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1 Introduction

Nearly Kahler manifolds are a class of almost Hermitian manifolds which show certain similari-
ties to Calabi-Yau or Kéhler manifolds. The most important case is when the dimension is six.
In this dimension, nearly Ké&hler manifolds are always Einstein and have positive scalar curva-
ture. Furthermore, strictly nearly Kéhler six-manifolds are related to special holonomy, as the
Riemannian cone of such a space carries a torsion-free Go structure. The classical example of a
nearly Kéhler manifold is S¢ and the study of this structure has been related to the question of
the existence of a complex structure on S°.

The two main approaches to construct nearly Kéahler manifolds come from the study of 3-
symmetric spaces and twistor theory. In this project, we will take a look at the spaces which
carry both structures. In fact, in dimension six the only two such spaces are CP? and the flag
manifold F = SU(3)/T2.

To gain a better understanding of these spaces one can investigate their moduli space of pseu-
doholomorphic curves with the ultimate aim to construct invariants. In his thesis, Xu has
constructed invariants for pseudoholomorphic curves in CP? and classified those with genus 0.
Furthermore, he found out that certain pseudoholomorphic curves in the nearly Kihler-CP? are
in 1:1 correspondence with integral submanifolds of the contact structure on CP3. However, he
has left a gap in the proof of this theorem which we will close in section 7. This is achieved by
putting his constructions on a more general basis using the language of principal bundles. We
indicate how these constructions can be carried over to the flag manifold since this space shares
the twistorial structure with CP3. To that end, we have worked out the holomorphic contact
structure on the flag manifold explicitly.



2 Prerequisites

2.1 Divisors and Line Bundles

The following is a recollection of the correspondence between line bundles and divisors on a Rie-
mann surface extracted from [7]. The set of divisors Div(M) is the free abelian group generated
by the set of points of M. Thus we may write an element D € Div(M) as

n
D= Z a;p;
=1

for integers a; and points p; € M. In a chart U,, each p; is the only zero set of a holomorphic
function g;, such that p; is a simple root of g;,. This function is well defined up to multipli-
cation by a non-vanishing holomorphic function. Now set f, = IIg;i. So, to any divisor D we
can associate a collection of functions f,: U, — C which is unique up to a multiplication of
non-vanishing holomorphic functions. Recall, that a line bundle can be defined by specifying
transition functions gog: Us NUg — C. Two such collections g/, 5 and gap of transition functions
yield the same line bundle when there are holomorphic functions h,: U, — C such that

h
12 o

9op = 7 9ap- (1)
B hﬁ

Now, for a divisor D given by a collection {Uy, fo} define gog: Uy NUg — C* by %. Note, that
the quotient is a well-defined holomorphic map since the restriction of g;o and g;3 to Uy, NUp
both satisfy {gi« = 0} = {gig =0} = VN U, NUp and are minimal in the sense above with that
property. Hence their quotient is a non-vanishing holomorphic function on U,NUpg. If one chooses
to represent D by a different family of functions, the associated line bundles will be isomorphic
by equation 1. Hence, this construction yields a group homomorphism ¢: Div(M) — Pic(M).
It descends to an isomorphism with the following inverse

Div(M)/{principal divisors} — {line bundles which admit a global meromorphic section}
[
D ={(Ua, fa)} = [D]:={(gap = =, Ua N Us)}

fs
Dy, = Zordp(s)p «— L.
P

Here, s is any global meromorphic section of L. The equivalence class of the resulting divisor
does not depend on the choice of s.

2.2 Holomorphic Data on Principal Bundles

Holomorphicity is a property that can be checked on the level of principal bundles. Suppose
that M is a Kdhler manifold and that P is a G-principal bundle over M with the property that
there is a representation of G on V such that TX = P x, V. For example, P could be the
bundle of frames of M and p the standard representation of Gl,, on R™ or if M = K/G one has
K XAdM = TM.

We may complexify this representation and get TX¢ = P X, Vc. The complex structure on
X will give rise to TV X¢c = AM(X) @ A1 (X). Let us assume that this comes from a splitting
VY =V10g V0l Now, let W, 7 be another representation of G and let E = P x, W. Since M is

a Kahler manifold, the Chern connection and Levi-Civita V connection coincide, i.e. 9 = 7%'oV.



The connection V corresponds to a connection one-form ¢ on the principal bundle. We get the
following commutative diagram

L(P,W)bs —— T'(P,VY @ W)t —— T(P, VOl @ W)baes

| | |

I(M,E) — D(M, TV X¢ ® E) — D(M,A%! @ W)



3 Nearly Kahler Manifolds

Given a manifold M with an almost complex structure J one can always find a Riemannian
metric g on M such that J becomes an isometry. The resulting structure (M, J, g) is then said
to be an almost Hermitian manifold. On such a manifold, one can define the two-form

w(X,Y)=9(JX,Y).

If w is covariant constant with respect to the Levi-Civita connection V then (M, J, g) is a K&hler
manifold. The tensor Vw has generally four irreducible components. By requiring only some
of them to vanish one obtains different notions of an almost Hermitian manifolds which satisfy
weaker integrability conditions than a K&hler manifold. One of them is the class of nearly Kahler
manifolds.

Definition 1. An almost Hermitian manifold is a nearly Kdhler manifold if
Vx(J)(X) =0
for every vector field X on M.

Equivalently, if .J is considered as a section of TMY @ TM then VJ € T(A2(TMY)®TM) C
DN(TMY®TMY ®TM) if and only if M is nearly Kahler. A nearly Kéhler manifold which is not
Kahler is called a strictly nearly Kahler manifold. Sometimes, they are ambiguously also simply
called nearly Kéahler manifolds.

Generally, a condition which is easier to compute is the following.

Proposition 1. A manifold M is nearly Kdahler if and only if
dw = 3Vw.

If the manifold in question is a homogeneous space then it is worthwhile studying nearly
Ké&hler manifolds within the framework of 3-symmetric spaces.

3.1 3-Symmetric Spaces

3-Symmetric spaces were introduced by Wolf and Gray in [17] when they studied homogeneous
nearly Kahler manifolds. Let G be a Lie-Group and H be a closed Lie Subgroup. Then the
homogeneous space G/H is called a 3-symmetric space when there is a 0 € Aut(G) with 0% =1
such that

G C HcCGe.

Here, G is the fixed point set of o and G denotes the connected component of the identity in
this space. This implies that h = {£ € g | 0.(§) = £}. In particular, o, is an endomorphism over
gc and has a decomposition into different eigenspaces, i.e.

dc :b([:@mc @mg'Za

where ¢ = e*™/3. Since o, is a Lie-Algebra homomorphism it commutes with the Ad(H)-
action and as a consequence, m¢ and me2 are both Ad(H)-invariant. Denote by M/G/H and
by m = g N (m¢ @ me2) then we have g = h @ m, which is a decomposition into Ad(H )-invariant
subspaces. Hence, as for symmetric spaces, g is reductive. We write m* = m¢ and m™ = me
and observe

[be,be] Che, mT,mtjcm™, [m- mJcm’, [mt,m7]cChe (2)



Conversely, a homogeneous space G/H is a 3-symmetric space if there is a decomposition g =
hdmT ®dm~ such that the above relations hold. The key point is that T.(G/H) = g/h = m and
Ad(H)-invariant objects on m extend to structures on M. For example, we can declare m™ to
be the +i and m™ to be the —i eigenspace of an almost complex structure J, which commutes
with o,. This extends to an almost complex structure on M and is referred to as the canonical
almost complex structure Je,, on G/H. Furthermore, an Ad(H)-invariant metric on m gives
rise to a Riemannian metric on M. A crucial result is that the property of being nearly Kahler
can be formulated in Lie-algebraic terms.

Theorem 1. [6, Proposition 5.6] Let M = G/H with a decomposition satisfying 2, i.e. M is
a 3-symmetric space. Let g be an Ad(H)-invariant metric on m. Then (M, g, Jeqn) is a nearly
Kaéhler manifold if and only if

g([X,Y],Z) :g([Z,X],Y) VX,Y,Z e m.

3.2 Nearly Kahler Manifolds in Dimension Six

When the dimension of M is less than 6 there are no strictly nearly K&hler manifolds. [9, Lemma
1.5] Indeed, in dimension six, nearly K&hler manifolds have the most interesting properties and
are also most relevant for applications.

Proposition 2. [1, Theorem 2] Let (M, J,g) be a six-dimensional strictly nearly Kéhler man-
ifold. Then the Riemannian cone C(M) = M x R>Y can be equipped with a three form
¢ € A3(C(M)) which turns (C(M), ) into a torsion-free Go-manifold and induces the cone
metric dr? + r2g.

Furthermore, strictly nearly Kahler manifolds in dimension six are Einstein and their first
Chern class vanishes. Another reason to focus on the case of dimension six is the following
theorem by Nagy.[10]

Theorem 2. A strict and complete nearly Kdhler manifold is locally a Riemannian product
of homogeneous nearly Kdahler spaces, twistor spaces over quaternionic Kdahler manifolds and
6-dimensional nearly Kdhler manifolds.

In dimension six there is a convenient characterisation of nearly Kahler manifolds using
differential forms.

Proposition 3. [11] Let (M,w) be a siz-dimensional almost Hermitian manifold. Then M is
nearly Kdahler if and only if there is a three-form 1 € A>°(M) and a constant u € R satisfying

dw = 12uRe(v))
d(Im(v)) = pw A w.

In fact, the homogeneous strictly nearly Kéahler 6-folds are classified.

Proposition 4. [3, Theorem 1] If M = G/H is a homogeneous strictly nearly Kiahler manifold
of dimension six, then M is an element of the following list:

e G =Gy and H = SU(3) such that M = S°
e G=5"%x5%xS%and H={(g,9,9) | g € S?} such that M = 3 x §3
e G =Sp(2) and H = S x 3 such that M = CP%;



e G =U(3) and H = U(1)? such that M is the manifold of complete complex flags of C?

All of these examples carry an invariant strictly nearly Kéhler structure, unique up to homothety,
and arise as 3-symmetric spaces.

The 3-symmetric structure on M = S3 x S comes from considering
o€ Aut(S® x §% x 8%), o(xy, w0, 23) = (3,71, 22)

It should be noted that possibly non-homogeneous strictly nearly Kahler manifolds have not
been classified yet. Recently, Foscolo and Haskins have found nearly Kihler structures on S°
and S3 x S? that are not homogeneous. 5]

The last two examples listed above be the ones which are important for this project. They arise
as twistor spaces of four-dimensional manifolds.

3.3 Twistor spaces

To each Riemmanian manifold M one can associate a twistor space Z (M), which is a fibre bundle
over M. The fibre of this bundle over x is given by

{Jo: TeM — T, M | Jﬁ =-1, ¢g(Jpv, J,w) = g(v,w), J, preserves orientation}.

If M is four-dimensional then the twistor space Z(M) can be identified with elements A2 (M)
with unit length. Hence it is a sphere bundle over M which inherits a connection from the
connection on A%(M) which is induced from the Levi-Civita connection. Hence T'Z(M) splits
into a vertical and horizontal subbundle TZ(M) = H & V. Now, pick a point p € Z(M) and
x = m(p) , then (my),: H, — T M is an isomorphism of vector spaces. This gives on the one
hand rise to a metric on H, coming from g, on T, M. On the other hand, by the construction
of the twistor space, p defines an orthogonal almost complex structure on T, M. Hence there is
one on #H,. Furthermore, V, is the tangent space of a sphere. So there is a canonical metric
on V, and two possible choices for an orthogonal almost complex structure. Denote by j; the
orientation preserving and by jo the orientation reversing one. This means that one can equip
Z(M) in a natural manner with a metric and with two choices of almost complex structures,

J1, Ja.

Proposition 5. [13, Theorem 3.3, Proposition 3.4] Let M be a Riemannian four-manifold, then
(Z(M), J1) is a complex manifold iff M is self-dual and (Z(M), Jz) is never integrable.

It turns out that the twistor space of M = S§* with the round metric is CP3. The fibration
CP? — S* is constructed by

CP? — HP', [20:21:22: 23] = [20 + jz1 : 22 + j23]

and identifying HP! with S*. The twistor space of M = CP? is the flag manifold U(3)/U(1)3.
There are three choices for the fibration

m: F=U(3)/U(1)* = U3)/U(1) x U(2) = CP?,

induced from embedding the i-th times the j-th factor of U(1) into U(2). This yields 23 =

possible almost complex structures corresponding to the splitting of m into three one-dimensional
U(1)3-invariant subspaces which will be described in subsection 4.4.2. If not stated otherwise,
we will refer to the twistor fibration of the flag manifold the as m13. On CP? and F, J; and J,
will give rise to a Kéhler and a nearly Kéahler structure, respectively. More generally, the twistor
space of quaternion-Kéhler manifold with positive Ricci curvature always carries a strictly nearly
Kaéhler structure. [14] However, when dim (M) = 4 then this fact does not provide new examples.



Theorem 3. [8, Proposition 6.1] The twistor space Z(M) of a compact oriented Riemmanian
four-manifold is Kéhler if and only if M = CP? or M = S*.

3.4 Gauss lifts

Let (M, g) be a compact Riemann surface, (N, h) be a Riemannian manifold of dimension n and
¢: M — N be smooth. The differential d¢ can be considered as an element of T'(M,TM" ®
¢*(T'N)). The Levi-Civita connections on M and N induce a connection on this bundle such
that one can consider V(d¢) € T'(M,TM" @ TM" @ ¢*(TN)). Because the Levi-Civita con-
nection on M is torsion-free this tensor is symmetric in the first two components, i.e. V(d¢) €
I'(M,S*(TMY) @ ¢*(TN)). By contracting with g one obtains the so called tension field
Ty € T' (M, ¢*(T'N)). We say that ¢ is conformal if ¢* (h)(%, %) =0, i.e. ¢*(h) is a conformally
equivalent to g away from the zeroes of ¢.. Furthermore, we say that ¢ is harmonic if 74 = 0.
This property only depends on the conformal class of g and A and is equivalent to

o () =V 2Val(h)=0.

9z 0z oz

VaV
Oz

It can be shown that ¢ is a minimal branched immersion if and only if it is harmonic and
conformal. [12, Theorem 1.1] Denote by Gra(R™) the space of oriented two-planes in R™. An

element V' € Gra(R™) can be identified with e; A eg for an oriented orthonormal basis {ej, ea} of
V. As a homogeneous space,

Gra(R™) = SO(n)/(SO(2) x SO(n — 2)).
The group SO(n) acts on this space and we can define the fibre bundle
Gro(TN) = Pso(n) Xs0(n) Gra(R™).

Here, Pso(n) denotes the bundle of oriented frames of M. A fibre over a point x € N is the
space oriented two-planes in T, N. The space is constructed such that each ¢: M — N has
a lift ¢: M — Gry(TN) which sends © € M to ¢.(T,M) € Ty(x)N. Consider now the case
n = 4, such that the Hodge star operator * satisfies #* = —1 and A%(R*) = A% (R*) @ A2 (R?).
If {e1, €2, e3,e4} is an oriented basis of R* then

{e1NeatesNey, erNestesNes, e ANesgtesNest

is a basis of A2(R*). Declaring this to be an orthonormal basis one obtains by this splitting the
double cover

SO(4) — SO(3) x SO(3).
Under this map, SO(2) x SO(2) € SO(4) is mapped to

Stabel/\62+63/\e4 X Sta,bel/\32763/\64 = 80(2) X SO(2)

by (exp(ia),exp(if)) — (exp(i(a + B)),exp(i(a — 8))), which is a double cover. Hence

SOM) . S0(3) O(g) ~S0() SOB) _ g oo

. x S
Gra(R%) = SO(2) x SO(2) ~ SO(2) x SO(2) ~ SO(2) =~ SO(2)

Denote by Si = Pso1) Xso) S1 then é}g(TN) = St x S~ and there are two projections
w4 : Gra(TN) such that one can define the Gauss lifts ¢+ = T+ 0 ¢. In summary, one gets the



following commutative diagram

Gro(TN

=V

)
S_

S = M 4=
+ o+ o
o
N

Furthermore, S are isomorphic to the twistor bundle Z(N) by

eiNejteyNep— (e1+>ea, exr> —er, egr>eq, €4 —e3z).

Hence, if N satisfies the necessary curvature conditions, Sy are equipped with two almost complex
structures J; and Jo where Jj is integrable and .J, is not.

Proposition 6. [4, Corollary 5.4] Let M be a Riemann surface and N a four dimensional
Riemannian manifold, ¢: M — N is a conformal harmonic map, i.e. a branched immersion, if
and only if ¢4 : M — (Si, Jo) is a pseudoholomorphic non-vertical curve.

The upshot of this is that studying pseudoholomorphic curves in the nearly Kahler manifolds
CP% x and F is equivalent to study minimal branched immersions into S* and CP2.

10



4 Homogeneous Spaces

4.1 Connections on Homogeneous Spaces

Let G be a Lie group with a closed Lie subgroup H, denote by M the homogeneous space
M = G/H. In the following, we will regard G' as an H-principal bundle over M. Assume that
there is an Ad(H)-invariant metric b on g. This metric exists for example when g is semisimple
or when H is compact. It gives rise to a orthogonal decomposition g = §h & m. Furthermore, let
pm and py the corresponding orthogonal projections. Let w € Q'(G, g) be the Maurer-Cartan
form on G and let oo = py, o w as well as ¢ = py o w. Note that ¢ defines a connection on M.

Lemma 1. For each isometry ¢: m — R" there is a bundle morphism fy: G — Po(n) which is
injective if and only if the adjoint action of H on m is faithful.

Proof. Fix an isometry ¢: R™ — m. Then for g € G the map fy: (Ly)« 0% is an isomorphism
R"™ — Ty M which preserves the metric. So, g — f, is the desired bundle morphism. Its
injectivity is equivalent to saying that H — O(TigM), h+ (Lp)« is a faithful representation
of H. Identifying Tj,)M with m turns this into the adjoint representation of H on m. O

Denote the adjoint representation by p: H — O(m) such that p. gives a representation of h
on o(m) which is given by £ — [&, -]

Lemma 2. Let 0 be the soldering form on Po(ny. Then we have
(f) (0) =y~ 0.
Proof. Let g € G and v € T;G then
(f6)"(0)(v) = (fp(9)) " (me(v)) = 71 0 (Lg) ! omu(v) =9~ om0 (Ly)  (v).
The pushforward 7, restricts on T.G = g to p, which implies the statement. O

This justifies to regard, for a fixed 1, ™! o & as a soldering form on G — M. Hence, the
torsion of ¢ is given by © = df + ¢ A 0 = Y~ (da + [, ¢]).

Lemma 3. The curvature and torsion of ¢ can be calculated in terms of a by

F =2y al) ()
0 = 50 (om ([0 @)

Proof. The Maurer-Cartan form has vanishing curvature.
1 1 1
0= dw+ 5[o,w] = da+d + 3o o] + 5[6,0] + [a, 0] 5)

Because b is Ad(H)-invariant it satisfies b([X, Y], Z) = —b(X, [Y, Z]) and hence [h, m] C m. The
above equation yields two equations by projecting onto m and b respectively.

0 =da+ [a, @] +pm(%[a,a]) (6)
0=do -+ 506+ py (500l @

11



Corollary 1. The connection ¢ is a reduction of the Levi-Civita connection if and only if M is
a symmetric space.

O

In general, Ad(H)-invariant objects on m give rise to left-invariant objects M, such as metrics
and almost complex structures. Thus we can define an almost Hermitian structure on M by
finding an Ad-invariant Hermitian metric on m.

4.2 CP? and F as Homogeneous Spaces

On H", there is a standard quaternion valued inner product given by (v, w) = > v;w;. The
group of H-linear endomorphisms of H" which preserve this inner product is denoted by Sp(n).
Here, only the group Sp(2) will be of interest. By picking the standard H basis on H? one can
identify Sp(2) with pairs of vectors (vi,vs) which are an ONB of H2. Hence, for i = 1,2 one
can consider Sp(2) — S” C H?, (v1,v2) — v;. Both of these maps give Sp(2) the structure
of a S2 fibre bundle over S”. By canonically identifying H? with C* one obtains by composing
with the projection to CP% ;- two maps eq,ea: Sp(2) — CP% . Thus, CP3 ;- may be regarded
as a homogeneous space as either Sp(2)/52 x S or Sp(2)/S! x S3. The homogeneous structure
will be used to define different almost complex structures and metrics on CP% . To distinguish
them, we will write Sp(2)/S3 x S' = CP3%. and Sp(2)/S® x St = CP% . By quotienting out
Sp(2) just by S x S! one obtains the manifold F. In summary,

Sp(2)
|
z//// \\\\&

CP3 CP3,

On the flag manifold, we will work with the homogeneous space structure U(3) /U(1)3 or SU(3)/T?
which arises from equipping C? with a Hermitian inner product.

4.3 Homogeneous Vector Bundles

A vector bundle 7: E — M over a Homogeneous space M = G/H is called homogeneous if G
acts on E by bundle homomorphisms and gE, C Eg, (which implies gE, = E,;). A morphism
of homogeneous vector bundles is a G-equivariant bundle morphism. Given a representation
p: H — End(V) the associated bundle £, = G Xz, V is homogeneous with respect to the
action ¢'[(g,v)] = [(¢'g,v)]. Given a homogeneous bundle 2 — M one sees that H acts on Ej,
i.e. one obtains a representation of H. Both operations are inverse to each other and equivariant
homomorphisms between two representations correspond to bundle morphisms. I.e. the category
of finite dimensional representations of H is equivalent to the category of homogeneous vector
bundles over M. The model example for a homogeneous vector bundle is the tangent bundle on
G/H which corresponds to the adjoint action of H on m, assuming that homogeneous space is
reductive with g = h ® m.

Similarly, unitary representations will correspond to Hermitian line bundles. For more details,
we refer the reader to [16].

We can use this to prove that different bundles over CP%;, are isomorphic by showing that the

12



corresponding representations are equivalent. One can not argue in the other direction as an
isomorphism between homogeneous bundles is stronger than just a bundle isomorphism.
Note that the tautological bundle O(—1) corresponds to the standard representation of S on C.

4.4 Representations
4.4.1 CP%x
The Lie-algebra sp(2) splits into

5p(2)—b@{<g 8) |a€jC}@{<_0h g) |h€]HI}.

my mao

If we identify
jz 0. 0 h
(C—>m1, Zl—><0 0), H_>m2a h'_><_h 0)

then an element (), ¢q) € S! x S% acts by multiplication of A2 on C and on H by h — ghA~!.
The tautological bundle O(—1) lives inside the trivial bundle CP? x C* c CP3 x H2. Thus we
consider the bundle jO(—1) C CP? x H2. Since A\j = jA for A € C this bundle corresponds to
the representation z — A7!z, so jO(—1) = O(1) as Hermitian line bundles. This splitting gives
rise to a splitting of TCP3; . which corresponds to the splitting into a vertical and horizontal
component

TCPY i = Sp(2) Xg1xs3 M = Sp(2) X153 My B My
= Sp(2) Xs1x58 M1 D Sp(2) X 51153 Mg =H D V.

4.4.2 Flag manifold

Since F = U(3)/U(1)3, we need to decompose the representation of U(1)? on u(3) into irreducible

0 -2 0 00 -z 00 0
u@) =u1)®*e< |z 0 0|0 0 O @0 0 -z
0 0 0 z 0 0 0 2z 0

mio mis meo3

This notation makes clear how to identify each m; with C. Then diag(A, A2, A3) acts on m;; by
multiplication with \;° 1/\j. Hence, the tangent bundle splits into a sum of three line bundles.

TF =U(3) xy()s (m12 ® myz @ moz) = L1o ® L1z ® Los.
The horizontal distribution for the fibration w3 is then given by Lis @ Las while the vertical

distribution is equal to Lq3.

4.5 The Maurer-Cartan form in exponential coordinates

In the following, we will work with differential forms which come from projections of the Maurer-
Cartan form. To find explicit examples of certain types of pseudoholomorphic curves it is of
use to be able to express these differential forms in coordinates. As before, regard G as an H
principal bundle over M. The restriction of exp to m gives rise to a chart p: m DU — V C M.

13



On the other hand, the form a € Q(G,g) corresponds to a form a € QY(M,TM)P* since
G xpaqgm =TM. Because 7* (@) = « and the following diagram commutes

G
V x
Uiﬂl/

one has ¢*(a@) = exp* a. To compute exp* w, pick a base vector { € U and n € T¢U which is
identified with % ‘ +—o & + tn and recall Duhamel’s formula.

% exp(¢ + tn) = exp(§) Y | =k

(ade)™ (n).
t=0 n=0 ’

(n+1)
This series is absolutely convergent in a neighbourhood of (0,0) € g x g. Hence,

(exp™ w)e(n) = Z ((l)n!(adg)n(n).

o n+1)

Now let J € End(m) with J2 = —1 such that J o Ady = Ady o J. Then J gives rise to an
almost complex structure on M. Assume that this structure is integrable. This means that the
atlas {((Lg)«(U), (Lg)« © exp}gec where U is a neighbourhood of the identity has holomorphic
transition functions. By picking a basis one can identify via J the vector space m with C™. Then
« is a holomorphic form if and only if exp* « is holomorphic as a map C" x C* — C™. From
the above expression one can read off, that (exp*w)e(n) is a convergent power series and thus
holomorphic. Thus we have.

Lemma 4. Let G/H be a homogeneous space and J be an Ad(H)-invariant almost complex
structure on m which gives rise to an integrable complex structure on M. Then & is holomorphic.
Furthermore, pr o a is holomorphic when pr is a projection onto a complex subspace.
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5 Structure Equations

3
5.1 Of CPy g
Note that the Lie-Algebra sp(2) is given by

{A € MQXQ(]H[) | A+ AT = 0},

so the Maurer-Cartan form on Sp(2) is of the form

(im +jos % +j§g>
w = w1 .

Here, wy,ws, w3 and 7 are complex valued and p; as well as py are real valued one forms on

Sp(2). Now, with Equations (6) and (7) one can derive structure equations for CP%;, and CP%,.
In the first case, H = S x S2 and

oo (in O we [ W AR AY
0 ipy+g7)’ %—i—j% 0

From this, one can derive the structure equations

w1 Z(pg - pl) —T 0 w2 A w3
d W = — T *Z.(pl + p2) 0 N | w3y A wq
w3 0 0 2ip; w1 N\ Wo

Let furthermore,

K1l K1z _ i(p2 — p1) -7
Ko1 Koz T —i(p1 + p2)
So one obtains

a(fu 2} (Fu ki) (R Rz w1 AW — w3 ANws w1 Az
K21 K22 K21 K22 K21 K22 wo A W1 wo AWz —ws AWs
Note that wy, ws,ws are horizontal but not equivariant forms but their span is a S x S invariant
subspace. In other words, the tensor

w1 Qw1 +ws Qs +ws Qws

is a basic tensor and thus corresponds to a complex valued two-tensor h on CP%; ;- which defines
its Hermitian metric. This defines the nearly Kéhler structure on CP% . The associated two-
form is

o= i(wl AWy + w2 Aws + w3 /\(.73)

Locally, one can regard wy,ws and ws as unitary (1,0)-forms. In contrast, one obtains CP3. by
quotienting out S3 x S!. That means, that ws will not be a horizontal form anymore but sy is.
Analogously, the tensor

1
5671®wl+§w2 Q W2 + ko1 Q Wa.

is basic and gives rise to the Fubini-Study metric on CP3,. Locally, one can regard %, %, Ko1 as

unitary (1, 0) forms. This is the explicit description of J; and Jy on CP3. In the light of diagram
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4.2, it is also useful to equip F’ with an almost complex structure. The forms w7, ws,ws, ko1 are
all basic forms of the bundle Sp(2) — F. Hence, they correspond to forms wy ¥, wk' wf' ki with
values in complex line bundles. The Hermitian structure on F' is defined by requiring that these
forms are unitary (1,0)-forms. It turns out that this almost complex structure is integrable and
7o is holomorphic as

__CPp3 CP3.  CP3 __
WS(TI’OC]P’%) = ﬂg‘span(wl(CPK,wQ K kg ) = span(wlF,wf, 1151) cTUOFR

5.2 Of the Flag Manifold

To reduce the number of variables involved in the structure equations it is worthwhile to view F
as the homogeneous space G/ H with G = SU(3) and H = T? C G. We can decompose g = hdm
and denote

p1 W1 Wa
w=| w p2  —ws |,
—Wy  ws P3

with p1 4+ p2 + p3 = 0. And so « is given by

0 —wq wo
o= w1 0 —Ws
—Wy W3 0

By picking a basis of m, we may write this as a vector (w1,ws,ws3). A direct calculation shows
that
P ([, ) = (=22 A W3, 2w01 A T3, =241 A W)

Furthermore,
[, @] = (w1 A (p1 — p2),w2 A (p1 — p3),ws A (p2 — p3))

Hence, the structure equations are given by

w1 p1— p2 0 0 w1 wy A W3
dlws | = 0 P1 — P3 0 ANlws | + | w3z Awr (8)
w3 0 0 p2 — P3 w3 w1 A wa
together with
1 —w1 Awyp +wa Awy
d{p2 | = w1 ANwyp — w3 A ws
03 —wo A\ wy + w3 A ws

Define
o =wi; Nwy + w2 Awsy + ws /\0.73

Let us calculate do. Since p; € iR only the torsion part of the structure equations will contribute
for the the following reason: Let 7 be a complex-valued differential form with dr =+ A 7 where
7 is iR valued. Then

AT AT)=drTAT—=7T AT =yATAT—TA (=) AT =0.

Hence,
do = —6(w; Awa Aws + &1 Awa Az) = —12Re(w; A wa A ws)
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One can also check that d(Im(w; A wa A w3)) = —o A . Hence, Proposition 3 implies that
(w1, wa,ws) define a nearly Kéhler structure on F which is Jo. We may also choose another basis
for m which amounts to replacing ws by 7 = Wv/2. Define now

UI:wl AN +FTATH w3 ANW3 =wi Awy — 2wy A Ws + wsg A ws.

And then we obtain
do’ = 0.

In fact, (w1, W2v/2,ws) is the integrable structure on F defined by .J;. From now on, we will refer
to (F,J2) as Fyg or if no confusion arises simply as F and to (F,J;) as Fk.

6 Contact Structures

Salamon showed that the twistor space of a quaternionic-Kéhler manifold with positive scalar
curvature admits a holomorphic contact structure.[15] The horizontal bundle described above
will define the contact structure in these cases.

6.1 On CIP’?I’(

More explicitly, the contact structure on CP% is defined by the form 5. This is a basic form on
QL(Sp(2), (C)S1 x5% 30 it corresponds to a form @ on CP3; with values in a line bundle L. Note that
df is not in general a well-defined object, but df A 6 is a well defined form in Q3(CP%, L). The
condition df A 8 # 0 can be checked more conveniently on Sp(2). Using the structure equations,

dri2 A K12 = wy Awg A k12 # 0.
In the affine chart CP3, D Ag = {[1: 21 : 29 : 23]}, the contact form is given by
K12 = le — ngZQ + ZQng.

In fact, Bryant has found an explicit description of the integral submanifolds of the contact
structure.

Let M be a connected Riemann surface and let f, g be meromorphic functions on M with g being
non-constant. Define ®(f,g): M — Ay C CP3 by

o(f,g)=1[1:f— %s&%)?gé(%)l

Note that % is a well-defined meromorphic function on M because df and dg are both complex-

df(v)

T9(0) does not depend on the choice of a non-zero v € T M.

linear, so

Theorem 4. [2, Theorem F] Each ®(f, g) defines an integral submanifold of the holomorphic
contact structure on CP%.. Conversely, every such submanifold is of that form or lies in some
CP! C CP} k-

Theorem 5. [2, Theorem G] Let M be a compact Riemann surface then there is a holomorphic
embedding M — CP%, integral to the contact distribution.
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6.2 On the Flag Manifold

As before, since w5 is a basic form on U(3), it corresponds to a form § € Q! (Fy, L) for some line
bundle on Fx. The kernel of 8 is exactly the horizontal distribution coming from the twistor
fibration. Indeed, # defines the holomorphic contact structure on Fgx. By Lemma 4, &y is
holomorphic because it is the projection of a onto a complex subspace. This is because the
integrable almost complex structure on Fy is chosen such that

0 -5 -5
(21,22,23) = |21 0 —z3
Z9 z3 0

identifies C® with m. Furthermore,
Wo ANdws = wao A wi A ws

which vanishes nowhere.
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7 Pseudoholomorphic Curves

7.1 In CP3,

We will now investigate pseudoholomorphic curves in CP3 -, i.e. a Riemann surface X and a
nonconstant map vy: X — CP3%, such that v, commutes with the respective almost complex
structures. All bundles over CP%; ;- can be pulled back to bundles over X, we will denote them by
a superscript X. The connection defined on Sp(2) pulls back to a connection ¢* on Sp(2)* — X.
Note that « is a basic form on Sp(2) and hence corresponds to a vector field on CP% . According
to the splitting of m into my; @ ms we obtain two forms «; and as, pulled back to Sp(2)X, they
correspond to sections I1: X - TVX®Hx and Ir: X — TV X ®Vx. Let us define the constant
maps f;: Sp(2) — m given by

=) =D D)

If the forms w; are considered as sections I'(Sp(2),m" ® C) then f; are the dual sections to w;.
Furthermore, we have
L=fQw +fo@ws, Ih=[f38uws.

When pulled back to X, the sections I, Iy serve as invariants for X C CP% . For example,
when I vanishes, then X lies in a twistor-fibre, so it is a submanifold of CP*. On the other hand,
recall that the horizontal distribution defines the holomorphic contact structure on CP%. Fur-
thermore, the almost complex structures J; and Jy are equal on the horizontal distribution. So,
pseudoholomorphic curves in CP%;;; on which I5 vanishes identically are the integral holomorphic
curves of the contact structure on (C]P’?(. So assume that neither I; nor Is vanish identically. To
use statements from complex analysis, we establish that these sections are in fact holomorphic.

Lemma 5. Let v: X — CP3 - be a pseudoholomorphic curve, then dgx aX =0.

Proof. Note that dgxa™ = v*(dyxa™) = —pm(5[a™,a™]). But we have explicitly calculated
that this is a (0,2)-form on CP%, i.e. it vanishes on X. O

This result has two consequences. It says that ¢¥ is torsion-free as a connection on X. Hence
¢X gives rise to the Levi-Civita connection on X. Furthermore, since X is a Kéhler manifold it
is equal to the Chern connection. Hence oy and as are covariant constant with respect to the
Chern connection and hence holomorphic. In particular they will only have isolated zeroes as
they do not vanish identically. This implies that there is a holomorphic line bundle L C Hx on
X such that I is a non-zero section of TVX ® L. In a point € X where I; is non-zero, L, is
given by {(I1),(vz) € Ha|ve € T, X}. With the help of L one can define a reduction of Sp(2)*
by

Q={peSp2)" | [p, f2(p)] € L. }.

Note that if p € Q then ph is in Q if and only if h € S! x S!. To see that the is indeed bundle
Q is a S' x S' bundle over X one needs to prove

Lemma 6. Let P — M be a principal G bundle and p be a representation of G on V with the
property that p(G)(v)Nspan(w) # O for each two non-zero vectors v and w. Let W C V be a one-
dimensional subspace of V- and H be the stabiliser subgroup of V', i.e. H ={g € G | pg(W) C W}.
Furthermore let L C P X,V be a line bundle on M, then there is a unique H-subbundle of P
such that

L=@Q x,, W

pla
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Proof. The condition L = Q x g W requires to define
Q={peP|[pwlge Ll YweW}.

First note, that @ N7~ 1({z}) # 0 for all z € M. This is because L lies inside P x, V, so for a
non-zero l, € L, there are p € P, and v € V such that [p,v] € L,. Since p(G)(v) "W # 0 we
find g € G such that p(g)(v) € W, so p.g € Q. Since rk(L) = 1 = dim(E) it follows that

Q xgW = L.
This however implies that one has
q9 € Q< gW =W

Hence, @ is a H-bundle and
Q X H W = L.
O

So, one obtains @ by applying this lemma to G = S' x §3, V = m; and W = spanf, such
that H = S* x S'.
The metric on g defines in a natural manner a connection on . One can restrict ¢~ to @ and
project its values orthogonally onto u(1) x u(1l). We will denote this connection by ¢¢g. In the
structure equation, the projection onto u(1) x u(1) amounts to 7 = 0. Hence,

dpo (f1) =dfi + 9@ A fr = k11 f1, deg(f2) =dfa+ ¢g A fa = Kaafo 9)

With respect to the U(1) x U(1)-action, my splits again into

w{(% ) secho (% #)1sec)

t=span(f1) I=span(f2)

We may identify m; with C where an element (A1, o) € S* x S! acts by multiplication by A; Ay .
The corresponding action on ms is multiplication by A;As. Note that

L=0Q xyayxva) b

So, ¢¢g induces a connection on L. Similarly we can form the line bundle

K =Q xyayxvq) t

This means, that ¢ induces a connection on K as well. Let fy be the dual of fo, ie.
f2:Sp(2)% — [V and fY(f2) = 1.

Lemma 7. The one-form o = f1 @ fy @ k12 € Q&(Q,t® 1Y) is a basic form and covariant
constant with respect to ¢g.

Proof. First, observe that k15 is horizontal because vertical vector fields on @ are generated by
the action of U(1) x U(1) on @ and k12 is the projection of ¢g onto an orthogonal subspace
of u(1) x u(1). Now let h = (A1, A2) € S! x S1. Then ¢@ satisfies (Ry)*(¢g) = Adj-1(dg)-
Note that (Rp)*(k12) = (Rn)*(=7) = A;%k12. On the other hand, multiplication by \;? =
A1A51A1A2 is how (A1,A2) acts on € ® [V. Note, that from the structure equations we get
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dk12 = —(k11 — K22) A K12. Furthermore, Equation (9) implies that dg, fy’ = —ra2fy. So we
obtain

V(i®f @k12) =VAR[Y @k12+ f1@VSY ® k12 + f1 @[5 ®@dkia
= K110 — K220 — (Hll - /‘622)0

=0.
O

Theorem 6. Pseudo-holomorphic curves in CP% 5 on which o vanishes are in one-to-one cor-
respondence with integral curves of the holomorphic contact structure on CP3,.

Proof. Let v: X — CP%, with 0¥ = 0, as seen above there is a line bundle L on X which gives
rise to an S x S! reduction of Sp(2)X to Q. Pulling diagram 4.2 back to X yields

Q C Sp(2)¥

[~

7(Q) C FX

X CP3,
It shall be noted that the map 75 is given by

Q) C F*¥ Cc Fx X - F 3 CP%.

Since @ is a S* x S! bundle over X, the bundle 7(X) over CP%j has trivial structure group.
This means that the map 7 : 7(Q) C F — X is invertible and holomorphic as w; vanishes on Q.

3 3
ﬁ(Tl’O(CIP’}?’VK) _ ﬁspan(wlw;”\m’wgmx’wglP’NK) _ span(wlﬂ(Q),w;(Q),wg(Q))

= span(wg(Q)7w§(Q)) cTtOF

So, both 7{* and 73 are injective and holomorphic, hence biholomorphic. As a result, (7X)~1 o
n5: X — CP% is a holomorphic curve in CP%,.
On the one hand,

UlX:O =4 /@12|Q:0.

On the other hand, k15 gives rise to the contact structure on (C]P’ﬁ(. Hence, X is an integral to
the contact structure if and only if n12|sp(2)x = 0 < Ki2|g = 0, due to the equivariance of k1.

X = 0 if and only if X is an integral curve of the holomorphic contact structure on

Hence, o
CF%..

To reverse the construction consider now a holomorphic curve I': Y — CP%, one can again
consider I; as a section of TVY ® H and define L C H to be the unique line bundle over Y such
that I; has in fact values L.

Then with the help of Lemma 6, L defines a reduction Q@ C Sp(2)¥ and we get the following
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diagram

Q CSp(2)”
(Q) C FY
CP, 5 Y

Now, 7 o(m3)~1: Y — CP%  defines a pseudoholomorphic curve of CP%; ;- on which o vanishes.

Since the splitting TCP? = H @V is independent of the almost complex structure chosen on CP3
both constructions are inverse to each other. O

The next question which arises is whether there are obstructions to realise a compact Rie-
mannian surface as a pseudoholomorphic curve in CP3 . It follows from the theorem above
together with Theorem 5 that there is none when o or I vanishes.

Theorem 7. FEvery compact Riemann surface can be realised as a pseudoholomorphic curve in
CP, .

If however, we ask for those curves where I, Is and o do not identically vanish, there is an
obstruction involving the genus of M.

Theorem 8. Let X be a pseudoholomorphic curve of genus g on which I1,Is and o do not vanish
identically. Then

8(g — 1) = 2deg([Dy,]) + deg([Dr,]) + deg([D,])

Proof. By the correspondence of line bundles and divisors we have that
[Dr]=L®TXY, [Dn]=V*eTXY, [D,]J=KaL' @TX".
Observe that the induced action on m; ® ¢ ® [ of ST x S' is trivial. Hence,
K®LoV* ~C.
Combining both equations yields
C=(rX)"®[2D1, + D1, + D]
Furthermore, since X is a compact Riemann surface
deg(TX) =2(1—g).
Hence, taking the degree yields the statement. O
Because Dy, , Dy, and D, are all effective divisors one has

Corollary 2. If X = CP' is a pseudoholomorphic curve in CP%5, then X either I,Iy or o
vanishes identically on X.
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7.2 In the Flag Manifold

The spaces F and CP? share many important properties due to their twistor description. How-
ever, the preceeding analysis of pseudoholomorphic curves in CP? did not exploit the twistor
space but rather the homogeneous structure and the resulting structure questions. Anyways,
some ideas from the previous section can be used to investigate pseudoholomorphic curves in F
since it is the fibration which gives rise to the splitting of the tangent bundle and the definition
of a holomorphic contact structure.

We have seen that TF = L2 @ Loz @ L13. The line bundle L;; is the vertical component of the
fibration m;;: F — CP2. So each pseudoholomorphic curve X: M — F, where X.(TM) C L;;
is in fact a holomorphic curve in one twistor fibre = CP!.

Let us now fix the fibration 715 as we have derived the structure equations for this case. This

means that
H =Li>® L2z, V=Ly3.

As argued for CP3, we can define sections
LeD(X, TXYoHY), Lel(X,TXYeVY).

They will be holomorphic as from Equation (8) one can read off that dyx (o) is a (0,2)-form
and thus vanishes. Also, the almost complex structures J; and Jy are identical on H. Hence,
horizontal pseudoholomorphic curves in Fy g are integral submanifolds of the contact structure
on Fx. Suppose now, that v: X — Fygk is a pseudoholomorphic curve on which neither I; nor
I5 vanishes identically. Again, I; only has isolated zeroes and one obtains a line bundle L on X
such that I is a section of TXV ® L. Now, applying 6 to V = mis @ moz and W = my3 gives
rise to a reduction of SU(3)¥ to @, which is a Stab(msgz) = {diag(1,\, A7) | A € U(1)} = U(1)
bundle over X. When p; = —ps — p3 is restricted to @ it becomes a basic form. This suggests
that p; could play a similar role for the classification of pseudoholomorphic curves in Fyi as o
does for CP% .

8 Outlook

It would be desirable to have a characterisation of pseudoholomorphic curves in Fy g as there is
for those in CP%; . The first obstruction to this is that the integrals of the holomorphic contact
structure are not well understood yet, i.e. there is no analogue of Theorem 4. Trying to use
a similar technique to the one Bryant has used for F would require to find suitable charts on
F. One candidate for such charts might be the one coming from the homogeneous structure
on F, i.e. the charts used in subsection 4.5. Geometrically, the most natural atlas to consider
on F is the one given by the Bruhat cell decomposition. However, for both choices w,; has a
very complicated expression, in other words they do not seem to be the best choices for charts
in which the PDE for integral holomorphic curves could be solved explicitly or a Cartan-Kéhler
analysis would seem tractable.

It is a further question whether the pseudoholomorphic curves on which p; vanishes correspond
to another geometric structure on Fg.
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