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Abstract

In this paper we will use spectral sequences to deduce the de Rham cohomology of Lie groups with rank < 3.
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1 Introduction

A theorem due to Hopf states that for suitable! H-spaces X, its cohomology ring over fields F' of characteristic 0 is
the tensor product of exterior algebras and polynomial rings. In particular, for a compact connected Lie group G,
this implies that H*(G;R) is an exterior algebra with odd-degree generators. It is also known that for a compact
connected Lie group G with maximal torus T, Weyl group W, H*(G) = [H*(T)® H*(G/T)]", the W-invariants of
H*(T)® H*(G/T) under an action of W. In this paper, we will use the Serre spectral sequence to show this result

for compact connected Lie groups of rank < 3. We make no claim of originality in this paper.

Notation and conventions G is a compact and connected Lie group, T is its maximal torus, and W is the Weyl
group of G. | = dim(7T) and v = 1 dim(G/T). All cohomology below will be taken with real coefficients unless

otherwise stated. e denotes the identity element of a group.

2 Preliminaries

We will give a brief overview of the preliminaries. For more details see [1].

Proposition 2.1. W is finite.

ISuitable here means that X is path-connected and the cohomology spaces H™(X; F') are finite-dimensional



Proof. Let N(T) be the normaliser of T' in G. We have a homomorphism N(T') — Aut(T) given by conjugation.
Let C be the connected component of N(T') containing T'. Since Aut(T) = GL(l,Z) which is discrete, the image of
C must be the identity of GL(I,Z). Hence any element of C' commutes with 7. If C' # T, then there is an element
n € C such that the one-parameter subgroup generated by n is not contained in 7. As n commutes with 7', the
closure of the subgroup generated by T and the one-parameter subgroup is Abelian, hence a torus. However, it
strictly contains T', which contradicts maximality. It follows that C =T, so W = N(T)/T = N(T)/C is compact

and discrete, hence finite. O
Let g be the Lie algebra of GG, and t the Lie algebra of T'. T acts on g via the adjoint action AdT'.

Proposition 2.2. We have a decomposition g = t® m, where m is invariant under Ad(T). In addition, m splits

into the direct sum of 2-dimensional irreducible Ad(T)-representations m = @;_, m;.

Proof. Since G is compact, there exists a positive-definite bilinear form that is invariant under Ad(G), and hence
invariant under Ad(T). tis clearly Ad(T')-invariant, hence the orthogonal complement m.

If X € g\ tis fixed by Ad(T), then the one-parameter subgroup generated by exp(tX) ¢ T commutes with 7.
This implies that T is strictly contained in the torus generated by T' and exp(¢X), which is a contradiction. Hence
every X in m is not fixed by m, so p decomposes into irreducible non-trivial representations of 7', which are all

2-dimensional. O

So we obtain an Ad(G)-invariant decomposition g = t@m. w € W now acts on t and m by Ad(n), where n is some
representative of w. When context is clear, we will abuse notation and Ad(w) instead. The action on t induces the
dual action on t*, given by (w - f)(X) = f(Ad(w)™1X) for all X € t.

Proposition 2.3. G/T is a manifold.
Proof. See [1, Proposition 15.10]. O

Now let ® be the set of roots of G. Write & for the positive roots, and ¥ for the simple roots, which are roots that
cannot be expressed as the sum of other roots. For a real vector space V', define the complexification V¢ :=V @ C
of V. We have .
gc=tc® @mic
i=1
Each m;¢ further decomposes into 1-dimensional subspaces X, and X_,, where X, is the eigenspace V(a) :=
{X eg: Adt)X = a(t) X}

Theorem 2.4. Let « € ®. Then there exists X, such that Hy 1= [Xo, X_o] € t and the X, span m. Furthermore,
for a, B € @, a # —B we have [Xq, Xg] € V(a+ B)

Proof. See [1, Chapter 18]. O

W is generated by the reflections s, across the hyperplane orthogonal to a for a € 3. We can then define the
length of w € W I(w) to be the minimal n such that w can be written as a product of simple reflections?.
Now consider the complexification G¢ of G. This is the complex Lie group that satisfies the following universal
property for any complex Lie group H:

G — Gc

I
I
!
R \},3'

H
Define n:= @ cp+ Xa, b:=ndtc.

2with I(e) = 0



Theorem 2.5. Let N := exp(n),B = TcN. Then N and B are closed Lie subgroups of G¢ with Lie algebras n
and b respectively. Furthermore, There is an embedding Gc — GL(n,C) for some n such that G,T¢, B consist of

unitary, diagonal and upper triangular matrices respectively.

B is called the standard Borel subgroup of G¢

Proof. See [1, Theorem 26.2]. O
Lemma 2.6. G¢/B = G/T.

Proof. Twasawa decomposition implies that G¢ = BG, and BN G = T (which can be seen by using the above
embedding). Hence we have G¢/B = G/T O

3 section 3

The p** symmetric and exterior power of t* are

({*)@P
(M@ QU = V1 @+ @Ugp: 0 € Sym({1,--- ,p}),v; € t)

yp R

and
(t*)®1)

(11 @@y — sgn(o)e1 ® -+ @ Vop: 0 € Sym({1,--- ,p}),v; € t*)
respectively. Note that dim(A?) =0 for p > .
Define

AP =

[eS) l
S =PI N =PA
p=0 p=0

Since P can be thought of as the homogenous polynomials on t* of degree p, . can be identified with the
polynomials on t*, i.e. R[zq,--- ,z].

The action of W on t* extends to an action on (t*)®?, which induces a well-defined action on . and A that preserves
degrees.

We have the following theorem due to Chevalley:

Theorem 3.1. (Chevalley): Let .V be the W -invariant polynomials. Then there are algebraically independent
homogenous polynomials Jy,- -+ ,J; such that W =R[Jy,--- Jj]

Proof. See [5, page 356]. O
Proposition 3.2. Let m; = deg(J;) — 1. Then 22:1 m; = v and Hizl(l +m;) = |W]
Proof. See [5, page 359] O

Now consider the action of t on t* by

d
(X-H)) = S50 +1X)
t=0
This extends to an action of Z := @;io SP where S? is the pth symmetric power of t.
Define the harmonic polynomials as

A ={fe s 2Vf=0}
Consider P := 7 N .SP.

Proposition 3.3. 77 = @, #7



Proof. Note that an element of & is W-invariant iff all of its homogenous components are. Consider f € 5 of degree
n. Write f as the sum of its homogenous components, f = >}'_ fi, where f;, has degree k. Consider a homogenous
element D € 2" of degree . This sends a polynomial in .#? to a polynomial in .#?=9. D(f) =>"1_, D(fx) =0 as
f is harmonic, and since non-zero homogenous polynomials of different degrees are linearly independent, the D( f)

must all be zero. Hence the f; are harmonic. O
Now let I be the ideal generated by the positive degree elements of .7

Proposition 3.4. .¥ = 2 & I and there is an isomorphism of vector spaces @ SV —.7 induced by multipli-

cation.
Proof. See [5, page 381(or 360 i cant tell)] O

Proposition 3.5.
l

Zdim%”tf’ = H(1 +t4--- +tdegFi_1)
p=0 i=1

Hence dim ¥ = 1 and dim 5P =0 for p > v.
Proof. Since we have an isomorphism . & 7 @ .V =~ # ® ®é:1 R[F;], we have
oS l
1
_ deg(F;) _ :
Zdlm yp tP = <Zdlm %p )H(th a( >_Zdlm(%p)tpnltd@g(m
p=0 p=0 i=1 \p=0 p=0 i1

P is the vector space of homogenous polynomials of degree p, so it has basis {J:]fl - ~xf’ kit 4 k= p} which
implies dim(.7) = ("2~1). Hence

l 9] oo l
Zdlm (S0Pt H( — gdes(F% >Z<l+il>tp (Z (lJrZ )tl’ (1—1) >H1+t+ + tdes Fim1y
i=1 p=0 p=0 i

We recognize (H"; _1) tP(1 — t)! as the probability mass function of a negative binomial variable with parameters

and 1 — ¢, and hence the sum is 1. The result follows. O
In particular, this implies that dim(s#") =1 and dim(2?) = 0 for p > v.
Proposition 3.6. Let

:HO‘

acd+t
Then 11 is harmonic.
Proof. See [5, page 361]. O
Theorem 3.7. (Solomon): (.7 @ A)" is a free W module with basis
{dF;, N+ NdF;,: 1<in < <ig <1, 1< g <}
Proof. See [5, page 363] O

Lemma 3.8. Let G be a finite group, V be a finite-dimensional representation of G over a subfield K C C. Then
dim(V) = dim([K[G] ® V]%)



Proof. Assume K = C. The map 7 := ﬁ dec g is the projection of V onto the G-invariants V. Since the trace
of the projection map is equal to the dimension of the image, dim(V %) = Tr(7) = ﬁ >_gec Xv(g) where xv is the

character of the representation. This implies that

dim([C[G] ® V]©) = ﬁ S xeiper () = ﬁ S X (9)xv (9)

9eG e
. Glifg=e
Since xcqy(9) = , we have
0 otherwise
) 1 1 . .
dim([C[G] ® V]9) = @XC[G] (e)xv(e) = @|G| dim(V) = dim(V)
So the claim is true when K = C. For arbitrary K C C, note that we have dimg (V) = dimc(V ® C), dimg (V) =
dime([V ® C]%), so the statement is true over arbitrary subfields of C as well. O

In particular, it is true over R

Corollary 3.9. {dJ] A---AdJ] : 1 <k <} is a basis for the W-invariants of (/I ® A) (as an R-vector space),

where dJ! is dJ; with its coefficients reduced modulo I.

Proof. Theorem 3.6 implies that {dJ; A---AdJ] :1 <k <} spans the W-invariants of (/I ® A), and since
dim([.7 /I @ A]V) = dim(A) = 2! by Lemma 3.8, it is indeed a basis. O

4 Left-invariant differential forms

For more details, see [2].

Let M be a manifold with an action 7 of G on it, with each 7, being a diffeomorphism. The left-invariant forms on
M are the forms such that 7;w := w, 7, the pullback of 7.

We can naturally identify the left-invariant forms on M with the dual space of the tangent space at a point.

Given a form w on M, we can define a left-invariant form

(.D::/Lde,u
G

where p is the unique Haar measure on G with u(G) = 1. The map w — & commutes with the exterior derivative,
and hence induces a chain map on the chain complexes of the left-invariant differential forms and the ordinary

differential forms.

Theorem 4.1. The cohomology ring of the left-invariant differential forms is the same as the cohomology ring
of the ordinary differential forms. In addition, the above map induces a chain homotopy between the two chain

complexes.

Proof. See [2] O

Hence we can identify the differential forms on G,T and G/T with elements on g*, t*, and T7: respectively, where
Tr is the tangent space of G/T at T € G/T. By considering the differential of the projection G — G/T, we can
identify T with m.
For a manifold M, smooth vector fields X;, and an n-form w on M, we have
dw(X17"' ’X’VL-‘rl) = Z (_I)ZXI(W(Xlﬁ 7Xi7"' 7X’I’L+1)
1<i<n+1
+ Z (_1)i+jw([Xi?Xj]vX17"' 7Xia"' 7Xja"' aXn+1)
1<i<jsn+1

where the hat denotes removal. So for left-invariant forms on we just have

dw(Xla"' 7Xn+1) = Z (71)i+jw([XivXj]vX1a"' aXiv"' ,va"' »Xn+1) (*)

1<i<j<n+1



5 Structure of H*(T)) and H*(G/T)

We start by determining the structure of H*(T).

Lemma 5.1. Let T = (S')! be a torus of dimension . Then H*(T) = A[dxy,--- ,dx;] where dxy,--- ,dx; are a
basis for H(T) = t*.

Proof. This is a standard application of the Kiinneth formula. O
Now consider the complexification G¢ of G.

Theorem 5.2. Let W be the Weyl group G, and B the standard Borel subgroup of Gc. Then we have a decomposition
GC = HwEW BuwB.

Proof. See [1, Chapter 27] O
This gives a decomposition Ge¢/B = [[,,cy BwB/B.

Theorem 5.3. The Bruhat decomposition gives a cellular structure on G¢/B = G /T, with cells BwB/B. Further-

more, the interior of BwB/B is homeomorphic to CU*) where I(w) is the length of w.
Proof. See [7] O

Since each cell is even-dimensional, cellular cohomology implies that H*(G/T) only has even-degree elements, and
as an R-vector space it has dimension W.
Let w € W act on G/T by w-gT = gn~'T where n is some representative of W in the normalizer of T in G. (This

action is chosen because it induces the adjoint action on m.)

Proposition 5.4. The W-module structure of H*(G/T) induced by the action of W on H*(G/T) is isomorphic to
R[W], the regular representation of W.

Proof. Consider the action of W on G/T. Tt suffices to show that for any w € W the trace of the maps
w: H(G/T) — H*(G/T) and W: R[W] — R[W], since H*(G/T) and R[W] have the same dimension as R-
vector spaces. For any non-identity w € W, w clearly has no fixed points. Since G/T is compact, by the Lefschetz
fixed-point theorem we have

> (1) Tr(w*: : H¥YG/T) — H*(G/T)) =0

k>0
Since there is no cohomology in the odd degrees, this implies that the trace of the induced map on cohomology w*
is 0.
For the identity e € W, the trace is clearly |W|. Clearly this is the same for R[IW], so they are isomorphic as
W-modules. O

Corollary 5.5. H*(G/T) has no non-trivial W -invariants in non-zero degrees.
Proof. H*(G/T) = R[W] as W-modules, and
w - Z QW = Z auwVw € W = a, = a, Yw € W
weW wew

as W is a basis for R[W]. Clearly >,y w is W-invariant, so the space of W-invariants in R[W] is 1-dimensional.
Representing each class in H°(G/T) as locally constant smooth functions from G/T to R, we see that for such
functions f, w acts by (w - f)(¢T) = f(w - gT) = f(gT) as G/T is connected. So H°(G/T) is a 1-dimensional
subspace with each of its elements being W-invariant, and hence is precisely the space of W-invariants. This

implies that H*"(G/T) does not have any non-zero W-invariants for any n > 1. O

Now we have the following theorem due to Borel which will allow us to determine the structure of H*(G/T).



Theorem 5.6. (Borel): There is a degree-doubling W -equivariant isomorphism
¢: /1 — H"(G/T)

Proof. We can treat the classes in H*(G/T) as left-invariant forms by the arguments in the previous section. Let
A € t*. We can extend it to an element of g* by setting it to be 0 on m. Now define a 2-form wy on g by
w(X,Y) = A(X,Y]). Restricting to G/T, we get a form wy corresponding to a left-invariant form on G/T. w € W
acts on both t and m by Ad(w)3, s0 wyuA(X,Y) = AM(Ad(w)[X,Y]) = AM([Ad(w) X, Ad(w)Y]) = (w-wy)(X,Y). Hence
the map preserves the W-action.

Now dw(X,Y,Z) = —w([X,Y],2) + w([X,Z],Y) — w([Y,Z],X) = M[Z,[X,Y]] + [\, [Z,X]] + [X,[Y,Z]]) = 0.
This implies that dwy = 0, and hence [W)\] € H*(G/T), and we then define ¢(\) = [jy]. This then extends to a
degree-doubling homomorphism c: . — H*(G/T) which preserves the W-action. Since positive-degree elements
are mapped to positive-degree elements and H?"(G/T) has no non-zero W-invariants, this implies that c(I) = 0.
So ¢ induces a homomorphism ¢: . /I — H*(G/T). As . = I @ ¢ and dim(s¢) = dim(H*(G/T)) = |W|, it
suffices to show that the restriction of ¢ to J# is injective. We will show this by a (backwards) induction argument.
To start off, we prove that c: ¥ — H?*(G/T) is injective. As {II} is a basis for #", it suffices to show that
¢(II) # 0. For a positive root a;, Write w; = wa,, so ¢(Il) = ¢([i_; ;) = [W1 A -+ AW,]. As G/T is orientable, for

any non-zero left-invariant* 2v-form w we have
/ w#0
G/T

Hence it suffices to show that «; A -+ - AW, # 0. We have

w1 AR /\w’u(Xa17X—Ot17"' 7XOLU7X—O¢U)

= 20)1 Z sgn(o)w1 (60X ey, 0X —y) wy(0Xa,,0X 0,)
’ c€SYM(Xa , X a1 Xay: X—ay)
1
=20 > sgn(o)ar([0Xa,,0X a,]) - ([0 X0, 0X a,])

UeSym(Xapralv'“7Xav7X7a/u)
Now a;([0Xa;,0X_qa,]) = 0 unless [0X,,,0X_4,] € t, so sgn(o)a1([0Xa,,0X_a,]) - ([0 Xq, ,0X_q,]) is non-
zero only if o permutes the pairs {X,,, X_q,}, and possibly switches the members of each pair. For such o, we

number of pair switches
)

clearly have sgn(c) = (—1) S0

Wi A Awe(Xays Xeays s Xays X_a))

1 v
@)l > YoaloHy) ou(oHoa,)
’ oceSym(H oy, Hay)
v
=gt 1

where 0; € Z is the derivation extending A — A(H,,). We have a perfect pairing
2@ =R

given by (D, f) = (Df)(0). This implies that there is some D € 2* such that Df # 0. An irreducible W-module
can only pair non-trivially with its dual, so S must pair with 2?. Since II affords the self-dual sign character e,
which occurs with multiplicity one in 2% and is afforded by 9 - - - 9, this implies that 0, --- 0,11 # 0.

Hence c(IT) # 0, so c: ¥ — H?(G/T) is injective.

Now assume that c: s#9 — H%(G/T) is injective for all v > j > k, and consider c: #* — H?**(G/T). Define
V = % NKer(c). As c preserves the W-action, V is W-invariant. As v > k, the sign character does not occur

3We will abuse notation and refer to w as both a representative of w in G and just w in W proper when the context is clear
4Note that a non-zero form that is not left-invariant does not necessarily have non-zero integral



in 2%, and hence not in V. So there exists a such that the reflection s, does not act by —I on V. Fix this a.
Decompose V = V; & V_ according to the eigenspaces of s,. Since V is W-invariant, it is invariant under the
action of s,. In particular, for f € V we have f + s, f € V, which is s,-invariant. By assumption on «, if V' # 0,
then Vi # 0. So take f € V with f s,-invariant. Now c(af) = c(a)c(f) = 0, and deg(af) = k so by hypothesis
af € I. Choose a basis {hl, e h|W‘} for S, with hy,---h, so-skew and the rest s,-invariant for some r. Since
S 2 @S, we can write af = >, hjo; where 0; € V. af is s,-skew, so this sum only goes up to r.
Considering « as an element of t*, we have that for ¢ < r, h; must vanish on Ker(a) as they are s, skew and the
vectors in Ker(a) are s, invariant, so h; = ah for some h] € .. This implies that f = ) hio;, so f € I. But
f €A, so f=0. Hence c: % — H?*(G/T) is injective. This closes the induction, and so we are done. O

6 Spectral sequences

Consider a fibration F — X — B with B path-connected. Elements of 71 (B) are homotopies of maps * — B
mapping to a fixed point zy, which then lift to homotopy equivalences of the fiber F,, — Fy, by the homotopy
lifting property of the fibration. This induces an action of m1(B) on H*(F). We are interested in the case where

this action is trivial.®

Theorem 6.1. (Serre spectral sequence for cohomology): For a fibration F — X — B with B path-connected and
m1(B) acting trivially on H*(F; G), there is a spectral sequence {EP?,d,} with

a) d,: EP? — EPtra-rtl gnd EPY = Ker(d,)/Im(d,) at EP

b) Stable terms ER"~P isomorphic to successive quotients F))/F}',, in a filtration 0 = F}' ; C Fp C--- C Il =
H"(X;G) of H"(X; G)

¢) EY*~ HP(B; HI(F;Q))

Proof. See [4, page 26] O

Now for our fibration T — G — G/T, since we can give G/T a cell structure with only even-dimensional cells,
m1(G/T) is trivial. Hence we indeed have the Serre cohomological spectral sequence as described above.

Lemma: We have EY'? =~ H?(G/T) @ HY(T).

Proof: There is a canonical isomorphism V' @ W — Hom(Hom(V,R), W) given by v @ w + (f — f(v)w). Hence

EYT~ HP(G/T; HY(T))
= Hom(H,(G/T),HI(T)) by the universal coefficient theorem
= HP(G/T)® HY(T) as H?(G/T) = Hom(H,(G/T'),R) by the universal coefficient theorem

Now let R be a commutative ring.

Theorem 6.2. Each page EX* can be provided with a bilinear product EP9 x E$t — EPYS:4tt gych that

a) For x € EP9 y € B3, d, satisfies d,(zvy) = d.(x)y + (—1)PT92d,(y). This implies that the project on the E;*
page induces a product on the E:fl page, which coincides with the product on the E::1 page. The products on the
EX* pages for r finite also induce the product on EZ*

b) The product EY? x Ey' — EVT9T 45 (—1)9% times the cup product

HP(B; HY(F; R)) x H*(B; H'(F; R)) — H""*(B; H""'(F; R))

where coefficients are multiplied via the cup product as well.

¢) The cup product on H*(X;R) restricts to products F' X F{ — F;Ts'", which induce products F)*/F}"t;

F/F2 — FJU /). This is precisely the product on the EX* page.

50ne can use local coefficients to deal with the case when the action is non-trivial



Proof. For a), refer to [6, page 11], for b) and c), refer to [4, page 28]. O

The nth transgression map

p{

H™(B) ‘T H"(B,b)

is the map which maps elements of 6~ !(Imp*) C H"(F) to H""(B)/j*(Kerp*). In general, it will not map to
H"T1(B) proper since p* need not be an isomorphism.

Proposition 6.3. The transgression map above is the differential d° : E0 — EOntL,

Proof. See [4, page 25] for the proof in the homology spectral sequence. The proof for the cohomology spectral

sequence is analogous. O

Proposition 6.4. The differential dy"' : H'(T) — H2(G/T) is the map [\ — [wa] where wy(X,Y) := =A([X,Y]),
where \ is A extended to all of g = tdm by setting it to 0 on m.

Proof. We know that dy' : H'(T) — H?(G/T) is the 2nd transgression map. Since G/T is a manifold, each point on
G/T has a contractible neighbourhood, so by the homotopy lifting property of the fibration T — G — G/T we know
that T is a (weak) deformation retract of one of its neighbourhoods. Excision then implies that the map p* above is
an isomorphism. Hence we can identify dy : HY(T) — H?(G/T) with the coboundary map § : H(T) — H?*(G/T)
in the cohomology long exact sequence associated to T — G — G/T.

C2(G/T) «X— C2(G/T)
o]
CHT) +—— CYG)

Identifying with left-invariant forms, the maps i* and j* are restricting to t and extending to all of g = m @ t by
setting it to be 0 on t. We have dA(X,Y) = —A([X,Y]), so the map map sends [A] to [wy] above. O

Write 2; := Waz,, and for ¢ € H*"(G/T),v € HI(T), X;,Y; € m, H; € t, define
(¢® ¢)(X17Y17 o 'XTLvYThHla e qu) = ¢(X17Y17 o XTHYn)w(Hh e 7H(1)
Corollary 6.5. The differential dy : H**(G/T) ® HY(T) — H?*"*2(G/T) ® H?1(T) is the map [\ — [w,] where

U.))\(Xl,}/h e 7XTL7Yn>X’n+17Yn+17H17 e 7Hq71)

1
= . Z sgn(o))\(aXl,aYl,--- 7UXn70Yn7[O—Xn+170Yn+1]taH17"' 7Hq71)

T oeSym(X1,Y1, Xnt1,Ynt1)

Proof. Consider the case when n = 0. HY(T) has basis {dxlv1 AN Ndpg, 0 1< < -0 <lig < l}, and we have
Wdzs, AvAdag, = TigATiy A -+ N AT, — Tipdiy Adwgy A Adwg, + o+ (—1)q+1miqd3§il Ao Ndxg,
Now let X, Y e m, Hy,--- ,H,—1 € t. Then

Wy, Aveenday, (X, Y, Hiy oo Hgo1)
=z, (X,Y)dxi, A ANdai (Hy, - Hgo1) + -+ (=) 2y (X, Y)dag, Ao Adzy, (Hy, -, Hy1)
=dx;, ([X,Y])dxs, A--- Ndx; (Hy, - Hgoq) + -+ (—1)‘1+1dsviq([X7 Y))dai, A--- Nday,_ (Hy,--- ,Hy 1)
=dxi, N Nda (X, Y], Hy, - Hy 1)



So the claim is true when n = 0. Now for p € H*"(G/T), Wpda s, A-Adas, = PWdaiy A Adai, = Py dwi, A Adg, +
o4 (=) px; dxg, A--- ANdxg,_, . Since for p € H*"(G/T),q € H*™(G/T), X1, Y1, Xpim Ynym € m we have

pQ(Xlayla e ’Xn+m7 Yn+m)

1
= > sgn(o)p(o X1, oY1, 0 X0, 0Yn)q(0 X i1, 0011, 0 X ym, 0V gm)
’ ’ Uesym(XhYl)'”>X7z+7n7Yn+7n)

the claim is true for pdx;, A --- A dx;,. The result then follows by the fact that the pdx;, A --- A dx;, generate
H?"(G/T) @ HI(T). O
Proposition 6.6. The differential ds : H*"(G/T) ® HY(T) — H*"T2(G/T) is surjective.

Proof. Identify H*(G/T) with .#/I. Then dy : H*"(G/T)®H(T) — H**2(G/T)@H?~(T) is the map p(t)@\
p(t)da(N). Tt is clear that do' : HY(T) — H2(G/T) is (up to sign) the map ¢ : .#* — H2(G/T), so dy" is surjective.

From the identification of H*(G/T) with . /I we also know that H?(G/T) generates H*(G/T) (as an R-algebra).
The result then follows by induction. O

Proposition 6.7. The differential da": H*"(G/T) @ HY(T) — H*"*2(G/T) @ H*Y(T) is W -equivariant
Proof. From the proof of Theorem 6.1 and Proposition 7.3, we see that dg’l: HY(T) — H?*(G/T) is W-equivariant,
so for all p € H**(G/T)
2w - (pday, A--- A dz;,))

=d5™ (- p)(w - dag,) A -+ A (w - day, )

(w0 p)dZ (- dwi) A A (- d,))

—(w )l (w - dog)) (- daiy) A+ A (w - dog )+

o (T (w0 dan ) ) A A G )

=w - [p(dy ! (da;, )dai, A--- A dr;, +---+ (—1)q+1dg’1(dxiq)dxil N Nda, )]

—w - d3" (pdxy, A A dz;,)
The pdx;, A --- Adwz;, generate H"(G/T) @ H(T), so the result is proved. O
Write the W-invariants of H*"(G/T) @ HY(T) as [H**(G/T) ® HY(T)]".
Proposition 6.8. [H**(G/T) @ HI(T)|W C Ker(d3"?)

Proof. There are no no-zero W-invariants in H*"(G/T) for n > 0. As d%"’l is W-equivariant, this implies that
[H*(G/T)® HY(T)|W € Ker(d3™") for all n > 0. Now apply Corollary 1 and the fact that d3"? is a derivation. [

Proposition 6.9. [H>*(G/T) @ HY(T)"W nIm(dy"~ > = {0}

Proof: Assume that A € Im(d3"~>9*") is W-invariant. Then there exists u € H**~2(G/T) ® H9t'(T) such that
d2n72,q+1 _
5 () = A. Hence

d3" PN T wp) = ) wdy TR () = Y wA = WA

wew weWw weWw

as A is W-invariant. However )y, wp is W-invariant by construction, so we must have |W|A = 0 by Proposition
6.8. Hence A = 0.
Since [H2"(G/T) @ HY(T)|W, Im(d3"*9") C Ker(d3™?), this shows us that

[H*™(G/T) @ HI(T))" @ Im(d3"~>*"") C Ker(d3™)
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Proposition 6.10. Assume that [H2"(G/T) @ HY(T)|W & Im(d3"~>""") = Ker(d3™7).

Then EY? = [HP(G/T) @ HY(T)|V, and the spectral sequence degenerates at Es. Moreover, H*(G) = [H*(T) ®
H*(G/T)|W.

Proof. The first statement is obvious. For the second, note that for r > 3 d?™! : E?»! — E2n+72-7 ig the zero
map, as E"1t"?7" = 0. Since ds is a derivation, and the products of the elements in E3™" generate the F3 page,
all the differentials on the E3 page are zero. The product on E, ;1 is induced by the product on E,, so by induction
this implies that all the differentials on E, for r > 3 are zero. This proves the second claim.

For the last claim, Theorem 7.1 (b) tells us that there is a filtration 0 = F}}, | C F}} C --- C F§' = H"(G) such that
ER=P = [} /F} . Vector spaces are nice, so

n

H"(GQ) = P Fy/F = PIH(G/T) 0 H"P(T)]Y
=0

p=0
which are the degree n terms in [H*(T) ® H*(G/T)]". The cup product in H*(G) induces the product on the E,
page by Theorem 7.2c), so the above isomorphism implies that the product on [H*(G/T) ® H*(T)]" gives us the
product on H*(G). O

Hence it suffices to show that

[H*™(G/T) @ H(T))"W @ Im(d3"~>*"") = Ker(d3™?) for all n,q > 0. (s5)
Clearly this is true when ¢ = 0.
Lemma 6.11. Let A € H*"(G/T) ® HY(T) be such that wy = 0. Then [\ € Im(d3"~>*™").

Here w) is as in Proposition 6.4.

Proof. Consider the alternating form u defined by

/J/(XlaX27"' 7X2n—27X2n—17H,307H,317H2a"' 7Hq)
1
T+l

- )\<X17X27"' 7X2n727X2TL71)XﬂlaX7ﬁ17Hﬂo7H27"' 7Hq))

()\(XlaX2 o 7X2n—25X2n—17X,807X—,307H,317H2a e 7Hq)

Note that if each X; is an X,,, for some root o; and p is non-zero, X; = X, iff X; = X_, for some j (i.e. we can
pair the X; up). For X; € m, H; € t, By, B1 roots, Write dg,7 and dr for the differentials in the de Rham complex
for G/T and T respectively. Consider (6,7 @ Id)(p)(Xays -+ Xan,_ 1> Hp,» -+, Hg,_, ), and assume it is non-zero.
Then, WLOG we can assume

M(Xal,Xa27 T 7Xa2n737 [Xa2n727 Xaanl]l‘m Hﬁm T 7Hﬁq) 7é 0

So we can take oy = —aw, - Qon_5 = Qop_4, 093 = —Qiap_9 — Qg _3, With all the «; distinct. Since the a; are

distinct, this implies that the terms with 1 < ¢ < 2n — 4 in * are all zero, since the X,, cannot pair up. So

(6G/T Y Id)(“)(XocwXOéza T ’Xa2n717H607 T aHﬂq)

= — 11 Xars Xas + [Xasn ss Xawn a)s X 1» Hpor -+, Hp,)
+ 1 Xy Xags s [Kasn_sr Xoon 1) Xaon_os Hpgs ,Hpg,)
- M(Xocl s Xags [Xa2n72’ Xa2n71]7 Kogn_ s Hpgy o+ ’H/Bq)
Since dg 7 ® Id(A) = 0, the same logic implies that
—AMXay, Xag, 5 [ Xaon s> Xasn o) Xasn 10 Xpe, X—5o, - » Hp,)
F M X Xags 5 [ Xasn 5 Xoon 1) Xasn 2rXBor X—Bos* - 7H3q)
A Xars Xas, 3 [ Xaon o Xaon 1] Xasn_sr XBor X—Bos* - 7H5q)

=0
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So in fact we have (37 @ Id)(1)(Xay, Xas, - s Xas,_1» Hpy, -+ s Hp,) = 0, a contradiction. Hence é¢g/p ® Id(p) =
0. Similar reasoning implies that Id ® ér(u) =0, so u € H*(G/T) @ H*(T).

Now

wu(Xale—ocl e 7Xan71aX—O¢n717X(Xn7X—Ozn,a Hﬁla e aH,Bq)

1
= Z Sgn(U)M(OXaNUX—am"' ,UXQ7171,O'X_an71, [OXanaaX—Ozn]vHBu" : 7H/8q71)
’ o€SYM(Xay , X—ar, 1 Xap  X—an)

1
:n+1( Z )\(O-XOQ’O—X*OH)'.' 7O'Xan_l’UX*Oén—uUXanao—XfanaHﬁla"' 7Hﬁq—1)
Uesym(X017X—a17"'7Xo¢n1X—o¢n)
- Z sgn(o)MoXa,,0X ay, - ,0Xa, 10X a,_ 4, Xp, Xopi, [0Xa,,0X a,], ?Hﬁq—l))
UESym(Xapralr“7Xan,X7an)
1
:TL +1 (n)‘(Xale*alv T 7X05717'X7an7H,317. o 7Hﬁq) + )‘(Xanfan' o JXan7X7a'n’ [X,B17X7B1]7 T 7Hﬁq))

:)\(XOL17X*0617 co 7X04n1 Xfanv Hﬁu T vHﬁq)
Hence w,, = A, so the result is proved. O

Assume that [H?"(G/T) @ HY(T)]"W @ Im(d3"~>") = Ker(dy™?). Then for any A € Ker(d3™?), there exists
pe [H*(G/T)® HY(T)W v € Im(d3" > such that A = i +v. So A—w\ = v —ww, which is in Im(d3">*")
by the W-equivariance of da. Conversely, if A—wA € Im(d3" ™) for all A € Ker(d3™?), then A — ﬁ Y wew WA €
Im(dg"*Z,qul), SO A = (ﬁ Y wew w/\> + ()\ — ﬁ Y wew w)\), ie. [H>™(G/T)® HIT)|W @ Im(d;"*ltﬁl) =
Ker(d2™9). So it suffices to show that o € [\ — wA] such that w, = 0. Note that for A € Ker(d2™9), [wa] = [0] so

wy 18 a form with coefficients in 1.
Proposition 6.12. [H2"(G/T) @ H*(T)]" @ Im(dy" *?) = Ker(d3™")

Proof. Identify the elements of H**(G/T) ® H'(T) with polynomial-coefficient 1-forms on T. Let A € Ker(d3"").
Then d3™'(\) = Yo fidi = J+ ZifiJi, where J € W and f; is f; without the constant term. Then there
exists v; such that da(v;) = f;, as the maps d3™' : H>"(G/T) ® H'(T) — H?"t2(G/T) are surjective. Hence
o= )\—Zizl Jiv; maps to J. Since o € [A], a—wa € [A—w)], and clearly wy_ o = 0. Hence a—wa € Im(d3">?),

and so we're done by Lemma 1. O

This proves the result for compact connected Lie groups of rank 1.
Now, we show that the result is true for compact connected Lie groups of rank 2 and 3. We will use the following

lemma:

Proposition 6.13. The differentials H*"(G/T) ® HY(T) — H*"**(G/T) ® H"*(T) and
H*=n=2(G/T) @ H'=9TYT) — H*~2(G/T) @ H'=YT) are dual, in the sense that the diagram

H>(G/T) ® HY(T) —~— Hom(H>~2"(G/T) ® H'~1(T),R)
J{dgn,q l(dgv72'rz+2,l7q+l)x
H2n+2(G/T) ® Hq+1 (T) ~ Hom(H2v—2n+2(G/T) ® Hl—q+1 (T)7 R)

commutes up to sign, where the horizontal isomorphisms are the maps
VA= (0@¢ = (v )N — 1))

Proof. The horizontal maps are indeed isomorphisms, since the pairings H*"(G/T)® H?**~*"(G/T) — H*'(G/T) =
R and HY(T) @ H'=4(T) — H'(G/T) = R are perfect. See [3, page 250] for more details.

6Note that every rank 1 compact connected Lie group is either a torus or 3 dimensional.
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Now consider a pdz;, A --- Adx;, € H*"(G/T)® HY(T). Going through the top horizontal map then the right

vertical map gives us the functional

(rda:i/l A--- dxi27q+1 = prag d, A-ccdzg, Adzg A A dmi;,qﬂ —pragdr;, A dri, Adzg Adzg A A dxiLQH +
St (—l)l_q”prxi;iqﬂdxil A ceedmig Ndzg N A dxi{,q)v while going through the left vertical map then the

bottom horizontal map gives us the functional

(rda:i/l A A dmi;,q+1 = prag deg, N ANdxg, A A dxii,ﬁl = prai,dr, Ndxig N Ndz, A A dxii,ﬁl 4+ +

(—1)q+1prxiqui1 Ao Ndxg,_ N A dxi27q+1.

By the pigeonhole principle, [{i},--4;_ ., } N {i1---ig}| = 1. If the inequality is strict, then both functionals map

rdzy A--- Adrg to 0. If we have equality, then {ih, i g b N -ig} = {j} for some 1 < j <. Then up

to sign, both functionals map rdz; A--- A daciLQH to projdui, A+ ANdxg, ANdxg Ao Adxg A da:iLHl, where

hat denotes removal. Hence the diagram is commutative up to sign. O
Lemma 6.14. dim([H*>"(G/T)® HY(T)|") = dim([H*~2"(G/T) @ H'"=4(T)|")

Proof. For a sequence I = (i, ,iq) with 1 < iy < -+ < iy <[, write dJ; for dJj, A---dJ] . Also define I’
as the increasing sequence with terms in {1, ,n}\ {i1, - ,ig}. A basis for [H*"(G/T) @ HI(T)\W is PBop,q ==
{dJI: Il =q, ?:1 deg(Ji;) — 1= n} by Corollary 1. Now consider the map dJ; + dJj,. This is a map from sy, 4
to Boy—2n,i—q- Since the map dJj, — dJ;, = dJ; is an inverse, this implies both sets have the same cardinality,
and hence dim([H?*"(G/T) @ HI(T)|") = dim([H*~"(G/T) @ H'=¢(T)]"). O

We can now prove the result for Lie groups of rank 2 and 3. Since d3?: H?*"(G/T) ® HY(T) — H*"*2(G/T) ®
H9Y(T) and d2*~ 2270t g2o-2n-2(q/T) @ H'=9+(T) — H2*~2"(G/T) @ H'~9(T) are dual, this means that
dim(Im(d3"~>%")) = dim(H?*~2"(G/T) @ H'=9(T)) — dim(Ker(d3"~*™'~)), so0

dim(Ker(dy™)) = dim([H*"(G/T) @ HY(T)]") + dim(Im(d3" "))
— dim(H*"(G/T) ® HY(T)) — dim(Im(d3" > "))

= dim([H*"*"(G/T) @ H=(T)]") + dim(H*"(G/T) ® H(T)) — dim(Ker(d3"?))
= dim(Ker(dy"™*"'™")) = dim([H**"*"(G/T) ® H'~(T)]") + dim(Im(d5" " ~>'~""))

Hence for a rank [ group, (xx) for ¢ implies (xx) for [ — q. Hence when [ = 2,3, (xx) for ¢ = 0,1 implies (*x) for
q =2 and g = 2, 3 respectively. This proves the result for rank 2 and 3 groups.
7 Computations

We will now digress and use spectral sequences to calculate H*(G2). Let us first note down a useful result first
Theorem 7.1. The partial derivatives of I span 2 .

Proof. See [5, page 361] O

71 G,

G5 is a 14-dimensional compact connected Lie group of rank 2. It has Weyl group W = Di5, which is easily seen

by noting that W is isomorphic to the group generated by the reflections of a hexagon.
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G

We will refer to the short horizontal and long vertical root as  and 2y respectively. By Proposition 3.2 my +mso =
6,(my + 1)(ma + 1) = |D12| = 12, so my = 1, ma = 5. Hence the generators of the W-invariants as in Theorem 3.1

have degrees 2 and 6.

1 3 1
*Jﬂ** 2T Y *793** l’+§y

*1at 3, T V é%ﬁT?'j\ V

S

: —x ~y y y
S_1..V3 S 1.3

279 UJ/ S_V3aty et Y S_VBaty

2
to+ Ly —Sa + Ly o — 1y P+

Y

N[

If ax? + bxy + cy? is W-invariant, then we must have b = 0. We also must have

2 2
1 1
ax® + cy2 = a<x + \/§y> + c(?m — 2y>

2 2
_ L o V3 3 9 3 2 V3 L
“(ﬁ togm gy el gt T gt gy
I . L
PRI
= a==c

So J; must be a multiple of 22 +y2. It is clear that 22 4 y? is indeed invariant under the s, and hence W-invariant,
so we can take J; = 2% 4+ y2. Similarly, if az® + ba®y + caty? + dady® + f22y* + exy® + gy® is W-invariant, then

we must have b = d = e = 0. We must also have

axG +Cx4y2—|-fx2y4+gy6

:a<;x + ?y) + c(éw + ?y) (?m — ;y> + e<;x + ?y) (?m — ;y> +g (égx - ;y>

a+30+9f+27g 6 3a+5c+3f —27g 45a+31c—27f+135g 49
64 + 32 Vas® 64 oy
1 —f—-1 1 —2 1 4 27a — 3c — — 2
n 5a+cl6f 5g\/§gﬁgy3Jr 35a 70(;;3 f+ 5gx2y4+ Ta 3032 5f 39\/§xy5+ 7a+922—3f+gy6

Which forces ¢ = 9g — 6a, f = 9a — 6¢g, with no restriction on a or g. Setting a = 0 gives us the polynomial
gy?(y* — 322)2, which one can verify is W-invariant. So we can take Jo = y?(y? — 32%)2.

The primordial harmonic IT is

(@)(VBa + ) (3o + L))o+ L) (~VEr +4) =

. oy(y? — 3%)(3y° - a?)

t\.')\»—l[\;)\)—l

(32°%y — 102y> + 3xy°)
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Theorem 8.1 then tells us that the generators for 7 are the below polynomials:

325y — 1023y + 3y

19
/
S5zy — 1022y
Y % _%ay
La J{ J{%az

ol
Q
<

xy—xy x? —636
322y — ><x e
3
J{%@m 30

By Proposition 3.5, we have

6
D dim(AP) = (14 t)(1+t+ - +t°)

B =142t + 2t + 263 + 2t* + 2¢° 4 £
Hence the Es page is
1NN
\ \ \ \ \ \
0 R?> R?
o 1 2 3 4 5 6

The maps into the ¢ = 0 row are all surjective by Proposition 6.6, and hence by Proposition 6.13 the maps out of the

q = 2 row are all injective. This implies that the only non-zero entries on the E3 page are Eg,o E>! El’l, and ES2.
We have

Im(dy?) = (—yda + wdy)
Ker(dy') = (—ydx + xdy, vdx + ydy)
Im(dy?) = ((—2°y® + ay*)da + (a'y — 2°y%)dy, (—2y + 62°y° — y°)da + (2° — 62y + ay*)dy)
<2 Sda + 2y°dy, — Ty dx + 7x5dy> < Sdx + y°dy, —ySdx + x5dy>
Ker(dy') = ((z° — 102®y? + bay*)dz, (5z*y — 102°y> + y°)dz — (2° — 102®y? + 5zy*)dy, (5aty — 102%y° + y°)dy)
= <17m5dx, 17y°dx — 172°dy, 17y5dy>

= <—y5d33 + 2°dy, 2Odx + yPdy, 2’ dx — y5dy>

noting that the W-invariant 22 + 42 is zero in H*(G/T) = /1. So the E3 page is
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2 0 0 0 0 0 0 R
1 0 R(zdx+ydy) 0 0 0 R(z°dz —ySdy) 0
0 R 0 0 0 0 0 0

0 1 2 3 4 5 6

Clearly the spectral sequence degenerates on E3, so F3 = E. Hence H*(G2) is isomorphic to the exterior algebra
generated by d.J; = 2(zdx + ydy) and dJy = (—2xy* + 623y?)dx + (y° — 42%y> + 32ty)dy = —8(2°dx — y°dy), which

aligns with our expectations.
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