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Abstract

Erdés posed the problem of finding conditions on a graph G that imply ¢#(G) = b(G), where t(G) is the
largest number of edges in a triangle-free subgraph and b(G) is the largest number of edges in a bipartite
subgraph. Let 6. be the least number so that any graph G on n vertices with minimum degree §.n has t (G) =
b(G). Extending results of Bondy, Shen, Thomassé and Thomassen we show that 0.75 < §. < 0.791.
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1. Introduction

For which graphs do the largest bipartite subgraph and largest triangle-free subgraph have the
same number of edges? This question was raised by Erdés [4], who noted that there is equality
for the complete graph K, (by Turdn’s theorem). Babai, Simonovits and Spencer [2] showed that
equality holds almost surely for the random graph where edges are chosen with probability 1/2.
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A general condition implying equality was given by Bondy, Shen, Thomassé and Thomassen [3],
who showed that a minimum degree condition is sufficient.

For a graph G we write b(G) for the number of edges in its largest bipartite subgraph,
and #(G) for the number of edges in its largest triangle-free subgraph. Clearly #(G) > b(G).
Write §. for the least number so that, for n sufficiently large, any graph G on n vertices
with minimum degree §(G) > (6, + o(1))n has t(G) = b(G). Bondy et al. [3] showed that
0.675 < 8. < 0.85. We will strengthen this as follows.

Theorem 1.1. 0.75 < 8. < 0.791.
Moreover, we believe that the lower bound is tight and propose the following conjecture.

Conjecture 1.2. In any graph on n vertices with minimum degree at least (3/4 + o(1))n the
largest triangle-free and largest bipartite subgraphs have equal size.

This paper is organised as follows. In the next section we will describe some properties of
triangle-free graphs under certain minimum degree conditions. Section 3 contains a proof of
a slightly weaker form of Theorem 1.1, in which we relax the upper bound to 5, < 0.8. This
contains the main ideas of the proof, but the bound of 0.791 is more involved, so we defer it
to Section 4. In Section 5 we prove a technical lemma needed in Section 4. The final section
contains some concluding remarks.

Notation. We usually write G = (V, E) for a graph G with vertex set V = V(G) and edge set
E =E(G), settingn =|V|and e = e(G) = |E(G)|. If X C V is a subset of the vertex set then
G[X] denotes the restriction of G to X, i.e. the graph on X whose edges are those edges of G
with both endpoints in X. We will also write eg(X) = e(G[X]). Similarly, we write eg(X, Y)
for the number of edges with one endpoint in X and the other in Y. We will usually omit the
subscript G unless there is possibility for confusion. The neighbourhood of a vertex v is N (v),
and adjacency of u and v is denoted by u ~ v.

We will assume throughout the paper that n is sufficiently large. To improve readability we
will omit ‘floor’ and ‘ceiling’ signs, and all inequalities will be understood to hold up to an
additive error of o(1), i.e. a quantity that tends to zero as n tends to infinity.

2. Preliminaries

We start by describing the structure of triangle-free graphs with high minimal degrees. For
d > 1 we define a graph F; as follows. The vertex set V (F;) consists of the integers modulo
3d — 1, which we denote by Z34_1. The vertex v € Z3z—1 is adjacent to the vertices v + 1,
v+4,v+7,...,v—1.Thus Fy is a d-regular graph on 3d — 1 vertices. For example, F; = K>
consists of a single edge, and F> = Cs is a 5-cycle. Figure 1 shows F3 and Fj.

Given a graph H we say that a graph G has H-type if there is a homomorphism from G to H,
i.e. a function f:V(G) — V(H) so that if uv is an edge of G then f(u) f(v) is an edge of H.
Equivalently, G is a subgraph of a blow-up of H, with parts { f ! (x): x € V(H)}. For example,
G has Fi-type if and only if it is bipartite. The following result was proved by Jin [5].

Theorem 2.1. Let 1 < d <9 and suppose G is a triangle-free graph with minimum degree

5(G) > %n. Then G has Fy-type.
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F, F,

Fig. 1. Triangle-free graphs with high minimal degree.

Next we will need a lemma which describes the behaviour of these graphs under certain
minimum degree assumptions.

Lemma 2.2. Suppose G is a graph on m vertices with minimum degree 6(G) = ym. Suppose
also that G has Fg-type, with parts V;, i € Z34—1, but not F;-type for any i <d.

() Ifd =2theny <2/5 m™2e(G) <5y*—4dy + Land m™2 Y, |V;|> <30y? — 24y +5.
(i) Ifd =3 then y <3/8 and m~2e(G) < 36y2 — 27y +21/4.
(iii) Ifd =4 then y <4/11 and m~2e(G) < Z1y? — 54y + 10.

This is immediate from the following lemma, except in the case d = 2, when a little extra
work is needed to get the bound for e(G).

Lemma 2.3. Suppose d > 2 and the vertices of Fy are weighted by reals, so that vertex i

has weight x;, where 0 < x; < 1 and ) ; x; = 1. Write ¢ = l-xiz, g = Zj:j~i xj and e =
%Zi Xigi = Zi~j x;xj. Suppose g; >y for eachi € Z3q_1. Then
< d
YS3a-1

c<Bd—1)@y —1D*+(d—(3d — Dy)(21 —9d)y +3d —6),
e< %d(Sd - DGy - D+ %(d — (3d — 1)y)@3dy +3y — d).

Proof. Note that every i € Z34_1 is adjacent to exactly one element of {0, 1,2}, apart from 1,
which is adjacent to both 0 and 2. Therefore,

3y<go+g1+g2=x1+2x,-=x1+l,
i

so x1 = 3y — 1. Also, we have

(3d—4)y<g3+---+g3d_z=2gi—(go+g1+gz>=d2xi—<x1+2xi>
i i i

sox; <d—1—(3d —4)y. Combining these inequalities gives (3d — 1)y < d. Set
_x—Q@Gy-D

1

T d—@Bd-1y’
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Then 0 < y; <1 and
Y yi=(d—Gd—1y) " (1-3d - DGy - 1) =
i
We can write
C—Zx _Z 3y —14(d—@3d—y)y)
=Y "Gy 12 +2@y — D(d — Gd —Dy) Y yi+(d—Gd—1y)* Yy
i i i

=@d - 1By —D*+6G3y — )(d— 3d - Dy)+ (d — (3d - 1);/)2 Zy},

so ¢ is maximised when Y, y? is maximised. Since 0 < y; < 1 we have Y, y? < > y; = 3.
Substituting gives

c<Bd—-1@y —D*+(d—@Bd - 1)y)(21 —9d)y +3d —6).

Also, we can write

e=Y (By —1+(d—@3d—1)y)y)@By — 1+ (d — 3d - D)y)y;)

i~j
=Y Gy =02+ Y % Y. Gy = D(d—@d—y)+(d—Gd—Dy)* > vy
i~j i i i~j
1
= Ed(3d ~ DBy = D?+3d@y — )(d — 3d — Dy) + (d — (3d — 1)y)22y,-yj.

i~j

It is well known, and easy to see by a variational argument, that the maximum of ), iYiyj
subject only to the conditions ) ; y; =3, y; > 0 is achieved when the vertices with y; > 0 form a
clique in the graph. Since Fy is triangle-free this clique is just an edge, so ), . Yy <@ /2)%.
This bound is not best possible, as we have not used the other conditions that the y; must satisfy,
but it suffices for our purposes. Therefore,

e< %d(Sd — DBy — 12 +3d@By — )(d — 3d — )y) + %(d —@3d—1y)’

1 , 3
= 3d3d — )@y — 1’ + Z(d — 3d — Dy)Gdy +3y —d).

Finally, we observe a little trick that improves the bound to that asserted by Lemma 2.2 when
d=2,ie. F,=Cs.Setz;=1—y;,sothat0<z; <land ) ;z;=5—7); yi =2. Then

D vivi=) A=z —zj)=5- 2Zz,+2z,z,_1+zz,z,
i~

i~j i~j i~j

By the argument above ij Zzzj < 411(2 )2 =1, s0 le] yiyj < 2. Substituting this im-
proved bound above gives e < 5y — 4y + 1. This completes the proof of the lemma. O
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Remark. With more careful analysis we can obtain the best possible bound for e in the above
lemma, by showing that Zi~ i Yiyj < 2 for any d. The argument is rather more involved, so we
will just state the result:

e< %d(fid ~ DBy =D+ (d — 3d — Dy)((3d +2)y —d).

3. A slightly weaker bound

Recall that for a graph G, we write b(G) for the number of edges in its largest bipartite
subgraph and #(G) for the number of edges in its largest triangle-free subgraph. We write . for
the least number so that any graph G on n vertices with minimum degree §(G) > (6. + o(1))n
has 1(G) = b(G). In this section we will show that 0.75 < 8. < 0.8. This will serve to illustrate
the ideas involved in the proof, and we will postpone the more involved proof of 5. < 0.791 to
the next section.

First we give the lower bound. We remind the reader of the Chernoff large deviations bound
(see, e.g., [1, Appendix A]). Suppose X1, ..., X,, are independent identically distributed random
variables with P(X; = 1) = p and P(X; =0) = 1 — p, where p is a constant not depending on m.
Then P(|>_ X; —mp| > a) < e“'“z/’”, where c is a constant depending only on p.

Theorem 3.1. For any § < 3/4 there is n and a graph G on n vertices with minimum degree
at least 5n in which the largest triangle-free subgraph has more edges than the largest bipartite
subgraph. Therefore 5. > 3 /4.

Proof. The vertex set V = V(G) of our graph will be divided into parts V;, i € Zs, each of
size n/5. All pairs uv with u,v € V; or u € V;, v € V; for some i are edges of G. Also, for
every i each pair uv with u € V;, v € V4 is chosen to be an edge randomly and independently
with probability 9, for some 6 < 3/8 which we specify later.

Consider a vertex v € V;. It is joined to all 3n/5 — 1 vertices of (V; —v)U Vi1 UV;_. In
addition, |N(v) N (Viz2 U Vi_»)| is a sum of %n independent indicator random variables each
taking the value 1 with probability 6. By the Chernoff bound, the probability that this sum de-
viates from %Gn by more than n3/4 is less than e~ &/") Therefore |d(v) — %(3 +20)n| < n3/4
for every vertex v, with probability at least 1 — ne™* W) =1—0(1). Similarly, the probabil-
ity that the number of edges e(A;, A;4+2) between some subsets A; C V;, A;jy2 C Viyp deviates
from 0| A;||A;42| by more than /3 is at most e=2@**) Indeed, if |A; || A;2| < n/3 this prob-
ability is zero, otherwise we can use the Chernoff bound again. Therefore, for every i and every
such choice of A;, Aj;2 we have |e(A;, A;12) — 0]A;||Ai2|| < n/3, with probability at least
1 =22 .= 20" — 1 _ o1,

By the above discussion there exists a choice of G such that all vertices satisfy d(v) =
%(3 + 20)n + o(n) and e(A;, Ait2) = 0|A;||Ais2] + o(n?) for any two subsets A; C V;,
Ajt+2 C Viya. We choose 6 so that § < %(3 +260) < 3/4. Then G has minimum degree at least én.
Now suppose that A;, i € Zs, define the largest cut in G, i.e. e(| JA;, V \ | A;) = b(G). Write
|A;| =x;n and x =) x;. Then 0 < x; < 1/5, and by replacing every A; by its complement if
necessary we can assume x < 1/2. Now

nh(G) <Y xi(1/S—xi)+ Y xi(1/5—xitD)+ Yy xi(1/5—xi1)

+0) xi(1/5=xi12)+0 ) _xi(1/5—xi2) +o(1)
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1
2
= g(3 +20)x =D xF =2 xixip1 =20 ) xixipa +o(1)
i i i

1
= g(3 +20)x — x> +2(1 —0) Zx,-x,-+2 +o(1),

1

using the identity x> = D xi2 +2% 7 xixit1+2); xixj42. Itis not hard to show (see [3]) that

Z - {x2/4, 0<x<2/5,
XiXi4+2 X
: e la—1/3), 2/5<x<1/2.

If 0 < x < 2/5 we have n72b(G) < +(3 4+ 20)x — (1 + 6)x? + o(1). The maximum of the
quadratic is at x = %(2 +(1+60)"YH+0(1)>6/1140(1), as @ < 3/8. This is not in the range

[0,2/5] for large n, so the maximum occurs at x = 2/5, giving n2b(G) < %(2 +60)+o(l) <
0.19+0(1) < 1/5.1f2/5 < x < 1/2 then

n’b(G) < é(3 +20)x —x% + %(1 —0)(x — 1/5) +o(1)
—x—x?— (1 —6) +o(1)
=X X 25 o .

The maximum occurs at x = 1/2, so we see that n72b(G) < % + %9 +o(l) <1/5,as60 <3/8
is a constant. However, the graph spanned by the edges joining V; to V;1 for each i is triangle
free and has n%/5 edges, so 1(G) > n?/5 > b(G). This completes the proof. O

Before proving the upper bound we need two lemmas.

Lemma 3.2. Suppose I is a bipartite subgraph of a graph G and there are m edges incident to
the vertices in V(G) \ V(I"). Then G has a bipartite subgraph of size at least e(I") + m /2.

Proof. Let (Ao, By) be the bipartition of I'. Consider a bipartite subgraph G’ of G with parts
(A, B), where Ag C A, Bp C B and we place each vertex v € V(G) \ V(I') in A or B randomly
and independently with probability 1/2. All edges of I are edges of G’, and each edge incident
to a vertex in V(G) \ V(I") appears in G’ with probability 1/2. By linearity of expectation
E[e(G')] = e(I") + m/2, so some bipartite subgraph of G has at least this many edges. O

Lemma 3.3. Let G be a graph with vertices partitioned as V (G) = | J; ezs Vi- Say that an edge
uv of G has type t ift € {0, 1,2} and u € V;, v € Vi for some i. Write e; for the number of
edges of type t, and e = e(G) = ey + e1 + 2. Then

3

2
b(G) = §(€+€1) ~ 0%

Proof. Choose i € Zs uniformly at random, and then randomly partition V; as A; U B;, by plac-
ing v € V; in A; or B; randomly and independently with probability 1/2. Consider the bipartite
subgraph G’ with parts (A, B) where A= A; UV;11UV;_» and B = B; UV;_; UV,,. For each
edge of G we compute the probability that it appears in G’.

Consider an edge uv of type 0, with u, v € V;. This will appear in G” if i = j and then u, v
are placed with one in A; and the other in B;, an event with probability 1/10. Next consider an
edge uv of type 1 with u € V; and v € V4. This appears in G’ if one of the following three
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mutually exclusive events occurs: ()i € {j —1,j —2,j+2},()i=j,ueB;,({i)i=j+1,
v € A;. The total probability of these events is 4/5. Finally, consider an edge uv of type 2 with
u € V;and v € Vjy,. This appears in G’ if one of the following three mutually exclusive events
occurs: () i=j+ 1, (i) i=j, u € A;, (iii)) i = j + 2, v € B;. The total probability of these
events is 2/5.

Since e = eg + e + €3, by linearity of expectation

E[e(G)] = Leo + ie1 + %ez = %(e +ep) — ie().
10 5 5 5 10

Therefore there is a bipartite subgraph of G with at least this many edges. O

Theorem 3.4. Suppose G is a graph on n vertices with minimum degree %n + 1, where n is large.
Then the largest triangle-free and largest bipartite subgraphs of G have equal size. Therefore
8. <4/5.

Proof. Let G be a graph on n vertices with minimum degree %n + 1. Then e(G) > %nz + %n
We will suppose that b(G) < t(G) and derive a contradiction. Let H be a triangle-free subgraph
of G with e(H) = t(G) maximal, and write e(H) = tn?. Since t(G) > b(G) = e(G)/2 we have
t>1/5+1/(4n).

Construct a sequence of graphs H = H,, H,_1, ..., where if H} has a vertex of degree less
than %k we delete that vertex to obtain Hy_j. Let I" be the final (possibly empty) graph of
this sequence and write |V (I")| = an. Then I is a triangle-free graph with minimal degree
§(I) = JIV D) and e(I) = e(H) = 55(("3") = (")) = e(H) — g5 (1 —aP)n* — (1 —e)n,
ie.

2 11 ’ 11
n el >t 60(1 o ) 6O(l a)/n. (D)

As 11/30 > 4/11, by Theorem 2.1, I" has Fy-type for some d < 3. Choose d so that I" does not
have F;-type for any i < d. If d = 3, then by Lemma 2.2(ii) (with y = 11/30) we have

n2e(I) < (36(11/30)% — 27(11/30) + 21/4)o* = —«

Since o < 1, this implies t — O(1/n) < o5 + & (1 —a?) = & + 15502 < 1/5—1/100, which
is a contradiction.

Next consider the case when d = 1, i.e. I is bipartite. The number of edges of G incident to
vertices in V(G) \ V(I') is

m= > d(”)—e(V(G)\V(F))>(1—a)n.;__‘n_<(1—a)n>

2
veV(G\V(I)
—((0-w -0 -w? )+ 10—
=13 @)= @) Jn"+ > amn.
Applying Lemma 3.2 we have

t=n"2t(G) > n2b(G) = n"*(e(I") +m/2)

t—E(l— 2)—E(l— ) +z(1— )—1(1— )2+l(1— )
> 0 o 0 a)/n 3 o 1 o 1 a)/n.
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This gives 0 > — & (1 —a?) + 2(1 — &) — 3 (1 — )2, which simplifies to 35 (1 — o) (1 —2a) > 0,
ie.a < 1/2. However e(I") < |V(F)|2/4 by Turan’s theorem. Hence by inequality (1)

<o 2+11(1 2)+11(1 yns Ly Lo s o1,
X 7, - - - - X A —<
4% TeoV TY ) T TS 60T 15Y T 6o "

which is a contradiction.
Therefore we conclude that d =2, i.e. I" has Cs-type. By Lemma 2.2(i) we have n

(5(11/30)2 — 4(11/30) + Da? = 13g0a2 so by inequality (1)
11(1 )+37 +0(1/)—11+1 +0(1/n).
S 60 180" 45 "

“2e(I') <

@)

Write
p=2n"ec(V(G)\ V(D).
r=n"2eq(V(IN, V(G)\ V(I).

By the minimum degree condition on G we have

4 4
ca<n? ) dw=g+r  (-wy<n’ ¢V2<p)d(v)=p+r' 3)
v

5
veV(I")
Vi, i € Zs, so that edges of I" have type 1 in the terminology of

q=2n"eg(V(I),

Label the parts of I" as
Lemma 3.3. By Lemma 3.3 we have
n?b(G[V(I)]) = —(q/z +ep) - I—Oeo,
where we have denoted the number of edges of G[V (I")] of type i by e;n? (slightly modifying
the notation used in the lemma).
Now by Lemma 3.2
2 2 1 1 1 2 3
n2b(G)>n b(G[V(F)])+ (p/2+r) FPHSaT 5 ze — 5o
Also, we have e > n2e(I") > 1 — (1 — az) — O(1/n), so for large n we get

LT 11(1 2)—o(1/n) )
- —r+—-{t——(1—-a)— n) | — —e
Prse 60 107

Next we substitute g > %oe —rand p > %(1 — «) — r from inequalities (3) to get
1 1 1 11 ’ 1
(1—a )—5 0o— O(1/n).
< 3(30(11/30)% — 24(11/30) + S)a? = Lg%

t=
37T T
Also, Lemma 2.2(i) (with y = 11/30) gives ;

Since r > 0 we have
1 1 11 7 23 1 19
t2>-——a——(1-0?)— —a*—0(1/n)=—a’>— —a+——0(1/n). 4
37159 gl m ) T ~OWm = ge — pad g = 0U/m. (4)
Combining this with inequality (2) gives
11 1 23 1 19
az——a—i———O(l/n),

o 1 > 360
60 15 o +0(1/n) > 360 15" 90



J. Balogh et al. / Journal of Combinatorial Theory, Series B 96 (2006) 919-932 927

ie. 21—40{2 - 11—501 + 31_6 < O(1/n). However, this quadratic is always at least 1/900. This contra-

diction completes the proof. 0O
4. Proof of the full result

In this section we will show how to extend the above argument to deal with the case § > 0.791,
which will complete the proof of Theorem 1.1. A possible method is that instead of merely com-
bining inequalities (2) and (4) in the preceding argument, we could use the lower bound on ¢
given by inequality (4) to ‘bootstrap’ the argument—with each iteration we will improve the
lower bound on ¢ and be able to delete vertices of slightly higher degree from H in forming I,
until we arrive at a contradiction. Equivalently (and this is the approach we will take) we can
delete vertices from H according to some degree condition depending on the unknown parame-
ter 7, and then conclude the argument by showing that inequalities (2) and (4) have no common
solution. The necessary computations are rather involved, so we will state them altogether in the
following lemma so as not to clutter the proof of the theorem.

Lemma4.1. Let § = 0.791 and suppose 1 >t > §/4. Then there exists € > 0 so that the following

2
hold with y = *=2=" — ¢

(1) 5/14 <y <2t, and
(i) (1—=2y)@r —2y) > (1+2y —28)%

Suppose also that t < (9 — 108)2 + 4)/20. Then:

(iii) if y <3/8 thent >36y* —27y +21/4;

@{v) ify <4/11 thent > %yz — 54y 4+ 10;
2i—y .

(V) m > 1/4, and

(vi) the inequalities

NN

9 1 5 1
597y +1)a?+-y>t>—(0—-a)+=(>—(1—=8Qa—1
(V Y+ )a+2)/ L a)+3(a (1-8)2a—1))

5
+ 8(5(1 —a)— (1-a)?)

1 1
— §7/(1 —a?) - Z(30;/2 — 24y +5)a?
have no solution with 0 < o < 1.

We defer the proof of this lemma to Section 5, and first show how the theorem follows.

Theorem 4.2. Suppose G is a graph on n vertices with minimum degree 0.791n, where n is large.
Then the largest triangle-free and largest bipartite subgraphs of G have equal size. Therefore
8. <0.791.

Proof. Let G be a graph on n vertices with minimum degree dn. Then e(G) > %Snz. We will
suppose that b(G) < 1(G) and show that we can derive a contradiction when § = 0.791. This
will show that §. < 0.791.
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Let H be a triangle-free subgraph of G with e(H) = ¢(G) maximal, and write e(H) = tn?.

Since 1 (G) = b(G) > e(G)/2 we have t > §/4. Set y = % — €, where € is chosen as in
the statement of Lemma 4.1. Construct a sequence of graphs H = H,,, H,_1, ..., where if Hy has
a vertex of degree less than y k we delete that vertex to obtain Hx_1. Let I" be the final (possibly
empty) graph of this sequence. Write |V (I")| =an and e(I") = BIV(IM)|?. Then I' is a triangle-

L 1 ) :
free graph with minimal degree §(I") > y|V(I")| and e(I") > e(H) — )/((”Jzr ) — (a"; ) ie.
1
Bal=n"2e(I') >t — 57/(1 —a?)—0(1/n),

or equivalently (28 — y)a? > 2t —y — O(1/n). By Lemma4.1(i) 2t —y > 0,sothen28 —y > 0
for large n, and.
o> 2y .
26—y

By Lemma 4.1(i) y > 5/14, so by Theorem 2.1 I" has F;-type for some d < 4. Let d be such
that I" has Fy-type but does not have F;-type for any i < d.

Suppose first that d = 1, i.e. I" is bipartite. In this case e(I") < |V (I") 12/4 by Turan’s theorem,
i.e. B < 1/4. The number of edges of G incident to vertices in V(G) \ V(I') is.

m= Z d(v)—e(V(G)\V(F));(1_(1)”.8”_((1—05)n>.

2
veV(G\V(I)

)

Applying Lemma 3.2 we have.
t=n"2t(G) = n"b(G) = n"*(e(I") +m/2)

L oAy Yo - L o2
>t 2y(l a)+2(8(1 o) 2(1 a)).

Cancelling a factor 1 —« gives y (1 +«) + %(1 — ) > 4, and since y < 1/2 this can be rewritten
as.
142y —2§
< —
1—-2y

Combining this with inequality (5) gives (2t — ) (1 —2y)* < (1 +2y —28)%(28 — y), and since
B < 1/4 we have (1 —2y) (4t —2y) < (1 +2y — 28)2. This contradicts Lemma 4.1(ii), so this
case leads to a contradiction. Note that if 7 > 21—0((9 — 108)? 4 4) then we may choose y =2/5
to satisfy inequalities (i) and (ii) of Lemma 4.1, which immediately gives a contradiction, as by
Theorem 2.1 we know that I" can only be bipartite. Therefore we can assume that.
(9 —108)> + 4
r<—
20

For the case d =4 by Lemmas 2.2 and 4.1(iv) we have 8 < %yz — 54y + 1 < ¢, and then by
inequality (5) we get the contradiction o > 1. Likewise, in the case d = 3 we get 8 < 36y2 —
27y + 21/4 < t, which again gives the contradiction « > 1. Therefore we conclude that d = 2,
i.e. I" has Cs-type.

By Lemma 2.2 we have 8 < 5y% — 4y + 1, so by inequality (5) o >

Q)

2t—y > 2t—y
28—y Z 10y2—9y+2°
Now by Lemma 4.1(v) we have o> > 1/4, i.e. « > 1/2. It will also be useful later to rewrite
inequality (5) as

9 1
<5y2—§y+1>a2+§y>t. @)
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Write

p=2n"2eg(VIG\ V), q=2n"2eg(V(I)),

r=n"2eq(V(IN), V(G)\ V().
Recalling that |V (I")| = an we have inequalities

0<p<(-a)?,  0<g<a®, 0<r<a(-—a). (8)
Also, by the minimum degree condition on G we have

Sa<n Y dw)=q+r., SA—a)y<n™ Y d@)=p+r. )

veV(I) veV(I)

Label the parts of I" as V;, i € Zs, so that edges of I" have type 1 in the terminology of
Lemma 3.3. By Lemma 3.3 we have

2 3
n2b(G[V(I)]) = S@/2+en) = 5eo,

where we have denoted the number of edges of G[V (I')] of type i by e;n?* (slightly modifying
the notation used in the lemma).

Now by Lemma 3.2
t>n"2b(G) =n2b(G[V(I)]) + l(p/z +r)> lp + lq + lr + zel — ieo
- - 2 47 57 2 5 10

Also, we have e; > n2e(I") > 1 — %y(l —a?) — O(1/n), so taking n large we have

111 2 1 ») 3
t=2-p+-q+-r+=-|t—zy(1-0))— —eo,

47751 T s\ 2 10
> 2 py i ] (1—a?) ! (10)
> — = -r— = —a”) — —ep.

P39 T3 2

To make further progress we want to see how small the right-hand side of this inequality can
be, subject to inequalities (8) and (9) that we know for p, g, r. This is a simple linear program,
which can be solved as follows.

We need to purchase units of p, g, r at prices 5/12, 1/3, 5/6 to satisfy inequalities (9) as
cheaply as possible. Since a unit of r is the most expensive, and contributes the same as p or
q to either inequality, we want to make r as small as possible, subject to being able to satisfy
inequalities (8). Therefore,

r =max{da —a?,8(1 —a) — (1 —)%,0}, p=381—a)—r, g=08a—r.
Now §(1 —a) — (1 —a)?>0,since § >1/2>1—a,and §(1 —a) — (1 —a)? — (o —?) =

(1—=8)Q2a —1) >0, since « > 1/2, so we have
r=8(1-a)—0—a)?, p=>0-0a) g=0o>—(1-=58Qax—1).
Also, Lemma 2.2(i) gives %eo < %(30)/2 — 24y + 5)a?, so substituting into inequality (10) we
have
5 ) 5 2
t>2=(l-a)+-(*—1-8Qa—1)+=(8(1 —a) — (1 —)?)
12 3 6
1

—gy(l—az)—%(30y2—24y +5)a’. (1)
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Combining this with inequality (7) and applying Lemma 4.1(vi) we find that there is no solution
with 0 < o < 1. This contradiction completes the proof. O

5. Proof of Lemma 4.1

Before starting, we remark that the reader may find a computer algebra package helpful in
verifying some of the following computations. Let § = 0.791, suppose 1 > ¢ > §/4, € > 0 and
sety = % — €. We will use the notation x =yt ztomean y — 7 < x < y + z. We also
write s =4t — 45 + 3 and note that s > 3(1 —§) > 0.

(1) We can compute fi—t =8(1 — (S)zs_2 so 0 < ii_}z/ < 8/9. Therefore to show that 5/14 <

y < 2t it suffices to check it for ¢ = §/4. Then we may compute y = % —€ =0.36£0.001
for small €. Since 5/14 = 0.357 £ 0.001 and 2t = 0.791/2 = 0.3955 we have 5/14 < y < 2t.
(i) We have
(1 —2y)(4t —2y) — (1 42y —28)> =2s¢ > 0.

Now suppose also that 7 < t* = ((9 — 108)2 +4)/20. Then we have s =41 —45 +3 < 20(1 — 8)2.
(iii) Suppose that y < 3/8. Let g1 (y) = 36y% — 27y + 21/4. Then we can compute

d? t
%()) =576(1 — 8)2(24(1 — 8)> — s)s~* + 0(e).
Since s < 20(1 — 8) we have % > 0. Therefore + — g1(y) is a concave function of ¢ so

to show that it is positive it suffices to check the extreme values t = §/4 and ¢t = ¢/, where
t' =0.215 £ 0.001 is the value of ¢ at which y = 3/8. We have

1
8/4—g1(y(/4) = Z(1055 — 6452 — 43) + O(e) = 0.002 £ 0.001 + O(e) > 0,
and
' —g1(3/8)=0.02+0.01 + O(¢) > 0,

for small €, as required.
(iv) Suppose that y <4/11. Let g2(y) = %1/2 — 54y 4 10. Then we can compute

d? t
% =1296(1 — 8)*(22(1 — 8)* — 5)s~* + O(e).
Since s < 20(1 — 8)% we have ‘ﬁ% > 0. Again r — g>(y) is concave, so we need to show that it

is positive at the values t = §/4 and ¢ = t”, where t” = 0.201 & 0.001 is the value of ¢ at which
y =4/11. We have

1
8/4—g2(y(8/4) = B(8445 — 52887 —337) + O(e) =0.015 £ 0.001 + O(e) > 0,

and
" — g2(4/11) = 0.02 + 0.01 + O(€) > 0.
(v) We need to show —2—L— > 1/4, i.e. 8¢ > g3(y) = 10y% — 5y + 2. We compute

10y2—9y+2
‘Lg(”) =40(1 — 8)*(s — 8(1 — 8)%)s > + 0(e),
d’g3(y (1))

T3 =3200— $)?(12(1 =8> —s)s ™ + 0(e).
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Now 12(1 — 8)2 —s < 12(1 = 8)2 = 3(1 — 8) =3(1 — 8)(3 — 48) < 0, so "Zg;(% <0. We
deduce that w is minimised at ¢ = ¢*, where its value is m + O(¢). Therefore, the
derivative of 8¢ — g3(y) is at least 8 — ﬁ + O(¢€) > 0, so it is enough to verify the inequality

8t > g3(y) at t = §/4. We have 8(6/4) — g3(y(8/4)) = %(178 — 1082 —7) 4+ O(e) =0.08 +
0.01 + O(e) > 0, as required.

(vi) We write the given inequalities as fij(«) > 0 and fr(«) > 0, where f;(x) = cz,iaz +
criot 4 co for i = 1,2, with c1 =5y =3y + 1, c1,1 =0, co1 =y/2 —t and ¢35 =
By2— By 43 cla=—§(0—08).con=45y — 38+ 15+t Write A; =}, —4c,ico,i for the
corresponding discriminants. We compute

c1=(1- 5)2(20(1 — 8% — s)s_2 +0(e) >0, and
2= %(20(1 —8)2 —5)(36(1 = 8)> —5)s ™2 + O(e) > 0.

The roots of f; are £r, where

—1/2

1
r = 551/2(1 —8) 712001 = 8)* —5) " /741 +1-26) > 0,

since4t +1—-25§ >1—§> 0. Since c3,1 > 0 and o > 0 we must have o > ry.
We find
d 1 _
% = (- 8)1(20(1 — )2 + 5(30(1 — 8)> — 5))s~/2(20(1 — 8)> —5) /* > 0.
s
Numerical computation shows that r{ = 1 for some ¢ in the range 0.2054 +0.0001. If > 0.2055
we would have the contradiction @ > r; > 1, so we must have ¢ < 0.2055.
Also

Ay =(=85+1)(8 —0.32+0.01)(r £0.1)(r — 0.2058 £ 0.0001)
x (t—0.23£0.01)(r —0.4+0.1).

Since 0.197 £ 0.001 = §/4 <t < 0.2055 we see that A, is positive so f> has real roots. Denote
these roots by r21 and ry 2, with 721 < r2.2. Numerical computations show that 15 > 1 for
t < 0.2056, so we must have o < 1. Now we have r| <« < r2 1. But computations show that
r1 > rp,1 for t < 0.2055, so we have a contradiction. This shows that the inequalities fj () >0
and f>(«) > 0 have no common solution 0 < @ < 1, so we are done.

6. Concluding remarks

Our proofs actually show that in a graph on n vertices with minimum degree at least 0.791n
the largest triangle-free graph must be bipartite. There is some slight room for improvement in
our bound using the same methods (say to give §. < 0.7909), but a significant improvement
seems to require a new idea. We believe that the lower bound in Theorem 1.1 gives the correct
value, i.e. 6. = 3/4. There are two obstacles to pushing our approach towards this. The first is
our analysis of the Cs-type case, which is certainly not optimal. The second is the classification
of triangle-free graphs with given minimum degree, as Theorem 2.1 does not help for § < 10/29.
One can check that when § = 3 /4 + € we need to choose y = 1/3 4 O (¢) (with the same notation
as in the proof) to deal with the bipartite case. For such y Thomassen [6] showed that triangle-
free graphs with minimum degree yn have chromatic number bounded by a function of €, but
probably more precise information on the structure would be needed to make this approach work.
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