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Abstract

In this paper we consider spectral extremal problems for hypergraphs. We give
two general criteria under which such results may be deduced from ‘strong stability’
forms of the corresponding (pure) extremal results. These results hold for a generalised
a-spectrum defined using the a-norm for any a > 1; the usual spectrum is the case
a=2.

Our results imply that any hypergraph Turan problem which has the stability prop-
erty and whose extremal construction satisfies some rather mild continuity assumptions
admits a corresponding spectral result. A particular example is to determine the max-
imum ca-spectral radius of any 3-uniform hypergraph on n vertices not containing the
Fano plane, when n is sufficiently large. Another is to determine the maximum -
spectral radius of any graph on n vertices not containing some fixed colour-critical
graph, when n is sufficiently large; this generalises a theorem of Nikiforov. We also
obtain an a-spectral version of the Erdés-Ko-Rado theorem on t-intersecting k-uniform
hypergraphs.

1 Introduction

Let F be a family of k-uniform hypergraphs. The Turdn number ex(n,F) is the maximum
number of edges in a k-uniform hypergraph on n vertices, that is F-free, in that it does not
have a (not necessarily induced) subgraph isomorphic to any F' € F. It is a long-standing
open problem in Extremal Combinatorics to develop some understanding of these numbers
for general hypergraphs. For ordinary graphs (k = 2) the picture is fairly complete, but for
k > 3 there are very few known results. Turan [27] posed the natural question of determining
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ex(n,F) when F = KF is a complete k-uniform hypergraph on t vertices. An asymptotic
solution to a (non-degenerate) Turan problem is equivalent to determining the Turdn density
m(F) = lim, 00 (Z)_lex(n, F). Tt is still an open problem to determine any value of 7(K})
with ¢t > k£ > 2. For a summary of progress on hypergraph Turan problems before 2011 we
refer the reader to the survey [14].

In this paper we consider spectral analogues of Turan-type problems for hypergraphs.
For graphs, the picture is again fairly complete, due in large part to a longstanding project
of Nikiforov. For example, he generalised the classical theorem of Turdn [26], by determining
the maximum spectral radius of any K, -free graph G on n vertices. Here, the spectral radius
A(G) of a graph G is the maximum eigenvalue of its adjacency matrix. Let 7., denote the
r-partite Turdn graph, i.e. the complete r-partite graph on n vertices that is balanced, in
that its part sizes are as equal as possible. Nikiforov [19] showed that A\(G) < A(T}.,,), with
equality only if G = T, ,,. This generalises Turan’s theorem, as the spectral radius of a graph
is always at least its average degree. For many other spectral analogues of results in extremal
graph theory we refer the reader to the survey of Nikiforov [18].

1.1 Definitions

We adopt the following definition of hypergraph eigenvalues introduced by Friedman and
Wigderson [8, 9]. This is based on the extremal characterisation of the spectral radius of
a graph, namely that \(G) = max;=12_,;cp(q) it;. First we define the corresponding
multilinear form for hypergraphs.

Definition. Let H be a k-uniform hypergraph. The adjacency map of H is the symmetric k-
linear map 75 : W* — R defined as follows, where W is the vector space over R of dimension
|[V(H)|. First, for all vy, ..., v, € V(H), let

1 Viy..., Uk GEH,
T (€pyy ooy ) = { _ } (H)

0 otherwise,
where e, denotes the indicator vector of the vertex v, that is the vector which has a one in
coordinate v and zero in all other coordinates. This defines the value of 7 when the inputs
are standard basis vectors of W, then we extend 74 to all the domain linearly.

Now we can define the spectral radius of a hypergraph. In fact, our results will hold for
the following more general parameter when « > 1: the definition from [9] is obtained by
setting oo = 2.

Definition. Let H be a k-uniform hypergraph and let 75 be the adjacency map of H. For
a € R, the a-spectral radius of H is



To motivate our first result, we remark that many Turan problems exhibit the ‘stability’
phenomenon, namely that F-free k-uniform hypergraphs of nearly maximal size must also
be near to an extremal example. The classical result of this type is the Erdos-Simonovits
Stability Theorem (see [23]), which states that any K,,i-free graph G on n vertices with
e(@) = e(T,.,) + o(n?) differs by o(n?) edges from T,,,. A closely related property, known as
‘strong stability’, is exemplified by a result of Andrasfai, Erd6s and Sés [2], that any K-
free graph G on n vertices with minimum degree 0(G) > g::‘lln must be r-partite. Stability
is an important phenomenon for hypergraph Turan problems, as in several cases, the only
known proof uses the ‘stability method’, which is first to prove the stability version, and
then to refine this to obtain the exact result.

In the following definition we formalise a generalised form of strong stability. First we
introduce some more notation. Let H be a k-uniform hypergraph. For each 0 < s <k —1
we define the minimum s-degree d;(H) as the minimum over all sets S of s vertices of the
number of edges containing S. We define the generalised Turdn number exs(n,F) as the
largest value of d5(H) attained by an F-free k-uniform hypergraph H on n vertices. Note
that 6g(H) = e(H), so exo(n, F) = ex(n, F) is the usual Turdn number.

Definition. Let F be a family of k-uniform hypergraphs, n > 1,0 < s <k —1and ¢ > 0.
We say that a family G of k-uniform, F-free hypergraphs is (F,n, s, ¢)-universal if for any
k-uniform, n-vertex, F-free hypergraph H with ds(H) > ¢ ex4(n, F) there exists G € G such
that H C G.

For example, if £ = 2, F = {K3}, n is an even integer at least two, s = 1, ¢ = %,

and G is the family of n-vertex, bipartite graphs, then G is (F,n,s,c)-universal. Indeed,
ex1(n, K3) = % and if H is any n-vertex, triangle-free graph with 6(H) > 2ex;(n, K3) = 2,
then by a result of Andrasfai, Erdds, and Sés [2], H must be bipartite so H € G.

1.2 Results

Our first main result gives a general condition under which we can obtain an a-spectral
analogue of a hypergraph Turdn result: we require an estimate on the difference of successive
Turan numbers and a sequence of universal families in which the a-spectral radius is close to
what one would expect under the uniform weighting of vertices. If @« > 1 and G is a family
of k-uniform hypergraphs, we define

Aa(G) = sup{ A\ (G) : G € G}.

Theorem 1. Let N > k > 2, a > 1, € > 0 and F be a family of k-uniform hypergraphs.
There exist 0 > 0 and ng > N such that the following holds.
Suppose that for all n > N we have

ea(n, F) — ex(n — 1, F) — 7(F) (k " 1) ‘ < on1 (1)



and an (F,n,1,1 — €)-universal family G, such that
[ Aa(Gn) — k!ez(n,F)n_k/o‘| < gpk-k/ot, (2)
Then for any F-free k-uniform hypergraph H on n > ngy vertices we have
Ao(H) < X(Gy).
In addition, if equality holds then H € G,,.

As example applications of Theorem 1, we will give a-spectral Turan results for colour-
critical graphs and for the Fano plane. We say that a graph F'is colour-critical if there is
an edge e of F' such that x(F —e) < x(F'), where x denotes the chromatic number. Let
F be a colour-critical graph with x(H) = r + 1. Simonovits [23] showed that there is ng,
such that for any F-free graph G on n > ng vertices, e(G) < e(T,,), with equality only if
G = T,,. Nikiforov [20, 21] extended this by showing that there is ng, such that for any
F-free graph G on n > ng vertices, A(G) < A(T}.,,) (where o = 2). The following provides a
common generalisation of the results of Simonovits and Nikiforov to the a-spectral radius.

Corollary 2. Let F be a colour-critical graph with x(F) =r + 1. For any o > 1, there is
no, such that for any F-free graph G on n > ng vertices, A\o(G) < Ao(T.1n), with equality if
and only if G ="T,,,.

The Fano plane is the 3-uniform hypergraph where the vertices are the non-zero vectors
in F3 and the edges are all triples ryz such that = +y = z. Let B, denote the balanced
complete bipartite 3-uniform hypergraph on n vertices: there are two parts of sizes |n/2]
and [n/2], and the edges consist of all triples that intersect both parts. It was conjectured
by Sés [24], then proved independently by Keevash and Sudakov [16] and by Fiiredi and
Simonovits [11], that B, is the unique largest Fano-free 3-uniform hypergraph on n vertices
for large n. The following is an a-spectral generalisation of this result.

Corollary 3. For any a > 1, there is ng, such that for any Fano-free 3-uniform hypergraph
H onn > ng vertices, A\o(H) < A\o(By), with equality if and only if H = B,

Our second result gives another general condition under which we can obtain an a-
spectral analogue of a hypergraph Turan result, namely if the universality parameter c is
sufficiently small.

Theorem 4. Letn > k > 2, a > 1, ¢ > 0 and F be a family of k-uniform hypergraphs.
Suppose G, is an (F,n,0,c)-universal family of k-uniform hypergraphs on n vertices such
that

)\a(gn)a/(a—l)
Klex(n, F)

If H is a k-uniform F-free hypergraph on n vertices then
Aa(H) < Ao(Gn)-
Furthermore, if \o(H) > (cklex(n, F)) @D/« then H C G for some G € G,,.

c <

4



We deduce this from the following lemma which has independent interest.

Lemma 5. Let « > 1 and H be a k-uniform hypergraph with e edges. Then
Aa(H) < (Kle)t=Ve,

Another consequence of Lemma 5 is an a-spectral approximate version of the Lovasz
form of the Kruskal-Katona theorem. Let H be a k-uniform hypergraph. Its shadow 0H is
the (k — 1)-uniform hypergraph consisting of all (£ — 1)-sets that are contained in some edge
of H. Lovész [17, Ex 13.31(b)] showed that if e(H) = (}) = a(x — 1) -+ (x — k + 1)/k! for
some real number z > k then e(0H) > (,.*,), with equality if and only if z is an integer and

H =K.

1-1/a
Corollary 6. Let o« > 1 and H be a k-uniform hypergraph with \,(H) > <k'(£)) , for

some real x > k — 1. Then e(0H) > (kfl)

Theorem 4 is useful for ‘degenerate’ Turan-type problems, in which the universality
parameter ¢ is often not only small, but even tends to zero as n tends to infinity. One such
case is the problem of determining the maximum size of a k-uniform hypergraph H on n
vertices that is t-intersecting, in that |E'N E’| > t for all edges F # E’ of H. The following
definition describes a natural construction for this problem.

Definition. A k-uniform hypergraph is a t-star if there exists a vertex set W (called the
center) of size t such that every edge contains W. The complete k-uniform, n-vertez, t-star,

denoted Sﬁ}t, is the n-vertex t-star which has (Z::) edges.

Erdés, Ko and Rado [4] showed that when n is sufficiently large, Sfj’t is the largest t-
intersecting k-uniform hypergraph on n vertices. Wilson [28] showed the same result for
n > (t+1)(k —t+ 1), which is best possible, as other constructions are larger for smaller n.
The full picture was the subject of a longstanding conjecture of Frankl, finally resolved by
the Complete Intersection Theorem of Ahlswede and Khachatrian [1]. In the following we
give a spectral analogue of a strong stability form of the result of Erdds, Ko and Rado.

Corollary 7. For any k > 2, t > 1 and o > 1 there is ng such that the following holds for
n > ng. Let H be an n-vertex, k-uniform, t-intersecting hypergraph. Then Ao (H) < /\a(Sﬁn),
with equality if and only if H = an. Furthermore, there is a constant ¢ = c(k,t) such that
if A\a(H) > en=(@=D/e)(SF) then H is a star.

2 Universal Families

In this section we prove our general results on universal families. After giving some prelimi-
nary facts in the first subsection, we prove Theorem 1 in the second subsection, and Theorem
4 in the third subsection.



2.1 Preliminaries
We adopt the following notation. Let H be a k-uniform hypergraph. We let
E,(H) = {(v1,...,v) € V(H)*: {vy,..., 0} € E(H)}
be the ordered edge set of H. For any vertex u of H we let
Lo(u) = {(v1,...,vp1) € V()" {vy, ..., 0p_1,u} € E(H)}

be the ordered link hypergraph of u. Let @ be a vector in W = RYV#), For any d > 1 and
any tuple S € V(H)? we write
w(S) = H w;.

€S
Next, we derive two useful inequalities that are consequences of the assumptions of The-
orem 1. Assume that k,n, N, a, 0, F, and G, satisfy equations (1) and (2) for all n > N. We
will adopt the notation that

Mn = )\a(gn)
~1

First, using (2) and the fact that the ratios (})  ex(n, F) are decreasing with n and tend to
7 (F), we have that

pn = (L+ o(1))m(F)n*-He. (3)
Next we want to bound the gap between 1, and ju,—1. Let M = (k — £)a(F)nF~/=1; we
will show that p,, — p,—1 is close to M. First, use the triangle inequality and (2) to obtain

|ﬂn — Mn—1 — M|
< |k!ex(n,]:)n_k/a — Klex(n —1,F)(n — 1) - M|+ 20nk—k/a=1

n— 1>_k/a Mnk/e

— K/
=kln o

ex(n,F)—ex(n—1,F) ( + 26nkReml ()

n

Using (1) and the fact that for large n, (%=1)"F* =1+ £ + O(J),

n— 1>_k/a Mnk/e

ex(n, F) — ex(n — 1, F) <

kE—1 k!

an

n k!
< lex(n,F)— | ex(n, F)—n(F) " 1+£ _Mnk/a + 26nF~1
= e i k—1 an k!
_ k/a
< —kex(n,]:) + W(F)( " ) _ Mn7? + 30n~ !

(The last inequality used that (") = o(n*~!).) Now using that (Z)_lex(n,]:) converges

to w(F'), for large n the above inequality continues as

—k nkz nk—l Mnk/a
an ")y AT = = =

+ 46nFt




By the definition of M, the expression inside the above absolute value is zero. Therefore,
(4) simplifies to

|t — pn—1 — M| < kln=H (46nF1) + 20nF kel < 5klgnpk—k/et

In summary, we have proved that

k
fn — fp—1 — (k — —) W(F)nk’k/a’1 < 5k\gpk—hle1, (5)

«

Next, we will estimate ex;(n, F). Indeed, it is easy to see that Zex;(n, F) < ex(n, F) so
that

n

exi(n, F) < (14 0(1))SW(F) (k> = (1 + o(1))m(F) (k " 1) .

On the other hand, given a hypergraph H with (7 (F")+€) (Z) edges, we can delete its vertices

of small degree obtaining a subhypergraph H’ on m > €'/*n vertices with minimum degree

at least w(F)(,",) (see e.g. [3, p. 121] for details). Therefore,

ex1(n, F) = (1 + o(1))m(F) (k " 1). (6)

Finally, in our calculations we will frequently use Holder’s inequality that |z - y| <
lz|l,llyll;, when p,g > 1 and p~! 4+ ¢~! = 1, and Bernoulli’s inequality, which is as fol-
lows. Suppose that t > =l anda € R. f a <Oora>1then (1+¢)*>1+4at;if0<a<1
then (1+1%)* <1+ at.

2.2 Proof of Theorem 1

Throughout this subsection we let H be a k-uniform, F-free hypergraph on n vertices, and
w be a vector such that

(@, T) = Aa(H) and ], = 1.
Lemma 8. For all1 <i <n,

> w(S) =Tyles W, W) = \a(H)wi ™"

SELy (i)

Proof. First, expanding the definition of 7, we have that

TH<€Z',IU,. .. ,u_f) =TH <6i7zwjzej27‘ i .,ijkejk>
J2 Jk
= Z Wy, - W TH (€14 €y - - €y ) = Z w(S).

J25e5Jk S€Lo(i)



Now define the following two functions:

flz) =1y(x,...;2) = Z Ty * Loy
g(x) =) .

i

By definition, @ maximizes f(z) subject to g(z) = 1, so the method of Lagrange multipliers
implies there exists a constant A such that for all 1 <1i <n,

Note that

Therefore

Now

of
al‘i

— —
w w

=k § Loy = Ly

(V1,00 —1)ELo ()

=kry(e,x,...,x).

A A
Ao(H) = 15 (W, ... W) = Z wiTh (e, W, ... W) = Z A4 e = B

1<i<n 1<i<n

The lemma follows by inserting A = \,(H)k/« into (7). O

Recall that u, = Ao (G,).

Lemma 9. Suppose ¢ >0, 0 < € < e(a—1)/a?, n is sufficiently large, and \o(H) > 1. If

st < (1= on)(, ")

then there exists a coordinate 1 < u < n such that

1—¢€

w —_—.
u < nl/a



Proof. Assume towards a contradiction that for every u, w, > (1 — €)n~®. Let u be a
vertex of minimum degree. By Lemma 8 and Holder’s Inequality,

1/«

Aa(H)wy™h =) w(S) < Lo(uw)| @V | Y w(S) | (8)

S€Lo(u) S€Lo(u)

Now

SELy(u) SEV(H)’“*l S¢Lo(u)

I
A/~
]
£
\_/
M
g
=

Q

S¢Lo(u

N

Since w; > (1 — ¢/)n~'/* for all 4, we obtain

5wy <1- im0l (40)

S€Lo(u)

Since u was chosen with minimum degree, € > 0 is fixed, H is F-free, and n is sufficiently
large,

|Lo(u)| = (k — DI6(H) < (1 — e)m(F)nk1. 9)
Thus

¢\ kb Da
>° w($)" £ 1= (1= 7(F) + en(F)n*! (1_)

nl/a
S€Lo(u)
< 1= (1=7(F) +en(F)(1 - ) < 7(F). (10)

(The last inequality used € < €/2 which follows from a > 1.) By (3), for large enough n we

have
Aa(H) > i > (1 — )m(F)nkla=b/e,

Combining this with (8) and (10), we have that
(1= )m(F)nteDowi™ < A (H)wi ™" < |Lo(u)| @/ om(F) Ve,
Using (9), we obtain

m(F)Ye,

(a—1)/a
(1= y(FHeewst < (1= n(F)nt )



Using w, > (1 — €)n~"/* and cancelling 7(F)n*~D@=1/e from both sides, we obtain
(1—€)* < (1—e)lobe
Then by Bernoulli’s inequality,
1l—d <(1—e)@ V<1 —ela—1)/a?
which is a contradiction. O
Lemma 10. Suppose n is sufficiently large and u is such that w, < (1 — )n=Y*. Then
M(H—u) > (1—(1—1/a)k(l —€/2)n YA\ (H).

Suppose also that \o(H) = p, + C, where C > 0, and that 6 < €¢'(1 —1/a)n(F)/20k! and
C < k= topkle=D/a  Thep

Aa(H — 1) > pin_q + C 4 dnFe-D/eL,

Proof. Let H', ' be the restrictions of H, W to V(H) — u. We can write

=1 (, .. )+ kw, Y w(S)
SELo(u)
=71/ (@, ... ) + kXo(H)w®

u

by Lemma 8. Next, note that
1], = (1 —wi)'/e.

Letting " = (1 — w®)~Y*’ be the unit vector in direction ', we have

)\Q(H—U)ZTH/(IU*,..., ) (1— ) ko TH/( ...,lﬁ/)
= (1 —wi) (L — kwi) Ao (H).

By Bernoulli’s inequality and w, < (1 — ¢ )n~"/ we have

(1 —w) (1 = kwg) > (1+ (k/@)wg)(1 — kw})
>1—(1—-1/a)k(l —€)*n™t —kK*n 2
>1—(1—-1/a)k(l —€/2)n""

which proves the first statement of the lemma. Next we substitute A\,(H) = p, + C and use
(5) to obtain

No(H = u) > (1= (1=1/a)k(1 =€ /2)n"") (sin -1+ C+ (k(1 = 1/a)n(F) - SRl pHe /1),

10



By (3), for large enough n we have
fi < (146 /k)m(F)nkle—D/e,
Using 6 < €'(1 — 1/a)n(F)/20k! and C < k~'onk@=D/@ we deduce
Aa(H =) > pip1 = (1= 1/a)k(1 = ¢/2)n7 (1 + §/k)m(F)n*e-1/e
+ (1= k/n)(C + (K(1 = 1/a)n(F) — Skig)pHe-/e-1)
> fn1 + C + (m — 1/a)n(F)/2 - ma) ph@-D/a-1
> i1 4+ C + onkle=D/a=1

as required. O

Proof of Theorem 1. Fix € > 0, ¢ = e(a — 1)/8a? and § = ¢(1 — 1/a)7(F)/20k!. We
can assume that N is sufficiently large to apply Lemmas 9 and 10, and in addition N
is sufficiently large so that for m > N, by (6), exi(m,F) = (1 & $)m(F)(,",). Let n; =
(NFEeR /6)2/k 1=1/2) and ng = nye™/?. Let {Gp oo be as in the statement of the theorem.
Suppose that n > ng and H is a k-uniform, n-vertex, F-free hypergraph with A, (H) > p, :=
Aa(Gn). We construct a sequence H = H,,, H, 1, ..., where H; is a k-uniform, i-vertex, JF-
free hypergraph with Ao (H;) = p; + C;, where C, > 0 and C; > Ciyq + 0(i + 1)ka—D/a—1
for © < n. To do so, suppose we have reached such an H; for some ¢ > N, and that
§(H;) < (m(F) —€/2)(,",). By definition, there is a vector 1 such that

THi(U_j’ . ,/U_))) - )\a(Hl) a'nd Hu_jHa =1

Let us apply Lemma 9 with input €/2 and €' and note that by definition of ¢, we have that
¢ < min{e(a — 1)/4a?,€/4}. Since 6(H;) < (7(F) —€¢/2)(,",), Lemma 9 implies that there
is a coordinate 1 < u < ¢ such that w, < 11’/‘;’ We set H; = H; — u. By Lemma 10 we
have

M(Hizy) > (1= (1 —1/a)k(1 —€/2)i )\ (H,),
and if C; < k~1§ike—D/a then

Aa(Hiz1) > pioy + C; + gD/t

We claim that this process terminates at some H; with ¢ > N. Suppose towards a con-
tradiction that the sequence reaches Hpy. First, there must be some m > n; such that
C,, > k= 1dmPFe=N/> gtherwise we would have the contradiction

Aa(Hpy) > g + Y 67070070 5 63 "1 /i > §log(no/n1) = nf.

i=n1 i=n1

11



Now for this m > ny with C,, > k~'ém*@=1/® we have that

AalHy) > Na(Hy) J] (1= (1= 1/a)k(1—¢/2)i™")
i=N-+1
> (), exp (- > ((1 —1/a)k(l — €/2)i L + (/f/z')?))

> k~lomkleD/e exp ( —(1—=1/a)k(1 —€/2)log(m/N) — kz)

—(1=1/a)k(1—¢/2)
_ plgmke—D/a (@)
" N
> k,—l5mk(a—1)/am—(l—l/a)k(l—g’/2)e—k2

2
ekz

Now use that m > ny so that the above inequality continues as
> kg lonl! TR N

It is impossible for the eigenvalue of any N-vertex k-uniform hypergraph to be at least
N* so this contradiction shows that the process terminates at some H, with ¢ > N. By
construction, §(H,) > (7(F) — ¢/2)(,.",) > (1 — €)exy(t, F). Since G; is (F,t,1,1 — ¢€)-
universal, there is G; € G; such that H; C G;. However, \,(H;) > py > M\o(Gy), so equality
must hold. This is only possible when t =n and H = H, = G,, € G,,. O

2.3 Proof of Theorem 4

In this subsection we prove Theorem 4. We start with the proof of Lemma 5.

Proof of Lemma 5. We argue by induction on k. Let e = |E,(H)| be the number of ordered
edges of H. The base case is k = 1. For any vector & with |||, = 1, by Holder’s inequality
we have

1/a 1-1/a

7 ()| = Z w;| < Z |lw;|* Z 1 = el

{iYeE(H) {iYeE(H) {iYeE(H)
Now we prove the induction step. By definition, there is w such that
T (W, ..., W) = A\(H) and |||, = 1.
We write

TH('LU,...,w>: Z wiTH(ehu_jw"vu_j): Z wiTL(i)(wiv"‘7wZ)7
1€V (H) 1€V (H)

12



where L(i) denotes the link hypergraph of ¢ and ; the restriction of @ to V(H) \ {i}. By
induction hypothesis, for each i € V/(H) we have

oy (Why - - 07) < Aa(L(3)) < [Lo(i)[* 1,

where L,(i) denotes the ordered link hypergraph of i. Then by Holder’s inequality we have

1/« 1-1/«

ECaet S I TS B O DI TACTE I

i€V (H) i€V (H)
]

Proof of Theorem 4. Suppose that H is a k-uniform, F-free hypergraph on n vertices with
Ao(H) > L := (cklex(n, F))@ D/ By Lemma 5, the number of ordered edges in H is at
least Ao (H)*/(@=Y > cklex(n, F). Since G, is (F,n,0, c)-universal, H C G for some G € G,,.
This proves the second statement of the theorem. Since L < \,(G,) by the bound on ¢, we
also have the first statement. ]

3 Applications

In this section we apply the general results of the previous section to obtain spectral versions
of various Turan type problems for graphs and hypergraphs. We start by showing how to
exploit symmetries of a hypergraph when computing its a-spectral radius (see [13] for the
same argument in the case a = 1).

Lemma 11. Let « > 1 and F be a k-uniform hypergraph on [n]. Suppose that the transpo-
sition (ij) is an automorphism of F. Consider any @ € R™ with |||, =1 and w, > 0 for
all 1 <t < n. Define W’ by w] = w) = (w@ +w?)/2)"* and w; = w, for t € [n]\ {i,j}.
Then Ty (W', ..., w0") > mh(W,. .,w).

Proof. Expanding the definition of 75, we have that

-/ -/

() = () = KDY (w—wy) [ w

FeB(F) teF\{i}
iEF,j¢F

S0 - T w
FEB(F) teF\{j}
i¢FjeF

+ k! Z (ww —wzwj H wy
FeE(F) te F\{1,
i€F,jeF e}
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Since (i7) is an automorphism of F, the link graphs of ¢ and j are identical so that

(@)~ TR, ) = R e~ —wy) Y [
ae(V9) teA
AU{i}eE(F)

+ kN (wjw) — wiw;) Z H wy

FeE(F) te F\{i,j
i€F,jeF Vg

Since @ > 1, by the inequality of power means we have w; = wj > | /w;w; and w; + w; =
2w] > w;+wj, so that both of the terms in the above expression are non-negative, completing
the proof. n

Corollary 12. Let a« > 1 and F be a k-uniform hypergraph on [n|. Let Px be the partition
of [n] into equivalence classes of the relation in which i ~ j iff (ij) is an automorphism
of F. Then there is W € R™ with |||, = 1, and wy > 0 for all 1 < t < n such that
Ty (W, ..., W) = N (H) and w is constant on each part of Pr.

Proof. Given @ € R™ and P € Pz, let

1/a
wp = (|P|—1ng) .

ieP

Consider @ that minimises

S(w) = Y Y |w;i —wpl.

PePr i€P

We claim S(w) = 0, i.e. & is constant on each part of Pr. For suppose not, and consider
some P € Pr and ¢,j in P with w; # wj. Define &’ as in Lemma 11; then |||, = 1,
(W, ... 7)) = A\ (H) and S(w') < S(&), contradicting the choice of . O

Next we estimate the a-spectral radii for the examples that we will consider, namely the
star, the balanced bipartite 3-graph, and the Turan graph.

Lemma 13. Let a > 1.

. n— ko _\ (k—t)/a
(1) Na(S,) = KI(pZh k7o () 700,
(11) Aa(B) = (1+ O(n‘2))66(Bn)n_3/°‘.

(iii) Ao(Tyr) = (1 + O(n=2))2e(T;.,,)n= .

Proof. For (i), note that for every pair of vertices in the center there is an automorphism
interchanging them, and the same is true for every pair of vertices not in the center. By
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Corollary 12 we can choose @ with A\, (SF,) = 75 (W, ..., @) such that for some 0 < a <1

9
—a

)1/a for 7 in the centre and w; = (—)Ua for ¢ not in the centre. Then

a

1
t n—t

n—t\ raxt/e (1—a\*
=m0 (2) |
(@, ., ) <k—t) i <n—t)

By differentiating with respect to a, we see that a'/®(1 — a)*~9/ is maximised when #(1 —
a)/a = (k—t)a/a, i.e. a =t/k. This gives the stated formula.

Next we note a straightforward argument for the cases that 2 | n in (ii) or r | n in (iii).
In these cases, for every pair of vertices there is an automorphism interchanging them, so by
Corollary 12, defining @ by w; = n~"* for all i we have

we have w; = (

Aa(H) = 15(i0, ..., %) = Kle(H)n ™",

where H = B, and k = 3 in (ii), or H =T, , and k = 2 in (iii).

Next consider (ii) when n = 2t + 1 is odd. Let V} be the part of size ¢ and V5 the part
of size t + 1. By Corollary 12 we can choose @ with A\, (Bat+1) = 7o (W, , W) such that
w; = 2/ for i € Vi and w; = y*/® for i € V;, where ,y > 0 and ||w||® =tz + (t + 1)y = 1.
Then

Lo t\ 2 1/a t+1\ 1 o
TthH(w’w,w)=6(t+1>(2)x2/ y" +6t( 2 >:c1/ v

= 3t(t + 1) (ay) Ve ((t gl g tyl/C“).

Write . L at/(t 4 1)
+a —a +
— — d — 1/a t—1 1/ ¢ 1/a

=gy = I (o) = () (- 1+ 10
for some a € (—1,1+1/t). Note that for all a, ||| = tx+(t+1)y = 1 so that the maximum
of Tpy,, (W, -+ W), i.e. A\g(Ba41), will be achieved by the a which maximizes f(a). First,
when a = 0 then = = y so f(0) = (2t — 1)(2t + 1)~3/*. Next we calculate % = (2t + 1)~

d _
and g = g and
/ ('Iy)l/a ( 1/ 1/a>
= ———(A+B((t—1 t

where

“1+1/a 2 _141/a _ _
A= (t—1)z" Y - Y 1+ andB::vl—t%ly L

We will show that there are ag = —1/2t* + O(1/t3) and a; = 1/2t such that f’(a) > 0 for
a < apand f'(a) <0 for a > ay. First we note that B > 0 < 14 1/t > g(a), where

1+a

@) =2y =TT
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Since g(a) is an increasing function of @ on (—1,1 + 1/t), we have B > 0 < a < a;, where
a; € (—1,141/t) is the unique value with g(a;) = 1+ 1/¢, namely a; = 1/2t. Next we note
that A > 0 < 1-1/t2 > g(a)'~* < a < ag, where ag € (—1,1+1/t) is the unique value with
g(ag)' ™ =1 —1/t2. Since g(a)'™V/* = 1 + 2ELa 4 O(a®) we have ag = —1/2t* + O(1/t%).
Thus ay and a; have the required properties. It follows that f(a) is maximised at some
b € [ag,a1]. By the Mean Value Theorem we have f(b) = f(0) 4+ bf’(a) for some a between
0 and b. Since |a| < [b| = O(1/t), each of the two terms of A are t>~1/* 4 O(¢'~1/) so that

A = OV, Similarly, B = O(1), so bf'(a) = O(t~'73/%) = O(t72) f(0). Therefore
Aa(Bars1) = 3t(t + 1) f(b) = (14 O(t7%))6e(Baes1) (2t + 1) 7%/,

It remains to consider the general case of (iii). Write n = ¢r + s with 0 < s < r. Then
T, has s parts of size ¢+ 1 and r — s parts of size q. By Corollary 12 we can choose @ with
Ao(Ty) = T (W, W) such that w; = z'/ for i in a part of size ¢ + 1 and w; = y/* for i in a
part of size ¢, where x,y > 0 and ||w|% = (¢ + 1)sz + q(r — s)y = 1. Then

., (W, W) = (¢ + 1)%s(s — 1)x2/a + ¢ (r—s)(r—s— 1)y2/°‘ +2q(qg+ 1)s(r — s)(a:y)l/“.

Write
ng_1—i-a _ l—alg+1)s/q(r —s)
_qr—i-s’y_ qr + s

for some a € (—1,¢(r — s)/(¢ + 1)s). Note that f(0) = 2¢(T}.,,)n"2/®. Next we calculate

and f(a) = 77, (W, W)

"(a) = 2(q+1)s pl/a-1 _ 1/a—1
f()_(qT-I—s)a(C Dy )’

where
C=(q+1(s— 1z +q(r —s)y"* and D = (¢ + 1)sz/* + q(r — s — 1)y*/*.

Note that D = C + E, where £ = (q + 1)z'/® — gy'/*. If @ > 0, then x > y which
implies that f’(a) > 0. On the other hand, if a is such that £ < 0, then =z < y so
that f'(a) < 0. We have that £ < 0 < a < ag, where aq is the unique value such that

(141/q)* = y/a = =oolers/atr=s) 5

(r—s)g((1+1/q)* — 1)
s(g+ 1)+ (r—s)q(1+1/q)>

ag = —

It follows that f(a) is maximised at some b € [ag,0]. By the Mean Value Theorem we have
f(b) = f(0) + bf'(a) for some a between 0 and b. Since |a] < |b] = O(1/q), both Cx!'/o~!
and Dy'/*~!are (1+0(1/q))q(r — 1)n'=2/% so bf'(a) = O(n=2/*) = O(n=2) £(0). Therefore

Aa(Trn) = f(0) = (L+O(n™2))2e(T ).
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Proof of Corollary 2. Let G, = {T,.,,}. Erdés and Simonovits [5] showed that there are € > 0
and N > 1 such that G, is (F,n, 1,1 — €)-universal for all n > N. We will apply Theorem
1 with F = {F}. Let 0 be given as in that theorem. We can assume that N is sufficiently
large. We have ex(n, F)) = e(T},) = tn* + O(1) and #n(F) = =, so

lex(n, F) —ex(n — 1, F') — n(F)n| = O(1) < dn,

if n > N and N is sufficiently large. Also, by Lemma 13(iii) we have A\,(7}.,) = (1 +
O(n™2))2e(T;,,)n"2/%, so

‘)\Q(Tr,n) - Qex(n, F)n*Q/a’ < 5712(0471)/04717
if n > N and N is sufficiently large. Thus Theorem 1 implies the Corollary. O

Proof of Corollary 3. Let G, = {B,}. Fiiredi and Simonovits [11] showed that there are
e > 0 and N > 1 such that G, is (Fano,n,1,1 — ¢)-universal for all n > N. We will
apply Theorem 1 with F = {Fano}. We can assume that N is sufficiently large. We have
m(Fano) = 2 and ex(n, Fano) — ex(n — 1, Fano) = e(B,,) — e(B,-1) = 2n* + O(n), so

ex(n, Fano) — ex(n — 1, Fano) — n(Fano) <;L) ‘ = O(n) < 6n?,

if n > N and N is sufficiently large. Also, by Lemma 13(ii) we have A\,(B,) = (1 +
O(n=2))6e(B,)n~%*, so

|Aa(B,) — 6ex(n, Fano)n % < gn3@-D/a=1

if n > N and N is sufficiently large. Thus Theorem 1 implies the Corollary. O

Proof of Corollary 6. Suppose that e(0H) < (kfl) By Lovasz [17, Ex 13.31(b)] we have
1-1/a

e(H) < (7). But then Lemma 5 gives Ao (H) < (k'(i)) , contradiction. O

Proof of Corollary 7. We will apply Theorem 4 to F = {Fp,..., F;_1}, where F; is the k-
uniform hypergraph with 2 edges that intersect in i vertices. Let G, = {Sf,,}. Erdés, Ko and
Rado [4] showed that ex(n,F) = e(Sf,) for large n, and moreover there is some absolute

constant C' such that G, is an (F,n,0,C/n)-universal family. By Lemma 13(i) we have
Aa(Gn) = Aa(SF,) = ©(nE=0(e=D/e) We now apply Theorem 4. First, we check

g _ )\a(gn)a/(a—l) B @(nk—t)
n klex(n, F) k()

=0(1),

which is true for large n. Therefore, for large n, we can apply Theorem 4 to obtain that for
any k-uniform, F-free hypergraph H on n vertices, we have that Ao(H) < Ao (Sf,,). Further-
more, there is a constant ¢ = c(k,t) such that if Ao (H) > cn=@"D/2\,(SF ) then \o(H) >
(Cn~'klex(n, F))@=1/* so that Theorem 4 implies that if Ao (H) > cn™@ D/ (SF),
then H C SF_ ie. H is a star. O

t,n
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4 Concluding remarks

In this paper we have given two general criteria that can be applied to obtain a-spectral
versions of a variety of Turan type problems. We have illustrated some such applications,
but we have not attempted to be exhaustive: there are several other examples which can no
doubt be treated by the same method, although it would be laborious to give the details.
On the other hand, it would be more interesting to obtain a-spectral results for hypergraphs
where the spectral extremal example differs from the usual extremal example. For example,
Nikiforov [19, 21] showed that when n is odd, the maximal spectral radius of a Cy-free graph
on n vertices is uniquely achieved by the ‘friendship graph’, which consists of (n — 1)/2
triangles intersecting in a single common vertex. This is very different from the extremal
example for the maximum number of edges in a Cy-free graph on n vertices: Fiiredi [10]
showed that for large n of the form ¢ + ¢+ 1 this is uniquely achieved by the polarity graph
of a projective plane.

In all our results we assumed that o > 1. This assumption is necessary, as different
behaviour emerges at a = 1. In this case, the a-spectral radius is the well-studied hypergraph
lagrangian. Consider for example the 3-uniform hypergraph F; = {123,124,345}. The
Turdn problem was solved by Frankl and Fiiredi [6]: they showed that for large n the unique
largest Fs-free 3-uniform hypergraph on n vertices is the balanced complete tripartite 3-
uniform hypergraph T3. A stability result was obtained by Keevash and Mubayi [15] (who
also improved the bound on n) and the optimum bound on n was obtained by Goldwasser
[12]. Similar arguments along the lines in this paper would no doubt enable one to deduce
the a-spectral version from Theorem 1 when « > 1. However, the corresponding result does
not hold when o = 1. Indeed, in this case A\;(T2) = 2/9 + o(1) for large n, but the Fs-free
3-uniform hypergraph H equal to K3 with n — 4 isolated vertices has \;(H) = 3/8.

The line of research started in this paper can be viewed as a generalisation of that
proposed in [13], namely to determine the maximum lagrangian for any specified property of
hypergraphs. Such questions go back to Frankl and Fiiredi [7], who considered the question
of maximising the lagrangian of an k-uniform hypergraph with a specified number of edges.
They conjectured that initial segments of the colexicographic order are extremal. Many cases
of this have been proved by Talbot [25], but the full conjecture remains open. Here we propose
the natural generalisation of this conjecture, namely that among k-uniform hypergraphs with
a specified number of edges, initial segments of the colexicographic order maximise the a-
spectral radius, for any o > 1. Lemma 5 gives an asymptotic form of this conjecture, as for

any k-uniform hypergraph H with e(H) = (1+ o(1))(}) it implies

M) < (o) ()T = (14 o)A (55,

A final question is whether Corollary 7 can be extended to cover all values of n, possibly
with other extremal examples, as in the Complete Intersection Theorem of Ahlswede and
Khachatrian. We expect that the a-spectral result may differ from the extremal result.
Indeed, consider the case k = 2, t =1, n = 4 and a = 2. For the extremal problem, the
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maximum of 3 edges is achieved both by the star K 3, and the triangle K3 (plus an isolated
vertex). However, \o(K13) = V3 < 2 = \y(K3).
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