
Introduction to Soergd bimodal

1
.
Motivation

How to prove the Kazhdan- Lustig conjecture for the characters of Vermas in the principal block Oo?

[ 144.0) : L (x. O) ) = hy .x H)

K! polynomials .

We need to relate Oo and H
,
the Hecke algebra corresponding to (Wis) .

However ko cool = NEW] (no f) .

Ideally we would live to relate Oo to some category of graded Cbi ) modules, whose
'Grothendieck group could

be a 21am-'I -algebra, hopefully H .

Idea of Soergd : study the functor N : -- Homo
.

( Pcwo- o) ,
-7 : Oo → End (Plwo.D) = GUY - mod

- mod w

"
co invariant algebra

"

c'"It

naturally graded !

Now Vl is by no means an equivalence, but it is sufficient to prove
the kazhdau - Lustig conjecture ! In fact

it offices to show that the image of this category under V Hk category of Gergel modelers )

categories the Hecke algebra in such a way that indecomposable category the KL basis
.
(More on this at the end)

.

Then properties of this functor with our knoiledge of category O give a clean proof of KL .

This categoryration is an algebraic combinatorics endeavor and it will be our focus today .

2. The Hecke algebra

Definition . A Coxeter system (Wis) is a group and a finite set S C W such that W = ( S l R )
,

where the set of
relations is :

e s
'
= 1 HsES

"

quadratic
"

• Sts .
. .

= tst. . . t Fs,tES
" braid "

II Tse

Example : W -

- Weyl group , S = simple reflections

There is a faithful representation attached to every Coxeter system .

Definition (Geometric representation) : let V = IRL as : SES 9
,
where as are formal variables . Define a form C- i -) on V by

(as.ae) = - cos I
Mst

Then S acts on V via its SCH : = X - 2 (X.as)as

( If CW ,
s) comes from a lie algebra, this is the

"

tautological
"

representation of the Weyl group)



Definition . The Hecke algebra associated to CMS) is the unital associative algebra H = HCW) over 21h
, v
- 'I generated

by the symbols 1 Ss : s ESS such that

• Ss
'
= ( v " - v) Ss -11 "

quadratic
"

← (Ss - r -' / (Ss tr ) = O "eigenvalues offs are v
" and -v

"

• fsfe . - - = St Ss . . .

"

braid
"

- -

Mst Mst

Note that specializing to r=1 one gets the group algebra ECW]

Two 21h, v
-J - bases :

• Standard : { f× : XEWI ( Here we take a reduced expression * = si. . . .sn and define Sx = Ss
,
: . . - Ssn

• Kazhdan - Lustig : 1b× : xewg characterized by ,
r
bi = bx ( Kl involution : If §!! = & + (V -V") extended mdfiplicafiuely)
\
bx= Sx t § . hyx Sy for some hyxe run "degree bound

"

In particular , bs= 8
,
t v

,
so that

BJ = 8
,
+ (v-v") + V

-'
= bs

Exarate W-- Sz , S -- hath Easy fact: Xs > x

bit 8×8, = L t"Sxs t (v " - v ) Sx xcxs
b.
g. = Ss TV

be = Setu

bt.bg = 8¥ tv Set v Sst v '
Sts

- -

self- dual degree bound mis bts = bebs

bst = bsbt

bts - be = (Sts tv Set v Sst v2) ( Setu )

= SIE t v ( (v " - v) Seth) tv Sse + v2 ft t v Sts t v2ft tu'S, tv3
fest

= Stst t v Sgt t vfest rats + (Itv2) ft t Ktv')

⇒ best = bts - be - be



3
. Soergel bimodules

let V be the geometric representation of V ,
and let R-- Sym CV) .

We view this as a graded
algebra where dglv ) =2 .

We can also write V= lR[as :S ES] and set dgcas) --2 .
(Real version of Uchi . . . )

Note that we have a natural action w CR
.

Take a set ICS (such that WI :=L I> is finite)
.

We will use the notation RI--RNI (sometimes dropping brackets)

For instance
, if W=Sz, 5=389 .

Then 12=11263
,
ski = -x and Rs = IRK']

.

In fact we have
that as Rs -bimodcks

,
R= Rs to Rsa

.
Since as has degree 2, we have an isomorphism of graded Rs - bimodules

For me
,
Malia Mit's

R= R' to RSC-2)
.

This holds for any (W , S) after fixing s ES
.

In this case Rs = IR last net cos e)as it Is ]
S ( at too e)as ) -- de-12cost Ks - cost das

We still have a map Os : R → Rs C-z) such that o → Rs → R- R'C-21 → 0 splits .

.

Definition .

For SES the Demaree operator Os : R → Rsc-2) is the graded map fins k¥8) ( as I f-a÷!!! )
Then we have an isomorphism of Rs- bimodules R → Rs ① RY-2) ( Inverse : Iginla Ig + fash )

Emme (properties of Demazooe operators)
t → (Osha) . dslf ) )

(prove only : )

H) Os is an Rs - bimodule map .

•

(2) Sods = Is
,

Osos = - Os

(3) 82=0
(4) Twisted Leibniz rule: B.Cfg) = Os g t scf) - Osby) •

(s) ( f , g)s := Oscfg) is a perfect pairing RXR → Rs •

(G) got
. .

.

= Ieds - - -

Tse

Proof : CH For ftp.go-R , g) = 8k¥18) = L8÷sG) , fogg) .
(2) For f ERS, sCOsCfH=sC÷f=0sG) . Also

, 96Gt) -- SGI = - Ilf) .

Ls

(3) dslrs --O and ImCds ) = Rsfz)
.

141 oscfgt-fg-g.sk ) = fg8 t 8¥38) = GG)g + scfloscg) .

Ls

Cs) R Is Hom ( R ,
Rs) 7

Rs
°

f n (gns Os Cfg))



Injective : Os Cfg) -- O Fg ⇒ Os Cf) -- OsCasf 1=0 ⇒ f :O

Surjective : let 4 : R → Rs
.

Then the map hrs 0sCfEft-g)h) sends AN Os Kif tz g) = f
th f as- Osl Ift Eg) = g
as↳g

(6) ma -- 2 ⇒ st -- ts ⇒ BE gin. O
, (LIII) ) =

I
-

"t)
=

l - HA -she still ⇒⇒g,
As Lt Ls

my =3 . ..

Definition : Ow Is
,

-

-

. - Dsn
, for I -- si. - isn a reduced expression .

temark : low 9W EW are a basis for the Nil Coxeter algebra associated to (Wis) (by definition )

We restrict our attention to the monoidal category of graded R -bimodal which are fg. as left and right R-modules .

We will sometimes write ° for ④
r .

Definition Denote Bs := Rips RH) . The Bott - Saindon bimodal corresponding to an expression we = si . . . - su is

BS(E) '
- = Bs

,
-

. . -

- Bsn

Pekarek's :O
.

BSk) = Ripe. R per - - - *R (the))
The element 1 ④

Rs. . .
-④pent lives in degree - lte) .

• B.Stat - Baek Baat)

HI . Bs = R ④Rs (Rs⑦ Rsl-2)) G) = R④µRsG) to Rxqzs Rsc- I ) =

,
RCM ④ RC- 1) . ( substituting on the left tensor gies

Proposition . Any BS bimodule is graded free as a eye aight, promos deed
.

left R- modules
the result for right R-modules)

proof : they are tensor products of free R-modules (see remark) . B

Q : what is the splitting in CH ?

A : Bs = R . H④ 1) to R . I ( as ④At 1 ⑤as)
-
-

def -1
-
dgt1_

RCN
.

RC-1)

Some geometric motivation: let Pi be the minimal parabolic corresponding to the simple root di . Then B" ads on Pax. . - xpu. via

Cp,bi' , b. pabi
'

. . .
. , but pubi

')

and Pix. . .xPyµ. = Bsa , the Bott-Saurelson variety .

We have an obvious map Bsa → GIB ,
whose image is the Schubert variety

BwT§ , and this map is a resolution of singularities . Now BOBSue and B&w) = HI ( Bse) .
.

Definition .
A Soergelbimodule is a direct summand of a finite direct sum of grading shifts of Bott- Samuelson bimodles

.

The category of Soergd bimoduks with morphisms given by maps of graded bimodules is denoted $Bim
.

Alternatively : the Cto
,
E. ④ , Cn) ) - category generated by R

.
Bs uses

.

Warning : morphisms in $ Bim have degree O, but in 113813in they are allowed to have any degree . . . Count)

Fact : $Bim has the Kroll - Schmidt properly : every object decomposes uniquely into finitely many indecomposabks .
Break ?



4. Categorization

So how does $Bim categorify H ? Let us look at indecomposable in some examples .

Example : W-- Sz
,
S -- 1st

.

Then R is indecomposable .

How about Bs ?

Lemmy : If a graded R - bimodule is generated by a single homogeneous element (i.e . M -
- RMR)

,
then

M is indecomposable .

Prod: let D= dglm) . Then Md = (Rm RY = Rom RE Rm
.

Now suppose M -- L ①D
.
Then Md = Ld⑦Dd

,
so

m lies in one of the two and the other one most be zero . D

Ne can conclude that Bs = R (tips 1) R is indecomposable .

More indecomposable ? Look at Bs Bs = RqsR④rsR (2)
= Rips (R'⑦ Rsc-2)) ④ps RG)
= R④psR (2) to R④Rs R
= Bsa) to Bsl-1)

Clearly R and Bs are the only indecomposable up to shift . Spoiler : in the Hecke algebra , bi -- Cvtvtlbs .

Example : W--Ss
,
S -

- hs.tl .

So far we have R
,
Bs

,
Bt

.
Now BsBe= RqsR⑤µRG) .

Claim : BsBe is generated by 1%1 ¥1 ,
and is therefore indecomposable . [This trick will work for any pair sit with mats]

7
Proof : It suffices to show that the middle R is generated , in other words

,
that Rsl Rt =R? + Rt -- R .

Recall that RS -- Klas', at fat] , Rt -- RHI , att Eas) . B (This will hold whenever mst to )

We denote Bse = Bs -Be
, Bes - Bt - Bs

.

Observe that this proves Bs # Bt since Bj is decomposable
while BsBe is not

.

Creed bsbe --bst)

The next case to look at is BsBeBs = Rag Ref R RC?) .
It has a copy of Reg,eRC3) : f go.es Is fqt¥lqg

though it is not clear that lmk) is in $Bim
.

Ce
Ct - f = f. Ce - .

We also have a map 4 : Bs → Bs Be Bs -

Igot a E ( lxosaexoe Agh t 1×91 txt ) = A ( Ike# t 1¥# ) # 1

Clearly lmk) h Im =D
, and some completion shows lmcclltlmtx) = RE RE R Rts).

It follows that Bsts : -- R RC's ) lies in $Bim since BsBeBs = Bst Bst (compare to bsts -- bsbebs - bs)



Note that what we would call Best is again Rg ,eR , so
"

Bests ⇐ Best
"

.

Next
,
observe that BsBt Bs = Bus ⑦ Bs

IH

Bs Bs Be = BsBeth ⑤ B,Bell)

H follows that Bse f- Bes !

Finally , recall that we have a splitting R -- Rs ⑤ Rsl-2)
,

which can be regarded as one of CR
".RS/-bims

.

Therefore Bsts Bs = R g.e R R (4)

= R ④ (Rs ① Rsc-2))④ R (4)
pal Rs

= RE.eR(4) to R %, R (2) = Bses (1) to Bstsl-t) .

Therefore BstsBs = Bests (1) ⑤ Bests C-1) = Best Be = BseBt

Bs Bests I Bst's A) to Bses G1) = Be Best = Be Bsts

Sake

calcletion , other

This shows :
side

• There are no more indecomposable,

• Bests ¥ the previous ones

In summary , there is an indecomposable per element of W ,
and qualities on the level

of H are lifted to isomorphisms in $Bim .

Example : W -- 8×52
,
5=1 sits

Then R tops,
Rh) Is BsBt = RqsRqeR (2)

1*1 - 1g r ¥1

since Rs't = IRE as' , de
') and so given f q g Eh , we can write g

-

- go tag,
t asg , uniquely

in

Rst
ie . fxqgxqh-- lftgotaeg . ) og l E ( h t age) .

This gives a well defined map (by uniqueness) which is inverse

-

to the previous one .

It follows that Bst -Bts
,
and

therefore Bst Bs = Bes Bs → no new ihdecomp .
⇒ HR,

Bs , Be ,
Bse f



5. Upshot: Soergel 's categorisation theorem

Consider the split Grothendieck group of $Bim
,
ie
.

the abelian
group generated by the symbols

[B] for B E Ob( $Bim) , subject to CBI = [B'It [B"] whenever B - B'⑦ B "
.

This has a ring structure

due to the monoidal structure on $ Bim
, and grading shifts make it into a Dairy - algebra via

v. CBI = [BAD .

Soergd 's category-fication theorem
-

H) There is a bijection W <→ I indecomposabks in $Bim4/gh;µ
w rs Bw

For a reduced expression w -- si. . . - su
,

Bw is a summand of Bs
.

'

. . .

- Bsn

(2) There is an isomorphism

H - I $Bim]⑦

b× '→ [Bx?

with inverse ch : $Bim → H ( ch can be defined explicitly)

Remark : the fact that ch (Bx) = bx was known as Soergd 's conjecture . Soergel proved it appealing
to the decomposition theorem from geometry . An algebraic proof for all Coxeter systems was published in 2014 by Elias + Williamson.

Incidentally , this proves the positivity conjecture for all Coxeter systems) .

Final remark : in this talk we essentially proved that the map H → E 'SBimbo is a

homomorphism if mst Eh 2.39 V-Sites
.

However
, proving this in general manipulating polynomials

becomes very difficult and motivates defining diagrammatic for this category .


