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Abstract

This thesis contains two parts.

In Part 1 we introduce a perturbed complex Chern-Simons functional,

Cη, on the space of SL(2;C) connections on a three manifold and study

the critical points. We explain how picking a particular perturbations

lead to a discrete set of critical points. This discrete set of points ad-

mits a compactification coming from Culler-Shalen theory. The pertur-

bation can also be used to study links, and we give some example crit-

ical points of C that relate to certain knots and links. We then study

the gradient flow of Re(eiθCη) and consider compactness and expo-

nential decay properties of solutions under finite energy assumptions.

Solutions to this gradient flow are solutions to the Kapustin-Witten

equations on the cylinders I × Y 3. We explain how the functionals Cη

can be used in proposals of new three manifold invariants by Haydys

and Witten.

In Part 2 we study solutions to the unperturbed Kapustin-Witten

equations that admit Nahm pole singularities. We prove that if a

solution to the gradient flow becomes singular then it admits a Nahm

pole singularity and satisfies the conditions outlined in a proposal by

Witten.
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Notation Conventions

Throughout this thesis we will, unless stated otherwise, stick to the following

notation conventions.

• The letters X and Y will always denote smooth manifolds. Most of the

time the manifold Y will be closed (compact without boundary) but we will

sometimes consider Y with boundary. If we are considering a four manifold,

we will denote it by X. Y will be used to denote three manifolds. The four

manifoldsX will typically, although not always, be of the formX = I×Y , for

an interval I ⊆ R. If the primary application of a result will be in a certain

dimensional setting we will use the corresponding letter in the statement of

the result.
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• Principal G–bundles, for G compact, will be denoted by P → X, where X

is the base manifold. For a compact lie group, G, with complexification GC,

we will use PC to denote a principal GC bundle. We will often consider PC

as the complexification of a bundle P , where P ⊆ PC is a G reduction.

• For a principal bundle P → X, the bundle associated to the adjoint action

on the Lie algebra will be denoted by gP . Hence the bundle gPC
∼= gP ⊗ C.

The bundle AdP → X denotes the bundle associated to the adjoint action

of G on G, where G is the structure group of P .

• Let E → X be a smooth fibre bundle over X. We will denote the space of

smooth sections of E by Γ(E). This is the space of maps X → E such that

they are the identity when composed with the bundle projection. We will

denote by Ωp(E) the space of E–valued p forms. That is

Ωp(E) ∼= Γ(E ⊗ ΛpT ∗V )

• We will use capital fraktur letters, for example A, B, to denote connections

on bundles with complex structure group and Latin letters, for example A,

B to denote connections on bundles with a compact structure group. We

will use Greek letters, typically ϕ, to denote imaginary parts of complex

connections (see Definition 3.7). Hence, when considering connections on a

principal GC–bundle PC → X, we will often write A = A+ iϕ where A is a

connection on a G reduction of PC and ϕ ∈ Ω1(gP )

• We will want to consider completions of the spaces of smooth sections with

respect to certain norms. These norms will be tend to be standard norms,

for example L2 or C0,α. Given a bundle with an appropriate structure,

for example, a normed vector bundle, we will use the following convention

to denote spaces of completions. For example L2(Γ(E)) will denote the

L2 completion of Γ(E), and C0,α(Γ(E)) will denote the Hölder space with

exponent α taking values in E.

• If we have a section ϕ ∈ Ω1(gP ) of the adjoint bundle, then we define

ϕ ∧ ϕ =
1

2
[ϕ, ϕ] =

1

2

∑
i,j

[ϕi, ϕj]dx
i ∧ dxj

where ϕ = ϕidx
i in local coordinates.
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• When considering principal GC–bundles we will assume that the bundle

comes with a given choice of faithful representation

GC → GL(n;C).

In particular, it will make sense to talk of the trace and matrix products of

elements of the adjoint bundle.

• When considering the Hodge star, ∗, of forms valued in complex vector

bundles, we will always mean the anti-complex linear extension of ∗.

• When considering S1 = {ei2πt} we will use t ∈ [0, 1] to denote coordinates

on S1.
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Chapter 1

Introduction and Background

Let PC → Y be a principal GC bundle on a compact manifold Y , where GC is the

complexification of a compact group G. Denote by AC the space of connections

on PC and pick a flat background connection B ∈ AC. The main object of study

in this thesis is a complexified version of the Chern-Simons functional,

C : AC → C, A 7→
∫
Y

tr

(
a ∧ dBa+

2

3
a ∧ a ∧ a

)
, (1.1)

where a = A −B ∈ Ω1(gPC). The Chern-Simons functional, when working with

a compact structure group, is a key tool in the gauge theoretic study of three-

manifolds. In particular, its critical points correspond to flat G connections, which

can be counted to recover the Casson invariant of the three-manifold, [Tau90], and

its gradient flow (with respect to the L2 metric on TA = Ω1(gP )) is used to define

Floer’s instanton homology groups, [Flo88].

The motivation for studying the complex version of the Chern-Simons func-

tional is to use it to construct new invariants of three-manifolds, and to give gauge

theoretic interpretations of known knot invariants.

Formally it is quite straightforward to replace a compact group G with its

complexification GC when considering the setup of various gauge theories, but

one quickly runs into issues. An obvious first problem is the non-compactness of

the groups GC (see Proposition 3.3). This non-compactness implies that for any

relevant vector bundle in the theory, there is no choice of inner product invariant

under GC gauge transformations. This means that one cannot define norms on

the relevant spaces of sections required for the linear analysis. As we discuss in

Chapter 3, to solve these issues one can restrict the bundle automorphisms to

those coming from G valued gauge transformations, where G ⊆ GC is a maximal
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compact subgroup.

When the structure group has been reduced to G, it makes sense to talk of the

real and imaginary part of a connection A ∈ AC – see Definition 3.7. That is, we

can write

A = A+ iϕ

for ϕ ∈ Ω1(gP ), where P ⊆ PC is the relevant G reduction, and A is a connection

on P . If we consider the GC orbit of a connection A ∈ AC then this is the disjoint

union of G orbits, as G ⊆ GC. Since we have removed gauge freedom by reducing

the structure group, in order to study the space AC/GC of connections modulo the

complex gauge group, we should pick a representative G orbit of each GC orbit.

The L2 norm of ϕ, with respect to a G invariant inner product, is fixed on G
orbits. A natural choice of G gauge equivalence classes to choose are the ones

which minimise the norm

∥ϕ∥L2 .

From an analytic point of view, this is the same as imposing the extra condition

d∗Aϕ = 0, see Lemma 3.19. We call a complex connection A stable if d∗Aϕ is satisfied

by some connection in its GC orbit. Not all elements of AC are gauge equivalent

to a connection with d∗Aϕ = 0. For the case of flat GC connections, whether a

connection admits such a representative was solved by Corlette [Cor88], building

on the work of Donaldson, [Don85], see Section 3.3.

With the Chern-Simons functional in particular, another issue that arises from

replacing G with GC comes from the properties of flat GC connections. Flat con-

nections are the critical points of the Chern-Simons functional, see Proposition 5.6.

It is a standard result that flat connections are in one to one correspondence with

the space of representations of the fundamental group modulo conjugation,

Hom(π1(Y );GC)/GC,

see Section 3.5.2. Taken as read, the space of flat GC connections will typically

be non-Hausdorff. This is due to non-reductive representations, which can be

conjugated to a representation arbitrarily close to being reductive (not stable in

the sense of Corlette), see Lemma 8.2. This issue can be solved by restricting

to stable flat connections. Even when restricting to stable connections, however,

many integer homology three-spheres have character varieties with positive di-

mensional components. These positive dimensional components mean that care

needs to be taken when studying the critical points of the Chern-Simons func-
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tional. The critical points will not be isolated in general and instead be described

by certain non-compact algebraic varieties coming from the representations of the

fundamental group of the manifold.

A flat connection can be in a positive dimensional family if and only if it

is degenerate, see Lemma 3.63. In three dimensions, due to Poincaré duality.

Our technique for handling degenerate connections is to introduce a holonomy

perturbation

η : AC → C.

This perturbation is a generalisation of the perturbation used in Floer theory

to remove non-degenerate flat connections. Floer was able to give a topologi-

cal description of the critical points of the perturbed Chern-Simons functional,

see [BD95]. These critical points can be described in terms of flat connections

on a manifold with boundary, and the perturbation imposes constraints on the

holonomy of the connection when restricted to the boundary. We generalise this

description of the critical points to the complex case and it to prove that the

critical points are isolated.

The structure of this thesis is as follows. In this introductory chapter, we give

an overview instanton Floer homology and Casson invariants, Picard-Lefschetz

theory and the Kapustin-Haydys-Witten equations, and then discuss applications

of gauge theory to knot theory.

In the first part of the thesis we study perturbing the complexified Chern-

Simons functional. This is done by considering so called holonomy perturbations.

These involve integrating connection one forms around closed curves in the man-

ifold. When working with connections defined in Sobolev completions we need

a general codimension trace theorem. We prove such a result, Corollary 2.6, in

Chapter 2 and also give some relevant results from Sobolev theory that we will

need in later chapters to prove that certain operators are bounded. In Chapter 3

we study principal GC–bundles with a choice of G–reduction, which we call com-

plexified principal bundles. In Chapter 4 we study harmonic maps on manifolds

with boundary. This allows us to generalise the Corlette-Donaldson theorem to

this setting. This is an important result to have in Chapter 5 when we consider

critical points of the perturbed Chern-Simons functional that satisfy d∗Aϕ = 0. To

study these critical points, the idea is to split the manifold into two components.

When restricted to one of the components, away from the support of the pertur-

bation, the critical points are flat GC connections satisfying d∗Aϕ = 0, but this

component has boundary. On the other component the connection reduces to an
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Abelian connection which are easier to handle analytically. Generalising the result

of Floer to the GC case, we are able to give a geometric interpretation of solutions

to the perturbed equations in terms of flat connections satisfying certain holon-

omy conditions on the complement of the perturbation. We finish the chapter on

the complexified Chern-Simons functional by deriving perturbed versions of the

Kapustin-Witten equations on cylindrical manifolds.

Once we have defined the perturbations we can then apply them to three-

manifold invariants. In Chapter 6 we study flat GC connections on Heegaard

decompositions. In Chapter 8 we consider example critical points when the per-

turbations are supported on neighbourhoods of certain knots and links in S3.

The last three chapters of part one consider the analytic setup for the Kapustin-

Witten equations on cylindrical four-manifolds. The ideas here are based off those

given in [Flo88] and [Don02] for compact structure groups, generalised to the com-

plexified case. The linear analysis in Chapter 9 relies heavily on the ideas discussed

in Chapter 3. The main results that we prove are compactness and exponential

decay results for solutions to the perturbed Kapustin-Witten equations. These are

key results in the study of the moduli spaces of solutions to the Kapustin-Witten

equations on cylindrical manifolds.

Part two takes on a rather different character. Here we study the alterna-

tive approach to three-manifold invariants using the Kapustin-Witten equations

proposed by Witten in [Wit11]. These invariants are defined by solutions admit-

ting a certain type of singularity known as a Nahm pole. We prove that under

certain assumptions on the real part of the curvature, the only singularities that

can occur are Nahm pole singularities. This is Theorem 12.5. Such solutions oc-

cur in Witten’s proposal for computing Khavonov Homology using gauge theory.

The motivation for studying these boundary conditions is to try and prove exis-

tence of solutions satisfying the Nahm pole boundary condition, and to gain an

understanding of the boundary conditions suggested by Witten.

1.1 The Casson Invariant and Floer Homology

In 1985 Casson introduced an invariant for homology three-spheres, see, for exam-

ple, [AM90]. Let Y be an integer homology three-sphere. The Casson invariant is

a signed count of representations

ρ : π1(Y ) → SU(2).
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modulo conjugation, defined by picking a Heegaard splitting of Y and counting the

intersections of the representation varieties defined by each of the elements of the

splitting. In 1990 Taubes proved that one could recover the Casson invariant as a

signed count of flat SU(2) connections modulo gauge transformations on principal

SU(2) bundles over Y , [Tau90]. It is a standard result that flat connections

correspond to representations of π1(Y ). Hence the content of [Tau90] is to show

that one can orient the moduli space of flat connections in a way that recovers

the orientation used to define the Casson invariant, as well as showing that there

are no issues coming from singular points in the space of connections. To do

this, Taubes uses a perturbed version of the Chern-Simons functional, orienting

the moduli space using the spectral flow of the Hessian of the perturbed Chern-

Simons functional on a path of connections from the trivial connection to the

critical point.

The perturbation used by Taubes is essentially the same as the perturbation

used by Floer in the construction of instanton Floer homology, [Flo88]. An outline

of the perturbation is as follows. One first picks a finite collection of disjoint,

embedded, loops γi : S
1 → Y along with disjoint neighbourhoods, N(γi) with

torus boundary for each loop. Since these neighbourhoods are solid tori, one can

parametrise their points by picking a point z ∈ D2 and a point on S1. Hence

N(γi) defines an embedding

Γi : S
1 ×D2 → Y.

For a given connection, one can then consider

ηi : A 7→
∫
D2

fi(tr(HA))dµ

where µ is a compactly supported two form on D2, with integral 1, fi : R → R is

a smooth function, and HA : D2 → SU(2) is the holonomy around the curve given

by the image of S1 × {z} under Γi. The full perturbation to the Chern-Simons

functional is then given by

η(A) =
∑
i

ηi(A).

Floer Homology categorifies the Casson invariant, in the sense that it defines

a cohomology theory whose Euler characteristic is the Casson invariant.
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1.1.1 SL(2;C) Casson invariants

The Casson invariant has been generalised (in different ways) to SL(2;C), see
[Cur01; AM19]. The construction of this invariant in [Cur01] is very similar to

SU(2) invariant except that one has to restrict the count to connections that lie

in a suitable subset of the representations. These representations are the ones

that lie in a 0 dimensional irreducible component of the moduli space of flat

connections. Since the SL(2;C) character variety is indeed an algebraic variety, it

decomposes into a finite collection of irreducible subvarieties. Some of these will

be 0 dimensional, and so there will be a compact set of suitable representations

to count.

The construction in [AM19] is more involved. A Heegaard decomposition of

gives two Lagrangians in the SL(2;C) character variety of the boundary of the

handlebodies. They then consider the Lagrangian Floer homology in these two

Lagrangians to define a homology groups associated to the Heegaard decompo-

sition. They prove that for a given three-manifold these homology groups are

independent of the choice of Heegaard decomposition. The Euler characteristic

of these homology groups can be used to define the Casson invariant. The Cas-

son invariants from [Cur01] and [AM19] are different, see [AM19, discussion after

Proposition 8.4].

In [Muñ25], for the special case of Seifert-Fibred integer homology three-

spheres, it is shown that one can recover the Casson invariant defined in [AM19]

from a count of perturbed flat SL(2;C) connections. The count is carried out by

considering the critical points of a perturbation to the Chern-Simons functional

given by

Sεθ : A+ iϕ 7→ Re(eiθC(A+ iϕ)) + ε∥ϕ∥2L2 + ε2η,

where η is a holonomy perturbation.

The procedure for carrying out these counts is quite involved. This is because

there can be infinitely many critical points for any ε > 0. To select a subset

to count, Mũnoz-Enchániz proves that as ε → 0 critical points either localise

around a compact set or are such that ∥ϕ∥L∞ is large. The precise formulation

of this is that there exists a compact, zero dimensional, subset of irreducible flat

connections, L, such that for sufficiently large constant C > 0 and open set U ⊇ L,
where U ⊆ {[A+ iϕ]|∥ϕ∥L∞ < C}, it can be arranged (by making ε sufficiently

small) that any critical point of Sθε is either contained in U or ∥ϕ∥L∞ > C.

With our perturbation, in general we get infinitely many discrete critical points.

One could hope to carry out some sort of localisation procedure as described but
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we have been unable to do so.

1.2 Picard-Lefschetz Theory

Picard-Lefschetz theory, see, for example, [Nic11, Chapter 5], is an analogue of

Morse theory for symplectic manifolds. With many caveats, instanton Floer ho-

mology is the study of Morse theory for the Chern-Simons functional on the space

of connections (modulo gauge) on a three-manifold. The resulting instanton Floer

homology groups are essentially the Morse homology groups defined using the

Chern-Simons functional. For the complexified Chern-Simons theory, it has been

proposed, see [Hay15] and [Wit10], that one can use Picard-Lefschetz theory to

study the topology of the space of complex connections on a three-manifolds to

construct invariants.

Definition 1.1. A Lefschetz fibration is a J–holomorphic map

f : Z → CP 1

where Z and is an exact symplectic manifold, such that f is a submersion away

from finitely many points critical points {p1, . . . , pn}, and at these critical points

the Hessian of f is non-degenerate. For a given Lefschetz fibration, it is use-

ful to cut out the singular fibres, so we define CP 1
0 = CP 1 \ {p1, . . . , pn}, and

Z0 = f−1(CP 1
0 ). In this section we describe a diffeogeometric approach to the

Fukaya-Siedel Category of a Lefschetz fibration due to Haydys, andonsider the

application of the theory to the complex Chern-Simons functional. This results

in the derivation of the Haydys-Witten equations and the Kapustin-Witten equa-

tions.

In [Wit10] Witten uses ideas from Picard-Lefschetz theory to define the eval-

uation of the complexified Chern-Simons path integral. Witten’s idea is that the

integration of certain holomorphic functions on a dimension n submanifold of a

2n dimensional complex manifold can be evaluated in terms of the homology of

the domain of integration – the prototypical example being contour integration on

C. Witten uses these ideas to suggest ways of calculating the partition of function

of the physical theory defined with the Chern-Simons action in an analytically

continued setting. This has lead to his conjectures on the Jones polynomial and

to his definition of the Haydys-Witten equations.

Haydys’ approach to the Haydys-Witten equations is more explicitly related

to Picard-Lefschetz theory. It turns out that the homology theory defined by a
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Lefschetz fibration can be categorified, see [Sei08]. We call the resulting category

the Fukaya-Seidel category of the Lefschetz fibration. In [Hay15], Haydys gives a

differential geometric description of the construction of the Fukaya-Seidel category

using the gradient flow of the real functions

Φθ : Z → C, Φθ = Re(eiθf).

This proposal was studied further in [Wan22]. Haydys suggests that these same

ideas applied in the infinite dimensional setting of the complex Chern-Simons func-

tional on the space of SL(2;C) connections on a three-manifold should allow one to

construct a categorial invariant of the three-manifold – to the three-manifold, one

associates the Fukaya-Seidel category defined using the three-manifold. We now

briefly describe the ingredients that go into Haydys’ construction of the Fukaya-

Seidel category.

The Fukaya-Seidel category is an A∞ category, and so as well as having mor-

phisms between objects there are also n–morphisms for each n ∈ Z>0 which are

morphisms between morphisms. The objects in the Fukaya-Seidel category are

chain complexes that generate certain Lagrangian Floer groups. The idea is as

follows. One picks a point z ∈ C that is not the image of a critical point of f . For

each critical point, p, of f , one can then consider the manifolds

Sp and Wp

of, respectively, stable and unstable critical points of Re(eiθf). For the stable

points we consider θ = Arg(p− z) and Sp consists of the solutions to the equation

γ′(t) = ∇Re(eiθf), lim
t→∞

γ(t) = p, f(γ(0)) = z

The solutionsWp are much the same but these are valued on (−∞, 0) and approach

w as t→ −∞. We also have to replace θ by Im z − p. To illustrate what is going

on, the following lemma is useful.

Lemma 1.2. Under the gradient flow of Re(f), Im(f) is fixed.

Proof. We have
d

dt
(Im f(γ(t))) = ⟨∇ Im f,∇Re f)⟩.

Since f is J holomorphic J∇Re f = ∇ Im f and so we have

d

dt
(Im f(γ(t))) = −⟨∇ Im f, J∇Re f)⟩ = 0.
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since the right hand side is the symplectic form

As a corollary to the previous lemma we have that Im(eiθf) is fixed under the

gradient flow of Re(eiθf). The picture to have in mind is Figure 1.1.

Hence the projection of the curves of Sp and Wp into C is just the line con-

necting f(p) and z. We also have that

Lemma 1.3. The map i : Sp → f−1(z) given by γ 7→ γ(z) is injective.

Proof. This follows from the fact that a solution to the gradient flow is uniquely

determined once we know its value at some time t.

Lemma 1.4. We can associate the intersection

i(Sp+) ∩ i(Wp−)

with the continuous solutions to the problem

dγ

dt
= ∇Re eiθv , f(γ(0)) = z, lim

t→±∞
= p±.

where

θv =

Arg(p+ − z) t > 0

Arg(z − pi) t < 0.

It turns out that this intersection is a Lagrangian submanifold of f−1(z).

Re z

Im z

z

p1

p2

Figure 1.1: The image under f of the curves γ ∈ Sp2 ∩Wp1

Proof. If p0 ∈ i(Sp+) ∩ i(Wp−) then we can construct a continuous curve by con-

catenating the corresponding curves.
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We can now outline the Fukaya-Seidel category conjectured by Haydys, see

[Hay15; Wan22] for details.

Definition 1.5. Given a Lefschetz fibration f : Z → C we can define a Fukaya-

Seidel category in the following way. Let p1, . . . , pn be the critical points of the

functional f , and suppose that Arg(f(pj) − f(pi)) > 0 for i > j. Then we define

the Lagrangians

Lj = i(Sp) ∩ i(Wp) ⊆ f−1(z).

These will be the objects of the category are the Lagrangians Lj. For the mor-

phisms in the category, we define

hom(Lj, Lk) =


CF (Lj, Lk) j < k

Z2. id j = k

0 j > k.

We give an indication on how to define the higher order morphisms of the A∞

category. These are maps

µd : hom(Ljd , Ljd+1
)⊗ · · · ⊗ hom(Lj1 , Lj+2) → hom(Lj1 , Lj+d)

For µ1, this map is the differential of the chain complex which corresponds to a

count of perturbed holomorphic strips with boundary conditions given by Lj1 and

Lj2 . Written in terms of the broken flow lines γ this is a solution to the perturbed

Cauchy-Riemann problem

∂

∂z̄
u = −i∇Re(eiθvf)

that interpolates between two solutions γi. The differential takes the starting

curve as input and returns the formal sum of all the other curves for which there

are solutions to the holomorphic strip equation.

In the next three sections we study Haydys’ construction of the Fukaya-Category

when applied to the Chern-Simons functional.

1.2.1 Flat SL(2;C) Connections

As in the case of Instanton Floer Theory, flat connections are the critical points of

the complexified Chern-Simons theory. We prove this in Proposition 5.6. It follows

that to consider an analogue of Picard-Lefschetz theory with the complexified
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Chern-Simons functional, one needs to have a good understanding of the moduli

space of flat GC connections. In [Hay15], when constructing the Fukaya-Category

for a three-manifold it is assumed that there are finitely many critical points of the

Chern-Simons functional. This is not true in general, even for the case of integer

homology three-spheres.

Theorem 1.6. There exist integer homology three-spheres with infinitely many

irreducible critical points of the SL(2;C) Chern-Simons functional.

Proof. See [GSZ23, Theorem 1.5].

On the other hand, there do exist some integer homology three-spheres that

have finitely many critical points of the SL(2;C) Chern-Simons functional. This

is implied by the manifold having a finite fundamental group. This is because, up

to conjugation, SL(2;C) has finitely many finite subgroups of a given order.

In the setup above, we want to consider the complex Chern-Simons functional

on the space of GC connections modulo GC gauge transformations. As discussed,

a naive consideration of the space of GC connections modulo gauge would be non-

Hausdorff, and so it makes sense to impose additional restrictions when considering

this quotient. We can solve these issues by restricting the gauge transformations

to those coming from a G reduction and also restricting to GC gauge equivalence

classes of connections for which there exists a connection on which ∥ϕ∥L2 takes a

minimum value. This idea is similar to what is done in Donaldson theory where

one restricts to irreducible connections. All in all, the above considerations, result

in considering the critical points of the Chern-Simons functional as solutions to

the system

FA = 0, d∗Aϕ = 0,

where A = A+ iϕ with respect to the G reduction, see Chapter 3.

1.2.2 The Kapustin-Witten Equations

In the analogy with Picard-Lefschetz theory, one wants to study the gradient flow

of the functionals

Φθv : AC → R, A 7→ Re(eiθvC(A)).

The resulting equations are known as the Kapustin-Witten equations, first derived

in [KW07].
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Lemma 1.7. The negative gradient flow of the functional Φθ is the equation

dA

dt
= − ∗ eiθFA,

where ∗ is the extension of the hodge star operator to Ω2(gPC) that is anti-complex

linear.

Proof. From (5.1) we have that

daRe(e
iθC(A)) = Re(eiθdaC(A))

= Re

(
eiθ
∫
Y

tr(a ∧ FA)

)
=

∫
Y

Re
(
tr(a ∧ e2iθFA)

)
.

Hence we have that ∗∇Φθ = eiθFA. Here we are using formulas for the L2 inner

product with respect to our choice of inner product from Chapter 3.

Remark 1.8. When studying the Picard-Lefschetz theory of the Chern-Simons

functional, one should replace the constant θ by a function t 7→ θv(t), and study

the related flow equation
dA

dt
= − ∗ eiθvFA.

Note that imposing such a solution removes translation invariance of the equations.

Since the index of the gradient flow equations is 0, see Corollary 9.12, for a suitably

generic setup it would be expected that there are no solutions to the equations

with θv constant, and instead there would be a codimension 1 subset of parameters

for which the constant θ equations admit solutions. This phenomena is discussed

in [Wit10].

As with the case for flat connections on Y , we impose the condition

d∗Aϕ = 0

at each time t to consider a specific set of GC orbits. Imposing this condition makes

sense because the quantity d∗Aϕ is conserved under the flow, see Corollary 5.13,

and also that our critical points will satisfy d∗Aϕ. Note however that, due to the use

of the L2 gradient and the resulting appearance of the hodge star, the equations

for the gradient flow are not invariant under GC gauge transformations, unless one

also changes the metric with the gauge transformation. By this we mean that,

since we define the equations by fixing a choice of G reduction, with respect to
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this fixed G reduction the gradient flow is not GC gauge invariant. However, if

we consider GC gauge transformations as also changing the G reduction, then of

course the gradient flow equation is conserved, as is the condition d∗Aϕ = 0.

Just as for the anti-self-dual equations on It×Y , we can in fact find an equation

on all four manifolds that recovers the gradient flow equation in the special case

that A(∂t) = 0.

Definition 1.9. The θ–Kapustin-Witten equation on a four manifold X, where

PC → X is a principal GC with a choice of G reduction is given by

(eiθFA)
+ = 0, d∗Aϕ = 0.

Here + refers to the self-dual part

(eiθFA)
+ =

1

2

(
eiθFA + ∗eiθFA

)
,

where ∗ is again the anti-complex linear extension to the Hodge star operator. In

the special case of manifolds of the form It ×R when (A)(∂t) = 0 these equations

are the negative gradient flow of Re(ei2θC).

Remark 1.10. Given a smooth function θv : X → R, we can define the θv
2
–

Kapustin-Witten equation as solutions to

(ei
θv
2 FA)

+ = 0, d∗Aϕ = 0.

When going from the four manifold picture to the cylindrical picture, there is

an added complication to justify that we should look for solutions with ϕ0 = 0.

This condition is best viewed as a boundary condition for the operator d∗Aϕ = 0.

We want to consider the critical points at infinity up to GC gauge equivalence

and so we want to allow for gauge transformations on the cylinder that tend to a

value different from the identity at the ends. Hence the condition d∗Aϕ = 0 needs

to include the boundary condition ϕ0 = 0 at infinity. See the discussion after

Definition 3.14 for a discussion. Once this condition is included, it then follows

that ϕ0 = 0 for all t, either by a maximum principle argument or just from looking

at the gradient flow equations.

1.2.3 The Haydys-Witten Equations

The final element of the Picard-Lefschetz construction with the Chern-Simons

functional is to consider are the holomorphic disk equations. This leads to the
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Haydys-Witten equations. The Haydys-Witten equations are gauge theoretic

equations on five dimensional manifolds. The equations have been studied in-

dependently by Haydys and Witten, [Hay13; Hay15; Wit11].

As discussed above, for the holomorphic disk equations with respect to the

Lefschetz firbation f : Z → C, we consider maps

u : C → Z

which satisfy
du

dz̄
= −i∇Re(eiθf)

and appropriate boundary conditions relating to flow lines. In the case where f is

the Chern-Simons functional these equations become

dA

dz̄
= ∗ieiθFA, d∗Aϕ = 0

Again, as in the four dimensional case these equations may be written for general

five-manifolds that admit a nowhere vanishing vector field. In the following we

pick a vector field v on a five manifold (note that all closed five manifolds admit

such a field) and we define the orthogonal tangent space as

W = ⟨v⟩⊥ ⊆ TX.

We can then define ΛW ∗, Λ2
+W and define projections of differential forms onto

these spaces. When X = R× Y for a four-manifold Y , these bundles correspond

to restrictions to the and self-dual exterior algebra. Note that if Y = R× Z for a

three manifold Z, then we can identify Λ2
+W with the tangent bundle of Z.

Definition 1.11. The Haydys-Witten equations on a five-manifold with respect

to a nowhere vanishing vector field v and connection A can be described as

ivFA = (d+A)
∗ϕ

F+
A = −∇vϕ+ ϕ ∧ ϕ.

Here A is a connection on a principal bundle P → X, ϕ ∈ Γ(Λ2
+W ⊗ gP ) and the

product ϕ 7→ ϕ∧ϕ is such that it corresponds with the one form map ϕ 7→ ∗(ϕ∧ϕ)
when Λ2

+W is identified with the tangent bundle of a three manifold. See [Hay15,

Section 3] for details.
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1.3 Gauge Theory and Knot Theory

The key motivation for Witten’s proposals in [Wit10; Wit11] is to use the Kapustin-

Witten equations to study the Jones polynomial for a given knot. Since the be-

ginning of the study of mathematical gauge theory and gauge theories in physics,

it has been clear that there are deep relations between gauge theory and knot

theory. For example, in [Wit89], Witten proved that the Partition function of a

singular version of Chern-Simons theory (where the solutions in the theory are

singular along a given knot) is related to the Jones polynomial of the knot. More-

over, Floer started work extending his instanton homology groups to a homology

theory of knots, see [Flo91; BD95]. Floers idea, much like the definition of the

knot Casson invariant, was to compare his instanton homology groups for mani-

folds obtained by Dehn surgery on a knot, using an exact triangle. More recently,

Kronheimer and Mrowka have defined singular instanton Floer homology [KM11;

KM10]. The singular instanton Floer homology framework, as the name suggests,

involves studying Floer homology groups on knot complements with specified sin-

gular boundary conditions.

These approaches all seem different but they can be related through pertur-

bations to the Chern-Simons functional. Witten’s starting point in [Wit89] is to

consider a physical theory defined by an action functional which is the Chern-

Simons action modified by Wilson loop operators.

Definition 1.12. A Wilson loop operator is defined as the trace of the holonomy

of a connection around a given loop. That is, if we have a principal G bundle

P → Y and a representation R : G→ GL(n;C), then the Wilson loop operator is

the map

W γ
R : A → C, W γ

R(A) = tr(R(HA)), (1.2)

where HA is the holonomy of a connection around the given loop γ.

Witten then studies the physical theory defined by the action∫
dA exp(iCS(A))

r∏
i=1

W γi
Ri
(A), (1.3)

and proves that the partition function of this theory relates to the Jones polyno-

mial. The ground states of this theory become flat connections on the complement

of the curves γi, and these flat connections must satisfy certain conditions coming

from the Wilson loop operators.
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This modification to the theory bears many similarities to the perturbations

used in [Tau90] and [Flo88]. As described above, in these papers perturbations to

the Chern-Simons functional of the form

η : A 7→
∫
D2

f(tr(HA))µ (1.4)

are used, where S1 ×D2 ↪→ Y is a knot neighbourhood and the integral is taken

over a slice {t} ×D2 and µ is a two form on Y . See, Section 5.3 for details. The

resulting perturbed flat connection equation is

FA = −f ′(tr(HA))

(
HA − 1

2
tr(HA)

)
µ. (1.5)

We can relate these two points ideas by sending the radius of the knot neighbour-

hood to 0. Hence, it should be possible to study the singular ground states using

these perturbed functions.

Another relation to the perturbed Chern-Simons functional is Kronheimer and

Mrowka’s singular instanton Floer homology. In this theory they impose bound-

ary conditions in terms of the holonomy of the connection around R× γ ⊆ R× Y

and study the resulting Floer homology theory. In the perturbed picture, this

corresponds to studying the gradient flow of the perturbed Chern-Simons func-

tional with a specific choice of function f to impose the holonomy constraints, see

Theorem 5.27. In some sense the solutions of the perturbed instanton picture are

a smoothed out version of the singular instanton moduli space.

Witten’s proposal for knots in [Wit10] is to study the Kapustin-Witten equa-

tions with singularities along R×K, in much the same way as for singular instanton

Floer homology. As far as the author is aware, since this work was published there

hasn’t been much work on this incarnation of Witten’s proposal. In many ways it

was succeeded by Witten’s study of solutions to the Kapustin-Witten equations

with Nahm pole solutions.

The perturbations we study in Chapter 5 could be used to study Witten’s

proposal in the same way that Floer’s approach to Knot Homology has strong links

to singular instanton Floer homology. A potential advantage of this is that the

analysis in Witten’s singular boundary conditions could be difficult, especially with

non-compactness issues. In the approach given here, one of the main motivations

for introducing the perturbation is to solve compactness issues. Another benefit of

using these perturbations is that we get a topological understanding of the critical

points, and a relationship between the solutions and three manifold topology. In
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particular Dehn surgery relations as in Floer’s original work.

1.3.1 The Nahm Pole Boundary Condition

We end this introduction by considering the Nahm Pole solutions to the Kapustin-

Witten equations. This relates to the content of the last few chapters of the thesis.

In [Wit11], Witten conjectures that a count of certain singular solutions to the

Kapustin-Witten equations to give a gauge theoretic interpretation of the Jones

polynomial. The solutions that Witten proposes to count are solutions to the π
4
-

Kapustin-Witten equations on [0,∞)× Y with a so called Nahm pole singularity

at 0. A solution to the Kapustin-Witten equations, A = A + iϕ, on a SL(2;C)
bundle over (0,∞)× Y is a Nahm pole solution if

|ϕ| ∼ 1

t
as t→ 0, (1.6)

and in the limit ϕ− t ∗ (ϕ∧ ϕ) is bounded. A slightly different characterisation of

the Nahm pole boundary condition is that the one-form ϕ, when suitably rescaled,

gives an isometry

ϕ : TM → gP (1.7)

such that the pullback of the connection A is the Levi-Civita connection of Y .

The Nahm pole boundary condition can also be extended to include knots. In

this case, one looks for solutions that are Nahm pole solutions away from the knot

and more singular along the knot embedded in {0} × Y . See [MW13; MW18] for

detailed analysis of the Nahm pole boundary condition.

The motivation for defining this boundry condition comes from physical dual-

ities. The idea is that due to certain dualities in physical theories, two different

physical theories will share the same partition function (or there will be a bijective

correspondence between the data defining them). In this sense, the Nahm pole

theory is dual to the Floer style Kapustin-Witten theory.

The difficulty when considering these physical theories is that the physical du-

alities do not have a solid mathematical underpinning. It might be reasonable to

suggest that two different theories should be dual to each other without a rigor-

ous mathematical proof. Witten proposes instead that one should take the dual

theory as the starting point and prove directly that the invariants give the Jones

polynomial. Again with this theory there are difficult issues with compactness

of the space of solutions. We take a first step in this direction in the final two

chapters of the thesis by studying solutions to the π
4
–Kapustin-Witten equations
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for which |ϕ| → ∞ in finite time. We show that if this occurs then A admits a

Nahm pole singularity.
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Part I

Analytic Foundations for

Kapustin-Witten Theory
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Chapter 2

Sobolev Spaces and Embeddings

We will be perturbing the Chern-Simons functional using holonomy perturbations.

These perturbations result in studying connections that are solutions to the equa-

tion

FA + f ′(UA)VA = 0,

see Chapter 5. When we look at the deformation theory of solutions we will end

up considering integrals of the form∫
S1

U(1; τ)aτ (τ)U(τ ; 0)dτ,

where U(b, a) denotes parallel transport with respect to A along a given path

S1 ↪→ Y . This is the derivative of the holonomy of a connection as one varies the

connection in the direction aτ . Here we will impose a ∈ Lpk(Ω
1(gPC)), where L

p
k

denotes an appropriate Sobolev completion of the space of one forms. Hence we

will require Sobolev embedding theorems onto one dimensional submanifolds of a

three manifold. In this chapter, for lack of a good reference, we prove the required

embedding for Bessel potential spaces. For completeness we also define the spaces

that we are working with.

2.1 Banach Spaces of Sections and Connections

To generalise function spaces on subsets of Rn to spaces on compact manifolds,

a standard procedure is to define the function spaces as those functions which

restrict to the relevant spaces on Rn with respect to a partition of unity. To start

we define function spaces on Rn. Many extra details on these spaces may be found

in [JW84, Chapter 1]. In this thesis, we will mainly use function spaces defined
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using the Fourier transform. The main reason for this is that we can easily prove

Sobolev trace theorems for arbitrary codimension using these spaces.

Definition 2.1 (Potential Spaces). The Bessel potential space, Lpα(Rn), for 1 ≤
p ≤ ∞ and α ≥ 0 is the image of Lp(Rn) under the map

Cα : Lp(Rn) → Lp(Rn), f 7→ Gα ∗ f

where ∗ denotes convolution, and Gα ∈ L1 is the function with Fourier transform

Ĝα(ξ) = (1 + |ξ|2)−
α
2 .

The norm is chosen such that Cα defines an isometry – that is

∥f∥Lp
α(Rn) = ∥g∥Lp(Rn)

where f = Gα ∗ g

Definition 2.2 (Fractional Sobolev Spaces on Manifolds). Let Y be a compact

manifold and E → Y a vector bundle. We define L2
α(Y ;E) to be completion of

Γ(E) with respect to the norm

∥f∥2L2
α
=
∑
i

∥(φif)|Ui
∥2L2

α(Rn;B),

where we pick a finite cover {Ui} such that the bundle E may be trivialised so

that

ψ : E|Ui
∼= Vi ×B

and f |Ui
: Vi → B is the projection of ψ(f(πψ−1(v, 0))) onto B. φi is a partition of

unity subordinate to the cover. For a compact manifold the space L2
α(Y,B) does

not depend on the choices made to define it.

Now let X be a non-compact, complete Riemannian manifold with positive

injectivity radius and bounded geometry (curvature in C∞). We can define the

Sobolev spaces, for vector bundles E → X, L2
α(X,E) in much the same way as

the compact case, but in this case we can pick a countable cover Ui of X where

for each point, p ∈ X, there are finitely many elements of the cover containing p.

The potential spaces recover traditional Sobolev spaces for integer k.

Definition 2.3. Let X be a, possibly non-compact, Riemannian manifold, and let

E → X be a Hermitian vector bundle, with a connection ∇. Using the Levi-Civita
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connection we can extend ∇ to a connection

∇ : (T ∗X)k−1 ⊗ E → (T ∗X)k ⊗ E.

We say that a section f ∈ Γ(E) has an L2 weak derivative if there exists a section

η ∈ T ∗X ⊗ E such that

⟨f,∇∗g⟩ = ⟨η, g⟩,

for all g ∈ (T ∗X)⊗ E. We can iterate taking weak derivatives.

Theorem 2.4. Let W k,2(X;E) for k ∈ N be the space of functions with k weak

L2 derivatives. Then

L2
k(X;E) ∼= W k,2(X;E).

Proof. See, [AF12, Example 7.62].

2.2 Generalised Sobolev Trace Theorems

Proposition 2.5. Let f ∈ C∞(Rn). Then, for a subspace Rd ⊆ Rn we have

∥f∥L2(Rd) ≤ C∥f∥L2
s(Rn)

provided

s >
n− d

2
.

Proof. We first note that

f̂ |Rd(ξ) = B

∫
Rn−d

f̂(ξ, ξ′),

for some constant B, where the left hand side is the Fourier transform of the

restriction, and the integrand on the right hand side is the Fourier transform on

Rn. To see this, we write

f(x, 0) = B

∫
Rd

eix.ξ
(∫

Rn−d

ei0.ξ
′
f̂(ξ, ξ′)dξ′

)
dξ

and so f(x, 0) is the Fourier transform of

ξ 7→
∫
Rn−d

f̂(ξ, ξ′)dξ′,
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up to a constant. Using the Cauchy-Schwartz inequality, we can then write

|f̂ |Rd(ξ)|2 ≤
∫
Rn−d

(1 + |ξ′|2)−sdξ′
∫
Rn−d

(1 + |ξ′|2)s|f̂(ξ, ξ′)|2dξ′.

This integral on the right converges due to the assumptions on f . The left hand

integral will converge provided the function decays sufficiently quickly, which hap-

pens if

s >
n− d

2
.

If we then integrate the inequality over Rd, and use the fact that (1 + |ξ|2) <
(1 + |(ξ, ξ′)|2), we get

∥f∥L2(Rd) ≤ C∥f∥L2
s(Rn),

if s > n−d
2
.

The argument in the above proof generalised to higher derivatives and we have

the following generalised trace theorem

Corollary 2.6. Let f ∈ C∞
c (Rn). Then

∥f∥L2
k(Rd) ≤ ∥f∥L2

s(Rn),

provided k < s+ n−d
2
.

Proof. Note that, for ξ′ ∈ Rd and ξ ∈ Rn−d we have

(1 + |ξ|2)(1 + |ξ′|2) = (1 + |ξ|2 + |ξ|2 + 2|ξ|2|ξ′|2) ≤ (1 + |ξ|2 + |ξ′|2)2

Hence we can write

(1 + |ξ|2)k(1 + |ξ′|2)l ≤ (1 + |ξ|2 + |ξ′|2)k+l

and we then have that∫
Rd

(1 + |ξ|2)k|f̂ |Rd|2dξ ≤
(∫

Rn−d

(1 + |ξ′|2)ldξ′
)∫

Rn

(1 + |(ξ, ξ′)|2)k+l|f̂(ξ, ξ′)|2

≤ C∥f∥L2
k+lRn ,

provided l > n−d
2
. This proves the result

We now show that in the case for R ⊆ R3 the bound on k is sharp. This is

unfortunate since it means that for an L2
1 SL(2;C) connection it is impossible to
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bound the norm the holonomy of a connection by its L2
1 norm on a particular path

– for a generic path we could do this via Tonelli’s theorem. We are, however, able

to bound it by the L2
1+δ(Y

3) norm, or if the connection is on a four dimensional

space, by its L2
3
2
+δ
(X4) norm.

Proposition 2.7. There is no embedding L2
1(R3) → Lq(R) for q ∈ [1,∞).

Proof. We can define a counter example to such an embedding via the function

on R3 given by

f(x, y, z) = f(r, z) = sin (log (− log r))ϕ(r, z)

where ϕ : R2 → [0, 1] is a non-negative smooth function with support in B(0, 1),

and r > 0 satisfies r2 = x2 + y2. With this function we have

df = cos (log (− log r))
1

r log r
dr + sin (log− (log r)) dϕ

Hence f ∈ L2
1 since sin is bounded, dϕ ∈ L2, and over R2 we have∫

r<1

1

r2 log2 r
=

∫ 1

0

π

r log2 r
dr = π

∫ ∞

− log 1

1

t2
dt =

π

log 1
.

From this we have that f ∈ L2
1(R3). We will conclude by saying that f has no

trace on the line r = 0. To define the restriction of f to r = 0 we would define

f|r=0(z) = lim
r→0

1

vol(B(0, r))

∫
B(0,r)

sin(log(− log r))ϕ(r, z)dµ

where we integrate over the disk B(0, 1) in the affine plane perpendicular to r = 0

intersecting (0, 0, z). However this integral, after a change of the variables t = log r

is given by

lim
t→−∞

e−2t

∫ et

−∞
e2t sin(t)dt

We finish this section with a result on restricting the directions of the deriva-

tives. These results are obvious when the Sobolev spaces are defined by weak

partial derivatives, but less clear when defined using the Fourier transforms.

Definition 2.8. Let X be a complex Banach space. Then the space

L2
k(Rn;B)
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is defined to be the space of smooth functions such that the norm∫
Rk

(1 + |ξ|2)k|f̂(ξ)|2

Here the Fourier transform of the function taking values in the Banach space is

defined in terms of the Bochner integral. See, for example, [DU77].

Lemma 2.9. Let f ∈ L2
k(Rn). Then we can view f as an element

f ∈ L2
j(Rk;L2

k−j(Rn−k)).

Proof. We can define a map of functions

ev : (Rn → R) → (Rd → (Rn−d → R))

via

ev : f 7→ (x 7→ f(x, ·)).

The statement of the lemma is that ev defines a continuous map of Banach spaces

ev : L2
k(Rn) → L2

j(Rd;L2
k−j(Rn−d)).

To see this, note first that ˆev(f)(ξ) = y 7→
∫
Rd e

−ix.ξf(x, y)dx, and so

∥ ˆev f(ξ)∥2L2
k−j(Rn−d) =

∫
Rn−d

(1 + |η|2)k−j
∫
Rn−d

eiy.η
(∫

Rd

e−ix.ξf(x, y)dxdy

)
dη

Hence, we have that for f ∈ L2
k(R)∫

Rd

(1 + |ξ|2)k−j∥ ˆev(f)(ξ)∥2 =∫
Rd

(1 + |ξ|2)j
∫
Rn−d

(1 + |η|2)k−j
∫
Rn−d

eiy.η
(∫

Rd

e−ix.ξf(x, y)dxdy

)
dη

≤ ∥f∥L2
k(Rn).

Corollary 2.10. In the special case that j = 0, we have that f ∈ L2
k(Rn) defines

a function

f ∈ L2(Rd;L2
k(Rn−d)).

Remark 2.11. Note that the norms on the spaces L2
j(Rd;L2

k−j(Rn−d)) are weaker

than that of L2
k(Rn) since, for example, we miss information about the j–th deriva-
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tive in the Rd subspace. The space L2
k(Rn) is the intersection of all the spaces

L2
j(Rd;L2

k−jRn−d) for all j.

2.3 Derivative Estimates for Integral Functions

In this section we consider derivatives of functions of the form

f(x) =

∫
R
h(y, x)dy. (2.1)

for functions h ∈ C∞(R×Rn). The application we have in mind is considering the

derivative of the holonomy of a connection around a loop with respect to changing

the connection. One can write this in the form

dH

da
=

∫ 1

0

U(1; τ)aτU(τ ; 0)dτ.

where U(a, b) denotes a parallel transport operator which we assume is bounded

and smooth, and the derivative should be interpreted as the functional derivative

in the direction a.

Lemma 2.12. Let f(x) be as in (2.1). Then

f̂(ξ) = ĥ(0, ξ).

Proof. We have

ĥ(0, ξ) =

∫
Rn

h(x, y)e−ix.ξdxdy

=

∫
Rn

e−ix.ξ
(∫

R
h(x, y)dy

)
dx.

Lemma 2.13. Suppose h ∈ L2
k(Rn × S1). Then the function

f(x) =

∫
S1

h(x, y)dy

is in the space L2
k(Rn).

Proof. We have, from Lemma 2.9, that

h ∈ L2
k(Rn;L2(S1)).
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By Tonelli’s theorem, we have that the map

f : x 7→
∫
S1

h(x, y)dy

is almost everywhere defined, and we can estimate the L2
k norm by

∥f∥L2
k
=

∫
Rn

(1 + |ξ|2)k∥f̂∥2L2(S1)

=

∫
S1

∫
Rn

(1 + |ξ|2)k
(∫

Rn

eix.ξf(x, y)dx

)2

dξdy

=

∫
S1

∥f(·, y)∥2L2
k
dy ≤ ∥f∥2L2

k(Rk×S1).

Lemma 2.14. If we restrict to compact domains Ω ⊆ Rn, the map

h 7→ f : L2
s(Ω× S1) → L2(Ω)

as defined in (2.1) is compact for all s > 0

Proof. This follows from the compact embedding L2
s(Ω) → L2(Ω) for bounded

domains.
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Chapter 3

Geometric Setup

In this chapter we study principal bundles with structure group GC, where GC

is the complexification of a compact group G. This is a principal bundle with a

complex, non-compact structure group whose adjoint bundle is given by gP ⊗ C,
where P is an appropriate principalG bundle. We call such a bundle a complexified

bundle, or the complexification of the bundle P . Studying the Kapustin-Witten

equations on a complexified bundle ensures that there is a distinguished group of

gauge transformations, those induced by automorphisms of P , for which there is

an invariant norm on the adjoint bundle.

For a section of a complex vector bundle bundle E → X with a real structure,

one can consider the real and imaginary parts of that section. This is what is often

done in the study of the Kapustin-Witten equations. For example, in [Wit11] the
π
4
–Kapustin-Witten equations are presented as

FA − ϕ ∧ ϕ+ ∗dAϕ = 0, d∗Aϕ = 0. (3.1)

We take a slightly different approach and view the equations as equations for a

complex connection on a GC bundle PC → X, with respect to a fixed G reduction

P ⊆ PC. As explained in Chapter 1, the π
4
Kapustin-Witten equations may also

be written as (
ei

π
4FA

)+
= 0, d∗Aϕ = 0

where A = A+ iϕ. These two points of view are largely equivalent, and mostly a

notational preference.

We chose the latter approach to keep the relation of the pairs (A, ϕ) to com-

plex connections explicit. As we describe in this chapter, there is also a natural

analogue of the Coulomb gauge for complex connections, which is different from
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imposing only a gauge condition on A and then using d∗Aϕ = 0 to remove the

gauge equivalence on ϕ. This makes the analysis of the gradient flow lines of C

much more analogous to the case of Floer homology.

In this chapter, after recalling the notions of complexification of Lie groups and

defining the complexification of a principal bundle, we consider the geometry of the

space of complex connections, AC, with respect to the action the gauge group G of

automorphisms of the underlying real bundle. We then introduce the complexified

Coulomb gauge condition and prove a gauge fixing result for connections that are

L2
1 close, and then consider notions of gauge fixing on manifolds with boundary.

We then take a step back and consider the action of the full GC. We consider the

corresponding equivalence classes of connections as well the space of G reductions

of a given GC bundle. By doing this, we lay the groundwork for the results in

Chapter 4, which generalise the results of [Cor88] to manifolds with boundary.

This generalisation is a key result that we require for studying the critical points

of the perturbed complex Chern-Simons functional

We then consider the complex Yang-Mills equations and prove estimates for

solutions to these equations. Solutions to the Kapustin-Witten equations and

flat connections are automatically solutions to the Yang-Mills equations, so the

estimates proved here apply in these cases. Our main result of this section is a

proof of interior C∞ regularity for solutions to the complex Yang Mills equations

in the complex Coulomb gauge.

We then consider flat GC connections. As described in Chapter 1, stable flat

GC connections are the critical points of the gradient flow of C. We recall the

notions of the representation variety and twisted de Rham cohomology, which are

key ideas to describe the moduli spaces of flat connections.

We end the chapter by considering the metric induced by the L2 metric on

Ω1(gPC) on the moduli space of flat connections modulo real gauge transformations.

We prove some lower bounds on the geodesic distance between connections which

we use in when studying the Kapustin-Witten equations.

3.1 Complexified Principal Bundles

Definition 3.1. Let G be a compact Lie group. The complexification of G, GC,

is the unique complex Lie group satisfying the universal property that there exists

a map γ : G → GC of real Lie groups such that for any complex Lie group, K,

and real Lie group homomorphism, u : G → K, there exists a complex lie group

homomorphism U : GC → K such that U ◦ γ = u.
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Example 3.2. The complexification of S1 is C∗, the complexification of SU(2) is

SL(2;C) and the complexification of SO(3) is PSL(2;C).

The following results on complex Lie groups are standard.

Proposition 3.3. The complexification of a non-trivial compact Lie group is

never compact.

Proof. By the Cartan Decomposition, GC is diffeomorphic to G × g. This is not

compact if g is non-trivial.

Proposition 3.4. Let g be the Lie algebra of a compact group G. Then the Lie

algebra of GC is isomorphic to g⊗ C.

Definition 3.5. Let G be a compact Lie group, and suppose that P → X is a

principal G–bundle. Then the complexification of P , denoted PC, is the associated

bundle

P ×γ GC

where γ is the left multiplication action.

Since it is an associated bundle, points in PC are given by the equivalence

classes [(p, g)], p ∈ P, g ∈ G under the action of G. As such it admits a natural

GC action where, for h in GC, the action is given by

ρh : [p, g] 7→ [p, gh].

Lemma 3.6. For a compact Lie group G and principal G–bundle P → X, the

complexified bundle PC is a principal GC bundle.

Proof. A principal GC is bundle is a locally trivialisable bundle over the base,

admitting a right GC action that is free and acts transitively on the fibres. This

property follows from the construction.

Definition 3.7 (Real and Imaginary Part of a Complex Connection). Let PC be

the complexification of a bundle P , and let A be a connection on PC. Then there

is a canonical decomposition of the connection, such that

A ∼= A+ iϕ.

We call A the real part of the connection and ϕ the imaginary part.
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Proof. Any connection B on P induces a connection on PC. An easy way to see

this is view the connection as an Ehresmann distribution of horizontal subspaces

– G invariant complements to the kernel of the projection π : P → X. We can

use the embedding i : P ↪→ PC to push forward the horizontal subspace to define

the horizontal subspace on the subset of PC isomorphic to P , and then use GC

invariance to define the horizontal subspace on the whole of P .

Now consider the connection B as a connection on PC. We have that

A = B + a

for a = a+ iϕ ∈ Ω1(gPC) = Ω1(gP )⊕ iΩ1(gP ). Hence we can write

A = B + a+ iϕ = A+ iϕ

for a connection A on P .

Lemma 3.8. Let A = A + iϕ be a connection on the bundle PC with respect to

the reduction P . Then

FA+iϕ = FA + idAϕ− ϕ ∧ ϕ

Proof. This usual formula for the curvature of a connection carries over to com-

plexified bundles.

3.2 Gauge Choices

In this section we consider gauge choices when working with connections on com-

plexified bundles. As is common in gauge theory, when working locally in the

space of connections, we can remove gauge freedom coming from automorphisms

of the bundle by imposing certain gauge conditions on the one forms that describe

nearby connections. This gives us a description of the tangent space to the space

of connections modulo gauge.

When studying complex connections, a natural choice of gauge condition is to

consider how the Coulomb gauge generalises to the complex setting. In this section

we review the derivation of the Coulomb gauge condition in the compact structure

group case and derive an appropriate analogue in the complexified bundle setting.

In the literature such a gauge choice has been called the Kapustin-Witten gauge,

[He19], but we prefer to use the term complexified Coulomb gauge to refer to this
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gauge condition.

Let P → X be a principal G–bundle. Consider the action of the gauge group

G on A. This is the map

G × A → A, g(A) = gAg−1 − (∇Ag)g
−1

Fixing a connection, A, we can consider the map given by the image of A under

G, a map G → A. The derivative of this at (A, 0) is the map

Ω0(g) → Ω1(gP )

given by

ξ 7→ −dAξ.

In an appropriate topologies, for example the L2
2 completion of the one-forms, we

have a natural decomposition

TAA = L2
2(Ω

1(gP )) = ImdA ⊕Kerd∗A

where dA : L2
3(Ω

0(gP )) → L2
2(Ω

1(gP )). This leads naturally to the Coulomb gauge

condition due to the following proposition. A proof of this proposition can be

found in, for example, [Don83].

Proposition 3.9. The map G × ker d∗A → A

(g, a) 7→ g.(A+ a)

is locally surjective.

We now consider the same construction for the complexified connections with

the real gauge group action.

Lemma 3.10. The derivative of the action G×AC → AC at the connection A+iϕ

is given by

−dA+iϕ : Ω0(gP ) → Ω1(gPC), ξ 7→ −dA+iϕξ (3.2)

Proof. In a local trivialisation, the action of an element g is given by

g.(A+ iϕ) = gAg−1 − dgg−1 + igϕg−1
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Hence for g = exp(tξ) we have

d

dt

∣∣∣∣
t=0

exp(tξ).(A+ iϕ) = [ξ, A+ iϕ]− dξ = −dA+iϕξ.

Lemma 3.11. The adjoint of the map (3.2) is

Re(−d∗A+iϕ·) : Ω1(gPC) → Ω1(gP )

Proof. Let ξ ∈ Ω0(gP ), and φ ∈ Ω1(gPC). Then we have

⟨dA+iϕξ, φ⟩ = ⟨ξ, d∗A+iϕφ⟩

= ⟨ξ,Re(d∗A+iϕφ)⟩

since ξ is real.

From this we are lead to the following definition.

Definition 3.12. The Complexified Coulomb Gauge condition, for φ ∈ Ω1(gPC),

is the condition

Re
(
d∗A+iϕφ

)
= 0.

We now prove a gauge fixing theorem.

Proposition 3.13. Let A,B be connections on a complexified principal bundle

PC → X, where X is a manifolds of dimension 3 or 4. Suppose that ∥A−B∥L2
1
≤

K(A). Then there exists an L2
2 gauge transformation g ∈ G such that if

a+ iφ = A− g.B

then

Re (d∗A(a+ iφ)) = 0.

Proof. To prove this result we use the implicit function theorem. First note that

if a+ iφ ∈ Ω1 (gPC) and u ∈ G then

u(A+ a) = A+ u(a+ iφ)u−1 − (∇Au)u
−1

and we want to solve the equation

Re (d∗A(u(A+ a+ iφ)− A)) = 0
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for u, where a+ iφ = B − A. To do this consider the operator

F : L2
2(G)× L2

1(kerRe (d
∗
A)) → L2(Ω1(gPC)),

given by

F (u, η) = u(A+ η)− A = uηu−1 − (∇Au)u
−1.

Given the restriction on the dimension of the manifold, we have an embedding

L2
2 → Lp for all p < ∞ and L2

1 → L4. At a point (u, η) the derivative in the

direction (ξ, ν) is given by

F ′
u,η(ξ, ν) = u[ξ, η]u−1 + uνu−1 − u (∇Aξ)u

−1 + (∇Au) [ξ, u
−1].

Note that this map F ′
(u,η) : L

2
2(Ω

0(gP )) × L2
1(Ω

1(gPC)) → L2(Ω1(gPC)) is bounded

since L2
2 ↪→ L8 and L2

1 ↪→ L4. For example, we can bound

∥u[ξ, η]u−1∥2L2 ≤ ∥|u|4|ξ|2∥L2∥|η|2∥L2

≤ ∥|u|8∥L2∥|ξ|4∥L2∥η∥2L4

≤ C∥u∥4L2
2
∥ξ∥2L2

2
∥η∥2L2

1

If we consider the derivative at (I, 0) we get the map

F ′ : Ω0(gP )⊕ kerRed∗A → Ω1(gPC), F ′ : (ξ, η) 7→ −dAξ + η.

This map is surjective because of the decomposition

L2(Ω1(gPC)) = Im (dA)⊕ Im (dA)
⊥

= Im (dA)⊕ kerRe d∗A

where we view dA : L2
1 → L2. Note that dA is bounded and hence has closed image

and so it makes sense to consider its perpendicular subspace. This shows that F

is locally surjective at (I, 0) and so for ∥A − B∥L2
1
sufficiently small constant

depending on A we can find a u and α solving F (u, α) = 0 using the implicit

function theorem. Moreover this gauge transformation is unique.

We end this section by considering gauge conditions on manifolds with bound-

ary. There is an added complication, as compared to the closed manifold case

because the gauge conditions above are defined using the adjoint of the derivative

operator. As with the condition d∗Aϕ = 0, one needs to be careful when defining

the boundary conditions. This relates to whether or not one allows gauge trans-
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formations that are non-trivial on the boundary. For example, one may impose

certain boundary as part of the equation that one is working with, and impose

less gauge freedom, or allow more gauge freedom.

Definition 3.14. Let A be a connection on a principal G–bundle PC → X, where

X is a compact manifold with boundary. We define G0 to be the space of gauge

transformations that are trivial on the boundary.

As before, the infinitesimal action of the gauge group G0 at a connection A is

given by

ξ.(A) = −dAξ.

Note that if ξ ∈ Lie(G0) then we have that ξ∂X = 0. When considering the adjoint

of dA we can consider the map

ηξ : Ω
1(gP ) → Ωn−1(gP ), ηξ(v) = ⟨ξ, ∗v⟩,

where ⟨·, ·⟩ denotes taking the value of the inner product on gP of each component

of the form. By Stokes’ theorem,

0 =

∫
∂X

η =

∫
X

dη =

∫
X

⟨dAξ, ∗v⟩+ ⟨ξ, d∗Av⟩.

Hence we do not need to impose any boundary conditions for the Coulomb gauge

condition.

If we instead allow gauge transformations that are non-trivial on the boundary,

then the integral over the boundary will not vanish in general. In this case, we

can impose the boundary condition

∗v|∂X = 0,

in order to consider a subspace that is L2 orthogonal to the infinitesimal image

of the gauge transformations. That is, v(∂ν) = 0, where ∂ν is the normal to the

boundary.

Remark 3.15. In the non-compact case, this is particularly relevant in Floer

theory, where one studies connections on manifolds of the form R×Y that converge

to flat connections as t → ±∞. The natural notion of gauge equivalence of flat

connections means that in the setup of the theory means that one should allow

gauge transformations that are non-trivial at infinity. Hence the Coulomb gauge
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condition in this case should also include

lim
t→∞

∫
{t}×Y

⟨ξ, ∗η⟩ = 0

for any ξ ∈ L2
1(R× Y ).

3.3 The Gauge Group GC

For a given connection A = A+ iϕ on a complexified bundle PC, we can consider

its orbit under the action of automorphisms of PC as well as the automorphisms

of P . If we act by an element g ∈ G then we have

g∗(A+ iϕ) = g∗A+ iAdgϕ.

In particular, the G action preserves ∥ϕ∥L2 . This is not true for a general element

of GC. In fact, we have the following theorem due to Corlette, [Cor88].

Proposition 3.16. Let A+iϕ be a connection on a complexified bundle PC → X,

such that there are no covariantly constant sections of gPC . Then there exists at

most one GC orbit for which ∥ϕ∥L2 is minimised.

Proof. See [Cor88, Proposition 2.3].

Remark 3.17. The previous proposition does not make any assumptions on the

compactness or boundary properties of the manifold X.

Lemma 3.18. Let X be a manifold with boundary and consider the group GC0 of

PC automorphisms that are the identity on the boundary. Fix a connection A+ iϕ

and consider the functional on GC given by

g 7→ ∥ϕg∥2L2

then the derivative of this map at the identity in the direction of ξ + iη is given

by

⟨η, d∗Aϕ⟩,

and we impose no boundary conditions on ϕ. If we consider all gauge transforma-

tions in GC, then, in line with the discussion at the end of the previous section,

A+ iϕ is a critical point of the functional provided

d∗Aϕ = 0, and ϕ(∂n) = 0,
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where ∂n is the normal at the boundary.

Proof. The infinitesimal action by ξ + iη on the connection A+ iϕ is given by

(ξ + iη).(A+ iϕ) = −dA+iϕ(ξ + iη).

Hence we have that, along the path of gauge transformations gt = exp(t (ξ + iη))

d

dt
∥ϕt∥L2 = 2

∫
X

⟨Im(dA+iϕξ + iη), ϕ⟩

= 2⟨dAη, ϕ⟩ − ⟨[ϕ, ξ], ϕ⟩

Note that ⟨[ϕ, η], ϕ⟩ = 0, and hence

d

dt
∥ϕ∥L2 = 2

∫
X

⟨η, d∗Aϕ⟩,

provided the integration by parts boundary conditions vanish. See the end of the

previous section for details.

An alternative way of phrasing this is the following.

Lemma 3.19. The equation d∗Aϕ = 0 is the Euler-Lagrange equation for the

functional

ϕ 7→ ∥ϕ∥2L2 .

as A+ iϕ varies in the orbit given by the SL(2;C) gauge transformations. In other

words, d∗Aϕ = 0 if and only the representation of the SL(2;C) connection is such

that connection.

3.3.1 GC/G and the space of G reductions

In this section we consider how one can describe the space of choices of G–

reductions of a GC–bundle in terms of sections of associated bundles. This will

result, in Chapter 4, in being able to phrase the condition of finding a GC equiva-

lence class for a given flat connection in terms of finding a harmonic map into the

space GC/G.

Definition 3.20. A representation ρ : G→ GL(n;C) is reductive if any ρ invari-

ant subspace of Cn has a ρ invariant complement.

Given a GC-bundle, we will need to consider the space of possible G reductions

of that bundle.
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Definition 3.21. The space GC/G is the space of left cosets of G in GC. We can

give it a metric by picking an invariant metric on G, h, and defining

hg(X, Y ) = he((g
−1)∗X, (g

−1)∗Y )

This metric is G invariant and hence defines a metric on the quotient.

Lemma 3.22. The space GC/G is diffeomorphic to

TG/G ∼= g.

Proof. This follows from GC ∼= TG.

Proposition 3.23. There is a one to one correspondence between G reductions

of PC and sections of the associated bundle

E = PC ×ρ GC/G.

where ρ is left multiplication.

Proof. A section of E is a choice of equivalence class [p, xG] at each point, for

p ∈ PC, xG ∈ GC/G. Given such a section, u, we can select a subbundle of PC by

picking all the elements p ∈ PC such that

u(x) = [p, e.G] .

To go the other way around, if we have P ⊆ PC, then we can write u(x) = [p, e.G]

where p ∈ Px.

We now consider the geometry of the symmetric spaces GC/G. In particu-

lar, their curvature properties and boundary structure at infinity under certain

compactifications.

Lemma 3.24. The space (GC/G, hg(X, Y )) has negative sectional curvature.

Proof. This follows from the formula for the sectional curvature of a Lie group.

We have that at the origin in GC,

K(X, Y ) = −|[X, Y ]|2

for orthogonalX, Y ∈ ig ∼= g. It follows that the sectional curvature at the identity

is negative, since G is compact and semi-simple. However, GC acts transitively by
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isometries. Hence there is an isometry sending each point of GC/G to the origin

and so K(X, Y ) has negative sectional curvature.

We will be studying harmonic maps into the spaces GC/G. As such, when

studying singular behaviour of such maps, it is important to have an understanding

of the asymptotic geometry of these spaces. We now describe the boundary at

infinity. For more details on these constructions, see [Ebe97] and [BJ06].

Definition 3.25 (Geodesic Boundary at Infinity of a Symmetric Space of Non–

Compact Type). Denote by S ⊆ TM the sphere bundle of unit vectors in the

tangent bundle. Let p, q ∈ M = GC/G and let v ∈ SpM,w ∈ SqM be unit tan-

gent vectors. Then we say that v ∼ w if and only if the geodesics exp(tv) and

exp(tw) satisfy

sup
t
d(exp(tv), exp(tw)) ≤ C

for some C ∈ R. We define the geodesic boundary at infinity to be the space

M∞ = SM/ ∼ .

Definition 3.26. Let M be a symmetric space of non-compact type. Its com-

pactification by the geodesics at infinity is the space

M̄ =M ∪M∞

Pick a base point p ∈ M . We give M̄ the topology such that if xn is a sequence

in M with xn → ∞, xn → [expp(tv)] if and only if

vn → v

where expp(tvn) is the geodesic from p to xn.

As an example it is useful to understand the above construction for SL(n;C)/SU(n).

Example 3.27. The boundary at infinity of SL(n;C)/SU(n) can be identified

with the space of flags in Cn.

A key result is the following.

Proposition 3.28 ([BJ06, Proposition Proposition I.2.6]). For any point in M∞,

its stabilizer in GC is a parabolic subgroup. Conversely, every proper parabolic

subgroup of GC is the stabilizer of some point in M∞.
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We finish this section by considering connections, and in particular connections

on the bundle PC and how they relate to connections on P that are defined by

a section of the bundle with fibre GC/G. These definitions and results are fairly

standard, but they have been included so that it is clear what mathematical objects

we are talking about. In the literature there is sometimes a bit of imprecision when

it comes to describing connections. For a comprehensive treatment of the ideas

given here, see [Hay19] and also [DK97, Chapter 2].

Proposition 3.29. Let A be a connection on the bundle PC, and let u ∈ Γ(E)

be a section that defines a G reduction P ⊆ PC. Then we can decompose A as

A = A+ iϕ

where ϕ = dAu, and A is a connection on P .

Proof. The exterior derivative of the section u with respect to the connection, may

be seen as a section

dAu ∈ Ω1(gP ).

To prove the proposition we just need to show that

A = A− dAu

defines a connection on P . This is tautological.

Remark 3.30. The condition d∗Aϕ = 0 can be reformulated as the twisted har-

monic condition

d∗AdAu = 0.

In the flat connection case, we can lift to the universal cover and gauge transform

to the trivial bundle using parallel transport. Then the condition d∗AdAu = 0

becomes an equivariant harmonic map condition, where the fundamental group

acts on u via the holonomy representation.

3.4 The Complex Yang-Mills equations

In this section we consider Yang-Mills connections on complexified bundles. We

first recall the theory in the real case.

Definition 3.31. A connection, A, on a principal G–bundle P → X is Yang-Mills

if

d∗AFA = 0.
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This is the Euler-Lagrange equation for the energy functional ∥FA∥2L2(X), and

the equation is elliptic modulo gauge transformations.

Definition 3.32. Let PC → Y be a complexified bundle. We define the complex

Yang-Mills energy functional for connections on PC as

YM(A+ iϕ) = ∥FA − ϕ ∧ ϕ∥2L2 + ∥dAϕ∥2L2 .

Note that the complex Yang-Mills functional is not invariant under complex

gauge transformations, as the inner product is not invariant, but it is invariant

under real gauge transformations.

Lemma 3.33. The equation d∗A+iϕFA+iϕ is the Euler-Lagrange equation for the

complex Yang-Mills functional.

Proof.
d

dt
YM(A+ iϕ+ t(a+ iφ)) = 2⟨FA+iϕ, dA+iϕ(a+ iφ)⟩.

Hence A+ iϕ is Yang-Mills if and only if d∗A+iϕFA+iϕ = 0.

The linearisation of the map

F : A → Ω1(gPC), F : A+ iϕ 7→ d∗A+iϕFA+iϕ

is C linear, and hence if F−1(0) is smooth then it is a complex submanifold of AC.

However, F is not elliptic modulo real gauge transformations or invariant under

complex gauge transformations. To remedy this situation we can instead consider

the space

F−1(0) ∩ µ−1(0)/G,

where µ(A) = d∗Aϕ. That is, we consider the system equations

d∗A+iϕFA+iϕ = 0, d∗A+iϕϕ = 0.

Definition 3.34. A connection A + iϕ on a complexified bundle is Yang-Mills if

it satisfies the complex Yang-Mills equations

d∗A+iϕFA+iϕ = 0, d∗A+iϕϕ = 0.

Example 3.35. Two important examples of solutions to the complex Yang-Mills

equation are the following.
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• Flat connections A+ iϕ with d∗Aϕ = 0. If FA+iϕ = 0 then d∗A+iϕFA+iϕ = 0.

• Solutions to the Kapustin-Witten equations. If
(
eiθFA+iϕ

)+
= 0 then

d∗A+iϕFA+iϕ = ∗dA+iϕ ∗ FA+iϕ

The Kapustin-Witten equations imply that ∗FA+iϕ = e2iθFA+iϕ, and hence

d∗A+iϕFA+iϕ = e2iθ ∗ dA+iϕFA+iϕ

This is equal to zero by the Bianchi identity. The other condition, d∗Aϕ = 0,

is imposed by the Kapustin-Witten equations.

Proposition 3.36. The Complex Yang-Mills equation is elliptic modulo gauge

transformations.

Proof. Picking a background connection A + iϕ, which solves d∗Aϕ = 0, we can

write a general connection as

A = A+ iϕ+ a+ iφ.

We impose the gauge condition

Re(d∗A+iϕ(a+ iφ)) = 0.

Note that

Re
(
d∗A+iϕ(a+ iφ)

)
+ id∗A+a(ϕ+ φ) = d∗Aa+ ∗[ϕ, ∗φ] + d∗Aiφ− i ∗ [a, ∗ϕ+ ∗φ]

= d∗A+iϕ(a+ iφ)− i ∗ [a, ∗φ].

Hence, up to a zero order quadratic term, the gauge condition and moment map

condition are together equivalent to the condition d∗A+iϕ(a + iφ) = 0. Hence we

have that the leading order terms in the Complex Yang Mills equations, working

in a trivialisation, are then

d∗d(a+ iφ) = 0, d∗a = 0, d∗φ = 0.

Hence the principal symbol of the Complex Yang-Mills is the same as two copies

of the Yang-Mills equation. It follows that the system is elliptic.
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3.4.1 Regularity Results for Complex Yang-Mills Connec-

tions

In this section we review some regularity results for solutions of the complex Yang-

Mills equations. We will apply these results to solutions of the Kapustin-Witten

equations. This section combines results and methods of proof from [GU12] and

[Tau13]. We start with a Weitzenböck formula.

Proposition 3.37. Let B be a connection on P → X. Then for any smooth

section φ ∈ Ω1(gP ) we have that

∇∗
A∇Aφ+ φ ◦ Ricci + FA⌟φ = (d∗AdA + dAd

∗
A)φ, (3.3)

where at a point p ∈ X, φ ◦ Ricci(Z) = φ (
∑

iR(Z, ei)ei), and FA⌟φ(X) =∑
i[FA(X, ei), φ(ei)] for Z ∈ Γ(TX), R the Riemann curvature operator, and

ei an orthonormal frame.

Proof. See, for example, [BL81, Theorem 3.3].

Corollary 3.38. For a solution A + iϕ ∈ AC complex Yang-Mills equations, we

have

∇∗
A∇Aϕ+ ϕ ◦ Ricci(X) + (ϕ ∧ ϕ)⌟ϕ = 0.

Proof. For this we take the imaginary part of the Yang-Mills equation

d∗A+iϕFA+iϕ = 0,

to get that

d∗AdAϕ− ∗[ϕ, ∗FA − ∗ϕ ∧ ϕ] = 0.

Working in an orthonormal frame, note that for a two form ω ∈ Ω2(gP ) and one

form φ ∈ Ω1(gP ), we have that

∗[φ, ∗ω] = ∗1
2
εjklm[φi, ωjk]dx

i ∧ dxl ∧ dxm

=
1

2
εilmnεjklm[φi, ωjk]dx

n

=
∑
i

[φi, ωin]dx
n,

where we have used the Einstein summation convention and εijkl denotes the Levi-

Civita symbol. Hence ∗[φ, ∗ω](X) =
∑

i[ω(X, ei), φ(ei)], and so

∗[ϕ, ∗FA − ∗ϕ ∧ ϕ] = (FA − ϕ ∧ ϕ)⌟ϕ.
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Recall that a solution to the complex Yang-Mills equations also satisfies d∗Aϕ = 0.

Putting all this together gives the result.

Theorem 3.39 ([GU12], Corollary 4.7). Let A+ iϕ be a solution to the complex

Yang-Mills equations on a four manifold X. Then there exists a constant C,

independent of A, ϕ, such that

∥∇Aϕ∥2L2(X) +
1

2
∥[ϕ, ϕ]∥2L2(X) ≤ C∥ϕ∥2L2(X)

Proof. We have

⟨∇Aϕ,∇Aϕ⟩ = ⟨∇∗
A∇Aϕ, ϕ⟩

= −⟨ϕ ◦ Ricci + ϕ ∧ ϕ⌟ϕ, ϕ⟩.

From the proof of the previous corollary we have that

ϕ ∧ ϕ⌟ϕ = ∗[∗ϕ ∧ ϕ, ϕ].

Hence

⟨ϕ ∧ ϕ⌟ϕ, ϕ⟩ = ⟨∗[∗ϕ ∧ ϕ, ϕ], ϕ⟩ = −1

2
|[ϕ, ϕ]|2.

Corollary 3.40. Suppose that (X, g) is Ricci positive. Then any solution to the

complex Yang-Mills equation is real, that is, ϕ = 0.

Lemma 3.41. Let A + iϕ be a solution to the complex Yang-Mills equations.

Then the norm of ϕ, |ϕ| satisfies

1

2
∆|ϕ|2 + |∇Aϕ|2 +

1

2
|[ϕ, ϕ]|2 − ⟨ϕ ◦ Ricci, ϕ⟩ = 0. (3.4)

Proof. This is a direct calculation. We have, in local orthonormal coordinates

∆⟨ϕ, ϕ⟩ = −2
∑
i

⟨∇A
i ∇A

i ϕ, ϕ⟩ − 2
∑
i

⟨∇A
i ϕ,∇A

i ϕ⟩

and so
1

2
∆|ϕ|2 + |∇Aϕ|2 + ⟨∇∗

A∇Aϕ, ϕ⟩ = 0.

The result then follows from the Weitzenböck formula Equation (3.3).

We now prove a local version of Theorem 3.39.
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Theorem 3.42. Let p ∈ X and Bp(r) be a ball around p of radius r, and let

Bp(R) ⊃ Bp(r) be a ball of larger radius. Then there exists a constant C such

that

∥∇Aϕ∥2L2(Bp(r))
+

1

2
∥[ϕ, ϕ]∥2L2(Bp(r))

≤ C∥ϕ∥2L2(Bp(R))

Proof. Let f : Bp(R) → R be a smooth cutoff function, such that f = 0 on an

open neighbourhood of ∂Bp(R) and f = 1 on Bp(r). Then we have that∫
Bp(r)

|∇Aϕ|2 +
1

2
|[ϕ, ϕ]|2 ≤

∫
Bp(R)

−f∆|ϕ|2 + ⟨ϕ ◦ Ricci, ϕ⟩

≤
∫
Bp(R)

−(∆f)|ϕ|2 + ⟨ϕ ◦ Ricci, ϕ⟩ ≤ C∥ϕ∥2L2(Bp(R)).

Proposition 3.43. We have bounds of the form

|ϕ|L∞(Bp(r)) < C∥ϕ∥L2(U)

where U is an open set containing the closure of Bp(r). The constant depends on

the set U and Bp(r).

Proof. See [Tau13, Equation 2.10].

Theorem 3.44. Let PC → X be a principal GC bundle on a compact manifold,

X of dimension 3 or 4. Let P ⊆ PC be a choice of G reduction. Let A0 = A+ iϕ

be a smooth background connection on PC with respect to the reduction P , and

suppose that the connection A = A+ iϕ+a+ iφ satisfies the Complex Yang Mills

equation with a+ iφ small in L2
1. Then there exists an L2

2 gauge transformation,

ψ such that ψ∗(A)−A0 is C
∞ and in the complexified Coulomb gauge relative to

A0.

Proof. This is a standard gauge theory bootstrapping argument, but we r since we

are using the complexified Coulomb gauge condition. By Proposition 3.13 we can

find a gauge transformation such that a + iφ = A− A0 satisfies the complexified

Coulomb gauge condition. Hence we can assume that

d∗A0
(a+ iφ) = Re(d∗A0

(a+ iφ)) + idA(ϕ+ φ)− d∗Aϕ± i ∗ [a, ∗φ]

= d∗Aϕ± i ∗ [a, ∗φ]

with the sign depending on the dimension. This implies that, for example,

∥d∗A(a+ iφ)∥L2
1
≤ C + ∥{a, φ}∥L2

1
.
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Once we’ve fixed the gauge then we can consider elliptic estimates using dA⊕d∗A.
We have

∥FA∥L2
1
≤ C

(
∥dA0FA∥L2 + ∥d∗A0

FA∥L2 + ∥FA∥L2

)
≤ C (∥dAFA∥L2 + ∥d∗AFA∥+ ∥{a+ iφ, FA+iφ}∥L2 + ∥FA∥L2)

≤ C
(
∥a+ iφ∥L2

1
∥FA+iφ∥L2

1
+ ∥FA∥L2

)
Hence, for ∥a+ iφ∥L2

1
≤ 1

C
, we have

∥FA∥L2
1
≤ C ′∥FA∥L2

We can then bound a+ iφ in L2
2 using the estimate

∥a+ iφ∥L2
2
≤ C

(
∥dA0(a+ iφ)∥L2

1
+ ∥d∗A0

(a+ iφ)∥L2
1
+ ∥a+ iφ∥L2

)
≤ C

(
∥FA∥L2

1
+ ∥FA0∥L2

1
+ ∥(a+ iφ) ∧ (a+ iφ)∥L2

1
+ ∥d∗Aϕ∥L2

1
+ ∥{a, φ}∥L2

1

)
.

For the terms of the form ∥a+ iφ, a+ iφ∥L2
1
, we can write

∥{a+ iφ, a+ iφ}∥L2
1
≤ C (∥{∇A0(a+ iφ), (a+ iφ)}∥L2 + ∥{a+ iφ, a+ iφ}∥L2)

≤ C
(
∥a+ iφ∥L2

2
∥a+ iφ∥L2

1
+ ∥a+ iφ∥2L2

1

)
.

Hence, for ∥a + iφ∥L2
2
≤ 1

C
we can bound the L2

2 norm of a + iφ. Now we can

repeat this procedure to get an L2
2 bound on the curvature which will lead to an

L2
3 bound on a+ iφ. Note that we have

∥{a+ iφ, FA}∥L2
1
≤ C (∥{∇A0(a+ iφ), FA}∥L2 + ∥{a+ iφ,∇A0FA}∥L2 + ∥{a+ iφ, FA}∥L2)

≤ C
(
∥a+ iφ∥L2

2
∥FA∥L2

1
+ ∥a+ iφ∥L2

1
∥FA∥L2

2 + ∥a+ iφ∥L2
1
∥FA∥L2

1

)
and so we have

∥FA∥L2
2
≤ C ′∥FA∥L2

1

provided ∥a+ iφ∥ ≤ 1
C
. Now we can estimate

∥a+ iφ∥L2
3
≤ C

(
∥FA∥L2

2
+ ∥{a+ iφ, a+ iφ}∥L2

2
+ ∥d∗Aϕ∥L2

2

)
.

and as before we can bound

∥{a+ iφ, a+ iφ}∥L2
2
≤ C

2∑
j=0

∥{∇j
A(a+ iφ),∇

2−j
A (a+ iφ)}∥L2+∥{a+ iφ, a+ iφ}∥L2

1
.
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The only terms in the sum that cause any trouble are the ones proving second

derivatives. For these we can again estimate

∥{∇2
A(a+ iφ), a+ iφ}∥L2 ≤ C∥a+ iφ∥L2

3
∥a+ iφ∥L2

1
.

And so, for ∥a+ iφ∥L2
1
sufficiently small we have

∥a+ iφ∥L2
3
≤ C ′

(
∥FA∥L2

2
+ ∥a+ iφ∥2L2

2

)
.

From the Sobolev embedding theorem, we can now deduce that ∥a + iφ∥L∞ is

bounded. Now we have the following inductive step. Suppose that a + iφ is

bounded in L2
k, for k ≥ 3 then it is bounded in L2

k+1. To prove this, note that

∥FA∥L2
k
≤ C

(
∥a+ iφ, FA∥L2

k
+ ∥FA∥L2

)
using the elliptic estimates for the operator dA ⊕ d∗A. Expanding the derivative of

the product out, the only term we need to consider

∥{a+ iϕ,∇k−1
A FA}∥L2

as all the other terms can be bounded by the using the embedding L2
j ↪→ L4

j−1.

But to bound this term we can use the L∞ embedding. Hence we have FA is

bounded in L2
k. We can then estimate

∥a+ iφ∥L2
k+1

≤ C
(
∥FA∥L2

k
+ ∥{a+ iφ, a+ iφ}∥L2

k
+ ∥d∗Aϕ∥L2

k

)
.

Again we need can bound all the terms of the form

∥∇l(a+ iφ),∇k−l(a+ iφ)∥L2

either using the L∞ estimates when l ≥ 3 or k − l ≤ 3. The only situation where

both of these do not hold is when k = 3 and l = 1, 2 or when k = 4, l = 2. In both

of these cases we can then use the L2
j ↪→ L4

j−1 Sobolev embedding. Hence we can

find constants Ck, Dk such that for ∥a+ iφ∥L2
1
sufficiently small and a solution of

the complex Yang-Mills equations we have

∥a+ iφ∥L2
k
≤ Ck, ∥FA∥ ≤ Dk

after applying a L2
2 gauge transformation such that Re(d∗A0

a+ iφ) = 0.
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3.5 Flat GC connections

In later sections, it will be important to have a good understanding of flat GC

connections on three manifolds. In the same way that flat connections are critical

points of the Chern-Simons functional for compact groups, flat GC connections

satisfying d∗Aϕ = 0 are critical points of the complexified Chern-Simons functional.

This is discussed in Chapter 5. In this section we recall some on parallel transport

and the holonomy representation of flat connections, and the deformation theory

for flat connections. We include proofs for standard results since we will need

variations on the formulae used later.

3.5.1 Parallel Transport and Holonomy

In this section we record some results on the holonomy of connections on complex-

ified bundles that we will use when studying perturbations of the Chern-Simons

functional.

Definition 3.45 (Parallel Transport). Let A be a connection on a principal bundle

P → X, let γ : [0, 1] → X be a path and let v be a point in an associated bundle

π : P ×ρ V = E → X.

such that π(v) = γ(0). The parallel transport of v along γ is the solution u(t) of

the ODE
du

dt
+ A(γ̇(t))u = ∇γ̇u = 0, u(0) = v. (3.5)

Definition 3.46 (Parallel Transport Map). Given a curve γ, connection A, and

a bundle E, as in Definition 3.45, we define the parallel transport map to be

U : Eγ(0) → Eγ(1), v 7→ u(1),

where we map each element v ∈ Eγ(0) to the value of the solution of the parallel

transport at the end of the curve. We also define the partial parallel transport

maps to be the values

U(t) : Eγ(0) → Eγ(t), v 7→ u(t).
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Proposition 3.47. Let A be a flat connection on a principal H bundle Q → Y .

Let H : [0, 1] × S1 → Y be a homotopy of loops based at p ∈ Y . Then the

holonomy of A around the loop H(t, ·) is independent of s.

Proof. Let U(t, s) : EH(0,s) → EH(t;s) be the parallel transport map for the con-

nection A on an associated vector bundle E. We will differentiate this map with

respect to s. Note that U(t, s) satisfies

∂

∂t
U(t, s) + at.U(t, s) = 0.

where A = θ + a, is the pullback of the connection A to the (t, s) plane, θ is the

trivial connection the pullback bundle and at = a(∂t). Hence we have

∂

∂s

(
∂

∂t
U(t, s) + at(∂tH).U(t, s)

)
=

∂2

∂s∂t
U(t, s) +

(
∂

∂s
at

)
U(t, s) + at

∂

∂s
U(s, t)

Changing the order of differentiation, we have that the derivative D = d
ds
U(t, s)

satisfies the differential equation

∂

∂t
D + atD = −∂at

∂s
U(t, s).

This has solution

D(t, s) =
∂

∂s
U(t, s) = −

∫ t

0

Us(τ ; t)
∂at
∂s

Us(τ ; 0)dτ,

where the notation Us(b; a) : Ea → Eb is the parallel transport along the curve

t 7→ H(t, s), t ∈ [a, b].

Note that the connection A is flat, and so, in particular

0 =
∂at
∂s

− ∂as
∂t

+ [at, as].

Hence,

Us(τ ; t)
∂at
∂s

Us(∂; 0) = Us(1; τ) (dAas(∂t))Us(τ ; 0).

Note that this is the derivative

d

dτ
(U(1; τ)asU(τ ; 0)) = U(1; τ)dA(as)(∂t)U(τ ; 0)
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We then have that

D(t, s) = −as(0, s)Us(1; 0) + Us(1; 0)as(0, s).

However, as(0, s) = a(0, s)(∂s) = 0 since the homotopy is of closed loops with a

fixed base point, so ∂s(0, s) = 0. Hence we have that D = 0.

Corollary 3.48. If E → X is a bundle with a flat connection and X is simply

connected, then the parallel transport operator Ex → Ey along a path from x to

y is independent of the choice of path. In particular, E is trivial.

Proof. If X is simply connected, then by the lemma, the holonomy around any

loop is trivial. Hence if γ1, γ2 are two paths from x to y, concatenating one with

the inverse of the other gives a closed loop, over which the holonomy is trivial.

Hence the parallel transport along γ1 is equal to the parallel transport along γ2.

We can trivialise the bundle by picking a point p ∈ X and then defining a map

f : X × Ep → E

where f maps each point (x, v) to the parallel transport of v along a curve from

p to x.

Definition 3.49. From now on, when considering parallel transport, we will use

the notation

U(b; a) : Eγ(b) → Eγ(a)

to denote the parallel transport along the subset of the curve γ : I → Y starting

at t = a and ending at t = b.

Remark 3.50. Note that U(b; a) = U(a, b)−1 and for a, b, c ∈ I U(c; a) =

U(c; b)U(b; a).

Lemma 3.51. Let A = A + iϕ be an GC connection on a complexified bundle

PC → X. Let γ : S1 → X be a curve and let U : Eγ(1) → Eγ(1) be the holonomy

of the connection around γ. Then the holonomy of the connection

Ā = A− iϕ.

is equal to (U−1)
†
.

Proof. The parallel transport of the connection A solves the equation

d

dt
U(t; 0) = −Aγ′U(t; 0)
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Differentiating the equation

I = U(t; 0)U(0; t)

gives
d

dt

(
U(t; 0)−1

)
= U−1A.

Taking the conjugate transpose of both sides gives

d

dt
U(0; t)† = −Āγ′U(0; t)

†,

but this is the equation for the parallel transport of Ā.

We now give a useful calculation on an integral operator that appears in the

linearisation of the perturbation operator. This calculation is used to prove that

the perturbed Hessian is self adjoint.

Lemma 3.52. Let PC → S1 be a complexified bundle over S1, and pick a con-

nection A on PC. Let Û denote the holonomy with respect to the connection Ā.

Define the maps

I± : Ω1(gPC) → (gPC)1

as

I+(a) =

∫ 2π

0

U(2π; θ)aθ(θ)U(θ; 0)dθ

and

I−(a) =

∫ 2π

0

Û(−2π;−θ)a−θ(−θ)Û(−θ; 0)dθ.

Then

I+(a)
† = I−(ā).

Proof. This is a direct calculation. We have

I+(a)
† =

∫ 2π

0

U(θ; 0)†a†θ(θ)U(2π; θ)
†dθ
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Using Lemma 3.51 we can write this as

I+(a)
† =

∫ 2π

0

Û(0; θ)a†θ(θ)Û(θ; 2π)dθ

= −
∫ 2π

0

Û(0; 2π − θ)a†θ(2π − θ)Û(2π − θ; 2π)dθ

=

∫ 2π

0

Û(−2π;−θ)a†−θ(−θ)Û(−θ; 0)dθ

Corollary 3.53. Let PC → X be a complexified bundle over a manifold X and

let A be a connection on PC. Define Iγ, Iγ̄. Then

Iγ(a)
† = Iγ̄(a

†).

We now consider how the norm of the holonomy depends on the imaginary

part of the connection. If we restricted to the real connections, that is, ϕ = 0,

then we would have that the holonomy is in G and thus has bounded norm. For

∥ϕ∥L∞ bounded we can generalise this result.

Lemma 3.54. Let A be a complex connection with ∥ϕ∥C0 bounded. Then for any

path γ : [0, 1] → Y , we have

|U(1; 0)| ≤ exp

∫
γ

|ϕ|.

Proof. Let v ∈ Eγ(0) and consider the parallel transport v(t) defined by A along

γ. Then, on a trivialisation of PC over γ, n(t) = |v(t)|2 satisfies the differential

equation
dn

dt
= 2⟨v,∇Av⟩ = −2⟨v, iϕ.v⟩.

Hence we have ∣∣∣∣dndt
∣∣∣∣ ≤ |ϕ||n|,

and so

n ≤ |n(0)| exp
∫ 1

0

|ϕ|.

The bound on the operator norm of the parallel transport operator follows.

Corollary 3.55. Suppose dimY = 3 and ϕ ∈ L2
1+δ for some δ > 0. Then we have

|U(1; 0)| ≤ C exp ∥ϕ∥L2
1+δ
.
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Proof. This is just the previous result and an application of Corollary 2.6.

3.5.2 The Representation Variety

We now describe the space of flat connections on a manifold. These results are

well known but will be used extensively so we recall them here.

Definition 3.56. The representation variety of a manifold Y with respect to the

group G is the space

Hom(π1(Y ), G)/G,

where G acts by conjugation.

Proposition 3.57. The space of flat connections on principal G bundles mod-

ulo gauge transformation on a manifold Y is in one to one correspondence with

elements of the representation variety with respect to the group G.

Proof. Consider the universal cover Ỹ of Y , equipped with a trivial G bundle

P̃ . The group π1(Y ) acts on the total space of P̃ space by diffeomorphisms via

deck transformations and the given representation of π1(Y ). We then take the

quotient by π1(Y ), giving a principal bundle over Y . The trivial connection on the

covering induces a flat connection on the base, and by construction, the holonomy

representation of the flat connection is given by the action of π1 on G.

If we start with a flat connection on a bundle over Y , we can construct a

group homomorphism π1(Y ) → G given by taking the holonomy of the connec-

tion around representatives of the homotopy classes of loops. Acting by gauge

transformations will conjugate the parallel transport maps.

Remark 3.58. If we have a flat connection on a bundle P → Y then we can

consider the pullback to the universal cover Ỹ . By Corollary 3.48, we can trivialise

this bundle. This gives a bundle isomorphism π∗P → Ỹ × G. Moreover, if we

have a section of an associated bundle E → Y , then we can consider this as a

π1(Y ) invariant section on π∗E. When we trivialise the bundle, this section will

be mapped to a π1(Y ) equivariant section, where π1(Y ) acts by the element of the

representation variety that defines the connection.

3.5.3 Twisted De Rham Cohomology

We now consider the associated de Rham complex associated to a complex con-

nection. This is a key idea used in the deformation theory of flat connections. In

this section we restrict to three-manifolds.
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Definition 3.59 (Twisted De Rham Complex). Let A be a flat GC connection.

Then we can consider the complex

0 → Ω0(gPC)
dA−→ Ω1(gPC)

dA−→ Ω2(gPC)
dA−→ Ω3(gPC) → 0.

Since A is flat, d2A = 0 and so this is a genuine complex. Its cohomology is called

the twisted de Rham cohomology with respect to the connection A. We denote

the cohomology groups by

H∗
A(Y ; gPC)

We can also make the following definitions describing flat GC connections.

These definitions are standard and can be found in, for example, [Don02] and

[He19].

Definition 3.60. Let A be a flat GC connection. It is

• degenerate if H1
A(Y ; gPC) = 0, otherwise non-degenerate,

• obstructed if H2
A(Y ; gPC) ̸= 0, otherwise unobstructed,

• acyclic if H∗
A(Y ; gPC) = 0.

Lemma 3.61. A connection A is obstructed if and only if it is non-degenerate.

Proof. We will prove that (H2
A)

∗ ∼= H1
A. To see this, consider map

Hk
A ×H3−k

A → C, ([α], [β]) 7→
∫
Y

tr (α ∧ β) .

This defines an isomorphism

Hk
A
∼=
(
H3−k

A

)∗
.

and so we have in particular that dimH1
A = dimH2

A.

The acyclic condition is related to reducibility in the following way. The kernel

of dA : Ω0(gPC) → Ω1(gPC). If the connection A is reducible, then the holonomy

is contained in a strict subgroup.

Corollary 3.62. A connection is acyclic if and only if it is non-degenerate and

H1
A = 0.

Lemma 3.63. A flat connection, A = A + iϕ, satisfying d∗Aϕ = 0, is isolated if

and only if H1
A = 0.
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Proof. We use a trick to simplify the analysis. Note that a connection FA is flat

if and only if there exists an element ξ ∈ Ω0(gPC) such that

∗FA = dAξ.

Note that if FA is indeed flat then we can take ξ to be zero. For the other direction,

note that see this note that the Bianchi identity implies that d∗AdAξ = 0. Hence

we have that

0 =

∫
Y

⟨d∗AdAξ, ξ⟩ =
∫
Y

|dAξ|2

and so the connection is flat. Hence we can describe flat connections near A as

solutions to the equation

f : ker d∗A ⊕ Ω0(gPC) → Ω1(gPC), (a, ξ) 7→ ∗ (dAa+ a ∧ a) + dAξ.

The derivative of this map is

df(a, ξ) = ∗dAa+ dAξ

which is an isomorphism if and only if H1
A = 0 (when restricted to appropriate

Sobolev completions), since we have

Ω1(gPC)
∼= H1

A ⊕ ker d∗A ⊕ Im dA.

Hence flat connections are isolated with respect to GC gauge transformations.

Remark 3.64. The above result also proves that flat connections with d∗Aϕ = 0

are isolated in AC/G.

3.6 Moduli Spaces of Connections

A key object of study in Gauge theory is the moduli space of connections. That is

the space of connections modulo gauge equivalence. In the complex setting, as we

have described, we are interested in the space of connections such that d∗Aϕ = 0

at some point in the GC. This is the complexified analogue of considering B∗ –

reducible real connections modulo gauge. In the following we denote by µ the map

µ(A) = d∗Aϕ,

where A = A+ iϕ with respect to a given G–reduction of PC.
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Definition 3.65. We define the space BC = µ−1(0)/G, and we define B∗
C to be

the subset of those connections that are irreducible, that is, restricting to gauge

equivalence classes [A] with H0
A(gPC) = 0.

We can use a G reduction P ⊆ PC to define a metric on the space of complex

connections modulo gauge.

Definition 3.66. We define the metric on the space of connections to be the L2

norm on the tangent bundle, restricted to kernel of the complex Coulomb gauge.

That is, for a tangent vector ξ ∈ TAAC = Ω1(gP ), we define the norm of it’s

projection under π : AC → BC to be

∥π∗ξ∥L2 = ∥ξ0∥,

where ξ0 + ξ1 = ξ is the decomposition given by Ω1(gPC)
∼= kerRe(d∗A)⊕ Im dA.

Using the metric, we can define the geodesic distance between connections.

This will be important in Chapter 5 where we deduce a finite energy result for

connections with bounded perturbed Chern-Simons functional.

Definition 3.67. Let A,B be two complex connections. Let S be the set of paths

connecting A and B. Then the geodesic distance between them is

d(A,B) = inf
γ∈S

l(γ),

where l(γ) is the length of the curve.

Lemma 3.68. Let A be a background connection and suppose that a + iφ is in

the complex Coulomb gauge relative to A. Then if B = A+ a+ iφ,

d(A,B) = ∥a+ iφ∥L2

Proposition 3.69. This is just the reverse triangle inequality on the space of

connections. Let A = A1 + iϕ1, B = A2 + iϕ2 be complex L2
1 connections. Then

with respect to the metric induced by a G–reduction,

d(A,B) > |∥ϕ1∥L2 − ∥ϕ2∥L2| .

Proof. For a connection D = D+iφ, ∥φ∥L2 is gauge invariant. Hence we have that

taking the L2 norm of the imaginary part of the connection gives a G–invariant
map A → [0,∞). From Lemma 3.68 we have that the result is true if B is in
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Coulomb gauge relative to A. If not then we can split up the domain of a path

of connections into small intervals and bound the geodesic distance of each part

of the path from below by the difference in the norms, and then apply the reverse

triangle inequality.

Corollary 3.70. Let γ : [0, 1] → A be a path of connections and let

E =

∫ b

a

∥γ′∥2L2 .

for a, b ∈ R. Then
1

2
d(γ(0), γ(1))2 ≤ (b− a)2E

Proof. Apply the Cauchy-Schwartz inequality to the integral defining the length

of γ.

Remark 3.71. There is not a version of the above inequality for paths γ : R → A.

If this were the case then one could bound ∥ϕ∥L2 by the change in the Chern-

Simons functional for a solution of the Kapustin-Witten equations.
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Chapter 4

Harmonic Maps and Flat

Connections

The work of Corlette [Cor88], shows that flat connections on principal GC bundles

PC → Y that satisfy

d∗Aϕ = 0,

with respect to some choice of G reduction, are in one to one correspondence with

π1(Y ) equivariant harmonic maps

u : Ŷ → GC/G.

Here Ŷ is the universal cover of Y and π1(Y ) acts on the codomain by the holonomy

representation

ρ : π1(Y ) → GC,

defined by the connection. Hence, the existence of a GC gauge transformation

mapping a given flat connection to one with d∗Aϕ = 0 is equivalent to showing the

existence of a suitable harmonic map.

For the case when Y is closed, that is compact with boundary, [Cor88, Theorem

3.3] gives that such a harmonic map exists if and only if the representation ρ is

reductive. In this section we prove the following theorem.

Theorem 4.1. Let A be a flat connection on a principal PC bundle on a manifold

with boundary with a reductive associated representation. Then, for any choice

of G reduction on the boundary, there exists a G reduction of PC that coincides

with the given G reduction on the boundary, with respect to which

d∗Aϕ = 0.
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Here A = A+ iϕ with respect to the G reduction, in the sense of Definition 3.7.

Remark 4.2. The implication of theorem could be restated by saying that for a

given choice of G reduction there exists a GC gauge transformation such that the

image of the connection under the gauge transformation satisfies d∗Aϕ = 0.

An overview of a proof of this theorem is as follows. First we note that any

choice of G reduction corresponds to picking a metric on an appropriate bundle.

By Proposition 3.23, G reductions on Y are in one to one correspondence with

sections of an associated bundle with fibre GC/G. When we pull this back to the

universal cover and gauge transform to trivialise the bundle, we get a correspond-

ing equivariant section

h : Ŷ → GC/G.

By Proposition 3.29, we have that dh = ϕ. It follows that h is harmonic if and only

if d∗Aϕ = 0. Hence the proof of the theorem comes down to proving the existence

of a harmonic map from Ŷ into GC/G. The reductivity assumption is really the

statement that the monodromy representation splits as a direct sum of irreducible

representations with no invariant subspaces. This is the key condition that allows

us to rule out bubbling in the harmonic maps we consider. In this chapter we first

review the relevant harmonic map theory and then give the proof of Theorem 4.1.

4.1 Basic Definitions

Definition 4.3 (Harmonic map from a compact manifold). Let Y and M be two

Riemannian manifolds, with M complete and Y compact. A map f : Y → M is

said to be harmonic if it is the critical point of the energy functional

E(f) =

∫
Y

|df |2

where df ∈ T ∗Y ⊗ f ∗TM is the derivative of f . If Y has non-empty boundary we

will assume that f satisfies Dirichlet boundary conditions, that is, has prescribed

boundary values.

The second type of harmonic maps that we consider are π1(Y ) equivariant

harmonic maps from the universal cover of a compact manifold, Y . Note that the

universal cover of a compact manifold will be non-compact if |π1(Y )| is infinite.
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Definition 4.4. Let Y be a compact manifold, possibly with boundary, and let

π1(Y ) act by isometries on a complete Riemannian manifold M . A π1(Y ) equiv-

ariant map

f : Ŷ →M

satisfying Dirichlet boundary conditions, is said to be harmonic if it is a critical

point of the energy functional

E(f) =

∫
Y

|df |2,

where f varies over L2
1 maps satisfying the boundary conditions. Note that, since

f is equivariant and π1(Y ) acts by isometries, the real valued function

|df |2 : Y → R, x 7→ |df([γ]x)|2

is well defined, where [γ] : Ŷ → Ŷ is the deck transformation corresponding

[γ] ∈ π1(Y ).

The application that we have in mind for these maps is the case where Y is

a compact manifold and we have a flat connection A on a bundle P → Y . In

this case, as explained in Section 3.5.2, the bundle P is the quotient of Ŷ ×G by

π1(Y ), where π1(Y ) acts via the holonomy representation. If we have a section

u of an associated bundle E with fibre V , then we can pull this section back to

a section of the pullback bundle over Ŷ , Ê = π∗E. This section will be π1(Y )

invariant. If we then trivialise the bundle via parallel transport then we get a map

bundle map Φ : Ê → Ŷ ×E. The image û = Φ(π∗u) is a π1(Y ) equivariant section

of the trivial bundle. Moreover, given an equivariant section of a trivial bundle,

û, we can consider the section of the associated bundle by applying the inverse

transform to recover the pullback bundle.

There has been extensive work on harmonic maps. For details, a good refer-

ences is the paper [GS92] on Harmonic maps into singular spaces, which contains

details on earlier work on harmonic maps into smooth spaces. A key theorem we

will need is a weak existence theorem for the Dirichlet problem of harmonic maps

on manifolds with boundary.

Lemma 4.5 (Existence of Weak Energy Minimizers). Let Y be a compact mani-

fold with smooth boundary and M a Riemannian manifold. Then, for any choice
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of f ∈ C1(∂Y,M), there exists a map

u : Y →M ∈ L2
1(Y ;M)

such that u|∂Y = f with the property that for any v ∈ L2
1 equal to f on the

boundary we have

E(u) ≤ E(v).

Proof. This is a standard result but we recall the proof for completeness. Consider

the set

S =
{
u ∈ L2

1(Y ;M) | u∂Y = f
}
.

Define the energy

E : S → R, u 7→
∫
Y

|∇u|2

and let ui be an energy minimizing sequence. From the Poincaré inequality, we

have that u is bounded in L2, and hence the sequence ui is bounded and so

contains a weak L2
1 convergent subsequence ui ⇀ u. The set S is closed in L2

1

and so is weakly closed, and hence u ∈ S since the L2 norm is weakly lower

semicontinuous.

A key result is the regularity result on compact subsets for harmonic maps.

This was originally shown in [ES64], and is generalised with fewer regularity as-

sumptions in [GS92].

Theorem 4.6. Let M be a Riemannian manifold with non-positive sectional

curvature. Suppose f : B(0; 1) → M ∈ L2
1 is an energy minimising map for some

metric on the ball. Then there exists a constant C such that

sup
B(0; 12)

|∇f |2 ≤ C

∫
B(0;1)

|∇f |2

Proof. See [GS92, Theorem 2.4].

Remark 4.7. The choice of B
(
0; 1

2

)
in the theorem is fairly arbitrary, and could

instead be stated for any choice of compact subset in the interior of B(0, 1). The

theorem will be applied in this form.
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4.2 Existence Theory for Equivariant Harmonic

Maps

We now prove the existence of π1(Y ) equivariant maps under the assumption that

the action on the target is Abelian or contains no fixed points on the boundary.

For the application to flat GC connections, this corresponds to the holonomy

representation being either Abelian or irreducible (and non-Abelian). We treat

the Abelian case first. This case is simpler and is a result of the existence of

harmonic functions on manifolds with boundary, which we now state.

Proposition 4.8. Let Y be a compact Riemannian manifold with non-trivial

boundary, and let f0 : ∂Y → R be continuous. Then there exists a function

f ∈ C2(int(Y )) ∩ C0(Ȳ )

such that f∂Y = f0 and d∗df = η, for any C0 function η.

Proof. The bilinear form on L2
1(Y )0 given by

B(u, v) =

∫
Y

⟨du, dv⟩

is coercive. This follows from the Poincaré inequality. Hence it follows from the

Lax-Milgram theorem that there exists an element v ∈ L2
1(Y )0 such that

B(u, v) =

∫
Y

⟨u, η⟩ = ⟨u, d∗dv⟩.

for all u ∈ L2
1(Y )0. It follows that v is our desired solution.

We now consider the existence of π1(Y ) equivariant maps from the universal

cover Ŷ .

Theorem 4.9 (Existence of equivariant harmonic maps). Suppose there exists

an equivariant map f0 : Ŷ → M . Then either there exists a harmonic map

f : Y →M such that f |∂Ŷ = f0|∂Ŷ or there exists a point at infinity in M that is

fixed by π1(Y ).

Proof. We follow the strategy used in [GS92, Theorem 7.1]. Pick a finite cover of

Y , U , such that each element Û in the connected components of preimages under

π of the cover is, such that

g(Û) ∩ Û = ∅, ∀g ∈ π1(Y ) \ {Id} .
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We may assume that each U has smooth boundary. Let fi be a minimising se-

quence for the equivariant energy and satisfying the boundary condition. Pick an

element, U , of the cover and pick a connected component Û ⊆ π−1(U). We create

a new minimising sequence as follows. Let f̌i be defined by

f̌i(x) =

g(vi(g−1x)) x ∈ g(U),

fi(x) x /∈ π1(Y )(U)

where we pick vi : Û → M to be the minimizer to the Dirichlet harmonic map

problem on Û , satisfying vi|∂Û = fi|∂Û , coming from Lemma 4.5. Now from

Theorem 4.6 we have that f̌i has bounded first derivative on any compact subset

of Û , and hence it is Lipschitz there. Moreover the Lipschitz constant is bounded

by the energy of fi, and the energy is uniformly bounded on the sequence. Hence

f̌i has a subsequence that is uniformly convergent on compact subsets of Û (and

on any given image of Û under deck transformations). It follows that the limit of

the sequence either maps compact subsets of Û to a bounded subset of M , or it

maps the whole compact set to a single point at infinity in M . We will conclude

the proof of this theorem by showing that in this latter case, the translates of the

compact set by deck transformations must also map to the same point. It then

follows that the action of π1(Y ) on M fixes a point at infinity.

To do this, suppose that γ is a smooth embedded curve from x ∈ Û to τ(x)

for some τ ∈ π1(Y ). We have that∫
γ

|∇γ′ f̌i|2dt ≤
∫
γ

|∇f̌i|2dt

and that (∫
N(γ)

|∇f̌i|2dc
)
dz ≤ E(fi),

where N(γ) is a smooth neighbourhood of the interior points of γ. In particular,

N(γ) can be parametrised as a smooth family of curves from x to τ(x). Suppose

we parametrise N(γ) by the disk Dn−1. Then, by Tonelli’s theorem there exists a

point z ∈ Dn−1 such that ∫
γz

|∇f̌i|2 ≤ E(fi).

From this it follows that the length of f̌i(γz) is bounded, and hence if f̌i is con-

verging to an element at infinity in M , τ(f̌i(x)) = f̌i(x).

Hence, in the case where there does not exist a point in the boundary fixed
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by π1(Y ), we may assume that the minimizing sequence converges uniformly on

compact subsets of Ŷ .

4.3 Flat GC Bundles on Manifolds with Bound-

ary

Suppose that we have a given flat connection A on Y which has an associated

holonomy representation

ρ : π1(Y ) → GC ⊆ GL(n;C).

We assume that ρ is reductive, meaning that we can write

Cn = E1 ⊕ · · · ⊕ Ek,

as a direct sum of GC irreducible representations. By considering each Ek sepa-

rately, we can reduce to the case where k = 1, and we consider separately the case

where dimE1 = 1, and where dimE1 > 1.

We first consider the case where E1 = 1. In this case we are essentially con-

sidering a C∗ connection.

Proposition 4.10. Let PC → Y be a C∗ bundle, and let A be a flat connection

on P . Let E = PC ×C∗ C and pick a metric on E∂Y . Then there exists a metric

on E, equal to the given metric on the boundary, such that with respect to this

metric

A = A+ iϕ

and d∗ϕ = 0

Proof. In the Abelian case we can work directly on Y and find a gauge transfor-

mation to solve the boundary value problem. C∗ gauge transformations are given

by maps f : Y → C∗. If we write such a map as

f(x) = ez

for z = w + iy ∈ C, we then have that

f(A+ iϕ) = A+ iϕ+ ie−zdez = A+ iϕ+ idz
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Hence ϕ 7→ ϕ + dw. The condition d∗Aϕ = 0 under the gauge transformation can

be written as

d∗ϕ+ d∗dw = 0,

which we can solve using Proposition 4.8 (and imposing that w = 0 on the bound-

ary).

We now consider the case of non-abelian representations.

Lemma 4.11. Let ρ : π1(Y ) → GL(n;C) be an irreducible representation. Then

ρ induces a action on GL(n;C)/U(k). Moreover, this representation has no fixed

points at infinity.

Proof. We can define the action of π1(Y ) on GL(n;C)/U(k) simply by defining

g[M ] = [ρ(g)M ].

Suppose this fixes a point at infinity in GL(n;C)/U(k). Then by Proposition 3.28,

each isometry ρ(g) for g ∈ π1(Y ) is contained in the stabilizer of this point at

infinity, and so the image of ρ is contained in a parabolic subgroup of GL(n;C).
This contradicts the irreducibility assumption.

We can now state out existence result for canonical metrics for flat connections

on manifolds with boundary.

Proposition 4.12. Let ρ : π1(Y ) → GC ⊆ GL(n;C) be an irreducible representa-

tion defining a flat GC connection, A, on a bundle PC → Y , where Y is a compact

manifold with boundary. Pick a metric on the associated bundle with fibre Cn.

Then there exists a metric on Y , agreeing with the metric on the boundary, such

that with respect to the induced G reduction of P, the associated connection has

the form

A = A+ iϕ,

and d∗Aϕ = 0.

Proof. Let E denote the associated bundle

E = PC ×GL(n;C) Cn

and pull this back to the bundle π∗E → Ŷ over the universal cover. Pick a

background metric on E. This lifts to a π1 invariant metric on π∗E → Ŷ . If

we pick a point p ∈ Ŷ then we can define a trivialisation of π∗E via parallel
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transport (see Corollary 3.48). As explained after Definition 4.4, under the bundle

isomorphism trivialising π∗E, the pullback metric becomes π1(Y ) equivariant and

the flat connection is the product connection. Let h0 denote this equivariant

metric. Then, from Proposition 3.23 the choice of metric gives an equivariant

section, which we also call h0, of the trivial GC/G bundle

h0 : Ŷ → GC/G.

From Proposition 3.29 we have that the pullback of ϕ in the trivialisation is given

by dh0.

Now, using Theorem 4.9, we can solve the harmonic map boundary value

problem to get an equivariant harmonic map

h : Ŷ → GC/G

that is equal to h0 on the boundary. It now follows from Lemma 3.19 and Propo-

sition 3.29 that the metric on the pullback bundle π∗E defines a G reduction with

respect to which

A = A+ iϕ

and d∗Aϕ = 0.
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Chapter 5

The Complexified Chern-Simons

Functional

The Chern-Simons functional plays an important role in quantum field theory in

three dimensions, and has strong links to four dimensional gauge theory and knot

theory.

In four dimensional Chern-Weil theory an important fact is that, for any con-

nection A on a principal bundle P , the form

tr(FA ∧ FA)

is closed and its de-Rham homology depends only on the bundle. If P is a SU(n)

bundle on a closed, oriented, four manifold then this integral is a multiple of the

second Chern class of the bundle.

One can verify the following by a direct calculation.

Lemma 5.1. Let X be four dimensional an let A be a connection on a principal

bundle P → X and a ∈ Ω1(gP ), then

tr(FA+a ∧ FA+a)− tr(FA ∧ FA) = d tr

(
a ∧ dAa+

2

3
a ∧ a ∧ a

)
.

Now, if we now consider a four manifold with boundary, it will no longer be

true that the integral of tr(FA ∧ FA) is independent of the choice of connection.

In general we will have∫
X

tr(FA+a ∧ FA+a)− tr(FA ∧ FA) =
∫
∂X

tr

(
a ∧ dAa+

2

3
a ∧ a ∧ a

)
We make the following definition.
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Definition 5.2. With respect to a background connection B on a bundle P →
Y , where Y is a three-manifold, the Chern-Simons functional on the space of

connections A is the map

C : A → R, C(A) =

∫
Y

tr

(
a ∧ dBa+

2

3
a ∧ a ∧ a

)
,

where a = A−B ∈ Ω1(Y ).

Remark 5.3. When one considers connections on a trivial bundle, it is common

to take B to be the trivial (product) connection.

Lemma 5.4. The Chern-Simons functional is invariant under the action of ele-

ments of G0, the gauge transformations in the connected component of the identity.

Moreover, the Chern-Simons functional defines a map

G → Z

that detects the connected components of the gauge group.

Proof. We consider the case of SU(2) bundles. Φ be a gauge transformation. Pick

an oriented four manifold with boundary Y . All SU(2) bundles on X are trivial,

so we can pick a trivialisation. Gluing the bundle along the gauge transformation

gives a bundle PΦ → X. Let 8π2c2(P ) denote the integral of tr(FA ∧ FA) for a

connection A on Y . When restricted to Y ↪→ X. We have

8πC2(PΦ) =

∫
X∪X′

tr(FA ∧ FA) ∈ Z = C(A)− C(Φ∗(A)),

where to get the right hand side we have split the integral along the boundary

Y . Note that this value is locally constant and hence constant on the connected

components of G.

In this chapter we focus on the Chern-Simons functional on complexified bun-

dles.

Definition 5.5. Let P → Y be a principal bundle over a three-manifold Y .

The complexified Chern-Simons functional is the Chern-Simons functional for a

connection on the principal bundle PC. It is a map

GC → C.
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Since the complex gauge group has the same number of connected compo-

nents as the real gauge group, the complex Chern-Simons functional is still gauge

invariant modulo Z.

Proposition 5.6. The critical points of the Chern-Simons functional are flat

connections.

Proof. We can calculate the derivative of the Chern-Simons functional directly.

We have, writing out the terms in (1.1),

C(A+ α) = C(A) + C(α +B) +

∫
Y

tr(a ∧ dAα + α ∧ dB+αa)

where B is our choice of flat background connection and a = A−B. If we consider

the above formula with α replaced by tα then we have

C(A+ tα) = C(A) + t

∫
Y

tr (a ∧ dAα + α ∧ dBa) +O(t2)

= C(A) + 2t

∫
Y

tr (α ∧ (dBa+ a ∧ a)) + o(t2).

(5.1)

Here we’ve used an integration by parts formula for tr(α ∧ dBa). Hence A is a

critical point if and only if

FA = dBa+ a ∧ a = 0.

Note that this formula holds because B is flat. If we were to chose another

connection then the critical points would be connections with curvature equal to

that of the background connection.

Proposition 5.7. The complexified Chern-Simons functional is a holomorphic

map

AC → C.

Proof. This follows from the fact that all of the operations in the definition of the

Chern-Simons functional (integration over Y , taking the trace, wedge products and

the taking the derivative with respect to a complex connection are holomorphic).
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5.1 The SL(2;C) Representation Variety

In this section we consider the values of the Chern-Simons functional on the

SL(2;C) representation variety.

Lemma 5.8. The Chern-Simons functional takes finitely many values at critical

points.

Proof. The critical points of the Chern-Simons functional are precisely those com-

ing from FA = 0. If we also require that d∗Aϕ = 0 then critical loci of the Chern-

Simons functional correspond to the irreducible components of the SL(2;C) char-
acter variety. One each irreducible component the Chern-Simons functional is

constant. This follows from the fact that the derivative of the Chern-Simons

functional at the connection A is

daC(A) =

∫
Y

tr (a ∧ FA) = 0.

and so as we move along a path in an irreducible component then the Chern-

Simons functional is constant. The result follows from the fact that there are

finitely many irreducible components.

In general, it may be the case that two different irreducible components of

the representation variety share the same critical points, but we will always have

that there are finitely many values. This gives a nice visualisation of the moduli

space of flat connections in terms of Picard-Lefschetz theory, as described in Chap-

ter 1 which we will come back to when considering the perturbed Chern-Simons

functional.

5.2 The Gradient Flow of Invariant Functionals

We now start to develop the perturbation theory for the complexified Chern-

Simons functional. We will study the gradient flow of holomorphic functionals

f : AC → C

that are invariant under gauge transformations in the connected component (GC)0.

Definition 5.9. We call such a functional f an invariant functional. The (nega-

tive) gradient flow of such a functional, for a parameter θ, is the ordinary differ-
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ential equation
d(A+ iϕ)

dt
= −∇Re

(
eiθf(A+ iϕ)

)
where the gradient is with respect to the L2 inner product defined by the choice

of G reduction of the GC bundle.

Remark 5.10. Note that the definition of the L2 gradient depends on the choice

of G reduction as one needs to pick a metric to define the L2 norm.

An obvious example of an invariant functional is the Chern-Simons functional.

The perturbations that we construct will also be invariant functionals. We now

prove that studying the gradient flow of invariant functionals preserves stability of

connections. This can be explained intuitively by the fact that the gradient flow

is finding the path of steepest descent for the functional. If some component was

in a direction of a GC orbit then the component of the tangent vector of the path

in this direction would not be changing the value of the functional. Hence there

is no component of the velocity of the path in these directions.

Theorem 5.11. Suppose that A+ iϕ : R → AC is a solution to the gradient flow

of an invariant functional, with respect to some choice of G reduction. Then the

function

t 7→ d∗A(t)ϕ(t)

is constant under the flow.

Remark 5.12. This is proven for the special case of the gradient flow of the

Chern-Simons functional (when starting at d∗Aϕ = 0) in [GU12, Proposition 6.2]

and stated in [Muñ25, Remark following Proposition 2.11].

Proof. If we have a path A+ iϕ : R → AC then we have that

d

dt
d∗Aϕ = d∗A

dϕ

dt
+ ∗

[
dA

dt
, ∗ϕ
]
= Im

(
d∗A+iϕ

d(A+ iϕ)

dt

)
Now if A + iϕ is the gradient flow of an invariant functional, then we have that

the image of the infinitesimal action of the gauge group is contained in the kernel

of the derivative of eiθf is in other words

Im dA+iϕ ⊆ ker deiθf.

Hence we have that, for all ξ ∈ Ω0(GC),

⟨d∗A+iϕ∇eiθf, ξ⟩ = ⟨∇eiθf, dA+iϕξ⟩ = d(dA+iϕξ)e
iθf = 0.
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Corollary 5.13. The value d∗Aϕ is conserved under the gradient flow of the com-

plexified Chern-Simons functional.

5.3 Holonomy Perturbations

Our method for producing perturbations will be to consider the holonomy of a

connection. In this section we adapt the ideas outlined in [BD95; Flo88; Tau90] to

complexified bundles. The goal is to construct a gauge invariant function η with

geometric significance so that we can define a perturbed functional.

Definition 5.14 (Perturbed Chern-Simons Functional). Let η : AC → C be GC

invariant function on the space of connections. Then the η–perturbed Chern-

Simons functional is

Cη : AC → C, Cη : A+ iϕ 7→ (C+ η)(A+ iϕ).

Lemma 5.15. The section d∗Aϕ ∈ Ω0(gPC) is preserved under the gradient flow of

the perturbed Chern-Simons functional.

Proof. The perturbed Chern-Simons functional is invariant under gauge transfor-

mations in the connected component of the identity. The result then follows from

Theorem 5.11.

In what follows, we will need to understand how the parallel transport map

varies when one varies the connection. The proof of the following result is very

similar to Proposition 3.47, and we use the same notation here.

Proposition 5.16. Let a ∈ Ω1(g), and consider

Us : [0, 1] → Isom(Eγ(0), Eγ(t))

which is the parallel transport defined with respect to the connection As = A+sa.

Then
d

ds
Us(t) = U(t)−1

∫ t

0

U(τ)−1(a+ iφ)(γ̇(τ))U(τ)dτ

Proof. Differentiating (3.5) with respect to s, at s = 0, gives

d

dt

(
dUs
ds

)
+ A

dUs
ds

+ aU0 = 0.
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We can look for solutions of this equation (as a first order ODE in t) of the form

V (t) = U0f,

where f(t) ∈ isom(Eγ(0), Eγ(t)). Substituting in gives

U0
df

dt
+ aU0 = 0,

and so

f =

∫ t

0

U(τ)−1a(γ̇(τ))U(τ)dτ.

Hence we have that

dUs
ds

= (U(t))−1

∫ t

0

U(τ)−1a(γ̇(τ))U(τ)dτ.

Remark 5.17. Using the notation

U(b; a) : Eγ(a) → Eγ(b)

of Definition 3.49, we have

dUs
ds

=

∫ t

0

U(1; 0)U(0, τ)a(γ̇(τ))U(τ, 0)dτ

=

∫ t

0

U(1, τ)a(γ̇(τ))U(τ, 0)dτ.

We now can start constructing the perturbations. Fix a loop γ : S1 → Y and

thicken it to get an embedding of the solid torus ι : D2 × S1 → Y . For z ∈ D2,

denote by γz the path

eiθ 7→ ι(z, eiθ).

At each point x in the image of ι, where x = γz(b) for some b, we can

consider the parallel transport of elements in the bundle associated to the stan-

dard representation around γz starting and ending at x. This gives an element

U z(1 + b; b) ∈ GC at each point, where x = ι(z, eib).

To define η, let f : C → C be an entire holomorphic function and consider the

map

η(A+ iϕ) =

∫
D2

f (tr (U z(1; 0)))µ (5.2)
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where µ is a two form on D2 with support contained in the interior of D2.

Proposition 5.18. The derivative of η with respect to A+ iϕ is given by

dA+iϕη(a+ iφ) =

∫
D2

f ′(tr(U z(0)) tr

(∫
S1

U z(1; τ)(a+ iφ)(γ̇z(τ))U
z(τ ; 0)

)
dτdµ.

Proof. Consider F (s) = η(A+ iϕ+ s(a+ iφ)), for a+ iφ ∈ Ω1(gC). Differentiating

at s = 0 we have

dF

ds

∣∣∣∣
s=0

=

∫
D2

f ′(tr(U z(1; 0)) tr

(
d

ds
U z(1; 0)

)
.

The result then follows from Proposition 5.16

We now introduce some notation to help with the formulae so that we can

efficiently describe the gradient of the perturbations.

Definition 5.19. We define the sections UA ∈ Ω0(N(γ);AdG) and VA ∈ Ω0(N(γ); gPC),

for x = ι(z, b), to be, respectively, the holonomy and the trace free part of the

holonomy of the connection A around γz starting at b, that is

UA(x) = U z(1 + b; b)

VA(x) = U z(1 + b; b)− 1

n
tr (U z(1 + b; b)) Id,

here n is the dimension of the group GL(n;C) that we are embedding GC in, to

define the trace and matrix products.

Corollary 5.20. The critical points of the gradient flow of Cη = C+ η are given

by

FA = −f ′ (tr(UA))VAµ. (5.3)

Here U(x) is defined to be 0 on the exterior of the image of S1 ×D2 and equal to

the holonomy of the connection A+ iϕ starting and ending at x going around the

S1 when x is in the image. Similarly V is the trace free part of U .

5.4 Sobolev Estimates for the Perturbed Hes-

sian

In this section we consider the Hessian of our perturbation

η : A 7→
∫
D2

f(tr(A))µ.
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Lemma 5.21. The Hessian of the perturbation η, viewed as a map TAAC → TAAC

Hη : a 7→ d

dt
(∇C)A+ta

∣∣∣∣
t=0

is given by

Hη(a) = ∗αVA
∫
S1

tr(Ubτ )µ+ ∗βWA,

where α and β are constants depending on A and f , and W is the trace free part

of the operator

b 7→
∫
S1

U(1; τ)bτU(τ ; 0)dτ ∈ AdGx,

where the integral is taken around the loop γz starting at x ∈ N(γ).

Proof. Let a, b ∈ Ω1(gPC). Then

Hη = ∗f ′′(tr(UA)) tr

(
dUA

db

)
VAµ+ ∗f ′(U)

dVA
db

µ,

here
dUA

db
=
dUA+tb

dt

∣∣∣∣
t=0

and the same for V . We have that

dU(x)

db
=

∫
S1

U(1; τ)bτU(τ ; 0)dτ

and so the trace of this is ∫
S1

tr(Ubτ ).

The result follows.

Proposition 5.22. Let A be a smooth connection on PC → Y . The operator

Hη : L
2
1(gPC) → L2(gPC) at Y is a compact operator.

Proof. The proof of compactness comes down to the fact that for a fixed connec-

tion, A, defining the parallel transport maps U , the map

a 7→ µ

∫ 1

0

U(1; τ)aU(τ, 0) (5.4)

is a bounded endomorphism of L2
k(Y ). To see this, first restrict to the support of

µ. We can consider the projection π : D2 × S1 × S1 given by

π : (z, eiθ, eiψ) 7→ (z, ei(θ+ψ))
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and pull back the section a ∈ L2
k(Ω

1(gPC)). Since S
1 is compact, we have

π∗(a) ∈ L2
k(D

2 × S1 × S1).

Moreover, we can consider the integral in (5.4) as

a(x) 7→ I =

∫
S1

π∗a(τ(x), eiψ)dψ.

where τ : D2 × S1 ↪→ D2 × S1 × S1 given by

(z, eiθ) 7→ (z, eiθ, 1).

By Lemma 2.14 it follows that

∥I∥L2
k
≤ ∥a∥L2

k
,

and hence the compactness of a 7→ I follows from the compactness of the embed-

ding L2
k → L2.

Remark 5.23. The above theorem shows that the deformation theory of the

perturbed complexified Chern-Simons functional is much the same as the normal

Chern-Simons functional, since it differers by a compact operator. For example,

the index theory is the same.

5.5 The Moduli Space of Perturbed Flat Con-

nections

In this section we consider the moduli space of perturbed flat connections.

Definition 5.24. An element of a real or complex Lie group, g ∈ G, is semisimple

if the adjoint representation

Adg : g → g

is diagonalisable.

Theorem 5.25. Let G be a compact, semisimple lie group, and let GC denote

its complexification. Then almost every element (with respect to the measure

induced by the invariant metric on G) is semisimple.

We now start the classification result. It will turn out that for solutions to

the perturbed flat equations will be reducible when restricted to the support of
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the perturbation, which will be the solid torus S1 × D2. Typically the structure

group of the reducible connection will be C∗. The following result is useful when

studying such connections. Let µ be a non-zero two form on the interior of D2,

equal to 0 on the boundary and f be an arbitrary function.

Lemma 5.26. Let A be a GC connection on a bundle PC → S1 ×D2. Consider

the section U of the bundle

PC ×Ad GC,

given by the holonomy of the connection around the S1 direction, and suppose

that for some x ∈ S1 × D2, Stab(U) ∼= (C∗)r. Denote by V ∈ Ω1(gPC) the trace

free part of U . Suppose also that

FA = −f ′(tr(UA))VAµ. (5.5)

Then the connection reduces to a (C∗)r connection, such that

mi = exp (f ′ (tr(U)) li) ,

where the vector defined by the elements mi is the holonomy around the ∂D2

direction, and similarly li describes the holonomy around the S1 direction.

Proof. We follow the proof of [BD95, Lemma 4]. Let v be a vector field on S1×D2

in the direction of D2 (transverse to the S1 direction) and vanishing on the bound-

ary, and consider Φt : S
1 × D2 → S1 × D2 to be the one parameter family of

diffeomorphisms generated by v. We can lift these diffeomorphisms to the bundle

PC using the connection A. To do this we use the definition of the connection as a

horizontal distribution in PC and consider the one parameter family of diffeomor-

phisms generated by the lift of the vector field. We can then consider a family of

connections

t 7→ At = Φ∗
t (A)

Differentiating this family at t = 0 gives

d

dt
Φ∗
t (A)

∣∣∣∣
t=0

= ivFA.

on PC. The contraction of the curvature with v gives a one form with no component

in the S1 direction, due to (5.5). As above, we have that the variation in the
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holonomy U is given by

dUt
dt

=

∫ 1

0

U(1; τ)
dA

dt
U(τ ; 0)dτ

Hence, if

dAt

dt
=
dΦ∗

t (A)

dt
= 0,

then the holonomy is constant along the family. Since we defined Φ using the

connection, this is saying that ∇AU = 0 in the directions of D2. But it is also

true that ∇AU = 0 in the S1 direction by the definition of Holonomy. Hence U is

covariantly constant and so defines a bundle reduction on the solid torus. Since

we assume that the stabiliser of U is equal to C∗ at a point, it must be equal to

C∗ on the whole of S1 ×D2.

To get the constraints on the holonomy, we have that the curvature and trace

free holonomy of the connection will take values in the relevant subset of the Lie

algebra. If V = 0 then the connection is flat and so the holonomy around D2

would be trivial.

Since all Cr bundles over S1 ×D2 are trivial, we can trivialise the bundle and

so we have that

FA = −f ′(tr(U))


l1
...

lr

µ,

where λj is the jth component of the holonomy in the S1 direction. If we now

consider the holonomy around ∂D2, we have that

dU

dt
= −AU,

and since (C∗)r is Abelian, using Stokes’ theorem on the trivialisation, we have

that

d

dt
(logU) = −

∫
∂D2

A = −
∫
D2

FA = f ′(tr(U))


l1
...

lr

 ,

and so 
m1

...

mr

 = exp

f ′

(∑
r

lr

)
l1
...

lr


 . (5.6)
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Here we apply the exponential function to each element of the vector.

Theorem 5.27. There is a one to one correspondence between

1. Critical points of the perturbed Chern-Simons functional (as defined above),

with d∗Aϕ = 0 ,

2. Solutions to FA = −f ′(tr(UA))VAµ, d
∗
Aϕ = 0.

3. Flat connections on the complement of supp(µ) satisfying d∗Aϕ = 0, with

holonomy on the torus boundary satisfying (5.6).

4. Flat connections on the complement of supp(µ) with reductive holonomy

representation and with holonomy on the torus boundary in (C∗)r satisfying

(5.6).

Proof. The equivalence between 1 and 2 follows Corollary 5.20. For 2 implies 3 we

can use Lemma 5.26. We can always assume that we are in the generic case where

the holonomy gives a reduction (C∗)r. If not then the reducible connection is not

reductive and so we will not be able to solve d∗Aϕ = 0 on the manifold S1 × D2.

For 3 if and only if 4 we can use Proposition 4.12, where we split up the manifold

into S1 ×D2 and its complement. We deduce that the representation is reductive

on the solid torus and its complement by the existence of the solution d∗Aϕ = 0.

To prove 3 implies 2, we show how to fill in a connection with the given

holonomy properties. To do this we can work on the trivialisation of the (C∗)r

bundle over S1 ×D2. The equation we want to solve is

d(A+ iϕ) = −f ′

(∑
r

lr

)
l1
...

lr

µ, d∗(A+ iϕ) = 0.

This is just a vector of Poisson’s equation for differential forms. By, for example,

[Sch95, Theorem 3.2.5] this equation can be solved for any choice of boundary

data

(A+ iϕ)|∂X = ψ

that satisfies the integrability condition〈
−f ′

(∑
r

lj

)
liµ, η

〉
=

∫
S1×∂D2

ψi ∧ ∗η,
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where η is the harmonic representative of the homology class defined by µ that is

trivial when restricted to the boundary. This condition is a holonomy constraint

on the boundary connection. It is implied by the condition

mi = exp(f ′(tr

(∑
j

lj

)
li)

on the holonomy of the boundary connection.

Hence, if we’re given a flat connection on the complement of the perturbation,

satisfying the holonomy conditions then we can pick a trivialisation of the bundle

over the boundary in which the connection is diagonal, extend this trivialisation to

the support of the perturbation and then add in the solution to the above problem

to get a full solution to the perturbed equations. Note that the gauge transforma-

tion required to trivialise the bundle on the boundary will generally be in GC, but

in Proposition 4.12 we show that for any choice of boundary trivialisation, one

can find a gauge transformation, trivial on the boundary, to solve d∗Aϕ = 0.

5.5.1 Multiple Loops

To end our definition of perturbations to the complex Chern-Simons functional,

we consider the case of multiple loops. The previous results for considering only

one loop carry over very easily to this case.

Definition 5.28. Let γ1, . . . , γn be a collection of disjoint loops with non pairwise

intersecting solid torus neighbourhoods N(γi) ∼= S1 ×D2, and let Di ⊆ N(γi) be

the disks corresponding to t = 0 on S1. Pick holomorphic functions f1, . . . fn and

two forms, µi, with integral 1 on each Di. Define the sections U i
A as above to

be the holonomy of the connection A around the S1 factor ofN(γi) starting at a

point x ∈ Nγi . Using this data, we define a perturbation to the Chern-Simons

functional, η, to be

Cη = C+ η = C+
∑
i

∫
Di

f(tr(Ui))µi.

From now on, unless stated otherwise, the symbol η will denote such a pertur-

bation.

87



5.6 Energy Estimates

A crucial quantity to control when studying connections, A, on complexified bun-

dles is the L2 norm of ϕ, where we write

A = A+ iϕ.

This follows from the fact that from the Weitzenbock formula we have bounds of

the form

∥∇Aϕ∥L2 + ∥[ϕ, ϕ]∥2L2 ≤ C∥ϕ∥2L2

and from this we can derive bounds on the curvature of the connection A. Given

bounds on the curvature of A we can then find appropriate gauges using Uhlen-

becks theorem and derive regularity results.

When studying solutions to the perturbed flat equations, we can derive esti-

mates by considering the equations over two regions: the support of the pertur-

bation and its complement. On the support of the perturbation we have that the

curvature of the connection is bounded by the holonomy around the loops defining

the perturbation. Away from the perturbation, the connection is flat. Moreover,

we have that the metric h defining the G reduction minimises the harmonic map

energy

E =

∫
Y \N(k)

∥ϕ∥2L2 .

over the metrics satisfying the given boundary conditions. Hence, we can get a

bound on the norm of ϕ simply by calculating ∥ϕ∥2L2 for any choice of G reduction.

In this section, we study producing a bound on the minimum harmonic energy by

calculating the energy for a given representative. This will allow us to then bound

∥ϕ∥2L2 for the flat equation, by a function of the holonomy.

Lemma 5.29. Let A be a flat GC connection on a compact manifold, Y (possibly

with boundary), and let ρ : π1(Y ) → GC be the holonomy representation. Pick a G

reduction defined by a smooth metric of the bundle P . This defines an equivariant

map

h : Ỹ → GC/G.

with energy bounded by a function of the representation ρ, the choice of G reduc-

tion and the topology of Y .

Proof. Pick a finite cover, U1, . . . , Un of Y with disjoint intersections under the

action of π1 when pulled back to the universal cover. For each element of the
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cover we can pick a representative Ũi in Ỹ such that π : Ỹ → Y restricts to a

homeomorphism on Ũi. The union of all the Ũi is a bounded set in Ỹ and hence

contained in a compact set. Moreover h differentiable on the Ui, with derivative

depending on the representation ρ and initial metric h0. We can bound the norm

squared of the derivative h by a constant, K say, on each Ũi. We then have that

∥ϕ∥2L2 ≤
∑
i

∫
Ui

|∇h|2 ≤ Kn.

Corollary 5.30. Let A be a η–perturbed flat connection with finite holonomy

representation, in L2
1 with respect to some background connection. Then A is

gauge equivalent to a smooth connection, with bounds on derivatives depending

only on ∥ϕ∥L2 .

Proof. We can split the manifold into two sections, Y \ supp(η) and supp(η).

On compact subsets of the support of η, we can bound the solution by elliptic

estimates for the operator d ⊕ d∗ and use a bootstrapping argument, since we

know that the holonomy is bounded. For compact subsets of Y \ supp(η) we can

use elliptic regularity of the Yang mills equations. To do this, note that the L2

norm of ϕ bounds the L2 norm of ϕ ∧ ϕ and hence the curvature of FA. We

can then pick sufficiently small subsets to bound the L2
1 norm of the connection

one form and the L2
1 norm of ϕ after a gauge transformation and then apply the

regularity result for solutions to the complex Yang-Mills equation. We are left

needing to consider an estimate of the L2
1 norm of A on the boundary torus. We

can do this by picking a collar neighbourhood of the torus and considering interior

estimates for the boundary value problem imposed by identifying the bundle over

the neighbourhood.

5.7 Perturbed Kapustin-Witten Equations

We end this chapter by defining the perturbed Kapustin-Witten equations. In the

following, let η : AC → C be a holonomy perturbation functional, and denote by

η′ its gradient.

Definition 5.31. Let θ ∈ [0, π). Then the θ–Kapustin-Witten equations on the

manifold R× Y are defined to be the negative gradient flow equations of

C+ η
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For a path of connections A, with A(∂t), this is the equation

dA

dt
= − ∗ e2iθFA + η′(A), d∗Aϕ = 0

Written in four-manifold notation, this is the equation

(eiθ(FA + η̂′))+ = 0, d∗Aϕ = 0,

where η̂′(A) is the pullback of η′(A) on each slice. That is, if γ is a loop defining

the perturbation, and µ is the pull back of µ ∈ Ω2(N(γ)) to R×N(γ), then

η̂′ = −f ′(UAt)VAtµ.

Remark 5.32. The θv–Kapustin-Witten equations can be defined analogously for

a function θv : R → R.
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Chapter 6

Flat Connections on Heegaard

Splittings

In this chapter we study perturbed flat SL(2;C) connections on three-manifolds

where the perturbation is defined using a Heegaard splitting. A Heegaard splitting

gives a natural way to represent the fundamental group of a three-manifold. We

use these representations of the fundamental group to prove a transversality result

for our perturbed flat connections with these perturbations. Heegaard splittings

are also used to define the Casson invariant.

6.1 Heegaard Splittings

We include these definitions here for completeness, but this is standard material

in low dimensional topology.

Definition 6.1. A 0–handlebody is homeomorphic to S3. An n+ 1–handlebody

is homeomorphic to an n–handlebody connected sum a solid torus.

Definition 6.2. A Heegaard splitting of a closed three manifold M is a decom-

position

M = V ∪f W,

where V,W are n–handle bodies and f : ∂V → ∂W is a homeomorphism with

which the boundaries are identified.

Example 6.3. The three sphere has admits a Heegaard splitting as

S3 = D2 × S1 ∪D2 × S1,
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where the meridian of each boundary torus gets identified with the longitude of

the other.

Theorem 6.4. Any three manifold admits a Heegaard splitting.

Proof. See, for example, [Sch00, Section 2].

Given a Heegaard splitting of a three manifold, this can be trivially extended

by direct summing two tori which we identify as S3, so the resulting gluing gives

the connected sum of the manifold with S3.

Definition 6.5. We say that two Heegaard splittings are isotopic if there is a

homotopy of homeomorphism sending the boundary in one of the splittings to the

other. Two splittings are stably isotopic if they are isotopic after being trivially

extended.

Theorem 6.6. Any two Heegaard splittings of the same manifold are stably iso-

topic.

Proof. See, for example, [Sch00, Theorem 7.1].

We now explain how the fundamental group of the three-manifold relates to

the fundamental groups of the components V , W of a Heegaard splittings.

Lemma 6.7. The fundamental group of a g–handlebody is the free group on g

letters.

Proof. This follows from the formula for the fundamental group under direct sums,

or by noting that the handlebody deformation retracts onto the wedge product of

g circles.

The generators of the fundamental group of the g–handlebody may be visu-

alised as loops going round each of the handles.

Lemma 6.8. The fundamental group of the orientable surface of genus g may be

presented as

π1(Σg) =

〈
λ1, . . . λg, µ1, . . . µn

∣∣∣∣∣
g∏
i=1

[λi, µi] = 1

〉
.

Proof. See, for example, [Hat02, Discussion after Proposition 1.26].

The generators of this group may be visualised as going around the handles of

the boundary of the handle body.
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6.2 Perturbed Representations on Handlebodies

In this section we study the representation theory side of the perturbed flat con-

nection correspondence in Theorem 5.27 when we use a Heegaard splitting to pick

our loops. We restrict to the group SL(2;C). Strictly speaking what we describe

here doesn’t fit into the framework because our loops will contain a common base-

points coming from the definition of the fundamental group, but by perturbing our

loops near their intersections we can assume that our loops are disjoint. Changing

the base point of our connections will conjugate the holonomy and in principle one

could add account for these perturbations in the system of equations that. We

don’t do this however and assume that the classification results of flat connections

from Chapter 5 carry over even in the case of intersecting loops.

Our starting point for this analysis is to pick a collection of curves γi and ξi

which generate the fundamental groups of each of the handlebodies. We think of

γi going around the ith handle, and the same for ξi. If we remove a neighbour-

hood of each of these loops then the fundamental group of each of the drilled out

handlebodies is given by

⟨λ1, . . . , λg, µg, . . . , µg|[λi, µi] = 1⟩.

The fundamental group of the three manifold with the neighbourhoods of the

loops removed can then be written as

τg(Y ) =
〈
λ11, λ

1
2, . . . , λ

2
g, µ

1
1, . . . , µ

2
g|R
〉

where R is a collection of relations coming from the embeddings

V ′,W ′ ↪→ Y,

along with the commutation relations, where V ′ and W ′ are the drilled out han-

dlebodies.

Lemma 6.9. For the group τg(Y ) associated to a Heegaard splitting, we can pick

R so that it consists of 4g constraints. Let αi be defined such that

λ2i − αi(λ
1
1, . . . , µ

1
g)) = 0,

µ2
i − αg+i(λ

1
1, . . . , µ

1
g) = 0

Then the map λ11, . . . , µ
1
n → λ21 . . . , µ

2
n is invertible.
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Proof. It is a standard result in the theory of Heegaard splittings that for the

Heegaard decomposition V,W, f the fundamental group is presented by the gen-

erators λji and 2g relations. Hence we can pick our 4g relations by adding in the

commutativity constraints coming from the torus boundaries. Fix a base point on

the intersection boundary of V ′ and W ′ to define the fundamental groups. Note

that the generators of the fundamental groups of V ′ and W ′ are all homotopic to

loops on the intersection. This gives a bijective map f : π1(V
′) → π1(W

′), and

this bijection is invertible. This allows us to write αi explicitly and define the

inverse map.

We want to frame the problem of finding representations that satisfy our holon-

omy constraints in terms of the regular value theorem. We will prove that we can

pick our parameters such that 0 is a regular value and hence the moduli space

of solutions is 0 dimensional. As such we can consider the error of the relations

considered in the previous proof being zero. We do this by considering a repre-

sentation of the free group on 4g letters

ρ̂ : F4g → SL(2;C). (6.1)

This is nothing more than a choice of 4g matrices. Writing out the relations we

have

ρ̂(µ1
i )− exp(fi(ρ̂(λ

1
i ))) = 0, (6.2)

ρ̂(µ2
i )− exp(h′i(ρ̂(λ

2
i ))) = 0, (6.3)

ρ̂(λ2i )− αi(ρ̂(λ
1
1), . . . , ρ̂(µ

1
g))) = 0, (6.4)

ρ̂(µ2
i )− αg+i(ρ̂(λ

1
1), . . . , ρ̂(µ

1
g)) = 0 (6.5)

If these relations are satisfied then ρ descends to a representation of τg(Y ). The

functions fi, h
′
i are the functions in the definition of the perturbation – to ease the

notation we have decided not to define these as maps from SL(2;C) → C rather

than applying a holomorphic function on C to the trace. We are slightly abusing

notation here and the first two relations should be read as the condition that ρ̂(µji )

commutes with ρ̂(λ1i ) and the eigenvalues satisfy the exponential relation.

Definition 6.10. Let the map

F : SL(2;C)4g → SL(2;C)4g (6.6)

be the error coming from a choice of ρ̂(λji ), ρ̂(µ
j
i ).
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Lemma 6.11. We can pick polynomials fi, hi : C → C such that 0 is a regular

value of the map F in (6.6).

Proof. Consider the map from C to maps between holomorphic functions where

we have z 7→ (f 7→ f + z). The derivative of the map F can be seen as a section

of F∗TSL(2;C)4g valued one forms. Correspondingly, we can define a section of a

suitable bundle over to SL(2;C)4g × C2g, where at the points with value z in the

C2g factor, the section is defined by defined by differentiating the map Fz, which

is just the map F defined using the functions fi + zi and gi + zg+i. Now pick

arbitrary holomorphic functions fi. We claim that the derivative of the function

is surjective at all points. To see this note that when for any vector in the tangent

space of the first two conditions we can select zi such that the derivative of the

first two equations is equal to the given vector. For the second two conditions

we have that the maps αi give smooth bijections, and so any tangent vector in

the second two equations can be achieved by varying the λ2i and µ2
i . Hence, in

particular, 0 is a regular value of this map, and we can use the implicit function

theorem to study

As a result of this we get the following theorem.

Theorem 6.12. There exist perturbations of the complex Chern-Simons func-

tional such that the moduli space of critical points if 0 dimensional.

Lemma 6.13. There can be infinitely many solutions to the perturbed flat GC

connection equation.

Proof. The simplest example is to consider S3 as the union of two 1 handlebod-

ies. Under the identification of the fundamental groups of the handlebodies, the

relations αi are given by

λ2 = α1(λ
1, µ1) = µ1

µ2 = α2(λ
1, µ1) = λ1.

Hence the condition on the holonomies, in terms of only λ1, is

λ1 − exp(h′(exp f ′(λ1))) = 0.

It follows that there are infinitely many solutions since the left hand side holomor-

phic function has an essential singularity at infinity, and so will take almost every

value infinitely many times.
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The fact that there are infinitely many solutions is an artefact of the fact that

the condition on the holonomies around each boundary torus is given in terms of

the exponential function, which is transcendental. If polynomial conditions were

given, then one would

Definition 6.14. We call a perturbation regular if all the perturbed flat connec-

tions are isolated.

Definition 6.15. We call a perturbation coercive if, whenever the holonomy of

a connection An tends to infinity along a sequence of regular critical points, the

perturbed Chern-Simons functional also tends to infinity.

Proposition 6.16. We can choose our perturbation to be coercive.

Proof. If the holonomy is tending to infinity along a sequence of regular points,

then we must have that there is an i such that one of the eigenvalues of ρ̂(λi) tends

to infinity. We can make sure fi(ρ̂(λi)) tends to infinity along this sequence by

picking the fi to be polynomials. Now we show that the perturbed Chern-Simons

functional is tending to infinity. It could be the case that both terms in the sum

C(An) + η(An)

are unbounded but the sum is still bounded. However, note that the norm of

C(A) is bounded by ∥An∥L2∥An∥L2
1
+ ∥An∥3L3 , and hence by ∥ϕ∥2L2 . We can also

bound ∥ϕ∥L2 by the logarithm of the holonomy, as in Lemma 5.29 and hence, as

the holonomy tends to infinity, we will have that the Chern-Simons functional is

growing as the log of the holonomy and hence the sum cannot be finite.

Remark 6.17. Note that the above argument works just as well for reducible

connections as it does for irreducible ones. Reducible connections are classified by

maps

ρ : H1(Y ) → C∗,

and hence will exist in dimH1(Y ) dimensional families.

We now prove a result about the perturbed Chern-Simons functional of that

we will need to prove a compactness result for solutions to the Kapustin-Witten

equations with bounded energy.

Proposition 6.18. Suppose An is a sequence of infinitely many distinct perturbed

flat connections for a regular perturbation η. Then the values

zn = Cη(An)
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are such that

lim inf
n→∞

|zn| = ∞.

Proof. Since the critical points are isolated, it follows that the along the sequence,

we must have that for some i the values

ρ̂(λ1i ) → ∞.

otherwise we could pick a convergent subsequence of bounded holonomies that

would converge in the bounded subset to a solution (since the map is continuous).
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Chapter 7

Knot Theory

7.1 Relevant Knot Theory

In this section we review some concepts from knot theory that we will need in

Chapter 8. Typically, for the descriptions of established knot invariants we will

be thinking of knots in S3. One of the advantages of gauge theoretic invariants

is that they can be defined on a wider class of three manifolds. In this section

we will define the invariants for as wide a class of manifolds that we can. Since

the ideas from knot theory we will need are fairly rudimentary, we include all the

definitions so that no prior knot theory knowledge is required to understand the

thesis.

Definition 7.1. Let Y be a three manifold. A knot in Y is an embedded loop

S1 ↪→ Y . We will always assume that our knots are smoothly embedded. A link

in Y is a finite collection of knots, that is an embedding
∐
S1 ↪→ Y . A link that

is the image of n disjoint copies of S1 is an n component link.

Definition 7.2. Two knots are equivalent (isotopic) if there exists a homeomor-

phism

h : [0, 1]× Y → Y (7.1)

Such that h0 = Id and h1(k1) = k2.

We will only consider smooth knots. For smooth knots, two knots are isotopic

if and only if there exists a diffeomorphism in the connected component of the

identity sending one of the knots to the other. The Jones Polynomial Given a

knot or link in a three manifold, a particularly useful way to study it is to study

the three manifold where the knot has been removed.
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Definition 7.3. Let L :
∐
S1 ↪→ Y be a link (or knot) in a three manifold Y .

The link (or knot) complement is the three manifold with boundary

Y \N(L), (7.2)

where N(L) is a neighbourhood of the image of L, that is sufficiently small so

that it can be seen as an embedding of solid tori. The link complement of an n

component link has boundary given by n disjoint tori.

Remark 7.4. Sometimes the terms knot and link will be used interchangeably.

In most cases, unless explicitly stated, we will use the term knot to mean either a

knot or link and imagine links with one component, but the extension to general

n component links will be straightforward.

Definition 7.5. The link (or knot) group is the fundamental group of the link

(or knot) complement.

Many knot and link invariants are constructed by considering the topology of

the knot complement.

7.1.1 Examples of Knots

In Chapter 8 we will study critical points of Cη with the perturbations defined

along certain knots. As such, it is useful to define some example knots, and give

some explicit descriptions.

Definition 7.6 (The Unknot). The unknot in S3 is the isotopy class of knots

equivalent to the standard embedding S1 ↪→ R2 ↪→ R3 ↪→ S3. Such an element

k : S1 ↪→ S3 is characterised by the fact that it bounds an embedded disk. For

a general three manifold we define an unknot to be any knot that bounds an

embedded disk. In general, there could be many isotopy classes of such knots.

Definition 7.7 (Torus Knots). Let k : S1 → Y be a knot, and consider the solid

torus neighbourhood N(k) of k. On the boundary torus, we can consider the map,

for (p, q) ∈ Z× Z \ {(0, 0)}

fp,q = S1 → S1 × S1, eiθ 7→ (eipθ, eiqθ). (7.3)

Here we pick the first S1 factor of T 2 to correspond to the meridian of the knot

neighbourhood. The (p, q) torus knot with respect to k, (p, q)k, is the isotopy class
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of knots given by the image of fp,q. The (p, q) torus knot in S3 is the (p, q) torus

knot with respect to the unknot.

Example 7.8. The (right handed) trefoil in S3 is the (2, 3) torus knot.

Lemma 7.9. The knot group of the (p, q) torus knot in S3 is

⟨x, y | xp = yq⟩ (7.4)

Definition 7.10 (Hyperbolic Knots). A knot k in S3 is hyperbolic if its knot

complement S3 \ N(k) admits a hyperbolic metric - that is a metric of constant

negative sectional curvature. The (hyperbolic) volume of a hyperbolic knot is the

volume of its knot complement with the hyperbolic metric.

Definition 7.11. The Hopf link is two unknots linked together.

Lemma 7.12. The link group of the Hopf link is Z× Z

Proof. We can decompose S3 as two solid tori (which we think of as S1 × D2),

identified along the torus boundary. The Hopf link can be seen as the union of

the two curves S1 × {0}. Hence the link complement deformation retracts onto

the boundary torus.

Some knot invariants require extra data to define. In this case the knot invari-

ants may not be true invariants but might also be invariants of the knot and the

additional data. We now give some examples of some extra data that we will use

to define knot invariants.

Definition 7.13. A framing of a link l : L ↪→ Y is a section of the bundle l∗TY

that is nowhere colinear to the link direction, i.e. a non-zero section of the quotient

i∗TY/TL.

Definition 7.14. The blackboard framing of a link diagram is the framing of a

link where the framing vector is in the direction of the kernel of the derivative of

the projection that gives the knot diagram.

Definition 7.15. The winding number (vector) of a framed knot (link) is the

number of times the framing vector rotates around the knot (or each component

of the link).
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7.1.2 The A Polynomial

The main knot invariant we will need when describing perturbations is the A

polynomial. For more details on the A and Â polynomials, see [BC16].

Definition 7.16. A representation ρ : G → GL(n;C) is reductive if every G

invariant subspace has a G invariant complement.

Reductive representations are a generalisation of irreducible representations

and provide a notion of stability when considering representations of the funda-

mental group.

Lemma 7.17. Let M be a compact manifold with, possibly empty, boundary.

The set of representations

ρ : π1(M) → SL(2;C) (7.5)

is an algebraic variety.

Proof. Since the fundamental group of M is finitely presented, the condition of

finding a homomorphism into SL(2;C) can be written as a system of polynomial

equations on the entries of the value of ρ for each of the generators. This sys-

tem can in turn be written as a system of polynomial equations in the matrix

coefficients. Hence the set of representations forms an algebraic variety.

Definition 7.18. Let M be a compact manifold, with or without boundary. The

SL(2;C) representation variety ofM , R(M), is the set of reductive representations

of π1(M) into SL(2;C) up to conjugation.

R(M) = {f : π1(M) → SL(2;C)|f is reductive} /SL(2;C) (7.6)

The character variety of M is the set variety defined by characters (traces) of

representations.

Example 7.19. The character variety of T 2 is isomorphic to (C∗)2/Z2. This is

because π1(T
2) = Z2. Commuting elements of SL(2;C) can be simultaneously

upper triangularised. If this representation is reductive then we can view the

representation as a pair of upper diagonal matrices:

M =

(
µ 0

0 µ−1

)
, L =

(
λ 0

0 λ−1

)
(7.7)
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Here M represents the value of the representation on loops homotopic to the

meridian of the torus (that is, transverse to the knot), and L represents the value

on loops homotopic to the longitude (in the direction of the knot). The action

of Z2 comes from simultaneously identifying M with M−1 and L with L−1. This

identification comes from conjugating the diagonal matrices by(
0 −1

1 0

)
∈ SL(2;C) (7.8)

which swaps the elements on the diagonal.

If we have a knot in a three manifold Y , then the embedding of the boundary

of the knot complement induces a homomorphism

i∗ : π1
(
T 2
)
→ π1 (Y \N(K)) (7.9)

As a result we get a subset

Ǎ =
{
g|π1(T 2), g ∈ χ (Y \N(K))

}
⊆ χ

(
T 2
)
. (7.10)

Definition 7.20. We can consider the set Ǎ ⊆ χ(T 2) as the image

τ : (C∗)2 → χ(T 2), (7.11)

and define Ã := τ−1(Ǎ). The Zariski closure of Ã, Ā ⊆ C2 is an affine variety, and

hence the vanishing set of a polynomial. The A polynomial is this polynomial.

That is, the A polynomial of a knot K is the polynomial A(λ, µ) such that

Ā = A−1(0). (7.12)

Remark 7.21. Put another way, the A polynomial encodes the algebraic con-

straint of being able to extend a representation of the torus boundary fundamental

group to the knot group.

Remark 7.22. The A ideal of a link is the generalisation of the A polynomial to

links. An n component link will have n boundary tori, and so given a representa-

tion of the fundamental group of the link complement we can consider a point in

(C∗)2n corresponding to the eigenvalues of the boundary holonomy around each

boundary component. As in the knot case, we can then take the Zariski closure

of the set of these points. This can be defined by an ideal in the polynomial ring
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over C with 2n variables.

Example 7.23. In S3, the A polynomial of the unknot is 1 − L. This can be

seen by the fact that the longitude is contractible in the knot complement, and

the fundamental group of the unknot is Z. For any knot in S3, the A polynomial

contains a factor of 1− L coming from the subgroup of the knot group generated

by the meridian. These representations are called the Abelian representations.

The A polynomial of the trefoil is (1− L)(L+M6).

The Â polynomial, defined in [BZ01], is a refined version of the A polynomial.

Instead of defining Â as the polynomial that defines a certain algebraic variety, one

can consider each one dimensional component Xj of χ(Y \N(K)) that restricts to

a one dimensional component in χ(T 2) and then define the Â polynomial as the

product of those factors. Up to repeated factors, A and Â agree.

Definition 7.24. Let Xj denote the one-dimensional components of χ(Y \N(K)

which are one-dimensional when the associated representations are restricted to

the torus boundary. Let Aj be the polynomial defining the restriction. We define

the Â polynomial to be the product

Â =
∏
j

Aj. (7.13)
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Chapter 8

Example Critical Points

In this chapter we study the critical points of the complexified Chern-Simons func-

tional and the perturbed Chern-Simons functional. As with Floer theory, these

critical points serve will serve as asymptotic boundary conditions when studying

the Kapustin-Witten equations on manifolds with tubular ends.

8.1 Facts about SL(2;C)

We will mainly consider examples with structure group SL(2;C), and so before

considering the geometric examples we recall some relevant facts about SL(2;C).
We now recall some important facts about SL(2;C) matrices.

Lemma 8.1 (Jordan Normal Form). Let M ∈ SL(2;C). Then either

1. We have tr(M) ̸= ±2. Then M is conjugate to the matrix(
λ 0

0 λ−1

)
,

where λ+ λ−1 = tr(M), by an element of SL(2;C). Or,

2. tr(M) = ±2 in this case either M is equal to ± Id or is conjugate, by an

element of SL(2;C) to

±

(
1 ±1

0 1

)
.

Proof. By the Jordan normal form theorem, for any matrix M ∈ SL(2;C) there
exists a P ∈ GL(2;C) such that

PMP−1
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is in Jordan normal form. Furthermore, by multiplying P by detP−1 we can

assume that P ∈ SL(2;C).

In some of the examples we will consider paths of flat connections on knot

complements that converge to reductive representations. The following lemma is

instructive to understand the geometry of the representation variety along these

paths.

Lemma 8.2. Let P(t) ⊆ SL(2;C), for t ̸= 0, be the one parameter family of the

sets of change of basis matrices that diagonalise a given matrix M(t), where M(t)

is a smooth path of matrices. Suppose that at t = 0, the Jordan normal form of

M is (
1 1

0 1

)
,

and for all other values of t, M is diagonalisable. Define

n(t) = inf{∥P∥ | P ∈ P(t)}.

Then n(t) → ∞ as t→ 0.

Proof. For the matrix M(t), all matrices that diagonalise M(t) have the form

P = [v1, v2]

where v1, v2 are eigenvectors of M(t). Hence we have

n(t)2 = inf
v1,v2

{∥v1∥2 + ∥v2∥2}

and the infimum is achieved when the norms of v1 and v2 are equal (note that

P is constrained to have determinant 1 and so we just minimise over (v′1, v
′
2) =

(λv1, λ
−1v2)). When t → 0 the vectors v1(t), v2(t) become increasingly colinear,

and hence for detP (t) to equal 1, we must have that the minimum norm of P

tends to infinity.

Definition 8.3. A unipotent element in SL(2;C) is an element with Jordan nor-

mal form

J =

(
1 1

0 1

)
.
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8.2 Representation Theory

In this section we recall a few results from representation theory that will be useful

when studying our equations.

Lemma 8.4 (Schur’s Lemma). Let ρ : G→ GL(n;C) be an irreducible represen-

tation of a group G. Then any linear map M ∈ GL(n;C) that commutes with

ρ(g) for all g ∈ G is a scalar multiple of the identity.

Proof. Consider a non-zero eigenspace, Eλ, of M . Then

ρ(g)Eλ ⊆ Eλ

since Mρ(g)e = ρ(g)Me = λρ(g)e for all e ∈ Eλ. Hence Eλ = Cn as the represen-

tation is irreducible.

Corollary 8.5. In an irreducible representation of a Lie group G, any central

element will be mapped to a scalar multiple of the identity.

8.3 Flat Connections

In this section we consider the spaces of flat SL(2;C) connections on various

manifolds that satisfy

d∗Aϕ = 0

with respect to some choice of SU(2) reduction.

8.3.1 Example: Flat SL(2;C) connections on T 2 and T 2\{∗}

The first examples we will consider are connections on the torus and connections on

the torus minus a point. This is a dimensionally reduced version of the perturbed

flat connection on three manifolds.

Flat connections SL(2;C) on T 2 correspond to maps π(T 2) = Z2 → SL(2;C),

and hence up to conjugation, are given by pairs of commuting matrices. For these

to be reductive representations, we require the these matrices to be diagonal.

Conjugating by the matrix (
0 −1

1 0

)
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swaps the entries on the diagonals. Elements in SL(2;C) have one of two Jordan

normal forms:

Dλ =

(
λ 0

0 λ−1

)
for λ ∈ C, or

(
±1 1

0 ±1

)
.

Now, the centraliser of a generic (λ ̸= ±1) diagonal matrix, ZSL(2;C)(Dλ), is

just the diagonal matrices and, and hence isomorphic to C∗. The commutator of

the Jordan block is the set of matrices of the form(
±1 a

0 ±1

)

which is isomorphic to the group C × {±1}. Obviously the centraliser of ±I is

just SL(2;C). By Proposition 3.57, the moduli space of flat connections is given

by the diagonal representations of Z2. Hence, the moduli space of flat SL(2;C)
connections may be described as

(
D2 \ {0}

)
× C∗.

Note that here we do not need to consider the representations with the images of

generators given by a Jordan block since these representations will not be reductive

and so are not in the moduli space that we are considering.

We may want to compactifiy this space by describing the limiting connec-

tions as the holonomies go to infinity (or, equivalently due to the embedding of

C∗ → SL(2;C), to 0). This can be done in the sense of [Tau15] by considering

normalising the connection one form, that is, considering

ϕ 7→ ϕ

∥ϕ∥
.

For the torus with the flat metric, it is fairly straightforward to see that these

one forms converge to the harmonic forms dθ1 and dθ2, where θ1 and θ2 are the

coordinates on the respective S1 factors of T 2, and we identify our generators of

π1 with the loops in these directions.

We can also consider connections on T 2 \N(∗). In this case we need to impose

a connection on the boundary. The condition d∗ϕ = 0 on the boundary implies

that the connection one-form is constant relative to the product connection.

The fundamental group of T 2 \ N(∗) is the free group on two generators.

Hence, flat connections on T 2 correspond to any choice of matrices, A,B (up to
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conjugacy). To satisfy the boundary condition, we will have that

ABA−1B−1 = P

where P is the choice of matrix defining the boundary conditions. To be able to

solve the equation d∗Aϕ = 0, we require that A,B are not simultaneously upper

triangular with respect to some choice of basis. This analysis gives the following

proposition

Proposition 8.6. The moduli space of stable flat SL(2;C) connections on the

punctured torus is given by pairs of matrices A,B such that

ABA−1B−1 =

(
λ 0

0 λ−1

)

for some λ. Solutions to this equation, up to conjugacy, are the family

A = ±

(√
λ 0

0
√
λ
−1

)
, B =

(
0 t

−t−1 0

)
.

Proof. The content of the proposition is that the right hand side has to be a

diagonal matrix and cannot have an upper triangular Jordan normal form. Some

algebra shows that all the solutions to the equation

ABA−1B−1 =

(
1 1

0 1

)

are of the form

A =

(
a 1

a(1−λ2)

0 a

)
, B =

(
λ 0

0 λ−1

)
up to conjugation and hence define a reductive representation. Hence these rep-

resentations may be discarded, and we are left with the diagonal matrices, and

working through the matrix algebra gives the result.

8.3.2 Flat SL(2;C) Connections on Knot Complements

Before describing solutions to the perturbed Flat connections, where the pertur-

bation is defined over a knot, it is worth considering flat SL(2;C) connections on
the knot complement. The solutions to the full perturbed equations will then be

given by filling in the knot complement.
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By the results of Chapter 4, a reductive representation of the knot group

π1(Y \N(K)) → SL(2;C)

may be written as A + iϕ = 0, d∗Aϕ = 0 for some choice of G reduction, provided

the representation of π1(T
2) induced by ∂N(K) ↪→ Y is generic (in the sense that

it is diagonalisable). This is implied by a generic choice of perturbation function

f .

One way to get an insight into such representations for specific knots is to

consider the A polynomial (see Definition 7.20). The A polynomial, AK(l, µ)

describes all the generic representations of the boundary’s fundamental group that

extend to representations of the knot group. Hence, the existence of a solution to

the system of equations

AK(l, µ) = 0, µ = exp

(
f ′
(
l + l−1

2

)
l − l−1

2

)
implies the existence of a flat connection on the knot complement that satisfies

the relevant holonomy conditions to be able to be extended to a solution of the

perturbed flat equations.

8.4 Example Perturbed Flat SL(2;C) Connections

on Three Manifolds

8.4.1 T 3

Example 8.7. Consider T 3 = S1 × T 2, and consider one of the S1 fibres. The

knot complement of this fibre is YU = S1 × {T 2 \ {∗}}. Hence the fundamental

group is given by

π1(YU) = Z× F2 = ⟨a, b, c | ab = ba, ac = ca⟩ .

With this presentation, the fundamental group of the boundary is

π1(∂YU) = ⟨a, bcb−1c−1⟩ = Z2.

In the case where a is mapped to a generic element, the solutions to the flat

equation on T 3 \ S1 reduce to the flat connections on T 2 \ {∗}.
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8.4.2 Flat Connections on S1 × S2

The fundamental group of S1×S2 is Z. Hence each element of SL(2;C) determines

a flat connection: for each element of SL(2;C) there exists a unique flat connection
(up to SL(2;C) gauge) such that the holonomy of the connection around the S1

factor is the given element.

We now consider the perturbed flat connections on S1 × S2 where we pick the

supports of the perturbation to be a disjoint union of the S1 fibers.

Lemma 8.8. Let p1, . . . , pk be k > 1 disjoint points in S2. The fundamental

group of the manifold

Mk = S1 ×
(
S2 \ {p1, . . . , pk}

)
is

π1(Mk) = Z× Fk−1.

Proof. This follows quickly from the fact that the fundamental group of S2 with

k points removed is Fk−1, where Fn is the free group on n generators, and F0 is

the trivial group.

This allows us to classify the flat SL(2;C) connections on Mk.

Lemma 8.9. There are two classes of flat SL(2;C) connections on Mk. The

centre of π1(Mk) is Z. Call the generator of this z. Then for a representation

ρ : π1(Mk) → SL(2;C) either, up to conjugacy,

ρ(z) = ±

(
1 0

0 1

)
,

ρ(z) is a generic diagonal element with trace not 2, or

ρ(z) =

(
1 1

0 1

)

In the first case, there are no constraints on the representation ρ : Fk−1 →
SL(2;C). In the second case, Fk−1 must be mapped to a diagonal subgroup,

and in the third case Fk−1 is mapped to unipotent elements.

Proof. This is just a classification of the representations of Z×Fk−1 into SL(2;C).
Either the element z gets mapped to a central element (± Id) or it does not. If it

is central then there are no constraints on the representation of Fk−1. If it is not
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central then the image of Fk−1 must be in the centraliser of the image of z. These

are the latter two cases.

For the perturbed flat connection equation on this manifold, the perturbation

introduces an additional constraint on the representations. We require that

mj = exp fj(l),

where l is the eigenvalue of ρ(z).

In the Abelian case where λ ̸= ±1 we have that each ρ(gi) for each generator

gi is the matrix with the same eigenvectors as ρ(z) but with eigenvalues given by

mj and m−1
j . Thus this moduli space is in one to one correspondence with the

choice of ρ(z) up to conjugation, which is just C∗ \ {±1}. For the non-Abelian

representations, the moduli space of solutions is given by a choice of k−1 elements

in SL(2;C) with eigenvectors given by mj. Up to conjugation we can fix one of

these matrices to be diagonal, and so we have a 4(k − 2) dimensional family of

solutions.

8.5 Flat SL(2;C) connections on S3 with Knot

Singularities

Following on from the previous sections, the general procedure for finding the

moduli space of solutions to the perturbed, stable, flat connection equations is as

follows.

1. Find the knot group and consider the stable (non-reductive) representations

of the group.

2. Select the representations that satisfy the holonomy conditions, given by the

choice of holomorphic function in the definition of the perturbations.

3. Each such representation admits a solution which can be constructed using

the techniques of Chapter 4.

Example 8.10. Consider the unknot in S3. Let f : C → C be a function. The

A polynomial of the unknot is 1 − l, and hence the moduli space of solutions is

given by the solution µ = exp f(1).

In the following example we see a family of representations of the knot group

of the trefoil that converge to a non-reductive representation.
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Example 8.11. Consider the trefoil in S3. This has A polynomial given by

A(λ, µ) = (λ− 1)(λ+ µ6).

By Lemma 7.9, the knot group of the trefoil is

⟨x, y | x2 = y3⟩,

and the meridian and longitude of the boundary are represented as m = xy−1 and

l = x2(xy−1)6, [Coo+94, Proposition 2.7]. We can then define a representation as

ρ(x) =

(
i t

0 −i

)
, ρ(y) =

(
ω 0

s ω−1

)
,

where ω = e
2iπ
3 . If we conjugate this representation by diag(λ, λ−1) then t 7→ λ2t,

s 7→ λ−2s, and so the quantity k = st is preserved under this operation. One can

calculate that the eigenvalues of ρ(m) are

−k −
√
(k −

√
3)2 − 4 +

√
3

2

and its reciprocal. Due to the algebraic closure of C, ρ(m) can take any value and

the eigenvalues of the longitude are then ρ(l) = −ρ(m)6. Hence the solutions to

the perturbed flat connection equation correspond to the solutions to the function

z = exp(f ′(z6)).

These are finite dimensional and discrete, but there are infinitely many solutions

by Picard’s little theorem.
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Chapter 9

Linear Analysis and Deformations

In this chapter we consider the linearisation of the Kapustin-Witten operator in

the case of a compact manifolds and of manifolds of the form R×Y . In both cases

we show that the index is 0. In the compact case we can use the index of the well

studied operators d±A + d∗A, where as in the tubular manifold case we use the

9.1 The Kapustin-Witten Operator on Compact

Manifolds

Let X be a Riemannian 4-manifold, and let P → X be a principal G–bundle, for

a compact group G. Consider the complexified bundle PC → X and its adjoint

bundle gPC . Then for a connection B = A, where A = Re(B), the θ–Kapustin-

Witten equation is (
eiθFB

)+
= 0, d∗Aϕ = 0.

and we consider this with respect to the Kapustin-Witten gauge fixing condition

Re(d∗Aa+ iφ) = 0.

To look at the linearisation of the equation around B, we can consider the con-

nections A+ ta and the one-forms ϕ+ tφ.

Definition 9.1. The Kapustin-Witten operator at the connection A is the map

KW : Ω1(gPC) → Ω2
+(gPC)⊕ Ω0(gPC)

given by

KW(a+ iφ) =
((
eiθFA

)+
, d∗A(a+ iφ) + ∗[∗a, φ]

)
.
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Lemma 9.2. The linearisation of the Kapustin-Witten operator is given by

LA
θ = eiθd+A ⊕ d∗A.

Note that this is not complex linear.

Proposition 9.3. The linearisation of the Kapustin-Witten operator is elliptic.

Proof. Up to multiplying the first factor of the codomain by e−iθ, this is essentially

two copies of the familiar operator d+A⊕d∗A, which is elliptic. Alternativley we can

calculate the principal symbol to give a direct proof. On a trivialisation, the first

order component of the operator is just

eiθd+ ⊕ d∗.

If we take an orthonormal frame at a point p ∈ X and

Theorem 9.4. The index of the Kapustin-Witten operator on a compact for

manifold X is

−χ(X)dim(g).

Proof. The index operator is a locally constant map from the space of Fredholm

operators to the integers. Hence, on the smooth family of operators

θ 7→ LA
θ

the index is constant. So the index of LA
θ is the same as LA

0 , and so it is sufficient

to just calculate the index of LA
0 . But this is just the sum of the indicies of d+⊕d∗

and d− ⊕+d∗. This gives the result.

9.2 Fredholm Theory on R× Y

In this section we study the linearisation of the Kapustin-Witten equations on

tubes. This section is mostly a modification of the results in [Don02] to the

case of the Kapustin-Witten equations. We first introduce the notion of adapted

bundles and connections. Throughout this section we let Y be an arbitrary three

manifold, denote by X the product R× Y and use t to denote the R coordinate.

Note that, since the Hessian of the perturbations defined in Chapter 5 is compact,

for the results in this section we can restrict our attention to the unperturbed

θv–Kapustin-Witten equations as Fredholm theory of an operator is unchanged if

it is modified by a compact operator.
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Definition 9.5. An adapted complexified bundle is a bundle PC → X with a

choice of two flat SL(2,C) connections A±, which satisfy

d∗A±ϕ± = 0.

The connections A± + iϕ± are called the limiting connections of the bundle. An

adapted connection on PC is a connection A such that

lim
t→±∞

A = A±.

Two adapted bundles are said to be equivalent if there exists a real bundle iso-

morphism between them that preserves adapted connections.

Lemma 9.6. Pick two limiting connections A±. There is a one to one correspon-

dence between the equivalence classes of adapted bundles with limiting connections

A± + iϕ± and the integers.

Proof. Given two such bundles we, PC and P ′
C we can apply a constant gauge

transformation to PC such that

A− = A′
− + iϕ′

−.

Now pick two adapted connections, A, A′ + iϕ′ and define

I ′ =

∫
X

tr(F 2
A)− tr(F 2

A′+iϕ′) = CS(A+)− CS(A′
+ + iϕ′

+) ∈ Z.

This quantity is integer valued as it is the ambiguity in the Chern-Simons func-

tional of the gauge equivalent limiting connections. If this quantity is 0 then the

two connections A+ and A′
++ iϕ′

+ are gauge equivalent by a gauge transformation

g ∈ G0, where G0 is the connected component of the gauge group containing the

identity. Hence by interpolating between this gauge transformation and the iden-

tity we may construct a bundle isomorphism that maps the flat limits. Moreover,

if we have a third adapted bundle P ′′
C, with I

′ = I ′′, then we have

CS(A′
+ + iϕ′

+) = CS(A′′
+ + iϕ′′

+),

and so P ′
C
∼= P ′′

C.
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9.2.1 Linearised Equations

For an adapted connection A on I × Y , we want to consider the linearisation of

the θv–Kapustin-Witten operator.

DA : Ω1 ⊕ Ω1 → Ω0 ⊕ Ω+ ⊕ Ω0 ⊕ Ω−.

Our aim is to show that this operator is Fredholm. Since the connection is adapted

we can split the real line into three sections, (−∞,−T ), [−T, T ] and (T,∞) and

consider the operator there. On the ends, for large T , the operator is constant

and so it makes sense to first study connections that are constant.

To begin then we consider a connection that is constant in t. Pick a connection

A on a complexified bundle PC → Y . Consider the operator

D =
d

dt
+ LA

where LA : Ω0(gPC)⊕Ω1(gP )⊕Ω1(gP ) → Ω0(gPC)⊕Ω1(gP )⊕Ω1(gP ) given by the

matrix

LA =

(
0 e2iθvd∗A

e−2iθvdA ∗̄ei2θvdA

)

=

 0 e2iθvd∗A ie2iθvd∗A
Re(e−2iθvdA) cos 2θv ∗ dA − sin 2θv ∗ [ϕ, ·] − sin 2θv ∗ dA − cos 2θv ∗ [ϕ, ·]
−Im(e−2iθvdA) − sin 2θv ∗ dA − cos 2θv ∗ [ϕ, ·] sin 2θv ∗ [ϕ, ·]− cos 2θv ∗ dA

 .

Here in the first line we have made the identification Ω1(gP )⊕Ω1(gP ) ∼= Ω1(gPC).

Note that this matrix is not C linear due to the ∗ operator in the bottom right

corner.

Remark 9.7. The bottom right corner of LA can be written in the slightly nicer

form

cos 2θv

(
∗dA − ∗ [ϕ, ·]

− ∗ [ϕ, ·] − ∗ dA

)
+ sin 2θv

(
∗[ϕ, ·] − ∗ dA
− ∗ dA ∗[ϕ, ·]

)
.

Written in this way, it is clear that LA is self adjoint.

Remark 9.8. Note that when θv = 0, LA is also the linearisation of the curvature

operator from Lemma 3.63. This operator is set up to be very similar to the

operator Ω0 ⊕ Ω1 → Ω0 ⊕ Ω1, (
0 d∗A
dA ∗dA

)
,
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studied in Floer theory. As such, many of the proofs in this section follow those

given in [Don02, Chapter 3].

Throughout this section we assume that the function θv depends only on the

t coordinate.

Lemma 9.9. For any connection A on PC → Y the operator LA is self adjoint.

Moreover, if A is an acyclic flat connection then the operator LθvA is invertible.

Proof. From Remark 9.7 it is clear that LθvA is self adjoint. Hence to prove the

moreover statement it is sufficient to prove that the kernel of LθvA is empty.

Suppose that LA(a, b) = 0, for a ∈ Ω0(gPC) and b ∈ Ω1(gPC). Then we have

that

∗̄e2iθvdAb = e−2iθdAa

Considering ∥dAa∥2L2 we see that dAa = 0 and so a = 0 since A is acyclic. Hence

dA+iϕb = d∗A+iϕb = 0 and so b = 0 as A+ iϕ is non-degenerate.

Definition 9.10. We denote by LθA the operator LA with θv = θ.

The spectral theories of LθA for varying θ are very closely related.

Lemma 9.11. Suppose that (a, b) ∈ Ω0(gPC) × Ω1(gPC) is an eigenvector of L0
A

with eigenvalue λ. Then

(eiθa, e−iθb) and (ieiθa,−ie−iθb)

are eigenvectors of LθA with eigenvalues λ and −λ respectively.

Proof. This is a direct calculation. We have that

LθA

(
eiθa

e−iθb

)
=

(
ei2θdAe

−iθb

e−i2θdAe
iθa+ ∗̄ei2θdAe−iθb

)
= λ

(
eiθa

e−iθb

)

where L0
A(a, b) = λ(a, b). The second calculation is similar.

Corollary 9.12. The operator DA has index 0

Proof. We prove that the operator DA is Fredholm in Theorem 9.18. We can

define the index via spectral flow. Doing so, we see that every upward crossing of

an eigenvalue λ is matched by a downwards crossing coming from −λ.
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In the following we use the following definition of the Sobolev norm L2
1

∥ρ∥L2
1
= ∥Dρ∥L2 + ∥ρ∥L2

for smooth compactly supported sections sections, and then define the space L2
1

to be the completion of these sections with respect to this norm.

Proposition 9.13. Define δ to be

δ = min
λ∈Spec(L)

|λ|.

Then the operator

D : L2
1 → L2

has an inverse Q : L2 → L2
1 such that for all ρ ∈ L2,

∥Qρ∥L2
1
≤ δ−1∥ρ∥L2 .

Proof. See [Don02, Proposition 3.4].

Lemma 9.14. Let ρ be a compactly supported smooth section of the bundle.

Then there exists an f such that

Df = ρ,

and ∥f∥L2 ≤ δ−1∥ρ∥L2

Proof. In the case of varying θv can we write f =
∑
fλeλ and ρ =

∑
ρλeλ, where

eλ = (eiθva, e−iθb)

for an eigenvector (a, b) of eigenvalue λ, then the equation Df = ρ becomes∑
f ′
λ + λfλeλ + θ′vfλe−λ =

∑
ρλeλ.

where e−λ = (ieiθva,−ie−iθb). Hence to solve for fλ, for each λ we need to consider

the system

d

dt

(
fλ

f−λ

)
+

(
λ θ′v

θ′v −λ

)(
fλ

f−λ

)
=

(
ρλ

ρ−λ

)
. (9.1)

We are assuming that θv → α± as t → ±∞ and that θ′v = 0 for |t| > T . Hence
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for large |t| we have that the system of ODEs is given by

d

dt

(
fλ

f−λ

)
+

(
λ 0

0 −λ

)(
fλ

f−λ

)
=

(
ρλ

ρ−λ

)
.

We can solve this system explicitly and get a unique bounded solution on (−∞,−T ]
and another unique bounded solution on [T,∞). Call these solutions uλ and u−λ

respectivley. Now by the theory of first order differential equations, we can find

two unique solutions to (9.1) with ρ±λ = 0 on the whole of R which are equal to

u±λ when restricted to the relevant subsets of R. We call these solutions v±λ . So

vλ = uλ for large positive t and v−λ = u−λ for large negagive T .

Now consider the matrix

M = ( uλ u−λ )

with columns given by the u±λ. This matrix is such that

d

dt
M +

(
λ θ′v

θ′v −λ

)
M = 0,

and hence if

v =M

(∫ t

−∞
M−1

(
ρλ

ρ−λ

)
+ C

)
,

then v solves (9.1). Now uλ decays as t → −∞ and u−λ decays as t → ∞. Using

this, we can pick C such that v is bounded. Let(
a

b

)
=

∫ ∞

−∞
M−1

(
ρλ

ρ−λ

)
.

Then if

C =

(
−a
0

)
,

v = −auλ for t < −T and v = bu−λ for t > T . Hence v is bounded.

We now consider the L2
1 norm of v. We have at each t∥∥∥∥dvdt

∥∥∥∥2 + (λ2 + θ′v
2
)
∥v∥2 = ∥ρ±λ∥2 −

√
λ2 + θ′v

2 d

dt
⟨v, v⟩.

Hence we can bound the L2 norm of v by the L2 norm of ρ±. Putting all this

together for gives the result.
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We now restrict to the case where θv is constant and prove some results about

the operator D, namely that it is elliptic. It is straightforward to extend these

results to θv where θv → θ± as t → ∞ since at the ends of R we can take θ to

be constant and then in the middle compact region we can use standard elliptic

theory and the patching arguments in the proof of Theorem 9.18. For constant

θ these results can be proved using the eigenfunction expansions for the operator

L, and proofs can be found in [Don02, Section 3.1]. In the following we define the

norm

Lemma 9.15. Suppose that Df = 0 on (−T, T ) × Y . There is a constant Cδ,

independent of T , such that on (−T, T )× Y ,∫ T

−T
∥f∥L2 ≤ Cδ

(∫ −T+1

−T
∥f∥L2 +

∫ T

T−1

∥f∥L2

)
Corollary 9.16. Suppose that Df = 0 on (0,∞)× Y and f ∈ L2. Then∫ ∞

0

∥f∥L2 ≤ Cδ

∫ 1

0

∥f∥L2 .

Proof. The proof of Lemma 9.15 is unchanged if we relabel the interval to (0, 2T ).

In doing so we get∫ 2T

0

∥f∥L2 ≤ Cδ

(∫ 1

0

∥f∥L2 +

∫ 2T

2T−1

∥f∥L2

)
.

Since f is in L2, the second summand tends to 0 as T → ∞ to give the result.

Corollary 9.17. Suppose that ρ ∈ L2(R× Y ). Then there exists a solution

Df = ρ

on R× Y and ∥f∥L2 ≤ δ−1∥ρ∥.

Proof. Let ρi be a sequence of smooth, compactly supported sections converging

to ρ in L2 and suppose that the support of ρi is contained in ρj for i < j, and let

fi be the associated solutions extended to the whole interval by 0. Let fij be the

solution to Df = ρi− ρj again extended to the whole interval by 0. Now consider

gij = fi − fj − fij. The L2 norm of gij is uniformly bounded by a multiple of

∥ρ∥L2 . Moreover, the gij → 0 on compact intervals by Lemma 9.15. It follows
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from the dominated convergence theorem that gij → 0, and hence the sequence fi

is Cauchy.

Theorem 9.18. Let A be an adapted connection on an adapted complexified

principal bundle PC → Y such that on each end

∥A− (A± + iϕ±)∥L2
3(I×Y ) <∞.

Here I− = (−∞, 0] and I+ = [0,∞). Then the operator

D : L2
1 → L2

is Fredholm. That is, it has finite dimensional kernel and cokernel.

Proof. We follow [Don02, Proposition 3.6], adding in some details. As outlined

above, we split the real numbers into three sections (−∞,−T ), [−T, T ], and (T,∞).

Define

δ± = A− (A±).

Then by the Sobolev Embedding theorem, we have that for compact intervals I,

there is a constant depending only on |I| such that

∥δ±∥C0,α(I×Y ) ≤ C∥δ±∥L2
3(I×Y ).

It follows that δ± ∈ C0,α(I± × Y ). Now suppose that we have a solution to

DAf = 0.

To relate this to the limiting connections of PC we can write

DAf = DA+f + [δ+, f ].

Hence f is a solution to

DA+f = −[δ+, f ].

Let g be the solution to

DA+g = −[δ+, χf ].

given by Corollary 9.17. Then DA+(f − g) = 0. Hence we have, using Corol-
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lary 9.16,∫ ∞

T

∥f∥L2 ≤
∫ ∞

T

∥f − g∥L2 + ∥g∥L2 ≤ Cδ

∫ T+1

T

∥f − g∥L2 +

∫ ∞

T

∥[δ+, f ]∥L2 .

To prove that the kernel is finite dimensional we can prove sequential compactness

of the unit sphere. Let fi be a sequence of solutions to DAfi = 0 with ∥fi∥L2 = 1.

The space L2
1 is weakly sequentially compact and so we may assume that fi ⇀ f∞

in L2
1. Moreover, this is a weak solution to DAf∞ = 0. Now fix an interval [−T, T ].

Then on the compact manifold [−T − ε, T + ε] × Y , where ε > 0, we have the

standard elliptic estimate

∥fi − f∞∥L2
1([−T,T ]×Y ) ≤ Cε

(
∥D(fi − f∞)∥L2([−T−ε,T+ε]×Y ) + ∥fi − f∞∥

)
≤ Cε∥fi − f∞∥L2([−T−ε,T+ε]×Y ),

where we can pick Cε to be independent of T . The embedding L2
1 → L2 is compact

over compact manifolds, and hence we may extract a L2 convergent subsequence,

fTi which will be convergent in L2
1 by the elliptic estimate. Now let Tj = j, and

for each Tj pick a sequence f ji as above, starting with the sequence f j−1
i . Taking

a further subsequence we can assume that

∥f ji − f∞∥L2([−j,j]×Y ) ≤ 2−(i+j).

Take the diagonal sequence hi = f ii , and let gi solve DA+gi = −[δ+, hi−f∞]. Then

we have

∥hi − f∞∥L2((0,∞)×Y ) ≤
∫ i

0

∥hi − f∞∥L2 +

∫ ∞

i

∥hi − f∞∥L2

≤ 2−2i + Cδ

∫ i

i−1

∥hi − f∞ − g∥L2 +

∫ ∞

i

∥[δ+, fi − f∞]∥

≤ 2−2i + Cδ2
−2i + ∥δ+∥C0([i,∞)×Y ) (∥fi∥L2 + ∥f∞∥L2) .

This tends to 0 as i → ∞ due to the decay of δ+. We can do the same analysis

with the negative half interval. This proves that the kernel is finite dimensional.

For the cokernel, we first prove that the image of DA is closed. To do this,

note that we can invert the operator DA on (T,∞)×Y for large T . To do this we

use the inverse Q of DA+ . Then to solve

DAf = ρ
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we need to solve

DA+f + [δ+, f ] = ρ.

To do this we can form an iterative sequence, where we let f1 = Qρ and then let

fi+1 = Q(ρ− [δ+, fi]).

Then we have that

∥fi+1−fi∥L2
1
= ∥Q([δ+, fi]−[δ+, fi−1])∥L2

1
= ∥Q([δ+, fi−fi−1])∥L2

1
≤ δ−1∥δ+∥C0∥fi−fi−1∥L2 .

Hence, provided δ−1∥δ+∥C0 ≤ 1, the sequence fi will be Cauchy in L2
1 and hence

converges to some f . This f solves

DAf = ρ.

Moreover, we have the bound

∥f∥L2
1
≤ C∥ρ∥L2 .

Hence, if we let Q̂ρ = f then we have a bounded inverse to DA on (T,∞) × Y ,

where T is chosen to make ∥δ+∥ small. We can do the same for the negative

interval. Now we want to construct a right inverse on the remaining compact part

[−T, T ]× Y . On small geodesic balls we can always solve

DAf = ρ,

since if sr : B(0, 1) → B(0, r) is the map x→ rx in R4 restricted to the unit ball,

the pullback of a connection one form a by sr is given by

s∗ra = ra(ra).

Hence for smaller and smaller r, the pullback of the operator DA converges to

d∗ + d+. This operator is invertible on B(0, 1) with the trivial Dirichlet boundary

condition. Hence, we can cover the compact region with finitely many balls over

which the operator is invertible. Call these Ui, and let the inverse operator be Qi.

Suppose that Bi(0,
1
2
ri) covers the compact region. Now let βi be a partition of

unity subordinate to the Ui and let

P =
∑

βiQi.
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Note that on U1

P (ρ) = Q1(ρ) +
∞∑
i=2

βi(Qi −Q1)(ρ) =

Hence we have that

DPρ = ρ+D
(∑

βifi

)
.

where fi = (Qi −Q1)ρ. Note that Dfi = 0. From elliptic regularity, we have that

∥Dfi∥L2
k
≤ Ck∥fi∥L2

and so the fi are smooth. Hence, if we let

S(ρ) = DPρ− ρ = D
(∑

βifi

)
,

then we can bound all the derivatives of S(ρ), given sufficient regularity of A. It

follows from the Arzela-Ascoli theorem that this operator is compact. Now we

show that the image of DA is closed. First note that the image of DA differs

from the image of DP by a finite dimensional subspace. This follows from the

compactness of S: if ρ = Df , then

Df = DPρ− S(ρ)

and the image of S is finite dimensional. Hence, if ImDP is closed, then so too is

the image of DA. But we have that

DP = I + S

where S is compact. Suppose that x = lim(I+S)(fi), for some fi ∈ kerD⊥. If the

sequence fi is bounded then we have that along a subsequence S(fi) → z. Now

we have that along this subsequence

fi = fi + S(fi)− S(fi) → x− z,

and so (I + S)(x− z) = lim(I + S)(fi) = x. If the fi are unbounded, then we can

consider f̂i = fi/∥fi∥L2 after passing to a subsequence with ∥fi∥L2 → ∞. Then

(I + S)(f̂i) → 0. On the other hand, S(f̂i) → y along some subsequence. Since

0 = lim f̂i + S(fi)
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we see that ∥S(y)∥ = ∥f̂i∥ = 1. But also, taking the limit we see that (I+S)(y) =

0. Hence y ∈ ker(I+S). But y is the limit of the fi which all lie in the complement

of ker(I + S), so this is a contradiction. Hence the range of D is closed.

Finally we prove that the dimension of the cokernel is finite. Since ImD is

closed, we have that

L2 = ImD ⊕ ImD⊥,

and we have an isomorphism

ImD⊥ ∼= L2/Im D.

However, if we have that g ∈ ImD⊥ then

⟨D∗g, f⟩ = 0

for all f ∈ L2 and so g ∈ kerD∗. Also, if g ∈ kerD∗ then g ∈ Im D⊥. Hence we

have that D is Fredholm if and only if kerD∗ is finite dimensional. But this follows

from the fact that D is self adjoint and D has finite dimensional kernel.
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Chapter 10

Solutions to the Kapustin-Witten

equations on Tubes

In this chapter we consider compactness of perturbed flat SL(2;C) connections

on three manifolds and apply this result to consider compactness problems for the

moduli space of solutions to the perturbed Kapustin-Witten equations.

We make a conjecture, Conjecture 10.7, on the behaviour of solutions to per-

turbed the Kapustin-Witten equations in order to rule out the situation where

∥ϕ∥L2 → ∞.

We start by considering the compactness result by Taubes from [Tau15] which

is a generalisation of Uhlenbeck’s theorem to the case of PSL(2;C) and SL(2,C)
connections on three-manifolds.

From now on, in light of Remark 3.15, we make the assumption that ϕ(∂t) = 0.

One can also justify this assumption for solutions with constant θ (as opposed to

the θv–Kapustin-Witten equations) via a maximum principle argument on the

norm of ϕ(∂t), since we want to define our moduli spaces to be solutions that

interpolate between flat connections. See, [He19, Corollary 4.7].

Definition 10.1. In this chapter we consider the gradient flow of the perturbed

Chern-Simons functional, defined in Chapter 5. We suppose that we have chosen

a regular coercive perturbation, η, (see Definitions 6.14 and 6.15), and we consider

the gradient flow of

Cη = C+ η.

We write

η′(A) = ∇η(A).
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10.1 Taubes’ Compactness Theorems

In [Tau15], Taubes considers sequences of connections An = An + iϕn on a

PSL(2;C) bundle PC → Y such that there exists a constant M and a bound

∥FAn∥2L2 + ∥d∗An
ϕn∥2L2 ≤M. (10.1)

For any sequence of connections satisfying a bound (10.1), there is a dichotomy

as to whether this sequence contains a convergent subsequence depending on the

value of lim infn→∞ ∥ϕn∥L2 .

Theorem 10.2 ([Tau15, Theorem 1.1]). Let An = (An + iϕn) be a sequence of

connections on a SL(2;C) or PSL(2;C) bundle P → Y over a three manifold,

satisfying the bound (10.1). Then either ∥ϕn∥L2 contains a bounded subsequence

or it does not. If ∥ϕn∥L2 contains a bounded sequence then there is an L2
1 connec-

tion A + iϕ satisfying (10.1) and a subsequence of An that converges to a limit,

A, weakly in L2
1 up to L2

2 gauge transformations. If, on the other hand,

lim inf
n→∞

∥ϕ∥L2 = ∞,

then there exists a subset Z of Hausdorff dimension at most 1, an L2
1,loc connection

A on P |Y \Z , a real line bundle l → Y \ Z equipped with a harmonic l valued

one form, v, and a covariantly constant section of l∗ ⊗ gP , σ, such that along a

subsequence

1. there exists gauge transformations such that g∗nAn ⇀L2
1
A on PY \Z ,

2. The sequence ∥ϕn∥−1g∗nϕn ⇀L2
1
vσ

3. |v| : Y \ Z → R extends to a Hölder continuous function in L2
1 on all of Y

with Z = |v|−1(0)

The proof of the first part of the theorem follows quickly from the Weitzenböck

formula (3.3) which gives a bound on L2 bound on FA. Uhlenbeck’s theorem then

implies the existence of a limiting connection up to gauge transformations, and

the connections converge weakly in L2
1 after applying the gauge transformations.

The Weitzenböck formula also gives a bound on

∥∇Anϕn∥L2 ≤ C.

The result then follows from weak sequential compactness of L2
1 and the following

lemma.
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Remark 10.3. Note that if our perturbation function were bounded (for example,

if one only perturbed using the holonomy of the connection A, or used bounded

functions to define the perturbation) then the perturbations would not change

the compactness result of Taubes. Since our perturbations are unbounded on the

space of connections, the compactness theorem of Taubes does not directly apply.

Lemma 10.4. Suppose ∥∇Anϕn∥ ≤ C and An ⇀ A in L2
1, then there exists a

smooth connection B such that

∥∇Bϕn∥L2
1
≤ C.

Proof. This follows from the equivalence of the L2
1 Sobolev norms defined by L2

1

connections on three manifolds. Suppose that B = A + a for a one form a ∈
L2
1,B(Ω

1(gP )). Then we have

∥∇Aϕ∥L2 ≤ ∥∇Bϕ∥L2 + ∥[a, ϕ]∥L2

≤ ∥∇Bϕ∥L2 + ∥a∥L2
1,B

∥ϕ∥L2
1,B
,

using the Sobolev embedding L2
1 ↪→ L4. Hence we have

∥ϕ∥L2
1,A

≤ C∥ϕ∥L2
1,B

and since the argument is symmetrical with A,B replaced the norms are equiva-

lent.

We now state another result of Taubes that we will use. This is an Uhlenbeck

style compactness theorem for solutions to the θ–Kapustin-Witten equations on

I ×M , where M is compact three manifold. In particular, M can have bound-

ary. This follows from the fact that the following theorem is proven using local

estimates on balls in the manifold.

Theorem 10.5. [Tau13, Theorem 1.2, first bullet point] Let I ⊆ R denote

a closed, bounded interval of positive length and let Y be a compact, oriented

Riemannian three-manifold. Let PC → I ×Y be a principal SL(2;C) bundle, and
suppose that, with respect to an SU(2) reduction,

An = An + iϕn

is a sequence of solutions to the θn Kapustin-Witten equations of finite energy.

Suppose in addition that ∥ϕ∥L2 is bounded. Then there exists a finite set Θ ⊆
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I×Y , gauge transformations, gn, of P |I×Y \Θ and a connection A0 on PC such that

g∗n(An) → A0

on a subsequence in C∞.

10.2 Perturbed Solutions with Bounded L2 En-

ergy

We now consider solutions to the Kapustin-Witten equations with bounded energy.

The key ideas we can use here are that bounded energy implies that ∥ϕ∥L2(Y ) of

the limiting connections is bounded. By analogy to Floer theory, [Don02, Section

4], we want to study solutions to the θv–Kapustin-Witten equations on R×Y such

that the total perturbed curvature

∥FA + η′(A)∥L2 <∞. (10.2)

Since we have that (
eiθ (FA + η′(A))

)+
= 0

the condition (10.2) is equivalent to∥∥∥(eiθ (FA + η′(A))
)−∥∥∥

L2
<∞ (10.3)

A key identity for solutions to the gradient flow is that

∆(C+ η)(A) =

∫ ∞

−∞
∥FA + η′(A)∥2L2 . (10.4)

Hence if the curvature is bounded then the change in the perturbed Chern-Simons

functional is also bounded.

Lemma 10.6. Let η be a regular, coercive perturbation and suppose A ∈ L2
1,loc

is a finite energy solution to the η–perturbed Kapustin-Witten equations. If A

converges to a perturbed flat connection as t → ∞, then the holonomy of the

limiting perturbed flat connection is bounded.

Proof. Since the connection has finite energy and is in L2
1,loc, it follows that at time

t, Cη(A(t)) is bounded, and so Cη(A(t)) is bounded for all t. Since η is a coercive
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perturbation and A converges to a critical point, it follows that the critical point

has bounded holonomy (otherwise Cη would tend to infinity along the curve).

Conjecture 10.7. Let A be bounded energy a solution to the perturbed Kapustin-

Witten equations on R× Y . Then t 7→ ∥ϕ(t)∥L2(Y ) is bounded.

We now explain why we make this conjecture. If we have that Cη(t) is bounded

at some point, then we must have that the holonomy of the connection is bounded

on the boundary of suppη. From Theorem 10.2 we get that the connections A(t)|Y
converge along a subsequence either to a flat connection if ϕ is L2 bounded, or

ϕ → ∞ and the rescaled connection converges to some limit. This limit solves is

the solution to a Dirac equation on the three manifold. Now if we consider the

rescaled solution on the whole of Y , then the

φ(t) =
ϕ(t)

∥ϕ(t)∥L2

is converging to 0 along suppη, and the limiting object will satisfy a Dirac equation

on Y . However, since suppη contains an open set, it follows that ϕ = 0 almost

everywhere in Y . This is a contradiction on ∥ϕ∥L2 = 1.

Theorem 10.8. Assume Conjecture 10.7. Let A be a finite energy solution to the

perturbed Kapustin-Witten equations on R× Y . Then as t→ ∞, A converges to

a perturbed flat connection with finite holonomy.

Proof. For this proof, denote by AT the translate of the solution by −T restricted

to (0, 1). We are going to prove convergence of the connections AT on the bun-

dle over (0, 1) × Y . Hence the starting point for this proof is the sequence of

connections AT which are such that

∥FA + η′∥L2((0,1)) → 0

and also satisfy the Kapustin-Witten equations. From Theorem 10.5, we can

extract a subsequence of A when restricted to (0, 1) × (Y \ η). We either have

that ∥ϕT∥L2 is bounded, or it is not. In the bounded case then we have that A

converges in C∞ to a flat connection on Y \ η.
Let A = A + iϕ and for each T , let AT = AT + iϕT . Since we know that

t 7→ ∥ϕ∥L2(Y ) is bounded from Conjecture 10.7, we can use Theorem 3.39 and

Lemma 10.4 to get that

∥ϕT∥L2
1(0,1)

≤ C
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for some constant C. From this we can deduce that the one forms ϕT have a

weak L2
1 convergent subsequence as well as a bound on ∥[ϕ, ϕ]T∥L2 . Since we have

the finite curvature assumption we have a uniform bound on the curvature of

the connections AT . Hence, using Uhlenbeck’s theorem, we can find a limiting

connection A0 = A0 + iϕ0 that is the weak L2
1 limit of a subsequence of the

connections AT . This connection is such that

∥FA0∥L2(S) ≤ lim inf
T ′→∞

∥FA∥L2(S) = 0,

where S is any subset of (0, 1)× Y with closure contained in (0, 1)× Y \ supp(η).
In particular, away from the support of η, A0 defines a flat SL(2;C) connec-

tion. We can thus use the interior estimates for the complex Yang-Mills equation,

Theorem 3.44, to get that A0 is C∞ away from the support of η.

Now we can pick A0 as our limiting connection and consider the differences

AT − A0 = (a+ iφ)T .

We have L2
1 convergence of φ → ϕ from Theorem 3.39. Moreover, from Taubes’

compactness theorem, Theorem 10.5, we have that there exists gauge transforma-

tions such that

∥aT∥L2
1
→ 0.

Hence we can bootstrap the convergence to C∞, on the set S, using the estimate

for the Yang-Mills equations. Hence we have, away from supp(η), convergence to

a C∞ connection up to gauge transformations.

We now show that the convergence is C∞ on the whole of the (0, 1) × Y . To

do this, pick generators of π1(Y \ supp(η)). Since we have C∞ convergence, we

can consider the holonomy on these generators and this holonomy converges along

the subsequence. Moreover, we have that the holonomy satisfies

∥FAT
+ η(AT )∥L2 → 0.

and so talking the limit gives that A0 is a perturbed flat connection.

Remark 10.9. A similar method is used in [Don02, Proposition 4.1] to prove the

corresponding result for the anti-self-dual equations, although that case is simpler

since one can just apply Uhlenbeck’s theorem.
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10.3 Exponential Decay

We now consider the decay of the perturbed Kapustin-Witten equations to the

critical points. Since we know that the solutions converge to flat connections

pointwise, most of the analysis here is similar to that given in [Don02, Chapter 4].

In this section we consider the properties of solutions to the θv–Kapustin-

Witten equations on (0,∞) × Y as t → ∞. We assume that θv(t) is such that

θv(t) = θ+ for t > T+, and θv(t) = θ− for T < T−.

Proposition 10.10. Assume Conjecture 10.7. Let A be a solution to the Kapustin-

Witten equations on (0,∞)× Y such that

∥FA + η′(A)∥L2((0,∞)×Y ) ∈ Lp.

Then, up to gauge equivalence, AT | 1
2
×Y converges in C∞ to a perturbed flat con-

nection on PC → Y .

Proof. Consider again the sequence of connections AT on PC → [0, 1] × Y which

are the translations of A by −T . So we have that AT is a family of connections

with a bound

∥FAT
∥L2 ≤ ∥FAT

∥Lp → 0 as T → ∞.

Then Theorem 10.8 applies and we have that ∥ϕT∥L2 is bounded. But then A

converges, up to gauge transformations and taking a subsequence, to a perturbed

flat connection on A on compact subsets. In particular, on the slice
{

1
2

}
× Y ,

the connections converge in C∞, and we may extract a limit flat connection ρ on

Y .

Proposition 10.11. Assume Conjecture 10.7. Suppose we have a solution to the

perturbed θv–Kapustin-Witten equations, A, on an adapted bundle PC → R× Y

with limits A± and FA + η′(A) ∈ Lp(R× Y ). Then there exists a constant C such

that

∥FA + η′(A)∥L∞(Yt) ≤ Ce−δt,

where δ is the norm of the least eigenvalue of DA+ .

Proof. Since we know that ∥ϕ∥L2 is bounded, the perturbation is bounded by

elliptic estimates. The result then follows from exponential decay for Floer theory.

For completeness we give the proof. We follow the outline of [Don02, Theorem

4.2] and apply it to solutions of the perturbed Kapustin-Witten equations. First
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suppose that FA ∈ L2. We consider the function

J(T ) =

∫ ∞

T

∥FA + η′(A)∥2L2(Yt)
,

and the idea is to prove that for sufficiently large T we have that

dJ

dt
≤ −δJ + C(T ).f(J), (10.5)

for some δ, α > 0, and function C(T ).f(J), such that C → 0 as T → ∞ and for

J small we have f(J) ≤ J . Since J is bounded, solutions to this equation will

eventually solve the differential inequality

dJ

dt
≤ −δ′J

for any δ′ < δ, and so the perturbed curvature will decay exponentially.

Note that from (10.4), for T sufficiently large, we have that

J(T ) =
1

2
Re
(
ei2θ+(C(A(T ))− C(A+)

)
= e2iθ+ (C(A(T ))− C(A+)) (10.6)

with the right hand equality following from the fact that the imaginary part of

ei2θ+C is fixed under the gradient flow. We also have that

dJ

dT
= −∥FA + η′(A)∥2L2(Y ).

Since A → A+ in C∞, we can pick T sufficiently large so that A−A+ is as small

as we like in L2
2, and so at any given particular T , we can use Proposition 3.13

gauge transform so that we are in the complex Coulomb gauge. To get the required

estimates, can write a Taylor expansion

|Cη(A)− Cη(A+)| ≤ ⟨a, (LA+ +Hη)a⟩+R(a). (10.7)

Note that we have the second derivative in the Taylor expansion (which is just the

Hessian) satisfies

⟨a, (LA+ +Hη)a⟩ ≤ δ−1∥(LA+ +Hη)a∥2L2 .
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This inequality follows from the linear analysis

⟨a, (LA+ +Hη)a⟩ =
∑

λ∈Spec(LA+
)

λ⟨fλeλ, fλeλ⟩

≤
∑
λ

λ−1⟨∥λeλ∥2L2 ≤ δ−1∥(LA+ +Hη)a∥2L2 ,

see Chapter 9. Now,

∥(LA+ +Hη)a∥L2 ≤ ∥FA + η′(A)− (FA+ + η′(A+))∥L2 +O(∥a∥2L2
1
) (10.8)

the remainder term satisfies a bound

R(a) ≤ C∥FA + η′(A)∥2L2 (10.9)

with C → 0 as t → ∞. This can be shown by estimating the difference in the

holonomy integrals by elliptic estimates for a, and using the fact that when a is

L2 small we can estimate the L2
1 norm of a with the curvature.

For p > 2 we can use weighted spaces to prove the estimate (and then it turns

out that all the solutions are in L2). See [Don02, Theorem 4.2].

Remark 10.12. In the case that θv =
π
4
, [He19, Theorem 7.1] gives exponential

decay for solutions to the π
4
–Kapustin-Witten equations that converge to non-

degenerate flat connections without assuming that ϕ0(∂t) = 0.

Corollary 10.13. Assume Conjecture 10.7. Suppose that A is a solution to the

perturbed θv–Kapustin-Witten equations on [0,∞)× Y with ϕ0 = 0. Then there

exists a gauge transformation g and a perturbed flat connection A+ such that

∥g∗(A)− A+∥L2
k(Yt)

≤ Cke
− 1

2
δ−1t.

Proof. This proof is much the same as the proof of [Don02, Proposition 4.3]. Write

A = a+A+. We may assume that a is in temporal gauge so that a(∂t) = 0. Then

the Kapustin-Witten equations are

da

dt
= ∗e2iθ (FA + η(A))

Hence we have that

d

dt
∥a∥2L2

k(Y ) < ∥FA + η′(A)∥L2
k(Yt)

∥a∥L2
k(Y ) ≤ Cke

− 1
2
δt∥a∥L2

k(Y ).
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From this it follows that a converges at an exponential rate in L2
k for all k to a

limit a∞. This limit is gauge equivalent to A+ and so for each t we can find a

smooth gauge transformation gt such that

gt(A) → A+.

Taking a subsequence if necessary these gt have a smooth limit g which is such

that

g(a+ A+) = A+.

If we then apply this gauge transformation for all t (i.e. apply the constant

gauge transform g) then we have that the limit limt→0 (g
∗(A)− A) = 0 and the

exponential decay properties follow.

135



Part II

Witten’s Conjectures and The

Nahm Pole Boundary Condition
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Chapter 11

Singular Solutions to the

Kapustin-Witten equations with

bounds on FA

In this chapter we study the singular solutions to the Kapustin-Witten equations

by studying the Kapustin-Witten equations as an ODE. We only consider structure

group SU(2) or SO(3), so that the Lie algebra is isomorphic to su(2).

Theorem 11.1. Let U ⊆ Y be a subset with compact closure, and suppose that

A + iϕ is a solution to the Kapustin-Witten equations on [0, 1] × Y such that

FA ∈ L∞([0, 1] × U). Then ϕ is either bounded on [0, 1] × U or admits a Nahm

pole singularity at at least one end of the interval.

The proof of the theorem is broken into three steps. The first is to consider

some linear algebra estimates for operators on the lie algebra su(2). This is the

reason that we restrict to specific choices of gauge groups. The second step is

to consider the Kapustin-Witten equations as an ODE problem for each point

p ∈ Y . We can do this due to the assumptions on FA. The final step is to use

the pointwise analysis to obtain global bounds on dAφ, where φ = ϕ
|ϕ| on U and

deduce that it tends to 0.

11.1 Linear Algebra Estimates

We start by studying the linear algebra of operator

ϕ 7→ ∗(ϕ ∧ ϕ)
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that occurs in the Kapustin-Witten equations. We will study this operator in the

special case that g = su(2) and ϕ is a three form on a three manifold, as the

application we have in mind is solutions on I × Y 3, where I is an interval. We

pick a basis for su(2), ti, such that

[ti, tj] = εijktk.

where ε is the Levi-Civita symbol. We pick (and fix) a metric on su(2) such that

these ti are orthonormal. Then if we pick normal coordinates at some point p ∈ Y ,

we can write

ϕ = aijtidx
j

Definition 11.2. We call the matrix (aij) the matrix of ϕ at p.

Note that we can pick the coordinates such that a1j = a11δ
1
j .

Lemma 11.3. The matrix of ∗(ϕ ∧ ϕ) at the point p is given by the matrix bij,

where bij is the matrix of minors of aij. That is, bij is equal to the determinant

of the 2 × 2 matrix obtained from deleting the ith row and jth column from a,

multiplied by (−1)i+j.

Proof. This is a direct calculation. We will just prove that this is the case for the

entry b11. If we consider the rows of a as three vectors, v1, v2, v3, then the first

row of b is the cross product of v2 and v3. If we have

v2 = (l,m, n), v3 = (p, q, r)

then b11 = mq − rn, as required.

The first application of this result is the following.

Lemma 11.4. The operator ϕ 7→ ∗(ϕ ∧ ϕ) satisfies

| ∗ (ϕ ∧ ϕ)| ≤ 1√
3
|ϕ|2.

Proof. With out loss of generality, assume that the matrix of ϕ is given by

a =

 l 0 0

m c d

e f g

 ,
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then the matrix of ∗(ϕ ∧ ϕ) is given by

b =

cg − df de−mg mf − ec

0 lg −lf
0 −ld lc

 . (11.1)

Note that the bottom two rows of the matrix b have norms less than |v1||v3| and
|v1||v2|, respectively, where vi is the ith row of the matrix of ϕ. This is a special

case of the more general fact that for v, w ∈ su(2) with our choice of inner product

|[v, w]| ≤ |v||w|.

This follows, for example, from the formula for the norm of the cross product in

R3. Hence we have, by considering the norms of each row in the matrix b, that

| ∗ ϕ ∧ ϕ|2 ≤ |v1|2|v2|2 + |v2|2|v3|2 + |v3|2|v1|2

≤ 1

3

(
2
(
|v1|2|v2|2 + |v2|2|v3|2 + |v3|2|v1|2

)
+ |v1|4 + |v2|4 + |v3|4

)
=

1

3

(
|v1|2 + |v2|2 + |v3|2

)2
=

1

3
|ϕ|4.

The second inequality follows from the estimate cd < 1
2
(c2 + d2) for any real

numbers c, d. The result follows.

The next result proves that the previous inequality is sharp.

Proposition 11.5. Suppose |ϕ| = 1 and that

∗(ϕ ∧ ϕ) = λϕ.

Then λ = ± 1√
3
or λ = 0. Moreover, solutions to this equation at the point p exist,

and if λ = ± 1√
3
then the matrix of ϕ is a multiple of an orthonormal matrix.

Proof. For the moreover statement, a solution with λ = 0 is given by taking ϕ to

have matrix aij = δi1δ
1
j . For λ = 1/

√
3 we can pick

ϕ =
1√
3
(t1dx

1 + t2dx
2 + t3dx

3)

then

∗(ϕ ∧ ϕ) = 1

3
(t1dx

1 + t2dx
2 + t3dx

3) =
1√
3
ϕ.

To get λ = −1/
√
3 we can just take −ϕ.
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From the form of b in (11.1), if ∗(ϕ ∧ ϕ) = λϕ then we can write the matrix

for ϕ as

a =

 l 0 0

0 m c

0 d e

 .

We can then see that the matrix for ∗(ϕ ∧ ϕ) takes the form

b =

me− cd 0 0

0 le −ld
0 −lc lm

 .

Hence, if λϕ = ∗(ϕ ∧ ϕ), comparing coefficients gives, for example, that

λm = le, λe = lm⇒ λ

l
=
m

e
=
l

λ

and so

l = ±λ,m = ±e, c = ∓d.

Hence the lower right 2 × 2 matrix of ϕ has orthogonal columns and its norm

squared b2 + d2 + c2 + d2 = 1− l2. This implies that

λl = ±l2 = be− cd = b2 + d2 =
1− l2

2
.

We can solve this for l if and only if l = λ. This gives l = ± 1√
3
, λ = ± 1√

3
, m = e,

c = −d. Finally we can consider the matrix

√
3

(
m −d
d m

)
.

The norm of this matrix is 3(1− 1
3
) = 2. It follows that the determinant is 1 and so

this is a rotation matrix. Putting this all together, it follows that if ∗(ϕ∧ϕ) = λϕ,

there exists some θ such that the matrix of ϕ is given by

a = ± 1√
3

1 0 0

0 cos θ − sin θ

0 sin θ cos θ

 .

Remark 11.6. Note that previous result implies that if at any point ∗(ϕ∧ϕ) and
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ϕ are colinear, with ϕ ∧ ϕ ̸= 0 then it follows that

∗(ϕ ∧ ϕ) = |ϕ|√
3
ϕ,

and the coefficients of ϕ with respect to an orthonormal frame on the manifold

form a normal basis of su(2). In other words, ϕp ∈ T ∗
pM ⊗ su(2) describes a linear

isometry.

The final result of this section is a lower bound for | ∗ ϕ ∧ ϕ|.

Proposition 11.7. Suppose |ϕ| = 1. Then

1√
3
|⟨ϕ, ∗ϕ ∧ ϕ⟩| ≤ | ∗ ϕ ∧ ϕ|2. (11.2)

Proof. We will prove that

⟨ϕ, ∗ϕ ∧ ϕ⟩2 ≤ 3| ∗ ϕ ∧ ϕ|4.

First, using Lemma 11.3, we have that the first row of the matrix of ∗(ϕ ∧ ϕ) is
the cross product of the second and third rows of the matrix of ϕ. There are also

similar statements for the other rows given by cycling the indices. Hence

⟨ϕ, ∗ϕ ∧ ϕ⟩ = 3⟨v1, v2 ∧ v3⟩,

where v1, v2, v3 are the rows of the matrix of ϕ. We can write

⟨v1, v2 ∧ v3⟩2 = |v1|2|v⊥2 ∧ v⊥3 |2,

where v⊥i := vi − |v1|−2⟨v⊥i , v1⟩v1 is the component of vi orthogonal to v1. The

norm of the cross product in the previous expression is given by

|v⊥2 ∧ v⊥3 |2 = |v⊥2 |2|v⊥3 |2 − ⟨v⊥2 , v⊥3 ⟩2 ≤ |v⊥2 |2|v⊥3 |2.

Note that we also have

|v1 ∧ v2|2 = |v1|2|v⊥2 |2,

and hence

|v1|2⟨v1, v2 ∧ v3⟩ ≤ |v1 ∧ v2|2|v1 ∧ v3|2.
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Using that |ϕ| = 1, and that ⟨a, b ∧ c⟩ = ⟨b, c ∧ a⟩, we have

⟨v1, v2 ∧ v3⟩2 =
3∑
i=1

|vi|2⟨vi, vi+1 ∧ vi+2⟩2,

where we consider the subscript indices modulo 3. Putting all this together gives

that

1

9
⟨ϕ, ∗ϕ ∧ ϕ⟩2 ≤ |v1 ∧ v2|2|v2 ∧ v3|2 + |v2 ∧ v3|2|v3 ∧ v1|2 + |v2 ∧ v3|2|v3 ∧ v1|2 =: β.

Using the estimate 2ab ≤ a2 + b2 for a, b ∈ R we have a bound

β ≤ |v1 ∧ v2|4 + |v2 ∧ v3|4 + |v3 ∧ v1|4.

Also

| ∗ ϕ ∧ ϕ|4 =
(
|v1 ∧ v2|2 + |v2 ∧ v3|2 + |v3 ∧ v1|2

)2
= |v1 ∧ v2|4 + |v2 ∧ v3|4 + |v3 ∧ v1|4 + 2β

≥ 3β.

Hence
1

9
⟨ϕ, ∗ϕ ∧ ϕ⟩2 ≤ 1

3
| ∗ ϕ ∧ ϕ|4,

as required.

11.2 Pointwise Estimates

We start this section by considering pointwise estimates for solutions to the π
4
–

Kapustin-Witten equations A + iϕ on an SU(2) bundle P → I × Y , under the

assumption that ∥FA∥L∞ is finite and ϕ(∂t) = 0. If we fix x ∈ Y 3, then we can

consider the ODE for A+iϕ evaluated at x. We view this as an evolution equation

and will refer to the t coordinate as time. In particular we have

dϕx
dt

= ∗ (ϕx ∧ ϕx − FAx) .

where the subscript x denotes evaluation at x, and so we consider ϕx as a function

I → R3∗ ⊗ g. In the following we omit the subscripts to ease the notation.

Remark 11.8. In the case where |FA| remains small under the gradient flow and
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|ϕ| becomes large, the leading order behaviour of ϕ is governed by the equation

dϕ

dt
= ∗(ϕ ∧ ϕ). (11.3)

If we write ϕ =
∑3

i=1 ϕidx
i for a choice of normal coordinates at x then we can

rewrite (11.3) as the system
dϕi
dt

= [ϕj, ϕk] (11.4)

where (i, j, k) is an even permutation. The equations (11.4) are known as Nahm’s

equations (or the Nahm equations for consistent equation naming), and so in

the situation where |FA| remains bounded the behaviour of ϕ is similar to that

of solutions to the Nahm equations. Indeed, in the Generalised Seiberg-Witten

approach to the Kapustin-Witten equations (see [Hay13, Section 4.4]), a solution

to the Kapustin-Witten equations on I × Y 3 can be viewed as an equation on Y 3

for a family of data that satisfies a perturbed version of the Nahm equations.

We now consider the Nahm equations with perturbation by a bounded function.

That is, we study
dϕ

dt
= ∗(ϕ ∧ ϕ) + f (11.5)

for some bounded function f : R → R3∗ ⊗ g.

Definition 11.9. Throughout this section, for a solution ϕ of (11.5) on an interval

[a, b] we will denote by s the norm

s = |ϕ(t)|

and denote by φ the normalised solution

φ =
ϕ

s
.

We also define the quantity

α = ⟨∗(φ ∧ φ), φ⟩,

which we consider as a function on [a, b].

In this section we will mainly study how the quantities s and α vary, and so it

is useful to calculate their time derivatives which are implied by (11.5).

143



Lemma 11.10. Let ϕ be a solution to (11.5) on the interval [a, b]. Then

ds

dt
= s2⟨∗φ ∧ φ, φ⟩+ ⟨f, φ⟩

dφ

dt
= s (∗φ ∧ φ− ⟨∗φ ∧ φ, φ⟩φ) + 1

s
(f − ⟨f, φ⟩φ)

dα

dt
= 3s

(
|φ ∧ φ|2 − α2

)
+

3

s
⟨∗φ ∧ φ− αφ, f⟩.

(11.6)

Proof. For s we can write

ds2

dt
= 2s

ds

dt
= ⟨ϕ, ∗ϕ ∧ ϕ+ f⟩ = s3⟨φ, ∗φ ∧ φ⟩+ s⟨φ, f⟩.

This proves the first equation in Equation (11.6). For the second equation we have

dϕ

dt
=

d

dt
(sφ) =

ds

dt
φ+ s

dφ

dt

which implies that
dφ

dt
=

1

s

(
dϕ

dt
− ds

dt

)
.

Substituting in the values for the derivatives on the right hand side gives the result.

Finally, for α, note that for g valued one forms a, b, c, ⟨∗(a ∧ b), c⟩ = ⟨∗(b ∧ c), a⟩
and ∗(a ∧ b) = ∗(b ∧ a). Hence the quantity

⟨∗a ∧ b, c⟩

is invariant under permutations of a, b, c. It follows that

dα

dt
=

d

dt
⟨∗φ ∧ φ, φ⟩ = 3

〈
∗φ ∧ φ, dφ

dt

〉
= 3

〈
∗φ ∧ φ, s (∗φ ∧ φ− αφ) +

1

s
(f − ⟨f, φ⟩φ)

〉
= 3s

(
| ∗ φ ∧ φ|2 − α2

)
+

3

s
⟨∗φ ∧ φ, f − ⟨f, φ⟩φ⟩ .

For the 1
s
coefficient, we can write

⟨∗φ ∧ φ, f − ⟨f, φ⟩φ⟩ = ⟨∗φ ∧ φ, f⟩ − α⟨φ, f⟩ = ⟨∗φ ∧ φ− αφ, f⟩.

and the result follows.

We now prove that s becomes monotonic in t if s becomes large enough. This
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a key proposition to analyse singular solutions. Looking at (11.6), this is clear if

we have a bound α > c > 0. Hence, the main content of the following is proving

that α is bounded below by a positive constant.

Proposition 11.11. Suppose ϕ is a smooth solution to (11.5) on [a, b) for −∞ ≤
a < b <∞, such that

s = |ϕ| → ∞

as t→ b. Then there exists a t0 ∈ [a, b) such that for t > t0, s is monotonic in t.

Proof. The function s is increasing provided

s2α > |f |,

where |f | denotes the maximum value of f . By the mean value theorem the value

of s2α is unbounded. To see this, note that for any ε we have that there is a

ξ ∈ [a, b) such that

ds

dt
(ξ) = s2α− ⟨f, φ⟩ = s(b− ε)− s(a)

b− ε− a
.

The right hand side is unbounded as ε → 0, where as ⟨f, φ⟩ is bounded and so

s2α is unbounded. To prove that ds
dt

is always positive after a particular t we need

to consider how α varies. Now, for α we have that

dα

dt
≥ 3

(
sβ2 − |f |β

s

)
,

where β2 = |φ∧φ|2−α2 = | ∗ (φ∧φ)−αφ|2. From Proposition 11.7 we have that

β2 ≥ 1√
3
α− α2

and so α is increasing if

s2β > |f | ⇔ s4
(

1√
3
α− α2

)
> |f |2.

Figure 11.1 shows the curves

s4 =
|f |2

α
(

1√
3
− α

) , s2α = |f | and s2α = 2|f |,
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α

s

1√
3

1
2
√
3

s4 = |f |2

α
(

1√
3
−α

)

s2α = |f |

s2α = 2|f |

A

B

C

Figure 11.1: Plot of relevant curves in the (α, s) plane for the analysis in Propo-
sition 11.11

.

and three labelled regions, A, B, C. The region A is where s4 < |f |2

α
(

1√
3
−α

) , B is

where s2α > |f | and C is where s2|α| > 2|f |. At each time t, we consider the

point p(t) = (α(t), s(t)) in the (α, s) plane. If p is in the complement of region A,

α is increasing as a function of t, where as if p is in A, α may be decreasing or

increasing. If p is in region B then s is increasing.

Since s2α is unbounded as a function of t, there is a t0 where the projection

of the solution first enters region C (or it is in region C initially, in which case

take t0 = a). We either have that p(t0) is in A or it’s complement. If p(t0) is in

A then α may decrease to a value αmin but s will be increasing. The value αmin

is the supremum of the α on the curve s2α = 2|f | which is in the complement of

region A. We can calculate that

αmin =
1

2
√
3
.

It follows that p(t) is always in region B for t > t0, and so s is always increasing

after t0.

We now study what happens to α as |ϕ| → ∞.

Proposition 11.12. Suppose ϕ is a smooth solution to (11.5) on [a, b) with a <

b <∞ such that

ϕ→ ∞
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as t→ b. Then

α → 1√
3
as t→ b.

Moreover, there exists a constant E > 0 such that(
1√
3
− α

)
<
E

s2

where E depends on |f | and the value of α at the earliest time when s2α ≥ 3|f |.

Proof. The proof of this is similar to the proof of the previous proposition. Let t1

be the time where we first have

s2α ≥ 3|f |,

that is

t1 = inf
t∈[a,b)

{t|s2α(t) > 3|f |}.

For convenience let α1 = α(t1). Then we have for t ∈ [t1, b) that

α(t) > ηα1,

where η > 4
5
is some constant. This can be seen by looking at Figure 11.1: Either

(α1, s(t1)) is in the complement of region A or it is not. In the former case we

have α(t) ≥ α1 for t ∈ [t1, b) since α is increasing in this region. In the latter case,

α may decrease to a minimum of αmin which is where the line s = s(t1) intersects

the curve bounding region A. The ratio

αmin

α1

≥ η

where η is the ratio of the α value intersecting the line s2 = 3
√
3|f | and the

maximum possible value of α, 1√
3
. This constant is

η =
1 +

√
5
3

2
>

87

100
>

4

5
.

We now use this to bound dα
dt

from below. We have, from Proposition 11.7 and
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Lemma 11.10,

dα

dt
= 3s

(
|φ ∧ φ|2 − α2

)
+

3

s
⟨∗(φ ∧ φ)− αφ, f⟩

≥ 3s

(
1√
3
α− α2

)
− 3

s
|f |.

After t1 we have that α > 4
5
α1. We also have that s is increasing, see Proposi-

tion 11.11. Hence we can consider α as a function of s. We have that

s2α(t) >
4

5
s2(t1)α1 >

12

5
|f |

ds

dt
= s2α− ⟨f, φ⟩ < s2α + |f |

≤
(
1 +

5

12

)
s2α.

Hence
dα

ds
=
dα

ds

(
ds

dt

)−1

>
12

17

(
3

s

(
1√
3
− α

)
− |f |
s3αmin

)
.

This can be integrated to get that

α >
1√
3
− D|f |
s2αmin

− C

sk

where k = 36
17
> 2 and C > 0 is chosen so that the right hand side is equal to α1 at

s = t1 and D is some constant that is independent of the initial data. The result

follows.

Corollary 11.13. We can improve the estimate in Proposition 11.12 to(
1√
3
− α

)
<
D

sk

for k = 36
17
.

Proof. This is a single iteration bootstrapping argument. Note that

3

s
(∗(φ ∧ φ)− αφ, f) > −3

s
|f |(|φ ∧ φ|2 − α2)

1
2 > −C

s2
,

using the result from the proposition. Hence, if we go through the proof of the

proposition again, we can improve the estimate for the derivative of α to

dα

ds
>
k

s

(
1√
3
− α

)
− C ′

s4
.
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When we integrate this we get

α >
1√
3
− C ′′

s3
− D′

sk

with the constant D′ > 0 again depending on the value α1.

Remark 11.14. The proof of the previous proposition and its corollary give the

precise control (
1√
3
− α

)
≤ C

s2+ε
(11.7)

for any ε < 1. (To improve the exponent we can consider the first time when

s2α > n|f | for n > 3). This constant depends only on the value of α1. Hence if

we have a family of solutions to (11.5) with a uniform lower bound on α1 then the

bound (11.7) will be uniform. Also note that a uniform lower bound on α1 is the

same thing as a uniform upper bound on s2 at t1 by the definition of t1. Hence if

a, b <∞ and s is initially bounded, then s(t1) < s(a)+4|f |. This analysis is used
in Section 11.2.1 to prove uniform estimates for solutions to the Kapustin-Witten

equations on a thee manifold times an interval.

Proposition 11.15. Let ϕ be a solution to (11.5) on [a, b]. Suppose s → ∞ as

t→ b. Then φ extends to a differentiable function on [a, b] with derivative 0 at b.

Proof. We have

dφ

dt
= s (∗(φ ∧ φ)− αφ) +

1

s
(f − ⟨f, φ⟩φ)

If s → ∞ as t → ε then the second term on the right tends to 0. The first term

can be bounded by

s (∗(φ ∧ φ)− αφ) < ks

(
1√
3
− α

) 1
2

< ks−ε

for some ε > 0. The result follows.

We now prove the main result of this section on the blow up rate of unbounded

solutions. This is a key feature of the Nahm pole singularities described in [Wit11].

Theorem 11.16. Assume s → ∞ in finite time. Relabelling t if necessary, sup-

pose that s→ ∞ as t→ 0. Then we have

s(t) = −
√
3

t
+ ŝ(t) (11.8)
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where t−1ŝ(t) is bounded as t→ 0.

Proof. Since s is strictly increasing on the interval [t0, 0) we can either consider s

as a function of t or t as a function of s. We can also consider f as a function of

s instead. The condition (11.8), is equivalent to being able to write

t = −
√
3

s− s̃(s)
(11.9)

where ss̃(s) is bounded as s → ∞. (We define s̃(s) = ŝ(t(s).) To see this, note

that

ss̃ =

(
−
√
3

t
+ ŝ

)
s̃

=

((
−
√
3

t

)
ŝ

)(
1 +

t√
3
ŝ+

(
t√
3
ŝ

)2

+ . . .

)
.

To go the other way, that is if we have that (11.9) holds and ss̃ is bounded, then

we can similarly write

−t−1s̃ =
√
3
−1

(s− s̃) s̃

=
√
3
−1

(ss̃) (1 + ss̃+ . . . ) .

Recall that s satisfies the differential equation

ds

dt
= αs2 + ⟨f, φ⟩ = αs2 + f̂ .

where we let f̂(s) = ⟨f(t(s)), φ(t(s))⟩. This separable differential equation has

solution

t(s) =

∫ s

s0

1

αu2 + f̂
du+ C,

for sufficiently large s0 as to avoid dividing by 0 in the integrand. The condition

that t→ 0 as s→ ∞ implies that C = −
∫∞
s0

1

αu2+f̂
and so

t(s) = −
∫ ∞

s

1

αu2 + f̂
du.

for s > s0. To prove that there is a function s̃ satisfying (11.9), we can estimate

150



the integral for t and show that

t = −
√
3

s
+ h(s)

for some function h. A little algebra gives that

− 1

s+ s̃
= −1

s
+ h⇔ s̃ =

s2h(s)

1− sh(s)
.

Hence we want to prove that s3h(s) → L for some L as s → ∞ to get that

s1s̃→ L′. First recall that f̂ is bounded and α → 1 as t→ ∞. Hence for large u,

1

αu2 + f̂
∼ 1

u2
.

It makes sense to rewrite the integral for t as

t(s) = −
∫ ∞

s

1

u2

(
√
3 +

1

α + f̂/u2
−
√
3

)
du = −

√
3

s
−
∫ ∞

s

√
3

u2

 1
√
3
(
α + f̂/u2

) − 1

 du,

and so the function h(s) is given by the expression

h(s) = −
∫ ∞

s

√
3

u2

(
1

√
3(α + f̂/u2)

− 1

)
du.

For large u, say u > s0 we will have that there is some 0 < ε < 1√
3
such that

α +
f̂

u2
> ε

for each u > s0. Hence we get the bound

|h(s)| ≤
√
3

ε

∫ ∞

s

1

u2

(
1√
3
− α(s) +

∥f̂∥L∞

u2

)

≤
√
3

ε

(
∥f̂∥L∞

s3
+

∫ ∞

s

C

u4

)
<
D

s3
.

where the constant C is as in Proposition 11.12. It follows that |s3h(s)| is bounded
as s → ∞ and so ss̃(s) is bounded as s → ∞. Hence considering s̃ as a function
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of t we get that

t = −
√
3

s+ s̃(t)
.

From this we have

s = −
√
3

t
− s̃(t),

and
1

t
s̃(t) =

1√
3

(
ss̃(t) + s̃2

)
.

The right hand side is bounded as t→ 0.

Corollary 11.17. Let ϕ be as in the theorem. There exists a constant C > 0

such that

|tϕ−
√
3φ| < Cs2

is bounded.

Proof. We have that, in the notation from the previous proof

tϕ−
√
3φ =

(
t−

√
3

s

)
sφ

= shφ.

The result follows from the fact that s3h is bounded and |φ| = 1.

11.2.1 Uniform Estimates

We now consider a solution A, ϕ to the Kapustin-Witten equations on the manifold

[a, b]× Y 3. We extend the definition of α in the previous section to a function on

Y . In this section we prove that there is a uniform constant M such that(
1√
3
− α

)
≤ (ε− t)2+δM. (11.10)

for all p ∈ Y . The constant M depends on the initial data at t = a.

Lemma 11.18. LetA, ϕ be a solution to the Kapustin-Witten equations on [0, ε)×
Y . Then there exists a constant

α1 > 0
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such that for all p ∈ Y , either the value

t0(p) = inf
t∈[0,ε)

{s2α(t0) > 3∥f∥L∞},

exists and then we have

α(t0, p) > α1.

or t0 does not exist and |ϕ(t, p)| < 4ε∥f∥L∞ + ∥ϕ∥L∞(Y0) for all t ∈ [0.ε).

Proof. Suppose s2α < 3∥f∥L∞ . Then we have a bound

ds

dt
= s2α + f ≤ 4∥f∥L∞(X).

Hence, s(t0) < 4ε∥f∥L∞(X) + ∥ϕ∥L∞(Y0) = k, and

α(t0) =
3∥f∥L∞

s(t0)2
>

3∥f∥L∞

k2
=: α1.

Lemma 11.19. Consider a solution to (11.5) on the interval [a, b]. Let

αm = inf
t∈[a,b]

α.

Suppose that at t = a we have s2α > 3|f |. Then

αm > ηα(a).

Proof. This is proved in Proposition 11.12.

Definition 11.20. For a solution A + iϕ to the Kapustin-Witten equations on

[0, ε)× Y with |φ(t)| → ∞ as t→ ε, we define the constant αmin to be

αmin := ηα1,

with α1 defined as in Lemma 11.18 and η defined as in Lemma 11.19.

Proposition 11.21. Let ϕ be a solution to (11.5) on [0, ε) Suppose that at some

time t0, α(t0) > c > 0 and s2(t0)α(t0) > 3|f |. Then for all t ∈ [t0, b),

sk
(

1√
3
− α

)
≤M(c, |f |).
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for some k > 2. The constant in the bound is such that M → ∞ as c → 0 and

M → 0 as c→ ∞.

Proof. The first part of the statement is just Corollary 11.13. For the last part

note that if we have

s2α = 3|f |

and α → 0 then s2 → 0. Hence for the constant C defined in the proof of

Corollary 11.13 as

α ≥ 1√
3
− D

s3
− C

sk
,

C becomes increasingly large as α(t0) → 0 for equality to be satisfied at t0.

Theorem 11.22. Let A, ϕ be a solution to the Kapustin-Witten equations on

[0, ε) × Y . Then there exists a constant M , depending on ε, ∥FA∥L∞ , A0, ϕ0 such

that

sup
p∈Y

|ϕ(t, p)|2
(

1√
3
− α(t, p)

)
≤M.

Proof. For each p we can split the interval in two

[0, ε) = [0, t0) ∩ [t0, ε),

where

t0(p) = inf
t∈[0,ε)

{s2α(t0) > 3∥f∥L∞}.

In the first interval

s < s0 + 4∥f∥L∞ = k

and so

s2
(

1√
3
− α

)
≤ 2√

3
k2.

For the second interval Proposition 11.21 gives the required bound, provided we

can bound α(t0) below. The constant bound depends on α(t0). By Lemma 11.18

we have that this is bounded below and so putting these together proves the

theorem.

Corollary 11.23. Let A, ϕ be as in the theorem. Suppose at p ∈ Y , ϕ(p) → ∞,

then there is a constant M ′ depending only on A0, ϕ0, ∥FA∥L∞ such that

1

(ε− t)k

(
1√
3
− α

)
≤M ′.

for some k > 2.
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Proof. This follows from the theorem and the estimate

s ≥ C

ε− t
.

To prove estimate, note that

ds

dt
≤ 1√

3
s2 + ∥f∥L∞ .

We can solve this differential inequality to get that

s = A tan(B(t+ c))

for some constants A,B, c in an interval [ε−δ, ε) and take c to be such that s→ ∞
as t → ε to get the required inequality. The constant δ is does not depend on

p ∈ Y and so we can extend the estimate using the boundedness of (A, ϕ) in the

interior of [0, ε)× Y .
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Chapter 12

Nahm Pole Solutions with

Bounded Real Curvature

We now apply the pointwise results from the previous section to study solutions to

the Kapustin-Witten equations on [0, ε) × Y under the assumption that ∥FA∥L∞

remains bounded and ϕ(∂t) = 0. We first show that we can extend A to a con-

nection Ā on X̄ = [0, ε]× Y with A ∈ Cα(X̄). To do this we show that limt→εA

exists and is in Lp1 for all p ≥ 1 and then use the Sobolev embedding theorems on

Y . We start by considering the limit ∥A∥Lp(Y ) using Uhlenbeck’s theorem.

Theorem 12.1 ([Uhl82, Theorem 1.5]). Let Ai be a sequence of connections on

a bundle P → Y , such that there is some M > 0 with

∥FAi
∥Lp < M.

Then, along a subsequence, there exists a sequence of gauge transformations φi ∈
Lp2 such that and a connection A ∈ Lp1, with ∥FA∥Lp ≤M , such that

φ∗
iAi ⇀ A

weakly in Lp1.

Lemma 12.2. Let A + iϕ be a solution to the Kapustin-Witten equations on

(0, ε) × Y , such that ∥FA∥L∞ is bounded and ∥ϕ∥L∞ → ∞ as t → ε. Then

(ε− t)ϕ ∈ L∞(Y ) and

(ε− t) ∗ (ϕ ∧ ϕ)− ϕ ∈ L∞.

Proof. We have from that for each p ∈ Y , the function

sp(t) = |ϕ(t, p)|
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is either bounded, and so (ε− t)s is bounded, or it is unbounded. In the bounded

case, from Theorem 11.16 we have that

sp(t) =

√
3

ε− t
+ ŝp

and |ŝp| < M(ε − t), with M independent of the choice of p. In the unbounded

case we can assume that sp(t) satisfies a differential inequality of the form

dsp
dt

> s2pβ

for some small β > 0 and t > t0. We can make this assumption since if s2α(t0) <

3∥FA∥L∞ , say, then s < M with M independent of p, see Lemma 11.18. If

sα2(t0) > 3∥FA∥L∞ for some t0 then we have that for t > t0 s
2α > 2∥FA∥L∞

and so we can take β = α1

2
, with α1 as in Lemma 11.18. Note that α1 is a does

not depend on p. Hence we have

1

sp
< β(C − t)

for some C such that
1

sp(ε)
= β(C − ε)

It then follows that

(ε− t)sp =
ε− t

β(C − t)
≤ 1

β
.

Hence we have a uniform bound on sp, and so φ ∈ L∞.

From Corollary 11.17, we have that at p ∈ Y

|(ε− t)−
√
3|ϕ(p)|−1| ≤ C|ϕ(p)|−2

with C independent of p, and so if we write s = |ϕ| then

(ε− t) ∗ (ϕ ∧ ϕ)− ϕ = s
(√

3 ∗ φ ∧ φ− φ
)
+O(1).

Now we can calculate∣∣∣s√3(φ ∧ φ)− φ
∣∣∣2 = s2

(
3| ∗ (φ ∧ φ)|2 + |φ|2 − 2

√
3α
)

≤ 2s2
(
1−

√
3α
)
→ 0

as t→ 0. This proves the result.
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Lemma 12.3. Let A + iϕ be a solution to the Kapustin-Witten equations on

(0, ε)× Y , such that ∥FA∥L∞ is bounded and ∥ϕ∥L∞ → ∞ as t→ ε. Then∫ ε

0

∥dAtϕ∥L2(Y ) <∞.

Proof. Let φ = (ε − t)ϕ. Then by the Lemma 12.2, φ ∈ L∞. Now consider the

function

f(t) = ⟨∗FAt , φ(t)⟩L2(Y ).

This function is bounded on (0, ε) since FA and φ are. The derivative of f(t) is

given by

df

dt
= ⟨∗FA,−ϕ+ ∗(ε− t)(ϕ ∧ ϕ− FA)⟩ − ⟨d∗AdAϕ, φ⟩

= ⟨∗FA,−ϕ+ ∗(ε− t)(ϕ ∧ ϕ− FA)⟩ − ∥dAϕ∥L2 .

From Lemma 12.2 we have that the first inner product on the right hand side is

bounded. It then follows that

∥dAtϕ∥L2 ∈ L1([0, ε)).

Proposition 12.4. Let t 7→ At be a smooth family of smooth connections on a

bundle P → Y 3 for t ∈ (0, ε), with ∥FAt∥ ≤ M and Y compact. And suppose

that At + iϕt is a solution to the Kapustin-Witten equations on (0, ε)× Y . Then

up to gauge there exists a unique connection A ∈ C0,α, for α ∈ (0, 1) such that

for any sequence ti with ti → ε, there exists a sequence of gauge transformations

such that

φ∗
iAti → Ai

in C0,α.

Proof. We use that L∞ ↪→ Lp for compact Y to get that FAt is uniformly bounded

in Lp for all p. We also have the compact Sobolev embedding

Lp1 ↪→ C0,α when α < 1− 3

p
.

Hence, taking p large we can get a limiting connection A ∈ C0,α using Theo-

rem 12.1. The gauge transformations φti are in L
p
2, and so have a C1,α convergent

subsequence for large p. Take the limiting gauge transformation φ and apply it
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to the solution A + iϕ by viewing it as a gauge transformation constant in t.

The image of the solution A + iϕ under φ∗ is still, of course, a solution to the

Kapustin-Witten equations in temporal gauge. Hence we have that

∥dφ∗Atφ
∗ϕ∥L2 ∈ L2([0, ε))

from Lemma 12.3. The Kapustin-Witten equations for A+ iϕ give that

da

dt
= − ∗ dAϕ

and hence for s1, s2 ∈ (0, ε),

∥a(s2)− a(s1)∥L2 ≤
∫ s2

s1
∥dAϕ∥L2 → 0 as |s2 − s1| → 0.

Hence, the sequence ati is Cauchy in L2 and so φ∗Ati must converge to A in L2.

In particular,

φ∗At → A as t→ ε.

and so A is unique up to gauge transformations.

Theorem 12.5. Let At + iϕt be a solution to the Kapustin-Witten equations

with ∥ϕ∥L∞ → ∞ as t → ε and ∥FA∥L∞ bounded. Denote by A+ iϕ the limiting

connection At + iϕt, and let φ = (ε− t)ϕ. Then φ ∈ L2
2(Y ) and is a solution to

dAφ = 0.

Proof. Since ∥dAϕ∥L2 ∈ L1((0, ε)) we have that (ε − t)∥dAφ∥L2 ∈ L1. Hence we

can find a sequence ti such that

dAti
φ(ti) → 0

in L2. Otherwise ∥dAφ∥L2 > δ for some δ which contradicts ∥dAϕ∥ ∈ L2. Now, if

η ∈ Ω2(Y ) we have that

⟨φ, d∗Aη⟩ = lim
i→∞

⟨φ(ti), dAη⟩

= lim
i→∞

⟨dAi
φ(ti), η⟩ = 0.
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We then have, from elliptic estimates from the operator dA + d∗A, that

∥φ(ε)∥L2
1
≤ C∥φ(ε)∥L2 .

If we pick a smooth connection B, such that A = B + a, then we use the elliptic

estimates for dB + d∗B to write

∥φ∥L2
2
≤ C

(
∥dBφ∥L2

1
+ ∥d∗Bφ∥L2

1
+ ∥φ∥L2

)
≤ C

(
∥dAφ∥L2

1
+ ∥d∗Aφ∥L2

1
+ ∥[a, φ]∥L2

1
+ ∥ ∗ [a, ∗φ]∥L2

1
+ ∥φ∥L2

)
.

But we have that dAφ = 0 and d∗Aφ = 0. Moreover, a ∈ C0,α ∩ Lp1 and φ ∈ L∞.

Hence we have

∥[a, φ]∥L2
1
≤ ∥a∥L∞∥φ∥L2 + ∥∇[a, φ]∥L2

≤ ∥a∥L∞∥φ∥L2 + ∥{∇a, φ}∥L2 + ∥{a,∇φ}∥L2

≤ ∥a∥L∞∥φ∥L2 + ∥φ∥L∞∥a∥L2
1
+ ∥a∥L∞∥φ∥L2

1
<∞

Similarly, ∥ ∗ [a, ∗φ]∥ ≤ C. Hence we have that φ ∈ L2
2.

Corollary 12.6. The section φ = (ε− t)ϕ is continuous on [0, ε]× Y .

Proof. We have that φ is continuous on [0, ε)×Y by interior regularity of solutions

to the Kapustin-Witten equations and from the theorem, limt→ε φ is continuous

since L2
2 ↪→ C0,α for α < 1

2
. Moreover from the analysis in Section 11.2, t→ ε(t, p)

is continuous for each t. Hence if (t, p) ∈ [0, ε)× Y and (ε, p′) ∈ Y , we have

|φ(t, p)− φ(ε, p′)| ≤ |φ(t, p)− φ(ε, p)|+ |φ(ε, p)− (ε, p′)| ≤ Cd ((t, p), (ε, p′)) .

and this proves that φ is continuous on [0, ε]× Y .

Proposition 12.7. Suppose A + iϕ is as in the theorem. Then φ = (ε − t)ϕ is

nowhere zero.

Proof. We have that dAφ = 0. Hence if φ(p) ̸= 0 then

d|φ|2 = 2⟨dAφ, φ⟩ = 0,

and so |φ| > 0 on Y . Hence we just need to prove that there is a point where

φ ̸= 0. Suppose on the other hand that

∥φ∥L∞ → 0
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as t → ε. If we pick a point p ∈ Y , then in the notation of Section 11.2 we have

that

(ε− t)s→ 0.

Considering the ODE for s, (11.6), we have

d

dt
((ε− t)s) = (ε− t)

ds

st
− s

= (ε− t)s2α + (ε− t)⟨f, φ⟩ − s

= s ((ε− t)sα− 1) + (ε− t)⟨f, φ⟩

(12.1)

Now, since α < 1√
3
and (ε− t)s→ 0, we can assume that

((ε− t)sα− 1) ≤ −1

2
,

and so x = (ε− t)s satisfies the differential inequality

dx

dt
≤ −1

2

x

ε− t
+ C

for some C > 0 where (ε− t)⟨f, φ⟩ < C. Integrating this gives

(ε− t)s ≤ D (ε− t)
1
2 eCt. (12.2)

We can then put this estimate back into (12.1) to get that x = (ε − t)s satisfies

the differential inequality

dx

dt
≤ x

(
K(ε− t)−

1
2 − 1

ε− t

)
+ C.

where K > DeCεα. The differential inequality has solution

log x ≤ K(ε− t)
1
2 + log(ε− t) + Ct+ E.

Hence

(ε− t)s ≤ (ε− t)eK(ε−t)
1
2+Ct+E,

and so s is bounded. Moreover this bound can be taken to be uniform on Y . To

see this, note that φ = (ε − t)ϕ is continuous, and so the constant D in (12.2),

and also the constants K and E can also be taken to be uniform.

Lemma 12.8. Suppose A+ iϕ is a solution to the Kapustin-Witten equations on
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[0, ε)× Y with ∥ϕ∥L∞ = ∞. Then

lim
t→ε

Im(CS(A+ iϕ)) = −∞.

Proof. We have

∥FA+iϕ∥2L2 = Im (CS((A+ iϕ)(0))− CS((A+ iϕ)(ε))) ,

but on the other hand we have

∥FA+iϕ∥2L2 = ∥FA − ϕ ∧ ϕ∥2L2 + ∥dAϕ∥2L2 → ∞ as t→ ε.

and CS(A+ iϕ)(0) is finite.

We sum up the results from this section in the following theorem.

Theorem 12.9. Let A + iϕ be a solution to the Kapustin-Witten equations on

X = [0, ε) × Y , such that ∥FA∥L∞(X) is finite. Then either Im (CS(A+ iϕ)) is

bounded or it is not. In the unbounded case, ϕ has a Nahm pole singularity at ε.

If Im(CS(A+ iϕ)) is bounded then so too is ϕ.

Proof. The section ϕ is either in L∞ or it is not. In the case where ϕ is unbounded,

ImCS is unbounded from the Lemma 12.8. If ϕ is bounded then

d

dt
∥ϕ∥2L2 = ⟨ϕ, ∗ϕ ∧ ϕ− FA⟩

is bounded. We can then use Lemma 3.41 to write

−d∗d|ϕ|2 = ∗d ∗ d|ϕ|2 = |∇Aϕ|2 +
1

2
|[ϕ, ϕ]|2 − ⟨ϕ ◦ Ricci, ϕ⟩

Applying Stokes’ theorem we see that(∫
Yε

−
∫
Y0

)
⟨ϕ, ∗(ϕ ∧ ϕ)− ∗FA⟩ =

∫
X

|∇Aϕ|2 +
1

2
|[ϕ, ϕ]|2 − ⟨ϕ ◦ Ricci, ϕ⟩.

Hence if ϕ is bounded then dAϕ is bounded and so

ImCS(A+ iϕ)(t) = ImCS(A+ iϕ)(0)− ∥FA+iϕ∥2L2

= ImCS(A+ iϕ)(0)− ∥FA − ϕ ∧ ϕ∥2L2 − ∥dAϕ∥2L2 <∞.

162



Remark 12.10. Since ReCS(A+ iϕ) is preserved under the gradient flow, we can

rephrase the statement of the previous theorem to use the whole CS functional,

instead of only its imaginary part.

Remark 12.11. The Haydys-Witten equations on W = I×X4, with the connec-

tion in temporal gauge, may be written in the form, for a connection A = A0 + a

and self dual two form ϕ ∈ Ω2
+(gP ),

da

dt
= −d+∗

A ϕ

dϕ

dt
= {ϕ, ϕ} − F+

A

(12.3)

As such, the analysis from Section 11.2 carries over to this case, and so we can

consider solutions to (12.3) where ∥ϕ∥L∞(Xt) → ∞.

12.1 Example Solutions

In this section we derive some symmetric solutions to the Kapustin-Witten equa-

tions on I × SU(2). We look for solutions that are equivariant with respect to

the group action. We first make some considerations about the choice of gauge

before we introduce an ansatz for the form of the solutions. This ansatz reduces

the Kapustin-Witten equations (up to a complex gauge transformation) to a plane

autonomous system of ODEs. We only get one explicit solution, but the plane

autonomous system is sufficient to prove the existence of an infinite family of

solutions to the Kapustin-Witten equations satisfying the Nahm pole boundary

condition at both ends.

12.1.1 The Ansatz

Definition 12.12. Let G be a Lie group with a lie algebra g. Then the Maurer-

Cartan form ω : TG→ g given by

ω(g)(v) = (Lg−1)∗v,

for v ∈ TgG, defines an element ω ∈ Ω1(G, g). We can interpret this as a connec-

tion on the trivial G-bundle P → G, which is the Maurer-Cartan connection.

Lemma 12.13. The Maurer-Cartan connection is flat, and is gauge equivalent to

the trivial connection.
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Proof. Consider the gauge transformation of P , φ, given by

φ(g)p = pg.

Then dφφ−1 = ω and hence ω is the image of the trivial connection under the

gauge transformation φ.

Corollary 12.14. The Maurer-Cartan form satisfies the equation

dω +
1

2
[ω, ω] = 0.

We will assume that our solutions to the Kapustin-Witten equations are of the

form A = (x+ iy)ω for some functions x, y : I×SU(2) → R which only depend on

the I coordinate, t. Here we identify solutions to the Kapustin-Witten equations

with complex connections on the complexified bundle PC → I × SU(2).

Lemma 12.15. The curvature of the connection (x+ iy)ω is given by

FA = (x+ iy)dω +
1

2
(x+ iy)2[ω, ω] =

1

2
(x+ iy − 1)(x+ iy)[ω, ω].

Proof. This is clear from the formula FA = dA+ 1
2
[A,A] and Corollary 12.14.

Lemma 12.16. The connection A = (x+ iy)ω satisfies the moment map equation

d∗xωyω = 0.

Proof. Since everything is invariant on SU(2) we may work at e. We have that

ω = idx1 + jdx2 + kdx3

where dx1 = i, dx2 = j and dx3 = k in TeSU(2)
∗ ∼= su(2). Then ∗ω = idx2∧dx3+

jdx3 ∧ dx1 + kdx1 ∧ dx2. Hence we have

dxω(∗ω) =
(
d

dt
idx1(exp ti) +

d

dt
jdx2(exp tj) +

d

dt
kdx3(exp tk)

)∣∣∣∣
t=0

dx1∧dx2∧dx3 = 0

Proposition 12.17. The connection z = (x+ iy)ω satisfies the Kapustin-Witten

equations on I × SU(2) if

dx

dt
= y − 2xy,

dy

dt
= y2 − x2 + x, (12.4)
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where we view x, y as functions of the coordinate on I, t.

Proof. Note that

FA+iϕ = (FA − ϕ ∧ ϕ) + idAϕ

If z = (x+ iy)ω then

Fz =
1

2
(x+ iy − 1)(x+ iy)[ω, ω] =

1

2
(x2 − y2 − x)[ω, ω] + i(2xy − y)[ω, ω].

Hence, comparing real and imaginary parts, we have that

FA − ϕ ∧ ϕ =
1

2
(x2 − y2 − x)[ω, ω]

and

dAϕ =
1

2
(2xy − y)[ω, ω].

The result follows from the fact that ∗[ω, ω] = 2ω.

If we have a solution (x, y) to (12.4) then we can view this as a parametrised

curve in the (x, y) plane. That is, one defines a curve γ : I → R2 given by

γ(t) = (x(t), y(t)).

The curve γ is an integral curve of the vector field X = (y − 2xy, y2 − x2 + x).

Hence we can study these symmetric solutions to the Kapustin-Witten equations

using the theory of plane autonomous systems.

12.1.2 The Autonomous System

We now study solutions v : I → R2 of the differential equation

dv

dt
= X(v), (12.5)

where X is given by

X = (y − 2xy, y2 − x2 + x). (12.6)

The results of this analysis are summarised in the following proposition. We call

a solution v maximal if there does not exist another smooth solution w : I ′ → R2

with I ⊆ I ′ such that v(t) = w(t) for t ∈ I.

Proposition 12.18. There exist maximal solutions v : I → R2 to (12.5). If

v = (x, y) and x(t) is uniformly bounded then v is gauge equivalent to one of
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two solutions. Either I is compact, in which case the connection (x + iy)ω is a

solution to the Kapustin-Witten equations with Nahm pole boundary conditions

at both ends of the interval and |I| > π, or I is a half interval and the solution

admits a Nahm pole at the boundary. When I is non-compact the solution decays

exponentially as t→ ∞ to the trivial connection, up to gauge equivalence.

Remark 12.19. There exist solutions (x, y) such that x is not uniformly bounded.

To bound the real part of the connection one could apply a complex gauge trans-

formation, but this would break the moment map equation in the Kapustin-Witten

equations.

To study the plane autonomous system with respect to the vector field X we

first note that the vector field is symmetric in the line x = 1
2
. This symmetry

corresponds to applying the gauge transformation φ as described above. Hence,

if we have a solution γ = (x(t), y(t)), then

γ̂(t) = (1− x(t),−y(t))

is another solution that is gauge equivalent to γ. Hence we can restrict our atten-

tion to the half plane x < 1
2
.

We first look for the points where X vanishes, the critical points. We see that

the only critical points of this system are given by (x, y) = (0, 0) and (1, 0). Both

of these solutions correspond to the unique flat connection on SU(2): (0, 0) is the

trivial connection and (1, 0) is the Maurer-Cartan connection described above.

Because of the symmetry we can ignore the point at (1, 0).

The linearisation of the vector field is given by

LX =

(
2y 2x− 1

2x− 1 −2y

)
.

At x = y = 0, this has eigenvalues 1,−1, with respective eigenvectors(
1

1

)
,

(
1

−1

)

and so a general solution near the trivial connection is given by(
x

y

)
= Aet

(
1

1

)
+Be−t

(
1

−1

)
.

In the language of plane autonomous systems, this is a saddle point, and so typical
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solutions that get close to 0 move away, see Figure 12.1.

Figure 12.1: Plot of some integral curves of the vector field X, defined in (12.6).
Red lines indicate that the solution is on a compact interval, blue lines indicate
non compact intervals.

.

12.1.3 The line x = 1
2

Looking at Figure 12.1, one can spot a solution where x = 1
2
and y is some function

of t. This comes from the fact that

dx

dt
= 2y

(
x− 1

2

)
.

The connection given by A = 1
2
ω corresponds to the Levi-Civita connection on

S3 (with respect to the round metric). That is, if we identify TSU(2) with our

trivial SU(2) vector bundle using the invariant vector fields, the connection one

form for the Levi-Civita connection is given by 1
2
ω. We can also see that all other

solutions end up tending towards this line at at least one end of their interval, so

studying the limiting behaviour of this solution helps understanding the general

limiting behaviour.

To find y, we just need to solve the differential equation

dy

dt
= −y2 − 1

4
.

167



This can be integrated, resulting in

y = −1

2
tan

(
t+ c

2

)
.

We can set c = 0 as changing c is equivalent to relabelling the interval coordinate.

Hence this solution is well defined (and gives a maximal solution) when I =

[−π, π]. Moreover, we have the following.

Proposition 12.20. The solution to (12.5) with x = 1
2
, defined on I = [−π, π],

has a Nahm pole at both ends of the interval. That is, as t→ ±π,

y ∼ (t∓ π)−1

Proof. The solution is symmetric, up to a change of sign under t→ −t so we just

consider t → π. The power series expansions of sin t
2
an cos t

2
at t = π are given

by

sin
π + h

2
= 1 + o(h2), cos

π + h

2
=
h

2
+ o(h3).

The result follows.

One can prove that the other solutions in Proposition 12.18 admit Nahm pole

singularities directly. However, we can apply Theorem 12.9.
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