whose rows consist of the s*-inclusion vectors of sets in
A, with the following order of rows and columns. The rows are ordered in such a
way that those corresponding to sets in Az precede those in A,. The columns are
ordered into three groups; the first group is those columns given by entries in the
s*-inclusion vectors corresponding to sets in X (=1 not containing z, the second
group is those corresponding to sets in X(*) not containing z, and the third group
is those corresponding to sets in X (=) that contain x; each of the three groups is
ordered lexicographically. Thus M has the structure

M, My O
Ms M, Ms
for some matrices My, Ma, M3, My. Note that rk(M) = dim V3.
Consider the system A" = {AA{z} : A € A}, where A denotes symmetric

difference. Since A/, = {AU{z} : A € Az} and AL = {A\{z} : A € A}, the matrix
corresponding to A’ (with respect to the same order on rows and columns) is

; _f Ms My O
M<M1 M, M1>'

\Vllvllo
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Note that M’ can be obtained from M by row and column operations. In terms of
the block structure, we swap the two rows, subtract the first column from the third
column, then multiply the third column by —1. This shows that rk(M') = rk(M),
ie, dimV3 = dimVj. Therefore, we can suppose without loss of generality that
Az > Q.

Now note that

dim V3 = k(M) = rk( My My ) + rk(Ms) = dim V;_ -+ dim V3.

Since 0 < a, az < a we can apply induction to get dim V3 > fs(az) and dim Vj:l >
fs—1(az). Since az > a, and az + a; = a, by Lemma 3.2 we have dim V§ > fs(az) +
fs—1(az) > fs(a). This proves the first part of the theorem.

Finally we note that the bound on dimension is tight. To show this, we prove by
induction on a and s that if a = 2! + ¢, with ¢ < 2%, then there is a set system A
on [t + 1] with [A| = @ and dim V3 = fs(a). This is clear if a = 1 or if s = 0, so we
suppose a > 2 and s > 1. By induction we can find a set system B on [t] with ¢ sets
so that dim V™" = f,_1(c). Let B = {BU{t+1} : B€ B} and A=P([t])) UB,
i.e., A consists of all subsets of [t] together with each set of B with the element
t + 1 added. In the s*-inclusion matrix for A, the block with rows corresponding to
P([t]) and columns corresponding to [t](S*) has full rank >_;_; (!). Any extra rank in
the matrix can come only from the block with rows corresponding to B’ and columns
corresponding to { XU{t+1} : X € [t](=*~D} and this has rank dim V;{ ™" = f,_1(c).
Therefore dim V3 = 37 (¥) + fs—1(c) = fs(a), as required. 0

We note the following properties of the function fs(a) for future reference:

® w2y (M),

(4) If 2" — 2"% < a < 2", then f,(a) = f,(2") = Z (:‘)

=0

To see the second property note that we can write ¢ = 271 + 2772 4 ... 42775 4 p,
. _ —1—

with 0 < b < 2", and so fs(a) = 227> s (zfjﬂj.) =2 >0 (,",), where we use

(2).

3.2. The polynomial method. In this subsection we summarize the particular
application of the polynomial method that we need in the following lemma.

LEMMA 3.3. (i) Suppose A is an L-intersecting family of sets and that |A| ¢ L
for all A € A. Then the s*-inclusion vectors {v : A € A} are linearly independent
over R.

(ii) Suppose also that B is a set system such that |ANB| € L for any A € A and
B € B. Then no vector vy with B € B lies in V3.

Proof. We use boldface to denote the incidence vector corresponding to a subset of
[n]. For a set A we define the polynomial f4(z) = [[,c . (z-A—£). We will restrict =
(21,...,xy) to range over {0, 1}-vectors, so by repeatedly replacing any occurrence of
22 by x; we can represent f4(x) by a multilinear polynomial ZXe[n]<SS> cax [Liex @i
Let wyq = er[n]<és> ca,xex, where we recall that {ex : X € [n]=*} denotes the

standard basis of V = RZi=0 (!). Then by definition we have fs(B) = w4 - v§.
Note that fa(B) = 0 if and only if |[ANB| € L, so for A,B € A we have
wa - vy = fa(B) = 0if and only if A # B. Now if ) ,_ ,tav} = 0, then taking the
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inner product of this identity with w4 for each A € A we obtain that t4 = 0 for every
A, which proves part (i) of the lemma. Also, if B € B and vy = ), ,tavf, then
taking the inner product with w,4, we again see that t4 = 0 for each A € A. This
gives v§ = 0, a contradiction that proves part (ii) of the lemma. 0

The same proof shows that this result holds with R replaced by the field with p
elements (for some prime p) provided that |A| ¢ L modp for all A € A.

4. Proofs of the main theorems. We start by proving Theorem 1.1, which
we recall states that if n > 100s%log(s + 1) and A, ..., Ay are uniform set systems
on [n] that are L-cross-intersecting, then Zle |A4;| < max{k(7), (Ln72j>}' First we
need the following estimate on the middle binomial coefficients.

2" 2"
LEMMA 4.1, 22~ < (an) <z

Proof. Let g(n) =2~ n‘f(Ln/2 ). We want to prove that 1/2 < g(n) < 1. This is
easily verified for n = 1 and n = 2. We see that g(n + 2) > g(n): for even n we have
g(g;jlmg) =(1-5) V25 > 1, as (1——) - o=l = L. >0, and for odd n we

have gg:+3 (I*W) Vit > 1,as (172(m1+1))27 gTrZﬁ > 4(m+1)2 > 0. Now
g(n) > 1/2 follows for all n by induction. For the upper bound we use the Stirling
approximation n! ~ v/27mn n"e~", from which it follows that g(n) — /2/7 as n — co.
Since g(2m) and g(2m+1) are increasing sequences we have g(n) < /2/7 < 1. O

Proof of Theorem 1.1. Let k. = |—(|_n/2j)/( )J. Then for k < k. we want to show

that Zz 1Al < (Ln/%) and for k > k. we want to show that Zi:l |A4;| < k(7). Note
that it suffices to prove these two statements in the specific cases k = k. and k = k.+1.
Then the case k = k. clearly implies that for k < k. we have Zle |A;] < (Ln%])'
Also the case k > k. + 1 follows by induction. If we ignore the smallest A; we are left

with & — 1 L-cross-intersecting set systems, Which have total size at most (k — 1) (Z),

so the total size of all k systems is at most 25 - (k —1)(7) = k(7).
By the above remark we can assume that k = k. or k = k. + 1. Suppose
that Aj,..., A are L-cross-intersecting r-uniform set systems with Zz:l |A;] >

max{k("), (Ln72J)}' Note that we can assume r ¢ L. Let A be the subsets of [n]
that belong to at least two of the A; and let B be those subsets that belong to exactly
one of the A;. Since the A; are L-cross-intersecting, for any A € A and B € AUB we
have |[ANB| € L. It follows from the Ray-Chaudhuri-Wilson theorem that |A] < (7),
and if B # 0, then |A] < (7) (as we can add one set from B to A and still have
an L-intersecting family). From Lemma 3.3 we know that the s*-inclusion vectors
{vy : A € A} are linearly independent over R, i.e., they form a basis of V3, and we
also see that no vector v with B € B lies in V;. We conclude that

(5) |A| + dim Vj§ < Z (’Z)

=0

Note that we can assume that both A and B are nonempty. For if A = () we have
Zle |4 < (B < () < (Ln?Qj) and if B = () we have Zle |A;| < kAl < k(T); in
either case we are done. Thus we cannot have |A| = (7) (for then B = (), so we have

|A| < (7) — 1. Since

k
n Z n
k(&’) = i=1 A= kAT IBE = 8 ((S> - 1) 1Bl



722 PETER KEEVASH AND BENNY SUDAKOV

we have |B| > k > ((|,)5)/ (%)) — 1. By Lemma 4.1 we have [B| > 2"/n"*!, so by
Theorem 1.5 and (3)

dm Vg > (8] > ;0 (Uogg IBIJ> = (Ln ~(s+ Dlog, nJ).

7 {2
=0

Now from (5) we get
Al < Z () - amvi < Z (1) - (v Tl s
< [(s+1)logy ] Z (”‘ 1)

where we use the inequality (7) — (") = 22‘:1 ((”Jr}*j) - ("ZJ)) = 2221 (?:f) <
t(@_l). Therefore

i—1

) (S-l-l)logzn]szl(nz__l)

=0

B2 Y A fA (o) (

=1

© > (-2 ()
(\

In particular we easily see that |B| > /3J) so n/3 < r < 2n/3. Recalling that
A # (), we now consider any A € A. For any B € B the size of its intersection with A

belongs to L, so we get

Bl< ) (G0 = () (0 )

=< < i ()

where we use Lemma 4.1. Comparing with (6) we get

6s ~ 3s(s+1)logyn
NG ||/<L/2J) > o

Since n > 10052 log(s + 1), this gives the required contradiction. |

It is clear from the proof that equality can occur only when either A or B is
empty. In the first case every set of size |n/2] appears in exactly one A;. In fact,
one of the A; contains all the sets of size |n/2], and the other A; are empty (which
can be proved as in the remark after Theorem 2.1). In the second case A must be a

maximum uniform L-intersecting family, and A; = --- = A = A.
Next we prove Theorem 1.2, which we recall states that if n > 100s2logs and
Ai, ..., Ay are set systems on [n]| that are L-cross-intersecting, then Zle |A;] <

3 ‘_1
max{k 3, (7), (k= 1) 3520 (7) + 2"}
Proof of Theorem 1.2. We will assume that s > 1, as the case s = 1 is covered by
Theorem 2.2. Suppose that Ay, ..., A are L-cross-intersecting set systems with

é|¢4i|2max{k§<?> S :( >+2"}

1=
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Let A be the sets that belong to at least two of the A; and let B be those sets that
belong to exactly one of the A;.

n s—1 (n

Write k. = L%J Then for k < k. we want to show that Zle [A;| <
(k=1)3520 (") + 2" and for k > k. we want to show that Zle Al < kX0 (D).
Note that it suffices to prove these two statements in the specific cases k = k. and
k = k.+ 1. As for Theorem 1.1, the case k > k. + 1 follows by induction. We
can prove the case k < k. by induction on k (decreasing from k.) with the following
argument. Suppose for the sake of contradiction that we have Zle |A;| > (k-

1) Ef;& (") +2". Then clearly |A| > Zf;ol (M). Let Apy1 = A Then Ay, ..., Apyq

are L-cross-intersecting and Ei:—ll Al > BT (") 4 2", which contradicts our
induction hypothesis. Therefore we can assume that k = k. or k = k. + 1.

Since A is L-intersecting we have |A| < 37 () by the Frankl-Wilson theorem,
and if B # 0, then [A] < }7 (%) (similar to the previous theorem). Let A = {A €
A:JAle L} and Ay ={A e A: |A| ¢ L}. Let £ be the largest element of L. Then
Ar is (L\f)-intersecting, so |Ar| < Zf;& (). Exactly as in the proof of Theorem 1.1
we see that the s*-inclusion vectors {v% : A € A} form a basis of Vi, and no vector
vp with B € B lies in V3 . This shows that |Az|+ dim Vs < > (D)

We can assume that B is nonempty, for otherwise Zle |A;| < K[A <Y o (),
and we are done. We can also assume that Ay is nonempty, for otherwise we have

|A| =[Az| < Zf;& () and so

k s—1
Sl < HAL+ B < 1AL+ (20 - ) < -0 Y (1) 42
i=1 =0

and again we are done. We cannot have |A| =37 (7) (for then B = 0) so we have

Al <37 (%) — 1. It follows that |[B| > k > 2" _ 92> 2% and so by Theorem 1.5
=0 \1¢ (s) n

dimV§ > Y7, (L"_Sliog2 "J). Now we get

A7 < ; (?) —dimVj§ < ZS: ((7;) B (n— f8;0g2n1>)

=0

*/n—1 2s52logyn [
<f510g2n12<i_1><nz<5>.

=0

Choose an integer ¢ so that 2=+ < |A7|/(7) < 27t Since n > 100s?log s and
s > 2, from the above inequality we have t > 2. Also, since A} is nonempty we have
t <log, () < slogn.

Since |A| = |Az| + [Az| < 274(") + 3252, (%) we see that

7

1B] > Zk:\Ail —kIA| > (k~ USZ_E <TZ) 2k <2t<2) +: (TZL>>

=1 =0 =

s—1 e
> on _ Z (?) _ <(2nl) + 1) 2—t (Z) > on _ 2n—t-‘y—17
=0 s

where for the last inequality we use the upper bound on t. We cannot have t >
s+ 1, for then (4) gives dimV;§ = >7_, () and then A must be empty, which is a

%
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contradiction. We deduce that ¢t < s. Now by Theorem 1.5 and (2) we have

dlm VBs fs(2n _ 2n—t+1) _ fs(2n—1 4 2n—2 N 2n—t+1)

-,
s—z—] o s—i1—t+1—j

)(;;iii J)

Therefore
—t+1 n—t+1
2= (D) (") <Az < —dim Vg < " <2 .
Azl Z lmB—; s—i—t+1) = \s—t+1
We deduce that 2172 > (Z)/(Z:fill) > (n/s)!"', and so n/s < 21+3/(t=1) < 16, which
gives the required contradiction. O

From the proof we see that equality can occur only when either B or A is
empty. In the first case we have A; = A equal to an L-intersecting family of size
>i o (M). It was shown by Qian and Ray-Chaudhuri [12] that this is only possible
when L = {0,1,...,s — 1} and A = [n](£%). In the second case |B| = 2" and A = Ay,
must have size Zf:_& (") and be (L\()-intersecting (where ¢ is the largest element
of L), so again using the result of [12] we must have L\¢ = {0,1,...,s — 2} and
A = [n](==1_ Therefore one of the A; contains all subsets of [n], and the others are
all equal to [n](S5—1),

5. The modular versions. The modular versions of the theorems proved in the
last section have very similar proofs. The main ideas are the same, but the computa-
tions are significantly different and more involved, so we feel obliged to present them
separately. We will be brief on those points of similarity to avoid excessive repetition,
and we make no effort to obtain a bound on the smallest n for which the results hold.
This section may be omitted on a first reading of this paper.

First we recall the statement of Theorem 1.3. Suppose p is prime, let L be a set
of s < p residues modulo p, and let Ay, ..., Ax be set systems on [n] that are L-cross-
intersecting mod p such that every set A € Ule A; has |A| = r, for some r ¢ L mod p.
Let m be chosen so that m ¢ L modp and |n/2 — m| is as small as possible. The
theorem claims that for n > n(s) sufficiently large Zle |A;| < max {k("), ()} -

We define all vectors and polynomials over [, (the field with p elements) instead
of R.

Proof of Theorem 1.3. Let k. = |([)/(%)]. We can assume that k = k. or
k = k. + 1. Suppose that Aj,..., Ay are set systems that are L-cross-intersecting
mod p such that every set A € Ule.Ai has |A| = r, for some r ¢ L modp, and
suppose that Zle |A;| > max {k("), (")} . Let A be the subsets of [n] that belong

to at least two of the A; and let B be those sets that belong to exactly one of the A;.



CROSS-INTERSECTIONS AND INCLUSION MATRIX RANK 725

Since the A; are L-cross-intersecting mod p, for any A € A and B € AU B we
have |AN B| € L modp. It follows from the modular Frankl-Wilson theorem that
|A| < (%), and if B # 0, then |A] < (7). From the remark after Lemma 3.3 we
know that the s*-inclusion vectors {v% : A € A} form a basis of the [F,-vector space
Vi, and we also see that no vector v with B € B lies in V3. We conclude that
[Al +dim Vig <320 (%)

We can assume that both A and B are nonempty. Then |A| < () — 1, so
Bl >k > ((1)/(%)) — 1. By definition of m we have |m —n/2| < s so () =
(14 0(1))(Ln’}2j) and then by Lemma 4.1 we have |B| > 2"/n*t1. Following the

proof of Theorem 1.1 we get the inequalities dim V;§ > >7_, (L”7(5+1)1°g2 "J) and
|A| < [(5+1)logyn] 3252 ("71). Then

?

18| > i A — KA > (Z) _ <((Z))

- y (1 _ 3s(s +21T2 1og2n) (;)

In particular |B| = (1 4+ 0(1))(“:}2]) so |r —n/2| = o(y/n). Recalling that A # 0,
we now consider any A € A. For any B € B the size of its intersection with A belongs
to L mod p. We can choose x so that |z — /2| = o(y/n) and z ¢ L modp. Any set of
size r which intersects A in x points cannot belong to B, and there are at least (;) ("_7")

+1> o g1 3 (")

1=

of these. Now (I) = (1 + 0(1))(“;%) and r — 2 = (n—1)/2 + o(y/n), so (I7]) =
(I+0(1)) (l_(":i;;‘/%)' Therefore we can choose n large enough that (7)) > 27/3/r and
(=7 > 277" /3y/n —r. We deduce that [B] < (") —2"/9n < (1 —1/10y/n)(]"). For

n > n(s) sufficiently large this contradicts (7), which completes the proof.

Next we recall the statement of Theorem 1.4. Suppose p is prime, L is a set of
s < p nonnegative integers, and A, ..., Ay are set systems on [n] that are L-cross-
intersecting mod p such that every set A € Ule A; has |A| ¢ L modp. The theorem
claims that for n > n(s) sufficiently large

Suizm i (). ¥ ()

i¢ L modp

First we need the following lemma.
LEMMA 5.1. Suppose |L| = s and x > x(s) is sufficiently large. Then

x ()%

i¢ L modp ! 3s
Proof. We will restrict attention to those ¢ that lie in the interval I = [z/2 —
2?3, /2 + 2%/3], as the sum of (%) for i outside this interval is 0(2%) by the Chernoff
bound. By slightly altering I if necessary we may suppose that |I] is divisible by
s+ 1, and we partition it into subintervals {Jy : ¢ € ®} with |Jy| = s + 1 for every
¢ € ®. Note that any J, contains at least one ¢ ¢ L modp. (Since p > s+ 1,
each element of J, gives a distinct residue mod p, so not every element of J, can
belong to L mod p.) It is easy to see that (;’31) =1+ 0(1))(;”2) for any ji,j2 € Js,
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S0 Zie.]¢,i¢L modp (f) 1Jsri(11) Zz€J¢> (7,) Therefore

>, 023 (0-5res()

i¢ L modp Jy  i€Jy,i¢L modp Jg i€Jy
1+ 0(1) x 2%
= — > -,
s+1 ; (z) 3s
as required. 0
Proof of Theorem 1.4. Write k., = LZQZLi”zf)(‘)J We can assume that k = k. or
i=0 \ 1

k = k.+1. Suppose that Ay, ..., Ay are set systems that are L-cross-intersecting mod
p such that every set A € Uf 1 A; has |A| ¢ L modp, and suppose that Zf 1A >
max{k> ;o (7), D il modp( )}. Let A be the sets that belong to at least two of
the A; and let B be those sets that belong to exactly one of the A;. Since A is
L-intersecting mod p we have |A] < 7 (%) by the Frankl-Wilson theorem, and
if B # 0, then |[A] < >7 (). The s*-inclusion vectors {v§ : A € A} form a
basis of V3 over F, and no vector v with B € B lies in V3. This shows that
Al +dim Vs < 357, (7)-

We can assume that both A and B are nonempty. Then |A| < 37 ( ) 1, so
1Bl > k> (X igr modp (M/ >, (7)—1>2"/n* by Lemma 5.1. Again we get the
inequalities dim Vg > 325 ("= G+Dleeanly and 4] < [(s + 1) logyn] 2520 ("71).
Then

k
1B] > > |A| - k|4

i=1

> ) (?)—(W+)[(s+1log2nqz(n—1)

i¢ L modp =0 \i =0

) ><135($+21n)10g2n) 5 (21)

i¢ L modp

Recalling that A # (), we now consider any A € A. For any B € B the size of its
intersection with A belongs to L modp. Let C = {C C [n] : |C| ¢ L modp and |AN
C| ¢ L modp}. Then we have |B| < Zz¢L mod p ( ) IC]. Fix a number m > 10s so
that Lemma 5.1 holds for all x > m.

Suppose first that |A| < m. Note that C contains all sets of the form C = AU D,
where DNA=0and |D| ¢ L' = {{ — |A] modp : £ € L}. By applying Lemma 5.1
to L’ there are at least 2" =™ /3s > 2"~2™ such sets D, so |C| > 2"~2™. Next suppose
that |A| > n—m. Since C contains all sets C' such that C C A and |C| ¢ L mod p, we
again have |C| > 2"~™/3s > 2"~2™_ Finally suppose that m < |A| < n —m. There
are at least 2/41/3s sets D C A such that |D| ¢ L mod p. For each such D there are at
least 2"“A|/35 sets E C [n]\A such that |E| ¢ {¢{ — |D| modp: ¢ € L}. We obtain at
least 2" /9s? > 2n~2m sets DUE € C. In all cases we see that |C| > 2"~2™. Therefore
|B| < Z i¢ L mod p ( ) -2 2m < (1 —-27 2m) ZlgL mod p ( ) For n > TL( ) SufﬁCiently
large this contradicts (8), which completes the proof. 1]
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Concluding remarks.

e It would be interesting to determine the minimum value of n for which our

results hold.

The bounds that we give are tight when L = {0,1,...,s — 1}, but one could
consider a variant of this problem in which the set L is fixed to be some
different set. It seems plausible that the following should be true.

(1) To maximize the total size of uniform L-cross-intersecting systems A, ...,
Ay on [n] one should either take all A; equal to a maximum uniform L-
intersecting system or take one A; equal to all sets of size [n/2]| and the
others empty.

(2) To maximize the total size of nonuniform L-cross-intersecting systems
Aj, ..., Ar on [n] one should either take all A; equal to a maximum nonuni-
form L-intersecting system or take one A; to consist of all subsets of [n] and
the others equal to a maximum L-intersecting system in which the sizes of
all sets also belong to L.

Acknowledgment. We would like to thank an anonymous referee for some useful
remarks.

L.

=

w

o

-

P

J.

K.

J.

D.

J.

REFERENCES

ALoN, L. BaBal, AND H. Suzuki, Multilinear polynomials and Frankl-Ray-Chaudhuri—
Wilson type intersection theorems, J. Combin. Theory Ser. A, 58 (1991), pp. 165-180.

BABAI AND P. FRANKL, Algebra Methods in Combinatorics, Department of Computer Sci-
ence, University of Chicago, Chicago, preliminary version, 1992.

R. BERLEKAMP, On subsets with intersections of even cardinality, Canad. Math. Bull., 12
(1969), pp. 363-366.

BoLLOBAS, P. KEEVASH, AND B. SUDAKOV, Multicoloured extremal problems, J. Combin.
Theory Ser. A, 107 (2004), pp. 295-312.

FRANKL AND J. PACH, On the number of sets in a null t-design, European J. Combin., 4
(1983), pp. 21-23.

FRANKL AND N. TOKUSHIGE, Some inequalities concerning cross-intersecting families, Com-
bin. Probab. Comput., 7 (1998), pp. 247-260.

FRANKL AND R. M. WILSON, Intersection theorems with geometric consequences, Combina-
torica, 1 (1981), pp. 357—368.

. R. ISBELL, An inequality for incidence matrices, Proc. Amer. Math. Soc., 10 (1959), pp. 216—

218.

KEEVASH, M. SAkS, B. SUDAKOV, AND J. VERSTRAETE, Multicolour Turdn problems, Adv.
in Appl. Math., 33 (2004), pp. 238-262.

H. vAN LINT, Introduction to Coding Theory, 2nd ed., Grad. Texts in Math. 86, Springer-
Verlag, Berlin, 1992.

N. MAJUMDAR, On some theorems in combinatorics relating to incomplete block designs,
Ann. Math. Statistics, 24 (1953), pp. 377-389.

QIAN AND D. K. RAY-CHAUDHURI, Extremal case of Frankl-Ray-Chaudhuri—Wilson inequal-
ity, Special issue on design combinatorics: In honor of S. S. Shrikhande, J. Statist. Plann.
Inference, 95 (2001), pp. 293-306.

K. RAY-CHAUDHURI AND R. M. WILSON, On t-designs, Osaka J. Math, 12 (1975), pp. 735—
744.

SGALL, Bounds on pairs of families with restricted intersections, Combinatorica, 19 (1999),
pp- 555-566.



