6.2. The ordinals
DEFINITION 6.2.1. A set X is transitive iff whenevera € be X, a € X.

DEFINITION 6.2.2. A set « is an ordinal iff it is transitive and well-ordered by E
THEOREM 6.2.3. w s an ordinal. So is n, for everyn € w.

PROOF: w is transitive because if m € n € w, then m € w. The statement that natural
numbers are transitive is proved on the problem sheets.
We have also proved that w and its elements are well-ordered by E U

THEOREM 6.2.4. If o is an ordinal, then so is at.

PRrROOF: First we show that a™ is transitive.

Suppose v € B € at. at = a U {a}, so there are two cases.

If 3 € {a}, then 3=a,s0ov€aq,sovyeat.

If 3 € a, then v € a because « is transitive, so v € a™.

Now we show well-ordering. Suppose S is a non-empty subset of a™.

There are two cases. If SN« # &, then let 3 be its least element. Since § € a, ( is
the least element of S.

If SNa =, then S = {a}, and obviously « itself is the least element of S. [J

THEOREM 6.2.5. If a and (B are ordinals, then o C 3 or 3 C «.

PROOF: Suppose not. Suppose a Z 3 and § € «.

Then o N [ is transitive, for if £ € n € aN B, then £ € n € a, so £ € « since « is
transitive, and £ € n € 3, so £ € [ since ( is transitive. So £ € a N (.

Let v = min(a \ ), and 6 = min(S \ «).

We argue that v = ang. If £ € v, then £ ¢ a\ 8. On the other hand £ € v € a,
sof €a. Sofe€anpf. Nowif & ¢, then £ ¢ an 3, for otherwise, £ € «, so since « is
totally ordered, £ = v or £ 3 v; and since o N 3 is transitive, v € a N g, ><

Similarly § = N 3. Hence y =6 € an g, >¢. O

THEOREM 6.2.6. If a and 3 are ordinals, then o C 3 iﬁaiﬂ.

ProOF: <) If a = 3, then obviously a C 5. If a € 3, then for all v € a, v € § by
transitivity; so a C .

=) Ifa C G, but a# G, let v =min(f5 \ a).

As above, v = a, so a € 4. [J

DEFINITION 6.2.7. If a and (8 are ordinals, then o < f3 iﬁagﬂ, iff a C 3.
THEOREM 6.2.8. Suppose A is a set of ordinals. Then |J A is an ordinal.

PROOF: We show first that | J A is transitive. Suppose v € 5 € |JA. Since § € A,
there exists a € A such that § € . Since « is an ordinal, it is transitive, so v € . Then
v e A

Now we show that | J A is well-ordered. Suppose S is a non-empty subset of | J A. Let
a € S. If «a is the least element of S, then we are done, so suppose not. Then there exists
0 € « such that 8 € 5; that is, S N« is a non-empty subset of a. Since « is an ordinal,
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it is well-ordered. Let 3 be the least element of S N a. If v now is any element of S, then
either v € a, when v > (3 as shown, or v ¢ . Then 7204, SO 725, as required. [

DEFINITION 6.2.9.  An ordinal « is said to be a successor ordinal iff there exists and
ordinal B such that o = B3+.
An ordinal v is said to be a limit ordinal iff it is not 0 and is not a successor ordinal.

ExXAMPLE 6.2.10. w 18 a limit ordinal. All non-zero natural numbers are successor
ordinals.

THEOREM 6.2.11. X is a limit ordinal iff for all o € X, a™ € \.

PrROOF: If a € A, then A # a' or A would be a limit. Also & C X but A € a. Let
BeM\ o Then 3¢ a. SoaSp. Soaec soat CA Hence at <\ soat e\ O

THEOREM 6.2.12. Suppose A is a non-empty set of ordinals.

If A has a greatest element o, then |JA = «.

Otherwise, | J A is a limit ordinal, and is the least ordinal greater than all elements of
Q.

PROOF: If «v is the greatest element of A, then for all 5 € A, 5 C . Thus |JA C . The
reverse is clear.

Now suppose A has no greatest member.

If B € A, then there exists v > [ such that y € A. So v C |JA, so vy < JA, so
8 < UA.

Now suppose v > ( for all 5 € A. Theny D g forall € A, sovy2JA. Sov > JA.
O

PROPOSITION 6.2.13. Let o be an ordinal. Then o is the least ordinal greater than o.

ProOF: Certainly at > «. Suppose v > a. Then v > a, so {a} C v. Also v 2 a. So
v 2 aU{a}=at. Sovy > a' as required. OJ

PROPOSITION 6.2.14.  Let a be an ordinal, and let f : o« — « be an order-preserving

function (ie. v € 6 implies f(y) € f(9)).
Then for all B € a, f(B) > 5.

PROOF: Suppose not. Let S = {8 € a: f(8) < S}

By assumption, S # &, so S has a least element v. Since v € S, f(y) < . Since
f(v) <~ and = is the least element of S, f(f(y)) > f(7)-

Now, f(v) <~ while f(f(v)) > f(v), < tothe assumption that f is order-preserving.
0

So J is the supremum operator on sets of ordinals.
COROLLARY 6.2.15. X is a limit ordinal iff X is non-empty and

A= Jara <A}

(More snappily, A =JA.)
Uat =a.
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