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Abstract. We show that for each 8 > 0, every digraph G of sufficiently large order n whose out-
degree and indegree sequences dl+ <.+ <df and dy <--- <d, satisfy dj, d; > min {i + fn,n/2}

is Hamiltonian. In fact, we can weaken these assumptions to (i) dj 2 min{i+ Bn,n/2}ord__, 5 >
n —i, (ii) d; > min{i 4+ fn,n/2} or dj;—i—ﬁn > n — 1, and still deduce that G is Hamiltonian. This

provides an approximate version of a conjecture of Nash-Williams from 1975 and improves a previous
result of Kithn, Osthus, and Treglown.
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1. Introduction. The decision problem of whether a graph contains a Hamilton
cycle is one of the most famous NP-complete problems, and so it is unlikely that there
exists a good characterization of all Hamiltonian graphs. For this reason, it is natural
to ask for sufficient conditions which ensure Hamiltonicity. The most basic result of
this kind is Dirac’s theorem [6], which states that every graph of order n > 3 and
minimum degree at least n/2 is Hamiltonian.

Dirac’s theorem was followed by a series of results by various authors giving
even weaker conditions which still guarantee Hamiltonicity. An appealing example is
a theorem of Pdsa [20] which implies that every graph of order n > 3 whose degree
sequence dy < da < - -+ < d, satisfies d; > i+1 for all i < n/2 is Hamiltonian. Finally,
Chvétal [5] showed that if the degree sequence of a graph G satisfies d; > i+ 1 or
dp—; =2 n — i whenever i < n/2, then G is Hamiltonian. Chvdatal’s condition is best
possible in the sense that for every sequence not satisfying this condition, there is a
non-Hamiltonian graph whose degree sequence majorizes the given sequence.

It is natural to seek analogues of these theorems for digraphs. For basic termi-
nology on digraphs, we refer the reader to the monograph of Bang-Jensen and Gutin
[2]. Ghouila-Houri [8] proved that every digraph of order n and minimum indegree
and outdegree at least n/2 is Hamiltonian, thus providing such an analogue of Dirac’s
theorem for digraphs. Thomassen [21] asked the corresponding question for oriented
graphs (digraphs with no 2-cycles). One might expect that a weaker minimum semide-
gree (i.e., indegree and outdegree) condition would suffice in this case. Haggkvist [9]
gave a construction showing that a minimum semidegree of 22=% is necessary and

8
conjectured that it is also sufficient to guarantee a Hamilton cycle in any oriented
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graph of order n. This conjecture was recently proved in [11], following an asymp-
totic solution in [12]. In [4] we gave a polynomial time algorithm as well as an efficient
parallel algorithm for finding Hamilton cycles in digraphs with a certain robust expan-
sion property which captures several previously known criteria for finding Hamilton
cycles. These and other results are also discussed in the recent survey [17].

However, no digraph analogue of Chvatal’s theorem is known. For a digraph
G of order n, let us write di (G) < --- < d}(G) for its outdegree sequence and
di (G) < -+ < d;;(Q) for its indegree sequence. We will usually write dj and d;
instead of d; (G) and d; (G) if this is unambiguous.

The following conjecture of Nash-Williams [19] would provide such an analogue.

CONJECTURE 1. Let G be a strongly connected digraph of order n > 3 and suppose
that for all i <n/2

(i) d;r zi+lord, ,>2n—1i;

(i) df Zi+1ord/ ;, >n—i.
Then G contains a Hamilton cycle.

Nash-Williams also highlighted the following conjectural analogue of Pésa’s the-
orem, which would follow from Conjecture 1.

CONJECTURE 2. Let G be a digraph of order n > 3 such that d ,d; > i+ 1 for

107
alli < (n—1)/2 and d?—n/ﬂ v o) = [n/2]. Then G contains a Hamilton cycle.

Note that in Conjecture 2 the degree condition implies that G is strongly con-
nected. It is not even known whether the above conditions guarantee the existence
of a cycle through any given pair of vertices (see [3]). We will prove the following
semiexact form of Conjecture 2. It is “semiexact” in the sense that for half of the
vertex degrees, we obtain the conjectured bound, whereas for the other half, we need
an additional error term.

THEOREM 3. For every 8 > 0 there exists an integer ng = no(B) such that
the following holds. Suppose G is a digraph on n > ng vertices such that d ,d; >
min{i + fn,n/2} whenever i <n/2. Then G contains a Hamilton cycle.

Recently, the following approximate version of Conjecture 1 for large digraphs
was proved by Kiihn, Osthus, and Treglown [18].

THEOREM 4. For every B > 0 there exists an integer ng = no(B) such that the
following holds. Suppose G is a digraph on n = ng vertices such that for all i <n/2

(i) d;" > i+ Bn or d;ﬂ;ﬂn >n—1;

(i) di =i+ Bn or dififﬁn >n—i.

Then G contains a Hamilton cycle.

We will extend this to the following theorem, which implies Theorem 3.

THEOREM 5. For every > 0 there exists an integer ng = no(B3) such that the
following holds. Suppose G is a digraph on n = ng vertices such that for all i < n/2

(i) df > min {i + Bn,n/2} or Ay i pn =M — s

(ii) d; > min{i+ Bn,n/2} or d:_i_ﬁn >n—i.

Then G contains a Hamilton cycle.

(For the purposes of our argument it turns out that there is no significant differ-
ence in the use of the assumptions, so for simplicity the reader could just read our
proof as it applies to Theorem 3.)

The improvement in the degree condition may at first appear minor, so we should
stress that capping the degrees at n/2 makes the problem substantially more difficult,
and we need to develop several new techniques in our solution. This point cannot
be fully explained until we have given several definitions, but for the expert reader
we make the following comment. Speaking very roughly, the general idea used in
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[12, 11, 4] is to apply Szemerédi’s regularity lemma, cover most of the reduced digraph
by directed cycles, and then use the expansion property guaranteed by the degree
conditions on G to link these cycles up into a Hamilton cycle while absorbing any
exceptional vertices. When the degrees are capped at n/2, two additional difficulties
arise: (i) the expansion property is no longer sufficient to link up the cycles, and
(ii) failure of a previously used technique for reducing the size of the exceptional set.
Our techniques for circumventing these difficulties seem instructive and potentially
useful in attacking Conjectures 1 and 2 in full generality.

Our paper is organized as follows. The next section contains some notation, and
section 3 gives some preliminary observations and examples. Our proof will use the
machinery of Szemerédi’s regularity lemma, which we describe in section 4. (Unlike
[12, 11, 4], we do not require the blow-up lemma.) Section 5 contains an overview of
the proof in a special case that illustrates the new methods that we introduce in this
paper. The cycle covering result is proved in section 6, and the proof of the special
case completed in section 7. In section 8 we describe the structures that arise in the
general case. We establish some bounds for these structures in section 9. Our main
theorem is proved in section 10. The final section contains a concluding remark.

2. Notation. Given two vertices x and y of a digraph G, we write xy for the edge
directed from z to y. The order |G| of G is the number of its vertices. We write N (z)
and N () for the outneighborhood and inneighborhood of = and df; (z) and dg (z) for
its outdegree and indegree. The degree of z is dg(x) = df(z)+dg(z). We usually drop
the subscript G if this is unambiguous. The minimum degree and mazimum degree of G
are defined to be §(G) = min{d(x) : x € V(G)} and A(G) = max{d(z) : x € V(G)},
respectively. We define the minimum indegree 5~ (G) and minimum outdegree 6 (G)
similarly. The minimum semidegree is 6°(G) = min{d*(G), 5~ (G)}. Given S C V(G)
we write df(z) = [N*(z) N S| for the outdegree of z in the set S. We define dg ()
and dg(x) similarly. Given a set A of vertices of G, we write N (A) for the set of all
outneighbors of vertices of A, i.e., for the union of N/ (z) over all z € A. We define
N¢ (A) analogously.

Given vertex sets A and B in a graph or digraph G, we write Eg (A, B) for the set
of all edges ab with a € A and b € B and put eg(A, B) = |Eg(A4, B)|. As usual, we
drop the subscripts when this is unambiguous. If AN B = (), we write (A, B)¢ for the
bipartite subgraph of G with vertex classes A and B whose set of edges is Eg(A, B).
The restriction G[A] of G to A is the digraph with vertex set A and whose edge set is
the set of all those edges of G with both endpoints in A. We also write G \ A for the
digraph obtained by deleting A and all edges incident to it, i.e., G\ A = G[V(G) \ A].

Cycles and paths will always be understood as directed cycles and directed paths,
even if this is not explicitly stated. Given two vertices « and y on a directed cycle C'
we write zC'y for the subpath of C from z to y. Similarly, given two vertices = and
y on a directed path P such that x precedes y, we write x Py for the subpath of P
from z to y. A walk of length £ in a digraph G is a sequence vy, v1, . . ., v of vertices
of G such that v;v;41 € E(G) for all 0 < i < £ — 1. The walk is closed if vo = vy.
A 1-factor of G is a collection of disjoint cycles which cover all vertices of G. Given
a l-factor F' of G and a vertex x of G, we write x;? and zj for the successor and
predecessor of x on the cycle in F' containing . We usually drop the subscript F' if
this is unambiguous. We say that z and y are at distance d on F if they belong to
the same directed cycle C' in F' and the distance from z to y or from y to  on C'is d.
Note in particular that with this definition,  and y could be at distance d and d’ on
F with d # d'.
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A digraph G is strongly connected if for any ordered pair of vertices (z,y) there is
a directed walk from z to y. A separator of G is a set S of vertices such that G\ S is
not strongly connected. We say G is strongly k-connected if |G| > k and if it has no
separator of size less than k. By Menger’s theorem, this is equivalent to the property
that for any ordered pair of vertices (x,y) there are k internally disjoint paths from
x to y.

We write a = b £ ¢ to mean that the real numbers a,b,c satisfy |a — b < c.
We sometimes also write an expression such as d*(x) > t to mean d*(z) > t and
d=(x) > t. The use of the £ sign will be clear from the context.

To avoid unnecessarily complicated calculations we will sometimes omit floor and
ceiling signs and treat large numbers as if they were integers.

3. Preliminaries. In this section we record some simple consequences of our
degree assumptions and describe the examples showing that Conjectures 1 and 2
would be best possible. We also recall two results on graph matchings and a standard
large deviation inequality (the Chernoff bound).

Our degree assumptions are that for all ¢ < n/2 we have

(i) & =min{i+ Bn,n/2} or d,_, g >n—1i;
(ii) d; > min{i+ Bn,n/2} or d:—i—ﬂn >n—i.

We claim that §7(G) = df > Bn. For if this were false our assumptions would
gived, ;_g, >2n—1;le., G contains at least Sn + 1 vertices of indegree n — 1. But
a vertex of indegree n — 1 is an outneighbor of all other vertices, so this also implies
that 67 (G) > fn. Similarly we have 6~ (G) > fn.

To avoid complications with boundary cases it will be convenient to drop the
condition i < n/2. We note that this does not change our assumptions. For if
n/2 < i < n— fBn we can apply our assumption (i) to i’ = n — i — On and get
d} > min {i’ + Bn,n/2} or dy_y_pgn =n—17, e, d:llifﬂn >n—iord; =i+ fn,
which implies assumption (ii) for ¢. Similarly assumption (ii) for ¢’ implies assumption
(i) for 4. The assumptions do not make sense for i > n — fn, but if we consider any
statement about alji with j € [1,n] as being vacuous (i.e., always true), then we do
not have to impose any conditions when i > n — fn.

For an extremal example for Conjectures 1 and 2, consider a digraph G on n
vertices constructed as follows. The vertex set is partitioned as I U K with |I| =k <
n/2 and |K| = n — k. We make I independent and K complete. Then we pick a
set X of k vertices of K and add all possible edges in both directions between I and
X. This gives a strongly connected non-Hamiltonian digraph G in which both the
indegree and outdegree sequence are

k,o...kkn—1—-k,....n—1—kn—1,...,.n—1.
——
k times n—2k times k times

G fails conditions (i) and (ii) in Conjecture 1 for ¢ = k and also one of the conditions
in Conjecture 2. In fact, a more complicated example is given in [18], where only one
condition in Conjecture 1 fails. So, if true, Conjecture 1 would be best possible in the
same sense as Chvatal’s theorem.

A matching in a graph or digraph G is a set of pairwise disjoint edges. A cover
is a set C of vertices such that every edge of G is incident to at least one vertex in
C. For bipartite graphs these concepts are related by the following classical result of
Konig.

PROPOSITION 6. In any bipartite graph, a mazimum matching and a minimum
cover have equal size.
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The following result, known as the “defect Hall theorem,” may be easily deduced
from Proposition 6 using the observation that if C' is a cover, then N(A\C) C CNB.

PROPOSITION 7. Suppose G is a bipartite graph with vertex classes A and B and
there is some number D such that for any S C A we have |N(S)| > |S| — D. Then G
contains a matching of size at least |A| — D.

We will also need the following well-known fact.

PROPOSITION 8. Suppose that J is a digraph such that [NT(S)| > |S]| for every
S CV(J). Then J has a 1-factor.

Proof. The result follows immediately by applying Proposition 7 (with D = 0) to
the following bipartite graph I': both vertex classes A, B of I" are copies of the vertex
set of the original digraph J, and we connect a vertex a € A to b € B in I if there is
a directed edge from a to b in J. A perfect matching in I' corresponds to a 1-factor
in J. O

We conclude by recording the Chernoff bounds for binomial and hypergeometric
distributions (see, e.g., [10, Corollary 2.3 and Theorem 2.10]). Recall that the bino-
mial random variable with parameters (n,p) is the sum of n independent Bernoulli
variables, each taking value 1 with probability p or 0 with probability 1 — p. The
hypergeometric random variable X with parameters (n,m, k) is defined as follows.
We let N be a set of size n, fix S C N of size |[S| = m, pick a uniformly random
T C N of size |T'| = k, then define X = |T'N S|. Note that EX = km/n.

PROPOSITION 9. Suppose X has binomial or hypergeometric distribution and

0<a<3/2. ThenP(|X — EX|> aEX) < 2e~% EX.

4. Regularity. The proof of Theorem 5 will use the directed version of Sze-
merédi’s regularity lemma. In this section, we state a digraph form of this lemma and
establish some additional useful properties. For surveys on the regularity lemma and
its applications we refer the reader to [15, 13, 16].

4.1. The regularity lemma. The density of a bipartite graph G = (A, B) with

vertex classes A and B is defined to be dg(4, B) = efjﬁl’_ﬁ) . We often write d(A4, B) if
this is unambiguous. Given € > 0, we say that G is e-regular if for all subsets X C A
and Y C B with |X| > ¢|A| and |Y| > ¢|B]| we have that |d(X,Y) — d(4, B)| < e.
Given d € [0,1], we say that G is (g, d)-regular if it is e-regular of density at least d.
We also say that G is (g, d)-superregular if it is e-regular and furthermore dg(a) > d|B]
for all a € A and dg(b) > d|A] for all b € B.

Given a digraph G and disjoint subsets A, B of V(G), we say that the ordered pair
(A, B)g is e-regular if the corresponding undirected bipartite graph induced by the
edges of G from A to B is e-regular. We use a similar convention for superregularity.
The diregularity lemma is a version of the regularity lemma for digraphs due to Alon
and Shapira [1]. We will use the degree form of the diregularity lemma, which can be
easily derived from the standard version, in exactly the same manner as the undirected
degree form. (See, e.g., [16] for a sketch proof.)

LEMMA 10 (diregularity lemma; degree form). For every ¢ € (0,1) and each
positive integer M', there are positive integers M and ng such that if G is a digraph
on n = ng vertices, and d € [0,1] is any real number, then there is a partition of the
vertices of G into Vo, Vi, ..., Vi and a spanning subdigraph G’ of G with the following
properties:

o M'< k< M;
o [Vo| <en,|Vi| =--- = |Vi| =: m and G'[V;] is empty for all 0 < i < k;
o df (z) > df(z) — (d+e)n and dg, (z) > dg(x) — (d+€)n for allz € V(G);
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o all pairs (V;,V)ar with 1 < 4,5 < k and i # j are e-regular with density
either 0 or at least d.

Note that we do not require the densities of (V;,V})a and (V},V;)q to be the
same. We call V...,V the clusters of the partition, V the exceptional set, and the
vertices of G in Vy the exceptional vertices. The reduced digraph R = Rg' of G with
parameters ¢, d, M’ (with respect to the above partition) is the digraph whose vertices
are the clusters Vi,...,V, and in which V;Vj is an edge precisely when (V;, V;)q has
density at least d.

In various stages of our proof of Theorem 5, we will want to make some pairs of
clusters superregular, while retaining the regularity of all other pairs. This can be
achieved by the following folklore lemma. Here and later on we write 0 < a1 < ag to
mean that we can choose the constants as and a; from right to left. More precisely,
there is an increasing function f such that, given as, whenever we choose some a1 <
f(ag) all calculations in the proof of Lemma 11 are valid. Hierarchies with more
constants are to be understood in a similar way.

LEMMA 11. Let 0 < e < d,1/A, and let R be a reduced digraph of G as given
by Lemma 10. Let H be a subdigraph of R of maximum degree A. Then we can
move exactly Aem vertices from each cluster V; into Vi such that each pair of clusters
corresponding to an edge of H becomes (2¢, %)—superregular, while each pair of clusters
corresponding to an edge of R becomes (2¢,d — €)-regular.

Proof. For each cluster V € V(R), let
Ay ={sev. INZ& (z) NW| < (d — €)m for some outneighbor W of V in H
N " or [Ng (z) NW| < (d— e)m for some inneighbor W of V in H [

The definition of regularity implies that |A(V)| < Aem. Remove from each cluster V
a set of size exactly Aem containing A(V). Since Ae < 1, it follows easily that all
pairs corresponding to edges of R become (2¢,d — ¢)-regular. Moreover, the minimum
degree of each pair corresponding to an edge of H is at least (d — (A + 1)e)m > %m,
as required. d

Next we note the easy fact that regular pairs have nearly perfect matchings and
superregular pairs have perfect matchings.

LEMMA 12. Suppose € > 0 and G = (A, B) is an (e, 2¢)-regular pair with |A| =
|B| = n. Then G contains a matching of size at least (1 — &)n. Furthermore, if G is
(e, 2¢e)-superregular, then G has a perfect matching.

Proof. For the first statement we verify the conditions of the defect Hall theorem
(Proposition 7) with D = en. We need to show that |[N(S)| > |S|— D for S C A. We
can assume that |S| > D = en. Then by e-regularity, all but at most en vertices in
B have at least £|S| > 0 neighbors in S. Therefore |[N(S)| > (1 —e)n > |S| — en, as
required. For the second statement we need to show that [N(S)| > |S| for S C A. For
any x € S we have d(z) > 2en by superregularity, so we can assume that |S| > 2en.
Then as before we have |[N(S)| > (1 — ¢)n, so we can assume that |S| > (1 — &)n.
But we also have d(y) > 2en for any y € B, so N(y) NS # 0, i.e., N(S) = B and
IN(S)[=n>|S. O

We will also need the following regularity criterion for finding a Hamilton cycle
in a nonbipartite digraph. We say that a general digraph G on n vertices is e-reqular
of density d if ef)gﬁyﬁ) = d £ ¢ for all (not necessarily disjoint) subsets X,Y of V(G)
of size at least en, and it is (e, d)-superregular if it is e-regular and 6*(G) > dn.
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LEMMA 13. Suppose 0 < ¢ < d < 1, n is sufficiently large, and G is an (g,d)-
superreqular digraph on n vertices. Then G is Hamiltonian.

In fact, Frieze and Krivelevich [7, Theorem 4] proved that an (e, d)-superregular
digraph has (d—4¢'/?)n edge-disjoint Hamilton cycles, which is a substantial strength-
ening of Lemma 13. Lemma 13 can also be deduced from Lemma 10 in [11].

Next we need a construction that we will use to preserve superregularity of a pair
when certain specified vertices are excluded.

LEMMA 14. Suppose 0 < e € d < 1, G = (A, B) is an (e, d)-superregular pair
with |A| = |B| = n sufficiently large and X C A with |X| < n/3. Then there is a set
Y C B with |Y| = | X| such that (A\ X,B\Y)q is (2¢,d/2)-superregular.

Proof. If | X| < 2en, then we choose Y arbitrarily with |Y'| = |X|. Next suppose
that | X| > 2en. We let By be the set of vertices in B that have less than 3d|4\ X|
neighbors in A\ X. Then |B1| < en by e-regularity of G. Consider choosing Bs C
B\ Bj of size |X| — |B;| uniformly at random. For any z in A its degree in Bs
is dp,(z) = |Ng(x) N Bz|, which has hypergeometric distribution with parameters
(IB\ Bil,dp\p, (), |B2|). Superregularity gives Eldp, (z)] = dp\5, (¥)|B2|/|B\ B1| >
edn/2, and the Chernoff bound (Proposition 9) applied with a = n?/3/Edg, (z) >
n=1/3 gives P(|dp,(x) — Edp,(x)| > n??) < 2e=an**/3 < 9e=n'"?/3, By a union
bound, there is some choice of By so that every x in A has dp, (v) = dp\p, (v)|B2|/| B\
By|+n?/3 < 0.4dp(z) (say). Let Y = B;UBy. Then (A\ X, B\Y)¢ is 2e-regular by -
regularity of G. Furthermore, every y € B\Y has d\ x (y) = 1d|A\ X| by definition of
By, and every z in A\ X C A has dp\y(z) > dp(x)—|B1|—dp,(z) > 1d|B\Y]|. O

Finally, given an (g, d)-superregular pair G = (A, B), we will often need to isolate
a small subpair that maintains superregularity in any subpair that contains it. For
A* C A and B* C B we say that (A", B*) is an (¢*,d*)-ideal for (A, B) if for any
A* C A C A and B* C B' C B the pair (4',B’) is (¢*,d*)-superregular. The
following lemma shows that ideals exist, and moreover randomly chosen sets A* and
B* form an ideal with high probability.

LEMMA 15. Suppose 0 < ¢ <« 0,d < 1/2, n is sufficiently large, and G =
(A, B) is (e,d)-superregular with n/2 < |A|,|B| < n. Let A* C A and B* C B be
independent uniformly random subsets of size On. Then with high probability (A*, B*)
is an (e/0,0d/4)-ideal for (A, B).

Proof. First we note that e-regularity of G implies that (A’, B') is ¢/f-regular
for any A’ C A and B’ C B with |A/|,|B| > 6n. For each x € A, the degree
of z in B* is dp«(x) = |Ng(x) N B*|, which has hypergeometric distribution with
parameters (|B|, dg(z),0n) and expectation E[dp-(x)] = 0dg(z). By superregularity
we have dg(z) > dn/2, so by the Chernoff bound (Proposition 9) applied with a =
Odn/AE[dp-(z)] > d/4, we have P(dp- (z) < fdn/4) < 2¢~97°"/48 By a union bound,
there is some choice of B* so that every x € A has at least 8dn/4 neighbors in B*,
and so at least (6d/4)|B’| neighbors in B’ for any B* C B’ C B. Arguing similarly
for A* gives the result. O

5. Overview of the proof. We will first prove a special case of Theorem 5.
Although it would be possible to give a single argument that covers all cases, we believe
it is instructive to understand the methods in a simplified setting before introducing
additional complications. This section gives an overview of our techniques. We begin
by defining additional constants such that

1
n—<<a<<d<<ﬂy<<d’<<n<<n’<<ﬁ<1.
0
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Note that this hierarchy of parameters will be used throughout the paper. By applying
the diregularity lemma to G' with parameters e,d and M’ = 1/e, we obtain a reduced
digraph Rg/ on k clusters of size m and an exceptional set V. We will see that the
degree sequences of Rg inherit many of the properties of the degree sequences of G.
Then it will follow that Rgs contains a union of cycles F' which covers all but at most
O(d*/?k) of the clusters of Rg:. We move the vertices of all clusters not covered by
F into V5. By moving some further vertices into Vj) we can assume that all edges of
F' correspond to superregular pairs.

Let RZ, be the digraph obtained from Rg: by adding the set Vj of exceptional
vertices and for each z € Vj and each V' € Rg adding the edge zV if x has an
outneighbor in V' and the edge Vx if x has an inneighbor in V. We would like to find
a closed walk W in R, such that

(a) for each cycle C of F', W visits every cluster of C' the same number of times,

say mc;

(b) we have 1 < m¢ < m; i.e., W visits every cluster at least once but not too

many times;

(¢) W visits every vertex of V) exactly once;

(d) for each z; € V) we can choose an inneighbor x; in the cluster preceding z;

on W and an outneighbor x;" in the cluster following x; on W, so that as x;

ranges over Vp all vertices 7, z; are distinct.
If we could find such a walk W, then by properties (a) and (b) we can arrange that
me = m for each cycle C of F by going around C' an extra m — m¢ times on one
particular visit of W to C. Then we could apply properties (¢) and (d) to choose
inneighbors and outneighbors for every vertex of V{ such that all choices are distinct.
Finally, we could apply a powerful tool known as the blow-up lemma (see [14]) to
find a Hamilton cycle Cqp in G corresponding to W, where C'q,y, has the property
that whenever W visits a vertex of Vy, Cham visits the same vertex, and whenever
W visits a cluster V; of Rgr, then Cram visits a vertex z € V;. (We will not discuss
the blow-up lemma further, as in fact we will take a different approach that does not
need it.)

To achieve property (a), we will build up W from certain “shifted” walks, each of
them satisfying property (a). Suppose R is a digraph, R’ is a subdigraph of R, F is
a 1-factor in R, and a, b are vertices. A shifted walk (with respect to R’ and F') from
a to b is a walk W(a,b) of the form

W(a, b) = chleXQCQXg . .XtCtX;XtJrl,

where X7 = a, X1 = b, C; is the cycle of F' containing X;, and for each 1 < i < ¢,
X, is the predecessor of X; on C; and the edge X, X, 11 belongs to R’. We say that
W(a,b) traverses the cycles C1,...,Cy. Note that even if the cycles Ci,...,C; are
not distinct, we say that W traverses ¢ cycles. Note also that, for every cycle C of F,
the walk W (a,b) \ b visits the vertices of C' an equal number of times.

Given a shifted walk W = W(a,b) as above we say that W uses X if X ap-
pears in the list {X,..., Xy, X; , Xi+1}. More generally, we say that X is used s
times by W if it appears s times in the above list (counting multiplicities). Thus
W uses 2t clusters, counting multiplicities. We say that W internally uses X if
X e {X2,X5,...,Xt, X; } (ie., we do not count the uses of X; or X;41). We also
refer to the uses of Xo,..., Xy11 as entrance uses and X, ,..., X, as exit uses. If X
is used as both X; and X; for some 2 <4 < j < t+ 1 then we can obtain a shorter
shifted walk from a to b by deleting the segment of W between X; and X; (retaining
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one of them). Similarly, we can obtain a shorter shifted walk if X is used as both X
and X i for some 1 < ¢ < j < t. Thus we can always choose shifted walks so that
any cluster is used at most once as an entrance and at most once as an exit, and so
is used at most twice in total.

We say that a cluster V is entered a times by W if W contains a edges whose
final vertex is V' and which do not lie in F' (where the edges of W are counted with
multiplicities). We have a similar definition for exiting V' a times.

Next we define an auxiliary digraph H that plays a crucial role in our argument.
Let Rg» be the spanning subdigraph of Rgs obtained by deleting all those edges
corresponding to a pair of clusters whose density is less than d’. Let F be the 1-factor
of R mentioned above. The vertices of H are the clusters of Rg». We have an edge
from a to b in H if there is a shifted walk with respect to Rg» and F from a to b
which traverses exactly one cycle. One can view H as a “shifted version” of Rg.

For now we will consider only the special case in which H is highly connected.
Even then, the fact that the exceptional set V can be much bigger than the cluster
sizes creates a difficulty in ensuring property (b), which states that W does not visit a
cluster too many times. A natural attempt to overcome this difficulty is the technique
from [4]. In that paper we split each cluster V; of Rg/ into two equal pieces V;! and
V2. If the splitting is done at random, then with high probability, the superregularity
between pairs of clusters corresponding to the edges of F' is preserved. We then applied
the diregularity lemma to the subdigraph of G induced by Vo U V2 U ---U V2 with
parameters €o,ds and M} = 1/e5 to obtain a reduced graph Rs and an exceptional
set V. The advantage gained is that by choosing e2 < d2 < € the exceptional set V2
becomes much smaller than the original cluster sizes and there is no difficulty with
property (b) above. However, the catch is that in our present case the degrees are
capped at n/2, and in the course of constructing the union of cycles in Ry we would
have to enlarge Vi to such an extent that this approach breaks down.

Our solution is to replace condition (b) by the following property for W:

(b") W visits every cluster of Rg at least once but does not use any cluster of

Rg/ too many times.

This condition can be guaranteed by the high connectivity property of H. How-
ever, we now have to deal with the fact that W may “wind around” each cycle of F’
too many times. This will be addressed by a shortcutting technique, where for each
cycle C'in F' we consider the required uses of C' en masse and reassign routes so as
not to overload any part of C. A side effect of this procedure is that we may obtain a
union of cycles rather than a single Hamilton cycle. However, using a judicious choice
of W and a switching procedure for matchings, we will be able to arrange that these
shortcuts do produce a single Hamilton cycle. In particular, this approach does not
rely on the blow-up lemma.

6. Structure I: Covering the reduced digraph by cycles. We start the
proof by applying the diregularity lemma (Lemma 10) to G with parameters €, d and
M’ = 1/e, obtaining a reduced digraph Rg on k clusters of size m and an exceptional
set Vp. Initially we have |Vo| < en, although we will add vertices to Vj during the
argument. Note also that n = km + |Vp.

6.1. Properties of Rg/. Our main aim in this section is to show that Rg
contains an almost 1-factor F', more specifically, a disjoint union of directed cycles
covering all but at most 7d'/?k vertices of Rg,. To begin with, we show that the
degree sequences of R/ have similar properties to the degree sequences of G.
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LEMMA 16.
(i) df (Rer) > 7df, (G) — 2dk;
(iii) 0+ (Re) > 5k;
(iv) 0~ (Re) = 5k;
(v) df (Rgr) > min {i + 2k, (3 — 2d)k} or Ay gy (Bar) > k=i — 2dk;
(vi) d; (Rgr) > min {i + 2k, (L —2d)k} or A gy (Rar) >k —i— 2dk.

Proof. We will prove only parts (i), (iii), and (v). Parts (ii), (iv), and (vi)
can be obtained in exactly the same way as parts (i), (iii), and (v), respectively, by
interchanging + and — signs. Consider i clusters with outdegrees at most d;-"(RG/)
in Rgs. These clusters contain im vertices of G, so they must include a vertex z of
outdegree at least d;jn (G). Lemma 10 implies that the cluster V' containing x satisfies

3
d&(z) < df(z) + (d+e)n < d;G/ (V)m+ (d+e)n + |Vo| < d;G/ (V)m + §dn.
Therefore

1 3
+ + +
a (Rer) > dfy, (V) > —d}, (G) - 5

1
2alt > —dt (@) - 2dk,
m~ m
which proves (i). Next, (iii) follows from (i), since 67 (G) > Bn. To prove (v), suppose
that d} (Re/) < min {i + Sk, (1 — 2d)k}. It follows from (i) that

df (GQ) < min {m(i + Bk/2 + 2dk), mk/2} < min {im + Bn,n/2}.

Using our degree assumptions gives d._, [M(G) > n —im. Then by (ii) we have

Aoy i(Rer) > ood (G) — 2dk

(lfg)kmfim

> —d( gy (G) = 2dk > k — i — 2dk,

3|=3=

as required. d

Unfortunately, Rg' need not satisfy the hypothesis of Proposition 8, so we cannot
use it to deduce the existence of a 1-factor in Rg/. The next lemma shows that a
problem can occur only for subsets S of V(Rg) of size close to k/2.

LEMMA 17. Let S be a subset of V(Rgr) such that either |S| < (1/2 — 2d)k or
|S| > (1/2+ 2d)k. Then |[NT(S)|,|N~(S)| > |S].

Proof. Suppose first that |S| < (1/2 — 2d)k but that |[NT(S)| < |S|. By the
minimum outdegree condition of Rg (Lemma 16(iii)) we must have |S| > Sk/2.
Also dfy ,, 1 (Rer) < dig(Rer) < |8] < (1/2 — 2d)k, so Lemma 16(v) gives
d(ilf,é’/2)kflsl+2dk+1(RG/) > k—|S|+1. Thus there are at least 8k/2+ |S| —2dk > | S|
vertices of indegree at least k —|S|+ 1. Now if = has indegree at least k —|S|+ 1, then
N~ (z) intersects S, so x belongs to N*(S). We deduce that |[N*(S)| > |S|. A similar
argument shows that [N~ (S)| > |S| as well. Now suppose that |S| > (1/2+ 2d)k but
INT(S)| < |S|, and consider T' = V(Rg/) \ NT(S). Since N~ (T)N S = 0, we have
IN—(T)| < |T|, and so |T| > (1/2 — 2d)k by the first case. But now we can consider
a subset T” of T of size |T’| = (1/2 — 2d)k to see that [N~ (T)| > |[N—(T")| = |T'| =
(1/2 —2d)k, and so |S| < (1/2+ 2d)k, a contradiction. The claim for [N~ (S)| follows
by a similar argument. O
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Applying Hall’s theorem as in Proposition 8, one can use Lemma 17 to partition
the vertex set of Rg/ into a union of cycles and at most 4dk paths. However, for our
approach we need to find a disjoint union of cycles covering almost all the vertices.
The first step towards this goal will be to arrange that for each path its initial vertex
has large indegree and its final vertex has large outdegree. To prepare the groundwork,
we show in the next lemma that if R does not have a 1-factor, then it has many
vertices of large outdegree and many vertices of large indegree.

LEMMA 18. If R does not have a 1-factor, then it contains more than (1/242d)k
vertices of outdegree at least (1/2—2d)k and more than (1/2+2d)k vertices of indegree
at least (1/2 — 2d)k.

Proof. Since Rg: does not have a 1-factor, by Proposition 8 it contains a set S
with [NT(S)| < |S|. Then by Lemma 16(i) we have

1
and so
dt g5, (G) <mlIS| +2dk) < mlS| + gn-

Moreover, (1/2 — 2d)k < |S| < (1/2 + 2d)k by Lemma 17. So if it were also the
case that d+|s| 5, (G) < n/2 =min{m|S| + Bn/2,n/2}, then d} 4.0 .15/(G) >
m|S|—-5n

(14 8/2)n —m|S|, and so by Lemma 16(ii) we would have

B

. 1) = = - — >k — .

=

Then Re contains at least Sk/4 + |S| vertices of indegree at least k — |S| + 1, and

these must all belong to N*(S), a contradiction. It follows that d 58 (G) = n/2.
m 7571

So Lemma 16 (i) gives

Is|-2 1S|-4

n
m

1
+ D) > dr , >i_2 >(=-2 .
d gk(Rg) d (Rg) 5 dk (2 d|k;

i.e., Rg: contains at least (1+ 3/2)k—|S| > (1/2+ 2d)k vertices of outdegree at least
(1/2 — 2d)k, which proves the first part of the lemma. The second part can be proved
in exactly the same way. d

Now we can show how to arrange the degree property for the paths.

LEMMA 19. The vertex set of Rgr can be partitioned into a union of cycles and
at most 4dk paths such that the initial vertices of the paths each have indegree at least
(1/2—2d)k and the final vertices of the paths each have outdegree at least (1/2—2d)k.

Proof. We may assume that Rg does not have a 1-factor, and so the conse-
quences of Lemma 18 hold. We define an auxiliary digraph Ry, by adding 4dk new
vertices v, va, ..., V4qx t0 Rer, adding all possible edges between these vertices (in
both directions), adding all edges of the form vv;, where 1 < ¢ < 4dk and v is a vertex
of Rg of outdegree at least (1/2 — 2d)k, and finally adding all edges of the form v;v,
where 1 < ¢ < 4dk and v is a vertex of Rgs of indegree at least (1/2 — 2d)k. Then
any vertex that previously had indegree at least (1/2 — 2d)k now has indegree at least
(1/2 4+ 2d)k, and similarly for outdegree. Also, Lemma 18 implies that every new
vertex v; has indegree and outdegree more than (1/2+2d)k. We claim that Ry, has a
1-factor. Having proved this, the result will follow by removing vy, ..., v4qx from the
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cycles in the 1-factor. To prove the claim, let us take S C V(Ry,). By Proposition 8
we need to show that |[NT(S)| > |S|. We consider cases according to the size of S. If
|S| < (1/2—2d)k, then either S C V(R¢), in which case [NT(S)| > |S| by Lemma 17,
or S contains some new vertex v;, in which case |[N*(S)| > d* (v;) = (1/242d)k > |S].
Next suppose that (1/2 — 2d)k < |S| < (1/2 + 2d)k. As before, if S contains a
new vertex v; we have |[NT(S)| > d*(v;) = (1/2 + 2d)k > |S|, so we can assume
S C V(Rg). Now by Lemma 18 each new vertex v; has at least (1/2+2d)k > k — 5]
inneighbors in V(R¢g/) and so v; has an inneighbor in S, ie., v; € N*(S). Also,
S has at least (1/2 — 2d)k outneighbors in Rgs by Lemma 17, so in Ry, we have
INT(S)| > 4dk + (1/2 — 2d)k > |S|. Finally suppose that S| > (1/2 + 2d)k. Let
T = V(R;/) \ N*(S). Considering a subset S’ C S of size (1/2 + 2d)k shows that
IT| < k—|NT(S)| < k—|S'| = (1/2—2d)k. However, N~ (T) is disjoint from S, so if
INT(S)| < |S], we have |T| > |[N~(T)|. Now arguments similar to previous ones give
|T| > (1/2 4 2d)k, a contradiction. a

6.2. The almost 1-factor. We now come to the main result of this section.

LEMMA 20. Rg' contains a disjoint union F of cycles covering all but at most
7d"/?k of its vertices.

Proof. We implement the following algorithm. At each stage, the vertex set of
R¢ will be partitioned into some cycles and paths and a waste set W. In every path
the initial vertex will have indegree at least (1/2 — 2d)k and the final vertex will have
outdegree at least (1/2 — 2d)k. One of the paths will be designated as the “active
path.”

In the initial step, we begin with the partition guaranteed by Lemma 19. We
have W = () and choose an arbitrary path to be active.

In each iterative step we have some active path P. Let u be the initial vertex of P
and v its final vertex. Let S be the sum of the numbers of vertices in all of the paths.
If at any point S < 5d'/2k, then we move the vertices of all these paths into W and
stop. Otherwise we define o = 5dk/S and for each path P,, we let ¢,, = «|P.|. Note
that the parameters S, «, and {/,.} are recalculated at each step. By our assumption
on S we have o < d¥2. Also > br = aS = bdk.

For each cycle C = w; ... wiw; and X C V(C) we write X = {w;y1 : w; € X}
for the set of successors of vertices of X. For each path P, = wy...w;, X C P,
and 1 < s <t welet X = {w; : Jw; € X,i < j < i+ s}. Also, for each path
P, = w; ... w; which contains at least one outneighbor of v we let ¥ > 0 be minimal
such that w;» 41 € N7 (v)N P,. Similarly, for each path P. = w; ...w; which contains
at least one inneighbor of u we let 7' > 0 be minimal such that w; ;. € N~ (u) N P,.
We claim that at least one of the following conditions holds:

1. There is a w € W such that wu,vw € E(Rg).

2. There is a cycle C = wy ... wjw;y1 - . . wywy such that w;u, vw;41 € E(Rgr).

3. There is a path P. = w;...wg and 1 < ¢ < j <t with j — i < 4. 4+ 1 such

that Wi, VW5 € E(RGW).

4. There is a path P, = wy ... wy with i < £, or i) < 4,
To see this, suppose to the contrary that all these conditions fail. Since condition 1
fails, then (N~ (u) " W) N (Nt (v) N W) =0 and so

o IN"(u)NW|+ |NT(v)nW| < |W|.
Since condition 2 fails, then for each cycle C we have (N~ (u)NC)TN(NT(v)NC) =0
and so

o IN"(u)NC|+|NT(v)NC| < |C] for each C.
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Since condition 4 fails, then for each path P, we have [N~ (u) N P.| < |P.| — ¢, and
INt(v) N P.| <|P.| — ¢,. In particular
e for each path P, if P, does not meet both N~ (u) and N*(v), then |N~(u)N
P+ |INT()NP| < |P|— 4.
On the other hand if a path P, meets both N~ (u) and N (v), then since condition
3 fails we have (N~ (u) N B,) T+ (N *(v) N P,) = (). Moreover, since i* > £, and
since also condition 4 fails, we also have that (N~ (u)NP.) D] > N~ (u)N P+,
Altogether this gives that
e for each path P., if P. meets both N~ (u) and N*(v), then [N~ (u) N P,| +
INt(v) NP <|Pr| — 4.
Summing these inequalities gives

d™(u) +dt () IWI+ D ICI+ D (1P =) =k =) b
C T T

But we also have > ¢, = aS = 5dk and d~(u),d" (v) > (1/2 — 2d)k by the degree
property of the paths. This contradiction shows that at least one of the conditions
1-4 holds.

According to the above conditions we take one of the following actions.

1. Suppose there is a w € W such that wu,vw € E(Rgs). Then we replace the
path P by the cycle C = wuPvw, replace W by W\ {w}, choose a new active
path, and repeat.

2. Suppose there is a cycle C' = wy ... w;w;y1 ... wpwr such that w;u, vw; 11 €
E(Rgs). Then we replace the path P and the cycle C' by the cycle C' =
wy ... w;uPvw;yq ... wawy, choose a new active path, and repeat.

3. Suppose there is a path P, =w; ... wyand 1 <1< j<twithj—i< /4. +1
such that w;u, vw; € E(Rq).

(i) If P. # P, then we replace the paths P and P, with the path P, =
wy ... w;uPvw; ... wy, replace W with W U {wj41,...,w;_1}, make P,
the new active path, and repeat.

(ii) If P. = P (so w; = u and w; = v), then we replace P with the cycles
Cy = uwy ... wi—1wsu and C, = vwj ... ws_1v, replace W with W U
{wit1,...,w;j—1}, choose a new active path, and repeat.

4. Suppose there is a path P, = w; ... w; with i < £, or i¥ < £,.

(i) If P, # P and ¢ < ¢, then we replace the paths P and P, with the path
P! =w; ... w;_uuPv, replace W with WU {w;_juy1,...,w}, make P/
the new active path, and repeat.

(ii) If P. # P and ¥ < {,, then we replace the paths P and P, with the
path P/ = uPvwg 1 ... ws, replace W with WU {w1, ..., w; }, make P
the new active path, and repeat.

(iii) If P, = P (so wy = u and w; = v) and ¥ < £, then we replace P with
the cycle C' = uPw;_uu, replace W with WU{w;_juy1,...,wt}, choose

a new active path, and repeat.
(iv) If P. = P and i¥ < {,, then we replace P with the cycle C = vwie 41 P,
replace W with WU{wy, ... ) Wiv }, choose a new active path, and repeat.
At each step the number of paths is reduced by at least 1, so the algorithm will
terminate. It remains to show that |W| < 7d'/2k. Recall that at every step we
have ¢, = a|P.| < d'/?|P,| for each path P,. For every vertex w added to W we
charge its contribution to the path that w initially belonged to. To calculate the total
contribution we break it down by the above cases and by initial paths. Cases 1 and 2
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do not increase the size of W. In case 3(i), every initial path P, is merged with an
active path P at most once, and then its remaining vertices stay in the active path until
a new active path is chosen, so this gives a contribution to W of at most £, < d/?|P,|
from P,. In case 3(ii), the vertices of the active path P, = P are contained in a union
UierV(P;) of some subset of the initial paths (excluding some vertices already moved
into W). These paths collectively contribute at most a|P| < d*/2 Y, ; |Pi|, and each
initial path is merged at most once into such a path P. In cases 4(i) and 4(ii), as in
case 3(i), an initial path P, contributes at most «|P,|. In cases 4(iii) and 4(iv), as in
case 3(ii), the vertices of the active path P, = P are contained in a union U,V (F;)
of some subset of the initial paths and contribute at most o|P| < d'/?Y,_;|P;|. So
each initial path contributes to W at most twice: once when it is merged into the
active path (in cases 3(i), 4(i), or 4(ii)) and once when this active path is turned into
one or two cycles (in cases 3(ii), 4(iii), or 4(iv)). Therefore we get a total contribution
from the paths of at most 2d*/2k to W. Finally, there is another contribution of at
most 5d'/2k if at any step we have S < 5d'/2k. In total we have [W| < 7dY2k. a

6.3. Further properties of F. Now we have an almost 1-factor F' in R¢, i.e.,
a disjoint union of cycles covering all but at most 7d'/?k clusters of Rg:. We move
all vertices of these uncovered clusters into Vy, which now has size at most 8d'/?n.
During the proof of Theorem 5 it will be helpful to arrange that each cycle of F' has
length at least 4 (say) and, moreover, all pairs of clusters corresponding to edges of
F correspond to superregular pairs. (This assumption on the lengths is not actually
necessary but does make some of the arguments in the final section more transparent.)

We will now show that we may assume this. Indeed, if I’ contains cycles of lengths
less than 4, we arbitrarily partition each cluster of R into 2 parts of equal size. (If
the sizes of the clusters are not divisible by 2, then before the partitioning we move at
most 1 vertex from each cluster into Vj in order to achieve this.) Consider the digraph

¢« whose vertices correspond to the parts and where two vertices are joined by an
edge if the corresponding bipartite subdigraph of G’ is (2e, %—d)-regular. It is easy
to check that this digraph contains the twofold “blow-up” of Rg; i.e., each original
vertex is replaced by an independent set of 2 new vertices and there is an edge from a
new vertex x to a new vertex y if there was such an edge between the original vertices.
Each cycle of length ¢ of F' induces a twofold blow-up of Cy in Ry, which contains a
cycle of length 2¢ > 4. So Ry, contains a 1-factor F’ all of whose cycles have length
at least 4. Note that the size of Vj is now at most 9d/2n.

Second, we apply Lemma 11 to make the pairs of clusters corresponding to edges
of F/ (4e, %)—superregular by moving exactly 4¢|V;| vertices from each cluster V; into
Vp and thus increasing the size of Vj to at most 10d'/2n. For convenience, having
made these alterations, we will still denote the reduced digraph by R¢v, the order
of R by k, its vertices (the clusters) by Vi,..., Vs, and their sizes by m. We also
rename F’ as F. We sometimes refer to the cycles in F' as F-cycles.

6.4. A modified reduced digraph. Let R~ be the spanning subdigraph ob-
tained from Rgs by deleting all those edges which correspond to pairs of density at
most d’. Recalling that d < d’, we note that the density of pairs corresponding to
edges in Rgr is much larger than the proportion 10v/d of vertices lying in V. The
purpose of Rg was to construct F' so that this property would hold. Now we have
no further use for Rg and will work only with Rg». (Actually, we could use either
Rgr or R for the special case in the next section, but we need to work with Rg~
in general.)
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Let G” be the digraph obtained from G’ by deleting all edges belonging to pairs
(X,Y) of clusters so that (X, Y ) has density at most d’. We say that a vertex z € X
is typical if

o dg(z) > dg(x) — 4d'n;

e there are at most /ek clusters Y such that 2 does not have (1 £+ 1/2)dxym
outneighbors in Y, where dxy denotes the density of the pair (X,Y)g~. The
analogous statement also holds for the inneighborhood of z.

LEMMA 21. By moving ezactly 161/em vertices from each cluster into Vp, we can
arrange that each vertex in each cluster of Rgr is typical. We still denote the cluster
sizes by m. Then we have

(i) df (Rer) = Ld},(G) — 5d'k;
(iii) 0 (Rgr) = 5k;
(iv) 0~ (Rgr) = Sk;
(v) df (Rgr) = min {i+ 2k, (3 —5d')k} or diy_sy_(Bar) = k—i—5dk;
(vi) dj (Rgv) > min {i+ 5k, (3 —5d)k} or djl_é)k_i(RG”) >k—i—5dk.

Proof. Suppose that we are given clusters X, Y such that XY is an edge of Rg-.
Write dxy for the density of (X,Y)q. We say that x € X is out-typical for Y if (in
G') x has (1+1/3)dxym outneighbors in Y. Since the pair (X,Y)q is 4e-regular, it
follows that at most 8em vertices of X are not out-typical for Y. Then, on average,
a vertex of X is not out-typical for at most 8k clusters. It follows that there are at
most 8,/em vertices z in X for which there are more than 1/ek clusters Y such that z
is not out-typical for Y. Therefore we can remove a set of exactly 8y/em vertices from
each cluster so that all of the remaining vertices are out-typical for at least (1 —/2)k
clusters. We proceed similarly for the inneighborhood of each cluster. Altogether, we
have removed exactly 16+/em vertices from each cluster. These vertices are added to
Vo, which now has size |V| < 11v/dn. Now consider some cluster X and a vertex
z € X. Since z is out-typical for all but at most \/ek clusters, it sends at most
Vek -m + k- 2d'm < 3d'n edges into clusters Y such that (X,Y)g  has density at
most d’. Then the following estimate shows that z is typical:

dgr(z) > dar (@) — 3d'n — [Vo| = dg(z) — (d+ )n — 3d'n — 11Vdn > dg(z) — 4d'n.

For (i)—(vi), we proceed similarly as in the proof of Lemma 16. For (i), consider ¢
clusters with outdegrees at most d;” (Rg~) in Rgr. These clusters contain im vertices
of G, so they must include a typical vertex x of outdegree at least d;’ (G). As in the
previous estimate, the cluster V containing x satisfies

di (G) < df(z) < dEG,, (VYm+4d'n + |Vo| < dEG,, (V)m + gd’n.

Therefore

_ g

1 1
df (Rav) 2 djy ,, (V) 2 —d;,(G) > —d;,(G) = 5d'k,

2 m
which proves (i). Next, (iii) follows from (i), since 6*(G) > fn. The proof of (v) is
the same as that of (v) in Lemma 16, with 2d replaced by 5d’. The proofs of the other
three assertions are similar. d

By removing at most one extra vertex from each cluster we may assume that
the size of each cluster is even. We continue to denote the sizes of the modified
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clusters by m and the set of exceptional vertices by Vj. The large-scale structure of
our decomposition will not undergo any further significant changes: there will be no
further changes to the cluster sizes, although in some subsequent cases we may add
a small number of clusters to V{ in their entirety. For future reference we note the
following properties:

o [Vo| < 11Vdn;

e all edges of R correspond to (10g,d’/2)-regular pairs (the deletion of atyp-

ical vertices may have reduced the densities slightly);
e all edges of F' correspond to (10e, d/4)-superregular pairs.

7. The highly connected case. In this section we illustrate our methods by
proving Theorem 5 in the case when the auxiliary graph H is strongly nk-connected.
We recall that d’ < n < 3, and that H was defined in section 5 as a “shifted version”
of Rgr; ie., there is an edge in H from a cluster V; to a cluster Vj if there is a shifted
walk (with respect to Rg» and F') from V; to V; which traverses exactly one cycle.
We refer to that section for the definitions of when a cluster is “used” or “internally
used” by a shifted walk, and recall that we can assume that any cluster is used at
most once as an entrance and at most once as an exit.

LEMMA 22. Suppose H is strongly ck-connected for some ¢ > 0 and a,b are
vertices of H (i.e., clusters). Then there is a collection of at least c?k/16 shifted
walks (with respect to Rg» and F') from a to b such that each walk traverses at most
2/c cycles and each cluster is internally used by at most one of the walks.

Proof. Since H is strongly ck-connected we can find ck internally disjoint paths
Py, ..., Py from a to b. There cannot be ck/2 of these paths each having at least
2/c internal vertices, as H has k vertices. Therefore H contains at least £ := ck/2
internally disjoint paths Py, ..., P, (say, after relabeling) from a to b which have length
at most 2/c. Note that each of these corresponds to a shifted walk from a to b which
traverses at most 2/c cycles. Let Wy, ..., W, denote these shifted walks. Since the
P; are internally disjoint, each cluster z is internally used by at most 2 of the shifted
walks W; (either as an entrance or as an exit). Each shifted walk W; internally uses at
most 4/c clusters, so there are at most 8/c—1 other shifted walks W; which internally
use a cluster that W; also uses internally. Thus we can greedily choose a subset of
the walks W1, ..., W, having the required properties. O

Given any cluster X, recall that we write X+ for the successor of X on F and X~
for its predecessor. For every X, we apply Lemma 15 with 6 = 16d to the (10e,d/4)-
superregular pair (X, X )¢ to obtain an (y/, d?)-ideal (X1, X57). Set X* := X;UX,
(where (X[, X2) is the ideal chosen for (X—,X)). Then, by Lemma 15, we have
|X*| < 32dm, and for any X* C X’ C X and (X1)* C (XT) C X* the pair
(X', (X)) is (y/g,d?)-superregular.

First we construct the walk W described in the overview. List the elements of
the exceptional set as Vo = {x1,...,2,}. We go through the list sequentially, and for
each x; we pick clusters X; and Y; of Rg and vertices x; € N (z;) N (X; \ X;) and
zf € N&(z:)N(Y;\Y;) such that z7, 2], ...,z ,;F are distinct; moreover no cluster
of Rg» appears more than m/60 times as a cluster of the form X;,Y; (and thus no
cluster appears more than m/20 times as a cluster of the form X;, X;r, Y., Y"). To
see that this is possible, recall that [Vp| < 11d"/?n and |X*| < 32dm for all X. At
most 3[Vp| vertices belong to Vy or to the set {z1,z],...,2;_,,2; |}, and at most
120|Vy| belong to clusters that appear at least m/60 times as X; or Y; for z; with
j < i. Therefore at most 1500dY/2n < Bn < 6 (G) vertices are unavailable at stage i,
so we can choose z; and X, as required. A similar argument applies for x;" and Y;.
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Note that by construction each cluster contains at most m,/20 of the vertices a7
Next we sequentially define shifted walks W (Y;, X/ ;) with respect to Rgr and
F from Y] to X;fH for 1 <i<r—1. We want each W(}Q,X;I) to traverse at most
2/n cycles and each cluster to be internally used at most m /30 times by the collection
of all the walks W(Yi,X;fH). To see that this is possible, suppose we are about to
find W(Y;, X;%,), and let A be the set of clusters internally used at least m/40 times
by the walks W (Y;, X ;r +1) with j < 4. Since each of our walks internally uses at

1/2,
most 4/7 clusters (although it visits many more) we have |A| < 11dm/7204/n <n’k/16

(since d < 7). Now Lemma 22 implies that we can find a shifted walk W (Y;, X;;)
from Y; to X;jrl that traverses at most 2/ cycles and does not internally use any
cluster in A. We may assume that W (Y5, X;EH) uses each cluster at most once as an
entrance and at most once as an exit, and then no cluster is internally used more than
2 +m/40 < m/30 times by the collection of all the walks W(Yj,X;Zrl) for all j < ¢,
as required.

We conclude this step by choosing a shifted walk W (Y., X{") from Y, to X; .
Since there may be clusters in Rg~ that we have not yet used, we construct this walk
as a sequence of at most k shifted walks, each traversing at most 2/7 cycles, in such
a way that every cluster is used at least once by W (Y,., X;").

This leads us to define a closed walk W with vertex set Vo UV (Rg) as follows.
Let W(Y;, X;4+1) be the walk from Y; to X;11 which is obtained from W (Y7, X;TH) by
adding the path from X;TH to X;y1 in F. We now define

W = $1W(Y1,X2)$2 .. .{ETW(Y;, Xl)xl.

Using the choice of the clusters X; and Y; it is easy to see that W uses every cluster
of Rgv at most m/20 +m/30 + k - 8/n < m/10 times. Thus W has the properties
mentioned in the overview, namely,
(a) for each cycle C of F'; W visits every vertex of C' the same number of times;
(b") W visits every cluster of Rg at least once and uses every cluster of Rg at
most m /10 times;
(c) W visits every vertex of V) exactly once;
(d) for each z; € V; we have chosen an inneighbor z; in the cluster X; preceding
x; on W and an outneighbor x;r in the cluster Y; following z; on W, so that
as x; ranges over Vj all the vertices ", z; are distinct.
Now we fix edges in G corresponding to all edges of W that do not lie within a cycle
of F. We have already fixed the edges incident to vertices of Vj (properties (c¢) and
(d)). Then we note that the remaining edges of W not in E(F) are precisely those
of the form AB, where A is used as an exit by W and B is used as an entrance by
W. To see this, note that we cannot have A = B, as then B would be used twice as
an entrance in one of the shifted walks constructed above, which is contrary to our
assumption. Next we proceed through the clusters Vi,..., Vi sequentially choosing
edges as follows. When we come to V;, we consider each j < ¢ in turn. If V;V; ¢ E(F),
we let w;; be the number of times that W uses V;V;. Similarly, if V;V; ¢ E(F), we let
wj; be the number of times that W uses V;V;. We aim to choose a matching in G that
avoids all previously chosen vertices and uses w;; edges from V;\ V;* to V;\ V} and wj;
edges from V; \VJ* to V; \ V;*. This can be achieved greedily as follows. Suppose, for
example, that w;; > 0 and that when we come to V; the available vertices are V/ C V;
and V! C Vj. Since every cluster is used at most m/10 times we have w;; < m/10,
and we have |V/[,|V]| > m/2 (say, taking account of at most m /10 uses, m/20 vertices
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zE, and 32dm vertices in V;* or V). Then (V/,V/)g» induces a (20¢,d’/3)-regular
pair, so by Lemma 12 it has a matching of size at least (1 — 20e)m/2 > w;;. The
same argument can be used if we also have wj; > 0. After considering all such pairs
(i,7) we have found edges in G corresponding to all edges of W that do not lie within
a cycle of F.

Now let Entry denote the set of all those vertices which do not lie in the excep-
tional set and which are the final vertex of an edge of G that we have fixed (i.e., the
edges incident to the vertices in V5 and the edges chosen in the previous paragraph).
Similarly, let Exit denote the set of all those vertices which do not lie in the excep-
tional set and which are the initial vertex of an edge of G that we have fixed. Note
that Entry N Exit = ().

For every cluster U, let Uggit := U N Exit and Ugptry = U N Entry. Since W

was built up by shifted walks, it follows that |Uggi| = |U§ntry|. Moreover, since

we chose Entry and Exit to avoid U*, we know that (U \ Uggi, UT \ U;mry)c/ is
(€, d?)-superregular, and so contains a perfect matching by Lemma 12. Now the
edges of these perfect matchings together with the edges of W that we fixed in the
previous step form a 1-factor C of G. It remains to modify C into a Hamilton cycle
of G.

The following statement provides us with the tool we need. For any cluster U, let
Gu = (U " \Uguit> U\ Ukntry)c and let Oldy be the perfect matching in Gy which
is contained in C.

For any cluster U, we can find a perfect matching Newy in Gy so that if we
replace Oldy in C with Newy, then all vertices of Gy will lie on a common
cycle in the new 1-factor C. In particular, all vertices in U\Ugniry will lie on
a common cycle Cy in C, and moreover any pair of vertices of G that were
formerly on a common cycle are still on a common cycle after we replace
Oldy by Newy .

To prove this statement we proceed as follows. For every u € U \ Ugniry, We
move along the cycle C,, of C containing u (starting at u) and let f(u) be the first
vertex on Cy, in U™ \ Ug,,,. Define an auxiliary digraph J on U \ Ugntry such that
Nj(u) := Ngu (f(u)). So J is obtained by identifying each pair (u, f(u)) into one
vertex with an edge from (u, f(u)) to (v, f(v)) if Gy has an edge from f(u) to v. Now
Gy is (v/g,d?)-superregular by the definition of the sets U*, so J is also (y/g,d?)-
superregular (according to the definition for nonbipartite digraphs). By Lemma 13,
J has a Hamilton cycle, which clearly corresponds to a perfect matching Newy in G’
with the desired property.

Now we apply (f) to every cluster U sequentially. We continue to denote the
resulting 1-factor by C, and we write Cy for the cycle that now contains all vertices
in U\ Ugntry. Since Ugntry and Uggi have size at most m/4 (say) for any U, we
have V(Gy) N V(Gy+) # 0, so Cy = Cy+. Then Cy- = Cy = Cpy+, and since
Ugniry N Ugzir = 0, we deduce that Cy actually contains all vertices of U. Then
Cy = Cpy+ implies that Cy contains all vertices lying in clusters belonging to the
cycle of F' containing U.

We now claim that C is in fact a Hamilton cycle. For this, recall that W (Y,., X;")
used every cluster. Write W(Y,, X;) = U,C U; UsCoUsy ... U;CyU; Uypyq, where
each cluster appears at least once in Uy,...,Uiy1. Let u; u;41 be the edge that we
have chosen for the edge U; U1 on W (Y,, X;"). Note that for each i = 1,...,t the
vertices u;11 and u; lie on a common cycle of C, as this holds by construction of C,
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whatever matchings we use to create C. Since u;,u; € U; also lie on a common cycle,
this means that all of uy,...,u; (and thus also u¢11) lie on the same cycle C of C,
which completes the proof. O

8. Structure II: Shifted components, transitions, and the exceptional
set. Having illustrated our techniques in the case when H is strongly nk-connected,
we now turn to the case when this does not hold. In this section we impose further
structure on G by introducing “shifted components” of H and various matchings
linking these components and the vertices of the exceptional set V. In the first
subsection we construct the shifted components. We describe some of their properties
in the second subsection. The third subsection describes a process by which our
shifted walk W will make transitions between the shifted components. In the fourth
subsection we partition V; into 4 parts according to the existence of certain matchings
between Vj and the remainder of the digraph. Then we complete the description of
the transitions in the fifth subsection. Since we need to introduce a large amount of
notation in this section, we conclude with a summary of the important points.

We recall that ¢ < d < v < d' < n<n' < B and |Vp| < 11d"/?n.

8.1. Shifted components of H. Note that the in- and outdegrees of H are
obtained by permuting those of Rg, so H has the same in- and outdegree sequences
as Rg, and the bounds in Lemma 21 also apply to H. We start by establishing an
expansion property for subsets of V(H).

LEMMA 23. If X CV(H) with | X| < (1 - B8)k/2, then

B
2

k—5d’k—1>|X|+§k.

INF(X)| = [X] +

Proof. The argument is similar to that for Lemma 17. By symmetry it suffices to
obtain the bound for | N;;(X)|. Suppose for a contradiction that | N7 (X)| < |X|+§k—
5d'k—1. By Lemma 21(iii) we have | X| > 5d'k+1. Also th|75d/k71(H) <IN (X)| <
(1/2—5d")k, so by Lemma 21(v) we have Aoy g ok x|esarksr (H) 2 k= |X|+1. Then
H contains at least | X|+ 0k/2 — 5d’'k vertices of indegree at least k — | X| + 1, and
these all belong to N, (X), a contradiction. a

We are assuming that H is not strongly nk-connected, so we can choose a separa-
tor S of H of size |S| < nk. Thus we have a partition of the vertices of H into sets S,
C, and D such that H \ S does not contain an edge from C to D (although it might
contain edges from D to C).

LEMMA 24. |C|,|D| = k/2 £ 2nk.

Proof. Suppose for a contradiction that |D| < k/2—2nk. If the stronger inequality
|D| < (1—f)k/2 holds, then Lemma 23 implies that |N, (D)| > |D|+ %k > |D|+]5],
a contradiction. So we may assume that |D| > (1 — 8)k/2. Let D’ be a subset of D
of size (1 — 8)k/2. Now the first inequality of Lemma 23 implies that

[Ny (D)| 2 [Ny (D)| = k/2=5d'k—1> (|D| +2nk) = 5d'k — 1 > | D[ +nk > |D|+15],

a contradiction. The bound |C| > k/2—2nk is obtained in a similar way, which proves
the lemma. O

Let Csman be the set of vertices in C' which (in the digraph H) have at most
Bk/10 inneighbors in C. Let Dgpman be the set of vertices in D which (in the digraph
H) have at most Sk/10 outneighbors in D.

LEMMA 25. |Csma11|, |Dsma11| < 8nk.
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Proof. Let Ch;g be the set of vertices in C' which have at least k/2—nk outneighbors
in H. We claim that |Chig| > Bk/5. To see this, first note that Lemma 24 and
the fact that there are no edges from C' to D imply that D contains no vertex of
indegree greater than |D| 4 |S| < k/2 + 3nk. So again by Lemma 24, the number
of vertices of indegree greater than k/2 + 3nk in H is at most k/2 + 3nk, which
gives dy 5 5.1 < k/2 + 3nk. Now Lemma 21(v) with ¢ = k/2 — Bk/4 says that
dz/%ﬂk/él > (1/2—5d")k or diroprya 2 k/2+ Bk/4 — 5d'k. The latter option cannot

hold, as it would contradict our previous inequality for d, 23k 5O the former option
holds, and H has at least k/2+ 3k /4 vertices of outdegree at least k/2—5d'k > k/2—nk.
By Lemma 24, C' has to contain at least 8k /5 of these vertices of high outdegree, which
proves the claim.

Now note that yet another application of Lemma 24 shows that every vertex in
Chig has at least k/2 — nk — |S| > |C| — 4nk outneighbors in H[C]. Suppose that
|Csman| > 8nk. Then every vertex in Chi; has more than half of the vertices of Csman
as outneighbors. This in turn implies that there is a vertex in Cgpay with more
than half the vertices in Chig as inneighbors. In particular, it has more than Sk/10
inneighbors in C. This contradicts the definition of Cypan, so in fact |Cyman| < 8nk.
The argument for Dgyay is similar. a

Let C' :=C \ Cimant and D’ := D \ Dgman-

LEMMA 26. H[C'] and H[D'] are strongly n'k-connected.

Proof. By symmetry it suffices to consider H[C’]. The definition of Cyman and
Lemma 25 give §~(H[C']) = Bk/10 — |Csman| = Bk/11. Suppose that H[C'] is not
strongly 7' k-connected. Then there is a separator T of size at most 1’k and a partition
U, W of C"\ T such that H[C'] \ T contains no edge from U to W. Note that
W| > 6~ (H[C")) - T| > Bk/12. So

(1) U| < [C'| = W] < (k/2+ 2nk) — Bk/12 < k/2 — Bk/13.

If the stronger inequality |U| < (1 — 8)k/2 holds, then Lemma 23 implies that
INT(O)| = |U| + Bk/4 > [U| + |S| + |T| + |Csman|, a contradiction. So we may
assume that |U| > (1 — 8)k/2. Let U’ be a subset of U of size (1 — 8)k/2. Now the
first inequality in Lemma 23 implies that

Q)
INT(U)| = INT(U")| 2 k/2—5dk —1 > (U| + Bk/13) — 5d'k — 1

> |U| + |S| + |T| + |Csmall|,

a contradiction again. O

Let S’ be the set obtained from S by adding Csman and Dgman. So |S'| < 17nk
and S’, C’, D’ is a vertex partition of H.

Now let L (for “left”) be the set obtained from C’ by adding all those vertices v
from S” which satisfy [N (v) N C’| > 'k and |Ng(v) N C’'| > n'k. Next, let R (for
“right”) be the set obtained from D’ by adding all those remaining vertices v from
S’ which satisfy |[Nj;(v) N D'| > n'k and [N (v) N D'| = n'k. Then H[L] and H[R]
are both still n'k-connected. We write My (for “vertical middle”) for the remaining
vertices in S’ (i.e., those which were not added to C’ or D). Then |My | < |S/| < 1Tnk.
Moreover, L, My, and R partition the vertex set of Rg.

We also define another partition of V(R ) into three sets which we call T, My,
and B (for “top,” “horizontal middle,” and “bottom”) as follows:

e a cluster belongs to T if and only if its successor in F' belongs to L;
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Fic. 1. Shifted components and the exceptional set.

e a cluster belongs to My if and only if its successor in F' belongs to My ;

e a cluster belongs to B if and only if its successor in F' belongs to R.
The general picture (including a partition of Vp defined below) is illustrated in Fig-
ure 1. For each of the above subsets of V(H) = V(Rg~) we use a tilde to de-
note the subset of V(G) consisting of the union of the corresponding clusters, thus
L= UuerU C V(G), etc. Note that

We need to remove certain cycles from F' that would create difficulties later on.
Let M := My UMpg. We say that a cycle C of F significantly intersects M if |CNM | >
|C|/10. If we have | M| < [Vo|/+3, then we remove all cycles that significantly intersect
M from F and add all vertices in their clusters to the exceptional set. Since d <
we still have the inequality

(3) Vol < 11dY%n +10 - 11d"2n /4% < d*/*n.

Later we will distinguish the following two cases according to the size of M.
(x) |M| < |Vo|/¥3. Moreover, no cycle of F significantly intersects M.
(sx) |M] > Vol /2* > 0.

(The proof would be considerably simpler if we could remove all the cycles which
significantly intersect/lie in M in the case (xx), but this would make |Vy| too large.)
Since any cycle in F' has equal intersection sizes with My and My we still have
|My| = |My| of size at most 17nn. We still denote the remaining subset of R by R,
and similarly for all the other sets B, L, My, etc.

8.2. Properties of the shifted components. We start by justifying the name
“shifted components.” The following lemma shows that we have decomposed most of
the digraph into two pieces of roughly equal size, where in each piece we have the
high connectivity that enabled us to establish the result in the previous section.

LEMMA 27.

(i) H[L] and H[R] are strongly n'k/2-connected.

(ii) |L|,|R|,|B|,|T| = n/2 + 19n.

Proof. To prove (i), recall that before the removal of the cycles we knew that
H[L] and H[R] were strongly n’k-connected. By (3), the number of clusters removed
in case (x) is at most d*/*n/m < n'k/2. Since we only removed entire F-cycles, we
did not delete any edges from H other than those incident to the clusters that were
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deleted. Thus for each cluster removed the connectivity decreases only by at most
one.

For (ii), we recall that |C| = k/2+2nk (Lemma 24), and L was obtained from C by
removing |Csman| < 8nk clusters, adding at most |S’| < 17nk clusters and removing
at most d*/ 4n/m < nk clusters. The argument for R is the same. The other two
bounds follow since |B| = |R| and |T| = |L|. O

Next we define a partition of My into M{ET and M{EF as follows. A cluster
X € My belongs to MER if [INF(X)NC'| < 'k and [N (X) N D'| < n'k. A cluster
X € My belongs to M#L if [N (X) N D'| < 7'k and |[Ng(X)NC'| < n'k. The
definition of L and R and the fact that H has minimum semidegree at least Sk/2
imply that this is indeed a partition of My. Since |My| < 179k and 6*(H) > Bk/2
we have the following properties.

LEMMA 28.

(1) ALV € MER satisfy IN;(V) N L|, [N (V)N R| < 20’k and [N (V) N R,

IN; (V)N L| > Bk/3.
(ii) Al V € MEE satisfy INSF (V)N R|, N5 (V) N L| < 20’k and [N (V) N L],
INg (V)N R| > Bk/3.

Let ME® be the set of clusters whose successor in F' belongs to M{E!, and define
MPEL similarly. Note that this yields a partition of M.

It will be helpful later to note that if M # (), then we can use clusters in M
to obtain shifted walks from L to R. Similarly, any clusters in M{ can be used to
obtain shifted walks from R to L. This will use the following lemma.

LEMMA 29. _

(i) For all x € MfIR, we have |N+( )N L| < 3n'n and |N+( )N R| = Bn/2.

Also, at most 12n'n vertices in L have more than |MI§R|/4 inneighbors in
MflR.

(ii) For all x € /]\Z&R, we have |Ng (z) N B| < 3n'n and ING (z) N T| > Bn/2.
Also, at most 12n/'n vertices in B have more than |JT/[/‘§R|/4 outneighbors in
MR

(iii) For all z € M}}L, we have |NG( )N R| < 3n'n and |NG (z) N L| > Bn/2.
Also, at most 121/'n vertices in R have more than |M RL| /4 inneighbors in
M}}L.

(iv) For all x € M/‘]}L, we have |Ng ( YNT| < 3n'n and ING (z) N B| > Bn/2.
Also, at most 12n/'n vertices in T have more than |M§L|/4 outneighbors in
Mg

Proof. For (i), suppose = € MI@R satisfies |[NJ (z) N L| > 3y'n. Note that
Lemma 21 implies that z is typical. Using the definition of “typical” and accounting
for vertices added to Vo, we still have |NZ, (z) N L| > 2n'n. Then the cluster U
containing x must have (in Rg~) at least 2n'k outneighbors in L. The definition
of MER implies that the successor UT of U lies in MEE. Then [NF(UT) N L| =
|N+c;~ (U) N L| > 21k, contradicting Lemma 28(i). We deduce that [N (x) N L| <

3n/'n. It follows that there are at most 3n'n|ML®| edges from MER to L, so the final
assertion of (i) holds. For the second bound in (i), we note that

|Nér(x)ﬂ§| > 0H(G) - |Nér(x)ﬂi|— |My|—|Vo| = Bn—3n'n—1Tgm—d"*n > Bn/2.

For (ii), suppose z € M&R satisfies |[Ng (z) N B| > 3n/n. Then the cluster U € MER
containing = must have (in Rg~) at least 2n'k inneighbors in B. Thus in H it has at
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least 2n'k inneighbors in R, contradicting Lemma 28(i). The remainder of (ii) follows
as for (i). The proof of (iii) is very similar to that of (i) and the proof of (iv) to that
of (). O

If X and Y are clusters in L, then there are many shifted walks (with respect
to Rgr and F) from X to Y. Later we will require that paths corresponding to such
walks can be found in G, even if a large number of vertices in clusters lying on these
paths have already been used for other purposes. This will follow from the following
lemma.

LEMMA 30. Suppose U is a cluster, u € U, and write s = 'k /4.

(i) If U € RUMJE, then there are clusters Vi,...,Vs € B such that V;U €

E(Rg) and u has at least d'm/4 inneighbors in V; for 1 <i < s.

(i) If U € T U MEE, then there are clusters Vi,...,Vs € L such that UV; €
E(Rg) and u has at least d'm/4 outneighbors in V; for 1 < i< s.

(iii) If U € LU MER, then there are clusters Vi,...,Vs € T such that V;U €
E(Rgr) and u has at least d'm/4 inneighbors in V; for 1 <i < s.

(iv) If U € BU ML, then there are clusters Vi,...,Vs € R such that UV; €
E(Rg) and u has at least d'm/4 outneighbors in V; for 1 < i< s.

Proof. To prove (i) recall from Lemma 27 that H[R] is strongly n’k/2-connected,
and so has minimum indegree at least n’k/2. Thus any U € R has inneighbors
Vi,...,Vas in Rgr such that V; € B. This also holds for U € M‘I,{L by Lemma 28(ii),
since 3 > n’. In both cases we remove all the V; for which u does not have at least
d'm/4 inneighbors in V;. Then, since u is typical (this was defined before Lemma 21),
we are left with 2s — €/2k > s clusters where u has at least d’ m/4 inneighbors.
Statements (ii)—(iv) are proved similarly. O

8.3. Transitions. As in the highly connected case, our general strategy is to
find a suitable shifted walk W and transform it into a Hamilton cycle. We will be
able to move easily within L, and also within R, using the same arguments as in the
highly connected case. However, we need other methods to move between L and R,
which we will now discuss. To avoid excessive notation we will just describe how to
move from R to L, as our arguments will be symmetric under the exchange R < L
(and so B «» T). To move from R to L we use two types of “transitions” from B to
L. The first of these is a set of edges Matchpy from B to Z, which will almost be a
matching, and will have certain desirable properties defined as follows.

Given matchings Match’ and Match” in G from B to L, we call a cluster V' full
(with respect to Match” U Match”) if it contains at least ym endvertices of edges in
Match’ U Match”. Given a number ¢, we say V is ¢-fair (with respect to Match’ U
Match”) if no cluster with distance at most £ from V in F is full. A cluster V is
l-excellent if it is ¢-fair and no cluster with distance at most ¢ from V in F lies
in M = My U Mg (the “middle”). We call Match’ U Match” a pseudomatching from
B to L if the following properties are satisfied:

e Match’ UMatch” is a vertex-disjoint union of “components,” each of which is
either a single edge or a directed path of length 2.

e Every single edge component has at least one endvertex in a 4-excellent clus-
ter, and every directed path of length 2 has both endvertices in 4-excellent
clusters. B _

Given matchings Match’ and Match” from T to R, we say that Match’ U Match” is
a pseudomatching from T to R if it satisfies the analogous properties. As we shall
see later, each edge of a pseudomatching from B to L allows us to move from R
to L. Note that this applies even to the two edges in any directed paths of length
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2: these will enable us to move twice from R to Z, using the rerouting procedure
described later. Similarly, each edge of a pseudomatching from 7" to R allows us to
move from L to R. We consider pseudomatchings rather than matchings because in
general BNL = (), so the largest matching we can guarantee is only half as large as
the largest pseudomatching. This would not provide all the edges we need to move
from R to L.
_ We now choose pseudomatchings Matchpy from B to L and Matchr g from T to
R, each of which is maximal subject to the condition

e |Matchpy|, |[Matchrr| < v*n
(Here |Matchpy| denotes the number of edges in Matchpy.) Note that Matchpr and
Matchyr may have common vertices. Recalling that |M| < 34nk by (2),

at most 2|Matchpr|/ym < 37k clusters are full with respect to Matchpy,
(&) and at most 11(3vk + |M|) < 400nk clusters are not 5-excellent with respect
to Matchpgy. A similar statement holds for Matchrg.

From now on, whenever we refer to a fair or excellent cluster it will be with respect
to the pseudomatching Matchpy .

As in the highly connected case, we will identify “entries” and “exits” for edges
of the cycle that do not lie in a pair corresponding to an edge of F'. For Matchgy,
the exits are the set exitpy, of all initial vertices of edges in Matchpy, and the entries
are the set entryp; of all final vertices of edges in Matchpr. (We will define further
exits and entries in due course.)

At this stage, we do not know how many of the matching edges we actually will
need in W, as this depends on a partition of the exceptional set V; to be defined in
the next subsection. So, given a cluster V', we want to ensure if, e.g., we use only
some of the vertices in V N exitpr, then the unused remainder of V and V1 still
forms a superregular pair. We may not be able to achieve this for any V, but if V/
is 2-fair, we know that none of V=, V, V¥ is full, which gives us the flexibility we
need. We say that a cluster V' is nearly 2-fair if V' is either 2-fair or at distance 1
on F from a 2-fair cluster. In the following lemma we choose partitions of the nearly
2-fair clusters which allow us to avoid any “interference” between exits/entries and
the exceptional set. Figure 2 illustrates these partitions and also some additional sets
that will be defined in subsection 8.5 (“twins” of exits/entries and an ideal to preserve
superregularity).

We define our partitions of the nearly 2-fair clusters as follows. For every 2-fair
cluster V with VNexitpr, # @ we will choose a partition Vg, 1, Vez,2 of V and a partition
Vb1 Vihi o of V. Also, for every 2-fair cluster V' with V Nentry 5, # () we choose a
partition Vent 1, Vent,2 of V and a partition V,, 1,V o of V™. There is no conflict in
our notation, i.e., we will not, e.g., define V¢, 1 twice, since When V Nexitpy # 0 we
must have V € B, whereas when V* Nentry s, # 0 we must have V¥ € L, so V € T,
and these cannot occur simultaneously. We also define the analogous partitions with
respect to Matchy g, although for simplicity we will not explicitly introduce notation
for them, as we will mainly focus on the case when only Matchpy, is needed for the
argument. So for each cluster V' we will choose at most 4 partitions. We let Vonq
be the intersection of all the second parts of the at most 4 partitions defined for V.
(So if all 4 partitions are defined, then Va4 is the intersection of the sets Viz 2, Vent,2
defined with respect to Matchpy and the 2 analogous sets defined with respect to
Matchrg. If only 3 partitions are defined for V', then V5,4 is the intersection of only 3
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F1G. 2. Partitions avoiding interference between exits/entries and Vo.

sets, ete. If no partition is defined for V', then Va,q = V.) We let Xanq be the union
of Vanq over all clusters V. We choose these partitions to satisfy the following lemma.
LEMMA 31. The partitions Vez 1, Vew,2 and Vene.1, Vent,2 can be chosen with the
following properties (when they are defined).
(1) [Vewa| =m/2, [Venea| = m/2.
(ii) For any 2-fair cluster V. with V Nexitpr # 0 we have Veg o Nexitpr = 0.
Moreover, there is a set V;{Lw C V;{Lt,l of size at most 10em such that
e each vertex in V*\V;{Lt’O has at least dm /40 inneighbors in Ve, 1\exitpr;

o cach vertex in V& o has at least dm/8 inneighbors in Veg 1;

ent,
o cach vertex in V has at least dm/20 outneighbors in Ve",';t)l.
(ili) For any 2-fair cluster V. with V Nentry g, # 0 we have Vepy o Nentry g, = 0.
Moreover, there is a set V,, o C V., ; of size at most 10em such that

ex,0 ex
o cach vertex in V— \Ve;0 has at least dm/40 outneighbors in Vensa \
eIltI‘yBL;
e cach vertex in ‘/e;,O has at least dm/8 outneighbors in Vent 1;

e cach vertex in'V has at least dm/20 inneighbors in V_, ;.
Also, the analogues of statements (1)—(iii) for Matchrgr hold. Moreover,

(iv) every vertex in Vi has at least fn/20 inneighbors and at least fn/20 out-
neighbors in Xong; _ _

(v) if dzrliﬁ)nﬂ(G) > n/2, then there are sets S C BN Xong and S5 C TN Xong
such that |Sg|,|ST| = Bn/80 and such that every vertex in Si U Sh has
outdegree at least n/2 in G; N N

(vi) if d(_l—ﬁ)n/Z(G) > n/2, then there are sets S;, C LN Xanga and S € RN Xang
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such that |S.|,|SR| = Bn/80 and such that every vertex in S} U S, has
indegree at least n/2 in G.

PmOf Consider a 2-fair cluster V with V Nexitpy # 0. If |V Nexitpr| < 20em,
we set VI, o0 = 0. Otherwise, if [V Nexitpr| > 20em, we define v .0 to be the set of
vertices in V' that have less than & ¢V \exitpy | inneighbors in V\ex1t B L Recall that
(V,VH)gr is (10e,d/4)- superregular Since V' is 2-fair we deduce that |V}, | < 10em.

Now consider constructing a partition of V into Ve, 1 and V2 as follows Include
VNexitpr, into Vg1 and distribute the remaining vertices of V between V¢, 1 and Vez 2
so that |Vez 1| = m/2 (recall that m is even), choosing uniformly at random between
all possibilities. Note that since V' is 2-fair the probability that a vertex of V' \ exitpy,
is included in Vez 1 is at least 1/3. Then by the Chernoff bound for the hypergeometric
distribution (Proposition 9), with high probability each vertex in V1 \ ;{Zt o has at
least + |V\ex1tBL| dm/40 inneighbors in V,, ; \exitpy. Also, by definition of V., 0
and superregularlty, each vertex in V7,  has at least dm/4 — 4V \ exitpy| > dm/ 8
inneighbors 1n Vew,1. Next, consider mmllarly constructlng a partition of V1 into
V;{Lt 1 and V3, 5 as follows. Include V,;,  into th 1, and distribute the remaining
vertices of V' uniformly at random between Vent ; and Vent 5 so that [V.F onta| =m/2.
Note that any vertex in V has outdegree at least dm/4— | ont0l = dm/5in V* \Vent o-
Again, the probability that a given vertex from V+\ VI o is included in V, em , is at
least 1/3, so with hlgh probability each vertex in V has at least (dm/5)/4 = dm/20
outneighbors in Vent 1- This shows the existence of the partitions required for (ii).
The existence of partitions satisfying (iii) is proven in the same way.

For each vertex v in a cluster V' which does not lie in exit g7, UVeps oUentry g1 UVey 0
or the analogous set defined with respect to Matchrpg, the probability that it lies in
the second part of each of the (up to) 4 partitions defined on V' (and thus lies in Xs,4)
is at least (1/2)%. Since §°(G) > Bn, a Chernoff bound (Proposition 9) implies that
we can also choose the partitions to satisfy (iv).

Now suppose that da_ﬁ)n/Q(G) > n/2. Then G contains at least (1 + 8)n/2

vertices of outdegree at least n/2. So Lemma 27(ii) implies that B contains a set E{arge

ent ent

of at least 3n/3 vertices whose outdegree in G is at least n/2. El’arge in turn contains

a set Elargo of at least fn/4 vertices which do not lie in exitpr, U Veneo U entrygy U
Vez,0 (for any cluster V) or in the analogous set defined with respect to Matchrrg.
Similarly as for (iv), with high probability we have | Blarge N Xond| = (8n/4)/20.
Similar arguments applied to T L and R show that we can choose the partitions to
satisfy (v) and (vi). O

8.4. The exceptional set. Next we will assign each vertex x in the exceptional
set Vo an in-type which is one of T" or B and an out-type which is one of L or R.
Combining these two types together, we will say each vertex of V| gets a type of the
form TR, TL, BR, or BL. We will also abuse notion and think of T'L as the set of all
vertices of Vj of in-type T and out-type L, etc. We write T for the set of all those
vertices which belong to the set Xs,4 defined in the previous subsection as well as to
clusters of T which are 5-excellent with respect to both Matchp, and Matchrg. The
other sets B*, etc., are defined similarly.

LEMMA 32. We can assign each vertex x € Vy an in- and an out-type such that
the following conditions are satisfied: N

(i) There is a matching Matchy from T* to the set of vertices of in-type T

(ii) There is a matching Matchpg from B* to the set of vertices of in-type B.
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(iii) There is a matching Matchy, from the set of vertices of out-type L to L*.
(iv) There is a matching Matchgr from the set of vertices of out-type R to R*.
(v) The endvertices of the matchings Matchy, Matchp, Matchy,, Matchg in
V(G)\ Vo are all distinct. Let Vi denote the set of all of these endvertices.
(vi) No cluster of Rg contains more than ym vertices of Vi .
(vii) Subject to the above conditions, ||TR| — |BL|| is minimal.

Proof. To show that such a choice is possible, we claim that we can proceed
sequentially through the vertices of Vj, assigning in-types and out-types and greedily
extending the appropriate matchings. Since |Vo| < d'/*n by (3), at any stage in this
process we have constructed at most 2d'/*n edges of the matchings Matchy, Matchp,
Matchy, Matchg, and so there are at most 2d*/*n/vy < d'/°n vertices belonging to
clusters which contain at least ym endpoints of the matchings. In addition, we have
to avoid all the at most 800nn vertices lying in clusters which are not 5-excellent
with respect to both Matchg; and Matchrg. So in total we have to avoid at most
801nn vertices in each step. But by Lemma 31(iv) each exceptional vertex has in-
and outdegree at least fn/20 in Xs,4, so Lemma 27(ii) implies that any vertex has
at least An/50 inneighbors in TN Xonq or at least Sn/50 1nne1ghbors in BN Xong.
A similar statement holds for outneighbors in LN Xopnq Or RN Xond, Thus a greedy
procedure can satisfy conditions (i)—(vi), and then we can choose an assignment to
satisfy (vii). a

Note that one advantage of choosing V;* in Xs,q is that V" will be disjoint from
the sets Entryp; etc. The strategy of the remaining proof depends on the value of
|TR| — |BL|. We will consider only the case |[TR| — |BL| > 0, as the argument for
|TR|—|BL| < 0 is identical, under the symmetry L <» R, T <> B. When |TR| > |BL|
only Matchpy, is needed for the argument. When |T'R| = |BL| we do not need either
pseudomatching, although the case |TR| = |BL| = 0 has additional complications.

8.5. Twins. When |T'R| > |BL|, we obtain one type of transition from B to L
by fixing a pseudomatching Match’y; C Matchpy. The other type of transition uses
a set Entryp; C M‘]}L, as explained below. We define exits Exitg;, C exitpr and
entries Entryz, C entry, of Match’y; as for Matchpy. Lemma 34(i) below implies
that |Matchpy |+ |ME&E| > |TR| — |BL|. Thus we can fix sets Matchy; and Entry
to satisfy

[Match'y; | + |Entry z, | = [TR| — |BL.

twin twin

For each edge xy € Match’y; we will choose “twins” z and y of its end-
points. To use the edge zy in our shifted walk W, we will enter the cycle of F' con-
taining = at 2", wind around the cycle to z, use the edge zy, wind around the cycle
containing v, and then leave it at y?™™. A vertex that is the midpoint of a directed
path of length 2 in Matchz; will actually have two twins, but we will not complicate
the notation to reflect this, as it will be clear from the context which twin is intended.
Thus we obtain two “twin maps” z + 2! and y — y*™". We also use the notation
Stwin — fptwin . 2 ¢ S} when S is a set of vertices. The twin maps will be injective
on Exitpy and on Entryp;, in that |Exitpr| = |Exit%)"|, |[Entry g, | = [Entry® ™|,
and moreover |V N Exitpy| = |V NExit%) ™|, |V N Entry g, | = [V~ N Entry%y ™.

Our choice of /%" depends on whether the cluster V containing x is 2-fair with
respect to Matchgr. If V is not 2-fair, then we fix arbitrary perfect matchings in G’
from V'~ to V and from V to VT (using Lemma 12). Then for every z € V N Exitgy,
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we let 21" be the vertex z is matched to in V*, and for every x € V N Entryz; we
let 2'™"™ be the vertex in V'~ matched to x.

On the other hand, if V is 2-fair, then we make use of the partitions defined in
Lemma 31. If VNExitgy # 0, then we choose twins for vertices in V NExitgy, within
(Vo2 UVieri o) \ Vi, arbitrarily subject to the condition that if [V NExitpy| > 20em,

ent,
then (V NExitpr)"™™ contains V.. o- (Recall that Vi was defined in Lemma 32(v).)
If V is 2-fair, we will also choose some ideal of (V' \ Exitgr, V1 \ Exit%}™)c to create
flexibility when selecting further sets while preserving superregularity. To do this, re-
call that (V,V*)g was (10e, d/4) superregular. Together with Lemma 31(i),(ii) this
implies that (Ver,1 \ Exitpr, Voh, \ Exit® ™) ¢ is (30e, d/40)-superregular. Next we

randomly choose sets Ve, C Vep 1 \ Exitpy, and Vi, C th 1 \Ex1ttwm of size 80dm.
Lemma 15 (applied with § = 160d and n = m/2) 1mphes that with high probabil-
ity (Vew, Voh,) is a (v/7, d?)-ideal for (V. 1 \ Exitgr, V. ent 1\ Exit®™) .. Moreover,
Lemma 31(ii) and the Chernoff bound (Proposition 9) together imply that with high
probability every vertex in Vg2 has at least d?>m outneighbors in Vem while every

vertex in V!, , has at least d*m inneighbors in V.. Altogether this shows that we

can choose (V@z, Vb)) to be a (y/z, d?)-ideal for (V \ Exitgr, VT \ Exit%™)q
Similarly, if V NEntry g, # 0, then we choose twins for vertices in VﬂEntry gL in

(Ver2 UV o) \ Vi, arbitrarily subject to the condition that if [V NEntry g | > 20em,

then (VﬂEntryBL)twm contains V. ,. We also choose a (1/&, d?)-ideal (V,,, Vent) for

ex,0"
(V= \ Entry’/™ V \ Entryp;)g. Then we define Xp1, to be the union of the sets
Ver and Ve,p defined using Match’B 1, over all nearly 2-fair clusters V. Note that these
sets will play a similar role to the sets V* used in the highly connected case, in that
they preserve superregularity even if some vertices are deleted. We let

X} := Xpr UExitgy UEntry 5, U Exit’s)™ U Entrys™.

Note that X33, NV = (. Define X7 and X}, similarly using the matching Match’p,.

We will also choose twins for vertices in Entryz; such that if z € V € M{#¥, then
it ¢ V- g M}]}L. Lemma 29(iii),(iv) implies that each x € Entryp; has many
inneighbors in B while 2™ has many outneighbors in L. Writing C for the cycle of
F containing the cluster containing z, we get a transition from B to L by entering C'
at z from an inneighbor in B, traversing C, then exiting C' at 2" to an outneighbor
in L.

Now we describe how to choose twins for Entry;, and also some ideals to create
flexibility while preserving superregularity. Call a cluster V' ML -full if it contains at
least ym vertices in Entry p;. Say V' is £-good (with respect to Matchpr, and Entry z; )
if V' is (-fair with respect to Matchpgy and no cluster with distance at most £ from V'
on F is ML full. Since |Entryp; | < |Vo| < d'/*n the number of MEE-full clusters is
at most 7~ *d'/“n/m. Recalling that by (&) at most 3vk clusters are full,

(&) at most 9(3vk +~~Ld**n/m) < 307k clusters are not 4-good.

Consider a cluster V € M{#* with V N Entryg, # 0. If V is not 2-good, then we
choose a perfect matching in G’ from V'~ to V (using Lemma 12), and for each € V'
let 2" be the vertex in V'~ that is matched to . Now suppose that V is 2-good.
Then none of V=, V, and V71 is full with respect to Matchgy or MFL-full. Since
(V=,V)¢ is (10e,d/4)-superregular and |V NEntry ;| < ym we can apply Lemma 14
to obtain a set Y C V'~ with |Y| = |V N Entryp; | such that (V= \ Y,V \ Entryg; )
is (20e,d/8)-superregular. Then we let the twin map be an arbitrary bijection from
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V NEntryg, to Y. Next we apply Lemma 15 with 6 = 32d to obtain a (y/g, d?)-ideal
for (V= \ Entry%™ V \ Entry s )qr, which we will call (V.;, Vops). (Similarly to the
earlier argument and the one in the next paragraph, the partitions of V(G) \ Vp into
L R and MV and into T B and M, g guarantee that there is no conflict with our
previous notation.) Now we deﬁne

Xip= |J VemU (J Vew UEntryg, UEntry3y",
vempr veMmp

Then | X*| < yn and X* N Vg = (. (The latter follows since the vertices in Vj lie in
5-excellent clusters and so X5, NVy = 0.) We also define

Ventry :=V 0 (Entry g, UExit’)" U Entry ),

Vewit :=V N (Exitpy U Entrytwm U Entrytwm).

Note that Entryp; C L, Exit"y™ C R, and Entryg;, C MEL. Since L, R, and
My partition V(G) \ Vo, any vertex will be used at most once to enter a cluster. In
particular,

VNEntryg; ifV e€L;
Ventry = { V N Exit¥y™ if V € R;
V NEntryg, if Ve M.

Similarly, Exitpr, C B, Entry?/" C T, and Entrytwm C MgL. Since T, B, and My
also partition V(G) \ VO, any vertex will be used at most once to exit a cluster and

V NExitgr, if Ve B;
Vewit = { V N Entry?™ if V € T;
V N Entry%™ i Ve MEL.

Some vertices may be used for both exits and entrances, and they will have two twins.
We summarize the properties of twins with the following lemma.
LEMMA 33. Suppose that |TR| > |BL|. Then the following hold:
(i) [Match’s; |+ |Entryg,| = [TR| — |BL|.
(ii) Every cluster intersects at most one of Entry g, , Exit's™, Entryg,. Simi-
larly, every cluster intersects at most one of Exitgy, Entryté”ﬁn, Entry’™.
(i) There exists a perfect matching from V \ Vegye to VF\VE, .
(iv) Suppose V is 3-good with respect to Matchpy, and Entryg;. Then
e for all sets X' and Y with (V N X Y\ Vewit € X' C V\ Vegir and
(VTN X5\ V. CY CVH\V the pair (X', Y") g is (\/E,d?)-
superreqular;
o for all sets X' and Y’ with (V N X*) \ Ventry € X' C V\ Vepgry and
(V-NXH\V_, CY CV-\V_, the pair (Y',X")g is (VE,d?)-
superreqular.

entry entry

ezzt
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Proof. As discussed at the beginning of the subsection, Lemma 34(i) will allow
us to choose Match’y; and Entryy; of the size required in (i). Property (ii) was
discussed above. We will just consider the first point of property (iv), as the second
is similar. Suppose V is 3-good and consider sets X’ and Y’ as in the statement.
We need to show that (X’,Y")qr is (v/2, d?)-superregular. If V N Entry%)™ # (), this
holds by definition of X}, since Vep N Veasr = 0 and Vi, NV, = 0 by (ii) (and
$0 Vo € X' and VI, C Y’), and since V* is 2-good. If V N Exitpy # ), this holds
by definition of X}, , since V is 2-fair, and similarly, if V' N Entry%/™ = 0, this holds
again by definition of X}, since VJr is 2-fair. It remains to prove property (iii).
Suppose first that V € MEL. If V' is not 2-good, then the required matching exists
by the way we defined twins for Entryp; in this case. On the other hand, if V' is
2-good, then we can apply the superregularity property (iv) just established (which
only used the fact that V' is 2-good) and Lemma 12. Next suppose that V € B.
Then V.. = VNExitgr, and Ve,m,y vt ﬂEx1tt“”” Thus if V' is not 2-fair, then the
required matching exists by the way we defined twins for Matchz; in this case. On
the other hand, if V' is 2-fair, then we can apply the first point of property (iv), which
only used the fact that V is 2-fair. Similarly, when V € T, then V,,;; = V NEntry%)™
and Ve',';try V*tNEntryg,. If VT is not 2-fair, the required matching exists by the
construction in this case, whereas if V' is 2-fair, then we can apply the second point
of property (iv) with (V, V™) playing the role of (V~, V'), which only uses the fact
that VT (playing the role of V in the second point) is 2-fair. 0

8.6. Summary. The auxiliary graph H is decomposed into shifted components

; “left,” and R, “right,” of size k/2 £ 19nk and a set My of size |My| < 17nk. This
corresponds to a partition of V(G)\ Vo = LURU My. The 1-factor F defines a
partition V(H) = T'U BU My, where a cluster V' belongs to T, B, My if and only
if its successor VT belongs to L, R, My, respectively. The shifted walk W will use
two types of transitions from B to L. One type is a pseudomatching Match'y; from
Bto L, matching Exitpy to Entrypy. The other type is a set Entryp;, of vertices
in M{fL C My, with the property that if V € MEL, then any x € V has many
inneighbors in B and any y € V™ has many outneighbors in L. We did not discuss
transitions from T to R, but these are obtained similarly under the transformation
L < R, B < T, etc. Each vertex in these sets has a twin (or possibly two twins) that
will be used when W traverses the cycle of F' containing it. For any cluster V, the set
of exit points from V' is V., and the set of entry points to V' is Ventry. There exists a
perfect matching from V' \ Vezi to VE\ V. mtry The exceptional set Vj is decomposed
into 4 parts TR, T'L, BR, and BL, where the first letter gives the in-type of a vertex
and the second letter the out-type: there is a matching Matchy from T™* to vertices of
in-type T' (and so on). Technical complications are created by the possibility that a
cluster may be full (contain at least ym endpoints of Matchpy,) or MFL-full (contain
at least ym endpoints of Entryg;). A cluster V is ¢-fair if no cluster at distance at
most £ from V is full, f-excellent if no cluster at distance at most ¢ from V is full
or in M = My U My, and ¢-good if no cluster at distance at most £ from V is full
or MTE-full. We have a set X* = X, U X}, such that whenever V is 3-good, we
have the flexibility to use any vertices avoiding these sets in V=, V, and V1 (as well
as avoiding the exits and entries already chosen), while preserving superregularity of
the corresponding pairs in F. Finally, the set V;* of endpoints in V(G) \ Vo of the
matchings Matchr, etc., uses only 5-excellent clusters and avoids X*.
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9. The size of the pseudomatching. Our aim in this section is to prove the
following lower bound on the size of our pseudomatchings Matchpy and Matchrg.

LEMMA 34.

(i) |Matchpyr| > mln{|M‘§R|/2 yin} — |M‘1}L| — |Vo|. Moreover, if |TR| > |BL|,

then |Matchpr| > |TR| — [BL| — |M§L| + min{|MER|/2, 440}
(ii) |Matchrg| > mln{|MRL|/2 yin} — |MLR| — |Vo|. Moreover, if |BL| > |TR|,
then |Matchyg| > |BL| — |TR| — |MER| + min{| ME~|/2, y'n}.

To prove this we first show that there are large sets Sp C B with many out-
neighbors in L and Sy, C L with many inneighbors in B. Note that part (v) in the
following lemma is not used in the proof of Lemma 34 but will be needed in the final
section of the paper.

LeEmMmA 35. _

(i) If|TR| > |BL|, there is Sp C B with |Sg| > n/100, such that every x € Sp
satisfies

~ n ~ — —
NG (2) N L] > deg, = 5 — (IBL| +|BR| + |R]) — | M| — |My"| /4.

Furthermore, in any case, B contains a set St of size |Sh | Bn /100, such

that every x € S§ satisfies |Nér( )ﬂL| > 45— Vol - |R| |M§L| — |M‘§R|/4.
(ii) If |TR| > |BL|, there is S C L with |Sr| = pn/100, such that every x € S,

satisfies

- = n N
NG (z) N B| > degp := 5 — (IT'L| + |BL| + |T1) - | MEE| — | MR /4.

Furthermore, in any case, L contains a set Si of size |S3| = Bn/100, such

that every x € S} satisfies |Ng (x) N B| > & — |Vo| — |T| — |MF*| — |ME"| /4.
(iii) If |BL| > |TR|, there is Sy C T with |St| > n/100, such that every x € St

satisfies

~ n ~ — —
ING(2) N R| > degp := 5 — (TLI+|TR| + L)) - | MT| — [ M| /4.

Furthermore, in any case, T contains a set Sx of size |Sx| = pn/100, such
that every x € S satisfies NS (z) NR| = 2 — |Vo| — |L| — |MER| — | M| /4.

(iv) If |BL| > |T'R|, there is Sg C R with |Sgr| = Bn/100, such that every x € Sg
satisfies

_ =~ n =\ |7F ~
NG (2) NT| > degp := 5 — (ITR| +|BR| + | B) — [My"| — | My"|/4.

Furthermore, in any case, R contains a set ST, of size |ST,| = Bn/100, such
that every x € S}, satisfies [N () NT| > 5 —1Vol = |B| — |]T4/IL{R| - |]T4/§L|/4.
(v) Finally, suppose that M{#", TR and BL are all empty.
e If[LUTL| > |BU BR], then B contains a set S of at least n,/100
vertices, each having at least |MLR|/4 outneighbors in LU TL.
e If|LUTL| < |BU BR|, then L contains a set Sp, of at least Bn/100

vertices, each having at least |MLR|/4 inneighbors in B U BR.
Proof. Suppose that [TR| > |BL|. To prove (i), we first consider the case when
d?_l—ﬁ)n/Z(G) > n/2. Let S be as defined in Lemma 31(v). Let Sp be the set

obtained from S by deleting the following vertices.
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e The set Vi of 2[Vo| < 2dY/*n endvertices in V(G) \ Vp of edges in Matchr,
Matchp, Matchy, Matchpg.
e All the at most 800nn vertices which lie in clusters that are not 5-excellent
with respect to Matchpy or Matchrg.
e All the at most 2|Vy|k/(ym/2) < d'/°n vertices which lie in clusters contain-
ing at least ym/2 vertices of Vj.
e All the at most 125'n vertices in B having more than [ME%|/4 outneighbors
in M&R (see Lemma 29(ii)).
Thus |Sg| > Bn/100. Now we make the following key use of the minimality of
|TR|—|BL| > 0. We claim that any vertex x € Sp has outdegree at most |BL|+ |BR)|
in V. Otherwise, there would be some edge xy with y € TL UTR. But then we can
change the in-type of y to B by deleting the edge in Matchy incident to y and adding
the edge zy to Matchg. Conditions (v) and (vi) in Lemma 32 will still hold, since
Sp is disjoint from V;* and contains only vertices in clusters containing at most ym/2
vertices of V. Condition (ii) holds since z € B* by definition of Sp. This reduces
[|TR|—|BL||, which contradicts the minimality condition in Lemma 32(vii). Therefore
the claim holds. Now recall that R U L U MER U MEL UV, is a partition of V(G).
Any = € Sp has at least n/2 outneighbors, of which at most |R| + [M&X| belong to
RU M{;L, at most |M‘§R|/4 belong to M‘ER, and at most |BL| + | BR| belong to Vj.
This shows that Sp is a set as required in (i).
Now consider the case when dzrl 5)n/2(G) < n/2, and so d (1—f)n /2(G) (1+
B)n/2 by our degree assumptions. Then G has at least (1+ f)n/ 2 vertices of indegree
at least (14 5)n/2, and by Lemma 27 at least (1+3)n/2— |R|—|Vo|— | My| > Bn/3 of
these belong to L. Let A C L be a set of Bn/3 vertices with indegree at least (1+B)n/2
Note that every vertex in A has indegree at least (1+ f)n/2 + |B| —n > fn/3 in B.
Then we must have a set Sp of at least Sn/100 vertices in B each having outdegree
at least 33n in A, or we would have 8n/3 - |A| < E(B, A) < n/100 - |A| + 3n|B|,
a contradiction. Then every vertex in Sp has at least 3n > 5 = |§| outneighbors in
A C L, as required. This completes the proof of (i) when |TR| > |BL|.

The argument for (i) when we do not have [T R| > |BL| is the same, except that
we no longer have the minimality argument for ||TR| — |BL||, so vertices in S5 may
have all of V) as outneighbors. The arguments for (ii)—(iv) are analogous, so we omit
them.

Finally, suppose that M#%, TR, and BL are all empty, so that RULUMERUT LU
BR is a partition of V/(G). For the first point in (v), suppose that |LUTL| > |BUBR).
Since | B| = |R|, every vertex x in Sp (defined as above) has at least n/2—|BR|— |B|—
|MER| /4 outneighbors in LUT L. By assumption, we have |BR|+|B|+|M‘§R|/2 n/2,
so the number of outneighbors of x in LUTL is at least |MVR| /4, as required. The
second point follows in the same way. 0

Proof of Lemma 34. Observe that all stated lower bounds are at most +%n, so it
is enough to prove the existence of pseudomatchings satisfying these bounds. We will
suppose that |[TR| > |BL| and prove the moreover statement of (i); the arguments
for the other assertions are similar. Define an auxiliary bipartite graph whose vertex
classes are B and L by joining a vertex x € B to a vertex y € L if zy is an edge of G.
Let J be the graph obtained from this bipartite graph by deleting all the edges whose
endvertices both lie in clusters having distance at most 4 in F' from M. Let @ be the
largest matching in J.
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Case 1. |Q| = v?n. Let Q' be a matching obtained from @ by deleting as few
edges as possible so as to ensure that every vertex of G belongs to at most one edge
from Q’. Note that every vertex of G has indegree at most 1 and outdegree at most 1
in @, so @ considered as a subdigraph of G is a vertex-disjoint union of directed paths
and cycles. Thus we can retain at least 1/3 of the edges of @ in Q' (with equality for
a disjoint union of directed triangles). By deleting further edges if necessary we may
assume that |Q’| = ?n/3.

We claim that there is a submatching Q" of Q' of size at least |Q’|/3 such that no
cluster is full with respect to Q" (i.e., every cluster contains at most ym endvertices
of Q"). To see that such a Q" exists, consider the submatching Q" obtained from @’
by retaining every edge of Q' with probability v/2 in @Q”, independently of all other
edges of '. Then for any cluster V, the expected number of endvertices of Q" in V
is at most ym/2, and the expected size of Q" is v|Q’|/2. By Chernoff bounds we see
that with high probability " has the claimed properties.

Note that Q" is a pseudomatching from B to L, as by construction it is a matching,
and by definition of J every edge in Q" has an endvertex in a 4-excellent cluster. Also,
since |Vp| < d'/*n we have |Q"| = v*n/9 > |Vo| + v*n > |TR| — |BL| — |ME*| +~*n,
as required.

Case 2. |Q| < ¥*n. Let A be a minimum vertex cover of J. Then |A] < v2n
by Konig’s theorem (Proposition 6). Write Ag := AN B and A, := ANL. We
say that a cluster V is A-full if it contains at least ym/3 vertices from A. We say
that V' is A-excellent if no cluster of distance at most 4 from V on F' is A-full or lies
in M. Note that at most v2n/(ym/3) = 3yn/m clusters are A-full and thus by (2)
all but at most 9(3yn + |M|m) < 350nn vertices lie in A-excellent clusters. Since
|TR| > |BL| we can construct the sets Sp and Sy, given by Lemma 35(i) and (ii). Let
S’; be the set of all those vertices in Sp \ A which lie in A-excellent clusters. Thus
S| > |SB| — v2n — 350nn > Bn/101. Moreover, Ng(S;) N L C Ayp, since none of
the edges deleted in the construction of J were incident to S}.

Now we greedily choose a matching Match; from S% to A, C L of size deg,
(defined in Lemma 35(i)) in such a way that every cluster contains at most ym/3
vertices on the B-side of J. To see that this is possible, note that at any stage in the
process we have excluded at most |A|/(ym/3) < Bn/101 < | S| vertices in S, so we
can always pick a suitable vertex = in S%;. Then, since we have chosen less than deg;
vertices in Ay, we can choose an unused outneighbor of z in L (which lies in the cover
A, and so in Ar).

Let S}, be the set of all those vertices in Sz, \ A which lie in A-excellent clusters and
are not endvertices of edges in Match;. Then |S} | > |SL|—~*n—350nn —2|Match; | >
fn/101 and N (57) NB C Ap. As before, we can greedily choose a matching Matchs
from Ag C B to S7 of size degp in such a way that every cluster contains at most
~ym /3 vertices on the L-side of .J.

Note that every A-excellent cluster is 4-excellent with respect to Match; UMatchs,
as it contains at most ym endvertices of edges from Match; UMatchs (it is not A-full),
and so is not full with respect to Match; UMatchs. Also, any edge e in Match; UMatchs
has one endvertex in A and one endvertex outside A. The endvertex outside A is that
in S (if e € Match;) or S} (if e € Matchy). So the endvertex outside A is not
an endvertex of another edge from Match; U Match, and lies in a cluster which is
4-excellent with respect to Match; U Matchs. We deduce that Match; U Matchs is a
disjoint union of edges and directed paths of length 2 satisfying the definition of a
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pseudomatching from B to L. Moreover, since |[MEL| = |MEE| and |MER| = | MLE|,
we have

|[Match; U Matchy| = deg;, +degp
=n— (2|BL| + |BR| + [TL| + |R| + |T|) — 2|M**| — 2|07 /4
=|TR| - |BL| + (n — |Vo| — |R| - |L|) — 2|M*| — | M| /2
= |TR| - |BL| + [My| — 2|M{*| - [M{R|/2
=|TR| - |BL| — [M{*| + |MER| /2,

as required. The proof of the first statement of (i) is the same, except that we use
the furthermore statements of Lemma 35(i) and (ii) in the final calculation instead of
working with deg; and degp. ad

10. Proof of Theorem 5. In this section we use the matchings and sets con-
structed in section 8 to prove Theorem 5. We will assume that H is not strongly
nk-connected, as we have already covered this case in section 7 (although it could
also be deduced from the arguments in this section). Our strategy will depend on the
value of |[T'R| —|BL|, and also on the size of the middle, as described by the cases (x)
or (xx) above. We divide the proof into three subsections: the first covers the case
when |TR| # |BL| and (%) holds, the second when (xx) holds, and the third when
|TR| = |BL| and (%) holds.

10.1. The case when |TR| # |BL| and (*) holds. We will just give the
argument for the case when |T'R| > |BL|, as the other case is similar. We recall that
(%) is the case when [M| < |Vp|/7® and |C' N M| < |C|/10 for every cycle C of F. In
this case we will use the pseudomatching Match’;; as well as the additional transitions
from B to L which we get from Entryp; U Entry%%y". We want to construct a walk
W with the same properties as in the proof of the case when H is highly connected.

Recall that both H[L] and H[R] are strongly 7'k/2-connected (see Lemma 27).
Then by arguing as in the proof of Lemma 22 for the graph H[L] instead of H we
deduce that for any two clusters V, V' € L we can find n/?k/64 shifted walks (with
respect to Rg» and F) from V to V'’ such that each walk traverses at most 4/7’ cycles
from F' and every cluster is internally used by at most one of these walks. A similar
statement holds for any two clusters in R. For any two clusters V and V', we call
a shifted walk (with respect to Rg» and F) from V to V' wseful if it traverses at
most 4/n’ cycles from F and if every cluster which is internally used by the walk is 4-
excellent (note that 4-excellence is defined with respect to pseudomatching Match's
in this case, and the pseudomatching Matchrg is irrelevant). Since all but at most
400nk clusters are 4-excellent (by (&)) we have the following property.

Whenever V is a set of at most n/?k/100 clusters and V, V' € L, there exists
(V) a useful shifted walk from V to V' that does not internally use clusters in V.
A similar statement holds for any two clusters in R.

We incorporate the vertices of the exceptional set V) using whichever edges in
the matchings Matchy, Matchg, Matchy, Matchy correspond to their in-types and
out-types. Suppose, for example, that we have just visited a vertex x of out-type L,
arriving via some edge in Matchy or Matchp (depending on the in-type of x) and
leaving to its outneighbor z* in the matching Matchy. Then x* belongs to some
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cluster U in L. Since H[L] is highly connected we can proceed to incorporate any
vertex y of in-type T' as follows. Let y~ be the inneighbor of y in Matchp. Then
3~ belongs to some cluster V of T, and so by definition of T' the successor V* of V
on F is a cluster of L. Let Ww'u = X1Ch1 Xy Xo0o X, ... X Ce Xy Xiq1 be a useful
shifted walk with X; = U and X;;1 = V. Let Cy1 be the cycle of F' containing
Xiy1 = VT, and form W, by appending the path in Cy41 from V* to V. So for
any cycle C of F' the clusters of C' are visited equally often by W;,. Then in the
construction of W we can use the walk Wy, to move from x to y. Note that since we
chose Matchy, Matchp, Matchy,, Matchg to use at most ym vertices from any cluster
and since |Vp|/(ym) < 7%k, (V) implies that we can avoid using any cluster more
than 3ym times (although we may visit a cluster more often).

Thus we see that the structure of H allows us to follow any vertex of out-type L
with any vertex of in-type 7', and similarly we can follow any vertex of out-type R
with any vertex of in-type B. In particular, we can incorporate all vertices of type T'L
sequentially, all vertices of type BR sequentially, and vertices of type BL or TR can
be incorporated in an alternating sequence, while there remain vertices of both types.
This explains the purpose of condition (vii) in Lemma 32: choosing ||TR| — |BL|| to
be minimal.

We order the vertices of Vj as follows. First, we list all vertices of type T'L (if any
exist). These will be followed by an arbitrary vertex of type T'R (which must exist as
|TR| > |BL| > 0). Then list all vertices of type BR (if any exist). Then we alternately
list vertices of types BL and T R until all vertices of type BL are exhausted. Finally,
we list all vertices of type TR (if any remain). So the list by type has the form

TL,...,TL|TR|BR,...,BR|BL,TR,...,BL,TR|TR,...,TR.

We can follow the procedure described above to incorporate all vertices in the list
apart from the final block of [TR| — |[BL| — 1 vertices of type TR. At this point the
above procedure would require a shifted walk from R to L, which need not exist.
For these remaining vertices we will use the |TR| — |BL| transitions from B to L
formed by the matching Match’z; and the vertices in Entryz; U Entry%™. (We
need |T'R| — |BL| transitions rather than |TR| — |BL| — 1 since we need to close the
walk W after incorporating the last exceptional vertex.) Suppose we have just visited
an exceptional vertex a of type TR, leaving to its outneighbor a™ in the matching
Matchp, and we want to visit another vertex b of type TR, with inneighbor b~ in
the matching Matchr. Let U be the cluster of R containing a™ and V the cluster
of T containing b~. We pick an unused edge zy of Match’y;, where  belongs to a
cluster X of B and y to a cluster Y of L. Recall from section 8.3 that = € exitpp
and y € entryg; have twins 2/ € X* € R and y"™" € Y~ € T. By Lemma 30
there are X’ € B and Y’ € L such that 2" has at least d’m/4 inneighbors in X”,
whereas y' has at least d'm/4 outneighbors in Y’. We can also choose X’ and Y’
to be 4-excellent, since by Lemma 30 there are at least 7'k /4 choices for both X’ and
Y’, and at most 400nk < n'k/4 clusters are not 4-excellent (by (&)). Choose a useful
shifted walk W from U to the F-successor (X')* of X’ and a useful shifted walk
Wy from Y to the F-successor V' of V. Wi and W; exist by (©), since (X")* € R
as X' € Band V* € L as V € T. Thus, as illustrated in Figure 3, we can form a
segment of the walk W linking a to b by first following Wy to (X’)T, then the path
in F from (X’)T to X', then the edge X’X ™, then the path in F' from XT to X,
then the edge zy, then the path in F' from Y to Y, then the edge YY", then Wy
to VT, and finally the path in F from VT to V. When we are transforming our walk
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Fi1Gc. 3. Transitions using Matchpy .

W into a Hamilton cycle we will replace X’ X" with an edge of G from some vertex
in X’ to " and replace Y ~Y”’ with an edge from 3™ to some vertex in Y. So
we say that '™ is a prescribed endvertex for this particular occurrence of X’'X+
on W and that y'" is a prescribed endvertez for this particular occurrence of Y ~Y”
on W. The vertices x and y will be prescribed endvertices for the edge zy on W. (We
will also define other prescribed endvertices on W, and if they are not endpoints of
Match’z;, then they will always be such that they have at least d’'m/4 inneighbors in
the previous cluster on W or at least d'm/4 outneighbors in the next cluster on W.
Note that our eventual Hamilton cycle may not follow the route connecting =%, z,
y, and """ used here since we will use a rerouting procedure which is similar to that
in the case when H is highly connected.)

We use different matching edges from Match'y; for different vertices of type T'R.
After having used all of Match’y;, we use the |TR| — |BL| — [Match’y; | transitions
from B to L which we get from Entryp;, U Entry%™ instead. If X € M{i" is the
cluster containing = € Entry, and so X~ € MEL is the cluster containing its twin
ghwin ¢ Entry%f", then, using Lemma 30 again, we can choose 4-excellent clusters
X' € B and X” € L such that z has at least d'm/4 inneighbors in X', whereas x!*"
has at least d'm/4 outneighbors in X”’. We then take W; to be a useful walk from U
to the F-successor (X')" of X’ and W5 to be a useful walk from X" to V*. Then
when we are transforming W into a Hamilton cycle we will replace X’'X with an edge
of G from some vertex in X’ to = and replace X ~ X" with an edge from 2" to some
vertex in X”. So we say that x is a prescribed endvertex for this particular occurrence
of X’X on W and that 2t is a prescribed endvertez for this particular occurrence
of X~ X" on W.

At the moment we have constructed a walk W which starts in the cluster U* € T
containing the inneighbor of the first exceptional vertex in our list, then goes into that
vertex and then joins up all the exceptional vertices. After visiting the last exceptional
vertex of type TR, W follows our last transition from B to L and ends in some 4-
excellent cluster V* € L. (Using the same notation as above, if this last transition
was a matching edge zy € Match’y;, then V* = Y’, and if it was a transition formed
by a vertex z € Entryp, and its twin 2% then V* = X”.) Say that a cluster V is
nearly 4-good if V' is either 4-good or at distance 1 on F' from a 4-good cluster. (A
nearly 4-good cluster is 3-good, but not conversely.) Note that since all walks above



HAMILTON CYCLES IN DIGRAPHS 745

were useful, the walk W constructed only uses nearly 4-good clusters, except when it
uses a prescribed endvertex. Using (©), it is easy to check that we can choose W in
such a way that every nearly 4-good cluster is used at most 9ym times.

Before closing up the walk W, we have to enlarge it by some special walks Wfad,
Weood whad and W§°°*, which will ensure that we can actually transform W into
a Hamilton cycle of G (rather than a 1-factor). We start by defining Wg‘md. List the
4-good clusters in L as Vi,...,V; for some s, where V; = V*. Choose useful shifted
walks W; from V; to Vi1 fori =1,...,s, where V11 := V*. Let Wf‘md =Wi.. . Ws.
Then W¥°°% is a shifted walk from V* to itself, which uses every 4-good cluster in L
at least once, and which only uses nearly 4-good clusters.

Call a cycle in F' bad if it does not contain a 4-good cluster lying in L U R. For
every bad cycle we pick a cluster whose distance from M on F' is at least 2. (This
is possible since we are in case (%), when no F-cycle significantly intersects M.) We
let Z;, and Zi be the sets of clusters in L and R thus obtained. Then no cluster
Z € Z5, U Zp is nearly 4-good, since Z has distance at least 2 from M on F, and so
the neighbors of Z on F cannot be 4-good by definition of “bad.” In particular, no
cluster in Z;, U Zg is 4-good, so |21, |Zr| < 307k by ().

The purpose of the walk W2? is to “fill up” each cluster in Zr: W will ensure
that W enters each such cluster precisely m times. (Recall that this notion was
defined in section 5.) List the clusters in Z; that are not already entered m times as
Z',..., 7" andlet a; ;== m—|Z},,.|, where Z!,, . is as defined before the statement
of Lemma 33. (Recall that Z* is not nearly 4-good, and so W only enters Z in vertices
which are prescribed.) Let U® € T be the F-predecessor of Z%. Let zi,..., z}l be the
vertices in Z*\ Z,,,,,, and let uf, ..., u} be the vertices in U\ U{,;;. (Lemma 33(iii)
implies that |2}, | = [UZ,:|.) Apply Lemma 30 to choose 4-excellent clusters Z} € T
and U ; € L such that zjl has at least d'm/4 inneighbors in Z; and such that u; has
at least d'm/4 outneighbors in U Jl . We now find the following shifted walks:

e Foreachi=1,...,tandeach j =1,...,a; — 1 choose a useful walk Wl’J from
U to the F-successor (Z, )t € L of Z,,.

e Choose a useful walk Wy from V* to the F-successor (Z1)" of Z;.

e Foreachi=1,...,t—1 choose a useful walk W/ from U}l to the F-successor
(Zith)*t of ZiT.

e Choose a useful walk W/’ from U} to V*.

e Define the shifted walks Wl"J = (Z})*C;Z;ZiCiUiU;f for each i = 1,...,1,
and each j =1,...,a;, where le: is the F'-cycle containing Z]l: and where C°
is the F-cycle containing Z°.

Then, as illustrated in Figure 4, we define

bad .__ "nyxsi / " / / " 1nyxs! !
W = Wy Wi Wi Wi oWyoo o Wy o W, Wi Wy Wy
’ ’ " "
o Wt e W W W

So W'aed i a shifted walk from V* to itself. When transforming our walk W into a
Hamilton cycle of G, for each i = 0,...,t — 1 we will replace the edge Z;Zi on Wi’)’j
by an edge of G entering zjl and the edge UiU;f on Wl"J by an edge leaving u; So
we say that 27, uj
U'v;.

Note that Wfad is composed of 1 + Zle 2a; < 3tm < 90yn walks, each using
at most 8/7 clusters (by definition of useful walks). Also W?°°* is composed of

are prescribed endvertices for these particular occurrences of Z;7",
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Fic. 4. A bad walk.

at most |L| < k further such walks. Using (), we can choose W¥°° and Wped
such that the number of times they use every cluster outside Z;, U Z; is at most
%W < ~yY2m (say). Here Z; is the set of predecessors of Zz, on F.

Let V** € R be the cluster which contains the neighbor in Matchp of the first
exceptional vertex of type TR in our list (this exists, since [T R| > |BL|). Then V** is
4-excellent by Lemma 32. Define walks W% and W5* similarly to W7°°* and Wped,
where V** now plays the role of V*. (So both ng{‘md and Wp*? are walks from V**
to itself.) Now we construct our final walk, which we will also call W, as follows.
We start with our previous walk W joining U* to V*; then we add W¢°°“W?* and
replace the occurrence of V** mentioned above with WI%OOdW]%“d. We close up W by
adding a useful walk from V* to (U*)* and then following the path in F from (U*)"
to U*. Our final walk W has the properties listed below.

(a) For each cycle C of F', W visits every cluster of C' the same number of times,

say mc.
(b”) e W enters every cluster of Rg» at most m times, and thus W exits every
cluster at most m times.
o If V € Z; U ZpR, then W enters V precisely m times and all the vertices
of V are prescribed endvertices for these m entering edges of W. If
Ve Z; UZg, then W exits V precisely m times and all the vertices
of V' are prescribed endvertices for these m exiting edges of W.
o If V ¢ Z; U ZR is not nearly 4-good, then W enters V' precisely |Ventry|
times and the set Veyiry is the set of prescribed endvertices for all these
|Ventry| entering edges of W. Similarly, if V' ¢ Z, U Zj is not nearly
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4-good, then W exits V precisely |Vegi| times and the set Vg is the
set of prescribed endvertices for all these |Ve.;:| exiting edges of W.

e If V is nearly 4-good, then W enters V between |Vepntry| and Veniry| +
2"/1/ ’m times, the set Ventry is the set of prescribed endvertices for
[Ventry| of these entering edges of F', and no vertex in V' is a prescribed
endvertex for the other entering edges of W. The analogue holds for the
exits of W at V.

(c) W visits every vertex of V) exactly once.

(d) For each z; € Vi we can choose an inneighbor z; in the cluster preceding z;
on W and an outneighbor x;r in the cluster following x; on W, so that as x;
ranges over Vp all vertices x;", x; are distinct.

Recall that V" denotes the set of all endvertices of the matching edges in Matchp U

Matchr U Matchy, U Matchg outside of V5. Our aim now is to transform W into

a Hamilton cycle of G. We start by fixing edges in G corresponding to all those

edges of W that lie in Rg~ but not in F. We first do this for all those occurrences

VU € E(Rgr)\ E(F) of edges on W for which there is no prescribed endvertex. Note

that the second and third conditions in (b”) together imply that in this case both

V and U must be nearly 4-good. Then, applying Lemma 12 as in section 7, we can

replace each such occurrence VU by an edge from V' \ (X* U V) to U\ (X* U V)

in G, so that all the edges of G obtained in this way are disjoint. We denote the

set of edges obtained by &;. Next we choose the edge in G for all those occurrences

VU € E(Rg) \ E(F) of edges on W which have a prescribed endvertex. This can

be achieved by the following greedy procedure. Suppose that we have assigned the

endvertex u € U to VU. Then V will be 4-excellent, so by the last condition in (b”) we
have chosen at most 37'/2m endvertices in V for edges constructed in previous steps.

But v has at least d’'m/4 inneighbors in V', where d’ >> «, and [V N (X*UVy)| < 2ym,

so we can replace VU by vu for some v € V'\ (X* UVy) which is distinct from all the

vertices chosen before. (This is the point where we need to work with Rg» instead of

Re—we have d < +, and so the above argument would fail for Rg.) We denote the

set of edges obtained by &;.

Let £ = & U& UE3 U Ey, where &5 = Match’z; and £ = Matchp U Matchr U
Matchy, U Matchg. (Note that W used each edge in & U &, precisely once.) For
each cluster V let Vg,;+ C V be the subset of all initial vertices of edges in £ and let
VEntry €V be the subset of all final vertices of edges in €. Then Vezie € Vigie and
Ventry € VEntry. The following lemma provides useful properties of these fixed edges.

LEMMA 36.

(i) € is a vertex-disjoint union of directed paths, each having at least one end-

vertex in a 4-excellent cluster.
Moreover, every cluster V' satisfies the following:
(iii) If V is nearly 4-good, then |Vegitl, |VEntry] < 4y2m, (V0 X))\ Ventry C
V A\ Ventry, and (VN X*)\ Vegit €V \ Vigir. Moreover, Vigit N Ventry =
‘/ezit N ‘/entry~

(iv) If V is nearly 4-good, then the pairs (V \ Vggi, VT \ ngry)c/ and (V= \
Viwits V\ Ventry)ar are (\/E, d*)-superregular.

(v) There is a perfect matching from V \ Vggir to VT \ Vgntw.

Proof. By construction every vertex is the initial vertex of at most one edge in
& and the final vertex of at most one edge in &, so £ is a disjoint union of directed
paths and cycles. To prove statement (i), we note that £ forms an independent set of
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edges in £ and each edge in £ has both endvertices in 4-excellent clusters. Moreover,
every edge in & has a prescribed endvertex, and if u € U was prescribed for an edge
VU or UV in W, then V is a 4-excellent cluster and we chose v € V so that uv is
the only edge of £ containing v. Thus any component of £ containing an edge from
&1 U&, is a directed path having at least one endvertex in a 4-excellent cluster. Also,
&3 and &, are vertex-disjoint, so any component of £ not containing an edge from
&1 U &, is either a component of £, which has the required property by definition
of pseudomatching, or a directed path consisting of two edges of &, which has the
required property by Lemma 32. Thus statement (i) holds.

Condition (ii) follows immediately from our construction of W. The first part
of (iil) follows from the last part of (b”) and the definition of 4-good clusters. To
check the remainder of (iii), note that the last part of (b”) implies that the vertices in
Vit \ Vewit and in Veniry \ Veniry are endvertices of edges in £ U&4 or nonprescribed
endvertices of edges in £&. We chose the endvertices of edges in £ and the nonpre-
scribed endvertices of edges in & to be disjoint from each other and from X* U V.
Also, V5N X* = () by definition of X* in (4)—see section 8.5. Altogether, this implies
the remainder of (iii).

To prove the first part of (iv), note that (iii) and Lemma 33(iv) applied with
X" =V \Vggyr and Y/ := VT \ ngry together imply that (V' \ Vg, VT \ ngry)G’
is (v/g, d?)-superregular. The second part of (iv) can be proved similarly. It remains
to prove (v). If V is nearly 4-good, then (v) follows from (ii) and (iv) and Lemma 12.
If V€ Z; UZy, then (v) is trivial since Vgze = V and Vgntry = V7T by the
second condition in (b”). In all other cases the third condition of (b”) implies that
Viwit = Vewit and so ngry = V;{my by (i) and the fact that |Veui| = |V;{my| by
Lemma 33(iii). Thus in these cases (v) follows from Lemma 33(iii). O

Let C denote a spanning subdigraph of G whose edge set consists of £ together
with a perfect matching from V \ Vggi to VT \ ngry for every cluster V. Then
C is a 1-factor of G. We will show that by choosing a different perfect matching
from V \ Vggir to VT \ Vgntry for some clusters V' if necessary, we can ensure that C
consists of only one cycle, i.e., that C is a Hamilton cycle of G. First we show that if
U is 4-good, then we can merge most vertices of U~, U, and U™ into a single cycle
of C.

LEMMA 37. We can choose the perfect matchings from V \ Vg to V' \ VEJrntry
(for all clusters V') so that the following holds for every cluster U :

(1) IfU is nearly 4-good, then all vertices in U\ (Ugzit "UEntry) lie on a common
cycle Cy of C.

(ii) If U is 4-good, then Cy- = Cy = Cy+.

Proof. Recall that if U is nearly 4-good, then |Uggit|, [Ugntry| < 4y 2m by
Lemma 36(iii). Then it is clear that (i) implies (ii), so it suffices to prove (i). We
will consider each nearly 4-good cluster U in turn and show that we can change the
perfect matchings from U~ \Ug,,;;, to U\ Ugntry and from U\ Uggi to U™\ U;mry to
ensure that U satisfies the conclusions of the lemma, and moreover every V satisfying
the conclusions continues to satisfy them. First we choose the perfect matching from
U=\ Ugyir t0 U\ Ugntry to achieve the following.

1. All vertices which were on a common cycle in C are still on a common cycle.

2. All vertices in (U™ \ Ug,;t) U (U \ Ugntry) lie on a common cycle in C.
Since (U™ \Ug,irs U\UBntry)c is (v/€, d*)-superregular by Lemma 36(iv), this can be
achieved by the same argument used to prove statement () at the end of section 7.
Next we apply the same argument to merge all the cycles in (the new) C meeting
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Ut \Ug,4, into a single cycle, which then also contains all the vertices in U\ Ugyi-
Since |Ugzit|, (Ugntry| < 47Y/?m by Lemma 36(iii), we have that Upyit U Upntry #
U. Thus the 1-factor C obtained in this way satisfies (1) and (i) for the cluster U.
Continuing in this way for all 4-good clusters and their F-neighbors yields a 1-factor C,
as required in (i). O

We will now show that any 1-factor C as in Lemma 37 must consist of a single
cycle (and thus must be a Hamilton cycle of G).

LeEmMMA 38. FEwvery 1-factor C of G as in Lemma 37 satisfies the following
conditions:

(i) For every cycle C of C there exists a 4-good cluster U € L U R such that
C = Cy; i.e., C contains all vertices in U \ (Uggzit N Ugntry)-

(ii) There is one cycle Cr, in C which contains U \ (Ugzit N Ugntry) for every
4-good cluster U € L. Similarly, there is some cycle Cr in C which contains

U\ (Ugwit N Ugntry) for every 4-good cluster U € R.

(ili) C =Cr, =Cgr (and thus C is a Hamilton cycle of G).
Proof. First consider the case when C contains at least one edge in £, and let P
be the longest subpath of C' which consists only of edges in £. By Lemma 36(i) P
has an endvertex z lying in a 4-excellent (and so 4-good) cluster U. But z cannot lie
in both Ugzi: and Ugntry by the maximality of the path. Therefore x € Cy, and so
C = Cy. Now suppose that C' does not contain any edges of £. This means that there
is some cycle C’ € F such that C' “winds around” C’; i.e., it only uses clusters in C’
and in each step moves from V to V' for some V € C’. We claim that C’ cannot be
bad. Otherwise, it would contain a cluster V' € Z; U Zi. But then the second part
of (b”) implies that Ventry = V, so C cannot “wind around” C’. (The purpose of
the walks Wf“d and Wll%ad was to exclude this possibility.) Thus C” is not bad, and
S0 it contains a 4-good cluster U € L U R, which C' must meet in at least one vertex,
u say. But v ¢ Uggit UUgntry (otherwise one edge at u on C' would lie in £). Now
Lemma 37(i) implies that C' contains all vertices in U \ (Uggit N Ugntry), as required.

To prove the first part of (ii), consider the walk W¥°°® which connected all 4-good
clusters in L. Let Wfo‘)d = X101 X] X202 X5 ... X C Xy Xiqq, where X1 = Xy4q =
V*. Then each 4-good cluster in L appears at least once in X1,..., X;,1, and Wi"md
only uses nearly 4-good clusters. Let x; x;;; be the edge in £ that we have chosen
for the edge X; X;11 on WfOOd. As neither z; nor z;41 was a prescribed endvertex
for X;” Xit1, we have ;7 € (X, ) gait \ (X, )ewit and z; € (X5) grtry \ (Xi)entry. Thus
z; ¢ (X )Entry and x; ¢ (X;)pzi by Lemma 36(iii). So Lemma 37(ii) implies that

K2

for each ¢ = 2,...,t the vertices x; and z; lie on the same cycle of C. Trivially,
x; and x;41 also lie on the same cycle for each i = 1,...,¢. This means that all of
2,...,%¢41,%7 ..., T, lie on the same cycle of C, which we will call Cy,. This in turn

implies that Cr, contains U \ (Uggit N Ugntry) for every 4-good cluster U € L. Indeed,
U=X,forsomei=2,...,t+1and z; € Ugntry \ Ugzit C U \ (Ugzit N Ukntry). As
x; € Cr,, Lemma 37(i) implies that Cr, contains all vertices in U \ (Uggit N Ugntry). A
similar argument for W5°°? establishes the existence of Cp.

To verify (iii), consider an exceptional vertex x of type T'R (which exists since
we are assuming that |[T'R| > |BL|). Let = and 2" be the neighbors of  on the
cycle C € C which contains x. Let X be the cluster containing x—, and let X’
be the cluster containing z*. By Lemma 32, X € T, X’ € R, and both X and
X' are 5-excellent (and thus 4-good). Since z* € Xp,.. \ X/, and so z¥ €
X'\ (XEzit N Xppiry) by Lemma 36(iil), we must have C' = Cg. But on the other
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hand, 2= € X \ (Xgwit N Xgntry) and X+ € L is 4-good (since X is 5-excellent).
Together with Lemma 37(ii) this implies that C contains X \ (Xgzit N XEntry), 1-€.,
C = Cr, = Cr. Together with (i) this now implies that C = C, as required. O

10.2. The case when (xx) holds. Recall that (x*) is the case when |M| >
[Vol/~3. We consider only the case when |T'R| > |BL|, as the argument for the other
case is similar. Let Fr; denote the set of all those cycles in F' which avoid all the
clusters in L U R and contain more clusters from M{** than from MER. Let Frg
denote the set of all other cycles in F' which avoid all the clusters in L U R.

We divide the argument in this subsection into two cases. The main case is
when |T'R| — [BL| > |Frr| + [Frr|. We start by showing that we have at least

%JEL‘ transitions from B to L. Note that |MV| > |M|/2 > (Vol/(293). If |M‘I/%L| >

Vo|/(44®), then, since |TR| — |BL| < |Vp|, we can use vertices in M- U MjE as

in section 8.5 to obtain the required transitions. On the other hand, if |MEE| <
3 LR 3 . . )

Ll‘{(}L/n(iZ ,);4 72hvevg lﬁ{\;ﬂJ > |Vol/(4~°). Applying Lemma 34(i) and recalling |Vp| <

Vol

Matchpy| > min{|[M{R]/2,v*n} — [M{F*| Vo] > Z§3 M~ Vol
|TR| — |BL| ~nrL
> — — | M7

Thus the pseudomatching Match BL and the vertices in Mj; MEL U My MBL together give at

least W transitions from B to L.

We claim we can choose a subpseudomatching Matchjg 1, of Matchpy, and a set
Entry;, C MEE with the following properties:

(i) IMatehfs | + [Entry | = [TR| — |BL| + | Fral.

(ii) No cluster contains more than ym/2 endpoints of Match;; or more than

~ym/2 vertices in Entryp; .

(iii) Every cycle in Fry contains at least one vertex of Entryp; .

To see this, we first choose a vertex in M{;L on every cycle in Fry to include in
Entrypy, which is possible since |[TR| — |BL| > |Fryr|- Next we arbitrarily discard
one edge from each 2-edge path in Matchpy, to obtain a matching, and then consider
a random submatching in which every edge is retained with probability v/4. As in
Case 1 of the proof of Lemma 34, with high probability we obtain a submatching
of size at least §|Matchpyr| with at most ym/2 endpoints in any cluster. We also
arbitrarily choose ym/2 vertices in each cluster of M‘]}L. Then we still have at least
v~ Y(|TR| — |BLJ) transitions. Since |[T'R| — |BL| > |Fr|, we can arbitrarily choose
some of these transitions so that [Match’y; | + |Entry g, | = [TR| — |BL| + |FLr|-

Note that there are no clusters which are M #L-full or full with respect to Matchs .
In particular, every cluster is 4-good. Next we choose twins as in section 8.5 so that
the properties in Lemma 33(ii)- (iv) hold. Thus we obtain sets Exitpr, Entryg;,
Exit?¥™ Entry%™, Entry 5, , Entry%™ as before.

We now proceed similarly as in sectlon 10.1, forming a walk W that incorporates
all the exceptional vertices and uses |T'R|—|BL| transitions, ending in some 4-excellent
cluster V* € L. Since all clusters are 4-good, the bad cycles are precisely those
in Frp U Frr. Now we cannot construct the walks W2 and W5 as before, since
the bad cycles avoid L U R. Instead, we enlarge W by including a walk W r which
“connects” all the cycles in Fyr. Suppose that Cq,...,C; are the cycles in F1r and
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choose a cluster V; € ML on each C;. Lemma 28(i) implies that, in Rg», each
V;* has many (at least Bk/4) 4-excellent inneighbors in 7', while each V; has many
4-excellent outneighbors in R. We pick 4-excellent inneighbors X; € T of Vi+ and
4-excellent outneighbors Y; € R of V; for each i. Now we construct Wy g as follows.
We start at V* € L, follow a useful shifted walk to Xfr € L, then the path in F
from X" to X; € T, and then use the edge X;V;". Next we wind around C; to
V1, use the edge V1Y, and follow a useful shifted walk from Y; to one of the |Fpg|
transitions from B to L that we have not yet used to move back to L. We continue
in this way until we have “connected” all the C;. Finally, we close Wy g by following
a useful shifted walk back to V*.

As in section 10.1, we fix the edges £ and choose matchings from V \ Vgg: to
VIV Entry for each cluster V to obtain a 1-factor C. Note that by construction every
vertex outside of Vj is incident to at most one edge of &, so Vigit N Veniry = 0 for
each cluster V. Lemmas 36 and 37 still hold, but instead of Lemma 38(i) we now
only have that for every cycle C of C there exists a cluster U (which is automatically
4-good) such that C contains all the vertices in U. We then deduce that C has a cycle
Cr, containing all vertices in clusters of L and a cycle Cr containing all vertices in
clusters of R. Moreover, since we use at least one transition from B to L, we have
Cr, = Cg :=(C’. Lemma 37 now implies that for every cycle D in F there is a cycle
C in C such that C contains all vertices belonging to clusters in D. In particular, C’
contains all vertices belonging to clusters which lie on an F-cycle that intersects LUR.

Moreover, if C # C’ is another cycle in C, then there must be a cycle D in F
such that D consists only of clusters from My and such that C contains all vertices
in U for all clusters U on D. If D € Fgy, then our choice of Entryp; implies that
some such cluster U on D contains a vertex x € Entryp;. The inneighbor y of z in C
lies in some cluster Y € B and so Y* in R. But C’ contains all vertices belonging to
clusters that lie on an F-cycle which intersects R. So C’ contains all vertices in Y,
and thus it contains z. This shows that C’ contains all those vertices which belong
to clusters lying on cycles from Fgy. On the other hand, the walk Wi i ensures that
C’ also contains all those vertices which belong to clusters lying on cycles from Fpg.
Altogether this shows that C’ = C is a Hamilton cycle, as required.

It remains to consider the case when 0 < [T'R| — |[BL| < |Fre| + |FLrl.
claim that there are at least m/4 transitions from T to R and at least m /4 transitions
from B to L. If M3 # 0, then we can use the vertices in M{;L U M}}L to get
at least m transitions from B to L. On the other hand, if MEE =, then |M‘§R| >
|M 1/2 2 [Vol/ (293) by (%), so Lemma 34(i) implies the existence of a pseudomatching
from B to L of size at least mln{|MLR|/2 y n} Vo| = m1n{|MLR|/4 yin/2} = m/4.
Similarly, if M{" # 0, then the vertices in M MLE U MER give at least m transitions
from T to R. On the other hand, if MER = (), then Lemma 34(ii) implies the
existence of a pseudomatching from T to R of size at least m/4. Thus in all cases,
we have at least m/4 transitions in both directions. We can use these transitions
to argue similarly as in the first case when |TR| — |BL| > |Fry| + |Frr|, but this
time we also include a walk Wgy into W which “connects” all the cycles in Fgy.
Since |TR| — |BL| < |Fri|+ |Frr| < k < m there are more than enough transitions.
Moreover, if |Fry| 4+ |FLg| = 0, then we also make sure that W follows at least one
transition from B to L (and thus at least one transition from T to R) Then we find
a Hamilton cycle by the same argument as above.
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10.3. The case when |TR| = |BL| and (%) holds. If |TR| = |BL| > 1, then
we can use the same procedure as in section 10.1, with no need to use any edges from
Matchpy or Matchrgr. For the remainder of the proof we consider the case when
|TR| = |BL| = 0. In this case, our list of the vertices of Vj has all vertices of type
TL followed by all vertices of type BR, so we will need to make a transition from
incorporating vertices of type T'L to type BR and then another transition back from
type BR to type T'L; i.e., we need one transition from T to R and another one from B
to L. If M&R and M{}L are both nonempty, then an argument similar to that in the
second case of the previous subsection implies that there are at least m/4 transitions
from B to L and at least m/4 transitions from T to R.

Thus we may suppose that at least one of MVR7 My} RL is empty. We consider only
the case when MEE =) (and MEE could be empty or nonemp‘cy)7 as the other case
is similar. Let x; and z2 be the ﬁrst and last vertices of the T'L list and y; and ys
the first and last vertices of the BR list. Let X5 € L be the cluster containing the
outneighbor of x5 in Matchy, Y7 € B the cluster containing the inneighbor of y; in
Matchp, Y5 € R the cluster containing the outneighbor of yo in Matchg, and X; € T
the cluster containing the inneighbor of z; in Matchy. We need to construct portions
of our walk W that link Xs to Y7 and Ys to X;. (If, for instance, the T'L list is empty,
we take X; to be an arbitrary cluster in T.) We consider two subcases according to
whether there is a cycle of F' that contains both a cluster of L and a cluster of R.

Case 1. There is a cycle C of F' containing a cluster X € L and a cluster Y € R.
In this case we can reroute along C' to construct the required transitions. Let W7 be
a shifted walk from Y2 to Y;". This exists since Y2,Y;" € R. Also, since C contains
Y € R we can choose the walk Wy to go via Y, and C' will be one of the cycles
traversed. Similarly we can choose a shifted walk W5 from X5 to X 1+ , and we can
choose Wy to go via X, so it also traverses C. Now we construct the portions of the
walk W joining x2 to y1 and ys to x7 as follows. To join o to y; we start at Xo,
follow W5 until it reaches X, then follow C round to Y, and then switch to W7,
which takes us to Y;", and we end by traversing a cycle of F to reach Y;. This is
balanced with respect to all cycles of F' except for C, where we have used only the
portion from X to Y. To join ys to x; we start at Ys, follow Wi until it reaches
Y, then follow C round to X, and then switch to W5, which we follow to X1+ , then
traverse a cycle of F' to reach X;. This is balanced with respect to all cycles of F
except for C, where it uses only the portion from Y to X ~. But this is exactly the
missing portion from the first transition, so in combination they are balanced with
respect to all cycles of F'. This scenario is illustrated in Figure 5.

Case 2. No cycle of F contains clusters from both L and R. First we observe
that in this case we have B C RU My and T C LU Mpg. To see the first inclusion,
note that if U € B, then U € R, so we cannot have U € L by our assumption for
this case. The second inclusion is similar. Since |L|,|R| = n/2 £ 19nn by Lemma 27
and since §(G) > fn, every vertex in V; has either at least 8n/3 inneighbors in T
or at least An/3 inneighbors in B (and similarly for outneighbors in L and R). So
by swapping the types of the exceptional vertices between T'L and BR if necessary,
we may assume that each v € TL has either at least Sn/3 inneighbors in T or at
least An/3 outneighbors in L (or both), and similarly for the exceptional vertices of
type BR.

Recall that M ‘}}L is empty. We consider two further subcases according to whether
or not M&R is also empty.

Case 2.1. M{ER = (). We start by choosing an edge yy' from BUBR to LUTL
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X, €TL &——

—_—_— Y,
%< BR | yyeBR 1B

Fic. 5. Rerouting a cycle with both left and right clusters.

such that y € B\ Vg or ¢/ € L\ Vi (or both). Such an edge exists by Lemma 35(v),
since |Vi| = 2|Vo| < Bn. If both y € B\ Vy and ' € L\ V', then we can use yy’ for
the transition from B to L. Together with suitable useful shifted walks in L and in R
this will achieve the transition from ys to x1. For the transition from T to R we use
one vertex in M&R, together with a twin of this vertex in M IL{R. Now we may suppose
that y ¢ B\ Vg or 4/ ¢ L\ V. We consider only the case when the former holds, as
the other case is similar. We will still aim to use yy’ for the transition from B to E,
although we need to make the following adjustments according to various cases for y.

If y € BR, then we relabel the BR list so that yo = y. We can then use the edge
yy' (together with a suitable useful shifted walk in L) to obtain a transition from ys
to x1.

Suppose next that some edge in Matchp joins an exceptional vertex u € BR to y.
If u has an outneighbor v € ﬁ\ (Vg U{y,y'}), then we replace the edge uy by uv and
can now use yy’ to obtain a transition from B to L. If u has no such outneighbor, then
u must have at least Sn/3 inneighbors in B (by our assumption on the exceptional
vertices at the beginning of Case 2) as well as at least fn/3 outneighbors in L. Pick
such an inneighbor v~ € B \ V5 and such an outneighbor u™ € L \ V5. We can now
use the path u~uu™ to obtain a transition from Bto L.

Finally, suppose that some edge in Matchp joins y to an exceptional vertex u €
BR. 1If u has an inneighbor v € B\ (Vjf U {y,y'}), then we replace the edge yu
by vu and can now use yy’ to obtain a transition from B to L. If u has no such
inneighbor, then u must have at least Sn/3 inneighbors in T. Pick such an inneighbor
u= e T\ (Vi U{y,y'}) and let ut € R be the outneighbor of u in the matching
Matchr. We now use yy’ to obtain a transition from B to L and the path v~ uu™ to
obtain a transition from T to R.

(Note that y cannot be an endvertex of some edge in Matchy or Matchy out-
side Vj, since y € BUBRand BC RU My .)

Case 2.2. M = (). In this case we have My = My = (. Thus B C R, and
since |B| = |R| we have B = R. Similarly L =T.
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Next suppose that there are exceptional vertices v; # vy such that
(v1) vy has least Bn/3 inneighbors in T and at least Bn/3 outneighbors in ﬁ;
(v2) vy has least Bn/3 inneighbors in B and at least Bn/3 outneighbors in L.

Then we use v; to get a transition from T to R, and use vy to get a transition
from B to L. Now we may suppose that we cannot find v; and vo as above. It may
even be that we can find neither v; nor v, as above, in which case the following holds.

Every vertez of type TL has at least fn/3 inneighbors in T and at least ﬁn/3
(W)  outneighbors in L. Every vertex of type BR has at least Bn/3 inneighbors B
and at least Sn/3 outneighbors in R.

For the remainder of the proof we suppose that either (v1) or (#) holds, as the case
(vg) is similar to (v1). We consider the partition V(G) = L' UR', where L' :== LUTL
and R = RU BR. When (v;) holds we add v to either L' or R’ such that the sets
obtained in this way have different size. We still denote these sets by L’ and R’. The
following lemma will supply the required transitions.

LEMMA 39.

(i) When (v1) holds there is an edge yy' from R\ {v1} to L'\ {v1} having at
least one endvertex in (LU R)\ Vs

(ii) When (#) holds there are two disjoint edges xzz' and yy' with x,y’ € L',

2’y € R’ such that both edges have at least one endpoint in (L U R)\ V.

Proof. Suppose first that we have cl(1 Bynj2 = > (14 8)n/2. Then we have at least

(1 4+ B)n/2 vertices of outdegree at least (1 4+ 8)n/2. Since |L| |R| = n/2 + 199n
(by Lemma 27) and |V{| < fn, we can choose vertices = € L\ Vi and Y€ R\ V§
with outdegree at least (1 + 8)n/2, and then outneighbors 2/ # y in R\ Vi of z
and y # z in L\ Vi of y. Then z2’ and yy' are the edges required in (ii) and yy’
is the edge required in (i). A similar argument applies if di; g, » = (14 B8)n/2.
Therefore we can assume that d+1 o2 < (1+p)n/2 and d; B)n/2 < (1+ B)n/2.
Now our degree assumptions give d(lf,é’)n/2 > n/2 and d(1 Byns2 = > n/2, so there are
at least (1 + 8)n/2 vertices of outdegree at least n/2 and at least (1 + 8)n/2 vertices
of indegree at least n/2. We consider cases according to the sizes of L’ and R’.

If |[R'| > |L'|, then we have sets X,Y C L\ Vg with |X|,|Y| > 8n/3 such that
every vertex in X has at least 2 outneighbors in R’ and every vertex in Y has at least
2 inneighbors in R’. Then we can obtain the required edges greedily: if (#) holds,
choose any x € X, an outneighbor z’ € R’ of x, any ¢’ € Y with 3’ # z, and any
inneighbor y € R’ of ' with y # 2’; if (v1) holds, then we choose y € R’ \ {v1} and
an outneighbor 3" € L'\ {v1}. A similar argument applies when |L’| > |R/|.

Finally we have the case |L| = |R'| = n/2, in which case (#) holds by definition
of L' and R’. Then we have sets X C L\ Vg and Y C R\ Vg of vertices with
outdegree at least n/2, with | X/, |Y| > Bn/3. Note that each z € X has at least one
outneighbor in R’ and each y € Y has at least one outneighbor in L’. Choose some
o € X and an outneighbor z{, € R’ of . If there is any y € Y, y # x{ with an
outneighbor 3" # xo in L', then zoxf and yy’ are our required edges. Otherwise, we
have the edge yx for every y € Y with y # x{. So we choose some other € X with



HAMILTON CYCLES IN DIGRAPHS 755

x # xp, an outneighbor 2’ € R’ of z, and a vertex y € Y\ {{, 2'}, and our required
edges are za’ and yxg. O

Now Suppose that (v1) holds. Let yy’ be the edge provided by Lemma 39( ). If
Yy € R\V0 andy’ € L\V0 , then we can use yy’ for the transition from B = Rto L. For
the transition from T' = L to R we use a path vy v1v; such that v] € L\ (Vs U{y y'}
and v} € R\ (Vg U{y,y /'}). (Such a path exists since v; has many inneighbors in L and
many outneighbors in R.) Now we may suppose that either y ¢ R\ Vg or ¢/ ¢ L\ Vy.
We consider only the case when the former holds, as the other case is similar. We still
aim to use yy’ for the transition from B to L, although we need to make adjustments
as in Case 2.1. For example, consider the case when some edge in Matchp joins y to
an exceptional vertex v € BR. If u has an inneighbor v € B\ (VU {y,y'}), then we
replace the edge yu by vu and can now use yy’ to obtain a transition from é to Z
If w has no such inneighbor, then u must have at least fn/3 inneighbors in T = L.
Choose such an inneighbor u~ € T'\ (Vg U {y,%'}) and let ut be the outneighbor of
u in Matchg. Add v; to the set T'L, BR which contained it previously. We can now
use yy' to obtain a transition from B to L and the path v~ uu™ to obtain a transition
from T to R. The other cases are similar to those in Case 2.1.

Finally, suppose that (#) holds. Let az’, yy’ be the edges provided by Lemma
39(ii). Then by changing the edges in Match UMatchpUMatchrUMatchp if necessary
we can ensure that x,2’,y,y’ ¢ V. Now we can use xz’ for the transition from T
to R and yy’ for the transition from B to L. This is clear if none of z, 2 ,y,y lies in
Vo. But if we have x € V) (for example), then x € TL, and by relabeling the T'L list
so that x = xo we can use zz’ for the transition from xs to y;. The other cases are
similar. o

In all of the above cases for |TR| = |BL| = 0 we obtain a transition from B to L
and a transition from 7" to K. Now we can complete the proof as in section 10.1. Here
no cluster is full, and so every cluster is 4-good. Moreover, every vertex outside Vj
is an endvertex of at most one edge in £. Thus as in Lemma 38 one can show that
there are cycles Cr,Cr € C such that Cp contains all vertices belonging to clusters
in L, Cr contains all vertices belonging to clusters in R, and every exceptional vertex
lies in Cy, or Cr. Moreover, since every cluster is 4-good and every vertex outside Vj
is an endvertex of at most one edge in £, Lemma 37 now implies that for every cycle
D in F there is a cycle C’ in C such that C’ contains all vertices belonging to clusters
in D. Now considering the transition from B to L (say) we see that C;, = Cr. Since
(%) implies that every cycle of F contains at least one cluster from LU R, we also have
that all vertices in M are contained in C . = Cr. Thus C = Cp, = Cg is a Hamilton
cycle of G. This completes the proof of Theorem 5.

11. A concluding remark. The following example demonstrates that the de-
gree properties used in our main theorem cannot be substantially improved using our
current method. Let G be a digraph with V(G) = {1,...,n} such that ij € E(G) for
every 1 <i < j < nandalsoforevery 1 <j<i< cm—l—landn—cm<] <i<nfor
some 0 < a < 1/2. Then G has minimum semidegree an and satisfies d;, d; > i — 1
for all 1 < 7 < n, so if we apply the regularity lemma, it is 1ndlst1ngulshable from
a digraph satisfying the hypotheses of Conjecture 2. However, any disjoint union of
cycles in G covers at most 2an vertices, so the argument used in section 6 breaks
down. We remark that our argument may well still be useful in combination with
a separate method for treating the case when the reduced digraph cannot be nearly
covered by disjoint cycles.
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