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Résumeé

La théorie de la relativité générale, établie par Albert Einstein au début du XXe siecle, stipule
notamment que la géométrie de notre espace-temps de dimension 4 est décrite par un systeme
d’équations, appelées "équations d’Einstein".

Les métriques d’Einstein sont une généralisation naturelle des solutions des équations d’Einstein
en toute dimension. Elles vérifient la relation

Ric = Ag
pour une constante réelle A.

Les métriques de Bohm, découvertes en 1998 par C. Bohm [B6h98], sont les premiers exemples
non triviaux de telles métriques sur des espaces de petite dimension, comme S¥*/*1 ou Sk*1 x S/
avec k,I > 2 et k+1 < 8. Sur chacun de ces espaces, il existe une suite de métriques d’Einstein (g;),
de cohomogénéité un et non isométriques.

Cependant, bientot trente ans aprés leur découverte, leurs propriétés géométriques sont tou-
jours méconnues, notamment leur stabilité. Plus précisément, si 'on perturbe une métrique de
Bohm, aura-t-on tendance a revenir vers elle (stabilité), ou a s’en éloigner (instabilité) ? Il se peut
trés bien que cela dépende de la direction dans laquelle on perturbe notre métrique, et dans ce cas,
le nombre de directions instables permet de mieux comprendre ’ensemble des métriques d’un de
ces espaces au voisinage d’'une métrique de Bohm.

Pour étudier ce probléme, un outil important intervient : le laplacien de Lichnerowicz. Il ap-
parait naturellement quand on linearise le tenseur de Ricci. Le nombre de directions instables est
lié au nombre de valeurs propres négatives de ce laplacien. Si g; désigne une métrique de B6hm,
nous notons v; le nombre de valeurs propres négatives de cet opérateur associé a g;, appelé indice
du laplacien de Lichnerowicz.

Une autre notion de stabilité peut étre reliée a I’étude spectrale du laplacien de Lichnerow-
icz. En physique théorique, il est possible d’associer un espace-temps généralisé a une métrique
d’Einstein. Le trou noir obtenu, appelé espace-temps généralisé de Schwarzschild-Tangherlini, est
dit instable si, quand on le perturbe un peu, il s’effondre sur lui-méme ou se dilate a I'infini. Gib-
bons et Hartnoll ont trouvé un critere reliant cette instabilité a la plus petite valeur propre du
laplacien de Lichnerowicz [GHO02].

En 2003, Gibbons, Hartnoll et Pope ont prouvé que sur S®xS52, S3xS3 et S, toutes les métriques
de B6hm admettent au moins une direction instable (donc v; > 1 pour tout i) [GHPO03]. Ils ont con-
jecturé que ce résultat demeure valable en dimension supérieure. Dans ce rapport, nous apportons
une réponse partielle a cette conjecture, dans le cas des produits de sphéres S¥*! x S!. Plus précisé-
ment, nous montrons le résultat suivant (voir la partie 6 pour un énoncé plus précis) :

Théoréme A. Si (g;) désigne une suite de métriques de Bohm sur S**1 x S avec k,1 > 2, k+1< 8, alors

Vi —> +oo.
i—+00

Par conséquent, sur les produits de spheéres, les métriques de Bohm sont instables (pour les deux
définitions), sauf éventuellement un nombre fini d’entre elles. De plus, notre théoreme affirme que,
plus on progresse dans la suite, plus il existe de directions instables.

Dans ce rapport, apres quelques brefs rappels de géométrie riemannienne, nous calculons le
laplacien de Lichnerowicz associé aux métriques de Bchm. A notre connaissance, c’est la premiére
fois qu'une expression explicite de cet opérateur est donnée. Outre ce calcul, nous démontrons
deux résultats. En premier lieu, I’équation aux valeurs propres du laplacien prenant la forme
d’une équation différentielle ordinaire, nous étudions en détail cette équation, avant de réduire
le probléme d’existence des valeurs propres a celui des zéros d’une fonction scalaire. Ce résultat
ouvre ainsi la voie a une méthode numérique pour approcher les valeurs propres de ce laplacien.
Par ailleurs, il est connu que la suite des métriques de Bohm converge vers une métrique céne en un
certain sens. L'étude approfondie du laplacien de Lichnerowicz associée a cette métrique couplée
a des arguments de théorie spectrale et d’analyse asymptotique permettent d’aboutir au Théoreme
A.



Abstract

The theory of general relativity, established at the beginning of the 20" century, states that
the geometry of our 4-dimensional spacetime is described by a system of equations: Einstein’s
equations.

Einstein metrics naturally generalize the solutions to these equations to higher dimensions.
They satisfy the relation
Ric = Ag

for some real constant A.

Bohm metrics, discovered in 1998 by C. Bohm [B6h98], are the first non-trivial examples of
such metrics on low-dimensional spaces, such as Sktl+l or Sk+1 5 Gl with k,1 > 2 and k+1 < 8.
On each of these spaces, there exists a sequence of cohomogeneity one and non-isometric Einstein
metrics (g;).

However, almost thirty years after their discovery, the geometric properties of these metrics
remain poorly understood, in particular their stability. More precisely, if we perturb a B6hm metric,
does it tend to move back toward it (stability) or move away from it (instability)? Of course, the
stability may depend on the direction in which we perturb the metric. In this case, the number of
unstable directions allows us to better understand the set of Riemannian metrics on one of these
spaces near a Bohm metric.

To study this problem, a key tool is involved: the Lichnerowicz Laplacian. It appears naturally
when one linearizes the Ricci tensor. The number of unstable directions is related to the number
of negative eigenvalues of this Laplacian. If g; denotes a Bohm metric, we denote by v; the number
of negative eigenvalues of this operator associated with g;, called the index of the Lichnerowicz
Laplacian.

Another notion of stability is linked to the spectral study of the Lichnerowicz Laplacian. In
theoretical physics, it is possible to associate a generalized spacetime with an Einstein metric,
called the generalized Schwarzschild-Tangherlini spacetime. It is said to be unstable if, when it
is perturbed, it collapses or expands indefinitely. Gibbons and Hartnoll established a criterion that
connects this instability to the smallest eigenvalue of the Lichnerowicz Laplacian [GHO02].

In 2003, Gibbons, Hartnoll and Pope proved that, on S$3xS52, 83 %83 and S°, all the B6hm
metrics admit at least one unstable direction (more specifically that v; > 1 for all i) [GHPO03]. They
also conjectured that this result remains true in higher dimensions. In this report, we give a partial
answer to this conjecture, in the case of the products of spheres $¥*1 x S!. More precisely, we prove
the following result (see Section 6 for a more precise statement):

Theorem A. If (g;) denotes a sequence of Bohm metrics on S¥*' x S!, with k,1 > 2, k +1< 8, then

v; —> +oo.
i—+00

Consequently, on products of spheres, Bohm metrics are unstable (in both senses), except pos-
sibly for a finite number of them. Moreover, this theorem states that the further along the sequence
one goes, the greater the number of unstable directions.

In this report, after a brief review of Riemannian geometry, we compute the Lichnerowicz
Laplacian for Bohm metrics. To the best of our knowledge, this is the first time that an explicit
expression for this operator is given. In addition to this calculation, we prove two results. First,
since the eigenvalue equation is an ordinary differential equation, we study this equation in detail,
before reducing the eigenvalue existence problem to the study of the zeros of a scalar function.
This result leads to a numerical method to approximate the eigenvalues of this Laplacian. More-
over, it is well-known that the sequence of Bohm metrics converges to a cone metric, in some sense.
A thorough study of the Lichnerowicz Laplacian associated with this metric, combined with ideas
from spectral theory and asymptotic analysis, leads to Theorem A.

MSC 2020: 53C25 (primary), 47A75, 83E15, 58]50 (secondary).

Keywords: Einstein Metric, Lichnerowicz Laplacian, Bohm metrics, stability of Einstein metrics, cohomogeneity one,
eigenvalue problems, Schwarzschild-Tangherlini spacetimes.
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1 Introduction

The first non-trivial Einstein metrics on spheres were discovered in the 1970s, by Jensen on S*"*3 [Jen73] and
by Bourguignon and Karcher on S5 [BK78]. Concerning low-dimensional spaces, such as spheres and products
of spheres with dimensions between 5 and 9, Bohm’s work in the late 1990s provided the first such construction
[B6h98].

When we study Einstein metrics, one of the natural questions concerns their stability. Indeed, Einstein metrics on a
manifold M are the critical points of the Einstein-Hilbert action [Hil15]:

SIM\/—)R
g|—>f scalgdV,,
M

where My, denotes the set of Riemannian metrics on M of fixed volume V > 0, and scal, the scalar curvature.
Thus, studying the stability of these metrics means studying the nature of the critical points of S. The nature of
these critical points depends on the direction in which we perturb the metric. This leads to the notion of unstable
directions, that is, directions along which S increases. The behavior of S in some directions, such as those given by
conformal deformations (see [Bes87], chapter 4), is already well understood. More precisely, these directions are
unstable and infinitely many. Moreover, S is invariant under the action of diffeomorphisms. Hence, the relevant
directions are those orthogonal to the conformal directions and diffeomorphisms: transverse-traceless tensors (see
Section 2.2). This restriction is necessary if one wants to study the number of unstable directions: this number is
infinite when we look at all the directions but finite when we focus on transverse-traceless perturbations.

Furthermore, there is another notion of stability, more related to general relativity: the stability of generalized black
holes associated with these metrics [GHO02].

Regardless of the notion of stability, a tool allows us to study whether an Einstein metric is stable: the Lichnerowicz
Laplacian. Originally introduced in the 1960s to study perturbations of the solutions of Einstein’s equations in
general relativity, it appears naturally when one linearizes the Ricci tensor. This is the reason why it is related to
the first notion of stability. Regarding the second one, a criterion established in 2002 by Gibbons and Hartnoll
[GHO2] links the stability of generalized Schwarzschild-Tangherlini black holes to the smallest eigenvalue of the
Lichnerowicz Laplacian.

Regarding Bohm metrics, the only known results about their stability were obtained in 2003 on §3%xS52%,83%xS3, and
S° [GHP03]. That paper focuses on the second notion of stability and provides little information about how unstable
Bohm metrics are, in the sense of the first definition.

In this report, we are interested in the number of unstable directions of Bohm metrics. More precisely, let (g;) be a
sequence of Bohm metrics on a product of spheres S¥*1 x S! (k,I > 2, k + 1 < 8) constructed in [B6h98]. We aim to
answer the following question: how does the number of unstable directions evolve as we move along the sequence?
Theorem A gives an answer to this question (see Section 6 for a precise statement). It also provides a partial answer to
Gibbons, Hartnoll and Pope’s conjecture [GHP03]: for all the products S¥*! xS/ that admit Bshm metrics, generalized
Schwarzschild-Tangherlini black holes are unstable, except possibly for finitely many of them.

To prove Theorem A, we proceed as follows. We know that a sequence of Bohm metrics converges to the cone metric
(see [Boh98], Theorem 3.7). Thus, we study the Lichnerowicz Laplacian associated with this metric. Kroncke proved
that this operator is unbounded below in exactly these dimensions (see Corollary 1.6 [Kr621]). We need something
stronger: explicit unstable directions, which allow us to pass to the limit in the quadratic form and then apply the
min-max theorem.

In the first two parts of this report, we fix the notation and conventions we use. We also recall some notions of Rie-
mannian geometry, and define the important objects and notions, such as the Lichnerowicz Laplacian, the different
notions of stability and Bohm metrics. In Section 3.2, we prove a new result about the convergence of Bohm metrics,
which will be useful in the proof of Theorem A.

Then we obtain an explicit expression for the Lichnerowicz Laplacian of Bohm metrics restricted to a particular class
of tensors: G-invariant tensors. To the best of our knowledge, this is the first time that an explicit formula for the
Lichnerowicz Laplacian is given for these metrics.

In the next part, we study the eigenvalue problem of the Lichnerowicz Laplacian using tools from the theory of
ordinary differential equations. The main result of this part is the reduction of this problem to the study of the zeros
of a scalar function. This allows us to compute numerical approximations of the eigenvalues of the Lichnerowicz
Laplacian (Section 5.4).

Finally, Section 6 is devoted to the proof of Theorem A, following the method detailed above.
In the appendix, the reader will find the details of the computation of the Lichnerowicz Laplacian (Appendix A), the



details of the proof of Theorem 5.2 (Appendix B) and the Python code used in the numerical simulations of Section
5.4 (Appendix C).

The proof of Theorem A presented in Section 6, and a generalization to the case of spheres which is not included in
this report, constitute the basis of a research paper currently in preparation.

2 General settings

In this first part, we recall some elementary notions of Riemannian geometry. Since many definitions depend on
conventions and may vary from one reference to another, this section provides a good opportunity to fix these con-
ventions.

In this section, we consider a compact and orientable smooth Riemannian manifold (M, g) such that dimM > 4. We
denote by V the Levi-Civita connection on M. We also denote by & (M) the set of smooth vector fields on M.

2.1 Einstein manifolds

The goal of this section is to define the notion of Einstein manifolds. To do so, we first define the Riemann and Ricci
tensors.

Definition 2.1 (Riemann curvature tensor). The Riemann curvature tensor is the map R : & (M) x Z (M) x X (M) —
Z (M) defined for all X,Y,Z € Z' (M) by

R(X, Y)Z = V[Xry]z - VXVYZ + Vyvxz.

We choose to use the same convention as in [Bes87], which is the opposite convention to the one adopted in most
textbooks of Riemannian geometry.

In fact, the Riemann tensor gives "too much information" about the curvature of the manifold M. This is why we
define the Ricci tensor.

Definition 2.2 (Ricci curvature tensor). The Ricci curvature tensor is the map Ric : & (M) x Z (M) — C*®(M) defined for
all X,Y e (M) by
Ric(X,Y) = tr(Z — R(X, Z)Y).

We also denote by Ric the map Ric : & (M) — Z (M) defined by
VX,Y € Z(M), Ric(X,Y) = g(Ric(X),Y).

Now that the Ricci tensor has been defined, we can introduce the notion of Einstein manifolds.

Definition 2.3 (Einstein manifold). A Riemannian manifold (M, g) is called an Einstein manifold if Ric = Ag, where A is
a real constant.

In this case, g is called an Einstein metric.
Remark: Since Ric can also be viewed as a map from & (M) to & (M), the Einstein condition becomes Ric = A.

Remark: Einstein manifolds are generalizations of surfaces of constant curvature to higher dimensions. However,
since there exist several notions of curvature, choosing the Ricci tensor could seem arbitrary. Since the Riemann
tensor gives complete information about the curvature, the condition "Riemann tensor=constant" (more precisely
Rijk = ®(gixgj1 — &i1gjk)) is too restrictive, since such manifolds are completely classified (see [Leel8], Theorem 12.4).
On the other hand, prescribing the scalar curvature to be constant is too weak, because it is always possible to find
infinitely many metrics with constant scalar curvature on a compact manifold [LP87]. Thus, the condition Ric = cst
is the right compromise.

Remark: We can always rescale the metric by a positive constant so that A takes any prescribed value with the same
sign.
We have an interesting characterization of Einstein metrics, due to Hilbert [Hil15].

Proposition 2.4. Let My be the set of Riemannian metrics on M of fixed volume V > 0. Define the Einstein-Hilbert action

by
S: My —R

g f scalgdV,,
M



where scaly = trg(Ric).
Einstein metrics are the critical points of S.
We finally define another curvature tensor, which appears in the expression of the Lichnerowicz Laplacian.

Definition 2.5. Let T be a (0, 2)-tensor on M and (e4) an orthonormal basis of the tangent space at a point. We define:

R(T)(X,Y) = ) T(R(X,ea)Y,ea).
A
See [Bes87] 1.131b for more details.

2.2 G-invariant symmetric transverse-traceless tensors

In this report, we study the Lichnerowicz Laplacian. It can be defined for all symmetric tensors, but when studying
perturbations of an Einstein metric, it is quite natural to study symmetric traceless and transverse tensors, as men-
tioned in the introduction. In the next section, we will see another reason why transverse-traceless tensors are the
right tensors to study.

In this section, we define transverse-traceless tensors. We also define another class of tensors: G-invariant tensors.
Since we only work on (0, 2)-tensors, we only study this case, even though the definitions can be generalized.
G denotes a Lie group that acts on the manifold M, %O(M) denotes the set of symmetric (0, 2)-tensors on M.

We first define "transverse-traceless" tensors (called TT tensors).

Definition 2.6 (Traceless tensor). Let T € %O(M). T is said to be traceless (or trace-free) if

tro(T) = 0.

To define transverse tensors, we need to define an operator called divergence on tensors.

Definition 2.7 (Divergence). Let T € 7,°(M) and (e4) be an orthonormal basis of the tangent space at a given point. The
divergence of T is defined for all X € & (M) by

(BTHX) == (Ve, T)lea, X).

A
We can now give the definition of a transverse tensor.
Definition 2.8 (Transverse tensor). Let T € %O(M). T is said to be transverse if
oT = 0.

Definition 2.9 (TT tensor). T € 9,°(M) is said to be TT if it is traceless and transverse. The set of TT tensors is denoted
by Irr(M) C T,°(M).

The space I7r(M) is difficult to describe explicitly. When studying the Lichnerowicz Laplacian, we restrict our
attention to a subspace of 71 (M): the set of G-invariant TT tensors. This restriction is natural since B6hm metrics
are G-invariant, as we shall see in Section 3.1.

Definition 2.10 (G-invariant tensor). Let T € %O(M). T is said to be G-invariant if forallx e M,ae Gand X,Y e Z(M):
T(X,Y) = Tox(day(X), day(Y)),
where da, denotes the differential of the action at x.

For instance, the round metric on the sphere S (i.e. the metric induced by the Euclidian inner product on R%*!) is
SO(d + 1)-invariant.

We denote by YT(%(M) C I77(M) the subspace of G-invariant TT tensors.



2.3 The Lichnerowicz Laplacian

This Laplacian was introduced by A. Lichnerowicz in 1961 in [Lic61]. It appears naturally when one linearizes
Einstein’s equations and studies gravitational waves. It is also related to the notion of stability of Einstein metrics.

It belongs to the family of Laplace-type operators admitting a Weitzenbdck decomposition (see [Bes87], chapter 1 for
more details).

Definition 2.11 (Lichnerowicz Laplacian). The Lichnerowicz Laplacian is the linear operator Ay : %O(M) — %O(M)
defined by
VT € 7,°(M), AL T = AT +RT,

where A = V*V is the Bochner Laplacian, and

VT € ,°(M), VX, Y e Z(M), R(T)(X,Y) = T(Ric(X),Y)+ T(X,Ric(Y)) - 2R(T)(X, Y).

We have the following property (see [Bes87] 1.174d).
Theorem 2.12. Let T € %O(M) be a symmetric tensor. Then

dRicy(T) = %AL(T) -6"6(T) - %ng(trg(T)),
where 0" is defined for all 1-forms w by
5 wl(X,Y) = 3(Vxw)(Y) + (Vyw)(X)

and Dod(u)(X,Y) = X(Y(u)) = (VxY)u is the Hessian of a smooth function u.
This theorem motivates the choice of TT tensors. Indeed, if T € I77(M), we get:

dRicy(T) = %AL(T).

Finally, if we define A} on 977(M), we have the standard properties: A} is self-adjoint, elliptic and bounded below
(see [Kro16] for more details).

From now on, we assume that A; is defined on I77(M).

2.4 Stability of Einstein metrics

There are several notions of stability for Einstein metrics. We present here two of them, both related to the Lich-
nerowicz Laplacian.

Geometric stability. This is the most classical notion of stability. It is related to Proposition 2.4. See [Kr621]
Definition 1.2 for more details.

77

Definition 2.13 (Stable metric). Let g be an Einstein metric. g is called stable if Sy \For (M)

is non-positive.

By Theorem 2.12, this definition is related to the Lichnerowicz Laplacian.

Proposition 2.14 (A stability criterion). Let g be an Einstein metric and A the Einstein constant associated with g. Then
g is stable if and only if
Ap 2 2A.

Proof. It is an immediate consequence of the following formula (see [Kr616]):

dZ
ar?

S(g+th)= —lf (b, Aph—2Ah)dV,.
=0 2J)m

O

Remark: Since Aj is elliptic and self-adjoint on a smooth compact manifold, its spectrum is discrete and bounded
below with finite multiplicities. Hence the number of unstable directions is finite.



Physical stability. This notion is related to theoretical physics. Given an Einstein metric g, we can associate a
generalized spacetime with this metric and study the stability of this spacetime (see [GHO02]). Gibbons and Hartnoll
established the following instability criterion [GH02; GHPO03].

Theorem 2.15. A generalized Schwarzschild-Tangherlini spacetime associated with an Einstein metric g is unstable if the
smallest eigenvalue p;, of Ay satisfies:

HPmin < He =4 —

where d is the dimension of the Einstein manifold.

Although these notions arise in different contexts, they are both governed by the spectrum of the Lichnerowicz
Laplacian.

In our case, we study Bohm metrics on products of spheres. The dimension of the manifold satisfies d € [5,9], thus
u. = 0. Moreover, for these metrics, A > 0. Therefore, if we show that the Lichnerowicz Laplacian admits negative
eigenvalues, we can conclude that Bohm metrics are geometrically and physically unstable. This is the aim of this
report.

3 Bohm Metrics on products of spheres

3.1 Background on Bohm metrics

In this part, we briefly review Béhm'’s construction of Einstein metrics from [B6h98].
Let k,1 > 2, such that k+1 <8.
We consider the product of spheres M = S¥*1 x S

We denote by G the group SO(k+1)x SO(I + 1). G acts on M with cohomogeneity one, i.e. dim(M/G)=1. Since M
is compact, we can write: M/G = [0, T] for some T > 0.

The canonical projection 7w : M — M/G can be seen as a height function (see Figure 1).

There are two kinds of orbits:

* Principal orbits (in blue in Figure 1). All orbits but two are principal. They are diffeomorphic to the product
Sk x S!. The principal orbits are hypersurfaces of M.

o Singular orbits S, (for t = 0) and S_ (for t = T) (in red in Figure 1). The dimension of a singular orbit is strictly
smaller than the dimension of the principal orbits. In our case S, = S_ = S'.

Sy

§ T

Figure 1: Principal and singular orbits

Bohm looked for Einstein metrics which, on the principal orbits, take the form:

g=dr’+ f(1)°gF + h(t)’g, (1)



where gk and gZ denote the round metrics on S* and S/, and f,h two smooth functions. The Einstein condition
Ric = Ag for these metrics is as follows:

~ f// W
7 1_ 72 /h/

A:—f7+(k—1) ff —l];h, (3)
W 1_h/2 f’h’

A:—Tﬂ'(l—l)T—kﬁ. (4:)

See [GHPO03] for further details.

Remark: We adopt Bohm'’s normalization for the Einstein constant, i.e. A =k +1.

Bohm imposes the following boundary conditions for f and h

f(0)=0, f(0)=1, h(0)=h>0,k'(0)=0, f(T)=0, f(T)=-1, (T)=hHK(T)=0. (5)

A metric of the form (1), with f and & solutions of (2), (3), (4), with initial conditions (5) is denoted by g(h).

Remark: Such a metric is symmetric, i.e. it satisfies
f(T-t)=f@),  hT-t)=h).
This means that the metric is even with respect to the middle of the manifold.

Notation (Mean curvature). We denote by H the mean curvature. More precisely,

H=kf?’+l%/. (6)

Now that Bohm metrics have been defined, it is natural to ask whether there exist metrics of this form on M. The
following theorem, proved in 1998, answers this question.

Theorem 3.1 (Theorem 3.4 [B6h98]). Let k,I > 2 such that k +1 < 8. S¥*1 x S! carries infinitely many non-isometric
Einstein metrics with positive scalar curvature. On all of these manifolds the full isometry group acts with cohomogeneity
one.

More precisely, Bohm proved that there exists a decreasing sequence (;), tending to 0, of initial conditions such that

forall i € N, g; := g(h;) is an Einstein metric on M for the Einstein constant A =k +I.

Remark: For all i €N, we denote by f;, h; : [0, T;] — R the functions associated with g;. More precisely, (1) becomes:

g =dt? + fi(1)2gk + hy(t)%g".

The behavior of the sequence (T;) is known (see [B6h98], Section 6).

Proposition 3.2. Foralli€ N, T; < 1t and

Ti —> Tt
1—+00

Bohm also studied the behavior of the sequence (g;) as i — +co0. He proved the following theorem.
Theorem 3.3 (Theorem 3.7 [B6h98]).
8i ijgo 8c

in the Gromov-Hausdorff distance where g. = dt* + f.(t)>g" + h.(t)?g" (the cone metric) is defined by :

fu(t) = f\__ll sin(t),  h(t) =4/ /l\_—11 sin(t).




Remark: In this case, T = 7.

Remark: The cone metric is not smooth at the singular orbits. Indeed, it is singular because f.(t) — 0 and h.(t) — 0
when t > 0 and t — 7.

This convergence is quite weak because the sequence (g;) cannot converge near the singular orbits (due to the bound-
ary conditions).

However, if we remain sufficiently far from the singular orbits, we can prove a better convergence. This is the goal of
the next section.

3.2 Convergence of the Bohm functions away from the singular orbits

Our first result is a stronger convergence of Bbhm metrics than the one established in Theorem 3.3 when we are far
from the singular orbits.

Theorem 3.4. Let (g;) be a sequence of Bohm metrics on S¥*1 x S'. For every compact subset K of (0,7), and n € N,

— 0.
00,K i—+00

— 0 and [0~ h"

00,K i—+c0

||f1(n) _ fc(”)

Remark: Since T; — m, restrictions of f; and h; to K are well defined for i sufficiently large.

To the best of our knowledge, this refinement does not appear in the literature, although it is presumably known to
experts.

The goal of this section is to prove Theorem 3.4. More specifically, we prove the following result.

Theorem 3.5. Let K be a compact subset of (0,7). Let Y; = (f;, f, hi, h?) and Y, = (f., f/, he, hl). Then

IYe = Yilloox — O.
1—>+00

The following lemma shows that it is sufficient to prove Theorem 3.5.

Lemma 3.6. Theorem 3.5 implies Theorem 3.4.

Proof. Let

1-— 72 1,7
h _kfh ’

h f

X(f,f b W)= f’,—Af+(k—1)l_ff/2 —lf;lh/,h’,—Ah+(l—l)

defined on Q = {(f, f’,h,h’) € R*| f > 0 and h > 0}. The Einstein equations are just

Y’ = X(Y). (7)

Let 6 =d(Y.(K),Q) >0,and let K = {Y € Q | d(Y, Y.(K)) < 6/2}.
Since X is C! on K, it is L-Lipschitz for some L > 0. Moreover, we have Y/ = X(Y,) and Y/ = X(Y;). Thus, for all t € K,

[Y/(t) =Y/ ()] S LIY(t) = Y;(£)] < LI Ye = Yilloo k-

Hence, we also have the uniform convergence of the second derivatives of f; and h;. Since X is smooth, an induction
leads to Theorem 3.4. Thus, it is sufficient to prove Theorem 3.5.

O

We first record a lemma that will be needed below.

Lemma 3.7. Let X : Q — R* be a C* function defined on an open subset Q of R*. Lets_<0<s, and Z.:[s_,5,] — Q be
a solution of Z’ = X(Z).

We define K = Z.([s_,s,]) which is a compact subset of (). Let 19 > 0 be such that T :={x € QO | d(x,K) < 1} is a compact
subset of Q). Since X is locally Lipschitz, it admits a Lipschitz constant L on T.

Finally, let P € R* such that |P — Z.(0)| < nge™L%, where S = max(-s_,s,).

Then, the maximal solution Zp of
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is defined on [s_, s, |

{Z’ = X(Z)

Z(0)=P
and
sup |Zp — Ze| <|P = Z(0)]e".
[s-,54]
Proof. Adapted from [HSD13], Section 17.4. O

We can now prove Theorem 3.5.

Proof. First, we notice that a solution Y to (7) is injective. Indeed, if there exist s,s” such that Y(s) = Y(s’), then
H(s) = H(s’), where

7 /
H:=k— +1— (the mean curvature).

f h
However, (2) yields
H, < _Ar
which implies s = 5’.

By Theorem 5.7 and Section 7 in [BOh98], there exists P; on the trajectory of Y;, such that P, — Y.(7t/4). Since Y; is
injective, there exists a unique t; € (0, T;) such that P; = Y;(7;).

Now, we want to prove that 7; — 7.

Let ¢ € (0,7/8), and J, = [s gL e]. We set Zo(t) = Y (t+ F) = (2 (1), 22(1), 22 (), 22(1).

K. :=Z.(J.) is a compact subset of Q.

For all t € ], we have

k-1 I-1
zL(t) A1 sin(e) and z2(t) > A1 sin(e)
—— ——
=a; =:by

Hence, if we set 1, = %min(al,bl)sin(s), T, = {x € R* | d(x,K,) < 1.} is a compact subset of 0. We denote by L(¢) the

Lipschitz constant of X on T,. Let S(¢) = %” —¢€.
Let Z; be the solution to

{z' = X(2)

By the Picard-Lindelof theorem, Z; is defined on a maximal interval («;, 3;). Moreover, since the equation is au-
tonomous, by uniqueness, we have Z; = Y;(t; + ). Since Y; is defined on (-7;, T; — t;), we have:

(-7, Ti = 1) C (e, Bi)

We show that a; = —t;. We assume that «; < —7;. Then, Z;(—1;) is well defined and lies in QQ. However, Z;(-1;) =

Y;(0) = (0,1,h;,0) ¢ Q.
We show similarly that 8; =T, — 7;.
By definition, P, — Y (7/4), so there exists i, € N such that,

Yizi, |[P—Z.(0)< 1156_“5)5(6)-
By Lemma 3.7, for i > i., we have that Z; is defined on J,. This implies:

Je C (=1, Ti = 1))

In other words, for all i > i,:

Ti—%>—£
Ti-F<e+Ti-m

11



Finally, by Proposition 3.2, T; < 7, so
e ¢
Vizi,, |T1' _Z| <e.

So, 1; — %.

We can now prove the uniform convergence. Let K = [§, 7t — 6] be a compact subset of (0, 7).
Let ] =J5/4,and T = Ty4.

By Lemma 3.7,

SUp|Z; = Ze <|P; = Z(0)]e O =iy
Js/a

By the definition of P, 15; — 0.
Then, there exists iy € IN such that, for all i > ig,
Forall t € K and i > i,

Ti—%|<3T6.

Thus, t—1; €].
Finally, let C =sup|Z/|. Forall t € K, and i > i
]

1Y;(t) = Ye(t)] = |Zi(t = ;) = Z(t = e/4))
<|Zi(t =)= Z(t =) +|Zc(t = T3) = Z(t = 7/4)|
<4+ Clty — /4.

Since 7; + C|t; — 1t/4| — 0, the theorem is proved.

4 Computation of the Lichnerowicz Laplacian for Bohm metrics

Throughout this section, we use the notation introduced in the previous one. We saw in Section 2.3 that it is natural
to define the Lichnerowicz Laplacian on TT tensors. However, it is sufficient to study the restriction of A} to %?(M ),
in order to get a lower bound on the number of negative eigenvalues. In the first subsection, we characterize this
space in our particular case M = S¥*1 x S and G = SO(k+ 1) x SO(I +1).

4.1 G-invariant TT tensors on S¥*! x §!

Before computing the Lichnerowicz Laplacian on M = S¥*! x S/, equipped with the Bohm metrics, we first character-
ize the space 7;5(M).
We first prove the following elementary lemma.

Lemma 4.1. Let T be an SO(n + 1)-invariant symmetric 2-tensor on S" (n > 1). Then, there exists a constant ¢ such that:
T =cg".

Proof. We denote by N the north pole of S”. Let B=Ty. Since TyS" ~R", B: R" xR” — R is a bilinear form.

0 1
Forall A€ G’, A’N = N hence, for all X,Y € R", B(AX,AY) = B(X,Y).
The action of SO(1) on S"! is transitive. Therefore for all u,v € R" such that |lu|| = |[v||= 1, B(«,u) = B(v,v) =:c € R.
So for all u € R", B(u, u) = c|ul|*.

Moreover, for u,v € R", using the symmetry of B,

Let G = {(A 0), Ae SO(n)} ~ SO(n).

c||u||2 + c||1/||2 +2c{u,v) =cllu+ v||2 =Bu+v,u+v)= c||u||2 + c||v||2 +2B(u,v).

12



Hence, B(u,v) = c{u,v) = cg"(u,v).

Finally, let p € S". Since the action of SO(n + 1) is transitive, there exists a € SO(n + 1) such that ap = N. Therefore,
forall X,Y,
T,(X,Y) = Typ(aX,aY) = B(aX,aY) = cg"(X,Y).

Using this result, we obtain a characterization of G-invariant symmetric tensors on M.

Theorem 4.2. Let T be a G-invariant symmetric 2-tensor on M. Then, there exist three smooth functions a, ¢, such that:
T =a(t)dt” + p(1)f (1) 8" +p(H)h(1)*g'.

We define a basis of the tangent space as follows:

eo = at,

1
Vie[Lk], e = szk (where (El]»() is a local geodesic orthonormal frame on Sk),

1
Vaelk+1,d-1], e, = invfk (where (Efkk) is a local geodesic orthonormal frame on sh.

To make things clearer, we denote by i, j... an element of [1,k], by a, $... an element of [k+1,d —1].

To prove Theorem 4.2, we need the following lemma.

Lemma 4.3. Let T be a G-invariant symmetric 2-tensor on M. Then, there exist three tensors T, T*, T! such that, in the
basis (eg, e;,eg),

T, 0 0
T={0 TFK o0
0 0 T!

Proof. Let x € M. Let t = 1t(x). For every tangent vector X, we write X = (XO,Xk,Xl) with Xj € R, Xl e R,

k

We assume that x is in a principal orbit P ~ §¥ x S'. We can write x = (x£, x!).

Let B: R x R! — R defined by
B(XX,Y!) = T 1y((0,X5,0),(0,0,Y")).

The stabilizer of x is denoted by G,. G, is isomorphic to SO(k) x SO(I). Hence,
B(AX, ") = B(x*,cY!) = B(xK, Y,

with (A4, C) € SO(k) x SO(I).

Let Y/ € R\ We define ¢ € (R¥)* by ¢(X*) = B(Xk, Y?).

For all A € SO(k), p(AX¥) = ¢(X*). Therefore, there exists K € R such that: for all X* € RF such that || X¥|| =1,
(X =K.

But, K = ¢(Xy) = ¢(—Xx) = —K. Thus K = 0 and ¢ = 0. Hence, B =0.
Similarly, we define B : R x R — R defined by
B(Xo, Y*) = Tigk 1)((X0,0,0), (0, Y*, 0)).
With the same argument, B = 0, and the lemma follows. O

We can now prove the theorem.

Proof. Let Tfk(xk, YK) = T 0((0,X%,0),(0, Y%, 0)).

By Lemma 4.1, on each principal orbit, there exists a constant ¢ such that Tf = cgk. More precisely, for all t, there

exists a constant, denoted by b(t) such that Tfk = b(t)gk. We then set ¢(t) = b(t)/f(t)*>. The smoothness of ¢ at the
singular orbits follows from Lemmas 1.1 and 1.2 from [EW00].

Similarly, T!, = p(t)h(1)’g".

Finally, T is a 2-tensor on R. It can be written a(t)dt?. O

13



Moreover, the transverse-traceless property adds some conditions.
Proposition 4.4. Let T = a(t)dt? + ¢(t)f (t)*gX + (t)h(t)*g' € %g (M). Then
a(t) +ko(t) + (1) (traceless),

a’(t)+H(t)a(t)—kf7,¢( )—l%/l,b( t)=0 (transverse),

WACINA0

where H(t) = f(t)+ no

(the mean curvature).

Proof. The two identities follow from direct calculations, using the definition of the trace and 6 and the expression
of the connection (see Proposition A.3). O

4.2 Expression of the Lichnerowicz Laplacian

Let ¢ = g(h) be a Bshm metric on S¥*! x S!. We now compute the Lichnerowicz Laplacian associated with this metric.

Theorem 4.5 (Explicit expression for the Lichnerowicz Laplac1an) In the basis (e, €;, e, ), the Lichnerowicz Laplacian
of a G-invariant symmetric 2-tensor T = a(t)dt*> + P (t)f (t) 29k 4 Y(t)h(t)g lis diagonal, with

(ALT)ooz—ﬂ”(t)—(kJ%Hh—/) '(t)+2(A+k];/22 +lh—/2) ()+2k(f7”—?j)¢(t)+21(%ﬂ—z—j)¢(t),
¢ / 2 ” ” 11,0
(Ap)T;; :—(f)"(t)—(kf7+l%)¢( )+ (ZA 2kf ij}z )qf)(t)+2(f7_'§c_2)a( ) + ];Z Ip(t),
/ / _ 72 ” 7”2 W
(ALT)aa :_l’b”(t)_(kT”ﬁ)IP’(t)Jr(zA"Zlh_zl+21’;T2)4’(t)+2(h7‘ ’le) (t) + 2kj;h o(t).

Using the Einstein equations, these expressions can be rewritten as

’ ’ 72 ” 72 ”
(80T =00~ (ke 150 o't 26 F = Lt gton o 21 =t - wio,

f 2f h
0t =—g" 0= (ko2 2o - - gt 2L gt - g,
’ h/ hlz h// h/
(O1Thaa ==0- (k1 o2y =5t - w25 k0 - i,

Proof. There are two ways to obtain this result. The first consists in using Definition 2.11, whereas the second relies
on Theorem 2.12.

These calculations are quite long and are presented in Appendix A. O

For convenience, we set:

vl el

5 Study of the eigenvalue problem

In the previous section, we obtained an explicit expression of the Lichnerowicz Laplacian for G-invariant tensors.

In this section, we consider a Bohm metric
g=dt*+ f()’g" +h(1)’¢!,

and our goal is to prove the existence of some negative eigenvalue for the Lichnerowicz Laplacian. To this end, we
study the eigenvalue equation:
AT = 4T, (8)

with p < 0.

The main result of this part is the following theorem.
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Theorem 5.1. There exists a C* function F : R — IR such that p € R\ {A + 1} is an eigenvalue of Ay (i.e. there exists
Te %%(M) a non-zero solution of (8)) if and only if F(u) = 0.

Remark: The value A + 1 seems to be an artifact due to the formula obtained for the function F (see Section 5.3.

This function F is hard to study theoretically, but it can be useful to compute numerical approximations of the
negative eigenvalues.

Remark: Since we are only focusing on G-invariant TT tensors, we may miss some eigenvalues.

In the first subsection, we prove that we can construct a solution to A} T = 4T in a neighborhood of the two singular
orbits. The second one focuses on the extension of these tensors to the whole manifold outside a neighborhood of the
other singular orbit. The final subsection is devoted to the proof of Theorem 5.1.

5.1 Existence and uniqueness in a neighborhood of the singular orbits

In this section, we prove that, in a neighborhood of 5., there exists a solution to the equation (8).

The main goal of this part is to prove the following theorem.

Theorem 5.2. Let u € R. There exists tg such that, for all ay € R, there exists a unique T = a(t)dt? + ¢p(t)f (1)°¢" +
P(th(t)?g' € TS (M) (t €[0,t3)), analytic, such that

AT =puT

a(0) = ¢(0) = ag

$(0) = -Ela,
a'(0)=¢’(0)=9’(0)=0

The proof is quite long, and the details are presented in Appendix B. Since the system is singular at ¢ = 0, the
overall strategy is to study analytic solutions and find a relation between the coefficients of the formal power series.
However, this recursion involves a matrix with eigenvalues in IN, hence classical theorems such as Theorem 5.5 in
[Was18] cannot be applied. To prove our result, we have to introduce a degree of freedom to prove the existence of
G-invariant eigentensors in a neighborhood of a singular orbit. These solutions are not unique, but imposing the TT
condition restores uniqueness.

5.2 Extension of solutions

In the previous section, we showed that if we consider equation (8), there exist T > t§ > 0 and a unique solution T,
defined on [0, t}] (with suitable initial conditions).

[0, 3] can be seen as a neighborhood of the singular orbit S, (green in Figure 2).

The same construction can be carried out near S_ (by applying Theorem 5.2 after replacing ¢t with T —¢). This yields
another tensor T_ defined in a small neighborhood [t5, T] of S_.

The main objective is to find, for some y < 0, a global solution defined on [0, T], and we seek to match the two tensors
T_and T,. But to answer this question, we need to prove that there exists a t, € [0, T] such that T, and T_ are both
defined at t,.

More precisely, we prove the following theorem (we state it only for tensors defined in a neighborhood of S, but it
can also be applied near S_ by symmetry).
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Figure 2: Extension of solutions on the sphere

Theorem 5.3. Let T : [0,t5] — YTCT;(M) be a solution of (8) as in Theorem 5.2. For all tr < T, there exists a unique
T :[0,tf] > F75(M) solution of 5.2 such that
Tio,45)=T-

Proof. Let t; < tg. With the notation of the previous section, equation (8) can be written

Y'(t) = C(t)Y(t), (9)

with Y = (a,ta’, §,td’, ¢, tl,b’)T and C:(0,T) » Mg(R) (see Appendix B for the exact expression of C).

Theorem 5.2 provides the existence of Y; : [0,t] — R® solution of (9) which is analytic at 0. This solution is the
unique vector field that defines a TT tensor (see Appendix B for the detailed argument).

Let U = Yl(tl )
Since f(t) > 0 and h(t) > 0 for all t € (0, T), C(t) is analytic for all t € [t;,tf] (for all t; <T).
Therefore, the Cauchy problem:

{Y’(t>=C<t>Y(t) (Veeltt) (10)

has a unique analytic solution Y; : [t, 7] — RR®.
Moreover, Y7 is a solution of (10) on [#1,tg]. Hence, for all t € [t1, tg], Y1 (t) = Y5 (£).
We define Y : [0, 7] — R® by:

Yt e [0, tl]: Y(t) = Yl(t), Vt e [tl,tf], Y(t) = Yz(t)

Thus, Y is an analytic solution of (9) defined for all ¢ € [0, #].

Finally, the uniqueness of Y follows from the uniqueness of Theorem 5.2 and the uniqueness part of the Picard-
Lindelof theorem.

O

5.3 Reduction of the matching problem

In the previous sections, we showed that we can construct an eigentensor T, : [0,T —¢] — 7{%(5""rl x Sh), for any
€ >0, and another eigentensor T_: [¢, T] — &inT(SkJrl x 8.
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For some y < 0, we want to prove that there exists T : [0, T] — %g(sk“ xS!) defined on the entire manifold, which is a
solution of (8). Our problem is now a matching problem. Can the two local eigentensors T, = a,dt>+¢, f2g*+, h’g
and T_ = a_dt?> + ¢_f?gF + p_h?g' coincide and define a global eigentensor T?

Due to the Picard-Lindelof theorem and Theorem 5.3, it is sufficient to prove that there exists a point ¢, € (0, T) such
that T, (t,) = T_(t,) and T/(t,) = T/(t.).

The goal of this part is to prove Theorem 5.1.
To prove this theorem, we exploit the existence of the maximum-volume orbit, defined in [B6h98], section 4.

In M = Sk*1 x §! Bohm metrics are symmetric, which means that the functions f and h are invariant under the
reflection t —> T —¢.

We set t, = T/2. By [B6h98], Section 6, t, is the maximum volume orbit.

Since f and h are even at t,, we get the following relations:

H(t,)=0, f'(t)=0, W(t,) = 0.
Before proving the theorem, we need the following lemma.

Lemma 5.4. Let T, = a(t)dt® + o(t)f (t)>g* + w(t)h(t)?g" be an eigentensor corresponding to an eigenvalue y € R. Then T,
is even or odd with respect to t, = T/2.

Proof. Let o : t — T —t. o is an isometry of M since f and h are even with respect to t,. Since dt?, g€ and g are
invariant, the pullback
o T (t—>T(T-1)

commutes with A;.

Hence
Apo’T, = po’ T,

Theorem 5.2 yields the existence of ¢ € R* such that
O*Tﬂ =cT,

since the space of G-invariant TT tensors that are solutions of (8) is one-dimensional.

Thus, since (a")2 =1d,

therefore ¢ = +1.

We now have everything needed to prove the theorem.

Proof. If T, and T_ define an eigentensor T, because of the lemma, it is even or odd with respect to t,.
Hence T(t,) = 0 (odd) or T’(t,) = 0 (even).

Even case. We just need to find the values of y such that
T!(t.) =0,

i.e. ai(t.)=QL(t.) = L(t) =0, because we can define T (t) = T, (T —t), and the matching is immediate.
Since T, € %(}(M), we have, for all t € [0, T]:

a,(t)+ k. (t)+1P.(t)=0 (traceless),
a,(t)+H(t)ay.(t) - kf7’<{)+(t) - l%/lpi(t) =0 (transverse).

Thus, a, = —k¢L —1¢.
In, t = t,, we get a,(t,) = 0, thus:



Therefore T, (t,) = 0 if and only if ¢’ .(t.) = 0 or ¢ (t.) = 0.

We can set F,(y) = ¢, (.).

Thus, it is enough to study T,. Since the dependence on the parameter y now plays a central role, we will denote the
tensor T, (t) = a, (1)dt* + ¢ (t)f (1)°g" + ., (1)h(t)?g' by T, = a,(H)dt> + ¢, (1) f (£)>g" + P, (£)h(t)*g".

Hence, F, () = P} (1.).

Finally, smoothness of F, follows from Theorem 2.11 in [Tes12].

Odd case. Similarly, we just need to find the values of y such that T, (t,) = 0, because we can define T_(t) = - T, (T -t).
In this case, T(t,) = 0 if and only if ¢, (t.) = P, (t.) = 0.

If we differentiate the transverse condition and evaluate it at f,, we get:

fr(t) () L) h”(t)

a-/#,(t*)"_ k f(t*) + I’l(t*) a+(t*)_ f(tx.) ¢+_l h(t*) l7b+ =0.
“A
Then, we use the first equation from (8):
—a(t) + A - pay (t)+ 2k g ()2 ) 2o

f(&) h(t.)

Thus, using the traceless condition:

f(t)
k(fm)

h”(t*)

—A+y)<{)+(t*)+l( n) —A+/,t)1,b+(t*) 0.

Here, the coefficients of ¢, (t.) and 1, (t.) may vanish, therefore considering only 1. (t.) to check if y is an eigenvalue
is not sufficient.

Let
fr(t)
f(t.)

Po<u>=k(h (t*’—Aw)wt*)—l(

]’l(t*) _A+”l)lzb+(t*)'

Thus, F,(p) = 0 if and only if

The determinant of the system is

_ ey Y (h"(a)_ )2
A= kl[(f(t*) A+y)+ nt) A+pul |

Hence, if A = 0, then

~A-A’+Ap=0,

because of (2), thus p=A + 1.

The smoothness of F, follows from the same argument.

Conclusion. Finally, we can set

We notice that F, and F, cannot both be equal to 0 for the same p, because it would imply that T = 0.
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5.4 Numerical results

Theorem 5.1 has limited theoretical use because the function F is not explicit. Hence, it is quite difficult to study
its properties. However, computing this function numerically is relatively easy, and we can get an estimate of the
eigenvalues of the Lichnerowicz Laplacian. The Python code is given in Appendix C.

We plot F, and F,, and not F = F, x F,, because if a zero of F, and a zero of F, are very close, the program could miss
some eigenvalues (see Figure 3).

To compute F, instead of solving the previous system with six equations, we eliminate 4, 4’ and ¢’ using the TT
condition. This makes the computation faster and improves numerical accuracy.

To compute the functions f and h, we solve equations (2) - (4). The only non-trivial step is determining the initial
condition h. To compute it, we use Wang’s code [Wan26].

In Figure 4, we plot the graphs of F for some Bohm metrics on $3xS? and S#xS? (on the left). The zeros of F, (i.e. the
"even" eigenvalues of Ay) are represented by a vertical red line, and the "odd" eigenvalues are represented in green.

On the right, we plot the eigentensor associated with the smallest eigenvalue found numerically.

In the case of the standard product metric, we observe that 0 is an eigenvalue for a constant eigentensor. This can
also be verified analytically.

Moreover, three observations can be made.

* The behavior of F, and F, strongly depends on the metric. However, the influence of the dimension is less clear,
and the behavior of F, and F, appears to be quite similar.

¢ For all the Bohm metrics considered in our numerical experiments, the Lichnerowicz Laplacian appears to
admit negative modes, which is consistent with the conjecture stated in [GHP03].

* Between two "even" eigenvalues p! < p2 (in red), there appears to be an "odd" eigenvalue y, (in green) which
lies very close to y} (see Figure 3). For instance, the gap 6 = |pu! — i,| can be of order 107! (see Figure 3 for g;) or
even 1073 (see Figure 3 for g,).

Second Bohm metric g» fork=2 and /=2

Plot of Fe and Fo Eigentensor (even), u= —9.039151
o ]
1089, (even) 104
10714 Fo (odd) —
o ,»«MM*"“ - 0.5 4
1072 4 /«"'"
1072 f 0.0 4
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Figure 3: Even and odd eigenvalues can be close (F, seems to be non-smooth because of the use of a symlog scale)
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Standard product metric go fork=2 and /=2

Plot of Fe and Fo Eigentensor (even), u = 0.000000
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First Bohm metric g; fork=2and =2

Plot of Fe and Fo Eigentensor (even), u= —23.710239
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Second Bohm metric g, fork=2and /=2

w

Plot of Fe and Fo Eigentensor (even), u= —20.675697
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First Bchm metric g; for k=3 and /=2

Plot of Fe and Fo Eigentensor (even), u= —9.039151
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Second Bohm metric g, fork=3 and /=2

Plot of Fe and Fo Eigentensor (even), u= —8.280486
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Figure 4: Numerical results
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6 Index of the Lichnerowicz Laplacian for Bohm metrics

In this section, we prove Theorem A. We recall the statement of the theorem.

Theorem A. Let (g;) be a sequence of Bohm metrics on the product Skl sl (k1 > 2, k+1<9). We denote by Ai the
Lichnerowicz Laplacian associated with g;. If v; denotes the number of negative eigenvalues of A}, we have:

v; — +o00.
i—+00

Remark: v; is called the index of Ai.

Remark: We recall that the index (which is directly related to the number of unstable directions) is finite according
to Section 2.4.

The idea of the proof is as follows. Since we know that g; — g, we first study the Lichnerowicz Laplacian A{
associated with the cone metric g.. In some sense, we prove that it admits an infinite number of negative eigenvalues
(see Theorem 6.1). We then show that this property also holds for Bohm metrics by means of a continuity argument
for the quadratic form associated with the Lichnerowicz Laplacian. Finally, we conclude the proof using the min-max
theorem.

6.1 Cone metric

We are now working with the cone metric g, = dt? + f2g* + h2g!, with

fe(t) = % sin(t), he(t) =4/ % sin(t).

a(t)dt® + p(t)f.()°g" + p(Hh (1’8,

We define a TT tensor as follows:

with:

< P(t)=-Ko().

We first check that T is TT:

© a(t) +kp(t) +1(t) = kp(t) + 1p(t) =

ol

* a'(t)+H(t)a(t) - f T O(t) =177 p(t) = —cot(t)(kep(t) + (1)) =

SoTisTT.
Now, we want to compute (AT, T). By definition,

T

(ALT,T) =L 8()(ALT, T)V (t)dt =J- V(E)(K(ALT)iip(t) + (AL T)aq (1))t

0
where V(t) = f.(t) k We recall that Af =(f'/f) and Ay = (h'/h)’. For all t € (0, 70):
A[Tii = —¢"(t) - H()'(t) - 245 p(t) + J;f () - (1))
7 7 C,hé
:—({) —H¢ _2Afc¢_2E(k+l)¢’
A Toe = =" (t) = H(t)P'(t) - 2A5p(t) + ];C k(p(t) - (1))
="~ Hy' =24, - 2fch' (k+ 1),

fehe
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We have f//f. = h./h, = cot. Hence,

1
Af =A; =cot’' =——.
f he sin?

Let W(t) = —2- — 2(k + ) cot?(t). We have

Sin(t
' =—¢"-HP'+W¢ and AT, =—-9p” —Hyp + Wi
Thus,
(ALT,T)= f k(=¢” =H"+ W)p(t) + [(—yp” - HP' + Wp)yp(t))dt
= —L V(t)(k¢p" P+ 1" p)dt — r V(t)H(t) (k¢ ¢ + 1 p)dt + J: V()W (t) (k> + 1p?)dt
(k +— )[ V(t)p” pdt - fon V(t)H(t)p pdt + J;n V(t)W(t)({)zdt]
- [t )[ V(@2 + Wit >¢2>dt]
= CL sin (t)p’% + 2sin~2(£)(1 — A cos?(t))p>dt
= cfo sin(t)p2 — 2(A — 1)sin2(t)p? + 2A sin™ p2dt.
We define

Q(¢p) = (AT, T)Y/C = Ln sin(t)p’2 — 2(A — 1)sin2(t)p? + 2Asin™ ¢p2dt.

We now prove the following theorem.
Theorem 6.1. For all N € N, there exists an N-dimensional vector space Ey, such that, for all ¢ € Ex \ {0}, Q(¢p) <O0.

Proof. We want to make the integral negative. The term 2(A — 1)sin®~! must be dominant. A natural idea is to look

for a function ¢ whose support is contained in (0, 0), with 6 > 0. If 6 is small enough, we can use Taylor expansion
sin(t) = t4 + O(t72).

Let 77 be such that supp(y) € (0,1).

Let ¢ps(t) =1 (%) be a function that satisfies supp(¢s) C (0,0). Later, we will construct such a function ¢s (and some
1) which satisfy Q(¢s) < 0.

Now, we prove the following lemma.
Lemma 6.2. Let -
Q(¢) = J- th = 2(A - 1)tA 224t
0
If & is small enough, and Q(¢s) < 0, then Q(¢s) < 0.
Proof. We use the following Taylor expansions:
sin® () = A +e1(t),  sin®72(1) = 2 2+ ey(),

with 1 (t) = O(t**?) and &,(t) = O(t1).

o
Q(¢s) = f (M +e1()p7 = 2(A = 1) (N2 + e5(1)p2 + 2A(t" + &, (1)) p2dt

Q(¢s) +R(5),

where
R o
Ql¢s) = j A2 —2(A - )N 292 1 2At N P2t = 1) — I, + I,
0

R<6>=J0%s1<t>n’2(;) 2= Dealehp? () + 201 (002 5 )t
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Hence,

f|s1 (H)dt = O(87+3), f|s2 ()|dt = O(8™1).

I
<M |e1 Nt +2(A - DIyl |é2 |dt+2A||n||2f|e1 ()ldt
_06A+1

Thus,

We now focus on the leading-order terms.

Qlpy) =17 — 13 +13.

We have the following;:

2 0 . 0
i< f e =0M ), Igl<2AA- Dl | e 2dr= oM,
0 0

i o
3] < 2A||11||§<,J A dt = O(5™H).
0

Therefore, only I; and I, play a role when 6 becomes small, hence
Q(95) = Qlps) + O™

Moreover,

Hence,

A = Q0 +0(?),
and since Q(¢s) and Q(1) have the same sign, this concludes the proof of the lemma.

Now, we make the following substitution:

¢5(t) =t Pus(In(r)),

with = %
d5(t) = =Bt P v (In(1) + P wi(In(8)) = £ 7P (w5(In(1) - Bus(In(t)).
Therefore,
0 o
f tAq)g(t)zdt:j tA2P2(v](In(t)) - Bus(In(t)))>dt
0 0
0 ’ 2 dt
- | w30m00) - prstinen?
In(8)
| = puateas
In(3) In(3)
:f Vg(s)2+f32va(s)2ds—2ﬁj v§(s)vs(s)ds.
But n(8)
2 [ g ematerds = 1
and v(s) = ¢s(e¥)ePs. Since ¢5(5) = 0 and exp(Bs) — 0 when s — —oo, the integral vanishes.
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Thus,

5 In(8)
J- thp(t)2dt = J- v5(s)% + BPvs(s)?ds,
0

-0

—00

S s 5 In(o)
L tA=2p(t)2dt =L tA72P" 2y, (In(1))*dt :L v(s(ln(t))zg =J vs(s)*ds.

Hence,
In(5)

_ In(9)
Q<¢a)=f VS(S)z+ﬂZVa(5)2d5—2(A—1)J vs(s)24s.

—00 —00

We want to find ¢ such that }
Q¢s) <0.

Thus, Q(¢5) < 0 is equivalent to

In(d) In(o)
J vé(s)zds<[2(A—1)—ﬂ2]J vs(s)?ds.

—00

Thus, (we can integrate to +co because v(s) = 0 for s >1In(9)):

+00
f v}(s)*ds
_ J-o . 2'

Note that a? =2(A-1)-p% = W > 0 since A € [4,8].

S measures the frequency of the function vs. This naturally suggests considering v in the following form:

1t(s —sq)

vs(s) = 5P sin( )IL[SO’SOJrL].

v is not C*, but is H'.

50+L 2 _
J n—cosz (s SO))dS
So L2 L 7(2
S('I/g)) = = —.

sp+L _ L2
J sin? (M ) ds
So L

We want S(vg) < @?, therefore we have to choose L > =

We fix such a L. It is important that L does not depend on 6. However, it is also important to have supp(vs) C
(—00,1n(6)]. We can, for example, consider sy = In(6) — L.

We just need to verify that ¢s5 can be written ¢4(t) =1 (%)

¢bs(t) = t Pvs(In(t))

t\P . (m [t
:_(S) Sm(f1“(5))1[ln(6>—L,ln<é>](ln(t))

P m t t
=~(5) (T (5)) reswcmnn(5)

Thus, by the lemma, ¢ satisties Q(¢ps) < 0 for 6 small enough.
Let N €eIN*. Forall 1 <n <N, we set:

- t\ P . (m. [t t
(Pn(t) = (5) Sln(f ln(5))]l[exp(72nL),exp(7(2n71)L)] (S)
(we just replace sy by s,, = In(6) — 2nL).
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Therefore, for all 1 <n <N, Q(¢,) <
Let B(¢, ) = (A{ Ty, Ty) For all (i, j) € |11,N]]2:

T I k2 T[ 2 T[ g T T I
Bwp@w{k+7)LJ;vumﬂmm—j;VMchmwﬁ+f VW ()it .

Since the supports of ¢; and (ﬁj are disjoint for each i = j, B(qEZ-,(ﬁ]-) =0.
We define Ey = Span(¢y,---, Pn).

N
Let ¢ = Z/\iqf;,- € Ex \ {0).

i=1

Finally, later in the proof, we will need to differentiate these functions twice. Since ¢ is only H', we replace it by
a smooth regularization of this function. Moreover, for the cone metric, T = 7, but it will no longer be the case for
B6hm metric, thus we will need to change this parameter 7t (we will replace it by T; for a Bohm metric g;). These two
remarks lead to the introduction of the following function.

We define g, : (0, 1) x (0,21) — IR by:

~ . (@ t t
Pn(f: w) = sin (f In (5 )) ]l[exp(72nLn/u)),exp(f(2nfl)Ln/a))] (5 )

By density of C*, we can consider a regularization p,, of g,,.

Note that we can assume that the bounds of supp(p,(-, w)) are continuous with respect to w (for instance, it is the
case if p,, is defined by a convolution).

We can set 8
bul)=(5) " putt

It satisfies Q(¢,) < 0 and we can assume that the supports of ¢, remain disjoint, because the distances between the
supports of ¢,, are positive. More precisely, we assume that

supp(p,(w)) C [exp(—(Zn + %)Lg),exp(—(Zn - g)LE)]

Let ,(t) = ¢, (m— 1)
Finally, we set
(Pfl( + llbn
We introduce y, so that the associated tensor is symmetric with respect to /2.
For o sufficiently small, supp(¢,) Nsupp(y,,) = 0, therefore Q(y,,) < 0.
Hence, Ey = Span(yy,---,yn) satisfies the required property, since the supports of (y,,) are disjoint.

This concludes the proof of the theorem.
O

Remark: For 1 <n <N, let T'(t () fo(t)?>g" = (k/1)y,(t)he(t)?g" (the G-invariant TT tensor associated with ,,). By
a slight abuse of notation, Ey w111 also denote Span( 51, -, TCN).

The previous theorem proved that for all T € Ey \ {0}, Q(T) < 0.

6.2 Bohm metrics close to the cone metric

Let NeINand 1<n<N.
We consider a sequence of Bhm metrics (g;) = (g(h;)) with h; — 0.

In this section, we construct a G-invariant tensor T;", TT for g; such that T — T/".
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Let T; be the height of the second singular orbit (the first is at t+ = 0). We recall that B6hm proved that T; —» =
([B6h98], Section 6).

We fix 6 and L as in the previous section.
We define

-p
#10=(5) pult. T
and (1) = ¢(T; 1)

We define y;' = ¢} +1!'. We notice that y;" is even with respect to T;/2 (the maximum volume orbit).

Unlike in the cone case, we cannot simply define T;" = y; f — (k/1) ”hzgl because this tensor is not TT for the
metric g;. We need to introduce a correction term, inspired by equation (62) in [GHPO03].
Let & = § (= &) Witt) = (i), and
1 (! .
K0 = s | R @S

We set the tensor:

T () = ~Lx} (e + ] (Of (078" + (x,-”( )- 7l ))h (17,

Lemma 6.3. T is a G-invariant TT tensor (for the metric g;), defined on [0, T;], with compact support K C (0, T;).

Moreover, there exists Ky a compact subset of (0,1) such that

U K CKy.

ieN
1<n<N

Proof. We show that T;" is well defined on the entire manifold. y;'(¢) is well defined for all ¢ € [0, T;]. Therefore, it
remains to verify that x} is also well defined. Since W;(t) — 0 when t — 0 or T;, we need to verify that x}' does not
diverge at the singular orbits.

Let

e (0010
=, s (- g o

Let D;(t) = fi(t) h;(t)+! (% - J;—) We notice that D; is odd with respect to T;/2. Thus, since y is even with respect

to T;/2, we have J;(y) =0
We show that x!' does not diverge when t — 0.

1 ! 8 N;(t)
x!'(t) = Wi(s)R(s)p]"(s)ds =1 ——
Since N;(t) — 0 and W;(t) > O when t — 0
N/ Ry ) (kD)1
li Mt) = lim —4—= = lim ——~+—~ = SR ym0)=0
e A e P R SRR ) R S 97 77:(0)
where G; = k% +(I+ 1):—5. W; satisfies W/ = G; W;.

Since J;(y}') = 0, we have N;(t) — 0 and W;(t) — 0 when t — T;. Thus, the same argument applies at t = T;.

We now prove that the support is compact and establish the existence of Ky .
We notice that

bexp(—(2n+%)L%),6exp(—( n_ﬁ) Tl)
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supp(n) < [sexp -(20+ 1)) sexp(~(2n- 2)1)] o[- sexp {20+ 1)) - senp - (2n- 2.

Hence, for all t < 6exp(—(2n + %)L%);

Moreover, for all t € [T,- - 6exp(—(2n + %)L%),Ti),

1 1 (1l .
M) = — (") — —— | Wi(s)R:(s)y(s)ds = 0 — 0.
K0 = G0~ g | R s = 0-0
Let Ci' = [inf(supp(y;')), sup(supp(y;'))]-

Thus, supp(x}') c C!".

This yields K}’ c C}".

Finally, for each n, the lower bound of C;' is bounded below by some o, > 0 (because it is positive and converges to

oexp(—(2n+1/2)L) > 0 by Proposition 3.2). The same argument can be applied for the upper bound. Hence, we get
1, > 0 such that

UK:’ C [ 70— 1]

ielN
Thus we may define
N
Ky = U[Un’ T — ’7n]r
n=1
which is also a compact subset of (0, 7t).

Now, we need to prove that T;" is transverse (the traceless property and the G-invariance are immediate).

, o, W
OT =1x!" +1H;x} + kﬁyi” + lh—;)(? —kh—zyi”
Ix}" +Gi(t)x}') = IRy}
=0 (by definition of x}').

Our tensor is well defined. Thus, we can study the convergence.

Lemma 6.4. Let K be a compact subset of (0,7). Forall 1 <n <N,

IT}" = T¢'lloo,x — O

Proof. It suffices to show
i =y, and x; — 0 uniformly on K.

Forall t € K,

t\P
976 =@u(<(5) " lou(t. T) = pu(timoL

Since p,, is Clona compact set, there exists C > 0 such that, for all t € K,

|pn(t:T1‘) - Pn(tf n)| < C|T; —n.
Hence,

|7 (t) = pu(t)l < C'lm = T,
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where C’ = Csup(t/6)P. The right-hand side does not depend on ¢ and tends to 0 when i — +co. Therefore,
K

197 = dulloox — 0.
This implies the uniform convergence of y/".
We now consider x. We recall that R; = %(Z—f - %), Wi(t) = fi(t)¥h;(t)!*!, and
I .
K0 = s [ R @ Es

On K, the numerator converges uniformly to 0, due to Theorem 3.4, and the denominator converges uniformly to
W,, which is strictly positive on K. Hence,

X7 lleo,x — O

6.3 Negative modes for Bohm metrics close to the cone metric

We can now prove Theorem A.

Proof. Let N € N. We show that there exists i(N) € N, such that v; > N for all i > i(N).
Let Q;(T) =(ALT,T).

It suffices to construct an N-dimensional vector space EZN such that, for sufficiently large i, and for all T; € ElN \ {0},
Qi(Ti) <.

N _ 1 N
We set E;' = Span(T;,---,T;").

Since the supports of (T;") are no longer disjoint, we introduce the Gram matrix associated with the bilinear form
Bi: T, T + (ALT,T'):
& = (ALTY, T h<pasn:

Likewise, let
&, = diag(Q.(T}), -, Q(TN)).

We first prove that &; — G,.
If B.((T,T’):=(A{T, T’), it is enough to prove that

Y1 STZ,WISN; Bi(nnf]}m)_)Bc(Tcn'Tcm)'

Let 1 <n,m< N. Let Ky be as in Lemma 6.3.

cTi[ . . k
BT/ T = | [(A;Ti")m—lx:mk(A;T:l),-jy{"+1<A2Ti">m(x;"—Ty;ﬂ)]vi(t)dt
J
" in m in m in m k m
P (ALT oo (<L) + k(ALT )iy + HALT )aa | xi" = 77" || ViD)dt.
JKN
Define _
) . . k
W = (AL T oo 1)) + AL T )77+ 1AL T e (x{" : 7%'"')] vi(t)
and

k
W = [k(AiTc"mm 1A T (—7%")] velt)

Lemma 6.4, Theorem 3.4 and the expression of the Lichnerowicz Laplacian imply that
I = P,k = O,

because, on Ky, f;, h;, f., h. do not vanish.
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Consequently,
|Bi(T", T{") = BT, Tl < j (W = W] < K] I = o,k — O,
Ky

This implies
(B,' — (Bc-

Theorem 6.1 yields that (&, is negative definite. Thus, there exists i(N) € N, such that
Vi > i(N), G; <0.

In particular, for all i > i(N), (Ti") are independent, and EZN is N-dimensional.

Hence, for all i > i(N)and T € EN \ {0} Q;(T) <0.

Ai is bounded below and has a compact resolvent (because it is elliptic on a compact manifold), therefore,
SP(A) = {uy < py-).

Since Ai is self-adjoint, the min-max theorem yields:

i . i(T)
W= inf max —— -
veTrr(Mg) Tev\jo} || Tl

dim V=n

Hence, for all i > i(N), V§\7 <0.

Therefore,

7 Conclusion

7.1 Academic conclusion

In this work, we have studied the stability of a particular class of Einstein metrics, the Bohm metrics. We have gained
a better understanding of the geometry of these metrics, i.e. the behavior of the space of Riemannian metrics near
BOohm metrics.

More precisely, we understood the behavior of the index of the Lichnerowicz Laplacian associated with Bohm metrics
as they approach a singular metric: the cone metric. Since Bohm introduced these metrics in 1998, this is, to the best
of our knowledge, the first result describing the asymptotic behavior of this sequence of indices.

In addition to the geometric interest, this work also has applications in theoretical physics. For instance, we were
able to partially confirm a conjecture by Gibbons, Hartnoll and Pope [GHPO03]: all the generalized Schwarzschild-
Tangherlini spacetimes associated with Bohm metrics on products of spheres are unstable, except possibly finitely
many of them.

Despite this progress, many questions remain open, such as giving a final answer to the conjecture of Gibbons,
Hartnoll and Pope. The result of Section 5 could be useful for a numerical study of the first terms of the Bohm
sequence.

Moreover, we now know that the sequence of these indices (v;) tends to infinity, but studying the divergence rate
of this sequence would be interesting to better understand the behavior of these metrics as they approach the cone
metric.

Finally, since there are also Bohm sequences of metrics on spheres, extending Theorem A to the spheres could be a
very interesting step forward. We are still working and aim to extend the theorem.

The proof of Theorem A, together with this extension to the case of spheres, is the subject of a research paper
currently in preparation.
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7.2 Personal conclusion

This research project was very rewarding in many ways. First, from a mathematical point of view, it was insightful,
because differential geometry is at the interface of many fields of mathematics, such as analysis, spectral theory,
ordinary differential equations... It was particularly enriching to connect the different concepts I learned in courses,
to discover new theories and their applications.

Furthermore, since I have always been interested in physics, realizing that my results may have applications, however
modest, in modern physics was very satisfying.

During this project, I also faced difficulties in my research work, such as the complexity of the computation of the
Lichnerowicz Laplacian, or the limited theoretical use of Theorem 5.1. These difficulties or failures were frustrating,
but very instructive. They taught me to look at the problem from a different point of view, and to use some results
in ways I had not anticipated, as when Theorem 5.1 turned out to be useful numerically rather than theoretically.

Finally, discovering the research world in an environment as stimulating as Oxford, talking with researchers, Post-
docs and PhD students about their research problems and attending seminars reinforced my desire to be part of this
amazing world.
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A Calculation of the Lichnerowicz Laplacian

A.1 Direct calculation
A.1.1 Setting

We work on the manifold M = §¥*! x S! with k,I > 2and k+1< 8

To compute the Lichnerowicz Laplacian, we first determine the Levi-Civita connection. To calculate it, we use the
following formula.

Theorem A.1 (Koszul formula).

2g(VxY,Z) = X(g(Y,2)) +Y(g(Z, X)) - Z(g(X,Y)) - g(X,[Y, Z]) + g(Y,[Z, X]) + g(Z,[X, Y]).
We recall the definition of the basis.

e() = 8t’

1
Vie[Lk], e = —Ef-‘ (where (Ef-‘) is a local geodesic orthonormal frame on sk,

f

1
Vaelk+1,d-1], ey = —E!

1 Eak (where (Ezlx—k> is a local geodesic orthonormal frame on Sl).

To make the notation clearer, we denote by i, j... an element of [1,k], by @, f... an element of [k+1,d—1] and by A, B...
an element of [[0,d —1].

Since this basis is orthogonal, when X, Y, Z are different vectors of this basis, the first three terms in Koszul formula
vanish.

A.1.2 Lie Brackets and connection

We only need the connection when X is a vector of the basis. To compute it, we first look at the Lie brackets between
the vectors of the basis.

Proposition A.2.

7 ’

leo, ei] = —f7€i, [eo,eal ==7ear  leirej] = 7 [Elk,Ek] leasep] = [Ea wEpil leiea] =0
Proof. We use the following formula:
[X, Y] = X(§)Y + $[X, Y].

Thus,

1

7)Ek+ —-0=- f/

[eo, ei] = [0y, F0=—Fe

fl] I

Similarly,

[eO: ea] = _Zea-

Since f only depends on t (the first coordinate), Ef‘(l/f) =0and
ei, 6]] = f2 [Ek Ek]
Similarly,
[ea'eﬁ] n [Ea k’ ,3 k)
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And we also get

lei,eq] = 0.

With these relations, we can compute the connection :
Proposition A.3.

Veo ep = 0,

f k f’
Vepel- = —761-pe0 + Vepei, Vgpeo = Tep, Vepea =0,
i i !
V. e =0, Ve, e = ﬁe”’ Ve, eq = —E(Smeo +V, eq

where V" denotes the Levi-Civita connection on (S", g").

Proof. We only give the details for Ve, The other cases are similar.

First, Vep e;:

28(Ve,eirej) = —glep, [eirej]) + gleis [ej ep]) + 8(e) [ €]) = 2g(vle<pei’ €j),

where V¥ denotes the Levi-Civita connection on S* with the round metric.

2g(vepeif€a) = _g(ep: lei eq]) + g(ei [ealep]) +8(eq [ep:ei]) =0.

29109,y ¢1:¢0) = =8 e o))+ les enrep )+ slew e i) = ~gley ) gtei L) =225,
Thus,
Vepei = —751‘!,60 + V’gpei.

Then, Vepeo:
)= ‘ . . = —gle,—Le; Ley=alls,
28(Vep60r6’])——g(é’p)[eoyff’]])"'g(eo’[e ,ep])+g(e],[ep,eo])_ g(epf fe])+0+g(e]t f ep)— f ip’

28(Ve,e0,e0) = —g(ep, [eo, e0]) + g(eo, [eo, €,]) + &(eo, [, €0]) = O,

7 7

h
zg(vepeOf eq) = _g(ep’ [eo, ea]) + g(eo, [earep]) +g(eq, [epl eo]) = _g(ep:_ﬁea) +0+g(eq, fTep) =0.

because a # p.

Hence,

Finally, Vep ey
28(V,, 0rj) = ~gleps[eare; ) + gearlejrep ) + glejs eprea)) = O,
28(Ve,earep) = —glep,[eareg]) + glea, [ep ep]) + 8 (e, [ep e4]) = 0,
28(Ve,eare0) = —glep, [ear e0]) + (e, €0, €p]) + 8 (€0, [€p, €q]) = 0.

Vep e, =0.
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A.1.3 Bochner Laplacian for G-invariant TT tensors

We only compute the Laplacian on G-invariant TT tensors.

G-invariant TT tensors can be written
T =a(t)dt” + p(H)f (£)°8" + p(H)h(t)g'.

Writing X = Xo0; + XK+ X!, Y = Y39, + YX + Y/, we have,

T(X,Y) = a(t)Xo Yo + b(t)g" (X5, Y*) + c(t)g (X!, Y).

We can calculate A with the following formula:

AT =- Z(veA Ve, T=Vy, o, T),
A

(see [Bes87] 1.135 and 1.55).
We first need to calculate V,, T.

Proposition A.4. We have the following formulas:

(V.. T)(0095) =0, <ve,.T><at,e]->=f7<a<t>—¢<t>)a‘u, (Ve, T)(Ppea) =0,

(veiT)(ejl ep) =0, (veiT)(ej’ eq) =0, (VeiT)(eafeﬁ) =0.

7

h
(Ve, T)01,d1) =0,  (V,, T)(dsep) = E(a(t)_lzb(t))éaﬁx (Ve, T)(dy ) =0,
(Ve T)(eirej) =0, (Ve, T)leiep) =0, (Ve, T)lep,e) = 0.

(Vo,T)(dy, i) =a'(t),  (V5,T)(dr,e))=0,  (V,T)(dseq) =0,
(Vo,T)(eiej) = @'(1)0i;,  (Vo,T)eireq) =0, (V5,T)(earep) = ¢ (t)0ap-
Proof. Note that
T(ei,ej) = P(£)oi),
T(eq,ep) = (£)0np,
T(3,,9,) = a(t).

By the Leibniz rule :

(Vo, T)(X,Y) = ¢/(T(X,Y)) = T(V,,X,Y) - T(X,V,,Y).

Therefore,

(Vei T)(dy, d¢) =ei(T (9, dy)) - T(Veiatl d4) - T(atrve,v ;)

=e;(a(t)-T (fT,e,-, at) -T (at, fT,ei)
=0.
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(VeiT)(at:ej) = ei(T(at,eJ-)) —-T(V,,:, ej) - T(Bt,Veiej)
= e,-(O) - T(fT/ei’ej) - T(at,—fT/(Sijat + V’e‘iej

= ];. f261]+a(t)f7/6ij

b(t) \.
- 70

f
i
- J}(a(t)—cp(t))aij.

(VeiT)(atrea) = ei(T(atr ea)) - T(Veiatfea) - T(at’veiea)

ei,ea) -T(d4,0)

’

—a0)-7(%

=0.

The other calculations are very similar.

Replacing T by V,, T in the previous proposition yields
Proposition A.5.

72
(Ve,-ve,-T)(atr at) = _2ff2 (a(t) - (j)(t)), (veiveiT)(atJ 6]') =0, (Ve,-ve,-T)(atiea) =

72
p) {;2 (a(t) - (P(t))éijéip: (VEjVEjT)(ej’ ea) =0, (Ve,'ve,'T)(eweﬁ) =

(VEjVEjT)(ej’e

h/Z
(Veavea T)(d, d¢) = —Zﬁ(“(t)—lp(t)), (Veavea T)(ds,e;) =0, (Veavea T)(atleﬁ) =

h'? S
(Venvea T)(eirej) =0, (Velyvea T)(eireﬁ) =0, (Veavea T)(eﬁrey) = 2?(““) - 4)(t))baﬁbay'

(Vo,Vo,T)(9y,dy) =a"(t),  (Va,Va,T)dpei)=0,  (V5,V5,T)(0seq)=0,
(Vo,Va,T)eiej) = " (1)0ij,  (Vo,Vy,T)eiea) =0,  (V5,V5,T)(earep) =" (£)dap.

Similar calculations lead to

Proposition A.6.

7

Vo, 102N =100, Vo, T@ue) =0 Vo, T0e) =0

Vvel.e,-T(ej;@p) = _f7¢’(t)6jp’ VV J€i T(e €j,€e ea) =0, VveieiT(ea,E/s) = _f7¢’(t)6aﬁ-
h/
VVF eaT(atf at) - _Ea (t) VV eaT(atf 6]) =0 VV ey (at:eﬁ)
W , ) ’ , )
Vv, e, T(ej ep) = —ECP ()0jp, Vv, e, Teieg) =0, Vv, e, Tlegey) = —Ell) (t)0gy-



Finally, we can compute A

Proposition A.7 (Expression of A).

’

AT ” f/ h ’
AT =-T —(k?ﬁ'lz)T +F(T),

where (in the basis (e4)):

2kf2<j> 22 ¢+2( 2 +1"’2) (1) 0 0
I(T) = 0 2L (alt) - p(0) 0
0 0 ~21 (a(t) - p(e)1;

Proof. It follows from Propositions A.5 and A.6.
We detail the calculation of (ZT)(ej,ep):

k d-1
_(ZT)(ej’e )= (VatVatT VV[; at )+ VeiveiT_VVCieiT)(ej’ep)"' Z (veaveaT_VVmenT)(ejrep)
i=1 a=k+1
f/ a-1 %
=¢"( ]k+Z( fz $(1))6ij0ik + f¢'(t)5jk)+ Z gff"(f)éjk
a=k+1
77 2 < f, h, 7 C
=¢"(t )5]k+2f2 (t)— ¢(t))5jk+(k7+lg)¢ ()0

A.1.4 Calculation of R

Now, we want to compute R.

R(T)(X,Y) = T(RicX,Y)+ T(X,RicY) - 2R(T)(X,Y) = 2AT(X, Y) - 2R(T)(X, Y).

We recall that R, Ric and R were defined in Section 2.1.

We first compute the Riemann curvature tensor. This follows directly from its definition and Propositions A.2 and
A3,

Proposition A.8.

72 -1
R(ej,ej)e, = f 72 ——(0jpei — 0ipej), R(ej,ej)eq =0, R(ej,ej)d; =0,
W2 -1
R(eq,ep)e, = T(éﬁyea —day€p), R(eq,eple; =0, R(eq,ep)d; =0,
h/ /h’
R(ei’ea)ej = J;h 51]600 R(eirea)eﬁ = J;_héaﬁei’ R(ej,eq)d; =0,
(atxa )=0,

R(e;, d1)ej = _fTCSijat’ R(e;, dy)d; = fTEi, R(e;, dt)eq =0,

h// %
R(ea'at)ei =0, (eoua )at h ar (earat)eﬁ - _70 ﬁat

We now compute R.
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Proposition A.9. In the basis (e4)

0 0 0 —k&r 0 0 -1 o 0
o 4 2 11,7
RO=|0 0 Jaw+| o k-0 0 |ewm+| 0 g 0 |y
” ) 2
o o b 0 0 Ly, 0 N
Proof. We detail the calculation of ﬁ(T)(ei,ej):
k d-1
R(T)(ej,ej) = T(R(e;, dy)e; +ZT (eireplej ep) + Z T(R(ej, eq)ej,eq)
p=1 a=k+1

d-

f y i
( ~0;jdy, 0 )+ZT( 72 (6p]ei—6ijep),ep)+ Z T( i 6Z]ea,ea)
pP= a=k+1

V2 1 ’h/
=—f75ijﬂ(t) _f 7 ;( pj P()0ip = 0ijp(t)) = ffh 1p(1)0;
7 /2_1 ) W
=Lz a a0+ o0t - ok - Lo,
” /2_1 h/ )
= (Lot te-vgin T Lo

Finally, the expression of R follows from Propositions A.8 and A.9.

Proposition A.10. In the basis (es):

WA 0 0 2ka" 0 0
R(T)=| 0 2f71k 0 ]a(t)+ 0 [2A—2(k—1)1}§ I 0 o)
o o 25 0 0 2L g,
2150 0
+[ o 2L%m 0 ] (1)
0 0 [2/\—2(1—1)17’

A.1.5 Formula for the Lichnerowicz Laplacian
Thus, we can finally calculate the Lichnerowicz Laplacian, and prove Theorem 4.5:

4

f h/)a’(t)+ Z(kj;’z2 +lh—/z)a(t)—zkjj((;2¢(t)—21};1—/221,b(t)+ 2Aa(t)+2kf7”<{)(t)+2171,b(t)
12

, , ” ” 7?2 ” 2
L )a'( )+ (A+k];—2+l—) (t )+2k(f7—§2)¢(t)+21(h7—z—2)¢(f)»

N 2 ” _f2 h/
ATy =—¢7(t) - J;Q a(t) - ¢(t))—(f7 l—)¢()+2f7a (ZA 2(k-1) ff )¢() J;h 1p(t)
’ / 72 2 7 ” 11,7
=—¢”(t)—(kf7+l%)¢()+(2A 2(k - 1>1f{ +2J;2)¢()+2(f__f )a() J}Z 1(t)
i 72 ),
A ) )+ 22 1,

:—¢”(t)—(kf7’+l%,)¢ (t )+(2A 2’}—2+2k];22)¢( )+2(7—ﬁ 7
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’ ’ 72 ” W 1,72
1T =9 (0)= (K 4 15 )02 a0 pton 25t 2D k4 2020 -1 25 e
’ % _ h/z h/z h h/2 W
:—gb”(t)—(ka+lz)¢’(t)+(2A—2(l—1)1h—2+2ﬁ)1p(t)+2(7—ﬁ) (1) ];h (1)
B , f/ h/ l— h/2 h// 72 f h/
=—1 (t)—(k7+lz)v,b( )+ (ZA 2—— i Zlﬁ)gb(t)+2(7— h2) (t)+2k i ().

Since g is Einstein, the previous expressions reduce, by (2), (3) and (4), to

, ’ ” 72 ” 72 ” 72
ALTOO——a”(t)—(ka+l%)u'(t)+2(A+k§2 +lh—) (t )+2k(f7—’;—2)qf)( )+ 2l(hh };—z)l,b(t)
a0 (K ot 2 £ - Lt e 2 B - Bt - g,
=00 - (e ) g+ (2 2= 0 L5 2D o w2 (£ D 2L
===kt -2( L - L) ptn+ 2L g - gt
/ W hr2 W W
oo =0 (K5 4 15 o102 = it - wion s 20 - i,

A.2 Calculation using the linearization of Ricci

The previous calculations were quite long, so finding the same expression by another method provides an indepen-
dent verification of the result.

Theorem 2.12 yields

Ric(g+¢eT)—-Ricg
€

1 1
—> EALT -0"0T — Eng(tI'T)

Thus, it remains to compute the Ricci tensor.

A.2.1 Calculation of the derivative of Ricci
We need to compute Ric which is defined by

Ric(g)(X,Y) =tr(Z — R(X,2)Y).
Thus,

d-1
Ric(g XY:Zg (X,eq)Y,en).
A=0
Proposition A.11. Let T = a(t)dt? + ¢(t)f(£)*g" + ¥(t)h(t)*g' be a G-invariant tensor. Then:

dRicy(T 00_——(k¢” 1) - (J;qb +z— )+%Ha’,
ARicy(T)y; =59 -1~ k-1 oo =Ly e Ap-a)
p-a k', KW, W

2 f1’b - 2h¢ Ty +A(p—a).

deCg(T)ﬁﬂ :—EI’DH—HIP’ (l—l)
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Proof. To prove this result, we introduce a perturbed metric “g, defined for all € > 0 by

1+ e€a(t) 0 0
‘gi=gteT=| 0 (ep(t)+1)f(t)gF 0 :
0 0 (ep(t)+ 1)h(t)%g’
We have:
1 0 0
‘fg=(1+ eu(t))[O i?(et;z;;f(t)zgk 0 ]
0 0 e (07’
We define
_[1+eg(t) | 1+ep(t)
Fl) =\ [T fO and k)= [T )
Thus,

fg=(1+ea(t))s.
g is very close to the metric of the previous section (we just have to replace f and h by f. and h,). Therefore, we
already know the Riemann tensor, because of Proposition A.8.

We have (we do not write o(¢)) :

Moreover, we already know that (see [GHP03] (31)):

RiCOQZ—(ka-i‘l%),
) fu 1_f/2 f/hr
RlC]'j:—7+(k—1) f2 —lf—h;
h 1— h/z ~ kf/h/

Ricqq =~ + (1=1) = 7

We also have:

E_f

fe  f

fé‘//_f” & 7 ” ’ ’ ’
f_7+5(¢ —a +27(¢’ —a)),

fg’h; B f/h/ € h/ , , gf/ , ,
fohe ~ pn 2@ T g

1—52_1—ﬂ2+%_¢—a 7

2 2 f

(¢'—a'),

N M

38



We denote by Ric the Ricci tensor of g.

e o )
Rlc]]—A+e(1a L f7(¢’ )= =022 k-0 L - T 0)- L -ar e ag-o),

W kf’ kh’

: L0 )= Loy ) - S - A

Ea”—%lp”—z(lpl—u,)—(l—l)

ﬁw:mg(

Finally, to compute Ric(®g) we use the formula for a conformal change of metrics (see [Bes87] 1.159d):

Lemma A.12. Let (M,g) be a Riemannian manifold of dimension n. Let u be a smooth function on M and ¢ = e**g. Then

(Ricg)ij = (Ricg)ij — (n=2)V;V;u +(n—2)ViuV]-u+(Au—(n—2)|Vu|2)gi]-,

where
VZ-V]-u = [ngu],-j,

and Au = —tr(Dydu).

1
In our setting, u(t) = Eln(l + ¢€a(t)). Thus,

1 ed(t)

iy L _1
W)= 3 T rean) 2

ea'(t),

Ddl/loo =u ' = %(l”,

Ddui]' _( V..e ) fTOI atu - fTu’éz] ,; > bl])
4 W, We

Dd”aﬂ =(-V 6[5’) = ﬁéaﬁatu = ﬁl/l ba[g = h 2(,1 50(;31

Therefore, at the first order in ¢,

Ric(*g)oo = Ricoo — (d =1)3a” - SHd,
: R~ d-2 rf’ €y a’
Rlc(eg)j]-:Rlc]-]-—eTa T—Ea —sEH,
) — d-2 W ¢, a
Ric(®g)qa = Ricgq —e—— A 54 —siH.

Rearranging the previous expressions yields

Ric(g)(T)oo = -5 (kff)" )~ (J}¢+l— )+%H“',
— lh/ l )
Rieg)(T)y =3~ Ho' = =15t S0~ Jow's S i -

_ ki’ ki ’h’
Ricg) (T)gg = —5 "~ Hy' = (-1 + Sy~ T+

a),

A(Y—a).
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A.2.2  Calculation of 6*0 and Dgd(try(T))

To recover the expression of A, we also need to compute 5*6(T) and D,d(trg(T)).

Proposition A.13. If T = a(t)dt> + ¢(t)f (t)*g +1,l1() (t)g I, then, in the basis (e4)

i VLo ’ , , hW'h— h/z % , ,
e e A = LR R LA )
f/ f/2 fh/
(6*5T) —Ta— F —<i>)—lfh( -9P)
h/ hlz h/
00T =~ =z o= )=k =g,

And the other terms vanish.
Proof. We have the following formula (see [Bes87] 1.60):
1 _
0"0T(X,Y) = 5 ((VxoT)(Y) + (VyoT)(X)),

But:
(VxOT)(Y) = Vx((6T)(Y)) = (oT)(VxY)

n
[Vx(Ve, T(e;, Y)) = (Ve, T)(e;, VxY)].
i=1
Now, we can compute it easily, since we already know the connection.

For instance, we detail the calculation of (60T ).

d-1
(Vo,6T)P1) == [V5,(Ve, T(ea 1)) = (Ve, T)lea, Vo, 1))
A=0
k
Z—Vat(Vat (94, 9y Zvat VCZT ezrat Z Vat eaf t))
i=1 a=k+1
& d-1 W
I R
a=k+1
7 /2 ’ Wh— h/z %
I o) @_ka( Oy g

f?
Thus,

(6°0)g0 = —a”(t) -

Now, we calculate Dgd(trg(T)).
We recall that (see [Bes87] 1.54),

Dydf(X,Y)=X(Y(f)) - (VxY)f.
Here f = u =a+k¢ + Iip. This yields the following proposition.
Proposition A.14.

Ddi/lo() = lzl”,

Ddui]- = ';;M/éi]',
W,

Ddualg = ZM éa[g.

and the other terms vanish.
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A.2.3 Expression of A

Now, we can recover the expression of the Lichnerowicz Laplacian, using Propositions A.11, A.13 and A.14.

ALT = 2Ric)(T) + 255 + Dgdu.

Thus,
ALTOO :—(k¢”+llp”)— ( f ¢ +l— )+Ha'—2u"(t)
_ f”f_(f’z) _ _ f_’ YN h”h_(h/z) _ _ h_’ o ” ” ”
Zk—f2 (a—¢) Zkf(a P) 2l—h2 (a—1) 21h(a P )+a” +(k¢p” +17)
, , ” h 2 hr2 f// f/2 W’ h/2
—a” —Ha —(2k7+2l—)ﬂ+2( F+l—)a+2k(7—ﬁ)({) 21(7_ﬁ)l’b
f// hN
This is the same expression as before, since A __kT_ W

ALTjj=—¢" -He +2l ]:Z/¢+¢(2k(f/)f22_1 f22 2A)+a(2k —f{’z_fz 2lffZ/-2A)

which is also the same expression using the fact that the metric is Einstein. The last expression also follows by
symmetry.

B Proof of Theorem 5.2

We first recall the statement of the theorem:
Theorem B.1. Let p € R. There exists tg such that, for all ay € R, there exists a unique analytic tensor T = a(t)dt? +
d(1)f(1)2g5 + w(th(t)2 g € T75 (M) (t € [0, tg]), such that

AT =uT

a(0) = $(0) = ao

P(0) = —ELa,

a’(0)=¢’(0)=9'(0)=0
To prove this theorem, we start by proving the following result, only for G-invariant tensors.
Theorem B.2. Let p € R. There exists tg > 0 such that, for all ag, Py € R, there exists an analytic G-invariant symmetric
(0,2)-tensor T = a(t)dt> + ¢(t)f (t)*g" + p(t)h(t)>g' (t €[0,t5]) such that

AT =uT

a(0) = ¢(0) = ag

P(0) =1

a’(0)=¢’(0)=4(0)=0

However, the solution is not unique.

Proof. We recall that the equation can be written as

_au(t)_(kf%+l%’)a’(t)+2(A+k]}’22 +l};l—’22)a(t)+2k(f7”—]J((f)qb(t)+2l(h7”—Z—’j)lp(t):ya(t)
. ’ % k 72 ” W
L e [LU R (K PR MUV
’ 7 _ 72 7 72 71,7
_¢”(t)—(kj%+l%)1,b’(t)+(21\—21h—21+21};1—2)1p(t)+2(%—};l—) (t)+2kJ;Z (t) = pp(t)
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for T = a(t)dt? + (1) (t)*g" + P(t)h(t)’g".
We set:
Y = (a,ta, ¢, 1", t9")" = (91,
We have:
, 1
V1= _}’2'
v, =ta’+a
h'? 2kf? £ v 2
:y—:—H}}2+t(2A+21h—2)y1+ { f2y1+2ktf7y3_
1
Y3 = ty4’
yi — (P’-{—t(l)”
e WP AR
= Hyy+ 2tAys + —— f2 V3 ; f2y3+2t 7 11—
1
Y5 = —}’6:
, A2 2(l-1) 2
y6:y——Hy6+2tAy5+ hzys_ ¢ h2y5

Hence, this system can be written as Y’ =

since f(0)=0, f’(0) =1, h(0) =

Let

We have:

%A(t)Y with A analytic at 0

We rewrite the differential equation as

tY = A(t)Y(t

v6)”

f/2 t2

tf2

f?

2t Iz

72

0 1 0 0 0 0
2k 1-k =2k 0 0 0
0 0 0 1 0 0
A=l o 2 1.k 0 o0
0 0 0 0 0 1
0 0 0 0 0 1-k
2
0
0
J= k-1 '
1-k
1-k
2k 2
-k 02 X 0o &
2k 0 0 -2k 0 2
2 2
p_ L1 02 g o0 =
2l 2 o o0 2 0o 2
2
0 20 0 % 0
0 00 0 2 0
A(0)=PJP7L.

)
=AY (t)+ (A(t) = Ag) Y (b).

Let M(t) = A ) AW Since A is analytic at 0, M is analytic as well. Thus:

tY' = AgY(t)+tM(t)Y ().
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Let V = P~'Y and B(t) = P! M(t)P. We have:
tV'(t)=JV(t) +tB(t)V(¢). (11)

Since B(t) is analytic at 0, there exists tg > 0 such that

+00
Vte[0,tg), B(t)= ZBptP.
p=0

We are looking for analytic solutions. We write

+00
V(t) = ZVnt".
n=0

Thus, (11) yields

+00

ZnVnt” :]Vo+it”
=

n=1 1

n—

1
]Vn + Zanlfpr

p=0

Comparing the coefficients of equal powers of ¢, we obtain
JVo=0

n-1
12
(I =)Vi=Y BiiyVy (12)
p=0
Hence, we must take V € ker(J) = {(0,a,,0,0,0)7, a,p € R}. We now fix &, f € Rand V; = (0,a,,0,0,0)7?

Then, we can define V; by
Vi=(I-])"'ByVp

since 1 is not an eigenvalue of J.
One easily checks that A’(0) = 0 (since f”(0) = 0 due to (2)). Hence V; = 0.

However, to define V,, the situation is more delicate since 2 is an eigenvalue of J. Let

1
R=B,Vy+ByV, =BV, = EP—IA”(O)PVO.
We need to show that there exists a solution to the equation:
(2I-))X =R
Therefore, we need to show that R € im(2I —J).
0
2
2
A== k+3
k+1
k+1
Hence, im(2I —J) = {0} x R>. Therefore, we need to show that R; = 0.
Let & =4A -2p.
We have A”(0) =
0 0 0 0 0 0
7 ” h”(0 " h”(0
g+ o) ~Zf(0)- 200 &k £7(0) 0 a0 0
0 0 0 0 0 0
” ” 7”7 h”(0 h”(0
477(0) 0 E+(4k-4)f70) -Zf70) -2 420 0
0 0 0 0 0 0
h”(0) h”(0) 40-1) 2k g h”(0)
40 0 a0 0 g- 2 2k prg) -2t
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We just need to know the first line of B;. A direct computation shows that

Ll (Bl) = (*, 0, 0, *, 0, 0)

In particular, for all «, € R, we obtain:
Rl = 0

Thus, R € im(2I —]), and we can choose V, € R® such that

(2I-])V, =R

Then, since (nI —J) is invertible for all n > 3, we recursively define the sequence (V},) using (12). We note that the
solution is not unique, due to the choice of V.

Finally, Theorem 5.3 in [Was18] proves that the power series }_ V" converges for all t < tp.

We now examine the initial conditions. Since Y = PV,

-k 02 Z 0 )0 B
2k 0 0 -2k 0 2 |la 0
111 0 2 -2 0o X||B B

= = — k+1 1-k —
YO =PVo=31 5 o o 3 o 2 ({lo["|of
0 20 0 % o]0 o
0 0 0 0 2 0 J\0 0

Moreover, Y’(0) = 0 thus, 4’(0) = ¢’(0) = ¢’(0) = 0.
Consequently, a(0) = ¢(0) = B € R, a’(0) =0, ¢’(0) =0, (0) =« € Rand ¢’(0) = 0.

O
We want to study traceless and transverse tensors. These assumptions add two additional conditions:
a+kp+1p =0,
7 h’
a’+Ha—kf7¢—lE1,b =0.
LetF=a+k¢+Ipand D = a’+Ha—ka,¢—l%/1,b.
The following lemma will be needed.
Lemma B.3. F and D satisfy
F”+HF' +uF =0,
D”+HD’+(H'+u)D = 0.
Proof. Both identities follow directly from A; T = uT and the Einstein equations. O

Now, we are looking for some conditions on 4y and 1, to have T € %(%(M ).

Proof of Theorem 5.2. We denote by a;, f;, and h; the i-th derivative of g, f, h evaluated at 0.

With the previous lemma, the two functions F and D must satisfy

We have:

F(0) = (k+ 1)ag + Iy,
F'(0)=ay +kdpy + 11y,
D(0) =a; +k(a; — ¢1).

However, D’(0) also depends on a”(0), and we cannot replace it using (8).
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Indeed,
_k+2

D'(0)==

k h
az — §¢2 + 172(610 — o).
We also have, with the equation (8) (this expression is well defined since a; = ¢; = 0):

h
ay +kdy =—pag - 2172(“0 =)

Combining these two identities yields

k+3 H

lh
52 =50~ 272(% — o).

Finally, using the traceless condition F(0) = 0, we can replace 1.

k+3 h
5 azz—gao—Zd%uo. (13)

Thus, we obtain the following conditions

$o = ag

o =5 g,
And, T is transverse if and only if (13) is satisfied. The idea is to exploit the analyticity of the solution, and also the
fact that 2 is an eigenvalue of J. We must find an eigenvector to obtain the desired value for a,.

The solution Y can be written:

+00
Y(t) = ZYnt”.
n=0

[Y2]; = uTm)
We also have
Y2:PV2 (21—])V2:R

We compute R:

0

Q.

k-1
S

2R=P'A”(0)Yo=|%—1 |,
0
Q
S
with
S :=B(E+4kf(0)) + 4al hT(O) = —2a0pt—4h }_io)(A +1)ag

(the last equality is a consequence of (2) in t = 0) an

Q:=4p(1+ k)h”(o) + a(g Ul )

where f =agand a = ¢y = —k%lao.

Therefore,
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0 1 0
Q
2 =
¢ k—1
2 V3 1 S
=51k-11
k+3 Vg 2 0
k+1 Vs Q
k+1 Ve S
Moreover,
2k
-k 0 2 sl 0 -k V1
-2k 0 0 -2k 0 2 |lv,
111 02 -2 0 ZX|lvs
Y, =PV, = — k+1 -k
2 27212 o0 2 0 2 ||vs
0 20 0 X 0
0 0 0 0 2 0 )J\ve
Hence,
1 k 2
[Y2]1 = E(—kvl + 2’[/3 + k+—1v4 + m'[%)
1 1 S 1
L A —s).
2( EE ) S T s
Thus, T € %(%(M) if and only if
———ay—4d = =—k ———+ ——S.
k37 k3 OT T T ko Tk

Therefore, if we set:

=

1 2 ]’lz 1 S 1 2(10

_ |7 - — _ 1\ 2
e P T A S A e k(k+1)(k+3)( prdik DE)’

Te 7TGT(M), and it is the only choice.
This concludes the proof of Theorem 5.2. O

C Python code

Since the coefficients diverge at t = 0, we compute an approximation of the solution from T_init > 0, and then we
can solve the equation using solve_ivp. We first solve the Einstein equations. The values of h are determined using
Wang’s code [Wan26] (some of the values are in the code), and then we can solve Ay T = uT.

We do not solve the system with 6 equations, because using the traceless condition, we need only track ¢ and .
Moreover, the transverse condition lets us eliminate 1)’, hence we just solve an equation of the following form:

Y’ =5(Y),
with Y = (¢, t¢p’, )T
import numpy as np
from scipy.integrate import solve_ivp
import matplotlib.pyplot as plt

plt.close("all")
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k,1=2,2
d=k+1+1
Lam=k+1

ao=1.0
psi@=-(k+1)/1*a0
alpha,beta=psio, a0

Omega=42.4756543567637 # \bar h = \sqrt{l-13}/Omega
# Some values of Omega (obtained using Q.S. Wang's code)

# ==== k=2, 1=2 ====

#standard product: sqrt(Lambda)
#product 1: 8.48950409449637
#product 2: 42.4756543567637
#product 3: 271.836709312228

==== k=3, 1=2 ====
#standard product: sqrt(Lambda)
#product 1: 7.914353185403161
#product 2: 37.19215141230961

# ==== k=2, 1=3 ====

#standard product: sqrt(Lambda)
#product 1: 9.776871812879108
#product 2: 46.82379512616899

hbar=np.sqrt(1-1)/0mega

T_geom=1e-5 # initial time for solving Einstein equations

T_init=1e-4 # initial time for the eigentensor

T_max=2.5

Rtol_G,Atol_G=1e-13, 1e-16 # tolerance parameters for the integration of the Einstein equations
Rtol_T,Atol_T=1e-11, 1e-13 # tolerance for the integration of the eigenvalue equation

mu_min,mu_max,N_scan=-25,2,200 # Min/max value of the eigenvalue mu and number of points

def EinF(f,fp,h,hp):
return fx(-Lam+(k-1)*(1-fp**2)/f**2-1xfpxhp/(f*h))

def EinH(f,fp,h,hp):
return hx(-Lam+(1-1)*(1-hp**2)/h*x2-k*fpxhp/(f*h))

def taylor_coeffs(hini):
h2=(-Lam*hini+(1-1)/hini)/(k+1)
f3=-Lam/k-(1/k)*(h2/hini)
return h2,f3

def systemEE(t,Y):
f,fp,h,hp=Y
return [fp, EinF(f,fp,h,hp),hp, EinH(f,fp,h,hp)]

def solve_EE(hini):
h2, f3_ = taylor_coeffs(hini)
t = T_geom
YO = [t + f3_ * t*x*x3 / 6, 1 + f3_ x txx2 / 2,
hini + h2 *x tx*2 / 2, h2 * t]
return solve_ivp(systemEE,
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(t, T_max), YO, method="DOP853",

rtol=Rtol_G, atol=Atol_G, dense_output=True)

def dicho(fun, ta, tb, tol=l1e-12):
fa, fb=fun(ta), fun(tb)
if faxfb>0:
return None
while tb-ta>tol:
tm=0.5*(ta+tb)
fm=fun(tm)
if fm==0.0:
return tm
if faxfm<o:
tb, fb=tm, fm
else:
ta,fa=tm, fm
return 0.5x(ta+tb)

def first_zero(fun, ta, tb, n=5000,tol=1e-12):
ts = np.linspace(ta, tb, n)
v = fun(ts)
i=0
while i<n-1 and v[i]*v[i+1]1>0 :
i+=1
if i>=n-1:
return None
return dicho(fun,ts[i],ts[i+1],tol)

def find_tstar(sol):

return first_zero(lambda t: sol.sol(t)[1], Te-3, T_max)

sol_geom=solve_EE (hbar)
tstar=find_tstar(sol_geom)

f_ts,_,h_ts,_=sol_geom.sol(tstar)
F2=-Lam+(k-1)/f_ts**2 # ' /f(tx)
H2=-Lam+(1-1)/h_ts**2 # h''/h(t*)

h2z, f3 = taylor_coeffs(hbar)
c =d * h2z / hbar

def order2_coeffs(mu):
xi=4xLam-2*mu
S=beta*(xi+4xkxf3)+4*xalphaxlxh2z/hbar

Q=4xbetax(1+k)*h2z/hbar+alpha* (xi-4*(1-1)/hbar*2)

v1=2xa0x (-mu+(k-1)*c)/ (k*(k+1)*(k+3))
return S,Q,v1+S/(2x(k+1)),Q/(2x(k+1))

# ========== Solving the eigenvalue equation ===

def t_psip(t,wl,w2,w3): #Returns t*psi'(t), obtained from the TT conditions

f,fp,h,hp=sol_geom.sol(t)
tf,th=fp/f,hp/h
tH=tx(kxtf+1xth)

return -(k/1)*(tH+t*tf)*wl-(k/1)*w2-(tH+txth)*w3

def integrate(mu):
_, _, phi2, psi2 = order2_coeffs(mu)

WO = np.array([a0+0.5%phi2*T_init*x2, phi2*T_init**2,psi0+0.5%psi2*T_init**2])

def syst(t,W):
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def

def

def

wl,w2,w3=W

f,fp,h,hp=sol_geom.sol(t)

fpp=EinF (f,fp,h,hp)
tf,th=fp/f,hp/h
Af=fpp/f-tfx*2
tH=t* (kxtf+1xth)

B1=(t**2)*(2*xLam-2%(k-1) /f**2+2xk*xtf*x2-2xk*Af)
B2=(t**2)*(2*1*tf*th-2x1xAf)

tpsip=t_psip(t,wl,w2,w3)

return (w2/t, ((B1-muxt*x2)xwl+(1-tH)*w2+B2*w3)/t, tpsip/t)

return solve_ivp(syst,(T_init, tstar),W0,method="DOP853",rtol=Rtol_T,atol=Atol_T,dense_output=True)

eval_t_star(mu):
Y0,Y1,Y2 = integrate(mu).y[:

, 1]

return Y0,Y1/tstar,Y2,t_psip(tstar,YQ,Y1,Y2)/tstar

F_e(mu):
return eval_t_star(mu)[3]

F_o(mu):
phi,_,psi,_=eval_t_star(mu)

return kx(H2-Lam+mu)*phi-1x(F2-Lam+mu)*psi

mus=np.linspace(mu_min,mu_max,N_scan)
even_vals=np.array([F_e(m) for m in mus])
odd_vals=np.array([F_o(m) for m in mus])

def

search_roots(fun, vals):
ind=[]
for i in range(len(vals)-1):
if vals[iJ]xvals[i+1]<0:
ind.append(i)
list_roots=[]
for i in ind:

list_roots.append(dicho(fun,mus[i],mus[i+1]))

return list_roots

roots_even=search_roots(F_e,even_vals)
roots_odd=search_roots(F_o,odd_vals)

def

def

eigentensor(mu,n=1500):
sol=integrate(mu)
tt=np.linspace(T_init, tstar,
Y=sol.sol(tt)
phi,psi=Y[0],Y[2]
a_=-k*phi-1*psi

return tt,phi,psi,a_

plot_full(mu, parity, ax):

n)

tt,phi,psi,a_=eigentensor(mu)

if parity=="even":
s=1

else:
s=-1

tt_full=np.concatenate([tt,2xtstar-tt[::-1]11) # mirror the grid

phi_full=np.concatenate([phi,s*phi[::-1]1])
psi_full=np.concatenate([psi, s*psil::-11]1)

a_full=np.concatenate([a_,

sxa_[::-111)

# We extend the eigentensor to the entire manifold
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ax.plot(tt_full,phi_full,label=r"$\phi$")
ax.plot(tt_full,psi_full,label=r"$\psi$")
ax.plot(tt_full,a_full,label=r"$a$")

ax.axvline(tstar,color="k",1w=0.5,1s=":")
ax.legend();ax.set_xlabel("t")

fig, axes = plt.subplots(1,2,figsize=(16, 4.5))

axes[0].plot(mus,even_vals,".-",1w=0.8,ms=2, label=
axes[0].plot(mus,odd_vals,”.-",1w=0.8,ms=2,1label=r"$F_o$ (odd)")

axes[0].axhline(0,color="k",1w=0.5)
for r in roots_even:

axes[0].axvline(r,color="r",1s="--"1w=0.8)
for r in roots_odd:
axes[0].axvline(r,color="g",61s="--"1w=0.8)

axes[0].set_yscale("symlog”, linthresh=1e-3)
axes[0].set_xlabel(r"$\mus$"); axes[0@].legend()
axes[0].set_title("Plot of $F_e$ and $F_o$")

mu_show, parity = min([(r,'even') for r in roots_even]+[(r,'odd') for r in roots_odd])

plot_full(mu_show, parity, axes[1])
axes[1].set_title(rf"Eigentensor ({parity}), $\mu

fig.suptitle(r"Second Bohm metric $g_2$ for $k=2$
fig.tight_layout()
plt.show()

r'$F_e$ (even)")

= {mu_show: .6f}$")

and $1=2%", fontsize=16)
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