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Abstract

This text is divided into four main parts, with the underlying theme of Collapse in

Riemannian Geometry.

Section 1 (authored by Albert Wood) is devoted to a short introduction of the basic

notions of Riemannian geometry, including the covariant derivative, curvature, and

Riemannian submersions.

Sections 2 & 3 (authored by Joe Swinson) provide an exposition of the basics of Gro-

mov and Cheeger's theory of collapse with bounded curvature. The emphasis is on

motivation and basic examples, with indications of the more general theory towards

the end of Section 3.

Section 4 (authored by Albert Wood) provides a digression concerning di�erential

analysis of Riemannian manifolds, in particular the theory of elliptic PDEs. We give

a su�cient condition for solvability of elliptic PDE problems, after looking at the

motivational example of Poisson's equation.

Finally, in Section 5 (authored by Fabian Lehmann) we provide an exposition of

Foscolo's recent paper ([12]) on collapsing hyperkähler metrics on a K3 surface.
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1 Riemannian Geometry

In this section, we aim to give an introduction to the main characters of the story, namely

Riemannian manifolds and maps between them, and various related notions of curvature.

1.1 A Very Brief Introduction to Riemannian Geometry

Riemannian geometry is the study of manifolds (Hausdor� and paracompact topological

spaces which are locally homeomorphic to Rn) equipped with a Riemannian metric,

which is a tool that allows us to calculate distances and angles. Explicitly, a Riemannian

metric g on a manifold M is a smooth choice of inner product on every tangent space

TpM (It is usually denoted x�, �yg, x�, �y, or gp�, �q.

The intuition behind de�ning a metric on the tangent spaces of a manifold instead of

trying to create a distance directly on the surface of the manifold is that the tangent

spaces are where the velocity vectors lie, and in Euclidean space, the length and direction

of the velocity vectors (e.g. of a smooth path) tell us everything. For example, the length

of a smooth path γ : r0, 1s Ñ Rn is found by integrating the size of the velocity,

Lpγq �
» 1

0
|γ1ptq|dt,

and the (extrinsic) curvature is given by

κ �
|T 1ptq|
|γ1ptq|

,

where T ptq is the unit tangent vector to the curve.

The directional derivative of a function f : M Ñ R makes sense once one has made

rigorous the notion of tangent spaces to a manifold. However, problems arise when one

attempts to take a second derivative, as di�erent tangent spaces are not as easily identi�ed

as in Euclidean space, and so we cannot directly compare derivative vectors at di�erent

points on the manifold. The solution to this is the concept of a connection, which creates

a notion of the derivative of a vector �eld X P ΓpTMq:

De�nition 1.1. A connection ∇ on a Riemannian manifold M is a mapping

∇ : ΓpTMq � ΓpTMq Ñ ΓpTMq

that is R-bilinear, satisfying the following properties:

• ∇fX�gY Z � f∇XZ � g∇Y Z,

• ∇XpfY q � f∇XY �XpfqY.

3



In fact we can demand two extra properties of the connection, and if we do, there is a

unique choice:

Theorem 1.2. For a Riemannian manifold pM, gq, there is a unique connection, the

Levi-Civita connection, satisfying the following extra properties:

• rX,Y s � p∇XY �∇YXq � 0 (Torsion-free) ,

• X � xY, Zyg � x∇XY, Zyg � xX,∇Y Zyg (Compatibility with g) .

Proof. We follow the proof in [3]. Suppose initially the existence of such a connection, ∇.
Then:

XxY,Zyg � x∇XY,Zyg, xY �∇XZyg,

along with similar identities with the letters permuted. Then, using the torsion-free prop-

erty:

XxY, Zy � Y xZ,Xy � ZxX,Y y

� x∇Y Z �∇ZY,Xy � x∇XZ �∇ZX,Y y � x∇XY �∇YX,Zy

� xrY, Zs, Xy � xrX,Zs, Y y � x2∇XY � rX,Y s, Zy,

and this implies the Koszul Formula for the Levi-Civita connection:

2x∇XY,Zy � XxY,Zy � Y xX,Zy � ZxX,Y y � xrX,Y s, Zy � xrX,Zs, Y y � xrY,Zs, Xy.

This proves uniqueness, since this expression is uniquely determined. But working back-

wards, if we de�ne ∇ by this formula, it will have all the properties required.

From now on, unless speci�ed, we will be working with the Levi-Civita connection exclu-

sively. A remark: a vector �eld Y on M � Rn may be considered simply as an Rn-valued
function on M with Y ppq tangential to M at each p P M . It turns out that for vector

�elds X,Y onM � Rn, ∇XY equals the orthogonal projection toM of the componentwise

time-derivative of Y along a �ow of X. For this reason, ∇ is often called the covariant

derivative.

A �nal comment is that it will be useful to work with tensors other than vector �elds, and

to take derivatives of them as well. The connection provides us with a unique way to do

that, if we simply demand that the covariant derivative commutes with tensor contraction:

∇XpT pXqq � ∇Xpcont.pT bXqq

� cont.p∇XpT bXqq,
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and satis�es the tensor Leibniz rule:

∇XpT1 b T2q � ∇XT1 b T2 � T1 b∇XT2.

As an example, it will often be valuable to think of the covariant derivative as an operator

∇, taking vector �elds to p1, 1q tensors: ∇XpY q :� ∇Y pXq, analogously to the exterior

derivative, or Jacobean matrix of Euclidean space. Then, the derivative ∇Xp∇Zq should
be de�ned as follows:

∇Xp∇ZqpY q � cont.p∇Xp∇Zq b Y q

� cont.p∇Xp∇Z b Y q �∇Z b∇XY q

� ∇Xp∇Y Zq �∇∇XY Z,

and then the second covariant derivative, ∇∇, is a p1, 2q-tensor de�ned by:

∇∇ZpX,Y q :� ∇Xp∇ZqpY q � ∇Xp∇Y Zq �∇∇XY Z.

1.2 Curvature

Now we have our main geometric tools, it is time to de�ne the various notions of curvature

of a manifold. This is a concept that has gone through many iterations, and the �nished

product (the Riemannian curvature tensor) seems initially very abstract and removed from

the intuition. It has the advantage of being a strong concept, in that many other familiar

and useful intrinsic curvatures can be derived from it.

1.2.1 The Curvature Tensor and Sectional Curvature

De�nition 1.3. The Riemannian curvature tensor R associated to a Riemannian

manifold pM, gq is a correspondence associating a vector �eld to every triple of vector

�elds:

R : ΓpTMq3 Ñ ΓpTMq,

given explicitly by

RpX,Y qZ :�
�
∇rX,Y s � p∇X∇Y �∇Y∇Xq

�
Z.

We often make R into a p0, 4q-tensor using the inner product:

RpX,Y, Z, T q :� xRpX,Y qZ, T yg.

The sectional curvature is a function

K : G2pMq Ñ R,
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(where G2pMq is the 2-Grassmannian of M), de�ned on a pair of vectors at a point by:

Kpx, yq :�
Rmpx, y, x, yq

xx^y, x^yyg
�

Rmpx, y, x, yq

xx, xygxy, yyg � xx, yy2g
.

Both Kp and Rp only depend on the values of the input vector �elds at the point p. It

turns out that Rpx, yqz describes the �in�nitesimal holonomy� of Z around a parallelogram

spanned by x, y at nearby points (for more information on this viewpoint, see for example

[26]), while the sectional curvature Kppx, yq equals the Gaussian curvature at p of the

plane swept out by geodesics starting in directions ax� by at p, for a, b P R.

This notion gives us exactly what we would expect for the classical examples - e.g the

sphere Sn � Rn has constant curvature 1 and the hyperbolic plane Hn has constant

curvature �1 (for a proof, see [28], chapter 3). As a simple example of working with

curvature, we look at the curvature tensor of a product manifold.

Theorem 1.4. Let M �M1�M2 be the Riemannian product of M1 and M2, i.e if g1, g2

are the metrics on M1,M2 respectively, and X P ΓpTMq decomposes into X � X1 �X2

for projections Xi P ΓpTMiq, then

gpX1 �X2, Y1 � Y2q :� g1pX1, Y1q � g2pX2, Y2q.

Then, the Riemannian curvature tensor of M is given by

RpX1 �X2, Y1 � Y2, Z1 � Z2, T1 � T2q � R1pX1, Y1, Z1, T1q �R2pX2, Y2, Z2, T2q,

for Xi, Yi, Zi, Ti P ΓpTMiq.

Proof. From the de�nition of a Riemannian product, we have the formula

xX1 �X2, Y1 � Y2yg � xX1, Y1yg1 � xX2, Y2yg2 .

Using a mixture of local coordinates and the Koszul formula from the proof of Theorem

1.2, it is then easy to establish the intermediary results:

• rX1 �X2, Y1 � Y2s � rX1, Y1s1 � rX2, Y2s2

• ∇X1�X2pY1 � Y2q � ∇1
X1
Y1 �∇2

X2
Y2.
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The result follows from direct calculation:

RpX1 �X2, Y1 � Y2, Z1 � Z2, T1 � T2q

� xRpX1 �X2, Y1 � Y2qpZ1 � Z2q, T1 � T2yg

� x∇rX1�X2,Y1�Y2spZ1 � Z2q �∇X1�X2∇Y1�Y2pZ1 � Z2q �∇Y1�Y2∇X1�X2pZ1 � Z2q, T1 � T2yg

� x∇rX1,Y1s�rX2,Y2spZ1 � Z2q �∇X1�X2p∇Y1Z1 �∇Y2Z2q �∇Y1�Y2p∇X1Z1 �∇X2Z2q, T1 � T2yg

� x∇rX1, Y1sZ1 �∇rX2, Y2sZ2 �∇X1∇Y1Z1 �∇X2∇Y2Z2 �∇Y1∇X1Z1 �∇Y2∇X2Z2, T1 � T2yg

� R1pX1, Y1, Z1, T1q �R2pX2, Y2, Z2, T2q.

A basic application of this theorem is that the n-torus pS1qn, equipped with the product

metric, is �at, since S1 is �at. As a more complicated application, let us examine the

sectional curvatures of S2 � S2. So as to distinguish between the spaces, let M1 and M2

be the two distinct copies of S2.

From the above theorem, given X,Y � X1 � X2, Y1 � Y2 orthonormal in ΓpTMq, the

sectional curvature is given by:

KpX,Y q � RpX,Y,X, Y q

� R1pX1, Y1, X1, Y1q �R2pX2, Y2, X2, Y2q

� KpX1, Y1q � gpX1^Y1, X1^Y1q �KpX2, Y2q � gpX2^Y2, X2^Y2q

� gpX1^Y1, X1^Y1q � gpX2^Y2, X2^Y2q

�
2̧

i�1

�
‖Xi‖g‖Yi‖g � xXi, Yiy

2
g

	
,

as the sphere has constant curvature 1. Since ‖X‖g � 1, we must have

‖X1‖g � cospφXq, ‖X2‖g � sinpφXq,

and similarly for Y . Then,

KpX,Y q � cospφXq cospφY q � sinpφXq sinpφY q � pxX1, Y1y
2
g � xX2, Y2y

2
gq.

Since gpXi^Yi, Xi^Yiq must be positive, it follows that KpX,Y q is between 0 and 1. To

demonstrate that these bounds are sharp,

• Consider the situation where φX � 0 and φY � 0 - this corresponds to X,Y P

ΓpTM1q. Then cospφXq � cospφY q � 1, so

KpX,Y q � 1.
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• Consider the situation where φX � 0 and φY �
π
2 - this corresponds to X P ΓpTM1q

and Y P ΓpTM2q. Then sinpφXq � cospφY q � 0 and X2 � Y1 � 0, so

KpX,Y q � 0.

We will later look at more intricate examples of calculating sectional curvature, for example

in Section 2.2 when we calculate the curvature of the Berger sphere, and in section 2.3

when we calculate the curvature of the Heisenberg group.

1.2.2 Ricci and Scalar Curvature

De�nition 1.5. The Ricci curvature is de�ned as a trace of the curvature tensor:

Ricpx, yq � TrpRpx, �qyq.

Componentwise, we have a p0, 2q-tensor:

Ric � Rijdx
i^dxj ,

where

Rik �
ņ

j�1

Rjijk.

Often we take the quadratic form viewpoint, and say that the Ricci curvature of X is

RicpX,Xq.

The Riemannian curvature tensor has a high number of symmetries, and in fact the Ricci

curvature is the only (nonzero) quadratic form that one can wring from it. Another

important fact about Ricci curvature is that it is simply the sum of the sectional curvatures

through the vector in question:

Lemma 1.6. If u P TpM , and tu, e2, . . . , enu is the completion of u to an orthonormal

basis of TpM , then:

Ricpu, uq �
ņ

i�2

Kpu, eiq.

Proof. This follows directly from the de�nition. Since, for orthonormal ei, ej , we have

Rpei, ej , ei, ejq � Kpei, ejq,

it then follows that

Ricpu, uq � Rpu, u, u, uq �
ņ

i�2

Rpu, ei, u, eiq

�
ņ

i�2

Kpu, eiq.
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Therefore we can think of Ricci curvature as pn�1q times the average sectional curvature

of planes through the vector u.

There is another geometric interpretation of the Ricci curvature. Near any point m in

a Riemannian manifold, we can pick local coordinates such that geodesics through m

correspond to straight lines through the origin - these are geodesic normal coordinates.

With respect to these coordinates, taking a nearby point x � px1, x2, . . . , xnq, we can

expand the metric tensor, we �nd that there is no �rst order term, and the second order

term is controlled by the curvature:

Theorem 1.7. With respect to geodesic normal coordinates aroundm PM , the coe�cients

of the Taylor expansion of gijpxq around x � 0 may be expressed using components of the

curvature tensor and its covariant derivatives. Explicitly, up to order 2,

gijpxq � δij �
1

3
Rijklpmqx

kxl �O
�
|x|3
�
.

It follows that the volume element of the manifold is locally given by

dvolg �
�

1�
1

6
Rjkx

jxk �O
�
|x|3
�	
dx1^ . . .^dxn.

Proof. To prove this statement we require the theory of Jacobi Fields, which are the

variation vector �elds of geodesics. For a full treatment of Jacobi �elds, see [3] or [28]. All

we need is the following: If γptq is a geodesic, and γsptq a geodesic variation, such that

γ0ptq � γptq. Then:

Jptq :� Bsγsptq

is the Jacobi �eld associated to the variation, and it satis�es the following di�erential

equation, the Jacobi equation:

∇2
BsJptq �Rp 9γptq, Jptqq 9γptq � 0.

Now, we Taylor expand gij . Take a point x � px1, . . . , xnq PM near m, and set

gijptq :� gijptx
1, . . . , txnq.

Note that

γptq :� ptx1, . . . , txnq

is a geodesic since we are in geodesic normal coordinates, and

γsptq :� ptx1, . . . , tpxi � sq, . . . , txnq
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is a geodesic variation. The variation vector �eld

Yiptq :� Bsγsptq � tBi|γptq (1)

is a Jacobi �eld, so it satis�es the Jacobi equation:

∇2
BtYiptq �Rp 9γptq, Jptqq 9γptq � 0. (2)

Also, using (1),

t2gijptq � xYiptq, Yjptqyg. (3)

Now, if we di�erentiate (2) and (3), we inductively obtain:

kpk � 1qg
pk�2q
ij ptq � 2ktg

pk�1q
ij ptq � t2g

pkq
ij ptq �

ķ

l�0

�
k

l



x∇k�lBt Yiptq,∇lBtYjptqyg (4)

and

∇kBtYiptq �
k�2̧

l�0

�
k � 2

l



p∇k�2�l

Bt Rqp 9γptq,∇lBtYiptqq 9γptq � 0, (5)

the �rst equation following from the compatibility of the connection with the metric, and

the second following from the de�nition of covariant derivative of general tensors, and the

fact that ∇Btp 9γptqq � 0, since γ is a geodesic.

Now, we already know that

Yip0q � 0,

∇BtYip0q � Bi|γptq.

Using (5),

∇2
BtYip0q � �Rp 9γp0q, Yip0qq 9γp0q � 0,

∇3
BtYip0q � �

1̧

l�0

�
1

l



p∇1�l

Bt Rqp 9γp0q,∇
l
BtYiptq|t�0q 9γp0q

� �∇BtRp 9γp0q, Yip0qq 9γp0q �Rp 9γp0q,∇BtYiptq|t�0q 9γptq

� �
¸
k,l

RpxkBk|m, Bi|mqx
lBl|m

� �Rmkilx
kxlBm.

We can then use (4) to calculate the derivatives of gij with respect to t (everything is

evaluated at t � 0):
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gijptq � δij ,

6g
p1q
ij ptq � �3tg

p2q
ij ptq � t2g

p3q
ij ptq �

3̧

l�0

�
3

l



x∇3�l

Bt Yiptq,∇
l
BtYjptqyg

� 0,

12g
p2q
ij ptq � 4x∇3

BtYiptq, Bjyg � 4xBi,∇3
BtYjptqyg

� 4xRmkilx
kxlBm, Bjyg � 4xBi, R

m
kjlx

kxlBmyg

� 4Rjkilx
kxl � 4Rikjlx

kxl

� 8Rjkilx
kxl.

Finally, we can plug these values into a Taylor expansion of gijptq to obtain the result:

gijpxq � gijp1q � δij �
1

3
Rjkilx

kxl �O
�
|x|3
�
.

As for the volume form, for a Riemannian manifold , the volume form is given by

dvol �
b
detpgijqdx

1^ . . .^dxn,

so this result follows immediately.

Therefore, Ricci curvature �controls the local growth of balls� within the manifold.

The �nal important notion of curvature is the (quite weak) Scalar curvature. This is the

trace of the Ricci curvature:

ScalppMq :�
ņ

i�1

Ricpei, eiq,

where teiu is an orthonormal basis for TpM . Intuitively, the scalar curvature gives a

number representing the �average� curvature - this is literally true if we divide by pn� 1q

(to turn Ricci into an average of sectional curvatures) and also by n to average out these

averages. We give an example of calculating the Ricci and Scalar curvatures in the next

section.

1.3 Riemannian Submersions

Intuitively, if we collapse a manifold by a quotient construction (in a metric-preserving

way), the curvature can only increase. We formalise and prove this statement, by making

speci�c what is meant by `metric-preserving' and giving a precise formula for curvature of

the resulting manifold.
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If p : p�M, rgq Ñ pM, gq is a mapping of Riemannian manifolds, we say it is a Riemannian

submersion if, for all m̃ P �M :

• p is surjective,

• dpm̃ : kerpdpm̃q
K Ñ Tppm̃qpMq is an isometry.

Intuitively, a Riemannian submersion is locally an orthogonal projection, killing a `vertical'

subspace of every tangent space and preserving a `horizontal' subspace. More precisely,

Tm̃�M � Hm̃�M ` Vm̃�M,

where we de�ne the horizontal subspace

Hm̃�M :� kerpdpm̃q
K

and the vertical subspace

Vm̃�M :� kerpdpm̃q.

A useful alternative characterisation of the vertical subspace is the following:

Lemma 1.8. A vector �eld U P ΓpT�Mq is vertical if and only if

Upf � pq � 0

for any function f on M .

A very important facet of this construction is that any vector �eld X P ΓpTMq can be

lifted to a unique horizontal vector �eld

rX P ΓpT�Mq, rXV � 0,

where rXV denotes the vertical component of rX.

1.3.1 Examples of Riemannian Submersions

Since a Riemannian submersion is `locally a product', an obvious example is the projection

from a product manifold down to one of its factors:

π1 : M1 �M2 ÑM1.

More complicated examples are given by quotient constructions arising from Lie group

actions:

Theorem 1.9 (Quotient of a Manifold by a Lie Group Action). Let p�M, rgq be a Rieman-

nian manifold, and G be a Lie group of isometries acting freely (@x P �M, Stabpxq � teu)
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and properly (for compact K � �M , tg P G : gKXK � Hu is precompact).

Then M :�
�M
G is a manifold,

p : �M ÑM

is a �bration, and there exists a unique Riemannian metric g on M such that p is a

Riemannian submersion.

As a key example of the above that we will discuss in detail, consider the complex projective

plane CPn, de�ned as a quotient

CPn :�
S2n�1

S1
,

where we consider S2n�1 as the norm-1 subset of Cn�1 and the S1 action is given by

eiθ � pz1, . . . zn�1q :� peiθz1, . . . , e
iθzn�1q.

This satis�es all the criteria for Theorem 1.9, since the circle action is free and S1 is a

compact Lie group. Therefore the quotient is a Riemannian submersion. The horizontal

and vertical space are given by:

Hm̃S2n�1 � tx P Cn�1 : xm̃, xyR � xi � m̃, xyR � 0u

� tx P Cn�1 : xm̃, xyC � 0u,

Vm̃S2n�1 � tki � m̃ : k P Ru,

where the real inner product x�, �yR treats x P Cn as an element of R2n, and the complex

inner product x�, �yC is de�ned in the usual way:

For x, y P Cn, xx, yyC :� x̄T y.

1.3.2 Curvature of a Riemannian Submersion

We now would like to describe the curvature of submersions in terms of the covering man-

ifold. We start with the most simple example - a Riemannian product.

We have seen from the previous chapter that the sectional curvature of a product manifold

M �M1 �M2 is given by

KpX1 �X2, Y1 � Y2q � K1pX1, Y1q � g1pX1 ^ Y1q �K2pX2, Y2q � g2pX2 ^ Y2q.

Now consider the Riemannian submersion given by the projection map:

π1 : M ÑM1.
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Then the horizontal lift �X1 of a vector �eld X1 P ΓpTM1q is simply X1, considered as a

vector �eld in ΓpTMq. Then using the above formula, we see that the sectional curvature

is unchanged by a horizontal lift:

Kp�X1,�Y1q � K1pX1, Y1q.

Therefore the curvature can be completely recovered from the original space.

It is in general untrue that given a submersion p : �M Ñ M , the curvature can be found

just by lifting, i.e. it isn't generally the case that

rKp rX, rY q � KpX,Y q.

To �nd the true formula, we must investigate the behaviour of horizontal and vertical

vector �elds. In particular, the following facts follow from the de�nitions and direct

calculation:

Lemma 1.10. Let p : �M Ñ M be a Riemannian submersion, and let rX, rY be the hori-

zontal lifts of vector �elds X,Y P ΓpTMq. Then:

1. r rX, rY s � �rX,Y s is vertical,
2. If V is vertical, r rX,V s is vertical,
3. r∇

rX
rY ��∇XY � 1

2 r
rX, rY sV .

4. If V is vertical, then xr∇V rX, rY yg̃ � �1
2xr
rX, rY sV , V yg̃.

For proofs of these, see [28]. These lemmas give us all we need to know to resolveKp rX, rY q.
Lets assume our X and Y are orthonormal. Then,

rKp rX, rY q � Rp rX, rY , rX, rY q
� xRp rX, rY q rX, rY yg̃
� xr∇r rX,rY s rX � pr∇

rX
r∇
rY
rX � r∇

rY
r∇
rX
rXq, rY yg̃.

We tackle each bit separately:

• r∇
rX
rX ��∇XX � 1

2 r
rX, rXsV ��∇XX,

• r∇
rY
rX ��∇YX � 1

2 r
rY , rXsV ,

• r rX, rY s � �rX,Y s � U,

where U :� r rX, rY sV . Therefore:

14



r∇
rY
r∇
rX
X � r∇

rY
�∇XX

� �∇Y∇XX � 1
2 r
rY ,�∇XXsV

� �∇Y∇XX � vert.,r∇
rX
r∇
rY
rX � r∇

rX
p�∇YXq � r∇ rXp1

2 r
rY , rXsVq

� �∇X∇YX � 1
2 r
rX,�∇XY sV � r∇ rXp1

2 r
rY , rXsVq

� �∇X∇YX � vert.� r∇
rX
p1

2 r
rY , rXsVq,r∇r rX,rY s rX � r∇

�rX,Y s
rX � r∇U rX

� �∇rX,Y sX � 1
2 rr
rX, rY s, rXsV � r∇U rX

� �∇rX,Y sX � vert.� r∇U rX,
and putting it all together, labelling U 1 � 1

2 r
rY , rXsV and remembering that the torsion-free

property of ∇ gives us ∇XY �∇YX � rX,Y s � 0:

rKp rX, rY q � xr∇r rX,rY s rX � pr∇
rX
r∇
rY
rX � r∇

rY
r∇
rX
rXq, rY yg̃

� x �∇rX,Y sX � p �∇X∇YX � �∇Y∇XXq, rY yg̃ � x�r∇ rXU 1 � r∇U rX, rY yg̃
� KpX,Y q � x�r∇

rX
U 1 � r∇U rX, rY yg̃

� KpX,Y q � x�r∇U 1 rX, rY yg̃ � xr∇U rX, rY yg̃
� KpX,Y q � 1

2xr
rX, rY sV , U 1yg̃ � 1

2xr
rX, rY sV , Uyg̃

� KpX,Y q � 1
4 |r
rX, rY sV |2 � 1

2 |r
rX, rY sV |2

� KpX,Y q � 3
4 |r
rX, rY sV |2.

We have achieved the following formula:

Theorem 1.11 (O'Neill's Formula). Let p : �M Ñ M be a Riemannian submersion, and

let rX, rY be the horizontal lifts of vector �elds X,Y P ΓpTMq. Then:

KpX,Y q � rKp rX, rY q � 3
4 |r
rX, rY sV |2.

1.3.3 Curvature of CPn

As an application of this formula, let us calculate the curvature of CPn, which is given by

a quotient of S2n�1 by a circle action. Remembering from before that the horizontal and
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vertical spaces are given by

Hm̃S2n�1 � tx P Cn�1 : xm̃, xyR � xi � m̃, xyR � 0u

� tx P Cn�1 : xm̃, xyC � 0u,

Vm̃S2n�1 � tki � m̃ : k P Ru,

we see that, if rX, rY are horizontal lifts of X,Y P ΓpTCPnq,

xp, r∇
rY
rX|pyC � �xrY |p, rX|pyC

ùñ xp,�∇YX|p � 1
2 r
rY , rXsVyC � �xrY |p, rX|pyC

ùñ xp, rrY , rXsVyC � �2xrY |p, rX|pyC.
Since the vertical space at p is just tkip : k P Ru, it follows that

rrY , rXsV � �2pxrY , rXyC.
Applying Theorem 1.11 then gives us the curvature:

KpX,Y q � rKp rX, rY q � 3
4 |2px

rX, rY yC|2
� 1� 3|x rX, rY yC|2,

using the fact that the sphere has constant curvature 1. Since we demanded that rX, rY
were orthonormal, this value can be at most 4, and at least 1.

More explicity, take a vector ṽ P Tm̃S
2n�1. Any vector in Tm̃S

2n�1 orthogonal to ṽ can

be written as:

ũ � cospφqw̃ � sinpφqi � ṽ,

where xṽ, w̃yC � 0. Then:

xcospφqw̃ � sinpφqi � ṽ, ṽyC � xcospφqw̃, ṽyC � xsinpφqiṽ, ṽyC

� sinpφqixṽ, ṽyC

� i sinpφq.

Therefore the sectional curvature of the plane in TmCPn spanned by the vectors u, v (which
lift to ũ, ṽ respectively) is

Kru, vs � Krũ, ṽs � 3|i sinpφq|2 � 1� 3 sinpφq2.

Finally, we �nd the Ricci curvature and scalar curvature of CPn. If we pick a vector

u P TpCPn and complete it to an orthonormal basis (of size 2n), the Ricci curvature

Ricpu, uq is given by
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Ricppu, uq � KpJu, uq �
2ņ

i�3

Kpvi, uq

� 4� 1 � p2n� 2q

� 2pn� 1q.

The scalar curvature is then given by

ScalppCPnq �
2ņ

i�1

Ricpei, eiq

� 2nRicppe1, e1q

� 4npn� 1q.

This corresponds to an average curvature of:

ScalppCPnq
2n � p2n� 1q

� 1�
3

2n� 1
,

which for n � 1 gives a value of 4. In fact, CP1 � S2, and this quotient construction in

particular produces a copy of S2 with radius 1
2 - matching this result.
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2 Collapse with Bounded Curvature: First Examples

Now that the relevant background in Riemannian geometry - curvature and submersions -

has been set up, we come to the part of the text concerned with the collapse of Riemannian

manifolds. We shall explain precisely what this means below.

2.1 Introduction: Volume, Diameter, Curvature and Injectivity Radius

Given any Riemannian manifold pMn, gq and any δ ¡ 0, one may scale lengths in M by

δ, by taking the metric gδ � δ2g. Under this procedure, the diameter and injectivity

radius of M scale by a factor of δ, the volume by δn and the sectional curvature by 1
δ2
.

Therefore, as δ Ñ 0, assuming that these these four quantities are �nite (which holds ifM

is compact), the diameter D, volume V , and injectivity radius I tend to zero, while the

curvature K tends to �8 where the manifold is not �at. Conversely, of course, if δ Ñ8,

then one sees V,D, I Ñ8 while K Ñ 0 as M becomes �bigger and �atter�.

This rather crude procedure illustrates the expected relationship between these four quan-

tities. If one shrinks to zero, another may become unbounded. For example, under a family

of changing metrics, it is natural to expect V Ñ 0 as D Ñ 0, but this can be avoided if

K Ñ �8. Similarly, if I Ñ 0, we see separate geodesics out of each p P M intersecting

arbitrarily close to p, and one might picture the case of the end of an ellipsoid with eccen-

tricity approaching 1, in which case K Ñ8. If this is happening at all points, one might

picture the case of ever smaller spheres.

It is interesting, therefore, to ask how it might happen that I Ñ 0 at all points, without

K becoming unbounded (apart from the trivial case where M is �at).

De�nition 2.1. If a family of metrics gδ on M achieves I Ñ 0 uniformly, while K is

uniformly bounded (both on compact subsets), as δ Ñ 0, then M is said to collapse with

bounded curvature.

In this section, we shall study a �rst few basic examples of collapse with bounded curva-

ture, and see how one often obtains a �limit space�, in a suitable sense, at the end of a

collapsing family of metrics. We shall introduce the Gromov-Hausdor� distance in order

to make this precise, and in the next section, develop the theory of F-structures, a step

towards classifying how collapse with bounded curvature may occur in general (it turns

out that the only way is to shrink along �almost �at� �bres in a manifold).

Much of the material found in these two sections is based on that of [29] and [4].
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2.2 First Example: the Berger Spheres

View S3 as sitting inside R4 � C2 � H. There is an action of S1 � C on S3 � C2 simply

by

eiθ.pz1, z2q � peiθz1, e
iθz2q,

and as in Section 1.3.3, the complex projective line is simply the quotient of S3 by this

isometric action (in the sense of Section 1.3). The metric that makes the quotient map

a Riemannian submersion is called the Fubini-Study metric, and this metric makes

CP1 isometric to a sphere of radius 1
2 ; therefore, the complex projective line has constant

curvature 1
4 . The submersion S3 Ñ S2 is called the Hopf �bration.

One may equally well view S3 as the set of unit quaternions by the bijection C2 Ñ H,
f : pz1, z2q ÞÑ z1 � jz2. Explicitly,

fpa� bi, c� diq � a� bi� cj � dk.

The �k may appear incongruous. We shall see its purpose presently: under the bijection

f , the in�nitesimal action of S1 on S3 given by the componentwise action on C2, is

Bθ|fpz1,z2q �
d

dθ

����
0

eiθz1 � j
d

dθ

����
0

eiθz2 � iz1 � kz2.

On the other hand, extending the vectors i, j, k P ImH � T1S
3 to left-invariant vector

�elds e1, e2, e3, we have

e1|z1�jz2 � pz1 � jz2q.i

� z1i� jz2i � iz1 � jiz2

� iz1 � kz2.

The point of this is that under the bijection f , the left-invariant vector �eld e1 on S3

gives the direction of the S1 action at each point; that is, the �bre direction in the Hopf

�bration. Therefore, contracting lengths in the e1 direction at each point may be referred

to as �collapsing along the �bres of the Hopf �bration�.

Let us, therefore, collapse along these �bres. Let gδ be the left-invariant metric

gδ � δ2e�1 b e�1 � e�2 b e�2 � e�3 b e�3 ,

for each δ ¡ 0. The collection pS3, gδq for δ P p0,8q are known as the Berger spheres.

They are all left-invariant, meaning that left-translation in the group S3 is isometric; but

only g1 is right-invariant. Let us compute ∇eaeb and the sectional curvatures through

19



Spanpea, ebq, to obtain a picture of what is happening, say, as δ Ñ 0. We use the Koszul

formula (see Theorem 1.2),

2x∇XY,Zy � XxY, Zy � Y xZ,Xy � ZxX,Y y � xrX,Y s, Zy � xrY,Zs, Xy � xrZ,Xs, Y y.

In the case tX,Y, Zu � te1, e2, e3u, the formula simpli�es; speci�cally, the �rst three terms

vanish. Recalling that rea, ebs � 2εabcec by the Hamilton relations for quaternions, one

calculates the values���∇e1e1 ∇e1e2 ∇e1e3

∇e2e1 ∇e2e2 ∇e2e3

∇e3e1 ∇e3e2 ∇e3e3

��� �
��� 0 p2� δ2qe3 pδ2 � 2qe2

�δ2e3 0 e1

δ2e2 �e1 0

��� .
(In particular, the �ows 9γaptq � ea|γaptq are geodesics for each a and every δ.) Use the

formula for sectional curvature,

KpX,Y q �
RpX,Y,X, Y q

xX,XyxY, Y y � xX,Y y2
�

x∇X∇Y Y �∇Y∇XY �∇rX,Y sY,Xy
xX,XyxY, Y y � xX,Y y2

,

to calculate (again, most of the terms in the calculation vanish) that

Kpe1, e2q � δ2,Kpe2, e3q � 4� 3δ2, Kpe3, e1q � δ2.

For all δ, the �ow of e1 through any point is a geodesic path, as mentioned above; it is

a loop of length tending to zero as δ Ñ 0. Therefore, the injectivity radius of pS3, gδq is

tending to zero at all points as δ Ñ 0.

If one takes orthonormal vectors u, v P Spanpe1, e2, e3q � T1S
3, then the bottom half of

the expression for Kpu, vq equals 1 and the top half a linear combination of Rpei, ej , ek, elq

values. This tells us that all sectional curvatures remain bounded as δ Ñ 0, and any

sectional curvature through e1, the �bre direction, tends to zero, while Kpe2, e3q tends

to 4, the sectional curvature of the quotient S3{S1. Therefore, the Berger spheres Sδ for

δ Ñ 0 may be viewed as S3 collapsing with bounded curvature, and it appears that S3 is

�converging in curvature� to the quotient S2p1
2q � CP1.

An aside: the curvature values above tell us that

pRicpei, ejqq �

���2δ2 0 0

0 4� 2δ2 0

0 0 4� 2δ2

��� .
Then, the scalar curvature is the trace of the Ricci (2,0) tensor in this orthonormal basis:

Scalppq � 8� 2δ2
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for p � p1, 0, 0, 0q P S3, and consequently at all points since the metrics are left-invariant.

Therefore, if one makes δ large, then one has a metric of constant, arbitrarily large, nega-

tive scalar curvature on S3. (This may sound surprising; after all, S3 is a sphere. In fact,

every compact manifold of dimension ¥ 3 admits a metric with constant negative scalar

curvature. See [19].)

However, note that one does not obtain negative Ricci curvature with any of these gδ. As

a further aside, this is consistent with the fact that e1 is a notrivial Killing �eld for all gδ;

consistent, because of the following result, proven in chapter 7 of Petersen [25]:

Theorem 2.2 (Bochner). If M is compact, oriented and Ric   0, then there are no

nontrivial Killing �elds.

Conclusion: by scaling lengths along the �bres of the Hopf �bration, S3 has a sequence

of metrics with sectional curvatures remaining bounded and injectivity radius tending to

zero uniformly.

2.3 Second Example: the Heisenberg Group

We shall now witness a similar phenomenon with another 3-dimensional manifold that has

the structure of a Lie group. The Heisenberg group is de�ned to be the Lie group

H �

���1 R R
0 1 R
0 0 1

��� .
Under the bijection ���xy

z

��� ÞÑ
���1 x z

0 1 y

0 0 1

��� ,
a left-invariant metric on H is a metric on R3 invariant under���xy

z

��� ÞÑ
��� x� a

y � b

z � ay � c

��� .
That is, invariant under translation in the y and z directions and under���xy

z

��� ÞÑ
��� x� a

y

z � ay

��� ,
whose orbits one may draw to get an idea of what this metric looks like.

21



Let X,Y, Z be the left-invariant vector �elds that equal���0 1 0

0 0 0

0 0 0

��� ,
���0 0 0

0 1 0

0 0 0

��� ,
���0 0 1

0 0 0

0 0 0

���
respectively at the identity. Similarly to Section 2.2, consider the family of metrics

gδ � X� bX� � Y � b Y � � δ2Z� b Z�.

In Cartesian coordinates,

X � Bx, Y � By � xBz, Z � Bz,

and

ds2
δ � dx2 � p1� δ2x2qdy2 � 2δ2xdydz � δ2dz2.

As before, one uses the Koszul formula to obtain���∇XX ∇XY ∇XZ
∇YX ∇Y Y ∇Y Z
∇ZX ∇ZY ∇ZZ

��� �
��� 0 1

2Z � δ2

2 Y

�1
2Z 0 δ2

2 X

� δ2

2 Y
δ2

2 X 0

��� ,
a strange mixture of symmetry and anti-symmetry.

One calculates the sectional curvatures as

KpX,Y q � RpX,Y,X, Y q � �
3

4
δ2,

KpX,Zq �
RpX,Z,X,Zq

δ2
�

1

4
δ2,

KpY,Zq �
RpY,Z, Y, Zq

δ2
�

1

4
δ2.

Once again, all sectional curvatures are expressible as a linear combination of the above

three, so that KpΠq Ñ 0 for any tangent plane Π as δ Ñ 0.

Similarly to the case with Berger spheres, it appears as if pH, gδq is �converging� to the

Riemannian quotient (in this case, the �at plane) as δ Ñ 0, with some regularity. (Indeed,

convergence is occuring in the pointed Hausdor� topology, for any basepoint in H. See [8],

Chapter 6 for details; we shall not mention this concept again.) However, since ∇ZZ � 0,

the vertical Euclidean line is a geodesic for all gδ, of in�nite length; so that unlike in the

example of the Berger spheres, it does not follow that the injectivity radius of pH, gδq
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tends to zero at all points. Nonetheless, one may take the quotient ΛzH of H by the

(isometric) left action of the discrete subgroup

Λ �

���1 Z Z
0 1 Z
0 0 1

��� .
That is, under the bijection between H and R3, one makes the identi�cations���xy

z

��� �
��� x

y � 1

z

��� �
��� x

y

z � 1

��� �
���x� 1

y

z � y

��� .
Then, the image of t ÞÑ px, y, tq, for �xed 0 ¤ x, y ¤ 1, is a geodesic circle of length

Opδq, meaning that the injectivity radius is tending to 0 uniformly at all points of ΛzH,

which therefore collapses with bounded curvature along the �bres of an S1 bundle over

T2. Because T2 is �at, it may then be collapsed with bounded curvature to a point, by

simply shrinking the metric.

As a �nal remark, one may cross with S1
θ to obtain S1 � ΛzH, the Kodaira-Thurston

manifold. This manifold is of interest in symplectic topology, as a simple example of

a symplectic manifold which is not Kähler. One may then consider the metrics hδ �

δ2dθ2 � gδ, for gδ as de�ned above, and see that the Kodaira-Thurston manifold collapses

with bounded curvature along the �bres of a T2-bundle over T2.

2.4 Gromov-Hausdor� Distance and Convergence

In the two examples of the previous section, we were saying that it appeared as though

the total space was converging towards the quotient space. It is time to make this precise

with a notion of distance between Riemannian manifolds.

This notion leads one to consider metric spaces in general. Naïvely, one may wish to de�ne

the distance between two metric spaces M,M 1 as the in�mal distance obtainable between

them by embedding both within some larger metric space. So �rst, one desires a notion of

distance between two subsets of a �xed metric space M . The Hausdor� distance provides

this.

De�nition 2.3. For p P M and A � M , denote distpp,Aq � infqPA dpp, qq. Then, if

Ar :� tp P M | dpp,Aq   ru, (the r-�thickening� of A) the Hausdor� distance between

A and B is

dHpA,Bq :� inftr   0 | A � Br and B � Aru.

Therefore, dHpA,Bq is the in�mal r such that every point of A is within r of B, and every
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point of B is within r of A. An equivalent characterisation is

dHpA,Bq � maxpsup
pPA

distpp,Bq, sup
qPB

distpq, Aqq.

Note that dHpA,Aq � 0. For this reason, one often either restricts to closed subsets or

identi�es sets which have the same closure.

Example 2.4. [Basic Examples of Hausdor� Distance] For concreteness, we set M � R2

with the Euclidean metric.

• Say A is bounded and B is not. Then, suppPA distpp,Bq is �nite. However, B

must contain points arbitrarily far from A, so that suppPB distpp,Aq � 8. As the

maximum of the two, dpA,Bq � 8.

• Take two lines l1, l2 in the plane. The shortest distance from p P l1 to l2 is given by

the line segment pq, for q P l2, with pq K l2. If l1 and l2 are parallel, then the length

of this line is independent of p, and equals dHpl1, l2q. If l1 and l2 are not parallel,

then as p Ñ 8, so distpp, l2q Ñ 8. Hence, there are points on each line arbitrarily

far from the other line, so that dHpl1, l2q � 8.

In�nite distance: Finite distance:
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• Take two circles c, C of radii r ¤ R. Let D be the distance between their centres;

assume for simplicity D ¡ r � R, so that the circles do not intersect, nor does C

enclose c. We have

sup
pPc

distpp, Cq � D � r �R,

while

sup
pPC

distpp, cq � D �R� r.

These suprema are attained at the points marked in the image below. (Indeed,

restricting to closed sets, the suprema in the de�nition of the Hausdor� distance are

always achieved, so that �max� could be written instead.) As the maximum of the

two,

dHpc, Cq � D �R� r.

• The last example applies to closed discs as well as their boundary circles.

In order to demonstrate that the Berger spheres are genuinely converging to S2, and the

squashed Heisenberg groups to the �at plane, one must take the short conceptual step from

Hausdor� to Gromov-Hausdor� distance. The Gromov-Hausdor� distance between

two metric spaces is

dGHpM,M 1q :� inftdHpipMq, i1pM 1qqu,

where the in�mum is taken over all pairs of isometric injections i : M ãÑ X, i1 : M 1 ãÑ X,

as i, i1 and X vary.

For simplicity, we shall restrict our attention to compact spaces for the time being: this

is more of a restriction than is strictly necessary, but it covers our two earlier examples

and ensures �rstly that every distance we are dealing with is �nite, and secondly that two

non-isometric spaces are at positive Gromov-Hausdor� distance. (See [29], Proposition

3.2.)

Remark 2.5. One can in fact achieve the Gromov-Hausdor� distance between two spaces

M,M 1 by exclusively considering metrics on the disjoint union M \M 1, which restrict

to the given metrics on M and M 1 (we shall call such metrics on M \M 1 admissible).

This is by the following procedure: for any embeddings i : M ãÑ X, i1 : M 1 ãÑ X, set
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X1, X2 � X, and for p P X, write pi when considering p as an element of Xi. Then, de�ne

a metric on X1 \X2 by

dpp1, q2q � dpp, qq � ε,

for any �xed ε ¡ 0. This has the e�ect of taking two copies of X and separating them by

distance ε:

M,M 1 � circles, X � plane.

The circles are separated.

The metric on X \X restricts to the subspace i1pMq \ i12pM
1q �M \M 1, with

dHpM,M 1q � ε� dHpipMq, i1pM 1qq.

Letting ε Ñ 0, one sees that the in�mal Hausdor� distance between copies of M,M 1

in an ambient space equals the in�mal Hausdor� distance between them as one varies

admissable metrics on M \M 1.

The most important tool in demonstrating Gromov-Hausdor� convergence of compact

spaces (manifolds, for the purposes of this section) is that of Gromov-Hausdor� approxi-

mations:
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De�nition 2.6. An ε-Gromov-Hausdor� approximation between two metric spaces

M and M 1, also referred to simply as an �ε-approximation�, is a relation on M�M 1 which
is onto both factors, and such that |dM pp, qq � dM 1pp1, q1q|   ε if pRp1 and qRq1.

One does not require that an approximation be a well-de�ned function. This relaxation

makes things easier: for example, for M an ε-dense subset of M 1, one can de�ne pRp1 if
and only if dpp, p1q   ε, to obtain a 2ε-approximation.

Note that a function f : M ÑM 1 may be considered as a 3ε-approximation if |dpfppq, fpqqq�

dpp, qq|   ε for all p, q P M , and if fpMq is ε-dense in M 1: one simply sets pRfppq for

p PM , and also p � p1 PM 1 if dpfppq, p1q   ε.

The reason that Gromov-Hausdor� approximations are useful is the following result:

Lemma 2.7. The in�mal ε such that there is an ε-approximation between two metric

spaces M and M 1, is proportional to dGHpM,M 1q. Hence, one may demonstrate Gromov-

Hausdor� convergence of a sequence of manifolds Mn by exhibiting εn-approximations

between Mn and M8, for εn Ñ 0.

2.5 The Berger Spheres and Heisenberg Group Revisited

Now we are ready to view the examples in Sections 2.2 and 2.3 anew. Denote M̃ for

S3 or ΛzH (as in Section 2.2), and M for the quotient S2p1
2q or R2{Z2, respectively.

For each δ ¡ 0, the map π : pM̃, gδq Ñ M is a Riemannian submersion, and in fact,

as the �bres are shrinking, π provides an Opδq-approximation. This is by the follow-

ing argument: for p̃, q̃ P M̃ with images p, q P M , the minimising geodesic pq lifts to a

horizontal geodesic from p̃ to q1, where q1 is a point in the same �bre F as q̃. Hence,

dδpp̃, q̃q ¤ dpp, qq � diamδpF q, for each δ. However, any path γ from p̃ to q̃ descends to a

path from p to q, with length no greater than lpγq, since pM̃, gδq Ñ M is a Riemannian

submersion. Therefore, dpp, qq ¤ dδpp̃, q̃q. Combining these two inequalities with the fact

that diamδF Ñ 0 as δ Ñ 0 proves that π is an Opδq-approximation.

Indeed, in this way one observes Gromov-Hausdor� convergence for any Riemannian sub-

mersion of compact spaces: if M̃ is the total space, then TM̃ splits as P ` F, where F is

the �bre direction kerπ� and P � FK. Then, one may write the metric as g � gF�gP , and

let gδ � δ2gF � gP . By the same reasoning as above, pM̃, gδq Gromov-Hausdor� converges

to the quotient M .

However, collapse with bounded curvature fails to hold shrinking along the �bres of a

general Riemannian submersions, even for quotients by compact groups. Firstly, if �bres

are noncompact, there is no reason why the injectivity radius of pM̃, gδq should approach
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zero, as shown by the trivial example of pR2, ds2
δ � δ2dx2 � dy2q Ñ pRy, ds2 � dy2q,

px, yq ÞÑ y. Hence, there may not be collapse. Secondly, the O'Neill formula, Theorem

1.11, guarantees that the sectional curvature KδpΠq through any horizontal plane remains

bounded, and converges to Kpπ�Πq, the curvature of its image in the quotient, as δ Ñ 0;

however, the sectional curvature of a vertical or a mixed plane (that is, Spanpv, wq for

v vertical and w horizontal) may become unbounded. Therefore, in the case of compact

�bres, pM, gδq converges to M , but �without regularity�. For a trivial example, take

S3 ÷ S3 by left multiplication, where the quotient is a point. Collapsing along the �bres

of this action means shrinking S3 in all directions, and the sectional curvature of gδ equals
1
δ2
, which tends to in�nity as δ Ñ 0. We shall shortly see that the correct way to generalise

the examples of the Berger spheres and the Heisenberg group is to �nd a more general

way to collapse along �at submanifolds.

3 Collapse with Bounded Curvature: F-Structures and Gen-

eral Theory

In this section, we shall explore in more detail the idea of achieving collapse with bounded

curvature by shrinking circles. Say a manifoldMk�l admits k commuting circle actions, so

that S1 � ...� S1 � Tk ÷ M , and we know that we may collapse with bounded curvature

by shrinking along the orbits of the �rst factor. The manifold collapses to the quotient

M � M{S1, and the actions of the other S1 factors pass to this quotient, meaning one

may collapse along the next S1 orbit in M to achieve M{S1 � M{T2, and so on until

M 1 � M{Tk. It appears that one may as well shrink along the �bres of all of the S1

actions, that is, along the Tk action, simultaneously. Let us make this precise.

Lemma 3.1. Let Tk ÷ M be an isometric action on a Riemannian manifold pM, gq,

with all orbits of dimension k. Write TM � T ` P, for the orbital and perpendicular

distributions, and write the metric on M as g � gT � gP . Setting

gδ � δ2gT � gP ,

then as δ Ñ 0, pM, gδq collapses with curvature uniformly bounded on each compact subset.

Furthermore, the family pM, gδq has M{Tk as its Gromov-Hausdor� limit.

Proof. We exhibit the metric gδ in coordinates that make it clear that sectional curvature

remains bounded. Fix a point and a local submanifold Sl Q p transversal to the orbits,

where dimM � n � k � l. By Frobenius's theorem, T is integrable, with maximal leaves

equal to orbits of Tk. (P need not be integrable. This means that S cannot necessarily be

chosen with TS � P, and so S may fail to be perpendicular to orbits at nearby points.) Use

coordinates y1, ..., yl for S, and Euclidean coordinates x1, ..., xk for Tk. Then, for a nearby
point q to p, one may express q as t.p1, for t � px1, ..., xkq P Tk and p1 � py1, ..., ylq P S;

then, assign coordinates px1, ..., xk, y1, ..., ylq to q. It is worth mentioning that since Tk
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acts isometrically, the components of gP at px, yq are independent of x, so thatM is locally

expressed as a warped product of S and Tk. That is, the metric is �constant� on each

orbit, meaning that the orbits are �at compact submanifolds.

As δ Ñ 0, so
��� B
Bxi

���
δ
Ñ 0. Therefore, change to adapted coordinates ui � uδi � δxi, so that

���� BBui
����
δ

�

����1δ B

Bxi

����
δ

is a number depending only on y, not on δ and ui. Writing

B

Byi
� Xi � Vi P T ` P,

the metric gδ is expressed in the coordinates u, y as��
xBui , Bujyδ

�
i,j

�
xBui , Byjyδ

�
i,j�

xByi , Bujyδ
�
i,j

�
xByi , Byjyδ

�
i,j

�

�

� �
xBxi , Bxjy1

�
i,j

δ pxBxi , Xjy1qi,j

δ
�
xXi, Bxjy1

�
i,j

δ2 pxXi, Xjy1qi,j � pxVi, Vjy1qi,j

�

�:

�
Apyq δBpyq

δBpyqT δ2Cpyq �Dpyq

�
,

where A,B,C,D depend on y P N alone, as mentioned above, because the Tk action is

isometric. As δ Ñ 0, this matrix converges to

g0 :�

�
Apyq 0

0 Dpyq

�
.

If the transversal submanifold Sy is de�ned for y P p�r, rql � Rl, then each gδ is de�ned for

the coordinates pu, yq P p�π, πqk�p�r, rql. However, since the components of gδ in u, y are

independent of u, in fact they de�ne a metric on Rku�p�r, rqly, simply by allowing ui to take

all real values. Therefore, the gδ may be viewed as metrics on Rk�p�r, rql, which converge

at each point to the limit metric g0 as δ Ñ 0. Since sectional curvature varies continuously

with the metric, and since the portion of pM, gδq with |x|   π, |y|   r is isometric to the

part of Rku�p�r, rqly with |u|   δπ, the sectional curvature of p�π, πqkx�p�r, rq
l, i.e. that

of Tk�S, is seen to be bounded as δ Ñ 0. Hence, the sectional curvature ofM is bounded

as δ Ñ 0, and uniformly on compact subsets.

Finally, the collapse induces Gromov-Hausdor� convergence to the quotient M{Tk simply

by taking as Gromov-Hausdor� approximations the relation p � rps, for each p P M and

rps in the orbit space M{Tk.

A few observations concerning the above proof:
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• The fact that the action is isometric, with the orbits �at manifolds, was instrumental

in demonstrating bounded curvature.

• It is not necessary that the action be globally de�ned for this argument to work.

Indeed, Cheeger and Gromov ([4], Theorem 2.1) use precisely the same argument for

collapsing along the �bres of a pure, polarised F-structure: see below for the relevant

de�nitions.

• Furthermore, as pointed out by Cheeger and Gromov, the torus action could be

replaced by that of a nilpotent group N . This is because (compact quotients of)

nilpotent groups, like circles, may be collapsed with bounded curvature to a point,

by the metrics gq as de�ned in [29], Section 4.1. (It is a fact that every nilpotent

group embeds as a group of upper-triangular matrices with diagonal entries equal

to 1.) The δ-scaling in the above proof is then replaced by the sequence of metrics

hδ � gδ � hP .

Example 3.2. A curved torus M embedded in R3 with radii r   R, may be endowed

with angular coordinates θ (in the px, yq-plane) and φ (cross-sectional), so that the metric

induced by the embedding is

ds2 � r2dφ2 � pR� r cosφq2dθ2.

Abstractly,M is simply S1
θ�S

1
φ, and as such there are many circle actions onM . However,

it may be calculated that any action other than rotation in the φ direction is not isometric,

and that collapsing along the orbits blows up the curvature. But if one collapses along

the �bres of φ-rotation, then one has

ds2
δ � r2dφ2 � δ2pR� r cosφq2dθ2,

and one calculates that

Kδpθ, φq �
cosφ

rpR� r cosφ
,

unchanging with δ. This is consistent with the fact that in this case (using the notation

of Lemma 3.1), the perpendicular distribution P is integrable, so that Bpθq, Cpθq � 0 and

gδ � g0 on Rθ � p�π, πqφ.

3.1 F-Structures: Purity and Polarisation

In this subsection, we introduce F-structures.

Example 3.3. [A Local Circle Action] Consider the Klein bottle K as a circle bundle over

the circle S1
φ. Here the base circle is shown horizontal:
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If a �strip� is de�ned as the union of �bres over a proper open sub-interval, then on each

strip, there is an S1
θ action, given merely by rotation of the �bres. However, if this action

is continuously carried around the base circle, one observes holonomy given by θ ÞÑ �θ.

Visibly, this is not a global circle action. However, if K is given a metric which makes the

�bre rotations into Killing �elds, one may still scale along the �bres of the circle �action�,

to obtain collapse with bounded curvature and Gromov-Hausdor� limit the base circle.

The essence of this example was a bundle over S1 with circle actions on the �bres, but

holonomy around the base precluding a global action. One may manufacture many similar

examples by taking the mapping torus of any group automorphism f : Tk Ñ Tk; that is,
the space

Tk � R{pt, xq � pfptq, x� 1q.

In some cases, collapse with bounded curvature may still be performed.

The appropriate language for dealing with sort of phenomenon is that of sheaves of groups

and partial actions. We introduce the terminology:

De�nition 3.4. A sheaf action F ÷ M on a manifold M , consists of the following

data:

• A sheaf of Lie groups F on M .

• For each open U �M, a partial action of F pUq on U : that is, a smooth map de�ned

on an subset F pUq�U � D Ñ U, denoted pg, pq ÞÑ gp, such that id.p � p is de�ned

for all p P U , and gpg1pq is de�ned whenever pgg1qp is, and the two are equal.

De�nition 3.5. An F-structure on a space M (a manifold, for our purposes) is a sheaf

action F ÷ M, such that all stalks are isomorphic to tori, and for each p, there is a

neighbourhood U � Up Q p such that

• F pU 1q Ñ Fq is an isomorphism for any connected q P U 1 � U , and any q in the

closure of the orbit of p.

• The action of F pUq on U lifts to a global action on a �nite, normal cover Ũ .
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• U is a union of F -orbits.

In other words, F is a sheaf which locally lifts to complete actions on covers of saturated

neighbourhoods, and which is constant when restricted to the closure of an orbit. We have

seen these features in Example 3.3.

Remark 3.6. Any global action Tk ÷ M becomes an F-structure by setting F to be the

constant sheaf with stalks equal to Tk.

The above is a rather involved de�nition, but the right one: for example, being able to lift

to a complete action on a �nite cover implies that by averaging inner products on tangent

spaces over the orbit of a point in the cover, one may manufacture an invariant metric for

any F-structure. Note that the �rst bullet point does not imply that F is locally constant:

see Example 3.8. If one strengthens the second bullet point to demand that Ũ � U , then

one has what is called a T-structure. Example 3.3 is of course a T-structure, choosing

the U to be strips.

Remark 3.7. The T-structure on K in Example 3.3 lifts to a global action on the double

cover T2, given by rotation around the cross-sections. Such an F-structure, where one may

take Up �M , is called elementary. Therefore, Example 3.3 is an elementary F-structure,

and a T-structure, but not an elementary T-structure, since such a thing would be a global

torus action.

Example 3.8. Consider the standard rotation action S1 ÷ S2, with the poles �xed. Take

polar coordinates θ, φ, so that Bφ is the in�nitesimal action of S1. Then, the round metric

ds2 � dθ2�sin2 θdφ2 may be scaled along the S1 action for ds2
δ � dθ2�δ2 sin2 θdφ2. Away

from the poles, the conditions of Lemma 3.1 are satis�ed; and the orthogonal distribution

RBφ is integrable, so that the Gaussian curvature remains constant (Kδ � 1), similarly

to Example 3.2. Then, the sphere collapses along the �bres with Gromov-Hausdor� limit

the closed interval r0, πs. However, for δ � 1, conical singularities of gδ immediately form

at the poles. A similar phenomenon will occur whenever one attempts to shrink along a

circle action which has �xed points: conical singularities form at the �xed points. In this

case, the process does not deserve to be called �collapse with bounded curvature�: there is

no sensible notion at all of curvature at the conical points. Rather than probe the nature

of these singularities, in this section we shall henceforth restrict to the case of actions with

no �xed points.

We introduce a few more relevant de�nitions.

De�nition 3.9. An F-structure is pure if the sheaf F is locally constant. It is polarised

if the dimension of each stalk Fp equals the dimension of the orbit Fp. The rank of F

at p is the dimension of the orbit Fp. Therefore, if F is both pure and polarised, it has

constant rank. In this case, the proof of Lemma 3.1 generalises immediately, with Tk orbits
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replaced by F orbits. (The statement, contained in Lemma 3.1, that orbits are �at, holds

for a general F-structure; indeed, �F� stands for ��at�.) A polarised substructure of F is

called a polarisation of F . If F is either mixed (that is, not pure) or non-polarised,

the theory of bounded curvature collapse is more complicated.

Example 3.10. Consider the T-structure associated to the action

Tn ÷ S2n�1 � Cn, pθ1, ..., θnq : pz1, ..., znq ÞÑ peiθ1z1, ..., e
iθnznq.

This is not polarised: indeed, dimporbpzqq � n � #pzk � 0q, while all stalks equal Tn.
However, one may manufacture a polarised substructure: for a connected open set U �

S2n�1, set

F 1pUq � G1 � ...�Gn,

where Gk � 1 if U intersects the sub-sphere Sk : zk � 0, and S1 if it does not. As such,

F 1 is not pure, as the dimension of F 1
p changes from point to point.

Therefore, F is non-polarised but pure (by Remark 3.6), while F 1 � F is polarised

but mixed. As shown in [4], Theorem 3.1, mixed collapse with bounded curvature blows

up the diameter of a manifold, so that while S2n�1 may be collapsed along F 1 with
bounded curvature, one does not see the quotient (a closed interval) emerging as a Gromov-

Hausdor� limit.

Example 3.11. [Polarisations of the Previous Example] Set n � 2 in the previous exam-

ple. Then, a pure polarisation of F is given by any one-parameter subgroup t ÞÑ peipt, eiqtq

acting coordinate-wise on S3 � C2, provided that p, q � 0. These polarisations generalise

Section 2.2. They do not recover the stalks of F , and so they will yield di�erent quotient

spaces. If pq is not rational, then the polarisation is not an F -structure: it is an R-action,
whose orbits are not closed, and Lemma 3.1 does not apply. (To see how incompatible

non-closed structures can be with taking quotients, consider an irrational subgroup of

T2 acting canonically on T2. Every orbit is dense, and so the quotient has the indis-

crete topology.) In this case, one must consider the closure of the one-parameter group,

which is the whole torus S1�S1, and as mentioned above, the quotient is a closed interval.

We examine the case where 0, 1 � p
q is rational. Pure polarised collapse occurs as in

Lemma 3.1, and the Gromov-Hausdor� limit is the quotient space M � S3{S1
t . We shall

describe M . First, choose appropriate coordinates on S3: take

pθ, φ1, φ2q ÞÑ pcos θeiφ1 , sin θeiφ2q,

so that

ds2 � |dz1|
2 � |dz2|

2 � dθ2 � cos2 θdφ2
1 � sin2 θdφ2

2.

The coordinates pθ, φ1, φ2q may be forced to lie in the box r0, π2 s � r0, 2πs � r0, 2πs. Upon
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quotienting by the S1
t action, the sets θ � 0 and θ � π become two single points. Away

from these, a point of S3 may be viewed as lying in�
0,
π

2

	
θ
�
r0, 2πsφ1
0 � 2π

�
r0, 2πsφ2
0 � 2π

.

Then an orbit of the S1 polarisation comprises the points pθ, φ, qpφq, for a �xed θ, as φ

varies. Each orbit intersects φ2 � 0, and the orbit containing pθ, φ, 0q also intersects φ2 � 0

at the points pθ, φ� 2kp
q π, 0q, for k P Z. Here use that p

q is rational, so that the quotient

M is given by coordinates θ P r0, πs and φ P r0, 2p
q πs, with θ � 0 and θ � π collapsed to

two points, and pθ, φq identi�ed with pθ, φ� 2q
p πq.

Now, we identify the submersion metric on M by pulling back along the local section

pθ, φq ÞÑ pθ, φ, 0q: the metric on M is given by the inner products between the horizontal

lifts of Bθ and Bφ (see Section 1.3 for details). To �nd these horizontal lifts, one must

remove the orbital components: since Bθ K Bt � pBφ1 � qBφ2 , it is the case that

Bhorizθ � Bθ.

Then,

pBφq
horiz � Bφ1 �

xBφ1 , pBφ1 � qBφ2y

xpBφ1 � qBφ2 , pBφ1 � qBφ2y
ppBφ1 � qBφ2q

�
q2 sin2 θBφ1 � pq cos2 θBφ2

p2 cos2 θ � q2 sin2 θ
,

so that

xBθ, BθyM � xBhorizθ , Bhorizθ yS3 � 1,

xBθ, BφyM � xBhorizθ , Bhorizφ yS3 � 0,

and

xBφ, BφyM � xBhorizφ , Bhorizφ yS3 �
q2 cos2 θ sin2 θ

p2 cos2 θ � q2 sin2 θ
�: ypθq2.

It may be calculated (by software) that |y1pθq|   1 for all values 0   θ   π, so that by

[25], pages 10-11, M may be realised as the revolution of a curve pxpθq, ypθqq about the

x-axis, for x1pθq2 � y1pθq2 � 1. Thus, M is a pear-shaped S2 which is singular at the two

intersections with the x-axis, which correspond to the two orbits zk � 0 in S3.

As we shall now see, it is theoretically preferable from the point of view of collapse with

bounded curvature to be polarised but not pure, than pure but not polarised.

3.2 Further Results: Polarised and Unpolarised Collapse. The Exis-

tence of an F-Structure on Su�ciently Collapsed Manifolds.

Given a polarised F-structure, there is a standard procedure for covering M by saturated

sets Ua, with substructures Fa � F |Ua such that each Fa is pure on Ua, and for all p,
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there is some a with p P Ua and Fa,p � Fp. We shall call this taking a good atlas. The

Fa may have di�erent ranks (indeed, if they do not, then F is pure and one proceeds as

in Lemma 3.1).

For example, we describe a good atlas for F 1 as de�ned in Example 3.10. A multi-index

a � ta1, ..., alu � t1, ..., nu

corresponds to the sub-sphere Sa where S
2n�1 intersects the axes za1 � 0, ..., zal � 0. Take

Ua to be a saturated neighbourhood of this sub-sphere, say where each |zak |   ε for a small

ε. Then, take Fa to be G1 � ...�Gn, where Gk � 1 if k P a and Gk � S1 otherwise. Fa

acts by rotating the complex coordinates that do not vanish on a; that is, the coordinates

of Sa. Finally, set U � tz : zk � 0 @ ku (the generic points that lie on no complex axis),

and FU � Tk.

Theorem 3.1 in [4] states that volume and injectivity radius collapse along a polarised

F-structure may be performed with bounded curvature, with the sole caveat that the di-

ameter of the manifold blows up. For completeness, we sketch the argument. One seeks

metrics gδ for δ Ñ 0 which are collapsing along the orbits of F . If one simply de�nes

gδ to scale by δ in orbital directions, then similarly to Example 3.11, singularities form

along the orbits of smaller dimension, and this may not be called �collapse with bounded

curvature�. Instead, the procedure in [4], Theorem 3.1, is to take a good atlas U1, U2, ...,

which is ordered in such a way that the rank of Fi is no greater than the rank of Fi�1,

and then for a �xed δ, to shrink the metric along the orbits of the Fi one at a time. The

argument of [4] relies on the Ui being locally �nite and precompact (hence, it only applies

for polarised F-structures on compact manifolds), so that the metric at any given point

is only changed �nitely many times as one proceeds through U1, U2, ... If one changed the

metric in�ntely many times at a point, then there would not necessarily be any control on

the sectional curvature.

More generally, there exist manifolds that carry F-structures which admit no polarisations.

Example 1.7 in [4] is one such. However, collapse may still be performed, and the theory

of non-polarised collapse is developed by Cheeger and Gromov in the latter half of [4].

This means that collapse with bounded curvature can be achieved along any F-structure

of positive rank.

Then, in the second part [5], it is shown that in each dimension n there is a �critical value�

c � cpnq such that if Mn is more than c-collapsed, in the sense that for all p PM ,

a
|KpΠq|  

injppq

c
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whenever Π2 ¤ TqM and dpp, qq   c
injppq , then M must admit an F-structure of positive

rank. Hence, if M collapses, there is an F-structure. In particular, by Proposition 1.5

of [4], if M collapses with bounded curvature at all points, then the Euler characteristic

χpMq equals zero. Therefore, if χpMq � 0, one may only collapse parts ofM , or else allow

the curvature to blow up at some points.

However, the theory of F-structures is not all there is to collapse with bounded curvature.

A su�ciently-collapsed manifold must admit an F-structure, but this does not imply that

this F-structure is the only way it may collapse, as we shall now discuss. (For a start, as

for M � S2, a manifold may admit several di�erent non-commuting circle-actions, so it is

not the case that there is �one maximal� F-structure.)

The �rst study of collapse was carried out by Gromov [15] and Ruh [27], who were con-

cerned with almost �at manifolds: those admitting complete metrics such that

diampMq2 max
ΠPGrp2,TMq

|KpΠq|

becomes arbitrarily small. (In particular, they must be compact.) Hence, their interest

was in diameter rather than injectivity radius. It was discovered that an almost �at man-

ifold M must have a �nite cover di�eomorphic to ΛzN, for N a nilpotent group and Λ a

lattice (such a manifold is called infranil: for example, M may be a quotient by the left

action of a particular lattice in N , and the right action of a �nite subgroup). As such,

since any nilpotent group embeds in the group of upper-triangular unipotent matrices, an

almost �at manifold collapses with bounded curvature to a point, by the metrics given in

[29], Section 4.1. If N is the group of all upper-triangular unipotent matrices, and Λ the

integral elements of N , then the quotient M � ΛzN does admit an F-structure, in accor-

dance with [5]; however, this is merely S1 acting on the upper-right-most matrix entry,

and the quotient is
�
npn�1q

2 � 1
	
-dimensional: F-structures do not allow M to collapse to

a point.

Then, in [13] and [14], Fukaya proved that if a sequence Mk of compact Riemannian

manifolds Gromov-Hausdor� converges to a manifold L of lower dimension, while the

sectional curvatures remain bounded (which is impossible, for example, in bounded cur-

vature collapse by a mixed F-structure, since the diameter blows up in that case), then

for large enough k, Mk is realised as a �bre bundle over L with infranil �bres. There-

fore, convergence fromMk to L may also be realised by collapse along these infranil �bres:

the dimension of the �bres cannot vary from point to point as in the theory of F-structures.

Finally, Cheeger, Fukaya and Gromov [18] combined the theory of F-structures and infranil

�brations to prove the existence of nilpotent Killing structures - sheaves of actions by

nilpotent Lie algebras, with extra regularity - in great generality on su�ciently collapsed
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manifolds, and without compactness assumptions.

3.3 Volume Comparison, Precompactness and Di�eo�niteness

As a coda to this section, we include statements of the following theorems, which are

clearly of interest in the theory of collapse with bounded curvature.

Theorem 3.12 (Bishop-Gromov Volume Comparison). Let Mn�1 be a complete manifold

with RicM ¥ nK. Let M̃ equal the simply-connected manifold of constant curvature K and

dimension n�1 (that is, a suitably scaled sphere, Euclidean or hyperbolic space, according

to the sign of K). Denote vprq for the volume of a ball of radius r in M̃ . Then, for any

p PM and r ¡ 0, we have

volpBM pp, rqq ¤ vprq,

and if there is equality for any r ¡ 0, then M is locally isometric to M̃ (and therefore

covered by it). Furthermore, the value

volpBM pp, rqq

vprq

is non-increasing as r Ò.

Example 3.13. In Section 1.3.3, the Ricci curvature of CPn was calculated to be Ric �

p2n� 2qg � 2n�2
2n�1p2n� 1qg. Therefore, set K � 2n�2

2n�1 . As shown in [28], pages 167-168, the

volume of a ball of radius r ¤ π?
K

in S2n
�

1?
K

	
is

volpS2n�1q

Kn

» r
0

sin2n�1ptqdt

It is also shown that a ball of radius r ¤ π
2 in CPn has volume equal to

volpS2n�1q

» r
0

sin2n�1ptq cosptqdt.

So in this case, the volume comparison theorem says that» r
0

sin2n�1 dt ¥ Kn

» r
0

sin2n�1ptq cosptqdt,

that is

p2n� 1qn
» r

0
sin2n�1 dt ¥ p2n� 2qn

» r
0

sin2n�1ptq cosptqdt.

This inequality could also be worked out by hand.

Theorem 3.14 (Gromov Precompactness). Let Mk be a sequence of compact Riemannian

manifolds of dimension n� 1 such that

Ric ¥ nK, diampMkq ¤ D
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holds for all k, for some �xed K P R, D ¡ 0. Then, there is a subsequence that Gromov-

Hausdor� converges to a (possibly singular) limit space.

Theorem 3.15 (Cheeger Di�eo�niteness). Given a family E of Riemannian manifolds

satisfying a uniform lower bound on volume, upper bound on diameter, and both bounds

on sectional curvature, there is a �nite collection of manifolds Mk such that every member

of E is di�eomorphic to some Mk.

Cheeger di�eo�niteness tells one that given any sequence of Riemannian manifolds with

these bounds, after passing to a subsequence, one is simply considering di�erent metrics

on the same manifold. Then, Gromov precompactness tells one that after passing to a

further subsequence, there is a Gromov-Hausdor� limit. Finally, volume comparison is

instrumental in proving Gromov precompactness, as one may read in [17]. A proof of

the volume comparison result, minus the rigidity (that equality implies isometry), may be

found in [25].
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4 Solving Elliptic PDEs on a Compact Riemannian Manifold

In this chapter, we take a break from pure geometry to develop some theory for �nding

solutions to elliptic partial di�erential equations, in the Riemannian manifold setting. In

section 4.1, we introduce the setting in which we will be looking for solutions - a larger

class of functions than C8 - which is where we'd like to eventually �nd them. In sections

4.2 and 4.3, we study existence of `weak' solutions to PDEs - �rst in the speci�c case

of Poisson's equation and then for the more general second order elliptic case, and we

also tackle the problem of demonstrating that the solutions we found are in fact smooth.

Throughout, we work on an n-dimensional Riemannian manifold, M .

4.1 Hölder Spaces and Sobolev Spaces

A common strategy for solving PDEs of any type is to split the problem into two parts

- existence and regularity. The idea is that often, looking for a solution in the function

space we would like to �nd it in is hard. For example, we'd like to �nd a smooth solution

to Poisson's equation (6), but the space of smooth functions is not nice analytically - it

isn't complete, for example, so isn't a Banach space. We therefore conduct our search in

a larger space, with nicer properties. Once we've found our �weak� solutions, we may �nd

that they must be smooth after all! Locating a solution is then the existence part, and

checking smoothness is the regularity part.

We tackle existence �rst, and so begin by introducing larger spaces in which to look for

`weak' solutions.

4.1.1 Hölder Spaces

Before talking about Sobolev spaces, which will be the setting for our search for a solution,

we quickly introduce the simpler Hölder spaces, which we will also need. Both of these

spaces take up the challenge of �nding a concept of di�erentiability that is weaker than

the usual one, allowing in more functions and making a larger space.

The �rst idea comes from the concept of Lipschitz continuity; a function u : M Ñ R is

Lipschitz continuous if

sup
x,yPM,x�y

|upxq � upyq|

distpx, yq
� Cpuq   8,

where distpx, yq is the geodesic distance on M . This implies that u is continuous, but

is stronger since it provides a constant quantifying the `strength' of the continuity. It

is however weaker than di�erentiability, for example the real function fpxq � |x| is not

di�erentiable at the origin, despite being Lipschitz continuous. We can weaken the concept
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of di�erentiability even further, by demanding that, for given γ P p0, 1s,

sup
x,yPM,x�y

|upxq � upyq|

distpx, yqγ
� Cpuq   8.

If a function u satis�es this condition, we say it is γ-Hölder continuous. The constant

Cpuq is the γ-Hölder seminorm of the function u, and denoted rusC0,γ pMq.

We want our function space, the γ-Hölder space Ck,γ , to contain k times di�erentiable

functions, with those derivatives γ-Hölder continuous. However, the derivatives of the

function u are tensors, and imitating the above de�nition with a general tensor T runs

into a problem - T pxq and T pyq belong to di�erent spaces, so cannot be subtracted! To

solve this problem we use the Levi-Civita connection. The connection provides us with an

isomorphism

τx,y : TxM Ñ TyM

given by parallel transport along a unique geodesic between x and y. τx,y induces a map

on the dual spaces

τ�x,y : T �yM Ñ T �xM

and any tensor powers of these, and then the γ-Hölder seminorm of a tensor T P ΓpT 0,kpMqq

can be de�ned as:

rT sC0,γpMq :� sup
0 distpx,yq injpMq

‖T pxq � τ�x,yT pyq‖g
distpx, yqγ

.

This covers the Hölder continuity. To also ensure k-times continuous di�erentiability, we

also include as part of the de�nition the usual norm on the space CkpMq:

‖u‖CkpMq :�
ķ

i�0

sup
xPM
‖∇iupxq‖g.

De�nition 4.1. The γ-Hölder norm is de�ned on functions u : M Ñ R as:

‖u‖Ck,γpMq :� ‖u‖CkpMq � r∇
kusC0,γpMq,

and the γ-Hölder Space is de�ned to be the space of all functions for which this norm is

�nite.

4.1.2 Sobolev Spaces

The other important generalised function space is the Sobolev space W k,ppMq � LppMq,

which is the space of functions with k �weak� derivatives. To best introduce this concept,

we look �rst at the Euclidean case.
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As an example, consider the function f : p0, 2q Ñ R de�ned by:

fpxq �

#
x for x P p0, 1q

2� x for x P r1, 2q

+
.

Though the derivative does not exist, the function

gpxq �

#
1 for x P p0, 1q

�1 for x P r1, 2q

+
acts like one, in the sense that for all φ P C8

c pr0, 2sq,»
r0,2s

fpxqBxφdx � �

»
r0,2s

gpxqφdx,

one can see this by splitting the integral into the regions r0, 1s and r1, 2s and integrating

by parts. We can use this `integration by parts' technique to de�ne a weak αth derivative

by demanding that an analogous identity holds:

De�nition 4.2. Suppose u, v P L1pUq for a subset U � Rn, and let α be a multi-index.

Then v is the weak αth partial derivative of u so long as the following identity holds for

all test functions φ P C8
c pUq:»

U
uDαφdx � p�1q|α|

»
U
vφdx.

If the above holds, we write

Dαpuq :� v.

It is the case that weak derivatives are unique (see for example [11], Chapter 5). To extend

the above de�nition to a function u on a compact manifold, one can simply demand that,

given any �nite open cover tUiu, if tφiu is a partition of unity subordinate to that cover,

then the local representations of the functions tφiuu have a weak derivative. We can then

de�ne

Dαu :�
¸
i

Dαpφiuq.

It is the case that these spaces have a norm, and with respect to these norms they are com-

plete (Banach) spaces. In fact they are (and therefore can be de�ned as) the completion

of the smooth functions on M , with respect to these norms:

De�nition 4.3. The Sobolev space W k,ppMq on a compact manifold M is de�ned to be

the completion of the space of smooth functions on M , C8pMq, with respect to the norm:

||u||p
Wk,ppMq :�

ķ

j�0

»
M
‖∇ju‖pgdvol.

41



In particular, the space W k,2pMq is a Hilbert space, with associated inner product:

xu, vyWk,2pMq :�
ķ

m�0

»
M
x∇mu,∇mvygdvol.

Note that in these spaces, the jth covariant derivative may not exist, but we can de�ne the

norm and inner product nevertheless by taking the limit of Cauchy sequences in C8pMq.

As noted, W k,2pMq is a Hilbert space - we will denote it HkpMq from now on.

It is worth recording a few important theorems about Sobolev spaces here, for later use.

The �rst one bounds the size of integral zero functions in terms of the derivative:

Theorem 4.4 (The Poincaré Inequality for Manifolds). Let u P W 1,p
int0pMq be an integral

zero Sobolev function, where 1 ¤ p   n. Then:

‖u‖LqpMq ¤ C‖Du‖LppMq,

where 1 ¤ q ¤ np
n�p .

Finally, these two theorems are examples of Sobolev inequalities; a good reference for

proofs (in the Euclidean setting) is [11]. Intuitively, they express the fact that existence

of su�ciently many weak derivatives results in nice properties - compact containment in

an Lq space in the �rst case and some continuous derivatives in the second.

Theorem 4.5 (Rellich-Kondrachov Compactness Theorem). For 1 ¤ p   n and 1 ¤ q  
np
n�p ,

W 1,ppMq � LqpMq,

where � denotes a compact containment, and in particular

W 1,p
0 pMq � LqpMq.

Theorem 4.6 (Continuous Sobolev Embedding Theorem). If

pk � r � αq

n
�

1

p
,

for α P p0, 1s, then

W k,ppMq � Cr,αpMq.

Note that this �nal theorem implies that

8£
k�0

W k,ppMq � C8pMq.
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4.2 The Poisson Equation on a Manifold

As a key example of a second order partial di�erential equation, consider the classical

Poisson equation, which is intended to be solved over our compact Riemannian manifold

M :

∆u � f. (6)

Before we try to solve this, however, we must discuss what is meant by the symbol ∆. In

�at space this is of course the standard Laplacian di�erential operator:

∆u :� δijBiBju � pdiv �Dqu.

We want to imitate the latter de�nition, by generalising the operators D (here denoting

the gradient vector) and div to work in this geometric setting.

4.2.1 The Laplace-Beltrami Operator

We start by generalising the gradient vector Du to M . In Rn, the gradient vector encap-
sulates all directional derivatives of a function u - the dot product of Du with a vector X

gives the directional derivative of u in the direction X. The equivalent formulation for a

Riemannian manifold is

x∇u,Xy � BXu,

where we use ∇ (for now) to denote the gradient vector �eld - to distinguish it from the

pushforward du. In local coordinates therefore, writing

∇u � Y iBi,

we solve for Y i:

x∇u, Bkyg � gijY
iδjk

ðñ Bku � gijY
iδjk

ðñ gkiBku � gkigikY
i

ðñ gkiBku � Y i.

Therefore, we see that the gradient must be given by ∇u � gij Biu Bj .

Our second operator that must be generalised is the divergence operator, div. For a vector

�eld XiBi in Rn, div is de�ned as:

divpXiBiq � BiX
i.
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It can also, equivalently, be de�ned as the adjoint operator of �∇:

Lemma 4.7.

xdivX, fyL2 � xX,�∇fyL2 .

Proof.

xdivX, fyL2 �

»
Rn
pBiX

iqf dvol

� �

»
Rn
XipBifq dvol (by parts)

� xX,�∇fyL2 .

Since we now have a working de�nition of the gradient vector, we imitate this formulation

of the divergence, using the L2 inner product de�ned over the manifold M . In the follow-

ing, recall that the volume element on an n-dimensional Riemannian manifold is given bya
|g|dx1^ � � �^dx.

xX,∇fyL2 �

»
M
xX,∇fygdvol

�

»
M
xXiBi, g

kjBkfBjygdvol

�

»
M
gkjgijX

iBkfdvol

�

»
M
XkBkf

a
|g|dx1^ � � �^dxn

� �

»
M
BkpX

k
a
|g|qfdx1^ � � �^dxn

�

»
M
�

1a
|g|
BkpX

k
a
|g|qfdvol,

and so it makes sense to de�ne

divX �
1a
|g|
BkpX

k
a
|g|q.

The Riemannian Laplacian, or the Laplace-Beltrami operator, is therefore de�ned as

∆ :� �div �∇.

The minus sign is merely convention - here the Laplace-Beltrami operator has been chosen

to correspond to the negative of the Euclidean Laplacian.
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There is another useful formulation of the Laplacian which uses the exterior derivative on

di�erential forms:

De�nition 4.8 (Laplace-deRham operator). The Laplace-deRham operator is de�ned to

be

∆dR :� dd� � d�d,

where d is the exterior derivative and d� is the codi�erential, the adjoint of the exterior

derivative. On functions, the Laplace-deRham and Laplace-Beltrami operators are the

same.

As an application of this alternate de�nition, we characterise the harmonic functions on

a compact manifold.

Theorem 4.9 (Harmonic functions on a compact manifold). The only solutions u P

C8pMq to

∆u � 0

are the constants, u P R.

Proof. Certainly the constants are solutions, so we now show they are the only ones.

∆u � 0 ô @v P C8pMq, x∆u, vyL2pMq
ô @v P C8pMq, xpdd� � d�dqu, vyL2pMq
ñ @v P C8pMq, xd�du, vyL2pMq psince d* is 0 on functionsq

ñ @v P C8pMq, xdu, dvyL2pMq
ñ ‖du‖L2pMq � 0

ñ u P R.

4.2.2 Existence of Weak Solutions to the Poisson Equation

We now aim to solve the Poisson equation, (6). The �rst thing to notice, in the case of

this particular problem, is that is is unsolvable unless»
M
fdvol � 0,

this can be seen by integrating the Poisson equation above and using Stokes' theorem.

Certainly then, this is a necessary condition for solutions to exist. We aim to show in

this section that it is a su�cient condition also. We will work in the Sobolev space

HpMq � H1
int0pMq, which is the space of functions in H1pMq but with integral 0. This is

a Hilbert space with respect to the inner product

xf, gyH :�

»
M
x∇f,∇gygdvol,
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(this corresponds to the Sobolev norm ‖u‖H shown to be equivalent to the usual norm on

W 1,2pMq � H1pMq in the last section, via the Poincaré inequality). Crucially, it is also

the completion of the space C8
int0pMq of integral 0 smooth functions on M .

A problem arises immediately when we start to look for solutions in this space: given

u P HpMq, u may not even have a well-de�ned derivative, so in what sense can ∆u � f?

To answer this, note that u P C8pMq solves the Poisson equation if and only if for all test

functions g P C8pMq,

xg,∆uyL2pMq � xg, fyL2pMq
ô x∇g,∇uyL2pMq � xg, fyL2pMq.

ô xg, uyH � xg, fyL2pMq,

and since this �nal line also makes sense for elements of H1pMq, this is the problem we

aim to solve. We will call solutions to this modi�ed problem `weak solutions'.

The key tool in solving this is the Riesz Representation Theorem:

Theorem 4.10 (Riesz Representation). Given a Hilbert space H, there is a one-to-one

correspondence between bounded linear maps α : H Ñ R and elements a P H, such that

αpgq � xa, gyH .

To use this, notice

αf pgq � xg, fyL2pMq

is a linear map C8
int0 Ñ R. If it were the case that this linear map extended to a linear

map αf : HpMq Ñ R, then using Riesz again (after extending), there would exist an

element u P HpMq such that for all test functions g,

xu, gyHpMq � αf pgq

� xf, gyL2pMq,

completing the existence part of the problem. So, our only remaining question is, can we

extend α to a bounded linear operator on H? It is not as simple as 'a bounded linear

operator on a normed vector space extends uniquely to a bounded linear operator on the

completion', since we are using a completely di�erent norm on HpMq to the L2 norm of

C8pMq.

Let's work through it. For αf � xf, �yL2pMq to lift to a function on H, we make the
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de�nition:

αf phq � lim
iÑ8

αf phiq � lim
iÑ8

xf, hiyL2pMq,

where hi is a Cauchy sequence in C8
int0 tending to h via the H norm. For this to be

well-de�ned, the limit must exist, which may be a problem as the inner product in this

de�nition is not the one used to complete C8
0 pMq. We are saved by the Poincaré inequality,

which tells us that

‖u‖L2pMq ¤ C‖u‖HpMq,

so the H-Cauchy sequence hi is also L
2-Cauchy. Thus the limit exists, and the bounded

linear operator extends to an operator on H. Note that the Poincaré inequality requires

the integral of our functions to be 0, so it was important that we worked in the space of

integral 0 functions. This is where the condition that f integrates to 0 made its appearance.

We have proven the following theorem:

Theorem 4.11. The Poisson equation (6) is solvable for u P H1pMq if and only if»
M
fdvol � 0.

4.3 Generalising the Existence Problem to Elliptic Operators

Showing that solutions to the Poisson equation are smooth is tricky (though the details in

this speci�c case are in [21]), so we choose instead to move on and demonstrate existence

and smoothness of solutions to the equation, 0

Lu � f on M (7)

for a more general di�erential operator L. Once we have characterised the situations where

smooth solutions can be found, we will return to the Poisson equation.

The study of elliptic di�erential operators is particularly nice - ellipticity makes both ex-

istence and regularity proofs simpler, so we will restrict to these. We therefore �rst de�ne

what is meant by an elliptic operator, and then move on to generalise the idea of `weak

solution' introduced in the previous section.

4.3.1 Di�erential Operators

The �rst thing to de�ne is a di�erential operator. The easiest way to understand them is

to work locally, since we know what we'd like di�erential operators to look like over Rn.
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De�nition 4.12. Let E, F be smooth vector bundles over the manifold M , and denote

the space of sections of these bundles by C8pEq, C8pF q. Then a linear map

L : C8pEq Ñ C8pF q

is a di�erential operator of order k, if

1. @u P C8pEq, supppLuq � supppuq,

2. For all p P M , there is a smooth chart pU, φq around p over which the bundles are

trivial, such that in this chart,

L :�
¸
|α|¤k

AαB
α,

where α denotes a multi-index, Bα :� B|α|
Bxα , and Aα are matrices of size rankpF q� rankpEq.

The Laplacian, which we extensively looked at in the previous section, is therefore a

di�erential operator,

∆ : C8pM � Rq Ñ C8pM � Rq,

in this notation. Another example is the exterior derivative on forms: for example, taking

the example of the derivative taking 2-forms of R3 to 3-forms of R3:

d : C8
��2T �R3

	
Ñ C8

��3T �R3
	
,

we �nd that

dpa1dx
1^dx2 � a2dx

2^dx3 � a3dx
3^dx1q � B1a1 � B2a2 � B3a3,

and so

d

���a1

a2

a3

��
� 3̧

i�1

�
δ1,i, δ2,i, δ3,i

�
� Bi

���a1

a2

a3

��
.
Therefore d is a partial di�erential operator by the above de�nition.

A very important notion is that of the formal adjoint to an operator:

De�nition 4.13. An operator Q is the formal adjoint of the operator P if, for all u P

C8
0 pEq, v P C

8
0 pF q, we have:»

M
xPu, vyF dvol �

»
M
xu,QvyE dvol.

Formal adjoints are important because every di�erential operator has a unique one! As an

example, the Laplace-Beltrami operator as de�ned in the last section is self-adjoint, since:
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»
M
x∆u, vyg dvol �

»
M
x∇u,∇vyg dvol �

»
M
xu,∆vyg dvol.

We will be most interested in the case where L is a second-order di�erential operator, and

our bundles are trivial of rank 1, so we are working just with functions from M to R. In
this case, restricting to a co-ordinate patch U � Rn, L will look like:

Lu � �
ņ

i,j�1

Bjpa
ijpxqBiuq �

ņ

i�1

bipxqBiu � cpxqu

(this is called divergence form). Since we are working locally, on Rn, we may assume

symmetry of the matrix pApxqqij � aijpxq.

4.3.2 Elliptic Operators

A second-order di�erential operator as de�ned above is said to be elliptic if there exists a

Θ ¡ 0 such that in any chart, the matrix Apxq is positive de�nite, with smallest eigenvalue

larger than Θ. In particular, this ensures that Apxq is invertible.

Importantly, if the operator L is elliptic, then its adjoint, L� is as well. To show this, if

we expand the L2 inner product xLu, vyL2 locally, we get:

xLu, vyL2 � �
ņ

i,j�1

»
U
Bjpa

ijBiuqv dx�
ņ

i�1

»
U
biBiuv dx�

»
U
cuv dx (locally)

�
ņ

i,j�1

»
U
aijBiuBjv dx�

ņ

i�1

Bipb
ivq dx�

»
U
cuv dx

� �
ņ

i,j�1

»
U
Bipa

ijBjvqu dx�
ņ

i�1

biBivu dx�

»
U

�
c� Bib

i
�
vu dx

� xu, L�vyL2 ,

showing that the adjoint is locally de�ned by

L�v � �
ņ

i,j�1

Bipa
ijBjvq �

ņ

i�1

biBiv �
�
c�

ņ

i�1

Bib
i
�
v.

Then the matrix A is the same for L� as for L, so L is elliptic if and only if L� is.
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As an example of an elliptic operator, the Laplace-Beltrami operator is given locally by:

∆ � �div �∇

� �divpgijBiuBjq

� �
1a
|g|
Bkpg

ikBiu
a
|g|q

� �gikBkBiu�
1a
|g|
pBiuBkpg

ik
a
|g|q

� �Bkpg
ikBiuq � biBiu,

where we have reorganised the expression into divergence form. This is elliptic by positive-

de�niteness of the matrix gij .

In the case of general operators on bundles, to de�ne ellipticity we require the notion of

the symbol of a di�erential operator:

De�nition 4.14. Let L be a di�erential operator, L �
°
|α|¤k AαB

α, and let ω be a 1-form

(covector �eld), ω � ωidx
i. The total symbol σLpωq of the operator L in the direction of

ω is the bundle homomorphism:

σLpωq : E Ñ F

e ÞÑ
¸
|α|¤k

ωαAα.

The principal symbol σ̂Lpωq is the highest order part of the total symbol:

σ̂Lpωq : E Ñ F

e ÞÑ
¸
|α|�k

ωαAα.

A couple of important properties of the principal symbol are that it is a homomorphism,

i.e

σ̂L2�L1pωq � σ̂L2pωq � σ̂L1pωq,

and it respects formal adjoints, in that

σ̂Lpωq
� � σ̂L�pωq.

For proofs of these facts and further information about the symbol, see [1].

Ellipticity then has a nice characterisation in terms of this symbol: an operator L is

elliptic if, for allm PM , σ̂Lpωq|m is invertible at all ω|m � 0, i.e. the principal symbol is a
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linear isomorphism for nonzero covectors. As an example, the Laplace-Beltrami operator's

principal symbol is:

σ̂∆pωq � �
ņ

i,j�1

gijωiωj

� �xω, ωyg

� �‖ω‖2g � 0,

which shows that the Laplace-Beltrami operator is elliptic. Generally speaking, if we de-

�ne a Laplace-type operator to be one with principal symbol a multiple of ‖ω‖2g, then
this must also be elliptic - there are many such operators including the Hodge Laplacian

de�ned earlier.

As another example, if we de�ne a Dirac-type operator to be an operator D such that

DD� and D�D are Laplace-type, then by the homomorphism property of the principal

symbol, D is also elliptic. These operators also turn up frequently in geometric analysis,

an example is d� δ (on the graded bundle of all di�erential forms), where d is the exterior

derivative and δ is the codi�erential. We will use a Dirac-type operator in Section 5.2.

4.3.3 The Search for Solutions

As before, we would like to search �rst for weak solutions to the equation (7); we �rst

explain what is meant by this. Using our de�nition of Sobolev spaces given above, we can

extend the domain of L to the space W k,ppMq, simply treating each Bi in the de�nition

as a weak derivative. In particular, we de�ne

Lk : HkpMq Ñ Hk�2pMq

as the unique extension of the linear operator L to the space HkpMq (We are using Hilbert

Sobolev spaces from now on to make use of adjoints and orthogonal decompositions in our

arguments). Note that, importantly, it is a bounded linear operator on HkpMq, because

locally, (u � 0 on BU):

‖Lu‖Hk�2pUq �
������� ņ

i,j�1

aijpxqBjBiu �
ņ

i�1

b̃ipxqBiu � cpxqu
������
Hk�2pUq

¤ sup
i,j,x

pai,jpxqq
ņ

i,j�1

‖BjBiu‖Hk�2pUq � sup
i,x
pbipxqq

ņ

i�1

‖Biu‖Hk�2pUq � sup
x
‖u‖Hk�2pUq

¤ C‖u‖HkpUq.

We then de�ne a weak solution of (7) as a solution of

Lku � ρ.
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We now tackle the problem of existence of smooth solutions to (7). The key ingredient

needed for both existence of weak solutions and regularity, special to elliptic operators, is

the following pair of �elliptic estimates�:

Theorem 4.15 (Elliptic Estimates). If L is an elliptic operator of order r over a compact

manifold, then as long as 1   p   8 and α P p0, 1q, then we have the following two

regularity estimates for solutions u to the equation (7):

• ‖u‖Wk�r,p ¤ Cp‖Lu‖Wk,p � ‖u‖Lpq

• ‖u‖Ck�r,α ¤ Cp‖Lu‖Ck,α � ‖u‖C0,αq.

This immediately gives us the regularity part of the argument:

Theorem 4.16. Let L be a second order elliptic partial di�erential operator on a compact

manifold M , and let Lk be the extension of this operator to the Hilbert space HkpMq. A

solution to the weak di�erential equation

Lku � f

for f P C8pMq is in fact a smooth function, and therefore a solution of the smooth

problem,

Lu � f.

This implies that kerpLkq � kerpLq.

Proof. If u weakly solves (7) for smooth f , the estimate tells us that u has bounded

Sobolev norm for any k. Since the intersection of all Sobolev spaces is just the smooth

functions, u must be smooth.

Once we have this theorem, the rest is quite straightforward:

Theorem 4.17 (Fredholmness of Elliptic Operators). Let L be a second order elliptic

partial di�erential operator on a compact manifold M , and let Lk be the extension of this

operator to the Hilbert space HkpMq. Then:

1. dimpkerpLkqq   8.

2. ImpLkq is closed.

3. The dual space of coker pLkq is kerpL
�q, where L� is the formal adjoint of L.

4. There is a decomposition Hk�2pMq � kerL� ` impLkq, where the decomposition is

orthogonal with respect to the L2 inner product.

Along with elliptic regularity, this tells us that the original problem (7) is solvable with

u P C8pMq if and only if

@ρ P kerL�, xf, ρyL2 � 0.

For the proof, we follow the techniques in [7].
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Proof. Take L, Lk as in the statement of the theorem.

1. Since kerpLkq � HkpMq is closed, it follows that it is a Banach space under the

HkpMq norm. To show that kerpLkq is �nite-dimensional, it therefore su�ces to

show that the unit ball B is compact.

Now by Theorem 4.5, B is precompact w.r.t the L2 norm. Then by Theorem 4.15,

‖u‖HkpMq ¤ Cp‖Lku‖Hk�2pMq � ‖u‖L2pMqq

� C‖u‖L2pMq for u P kerpLkq,

so precompactness in L2pMq implies precompactness in HkpMq, as required.

2. Theorem 4.15 implies that, for u orthogonal to kerpLkq,

‖u‖HkpMq ¤ ‖Lku‖Hk�2pMq.

We use this to show that impLkq is closed. Take a sequence Lkui converging to v

in Hk�2pMq - we may assume ui P kerpLkq
K. Then Lkui is Cauchy in Hk�2pMq,

implying by the above inequality that ui is Cauchy in HkpMq, converging to some

u such that Lkpuq � v.

3/4. Denote the dual space of X by X�. Then,

pcokerpLkqq
� �

� Hk�2pMq

impLkpMqq

	�
� tφ P pHk�2pMqq� : φpimpLkqq � t0uu,

giving an embedding

ι : kerpL�q ãÑ pcokerpLkqq
�

u ÞÑ xu, �yL2pMq

(note that u P kerpL�q implies that xu, LφyL2pMq � 0 for φ P C8pMq, and then by

continuity xu, LkφyL2pMq � 0 for φ P HkpMq). We must show that ι is a surjection.

For k � 2,

pcokerpL2qq
� �

�L2pMq

impL2q

	�
� tφ P L2 : φ vanishes on impL2qu

� tφ P L2 : @u P H2pMq, xφ,L2uyL2pMq � 0u

� tφ P L2 : @u P C8pMq, xφ,LuyL2pMq � 0u

� tφ P L2 : L�φ � 0 weaklyu

� tφ P C8 : L�φ � 0u (by elliptic regularity)

� kerpL�q.
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We therefore just demonstrated that impL2q
K � pcokerpL2qq

�, so we have shown

(4.) for the case k � 2:

L2pMq � kerpL�q ` impL2q.

Now let k ¡ 2, and take a v P Hk�2pMq. Then v P L2pMq as well, so we can

decompose it:

v � φ� L2u,

where φ P kerpL�q, u P H2pMq. Then:

L2u � v � φ

ùñ u P HkpMq,

by Theorem 4.15. Therefore,

Hk�2pMq � kerpL�q ` impLkq.

This also shows, by dimension counting, that ι is onto.

As an example of this in action, return one �nal time to the example of the Poisson

equation on a manifold, (6). The Laplace-Beltrami operator is a self-adjoint operator, so

by Theorem 4.17 there is a smooth solution if and only if

@v P kerp∆q, xv, fyL2pMq �
»
M
vfdx � 0.

However we know that kerp∆q � R by Theorem 4.9, so there is a solution if and only if f

integrates to 0 - which is the result we already proved in Theorem 4.11.
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5 A Collapsing Sequence of Hyperkähler Metrics on the K3

Surface

In this chapter we will give a summary of Foscolo's recent construction [12] of a sequence

of hyperkähler metrics on the K3 surface which collapse to the 3-dimensional orbifold

T 3{Z2 with the �at metric. This is part of a larger program in which also the collapse of

7-dimensional manifolds with holonomy G2 to 6-dimensional Calabi-Yau manifolds is stud-

ied, which makes precise relations between di�erent string theories predicted by physicists.

It is also of considerable interest from the point of view of Riemannian geometry. By

Gromov's precompactness theorem, a sequence of compact Riemannian 4-manifolds with

Ricci-curvature bounded from below and diameter bounded from above has a subsequence

which converges to some limit space in the Gromov-Hausdor� topology. If it is a sequence

of Einstein 4-manifolds with additional volume bound from below, i.e. the sequence doesn't

collapse, and a uniform bound on the Euler characteristic the regularity of the limit space

is well understood. Nakajima [24] and Anderson [2] show that the limit space is an Ein-

stein 4-orbifold, outside of �nitely many points the convergence is in Ck,α and around the

singularities the convergence is modelled by rescaled Ricci-�at ALE spaces. This bubbling

phenomenon also occurs in the theory of harmonic maps and Yang-Mills instantons. In the

case of a collapsing sequence of Ricci-�at metrics on a compact 4-manifold it is known that

the collapse occurs with bounded curvature outside of �nitely many points [6]. However,

almost nothing is known about the strucure of the collapse around the singularities. So far

there are two constructions of collapsing sequences of Ricci-�at metrics on the K3 surface.

In Foscolo's example of a collapse to a three-dimensional limit space the structure of the

collapse around the singularities is analogous to the non-collapsing case. It is modelled on

rescaled gravitational instantons. But in this case with volume growth as 3-dimensional

euclidean space rather than 4-dimensional euclidean space. These gravitational instantons

are called ALF spaces. However, in the collapsing case it is not always true that that curva-

ture concentrates around singular points as bubbling of rescaled gravitational instantons.

Gross and Wilson [16] constructed a family of hyperkähler metrics on a K3 elliptic �bra-

tion over CP 1. In this example the singular �bres are modelled on the Ooguri-Vafa metric.

The fundamental di�culty in constructing a collapsing family of Ricci-�at metrics with

bounded curvature on a compact simply-connected manifold is the following: Cheeger-

Gromov theory of collapse with bounded curvature suggests that if the limit space has

one dimension less then the collapse occurs as in the example of Berger spheres (see sections

3.2 and 2.2): the total space is a principal circle bundle and the collapse is generated by

shrinking of the �bres. However, a compact simply-connected manifold with vanishing
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Ricci curvature cannot have an isometric circle action: By Bochner's formula

|∇ξ|2 � 1

2
∆|ξ|2 � Ricpξ, ξq

we see that the generating Killing vector �eld ξ is parallel [25][Chapter 7.1, p. 191,

Theorem 36]. With the Weitzenböck identity

∆ � ∇�∇� Ric

we see that the 1-form ξ5 � gpξ, �q is harmonic. By the Hodge theorem there are no non-

trivial harmonic 1-forms on a compact, simply-connected manifold.

There are three main problems to solve: Firstly, the idea is to produce collapse with

bounded curvature outside of �nitely many points by constructing a hyperkähler metric

on a circle �bration over the limit space T 3{Z2 outside of �nitely many points and then

shrink the �bres. We need a tool to construct this kind of metric. Secondly, to make this a

collapse of hyperkähler metrics on the K3 surface we need to glue in appropriate �building

blocks� to resolve the singularities. For this we need to compare the asymptotic geometry

of the building blocks with the geometry of the �bration around the singularities. Thirdly,

since gluing is involved we need to set up a good deformation theory in this situation to

correct the gluing errors. The �rst two problems are solved by using the Gibbons-Hawking

ansatz which is described in detail in section 5.3 and the third problem is solved by working

in the framework of de�nite triples, which is described in section 5.2.

5.1 Hyperkähler Manifolds

A hyperkähler manifold pM, g, I1, I2, I3q is a smooth Riemannian manifold pM, gq with

three (integrable) complex structures I1, I2, I3 which satisfy the quaternionic relation

I1I2I3 � �1 and pM, gq is Kähler with respect to each of them. This has strong con-

sequences. For a1, a2, a3 P R with a2
1 � a2

2 � a2
3 � 1 the metric is Kähler with respect to

a1I1�a2I2�a3I3. Therefore, g is Kähler with respect to a whole 2-sphere of complex struc-

tures. Furthermore, the dimension dim M � 4m is divisible by 4 and the holonomy Holpgq

is contained is the symplectic group Sppmq. Because of the inclusion Sppmq � SUp2mq all

hyperkähler manifolds are Calabi-Yau manifolds and Ricci-�at. In dimension 4 we have

equality Spp1q � SUp2q and all Calabi-Yau manifolds of real dimension 4 are hyperkähler.

We will now restrict the discussion to dimension 4. The three complex structures I1, I2, I3

yield three Kähler forms ω1, ω2, ω3. It is often convenient to work in the framework of

de�nite triples.

5.2 De�nite Triples

The following discussion of de�nite triples is based on [12][section 2].
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Let pM,µ0q be an oriented 4-manifold with orientation form µ0. In this situation µ0

allows us to identify
�4 T �M with the trivial line bundle M � R. Therefore the wedge

product induces a symmetric bilinear form on
�2 T �xM at each point x P M . A triple

of 2-forms ω � pω1, ω2, ω3q is called a de�nite triple if it spans a 3-dimensional positive

de�nite subspace at each point. Every triple of 2-forms ω � pω1, ω2, ω3q gives rise to the

matrix-valued function

Qij �
1
2ωi ^ ωj

µ0
, i, j � 1, 2, 3.

It is a de�nite triple if and only if Q is a positive de�nite matrix at each point. If we set

µω � pdetQq
1
3µ0, Qω � pdetQq�

1
3Q,

then µω and Qω are independent of the original orientation form µ0.

At each point
�2 T �xM is a 6-dimensional vector space. Note that a 3-dimensional positive

de�nite subspace cannot be chosen in a unique way. However, a Riemannian metric gives

a natural choice of such a subspace. The Hodge-star operator � :
�2 T �xM Ñ

�2 T �xM
associated to the metric is an isomorphism with eigenvalues �1.

�2 T �xM splits into

eigenspaces
�2

� T
�
xM and

�2
� T

�
xM . A section of

�2
�pMq is called a self-dual 2-form and

a section of
�2

�pMq is called an anti-self-dual 2-form.
�2

� T
�
xM is positive de�nite. It

turns out that the choice of this subspace only depends on the conformal class [23][section

6.4]. Vice versa the choice of a 3-dimesnional positive de�nite subspace gives a conformal

structure [10][Section 1.1.5, Self-duality and special isomorphisms]. Hence, a de�nite triple

induces a Riemannian metric in two steps: First, it gives rise to a conformal structure by

specifying a maximal positive de�nite subspace at each point and then we get a metric by

requiring that the volume form is given by µω.

If the triple is closed, i.e. all three forms are closed, and Qω � id, then the triple de�nes

a hyperkähler structure.

One of the key ingredients in Foscolo's construction is the fact that de�nite triples have

a good perturbation theory. If ω is closed and close to a hyperkähler triple, i.e. the error

‖Qω � id‖C0 is su�ciently small, then the linearisation of the deformation which perturbs

ω into a hyperkähler triple is given by

pD ` idq b R3 : pΩ1pMq `H�
ω q b R3 Ñ pΩ0pMq ` Ω�pMqq b R3,

where D is the Dirac operator

D � d� � d� : Ω1pMq Ñ Ω0pMq ` Ω�pMq.
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Here H�
ω is the 3-dimensional vector space of harmonic self-dual 2-forms with respect to

the metric given by ω and d� is the self-dual part of d. Foscolo shows that the linearisation

is invertible as an operator on weighted Hölder spaces. An introduction to analysis on

manifolds is given in part 4 of this text.

5.3 Gibbons-Hawking Ansatz

In this section we describe the Gibbons-Hawking ansatz which is an important tool in

Foscolo's construction. We follow [12][section 3.1] and [20].

Let U � R3 be an open subset and π : P Ñ U a principle Up1q-bundle. Suppose h is a

positive function on U and θ a connection on P. We identify up1q � R. Then θ can be

understood as a left-invariant 1-form on P with the normalisation θpξq � 1, where the

vector �eld ξ is the in�nitesimal generator of the Up1q-action. Suppose the pair pθ, hq

solves the abelian monopole equation

dθ � π�p�dhq, (8)

where � is the Hodge star operator on U with the euclidean metric. This gives an easy

way to construct a hyperkähler structure on P. Set

g � hπ�gR3 � h�1θ2. (9)

Denote by B̂i :� Bi�θpBiqξ the horizontal lift of Bi for i � 1, 2, 3. Then th�
1
2 B̂1, h

� 1
2 B̂2, h

� 1
2 B̂3, h

1
2 ξu

is an orthonormal frame. Each unit vector in R3 gives rise to an integrable complex struc-

ture on P. Considered as a constant vector �eld on U , its horizontal lift is mapped to a

multiple of the Killing vector �eld ξ such that the metric is preserved. We will explain

this in more detail for the unit vector B1. The almost complex structure

I1pB̂1q � hξ, I1pB̂2q � B̂3 (10)

clearly preserves g. T 1,0P at each point is spanned by tB̂1 � ihξ, B̂2 � iB̂3u. Therefore the

annihilator of T 1,0P is generated by thdx1 � iθ, dx2 � idx3u. By (8) this ideal is closed

under exterior di�erentiation:

dphdx1 � iθq �dh^ dx1 � idθ

�dh^ dx1 � i � dh

�B2h dx2 ^ dx1 � B3h dx3 ^ dx1

� ipB1h dx2 ^ dx3 � B2h dx3 ^ dx1 � B3h dx1 ^ dx2q

�p�B2h� iB3hqdx1 ^ dx2 � p�B3h� iB2hqdx1 ^ dx3 � iB1h dx2 ^ dx3

�pp�B2h� iB3hqdx1 � iB1h dx3q ^ pdx2 � idx3q.
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Hence the almost complex structure I1 is integrable by Frobenius' theorem. Because of

gpI1pB̂1q, ξq � hgpξ, ξq � 1,

gpI1pB̂2q, B̂3q � gpB̂3, B̂3q � h,

the Kähler form with respect to I1 is given by

ω1 � dx1 ^ θ � h dx2 ^ dx3. (11)

The fact that pθ, hq solves equation (8) makes ω1 closed and g Kähler with respect to I1:

dω1 � �dx1 ^ dθ � dh^ dx2 ^ dx3

� �dx1 ^ p�dhq � dh^ dx2 ^ dx3

� �dx1 ^ ppB1hqdx2 ^ dx3q � pB1hq dx1 ^ dx2 ^ dx3

� 0.

Analogously, B2 and B3 give rise to the Kähler forms

ω2 � dx2 ^ θ � h dx3 ^ dx1, (12)

ω3 � dx3 ^ θ � h dx1 ^ dx2 (13)

respectively. Furthermore, we have

ωi ^ ωj �
�
dxi ^ θ �

¸
ab

h εiab dxa b dxb

	
^
�
dxj ^ θ �

¸
cd

h εjcd dxc b dxd

	
�
¸
ab

h εiab dxa b dxb ^ pdxj ^ θq �
¸
cd

h εjcd dxc b dxd ^ pdxi ^ θq

� 2δij h dx1 ^ dx2 ^ dx3 ^ θ.

Therefore in the terminology of section 5.2 we have Q � id with respect to the orientation

µ0 � h dx1 ^ dx2 ^ dx3 ^ θ. This means that tω1, ω2, ω3u is a hyperkähler triple.

The projection map π : P Ñ U � R3 has an important interpretation. Inserting the

Killing �eld ξ of the Up1q-action into the Kähler forms gives

ωip�, ξq � dxi, i � 1, 2, 3.

This means that π � px1, x2, x3q is the hyperkähler moment map.

The Gibbons-Hawking ansatz is very useful because it reduces the usually very di�cult

problem of constructing Ricci-�at metrics to �nding a harmonic function and check the

topological condition that �dh is the curvature of a connection on a line bundle over
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the space. It is natural to use the rotationally symmetric harmonic function 1
|x| on R3.

By choosing a �nite number of singularities p1, . . . , pn P R3 and a constant λ ¥ 0, by

superposition we get the harmonic function

h � λ�
ņ

j�1

kj
|x� pj |

. (14)

To check that �dh is the curvature of a line bundle over R3 � tp1, . . . , pnu, we need to

check that 1
2π �dh induces an integral cohomology class as line bundles are classi�ed by the

second integral cohomology group via the �rst Chern class. Since H2pR3�tp1, . . . , pnu,Zq
is generated by spheres around the punctures, it is enough to check that the integral of
1

2π � dh over some sphere around each puncture is an integer. This is the case if all kj are

integers. Solutions to the monopole equation of this kind are called Dirac monopoles.

5.4 Gravitational Instantons

The following discussion follows [12][section 3].

A gravitational instanton is a complete, noncompact hyperkähler 4-manifold with

a curvature decay condition at in�nity. It is most common to require �nite energy

‖Rm‖L2   8 of the Riemann curvature tensor. For classi�cation results it is helpful to

require faster than quadratic curvature decay |Rm| � Opr�2�εq for some ε ¡ 0.

A gravitational instanton with more than one end is disconnected at in�nity, i.e. dis-

connested after removing a compact subset, and hence contains a line. Since it is also

Ricci-�at, it must be a cylinder by the Cheeger-Gromoll splitting theorem. The curvature

decay condition then forces the cross section to be �at. Therefore each non-�at gravi-

tational instanton has only one end. The Ricci-�atness gives another restriction to the

geometry: By the Bishop-Gromov volume comparison theorem the volume growth of a

geodesic ball of radius r is at most r4 (see Theorem 3.12).

Gravitational instantons with maximal volume growth are called asymptotically locally

euclidean, or ALE. Examples are C2 with its standard hyperkähler structure and the

Eguchi-Hanson metric on T �S2. ALE spaces are local models for how to desingularize

hyperkähler 4-orbifolds. In the Kummer construction of Calabi-Yau metrics on the K3

surface, one starts with a 4-torus T 4 � C2{Λ and takes the quotient T 4{Z2, where Z2

acts by multiplication of �1. The 16 singularities are modelled on C2{Z2 and are resolved

by gluing in an Eguchi-Hanson space. With a standard perturbation argument one gets

a Ricci-�at metric on the K3 surface. This was carried out rigorously among others by

Donaldson[9].

Gravitational instantons with cubic volume growth are called asymptotically locally
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�at, or ALF. Minerbe [22] shows that under the assumption of faster than quadratic

curvature decay there are no gravitational instantions with volume growth VolpBpp, rq �

Optaq for some number a P p3, 4q. Furthermore, using the theory of collapse with bounded

curvature due to Cheeger and Gromov, he shows that the unique end M �K of an ALF

space pM, gq is a circle �bration π : M �K Ñ pR3 � BRq{Γ, where Γ � tidu or Z2, and

the metric is asymptotically a submersion

g � π�gR3{Γ � θ2 �Opr�µq

for a connection θ on π and some µ ¡ 0. If Γ � tidu the ALF space is called cyclic and

if Γ � Z2 the ALF space is called dihedral.

We can describe the asymptotic geometry of ALF spaces even better by using the Gibbons-

Hawking ansatz. Consider hk :� 1 � k
2ρ , where ρ is a radial function of R3. �dhk is the

curvature of some connection θk on H
k, the principle Up1q-bundle associated with the line

bundle Opkq over CP 1 � S2. Then pθk, hkq solves the monopole equation (8) and the

Gibbons-Hawking ansatz gives the hyperkähler metric

gk �
�

1�
k

2ρ

	
pdρ2 � ρ2gS2q �

�
1�

k

2ρ

	�1
θ2
k. (15)

We could also use λ� k
2ρ , but by scaling we can always reduce to the case λ � 1.

De�nition 5.1. [12][p. 9, de�nition 3.6] Let pM4, gq be an ALF gravitational instanton.

(i) If M is cyclic we say it is of type Ak for some k ¥ �1 if there exists a compact set

K �M , R ¡ 0 and a di�eomorphism φ : Hk�1 ÑM �K such that

|∇lgk�1
pgk�1 � φ�gq|gk�1

� Opr�3�lq (16)

for every l ¥ 0.

(ii) If M is dihedral we say it is of type Dm for some m ¥ 0 if there exists a compact

set K �M , R ¡ 0 and a double cover φ : H2m�4 ÑM �K such that the group Z2

of deck transformations is generated by the standard involution on H2m�4 and

|∇lg2m�4
pg2m�4 � φ�gq|g2m�4 � Opr�3�lq (17)

for every l ¥ 0.

To conclude this section, let's return to Dirac monopoles explained at the end of the

previous section. The fundamental di�erence between ALE and ALF spaces can be seen

by their description with the Gibbons-Hawking ansatz. If we choose the constant λ in (14)

to be 1, then the length of the circles given by the metric (9) is h�
1
2 if the Killing �eld has

period one. If |x| is very large, 1
|x�p1| , . . . ,

1
|x�pn| become small and h�1 is roughly 1 and
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the length of the circles doesn't grow "at in�nity". Since only the three-dimensional base

space "grows", the volume growth is cubic. In this case we get an ALF space. However,

if we choose λ to be zero, then for example in the case of one singularity we have up to a

constant h�1 � |x| and the circles become larger and larger. In this case we get an ALE

space. In section 5.6 we will give some explicit examples of Dirac monopoles. If we choose

one singularity, in the ALE case we just recover the euclidean metric on C2. The ALF

"cousin" of the euclidean space is the Taub-NUT space. If we take two singularities, then in

the ALE case we get the Eguchi-Hanson space on T �S2. The two singularities correspond

to the two �xed points of the standard circle action on S2. Taking multiple singularities

gives the multi-Eguchi-Hanson spaces in the ALE case and the multi-Taub-NUT spaces

in the ALF case. Dihedral ALF spaces can not be constructed by the Gibbons-Hawking

ansatz, only their asymptotic geometry can be described by it.

5.5 Foscolo's Construction

The easiest way to construct a family of hyperkähler metrics on the K3 surface is to carry

out a family of Kummer constructions described in section 5.4. We can consider the 4-

torus T 4 � T 3 � S1 as a trivial circle bundle over the 3-torus. By scaling of the metric

on the circle we get a family of 4-tori T 4
l � T 3 � S1

l , where l ¡ 0 denotes the length of

the circles. By again considering the action Z2 induced by multiplication of �1 on C2,

we get a family of orbifolds T 4
l {Z2. Each orbifold has 16 singularities and they come in

pairs modelled on pR3 � S1q{Z2, which can be resolved by gluing in two copies of Eguchi-

Hanson spaces to get a dihedral ALF space of type D2. Gluing them into the orbifold

gives a family of hyperkähler metrics collapsing to T 3{Z2 as l Ñ 0. Foscolo generalizes

this idea by considering a non-trivial circle bundle over a punctured 3-torus. The crux of

the matter is to �nd out which ALF spaces one can glue in.

Let τ denote the involution on T 3 and tq1, . . . , q8u the eight �xed points. Let tp1, τpp1q, . . . , pn, τppnqu

be another set of 2n Z2-invariant points. Write T � :� T 3�tq1, . . . , q8, p1, τpp1q, . . . , pn, τppnqu

for the punctured 3-torus. Assume we can �nd a principle Up1q-bundle P Ñ T �, such
that the involution τ lifts to P, and a Dirac monopole ph, θq on P with asymptotics

h �
2mj � 4

2ρj
as ρj Ñ 0, (18)

h �
ki
2ρi

as ρi Ñ 0, (19)

where ρj � distp�, qjq and ρi � distp�, piq respectively, for some non-negative integers mj ,

j � 1, . . . , 8, and some positive integers ki, i � 1, . . . , n. The Gibbons-Hawking ansatz

then gives a hyperkähler metric on P{Z2. Comparing the asymptotics (18) and (19) with

the asymptotics of ALF spaces described in de�nition 5.1 suggests after adding a constant

to h we can resolve the singularities of the orbifold P{Z2 by gluing in a dihedral ALF

space of type Dmj at the singularity at qj and a cyclic ALF space of type Aki�1 at the
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singularity at pi. Foscolo shows that all of this is possible if and only if the topological

balancing condition

8̧

j�1

mj �
ņ

i�1

ki � 16. (20)

is satis�ed.

The condition (20) has a remarkable consequence. If mj ¥ 2 for j � 1, . . . , 8, then this

forces equality mj � 2 for all j and n � 0. This means that we can only glue in a dihedral

ALF space of type D2 at each of the �xed points and we can't have any further singular-

ities. This is the case of the classical Kummer construction described above on a trivial

circle bundle over the 3-torus. If it wasn't for the D0 ALF space, the Atiyah-Hitchin

space, and the D1 ALF space, the double cover of the Atiyah-Hitchin space, Foscolo's

construction wouldn't give new examples. That the Atiyah-Hitchin space and its double

cover are exceptional from the other dihedral ALF spaces can be seen by looking at the

description of the asymptotic geometry via the Gibbons-Hawking ansatz. For D0 and D1

we use the harmonic functions 1�4 1
2ρ and 1�2 1

2ρ respectively. This means that for ρÑ 0

the harmonic function goes to �8. The coe�cient of 1
2ρ in the expansion of the harmonic

function is called mass. In contrast to this D2 has zero mass and Dm for m ¡ 2 has

positive mass.

By gluing in the corresponding ALF spaces we get a family of smooth 4-manifolds Mε. ε

corresponds to the size of the ALF spaces which are glued in. The framework of de�nite

triples is very useful in this situation. In contrast to the Kummer construction [9] it is

not a holomorphic gluing which means that the complex structures on the building blocks

don't match together. Instead the de�nite triples on the building blocks are glued together

to get a family of de�nite triples ωε with a control on the error ‖Qωε�id‖C0 . As mentioned

in section 5.2 the deformation is unobstructed and via the implit function theorem Foscolo

deforms them into a genuine hyperkähler triple. The balancing condition (20) forces the

underlying manifold to be the K3 surface.

5.6 Easiest Examples for the Gibbons-Hawking Ansatz

In this section we compute the metric (9) given by the Gibbons-Hawking ansatz for a

Dirac monopole with one singularity. We will see that in the ALE case we recover the

euclidean metric on C2 and in the ALF case we get the Taub-NUT metric.

Let us review the Hopf �bration (see also section 2.2). The three dimensional sphere

considered as a submanifold of C2 is given by S3 � tpz1, z2q P C2 : |z1|
2 � |z2|

2 � 1u.

Therefore each pz1, z2q P S3 can be written as pz1, z2q � pr1e
iξ1 , r2e

iξ2q for some non-

negative r1 and r2 which satisfy r2
1 � r2

2 � 1. This means that we can �nd φ P r0, πs
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with pz1, z2q � pcos
�
φ
2

	
eiξ1 , sin

�
φ
2

	
eiξ2q. The projection P : S3 Ñ S2 can be described

as Ppz1, z2q � ϕ�1
S p z1z2 q where ϕ

�1
S : C Y t8u Ñ S2 is the inverse of the stereographic

projection at the north pole for the sphere in S2 � R3 centred at the origin and is

explicitly given by

ϕ�1
S pzq �

�
z � z̄

zz̄ � 1
,

z � z̄

ipzz̄ � 1q
,
zz̄ � 1

zz̄ � 1



.

On S2 we will use the spherical coordinates psinpφq cospψq, sinpφq sinpψq, cospφqq with φ P

p0, πq and ψ P p0, 2πq. In these coordinates

P
�

cos
�φ

2

	
eiξ1 , sin

�φ
2

	
eiξ2
	
� psinpφq cospψq, sinpφq sinpψq, cospφqq (21)

with ψ � ξ1 � ξ2 [23][p.16, (0.3.5)]. Note that the Lie group Up1q � S1 acts on S3 by

multiplication (on the right) and by the de�nition of the projection the �bres of P are

exactly the orbits of this action. By describing trivialisations we will show that S3 is a

principal Up1q-bundle over S2. If US :� S2�tp0, 0, 1u and UN :� S2�tp0, 0,�1qu we can

describe the bundle structure by

ΨS : tz2 � 0u � S3 Ñ US � Up1q, (22)

pz1, z2q ÞÑ

�
Ppz1, z2q,

z2

|z2|



, (23)

with inverse

Ψ�1
S px, gq � pz1, z2q

�
g
|z2|

z2

	
, (24)

where pz1, z2q is any point in the �bre P�1pxq and

ΨN : tz1 � 0u � S3 Ñ UN � Up1q, (25)

pz1, z2q ÞÑ

�
Ppz1, z2q,

z1

|z1|



, (26)

with inverse

Ψ�1
N px, gq � pz1, z2q

�
g
|z1|

z1

	
, (27)

where pz1, z2q is any point in the �bre P�1pxq. In spherical coordinates pφ, ψq on S2 the

transition function from ΨS to ΨN is given by gNSpφ, ψq � eiψ [23][p.19, (0.3.9)]. Because

the winding number of the transition function is 1 we see that c1 � 1 and the Hopf �bra-

tion is the principal Up1q-bundle over S2 � CP 1 associated to the line bundle Op1q.

With these trivialisations, the coordinate eiθ on Up1q and the spherical coordinates on S2
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we get two coordinate charts which are adapted to the action of Up1q:

If x � psinpφq cospψq, sinpφq sinpψq, cospφqq then pz1, z2q � pcos
�
φ
2

	
eiψ, sin

�
φ
2

	
q P P�1pxq

by (21) and hence by (24) we get the coordinate map

Φ�1
S pφ, ψ, θq �

�
cos
�φ

2

	
eipψ�θq, sin

�φ
2

	
eiθ
	

and analogously

Φ�1
N pφ, ψ, θq �

�
cos
�φ

2

	
eiθ, sin

�φ
2

	
eipθ�ψq

	
.

By radial extension these coordinates on S3 will give us the coordinates

Φ�1
S pr, φ, ψ, θq �

�
r cos

�φ
2

	
eipψ�θq, r sin

�φ
2

	
eiθ
	

on R4�t0u. We will describe the Gibbons-Hawking ansatz and the euclidean metric on R4

in these coordinates. Because Φ�1
S covers a dense subset of R4 this is enough to compare

the two metrics. We will see that up to a constant they coincide. For this we �rst compute

the coordinate frame with respect to these coordinates:

Br �
�

cos
�
φ
2

	
cospψ � θq, cos

�
φ
2

	
sinpψ � θq, sin

�
φ
2

	
cospθq, sin

�
φ
2

	
sinpθq

	
,

Bφ �
�
�
r

2
sin
�
φ
2

	
cospψ � θq,�

r

2
sin
�
φ
2

	
sinpψ � θq,

r

2
cos
�
φ
2

	
cospθq,

r

2
cos
�
φ
2

	
sinpθq

	
,

Bψ �
�
� r cos

�
φ
2

	
sinpψ � θq, r cos

�
φ
2

	
cospψ � θq, 0, 0

	
,

Bθ �
�
� r cos

�
φ
2

	
sinpψ � θq, r cos

�
φ
2

	
cospψ � θq,�r sin

�
φ
2

	
sinpθq, r sin

�
φ
2

	
cospθq

	
.

This gives

gR4 � dr2 � r2

�
1

4
dφ2 � cos2

�φ
2

	
dψ2 � dθ2 � cos2

�φ
2

	
pdψ b dθ � dθ b dψq



.

For the Gibbons-Hawking ansatz we will use the harmonic function h � 1
2r on R3 � t0u.

ω � Impz̄1dz1 � z̄2dz2q is a connection on the principle bundle P : S3 Ñ S2 [23][p. 331,

6.6.1]. In our coordinates it is given by

z̄1dz1 � z̄2dz2

� cos
�φ

2

	
e�ipψ�θqd

�
cos
�φ

2

	
eipψ�θq

	
� sin

�φ
2

	
e�iθd

�
sin
�φ

2

	
eiθ
	

�i
�

cos2
�φ

2

	
dψ � dθ

	
,

i.e.

ω � cos2
�φ

2

	
dψ � dθ �

1

2
p1� cospφqqdψ � dθ.
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and radial extension of ω gives a connection on the radial extension of the Hopf �bration

P : R4 � t0u Ñ R3 � t0u with �dh � dω. Indeed we have dω � �1
2 sinpφqdφ ^ dψ and

�dh � �
�
� 1

2r2
dr
	
� �1

2 sinpφqdφ ^ dψ. In the coordinates pr, φ, ψq on R3 � t0u the

euclidean metric is given by

gR3 � dr2 � r2pdφ2 � sin2pφqdψ2q.

The Gibbons-Hawking ansatz gives

ggh � hP�gR3 � h�1ω2

�
1

2r2
p4r2dr2 � r4pdφ2 � sin2pφqdψ2qq � 2r2

�
cos2

�φ
2

	
dψ � dθ

	2

� 2
�
dr2 � r2

�1

4
dφ2 �

1

4
sin2pφqdψ2

		
� 2r2

�
cos4

�φ
2

	
dψ2 � dθ2 � cos2

�φ
2

	
pdψ b dθ � dθ b dψq

	
� 2
�
dr2 � r2

�1

4
dφ2 �

�1

4
sin2pφq � cos4

�φ
2

		
dψ2 � dθ2 � cos2

�φ
2

	
pdψ b dθ � dθ b dψq

		
� 2
�
dr2 � r2

�
1

4
dφ2 � cos2

�φ
2

	
dψ2 � dθ2 � cos2

�φ
2

	
pdψ b dθ � dθ b dψq


	
� 2gR4

as

2 cos2
�φ

2

	
� 1 � cos2

�φ
2

	
� sin2

�φ
2

	
� cospφq

ô cos2
�φ

2

	
�

1

2
p1� cospφqq

and

1

4
sin2pφq � cos4

�φ
2

	
�

1

4
sin2pφq �

1

4
p1� 2 cospφq � cos2pφqq �

1

2
p1� cospφqq � cos2

�φ
2

	
.

Let's do the same computation in Euler angles

pz1, z2q �
�

cos
�φ

2

	
e
i
2
pθ�ψq, sin

�φ
2

	
e
i
2
pθ�ψq

	
.

Note that the projection in Euler angles is the same as in the previous coordinates by (21).
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The coordinate tangent frame is given by:

Br �
�

cos
�
φ
2

	
cos
�
θ�ψ

2

	
, cos

�
φ
2

	
sin
�
θ�ψ

2

	
, sin

�
φ
2

	
cos
�
θ�ψ

2

	
, sin

�
φ
2

	
sin
�
θ�ψ

2

		
,

Bφ �
�
�
r

2
sin
�
φ
2

	
cos
�
θ�ψ

2

	
,�

r

2
sin
�
φ
2

	
sin
�
θ�ψ

2

	
,
r

2
cos
�
φ
2

	
cos
�
θ�ψ

2

	
,
r

2
cos
�
φ
2

	
sin
�
θ�ψ

2

		
,

Bψ �
�
�
r

2
cos
�
φ
2

	
sin
�
θ�ψ

2

	
,
r

2
cos
�
φ
2

	
cos
�
θ�ψ

2

	
,
r

2
sin
�
φ
2

	
sin
�
θ�ψ

2

	
,�

r

2
sin
�
φ
2

	
cos
�
θ�ψ

2

		
,

Bθ �
�
�
r

2
cos
�
φ
2

	
sin
�
θ�ψ

2

	
,
r

2
cos
�
φ
2

	
cos
�
θ�ψ

2

	
,�

r

2
sin
�
φ
2

	
sin
�
θ�ψ

2

	
,
r

2
sin
�
φ
2

	
cos
�
θ�ψ

2

		
.

This gives

gR4 � dr2 �
1

4
r2pdφ2 � dψ2 � dθ2 � cospφqpdψ b dθ � dθ b dψqq

Below (30) we show that the Dirac monopole in these coordinates is given by p 1
2r ,

1
2pdθ �

cospφqdψqq.

The Gibbons-Hawking ansatz gives

ggh � hP�gR3 � h�1ω2

�
1

2r2
p4r2dr2 � r4pdφ2 � sin2pφqdψ2qq � 2r2 1

4
pcospφqdψ � dθq2

� 2pdr2 �
r2

4
pdφ2 � sin2pφqdψ2q � 2

r2

4
pcos2pφqdψ2 � dθ2 � cospφqpdψ b dθ � dθ b dψqq

� 2pdr2 �
1

4
r2pdφ2 � dψ2 � dθ2 � cospφqpdψ b dθ � dθ b dψqqq

� 2gR4 .

Let's turn our attention to the ALF case, i.e. we will compute the metric given by the

Dirac monopole p1 � 1
2r , ωq. It will turn out that this is the Taub-NUT space. This

metric is given in [20][p. 297, (1)] with respect to a left-invariant orthonormal frame on

S3 � SUp2q. So we will �rst compute this frame in Euler angles.

We identify S3 and SUp2q via

pz1, z2q ÞÑ

�
z1 �z̄2

z2 z̄1

�
.

A basis of the Lie algebra sup2q is given by the Pauli matrices

X1 �

�
0 1

�1 0

�
, X2 �

�
0 i

i 0

�
, X3 �

�
i 0

0 �i

�
.
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The Maurer-Cartan form of SUp2q is given by

Θ � g�1dg �

�
z22 �z12

�z21 z11

��
dz11 dz12

dz21 dz22

�
�

�
z22dz11 � z12dz21 z22dz12 � z12dz22

�z21dz11 � z11dz21 �z21dz12 � z11dz22

�

�

�
z̄1dz1 � z̄2dz2 �z̄1dz̄2 � z̄2dz̄1

�z2dz1 � z1dz2 z2dz̄2 � z1dz̄1

�
.

The Maurer-Cartan form gives a left-invariant coframe tσ1, σ2, σ3u which is orthonormal

with respect to the standard metric [23][p.291, Lemma 5.9.1] via

Θ � σ1X1 � σ2X2 � σ3X3.

We can write each X P sup2q as �
iα β � iγ

�β � iγ �iα

�

with α, β, γ P R [25][Chapter 1, Example 11] . Therefore,

σ1 � Rep�z̄1dz̄2 � z̄2dz̄1q

σ2 � Imp�z̄1dz̄2 � z̄2dz̄1q

σ3 � Impz̄1dz1 � z̄2dz2q.

Let's compute them in Euler angles. We have

dz̄2 � d
�

sin
�φ

2

	
e�

i
2
pθ�ψq

	
� �

i

2
sin
�φ

2

	
e�

i
2
pθ�ψqpdθ � dψq �

1

2
cos
�φ

2

	
e�

i
2
pθ�ψqdφ,

�z̄1dz̄2 �
i

2
sin
�φ

2

	
cos
�φ

2

	
e�iθpdθ � dψq �

1

2
cos2

�φ
2

	
e�iθdφ,

dz̄1 � d
�

cos
�φ

2

	
e�

i
2
pθ�ψq

	
� �

i

2
cos
�φ

2

	
e�

i
2
pθ�ψqpdθ � dψq �

1

2
sin
�φ

2

	
e�

i
2
pθ�ψqdφ,

z̄2dz̄1 � �z̄1dz̄2 � �
i

2
sin
�φ

2

	
cos
�φ

2

	
e�iθpdθ � dψq �

1

2
sin2

�φ
2

	
e�iθdφ,

�z̄1dz̄2 � z̄2dz̄1 � �
i

2
sinpφqe�iθdψ �

1

2
e�iθdφ,

� �
i

2
sinpφq cospθqdψ �

1

2
sinpφq sinpθqdψ �

1

2
cospθqdφ�

i

2
sinpθqdφ.
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Hence

σ1 � Rep�z̄1dz̄2 � z̄2dz̄1q � �
1

2
psinpφq sinpθqdψ � cospθqdφq,

σ2 � Imp�z̄1dz̄2 � z̄2dz̄1q �
1

2
psinpθqdφ� sinpφq cospθqdψq.

Furthermore,

dz1 � d
�

cos
�φ

2

	
e
i
2
pθ�ψq

	
�
i

2
cos
�φ

2

	
e
i
2
pθ�ψqpdθ � dψq �

1

2
sin
�φ

2

	
e
i
2
pθ�ψqdφ,

z̄1dz1 �
i

2
cos2

�φ
2

	
pdθ � dψq �

1

2
sin
�φ

2

	
cos
�φ

2

	
dφ,

dz2 � d
�

sin
�φ

2

	
e
i
2
pθ�ψq

	
�
i

2
sin
�φ

2

	
e
i
2
pθ�ψqpdθ � dψq �

1

2
cos
�φ

2

	
e
i
2
pθ�ψqdφ,

z̄2dz2 �
i

2
sin2

�φ
2

	
pdθ � dψq �

1

2
sin
�φ

2

	
cos
�φ

2

	
dφ.

Hence,

σ3 � Impz̄1dz1 � z̄2dz2q �
1

2
pdθ � cospφqdψq.

To sum up, on SUp2q we have the left-invariant orthonormal frame

σ1 � �
1

2
psinpφq sinpθqdψ � cospθqdφq, (28)

σ2 �
1

2
psinpθqdφ� sinpφq cospθqdψq, (29)

σ3 �
1

2
pdθ � cospφqdψq. (30)

Let's now construct the Taub-NUT metric with the Gibbons-Hawking ansatz. This time

we will use the projection P : R4 Ñ R3 which sends the 3-sphere of radius r to the 2-sphere

of radius r via the Hopf-�bration. We get

gNUT � V P�gR3 � V �1ω2
3

�
�

1�
1

2r

	
pdr2 � r2ppdφ2 � sin2pφqdψ2qq �

�
1�

1

2r

	�1
σ2

3

�
�

1�
1

2r

	
dr2 � 4r

�
r �

1

2

	
pσ2

1 � σ2
2q �

2r

1� 2r
σ2

3

�
ρ� 1

4ρ
dρ2 � ρpρ� 1qpσ2

1 � σ2
2q �

ρ

ρ� 1
σ2

3

with ρ � 2r. This coincides with the formula given in [20][p. 297, (1)].
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