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1 Introduction

1.1 The Yamabe Problem

The Yamabe problem asks whether, for every compact Riemannian manifold (𝑀, 𝑔) of dimension

𝑛 ≥ 3, there exists a conformal metric 𝑔̃ = 𝜌𝑔 that has constant scalar curvature. A proof was

announced in 1960 by Hidehiko Yamabe [Yam60], but an error was found in his proof, and what

came to be known as the Yamabe problem was not solved in all its cases until 1984.

The solution has two essentially independent parts: an analytic condition that guarantees a

scalar-flat conformal metric exists, and subtle geometric arguments to show this condition holds

for all 𝑀 not conformally equivalent to (𝑆𝑛, 𝑔𝑆𝑛). Since 𝑆𝑛 has constant scalar curvature, it

follows that the Yamabe problem is solvable for all 𝑀 .

The Yamabe Equation The conformal Laplacian is defined by □ = −∆+ 𝑎𝑆, where 𝑎 = 𝑛−2

4(𝑛−1)
and ∆ is the Laplace-Beltrami operator. Writing 𝑝 = 2𝑛

𝑛−2
and 𝜑𝑝−2 = 𝜌, it can be computed that

□̃𝑢 = 𝜑1−𝑝□(𝜑𝑢). (1.1)

In particular,
˜𝑆 = 𝑎−1□̃(1) = 𝑎−1𝜑1−𝑝□𝜑, so ˜𝑆 is constant if and only if there exists some constant

𝜆 such that

□𝜑 = 𝜆𝜑𝑝−1. (1.2)

This is the Yamabe equation.

The Yamabe Functional It turns out the Yamabe equation is the Euler-Lagrange equation of

the Yamabe functional, defined by

𝑄(𝑔̃) =
∫
𝑀

˜𝑆d𝑉𝑔̃(∫
𝑀

d𝑉𝑔̃

)
2/𝑝 , (1.3)

where 𝑔̃ varies over all conformal metrics.

2



It can be rewritten in terms of 𝜑 as

𝑄𝑔 (𝜑) ≔ 𝑎𝑄(𝑔̃) = 𝐸 (𝜑)
∥𝜑∥2

𝑝

,

where

𝐸 (𝜑) ≔
∫
𝑀

𝜑□𝜑d𝑉𝑔 =

∫
𝑀

|∇𝜑|2 + 𝑎𝑆𝜑2
d𝑉𝑔 .

Given 𝜓 ∈ 𝐶∞(𝑀), we may compute

d

d𝑡
𝑄𝑔 (𝜑 + 𝑡𝜓) = 2∥𝜑∥−2

𝑝

∫
𝑀

(
□𝜑 − ∥𝜑∥−𝑝𝑝 𝐸 (𝜑)𝜑𝑝−1

)
𝜓d𝑉𝑔,

so 𝜑 is a critical point of the Yamabe functional 𝑄𝑔 if and only if the Yamabe equation (1.2) is

satisfied. (The converse holds because □𝜑 = 𝜆𝜑𝑝−1
implies 𝐸 (𝜑) = 𝜆∥𝜑∥ 𝑝𝑝 .)

The Yamabe Invariant By Hölder’s inequality,����∫
𝑀

𝑎𝑆𝜑2
d𝑉𝑔

���� ≤ 𝐶∥𝜑∥2

𝑝,

so 𝑄𝑔 is bounded below, which means 𝑄 is bounded below.

The Yamabe invariant is defined by

𝜆(𝑀) = inf{𝑄𝑔 (𝜑) : 𝜑 > 0, 𝜑 ∈ 𝐶∞(𝑀)} (1.4)

= inf{𝑎𝑄(𝑔̃) : 𝑔̃ conformal to 𝑔}.

It depends only on the conformal class of (𝑀, 𝑔).

Without loss of generality, we shall always assume𝑀 to be connected. Then the following results

hold, and in combination they solve the Yamabe problem in the affirmative.

Theorem 1.1. If 𝜆(𝑀) < 𝜆(𝑆𝑛), then 𝜆(𝑀) = 𝑄𝑔 (𝜑0) for some 𝜑0 > 0, 𝜑0 ∈ 𝐶∞(𝑀).

Theorem 1.2. If 𝑀 has dimension 𝑛 ≥ 6 and is not locally conformally flat, then 𝜆(𝑀) < 𝜆(𝑆𝑛).

Theorem 1.3. If 𝑀 either has dimension 𝑛 = 3, 4, 5, or is locally conformally flat, then 𝜆(𝑀) <
𝜆(𝑆𝑛) unless 𝑀 is conformal to 𝑆𝑛.

If the condition for Theorem 1.1 is satisfied, then 𝜑0 is a critical point of the Yamabe functional, so

the conformal metric 𝑔̃ ≔ 𝜑
𝑝−2

0
𝑔 has constant scalar curvature. Theorems 1.2 and 1.3 guarantee

that the condition 𝜆(𝑀) < 𝜆(𝑆𝑛) is satisfied by all 𝑀 not conformal to 𝑆𝑛.

The rest of this essay is organized as follows.
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In Section 1.2, we explain the significance of the value 𝜆(𝑆𝑛) and relate it to the best constant

problem for the Sobolev inequality ∥𝑢∥𝐿𝑝 (R𝑛 ) ≤ 𝐶∥∇𝑢∥𝐿2 (R𝑛 ) .

Section 2 describes without proof solutions to Theorems 1.2 and 1.3. These involve explicit for-

mulas of optimizers of the Sobolev inequality, which explains why it is important to find these

optimizers in the first place.

Section 3 presents two proofs of the classification of optimizers of the Sobolev inequality.

Section 4 is concerned with the traditional approach to Theorem 1.1, going back to Yamabe’s

original (flawed) paper [Yam60], that derives a solution to the Yamabe equation as a limit of

solutions to □𝜑 = 𝜆𝜑𝑠−1
as 𝑠 " 𝑝. We also sketch a (somewhat unsatisfactory) argument along

the same lines that an optimizer exists for the Sobolev inequality.

Section 5 describes methods to prove the sharp Sobolev inequality and Theorem 1.1 without

having to pass through subcritical solutions.

1.2 The Role of the Sharp Sobolev Inequality

Let us recall that for any Riemannian manifold 𝑀 , 𝐷1,2(𝑀) denotes the space of 𝐿 𝑝 functions

on 𝑀 with 𝐿2
gradient, endowed with the norm ∥𝑢∥𝐷1,2 (𝑀 ) = ∥∇𝑢∥

2
. If 𝑀 has finite volume,

then 𝐷1,2(𝑀) = 𝑊1,2(𝑀) with an equivalent norm.

Theorem 1.4. For all 𝑛 ≥ 3, there exists a constant 𝛬 depending on 𝑛 such that

I. For all 𝜑 ∈ 𝐷1,2(R𝑛), ∫
R𝑛

|∇𝜑|2d𝑥 ≥ 𝛬
(∫

R𝑛

𝜑𝑝d𝑥

)
2/𝑝

(1.5)

with equality if and only if 𝜑 = 𝑐(𝜇2 + |𝑥 − 𝑎 |2)− 𝑛−2

2 for some 𝜇 > 0 and 𝑎 ∈ R𝑛.

II. For all 𝜑 ∈ 𝑊1,2(𝑆𝑛),∫
𝑆𝑛

|∇𝜑|2 + 𝑛(𝑛 − 2)
4

𝜑2
d𝑉𝑔𝑆𝑛 ≥ 𝛬

(∫
𝑆𝑛
𝜑𝑝d𝑉𝑔𝑆𝑛

)
2/𝑝

(1.6)

with equality if and only if 𝜑(𝜔) = 𝑐(1 − 𝜉 · 𝜔)− 𝑛−2

2 for some 𝜉 ∈ R𝑛+1, |𝜉 | < 1.

The sphere 𝑆𝑛 has constant scalar curvature 𝑆 = 𝑛(𝑛 − 1), so 𝑎𝑆 ≡ 𝑛(𝑛−2)
4

, and thus the left

hand side of (1.6) equals 𝐸 (𝜑). Statement II says that 𝑄𝑔𝑆𝑛 has sharp lower bound 𝜆(𝑆𝑛) = 𝛬,

and 𝜑 ≡ 1 is a minimizer (which is to say, 𝑔𝑆𝑛 minimizes 𝑄 in the conformal class of 𝑆𝑛). This

explains the centrality of 𝜆(𝑆𝑛) to the Yamabe problem.

Let 𝑃 = (0, . . . , 0, 1) be the north pole on 𝑆𝑛 ⊂ R𝑛+1
. By identifying 𝑆𝑛 \ {𝑃} with R𝑛 via the
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stereographic projection 𝜋 : 𝑆𝑛 \ {𝑃} ! R𝑛, given by

𝜋(𝜔1, . . . , 𝜔𝑛+1) ≔ 1

1 − 𝜔𝑛+1
(𝜔1, . . . , 𝜔𝑛),

which is conformal:

(𝜋−1)∗𝑔𝑆𝑛 = 4

(
|𝑥 |2 + 1

)−2

𝑔R𝑛 ,

we have the following

Lemma 1.5. In Theorem 1.4, statements I and II are equivalent.

Proof. Let 𝑢𝑝−2 = 4

(
|𝑥 |2 + 1

)−2

. Then for 𝜑 > 0, 𝜑 ∈ 𝐶∞(𝑆𝑛), we have

(𝜋−1)∗(𝜑𝑝−2𝑔𝑆𝑛) = (𝑢(𝜋−1)∗𝜑) 𝑝−2𝑔R𝑛 ,

and thus,

𝐸 (𝜑) =
∫

𝑆d𝑉𝑔 = 𝐸 (𝑢(𝜋−1)∗𝜑),

∥𝜑∥2

𝐿𝑝 (𝑆𝑛 ) =

(∫
d𝑉𝑔

)
2/𝑝

= ∥𝑢(𝜋−1)∗𝜑∥2

𝐿𝑝 (R𝑛 ) .

Using the naturality of □ and its transformation formula (1.1) under conformal change of metric,

it can be verified that the above hold for all 𝜑 ∈ 𝐶∞(𝑆𝑛).

Motivated by this, we shall write 𝜑 = 𝑢(𝜋−1)∗𝜑 whenever 𝜑 is a function on 𝑆𝑛. By approximat-

ing with 𝐶∞(𝑆𝑛) functions, it can be shown that 𝜑 ↔ 𝜑 is a continuous bijective map between

𝑊1,2(𝑆𝑛) and 𝐷1,2(R𝑛), satisfying 𝐸 (𝜑) = 𝐸 (𝜑) and ∥𝜑∥2

𝑝 = ∥𝜑∥2

𝑝 .

Hence, 𝐸 (𝜑)/∥𝜑∥2

𝑝 and ∥∇𝜑∥2

2
/∥𝜑∥2

𝑝 have the same infimum 𝛬 > 0, and their sets of minimizing

functions are in bijective correspondance via 𝜑 ↔ 𝜑. □

2 Construction of Test Functions

Theorem 1.2. If 𝑀 has dimension 𝑛 ≥ 6 and is not locally conformally flat, then 𝜆(𝑀) < 𝜆(𝑆𝑛).

Theorem 1.3. If 𝑀 either has dimension 𝑛 = 3, 4, 5, or is locally conformally flat, then 𝜆(𝑀) <
𝜆(𝑆𝑛) unless 𝑀 is conformal to 𝑆𝑛.

In both cases a “test function" 𝜑 such that 𝑄𝑔 (𝜑) < 𝜆(𝑆𝑛) can be constructed explicitly.

Recall that the Weyl tensor𝑊 is a conformal invariant that vanishes identically if and only if 𝑀

is locally conformally flat. It helps describe the local conformal geometry at a point 𝑃 ∈ 𝑀 .
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Theorem 2.1. Let 𝑀 be a Riemannian manifold and let 𝑃 ∈ 𝑀 . For each 𝑁 ≥ 2 there exists a

conformal metric 𝑔 on 𝑀 , such that in the normal coordinates centered at 𝑃,

det

(
𝑔𝑖 𝑗

)
= 1 +𝑂 (𝑟𝑁 ).

If 𝑁 ≥ 5, then in these coordinates,

𝑆 = 𝑂 (𝑟2),

∆𝑆 =
1

6

|𝑊 |2.

Whenever conformal normal coordinates are used, 𝑁 is assumed to be sufficiently large.

For Theorem 1.2, a local test function suffices. The construction is based on the family of opti-

mizers

𝑢𝜀 (𝑥) ≔
(

𝜀

|𝑥 |2 + 𝜀2

) 𝑛−2

2

, 𝜀 > 0 (2.1)

for the R𝑛 Sobolev inequality (1.5). Let 𝜂1 be a smooth radial cutoff function such that 0 ≤ 𝜂1 ≤ 1,

𝜂1 ≡ 1 on 𝐵1, and supp 𝜂1 ⊂ 𝐵2; for 𝜌 > 0, let 𝜂𝜌 (𝑥) = 𝜂1(𝜌−1𝑥).

Theorem 2.2. Suppose 𝑀 has dimension 𝑛 ≥ 6 and is not locally conformally flat. Let 𝑃 be a point

such that |𝑊 (𝑃) | > 0, let 𝜌 be small enough that 𝜂 = 𝜂𝜌 fits into a conformal normal neighbourhood

of 𝑃, and let

𝜑(𝑥) =

𝜂(𝑥)𝑢𝜀 (𝑥), if 𝑥 ∈ 𝐵2𝜌,

0, if 𝑥 ∈ 𝑀 \ 𝐵2𝜌,
(2.2)

where 𝜀 > 0. Then 𝑄𝑔 (𝜑) < 𝛬 for sufficiently small 𝜀.

The proof of Theorem 1.3 is more difficult, since it uses a global test function involving the Green

function for □, and the analysis also relies on the positive mass theorem of general relativity.

Lemma 2.3. Suppose 𝜆(𝑀) > 0. For 𝑃 ∈ 𝑀 , there exists a function 𝐺𝑃 > 0, 𝐺𝑃 ∈ 𝐶∞(𝑀 \ {𝑃}),
such that □𝐺𝑃 = 𝛿𝑃 . Moreover, in normal coordinates at 𝑃,

𝐺𝑃 (𝑥) =
1

(𝑛 − 2)𝜔𝑛−1

𝑟2−𝑛 (1 + 𝑜(1)).

Proposition 2.4. Suppose 𝑀 has dimension 𝑛 = 3, 4, 5 or is locally conformally flat, and suppose

𝜆(𝑀) > 0. Let 𝑃 ∈ 𝑀 , and let 𝐺 = (𝑛 − 2)𝜔𝑛−1𝐺𝑃 . Then in a conformal normal neighbourhood,

𝐺 (𝑥) = 𝑟2−𝑛 + 𝐴 + 𝛼(𝑥),

where 𝐴 is a constant and 𝛼(𝑥) = 𝑂 (𝑟), ∇𝛼(𝑥) = 𝑂 (1).
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The following result can be derived from the positive mass theorem.

Proposition 2.5. In Proposition 2.4, 𝐴 ≥ 0, with equality if and only if 𝑀 is conformal to 𝑆𝑛.

Theorem 2.6. Suppose 𝑀 has dimension 𝑛 = 3, 4, 5 or is locally conformally flat, and suppose

𝜆(𝑀) > 0. Consider a conformal normal neighbourhood at 𝑃 ∈ 𝑀 , and let 𝐺 (𝑥) = 𝑟2−𝑛 + 𝐴+𝛼(𝑥)
be as in Proposition 2.4. Let 𝜌 be small enough, let 𝜂 = 𝜂𝜌, and set

𝜑(𝑥) =


𝑢𝜀 (𝑥), if 𝑥 ∈ 𝐵𝜌,

𝜀0(𝐺 (𝑥) − 𝜂(𝑥)𝛼(𝑥)), if 𝑥 ∈ 𝐵2𝜌 \ 𝐵𝜌, and

𝜀0𝐺 (𝑥), if 𝑥 ∈ 𝑀 \ 𝐵2𝜌,

(2.3)

where 𝜀 > 0, and 𝜀0 = 𝑢𝜀 (𝜌)/(𝜌2−𝑛 + 𝐴). Then 𝑄𝑔 (𝜑) < 𝛬 for sufficiently small 𝜀.

3 The Sobolev Inequality: Classification of Optimizers

We recall that there are two equivalent versions of the sharp Sobolev inequality:

Theorem 1.4. For all 𝑛 ≥ 3, there exists a constant 𝛬 depending on 𝑛 such that

I. For all 𝜑 ∈ 𝐷1,2(R𝑛), ∫
R𝑛

|∇𝜑|2d𝑥 ≥ 𝛬
(∫

R𝑛

𝜑𝑝d𝑥

)
2/𝑝

(1.5)

with equality if and only if 𝜑 = 𝑐(𝜇2 + |𝑥 − 𝑎 |2)− 𝑛−2

2 for some 𝜇 > 0 and 𝑎 ∈ R𝑛.

II. For all 𝜑 ∈ 𝑊1,2(𝑆𝑛),∫
𝑆𝑛

|∇𝜑|2 + 𝑛(𝑛 − 2)
4

𝜑2
d𝑉𝑔𝑆𝑛 ≥ 𝛬

(∫
𝑆𝑛
𝜑𝑝d𝑉𝑔𝑆𝑛

)
2/𝑝

(1.6)

with equality if and only if 𝜑(𝜔) = 𝑐(1 − 𝜉 · 𝜔)− 𝑛−2

2 for some 𝜉 ∈ R𝑛+1, |𝜉 | < 1.

The initial proof by Talenti [Tal76] uses rearrangement to reduce the R𝑛 inequality to the case of
radial functions, and applies a difficult one-variable integral inequality to finish the proof. Many

different proofs have subsequently been found; most of them start by assuming the existence of

a minimizer to 𝐸 (𝜑)/∥𝜑∥2

𝑝 , and then prove that it must be of the prescribed form.

An early result classifying such minimizers is the following.

Theorem 3.1 ([Oba71, Proposition 6.1]). A conformal metric on 𝑆𝑛 has constant scalar curvature

if and only if it is isometric to (𝑆𝑛, 𝑐𝑔𝑆𝑛), 𝑐 > 0.

Obata’s result implies that if𝑄𝑔𝑆𝑛 has a minimizer 𝜑 > 0, 𝜑 ∈ 𝐶∞(𝑆𝑛), then 1 is also a minimizer,

since 𝜆(𝑆𝑛) = 𝑄(𝜑𝑝−2𝑔𝑆𝑛) = 𝑄(𝑐𝑔𝑆𝑛) = 𝑄𝑔𝑆𝑛 (1).
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Lee and Parker [LP87] tried to find such a minimizer by renormalizing solutions to □𝜑𝑠 = 𝜆𝜑𝑠−1

𝑠 ,

2 < 𝑠 < 𝑝, so that theywould converge to a solution to□𝜑 = 𝜆𝜑𝑝−1
. Unfortunately, in an attempt

to deal with the difficult behaviour of □𝑆𝑛 under the dilation (𝜋−1𝛿𝛼𝜋)∗ (where 𝛿𝛼 (𝑥) = 𝛼−1𝑥),

they made a mistake by invoking Fatou’s lemma with the inequality sign pointing in the wrong

direction.

By renormalizing on R𝑛, and with the help of Gidas-Ni-Nirenberg’s symmetry result [GNN79],

Schoen and Yau [SY94] showed the existence of aminimizer 𝜑 > 0, 𝜑 ∈ 𝐶∞(R𝑛). Obata’s theorem
does not immediately apply, since it is a strictly weaker result: with the notation of Lemma 1.5,

𝜑 > 0, 𝜑 ∈ 𝐶∞(𝑆𝑛) imply 𝜑 > 0, 𝜑 ∈ 𝐶∞(R𝑛), but not the other way round. A suitable adaptation

of Obata’s proof was developed by Chang, Gursky and Yang [CGY03]. We present their proof in

Section 3.1.

In Section 3.2, we give an alternative proof by Rupert Frank and Elliott Lieb [FL12], which pro-

ceeds by examining the second variation of the Yamabe functional—making no use at all of the

regularity of 𝜑. A key tool is a “center of mass condition" that any nonnegative minimizer can

be made to satisfy with a suitable transformation.

3.1 Obata’s Method

We reproduce the proof of Obata’s theorem given in [LP87, Proposition 3.1].

Theorem 3.1 ([Oba71, Proposition 6.1]). A conformal metric on 𝑆𝑛 has constant scalar curvature

if and only if it is isometric to (𝑆𝑛, 𝑐𝑔𝑆𝑛), 𝑐 > 0.

Proof. Let 𝑔 = 𝑔𝑆𝑛 , and let 𝑔 = 𝑣−2𝑔 be a conformal metric with constant scalar curvature. By

the Killing-Hopf theorem, it suffices to prove that 𝑔 has constant curvature.

Let 𝐵 𝑗𝑘 = 𝑅 𝑗𝑘−𝑛−1𝑆𝑔 𝑗𝑘 be the traceless Ricci tensor. Since 𝑔 has constant curvature, we compute

0 = 𝐵 𝑗𝑘 = 𝐵 𝑗𝑘 + (𝑛 − 2)𝑣[(𝑣−1) 𝑗𝑘 − 𝑛−1
∆(𝑣−1)𝑔 𝑗𝑘], (3.1)

where the covariant derivatives and the index liftings are performed with respect to 𝑔. Now since

𝑆 is constant, using the contracted Bianchi identity

𝑅𝑖𝑙,𝑖 =
1

2

𝑆,𝑙

we deduce that

𝐵𝑖𝑙,𝑖 = 𝑅
𝑖
𝑙,𝑖 − 𝑛

−1(𝑆,𝑖𝑔𝑖𝑙 + 𝑆𝑔𝑖𝑙,𝑖) = 0. (3.2)
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Combined with the fact that 𝐵 is traceless and symmetric, we compute∫
𝑆𝑛
𝐵 𝑗𝑘𝐵

𝑗𝑘𝑣−1
d𝑉𝑔 = −(𝑛 − 2)

∫
𝑆𝑛
𝐵 𝑗𝑘 [(𝑣−1) 𝑗𝑘 − 𝑛−1

∆(𝑣−1)𝑔 𝑗𝑘]d𝑉𝑔

= −(𝑛 − 2)
∫
𝑆𝑛
𝐵 𝑗𝑘 (𝑣−1) 𝑗𝑘d𝑉𝑔

= (𝑛 − 2)
∫
𝑆𝑛
𝐵
𝑗𝑘

,𝑘
(𝑣−1) 𝑗d𝑉𝑔

= 0.

Hence |𝐵| ≡ 0 on 𝑆𝑛, and we are done. □

Theorem 3.2 ([CGY03, Theorem 1.1]). A conformal metric on R𝑛, 𝑛 ≥ 3 with finite volume has

constant scalar curvature if and only if it has the form 𝑔 = 𝑣−2𝑔R𝑛 , 𝑣 = 𝑐(𝜇2 + |𝑥 − 𝑎 |2) for some

𝑐, 𝜇 > 0, 𝑎 ∈ R𝑛.

Step 1: It suffices to show that 𝑔 has constant curvature. The invocation of Killing-Hopf

in Theorem 3.1 was a red herring. We recall from (3.1) that

𝐵 𝑗𝑘 = −(𝑛 − 2)𝑣[(𝑣−1) 𝑗𝑘 − 𝑛−1
∆(𝑣−1)𝑔 𝑗𝑘],

with covariant derivatives and index liftings performed with respect to 𝑔. In Euclidean coordi-

nates this simplifies to

𝐵 𝑗𝑘 = (𝑛 − 2)𝑣−1 [𝜕 𝑗𝑘𝑣 − 𝑛−1
∆0𝑣𝛿 𝑗𝑘],

where we write ∆0 for the Euclidean Laplacian.

Suppose 𝐵 ≡ 0. Then 𝜕 𝑗𝑘𝑣 = 0 for 𝑗 ≠ 𝑘 , so 𝜕𝑘𝑣 = 𝑓𝑘 (𝑥𝑘) for each 𝑘 , and so

𝑣 = 𝐹1(𝑥1) + · · · + 𝐹𝑛 (𝑥𝑛).

Now 𝐹′′
1
(𝑥1) = · · · = 𝐹′′

𝑛 (𝑥𝑛), so there exists some constant 𝑐 such that 𝐹′′
𝑖
(𝑥𝑖) ≡ 2𝑐 for all 𝑖, and

hence we have

𝑣 = 𝑐 |𝑥 |2 + 𝑟𝑖𝑥𝑖 + 𝑠.

Since 𝑣 > 0 and Vol(𝑔) =
∫
R𝑛 𝑣

−𝑛 < ∞, we conclude that 𝑣 = 𝑐(𝜇2 + |𝑥 − 𝑎 |2) for some 𝑐, 𝜇 > 0

and 𝑎 ∈ R𝑛. □

Step 2: Reduction to a “tail estimate”. Let the test functions 𝜂𝜌 be as in Section 2. To prove

that 𝐵 ≡ 0, it suffices to show ∫
R𝑛

𝑣−1𝐵 𝑗𝑘𝐵
𝑗𝑘𝜂2

𝜌d𝑉𝑔 = 0

9



for any 𝜌 > 0 however large. Successively using (3.1), the tracelessness of 𝐵, and (3.2), we have∫
R𝑛

𝐵 𝑗𝑘𝐵
𝑗𝑘𝑣−1𝜂2

𝜌d𝑉𝑔 = −(𝑛 − 2)
∫
R𝑛

𝐵 𝑗𝑘 [(𝑣−1) 𝑗𝑘 − 𝑛−1
∆(𝑣−1)𝑔 𝑗𝑘]𝜂2

𝜌d𝑉𝑔

= −(𝑛 − 2)
∫
R𝑛

𝐵 𝑗𝑘 (𝑣−1) 𝑗𝑘𝜂2

𝜌d𝑉𝑔

= (𝑛 − 2)
∫
R𝑛

𝐵 𝑗𝑘 (𝑣−1) 𝑗 (𝜂2

𝜌)𝑘d𝑉𝑔 .

Using Cauchy’s inequality we thus have∫
R𝑛

|𝐵|2𝑣−1𝜂2

𝜌d𝑉𝑔 ≤ (𝑛 − 2)
∫
R𝑛

|𝐵| |∇(𝑣−1) | |∇(𝜂2

𝜌) |d𝑉𝑔

= 2(𝑛 − 2)
∫
R𝑛

|𝐵| |∇𝑣| |∇𝜂𝜌 |𝑣−2𝜂𝜌d𝑉𝑔

≤ 2(𝑛 − 2)
(∫
𝐵2𝜌\𝐵𝜌

|𝐵|2𝑣−1𝜂2

𝜌d𝑉𝑔

) 1

2
(∫

R𝑛

|∇𝑣|2 |∇𝜂𝜌 |2𝑣−3
d𝑉𝑔

) 1

2

.

We claim that it suffices to show that

∫
R𝑛 |∇𝑣 |2 |∇𝜂𝜌 |2𝑣−3

d𝑉𝑔 is bounded above as 𝜌 ! ∞. If we

assume that this condition is obtained, then∫
R𝑛

|𝐵|2𝑣−1𝜂2

𝜌d𝑉𝑔 ≤ 4(𝑛 − 2)2

∫
R𝑛

|∇𝑣 |2 |∇𝜂𝜌 |2𝑣−3
d𝑉𝑔

is also bounded, so ∫
R𝑛

|𝐵|2𝑣−1
d𝑉𝑔 < ∞.

This means ∫
𝐵2𝜌\𝐵𝜌

|𝐵|2𝑣−1𝜂2

𝜌d𝑉𝑔 ! 0 as 𝜌 ! ∞,

and hence ∫
R𝑛

|𝐵|2𝑣−1𝜂2

𝜌d𝑉𝑔 ! 0 as 𝜌 ! ∞,

and this finishes the proof. □

Changing to the Euclidean metric, and writing ∇0 for the Euclidean gradient, we have∫
R𝑛

|∇𝑣 |2 |∇𝜂𝜌 |2𝑣−3
d𝑉𝑔 =

∫
R𝑛

|∇0𝑣|2 |∇0𝜂𝜌 |2𝑣−𝑛+1
d𝑥

≤ 𝐶𝜌−2

∫
𝐵2𝜌\𝐵𝜌

|∇0𝑣|2𝑣−𝑛+1
d𝑥,

so it suffices to show

∫
𝐵2𝜌\𝐵𝜌

|∇0𝑣 |2𝑣−𝑛+1
d𝑥 = 𝑂 (𝜌2), and this (technically equivalent) “tail esti-

mate" is the one we shall refer to subsequently.

10



We also require two lemmas before coming back to the proof of Theorem 3.2.

Lemma 3.3. If a conformal metric on R𝑛, 𝑛 ≥ 3 has scalar curvature 𝑆 ≤ 0, then it does not have

finite volume.

Proof. Let 𝑔 = 𝜑𝑝−2𝑔R𝑛 . We recall that 𝑆 = −𝑎−1𝜑1−𝑝
∆0𝜑, so ∆0𝜑 ≥ 0, 𝜑 is subharmonic. By

the mean value property we have ∫
𝐵𝑅

𝜑d𝑥 ≥ |𝐵𝑅 | 𝑓 (0)

for all 𝑅 > 0. Hence, by Hölder’s inequality,

∥𝜑∥𝐿𝑝 (𝐵𝑅 ) ≥
∥𝜑∥𝐿1 (𝐵𝑅 )
∥1∥𝐿𝑞 (𝐵𝑅 )

≥ |𝐵𝑅 | 𝑓 (0)
∥1∥𝐿𝑞 (𝐵𝑅 )

= ∥ 𝑓 (0)∥𝐿𝑝 (𝐵𝑅 ) ,

so Vol(𝜑) = ∥𝜑∥ 𝑝 = ∞. □

Lemma 3.4. If a conformal metric on R𝑛, 𝑛 ≥ 3 has finite volume and scalar curvature 𝑆 ≥ 0,

sup 𝑆 < ∞, then the metric has the form 𝑔 = 𝑣−2𝑔R𝑛 , 𝑣(𝑥) = 𝑂 (|𝑥 |2) as |𝑥 | ! ∞.

Proof. Let 𝑔 = 𝜑𝑝−2𝑔R𝑛 . Then 𝑆 = −𝑎−1𝜑1−𝑝
∆0𝜑. Let us consider the conformal automorphism

defined on R𝑛 \ {0} by 𝜅(𝑥) = 𝑥/|𝑥 |2. We compute 𝜅∗𝑔 = ( |𝑥 |2−𝑛𝜅∗𝜑) 𝑝−2𝑔R𝑛 , so letting

𝜑̂(𝑥) = |𝑥 |2−𝑛𝜑
(
𝑥

|𝑥 |2

)
,

(this is the Kelvin transform of 𝜑), we have

𝑆

(
𝑥

|𝑥 |2

)
= −𝑎−1𝜑̂1−𝑝

∆0𝜑̂. (3.3)

We are interested in the behaviour of 𝜑̂ near the origin, because 𝑣(𝑥) ≤ 𝐶 |𝑥 |2 for large |𝑥 | if
and only if 𝜑̂(𝑥) ≥ 𝐶 (2−𝑛)/2

for small |𝑥 |. We claim that 𝜑̂ can be extended to a superharmonic

function on R𝑛. This would imply the desired result: assuming for contradiction that there is a

sequence of points 𝑥𝑛 ! 0 such that 𝜑̂(𝑥𝑛) ! 0, then∫
𝐵1

𝜑̂(𝑥)d𝑥 = lim

𝑛!∞

∫
𝐵

1−|𝑥𝑛 | (𝑥𝑛 )
𝜑̂(𝑥)d𝑥 ≤ lim

𝑛!∞
|𝐵1−|𝑥𝑛 | |𝜑̂(𝑥𝑛) = 0,

which contradicts the fact that 𝜑̂ > 0 on R𝑛 \ {0}.

By (3.3), we have

(∆0 + 𝑎𝜑̂𝑝−2𝑆(𝑥/|𝑥 |2))𝜑̂ = 0 on R𝑛 \ {0}.
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By the finite volume assumption, 𝜑̂ ∈ 𝐿 𝑝 (R𝑛), 𝑝 > 𝑛/(𝑛 − 2), and because we assume 𝑆 to be

bounded, we have 𝑎𝜑̂𝑝−2𝑆(𝑥/|𝑥 |2) ∈ 𝐿𝑛/2(R𝑛), so the conditions of Theorem A.1 are satisfied,

hence the same equation holds weakly over all of R𝑛. In particular, ∆0𝜑̂ ≤ 0 weakly over R𝑛,
which implies that 𝜑̂ is equal a.e. to a superharmonic function

¯𝜑̂. Since 𝜑̂ is superharmonic on

R𝑛 \ {0}, we have 𝜑̂ = ¯𝜑̂ on R𝑛 \ {0}, and this finishes the proof. □

Step 3: Reduction of the “tail estimate" to a growth estimate. We recall that the desired

estimate is ∫
𝐵2𝜌\𝐵𝜌

|∇0𝑣 |2𝑣−𝑛+1
d𝑥 = 𝑂 (𝜌2) as 𝜌 ! ∞.

Let 𝜂̃𝜌 be a nonnegative smooth function identically 1 on 𝐵2𝜌 \ 𝐵𝜌, supported on 𝐵5𝜌/2 \ 𝐵𝜌/2,

and such that |∇𝜂̃𝜌 | ≤ 𝐶𝜌−1
. Moreover, we assume 𝜌 to be sufficiently large for Lemma 3.4 to

apply. Using the formula

𝑆 = 2(𝑛 − 1)𝑣∆0𝑣 − 𝑛(𝑛 − 1) |∇0𝑣|2,

multiplying both sides by 𝑣−𝑛+1+𝛼𝜂̃4

𝜌 and integrating by parts we get∫
R𝑛

𝑆𝑣−𝑛+1+𝛼𝜂̃4

𝜌d𝑥 = 2(𝑛 − 1)
∫
R𝑛

𝑣−𝑛+2+𝛼
∆0𝑣𝜂̃

4

𝜌d𝑥 − 𝑛(𝑛 − 1)
∫
R𝑛

|∇0𝑣|2𝑣−𝑛+1+𝛼𝜂̃4

𝜌d𝑥

= −2(𝑛 − 1)
∫
R𝑛

∇0𝑣∇0(𝑣−𝑛+2+𝛼𝜂̃4

𝜌)d𝑥 − 𝑛(𝑛 − 1)
∫
R𝑛

|∇0𝑣|2𝑣−𝑛+1+𝛼𝜂̃4

𝜌d𝑥

= (𝑛 − 4 − 𝛼) (𝑛 − 1)
∫
R𝑛

|∇0𝑣 |2𝑣−𝑛+1+𝛼𝜂̃4

𝜌d𝑥 − 2(𝑛 − 1)
∫
R𝑛

∇0𝑣∇0(𝜂̃4

𝜌)𝑣−𝑛+2+𝛼
d𝑥.

Choosing 𝛼 ≠ 𝑛 − 4, we have∫
R𝑛

|∇0𝑣|2𝑣−𝑛+1+𝛼𝜂̃4

𝜌d𝑥 = 𝐶1

∫
R𝑛

𝑆𝑣−𝑛+1+𝛼𝜂̃4

𝜌d𝑥 + 𝐶2

∫
R𝑛

∇0𝑣∇0(𝜂̃4

𝜌)𝑣−𝑛+2+𝛼
d𝑥. (3.4)

Let us assume that 0 ≤ 1 + 𝛼 ≤ 3 + 𝛼 ≤ 𝑛. Then by Hölder’s inequality,∫
R𝑛

𝑣−𝑛+1+𝛼𝜂̃4

𝜌d𝑥 ≤


𝑣−𝑛+1+𝛼



𝑛/(𝑛−1−𝛼)


𝜂̃4

𝜌




𝑛/(1+𝛼) ≤ 𝐶𝜌

1+𝛼.

Similarly, with 3 + 𝛼 in the place of 1 + 𝛼, we have����∫
R𝑛

∇0𝑣∇0(𝜂̃4

𝜌)𝑣−𝑛+2+𝛼
d𝑥

���� ≤ 4𝜌−1

∫
R𝑛

|∇0𝑣 |𝑣−𝑛+2+𝛼𝜂̃3

𝜌d𝑥

≤ 𝐶𝜌−1

(∫
R𝑛

|∇0𝑣 |2𝑣−𝑛+1+𝛼𝜂̃4

𝜌d𝑥

)
1/2

(∫
R𝑛

𝑣−𝑛+3+𝛼𝜂̃2

𝜌d𝑥

)
1/2

≤ 𝐶𝜌 (1+𝛼)/2

(∫
R𝑛

|∇0𝑣 |2𝑣−𝑛+1+𝛼𝜂̃4

𝜌d𝑥

)
1/2

.

The left hand side of (3.4) (let’s call it 𝐹) satisfies 𝐹 ≤ 𝐶𝜌1+𝛼 +𝐶 (𝜌1+𝛼𝐹)1/2
, and so 𝐹 ≤ 𝐶𝜌1+𝛼

.
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For 𝑛 = 3, we simply choose 𝛼 = 0 to get∫
𝐵2𝜌\𝐵𝜌

|∇0𝑣|2𝑣−𝑛+1
d𝑥 ≤ 𝐹 ≤ 𝐶𝜌 ≤ 𝐶𝜌2.

For 𝑛 ≥ 4 we choose 𝛼 = −1. Then 𝐹 ≤ 𝐶, and we apply Lemma 3.4 to get∫
𝐵2𝜌\𝐵𝜌

|∇0𝑣|2𝑣−𝑛+1
d𝑥 ≤ 𝐶𝜌2

∫
𝐵2𝜌\𝐵𝜌

|∇0𝑣|2𝑣−𝑛d𝑥 ≤ 𝐶𝜌2𝐹 ≤ 𝐶𝜌2.

This finishes the proof. □

3.2 Symmetry Tricks

Theorem 3.5 ([FL12, Section 3]). Suppose 𝜑 ≥ 0, 𝜑 ∈ 𝑊1,2(𝑆𝑛) \{0}minimizes𝑄𝑔𝑆𝑛 and satisfies

the “center of mass condition”∫
𝑆𝑛
𝜔 𝑗𝜑𝑝d𝑉𝑔𝑆𝑛 = 0, 𝑗 = 1, . . . , 𝑛 + 1, (3.5)

where (𝜔1, . . . , 𝜔𝑛+1) = 𝑥 ∈ 𝑆𝑛 ⊂ R𝑛+1. Then 𝜑 is a constant.

Proof. Since the first variation of 𝑄𝑔𝑆𝑛 is zero at 𝜑, the second variation is given by

0 ≤ d
2

d𝑡2
𝑄𝑔𝑆𝑛 (𝜑 + 𝑡𝑤) =

d
2

d𝑡2
𝐸 (𝜑 + 𝑡𝑤)∥𝜑∥2

𝑝 − 𝐸 (𝜑) d
2

d𝑡2
∥𝜑 + 𝑡𝑤∥2

𝑝

∥𝜑∥4

𝑝

. (3.6)

for 𝑤 ∈ 𝑊1,2(𝑆𝑛). Now

∥𝜑 + 𝑡𝑤∥2

𝑝 =

(
∥𝜑∥ 𝑝𝑝 + 𝑡

∫
𝑆𝑛
𝑝𝜑𝑝−1𝑤d𝑉𝑔𝑆𝑛 + 𝑡2

2

∫
𝑆𝑛
𝑝(𝑝 − 1)𝜑𝑝−2𝑤2

d𝑉𝑔𝑆𝑛 + 𝑜(𝑡2)
)

2/𝑝
,

so if 𝑤 satisfies

∫
𝑆𝑛
𝜑𝑝−1𝑤d𝑉𝑔𝑆𝑛 = 0, we have

d
2

d𝑡2
∥𝜑 + 𝑡𝑤∥2

𝑝 =
2

𝑝
∥𝜑∥2−𝑝

𝑝

∫
𝑆𝑛
𝑝(𝑝 − 1)𝜑𝑝−2𝑤2

d𝑉𝑔𝑆𝑛 ,

and (3.6) becomes (after multiplying both sides by
1

2
∥𝜑∥2

𝑝)

0 ≤ 𝐸 (𝑤) − (𝑝 − 1)𝐸 (𝜑)∥𝜑∥−𝑝
∫
𝑆𝑛
𝜑𝑝−2𝑤2

d𝑉𝑔𝑆𝑛 . (3.7)

Because 𝜑 satisfies the center-of-mass condition (3.5), we may choose 𝑤 = 𝜔 𝑗𝜑 in (3.7); summing
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over 𝑗 = 1, . . . , 𝑛 + 1 we get

0 ≤
𝑛+1∑︁
𝑗=1

𝐸 (𝜔 𝑗𝜑) − (𝑝 − 1)𝐸 (𝜑).

An elementary calculation ([FL12, Lemma 3.2]) gives

𝑛+1∑︁
𝑗=1

𝐸 (𝜔 𝑗𝜑) = 𝐸 (𝜑) + 𝑛
∫
𝑆𝑛
𝜑2

d𝑉𝑔𝑆𝑛 ,

so we end up with

0 ≤ 𝑛
∫
𝑆𝑛
𝜑2

d𝑉𝑔𝑆𝑛 − (𝑝 − 2)𝐸 (𝜑) = −(𝑝 − 2)
∫
𝑆𝑛

|∇𝜑|2d𝑉𝑔𝑆𝑛 .

So 𝜑 must be a constant. □

It remains only to fulfill the center-of-mass condition (3.5). For 𝜉 ∈ 𝑆𝑛, let 𝜋𝜉 : 𝑆𝑛 ! R𝑛 be the
stereographic projection that identifies 𝜉 with 0 ∈ R𝑛, and for 𝛿 > 0, let 𝛾𝛿, 𝜉 (𝜔) = 𝜋−1

𝜉
𝛿𝜋𝜉 (𝜔)

for 𝜔 ∈ 𝑆𝑛. Since both 𝑥 7! 𝛿𝑥 and 𝜋𝜉 are conformal, so 𝛾 = 𝛾𝛿, 𝜉 is conformal.

Suppose (𝛾−1)∗𝑔𝑆𝑛 = 𝜓𝑝−2𝑔𝑆𝑛 . For 𝜑 ∈ 𝑊1,2(𝑆𝑛) \ {0}, let 𝜑̃ = 𝜓(𝛾−1)∗𝜑. Then as in Lemma 1.5,

we have 𝐸 (𝜑) = 𝐸 (𝜑̃), ∥𝜑∥2

𝑝 = ∥𝜑̃∥2

𝑝 . In particular, if 𝜑 is a minimizer of 𝑄𝑔𝑆𝑛 , then so is 𝜑̃.

Moreover, with regard to the center-of-mass condition, we have∫
𝑆𝑛
𝜔̃𝜑̃(𝜔̃) 𝑝d𝑉𝑔𝑆𝑛 (𝜔̃) =

∫
𝑆𝑛
𝛾(𝜔)𝜓(𝜔̃) 𝑝𝜑(𝜔) 𝑝d𝑉𝑔𝑆𝑛 (𝜔̃)

=

∫
𝑆𝑛
𝛾(𝜔)𝜑(𝜔) 𝑝d𝑉(𝛾−1 )∗𝑔𝑆𝑛 (𝜔̃)

=

∫
𝑆𝑛
𝛾(𝜔)𝜑(𝜔) 𝑝d𝑉𝑔𝑆𝑛 (𝜔).

The following result can be deduced from Brouwer’s fixed point theorem.

Lemma 3.6 ([FL12, Lemma B.1]). Suppose 𝑓 ∈ 𝐿1(𝑆𝑛) satisfies
∫
𝑆𝑛
𝑓 d𝑉𝑔𝑆𝑛 ≠ 0. Then there exists

0 < 𝛿 ≤ 1, 𝜉 ∈ 𝑆𝑛 such that the R𝑛+1-valued integral∫
𝑆𝑛
𝛾𝛿, 𝜉 (𝜔) 𝑓 (𝜔)d𝑉𝑔𝑆𝑛 (𝜔) = 0.

Theorem 3.5 combined with Lemma 3.6 imply that if 𝜑 ≥ 0, 𝜑 ∈ 𝑊1,2(𝑆𝑛) \ {0} is a minimizer

of 𝑄𝑔𝑆𝑛 (equivalently, 𝜑 ≥ 0, 𝜑 ∈ 𝐷1,2(R𝑛) \ {0} is a minimizer of ∥∇𝜑∥2

2
/∥𝜑∥2

𝑝), then there

exist 0 < 𝛿 ≤ 1 and 𝜉 ∈ 𝑆𝑛 such that 𝜑̃ = 𝜓𝛿, 𝜉 (𝛾−1

𝛿, 𝜉
)∗𝜑 is a constant. Hence all nonnegative

14



minimizers are isometric to (𝑆𝑛, 𝑐𝑔𝑆𝑛), and in fact have the form

𝜑 = 𝑐𝛾∗𝛿, 𝜉 (1/𝜓𝛿, 𝜉 ) = 𝑐
(

2𝛿

(𝛿2 + 1) + (𝛿2 − 1)𝜉 · 𝜔

) (𝑛−2)/2

, 𝑐 > 0. (3.8)

We claim that this implies Theorem 1.4, provided there exists someminimizer 𝜑 ∈ 𝑊1,2(𝑆𝑛)\{0}.
Since ∇𝜑± = ±1±𝜑>0∇𝜑, 𝐸 (𝜑) = 𝐸 (𝜑+) + 𝐸 (𝜑−); and since ∥𝜑∥2

𝑝 ≤ ∥𝜑+∥2

𝑝 + ∥𝜑− ∥2

𝑝 , we have

𝐸 (𝜑±) = 𝛬∥𝜑±∥2

𝑝 where 𝛬 = 𝐸 (𝜑)/∥𝜑∥2

𝑝 . Applying (3.8) to 𝜑±, we see that 𝜑 = ±(3.8).

4 Convergence of Subcritical Solutions

This section follows [SY94]. We recall that

𝜆(𝑀) = inf{𝑄𝑔 (𝜑) : 𝜑 > 0, 𝜑 ∈ 𝐶∞(𝑀)}.

This turns out to be equivalent to

𝜆(𝑀) = inf{𝑄𝑔 (𝜑) : 𝜑 ∈ 𝑊1,2(𝑀) \ {0}}.

To see the equivalence, we note that 𝑄𝑔 is well-defined and continuous on 𝑊1,2(𝑀) \ {0}. For
all 𝜑 ∈ 𝑊1,2(𝑀), at least one of 𝜑± (wlog, let’s say 𝜑+) is nonzero with 𝑄𝑔 (𝜑+) ≤ 𝑄𝑔 (𝜑). And
𝜑+ can be approximated in 𝑊1,2(𝑀) by smooth, positive functions: we can split it up using a

partition of unity and use convolution to mollify the pieces on local charts.

4.1 A Proof of Theorem 1.1

Theorem 1.1. If 𝜆(𝑀) < 𝜆(𝑆𝑛), then 𝜆(𝑀) = 𝑄𝑔 (𝜑0) for some 𝜑0 > 0, 𝜑0 ∈ 𝐶∞(𝑀).

For 2 < 𝑠 < 𝑝, the perturbed functional 𝑄𝑔,𝑠 is defined by

𝑄𝑔,𝑠 (𝜑) =
𝐸 (𝜑)
∥𝜑∥2

𝑠

. (4.1)

The properties of𝑄𝑔 discussed in Section 1.1 are all shared by𝑄𝑔,𝑠 . By Hölder’s inequality,𝑄𝑔,𝑠

is bounded below, so we may define

𝜆𝑠 = inf{𝑄𝑔,𝑠 (𝜑) : 𝜑 ∈ 𝑊1,2(𝑀) \ {0}}.

And a function 𝜑 ∈ 𝑊1,2(𝑀) \ {0} is a critical point if and only if it is a (weak) solution to the

subcritical equation

□𝜑 = 𝜆𝜑𝑠−1. (4.2)

The point of considering𝑄𝑔,𝑠 where 𝑠 < 𝑝 is that the embedding𝑊1,2(𝑀) ↩! 𝐿𝑠 (𝑀) is compact;

15



whereas 𝑝 is exactly the critical exponent at which compactness does not hold. The proof below

demonstrates why this matters.

Proposition 4.1. For 2 < 𝑠 < 𝑝, there exists 𝑢 ≥ 0, 𝑢 ∈ 𝑊1,2(𝑀), such that 𝑄𝑔,𝑠 (𝑢) = 𝜆𝑠 .

Proof. Let 𝑢𝑖 ≥ 0, 𝑢𝑖 ∈ 𝑊1,2(𝑀) be a minimizing sequence for𝑄𝑔,𝑠 , normalized so that ∥𝑢𝑖 ∥𝑠 =
1. Then 𝑢𝑖 is bounded in𝑊1,2(𝑀):

∥𝑢𝑖 ∥2
≤ 𝐶∥𝑢𝑖 ∥𝑠, and

∥∇𝑢𝑖 ∥2

2
= 𝐸 (𝑢𝑖) −

∫
𝑀

𝑎𝑆𝑢2

𝑖d𝑉𝑔 ≤ 𝐸 (𝑢𝑖) + 𝐶∥𝑢𝑖 ∥2

𝑠 .

Hence, we may pass to a subsequence that converges weakly in𝑊1,2(𝑀) and strongly in 𝐿𝑠 (𝑀).
Let 𝑢 be the limit. Then

∥𝑢∥𝑠 = lim

𝑖!∞
∥𝑢𝑖 ∥𝑠 = 1,∫

𝑀

𝑎𝑆𝑢2
d𝑉𝑔 = lim

𝑖!∞

∫
𝑀

𝑎𝑆𝑢2

𝑖d𝑉𝑔, and∫
𝑀

|∇𝑢 |2d𝑉𝑔 ≤ lim

𝑖!∞
|∇𝑢𝑖 |2d𝑉𝑔 since ∇𝑢 is the weak limit,

so taken together we have

𝑄𝑔,𝑠 (𝑢) ≤ lim

𝑖!∞
𝑄𝑔,𝑠 (𝑢𝑖) = 𝜆𝑠 .

Since 𝜆𝑠 is the infimum of 𝑄𝑔,𝑠 we must have 𝑄𝑔,𝑠 (𝑢) = 𝜆𝑠 . □

Using an elliptic regularity “bootstrapping" argument, it can be shown that the minimizer given

by Proposition 4.1 is a smooth and strictly positive solution to the subcritical equation (4.2).

Proposition 4.2. For 2 < 𝑠 < 𝑝, there exists a function 𝜑𝑠 > 0, 𝜑𝑠 ∈ 𝐶∞(𝑀), ∥𝜑𝑠 ∥𝑠 = 1 satisfying

□𝜑𝑠 = 𝜆𝑠𝜑𝑠−1

𝑠 .

Proof. Let 𝜑𝑠 be the weak solution 𝑢 obtained in Proposition 4.1. Since 𝜑𝑠 ∈ 𝐿 𝑝 , we have

𝜆𝑠𝜑
𝑠−1

𝑠 ∈ 𝐿 𝑝/(𝑠−1)
, so by 𝐿 𝑝 estimates 𝜑𝑠 ∈ 𝑊2, 𝑝/(𝑠−1)

, and by Sobolev embedding 𝜑𝑠 ∈ 𝐿𝑞1

for all 1/𝑞1 ≥ (𝑠 − 1)/𝑝 − 2/𝑛. By the same token, if 𝜑𝑠 ∈ 𝐿𝑞 , then 𝜑𝑠 ∈ 𝐿𝑞
′
for all 1/𝑞′ ≥

(𝑠 − 1)/𝑞 − 2/𝑛.

The map 𝑓 (𝑥) = (𝑠 − 1)𝑥 − 2/𝑛 iterates to 𝑓 (𝑛) (𝑥) = (𝑠 − 1)𝑛 (𝑥 − 2/(𝑛𝑠 − 2𝑛)) + 2/(𝑛𝑠 − 2𝑛),
so since 𝑠 − 1 > 1 and 1/𝑝 − 2/(𝑛𝑠 − 2𝑛) < 0, we have 𝑓 (𝑛) (1/𝑝) < 0 for sufficiently large 𝑛,

and thus 𝜑𝑠 ∈ 𝐿𝑞 for all 𝑞 < ∞. Applying 𝐿 𝑝 estimates one more time we have 𝜑𝑠 ∈ 𝑊2,𝑞
for

all 𝑞 < ∞, and using Sobolev embedding with 𝑞 > 𝑛, we have 𝜑𝑠 ∈ 𝐶1,𝛼
for some 𝛼 > 0. Then

𝜆𝑠𝜑
𝑠−1

𝑠 is Hölder continuous, so by Schauder estimates 𝜑𝑠 ∈ 𝐶2,𝛼
.
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Let 𝑐 ≥ 0 be so large that −∆𝜑𝑠 + 𝑐𝜑𝑠 ≥ 0. Then by the maximum principle, if 𝜑𝑠 (𝑥) = 0 at some

point 𝑥, then 𝜑𝑠 must be constantly zero, which cannot be true; hence, 𝜑𝑠 > 0.

Thus for all 𝑘 , if 𝜑𝑠 ∈ 𝐶𝑘,𝛼, then 𝜆𝑠𝜑𝑠−1

𝑠 ∈ 𝐶𝑘,𝛼, and so by Schauder estimates 𝜑𝑠 ∈ 𝐶𝑘+2,𝛼
.

Applying Schauder estimates iteratively we get 𝜑𝑠 ∈ 𝐶∞
. □

It turns out that 𝜑𝑠 converge to a solution for the critical equation (1.2), provided that 𝜆(𝑀) <
𝜆(𝑆𝑛). Theorem 1.1 follows immediately.

Proposition 4.3. Suppose 𝜆(𝑀) < 𝜆(𝑆𝑛). Let 𝜑𝑠 be as in Proposition 4.2. Then 𝜑𝑠 converge in 𝐶0

along a subsequence to a function 𝜑 satisfying 𝜑 > 0, 𝜑 ∈ 𝐶∞(𝑀), with 𝑄𝑔 (𝜑) = 𝜆(𝑀).

First, we need an elementary lemma.

Lemma 4.4. lim sup𝑠!𝑝 𝜆𝑠 ≤ 𝜆(𝑀), and if 𝜆(𝑀) ≥ 0, then we have lim𝑠!𝑝 𝜆𝑠 = 𝜆(𝑀).

Proof. For all 𝑢 ∈ 𝑊1,2(𝑀) \ {0} we have lim sup𝑠!𝑝 𝜆𝑠 ≤ lim𝑠!𝑝 𝑄𝑔,𝑠 (𝑢) = 𝑄𝑔 (𝑢), so
letting 𝑄𝑔 (𝑢) ! 𝜆(𝑀) we get the desired bound. Now suppose 𝜆(𝑀) ≥ 0. Then for all

𝑢 ∈ 𝑊1,2(𝑀) \ {0}, since 𝐸 (𝑢) ≥ 0, we have 𝑄𝑔,𝑠 (𝑢) = 𝐸 (𝑢)/∥𝑢∥𝑠 ≥ ∥1∥ 𝑝𝑠/(𝑝−𝑠)𝑄𝑔 (𝑢). Letting
𝑄𝑔,𝑠 (𝑢) ! 𝜆(𝑀), we have 𝜆𝑠 ≥ ∥1∥ 𝑝𝑠/(𝑝−𝑠)𝜆(𝑀), so lim sup𝑠!𝑝 𝜆𝑠 ≥ 𝜆(𝑀), and combined

with the previous bound we get lim𝑠!𝑝 𝜆𝑠 = 𝜆(𝑀). □

(In the case 𝜆(𝑀) < 0, choosing 𝐸 (𝑢) < 0, we have that 𝑄𝑔,𝑠 (𝑢)/∥1∥𝑠 is nondecreasing in 𝑠, so

lim𝑠!𝑝 𝜆𝑠 exists and is ≤ 𝜆(𝑀). But we shall soon see that it always equals 𝜆(𝑀).)

Back to Proposition 4.3. It suffices to show that 𝜑𝑠 are bounded in𝐶
0
(at least for all 𝑠 sufficiently

close to 𝑝), for then by 𝐿 𝑝 and Schauder estimates they are bounded in 𝐶𝑘,𝛼 for all 𝑘 , and by the

Arzela-Ascoli theorem a subsequence 𝜑𝑠𝑖 converges in 𝐶
𝑘
for all 𝑘 . We may also assume that

𝜆𝑠𝑖 converge to lim sup𝑠!𝑝 𝜆𝑠 . Then 𝜑 = lim 𝜑𝑠𝑖 ∈ 𝐶∞
satisfies □𝜑 = (lim sup𝑠!𝑝 𝜆𝑠)𝜑𝑝−1

, so

𝑄𝑔 (𝜑) = lim sup𝑠!𝑝 𝜆𝑠 ≤ 𝜆(𝑀). Since 𝜆(𝑀) is the infimum of 𝑄𝑔, equality is achieved, and 𝜑

is a smooth nonnegative minimizer of 𝑄𝑔. As in the proof of Proposition 4.2, by the maximum

principle, we have 𝜑 > 0.

The proof of Proposition 4.3 presented in [LP87] derives the 𝐶0
bound by first showing that

for 𝑟 > 𝑝 sufficiently close to 𝑝, we have sup𝑠0≤𝑠<𝑝 ∥𝜑𝑠 ∥𝑟 < ∞ for some 𝑠0 < 𝑝. Then the

same iterative argument in Proposition 4.2, with 𝑠 replaced by 𝑝 and 1/𝑝 replaced by 1/𝑟 , can be

applied (further increasing 𝑠0 if necessary) to give a 𝐶1,𝛼
bound.

Another proof, given in [SY94], directly addresses the question of uniform boundedness.

Proof of Proposition 4.3. Let us suppose for contradiction that 𝜑𝑠 are not bounded in 𝐶0
as

𝑠 ! 𝑝. Then there exists a sequence 𝑠𝑖 ! 𝑝, 𝑧𝑖 ∈ 𝑀 , such that 𝑚𝑖 = sup 𝜑𝑠𝑖 = 𝜑𝑠𝑖 (𝑧𝑖) ! ∞.

Since 𝑀 is compact, we may assume 𝑧𝑖 ! 𝑧0 ∈ 𝑀 .
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We shall work in a normal neighbourhood around 𝑧0, having radius 𝜌. In Euclidean coordinates,

𝜑𝑠𝑖 satisfies the equation

− 1

√
𝐺
𝜕 𝑗 (

√
𝐺𝑔 𝑗𝑘𝜕𝑘𝜑𝑠𝑖 ) + 𝑎𝑆𝜑𝑠𝑖 − 𝜆𝑠𝑖𝜑𝑠𝑖−1

𝑠𝑖
= 0.

Let 𝑥𝑖 be the coordinates of 𝑧𝑖 , and let 𝑢𝑖 (𝑥) = 𝑚−1

𝑖
𝜑𝑠𝑖 (𝑚

1−𝑠𝑖/2

𝑖
𝑥+𝑥𝑖) for |𝑥 | < 𝑚−1+𝑠𝑖/2

𝑖
(𝜌−|𝑥𝑖 |) !

∞. Then 0 ≤ 𝑢𝑖 ≤ 1 satisfies

0 = 𝑚1−𝑠𝑖

[
−
𝑚
𝑠𝑖−1

𝑖√︁
˜𝐺

𝜕 𝑗 (
√︁

˜𝐺𝑔̃ 𝑗𝑘𝜕𝑘𝑢𝑖) + 𝑎 ˜𝑆𝑚𝑖𝑢𝑖 − 𝜆𝑠𝑖𝑚
𝑠𝑖−1

𝑖
𝑢
𝑠𝑖−1

𝑖

]
= − 1√︁

˜𝐺

𝜕 𝑗 (
√︁

˜𝐺𝑔̃ 𝑗𝑘𝜕𝑘𝑢𝑖) + 𝑎 ˜𝑆𝑚
2−𝑠𝑖
𝑖

𝑢𝑖 − 𝜆𝑠𝑖𝑢
𝑠𝑖−1

𝑖
,

where tilde signifies pullback by 𝑥 7! 𝑚
1−𝑠𝑖/2

𝑖
𝑥 + 𝑥𝑖 . Expanding the equation into nondivergence

form −𝑎 𝑗𝑘𝜕 𝑗𝑘𝑢𝑖 + 𝑏𝑘𝜕𝑘𝑢𝑖 + 𝑐𝑢𝑖 = 𝑓 , we have


𝑎 𝑗𝑘 = 𝑔̃ 𝑗𝑘 ! 𝛿 𝑗𝑘 in 𝐶1

on all bounded domains in R𝑛

𝑏𝑘 = −𝜕 𝑗 𝑔̃ 𝑗𝑘 − (𝜕 𝑗 log
˜𝐺)𝑔̃ 𝑗𝑘 ! 0 in 𝐶0

on all bounded domains in R𝑛

𝑐 = 𝑎 ˜𝑆𝑚
2−𝑠𝑖
𝑖

! 0 in 𝐶0
on all bounded domains in R𝑛,

so since 𝑢𝑖 and 𝑓 = 𝜆𝑠𝑖𝑢
𝑠𝑖−1

𝑖
are uniformly bounded, by 𝐿 𝑝 and Schauder estimates, ∥𝑢𝑖 ∥𝐶2,𝛼 (𝐵𝑅 )

is bounded for all 𝑅 > 0. By Arzela-Ascoli, we may assume that 𝑢𝑖 is 𝐶
2
-convergent on all 𝐵𝑅 .

Then the limit 𝑢 satisfies (with ∆ denoting the Euclidean Laplacian)

−∆𝑢 = 𝜆(𝑀)𝑢𝑝−1,

with 0 ≤ 𝑢 ≤ 1, 𝑢(0) = 1. By the maximum principle, 𝑢 > 0.

To derive a contradiction, it suffices to show that ∥𝑢∥ 𝑝 ≤ 1 and ∥∇𝑢∥
2
< ∞. Then by the

dominated convergence theorem we have∫
R𝑛

|∇𝑢 | |∇(𝑢 − 𝜂𝜌𝑢) |d𝑥 ! 0 as 𝜌 ! ∞,

and so letting 𝜌 ! ∞ on both sides of∫
R𝑛

∇𝑢∇(𝜂𝜌𝑢)d𝑥 =
∫
R𝑛

(−∆𝑢) (𝜂𝜌𝑢)d𝑥 = 𝜆(𝑀)
∫
R𝑛

𝑢𝑝𝜂𝜌d𝑥,

we get ∫
R𝑛

|∇𝑢 |2d𝑥 = 𝜆(𝑀)
∫
R𝑛

𝑢𝑝d𝑥 ≤ 𝜆(𝑀)
(∫

R𝑛

𝑢𝑝d𝑥

)
2/𝑝

< 𝛬

(∫
R𝑛

𝑢𝑝d𝑥

)
2/𝑝
,
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which contradicts Theorem 1.4.

To show ∥𝑢∥ 𝑝 ≤ 1, we apply Fatou’s lemma to the estimate∫
|𝑥 |<𝑚−1+𝑠𝑖/2

𝑖
(𝜌−|𝑥𝑖 | )

𝑢
𝑠𝑖
𝑖

√︁
˜𝐺d𝑥 = 𝑚

(𝑛/2−1)𝑠𝑖−𝑛
𝑖

∫
𝐵𝜌−|𝑥𝑖 | (𝑥𝑖 )

𝜑𝑠𝑖𝑠𝑖

√
𝐺d𝑥 < ∥𝜑𝑠𝑖 ∥𝑠𝑖𝑠𝑖 = 1.

The exact same argument also yields ∥∇𝑢∥
2
< ∞. □

4.2 Finding an Optimizer for the Sobolev Inequality

For any bounded Lipschitz domain Ω in R𝑛, let 𝜆(Ω) = inf{∥∇𝑢∥2

2
/∥𝑢∥2

𝑝 : 𝑢 ∈ 𝐷1,2(Ω)}. Since
the quotient ∥∇𝑢∥2

2
/∥𝑢∥2

𝑝 is invariant under translation and scaling, so translation and scaling

of the domain Ω leaves 𝜆(Ω) is invariant. On the other hand, 𝜆(𝑛Ω) # 𝜆(R𝑛) as 𝑛 ! ∞, since,

assuming wlog that 0 ∈ Ω, the domains 𝑛Ω cover R𝑛. Hence, 𝜆(Ω) = 𝜆(R𝑛) for any Ω. We write

𝛬 for their common value.

Let 𝜆𝑠 (Ω) = inf{∥∇𝑢∥2

2
/∥𝑢∥2

𝑠 : 𝑢 ∈ 𝐷1,2(Ω)} for 2 < 𝑠 < 𝑝. Under the assumption that Ω is

bounded, exactly as for Lemma 4.4 we have lim𝑠!𝑝 𝜆𝑠 (Ω) = 𝜆(Ω) = 𝛬. With a view to obtaining

an optimizer for the R𝑛 Sobolev inequality, we shall consider the domain 𝐵 = 𝐵1.

Exactly as in the proofs of Proposition 4.1 and Proposition 4.2, using minimizing sequences and

a bootstrapping argument we can show that for any 2 < 𝑠 < 𝑝 there exists 𝜑𝑠 > 0, 𝜑𝑠 ∈ 𝐶∞(𝐵),
∥𝜑𝑠 ∥𝑠 = 1, satisfying 

−∆𝜑𝑠 = 𝜆𝑠 (𝐵)𝜑𝑠−1

𝑠 in 𝐵

𝜑𝑠 = 0 on 𝜕𝐵.

But unlike the proof of Proposition 4.3, we don’t want 𝜑𝑠 to be 𝐶0
-bounded. Indeed, let us

suppose that there exists a sequence 𝑠𝑖 ! 𝑝 such that 𝑚𝑖 = sup 𝜑𝑠𝑖 = 𝜑𝑠𝑖 (𝑥𝑖) ! ∞. By a result

of Gidas-Ni-Nirenberg [GNN79, Theorem 1], or alternatively by a rearrangement inequality, all

𝜑𝑠 are radial and monotonically decreasing from the origin; in particular, 𝑥𝑖 = 0. Setting 𝑢𝑖 (𝑥) =
𝑚−1

𝑖
𝜑𝑠𝑖 (𝑚

1−𝑠𝑖/2

𝑖
𝑥 + 𝑥𝑖), we have (as in the proof of Proposition 4.3) that 𝑢𝑖 is 𝐶

2
-convergent on

all 𝐵𝑅 , up to subsequences. The limit 𝑢 ∈ 𝐶2(R𝑛) satisfies

−∆𝑢 = 𝛬𝑢𝑝−1,

and is nonnegative, radial, and monotonically decreasing from the origin. (At this point one

may as well look at the equation as a one-dimensional problem. But without assuming a radial

symmetry result, a priori the domains of 𝑢𝑖 need not tend to R𝑛, as the sequence 𝑥𝑖 could slink

toward the boundary.)
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By Fatou’s lemma, ∥𝑢∥ 𝑝 ≤ 1, and on the other hand∫
R𝑛

𝑢𝑝d𝑥 =

∫
R𝑛

|∇𝑢 |2d𝑥 ≥
(∫

R𝑛

𝑢𝑝d𝑥

)
2/𝑝
,

so ∥𝑢∥ 𝑝 = 1, and hence 𝑢 is an optimizer of the Sobolev inequality on R𝑛.

We shall now prove the non-boundedness result. Suppose for contradiction that 𝜑𝑠 are 𝐶0
-

bounded for 𝑠0 ≤ 𝑠 < 𝑝. By regularity theory, 𝜑𝑠 are bounded in 𝐶
2,𝛼 (𝐵) for some 𝛼, so there is

a subsequence 𝜑𝑠𝑖 that converges in 𝐶
2(𝐵); and the limit 𝑢 satisfies

−∆𝑢 = 𝛬𝑢𝑝−1
in 𝐵

𝑢 = 0 on 𝜕𝐵.

However, this contradicts the fact that 𝛬(Ω) is never achieved for a bounded domain Ω. Indeed,

extending 𝑢 by zero to 𝐵2, we see that 𝑢 achieves the infimum 𝛬(𝐵2) = 𝛬. Being a minimizer of

the Yamabe quotient on 𝐵2, 𝑢 satisfies −∆𝑢 = 𝛬𝑢𝑝−1
in 𝐵2, and by regularity theory 𝑢 ∈ 𝐶2(𝐵2).

Since 𝑢 is zero on 𝐵2 \ 𝐵1, by the maximum principle we have a contradiction.

5 Direct Methods

5.1 The Brezis-Lieb Lemma

In 1983, Brezis and Lieb [BL83] discovered an elementary integration-theory result with ap-

plications in the calculus of variations. Following [BL83, Section 4, Example (B)] and [Heb14,

Theorem 2.9], we use the Brezis-Lieb lemma to give a direct proof of Theorem 1.1. (Proofs of the

Brezis-Lieb lemma itself are provided in Appendix B.)

Theorem B.1 (Brezis-Lieb). Suppose 𝑓𝑛 is a bounded sequence in 𝐿 𝑝 , 1 < 𝑝 < ∞, such that

𝑓𝑛 ! 𝑓 a.e. Then 𝑓𝑛 ⇀ 𝑓 weakly in 𝐿 𝑝 , and

lim

𝑛!∞

∫
| | 𝑓𝑛 |𝑝 − | 𝑓𝑛 − 𝑓 |𝑝 − | 𝑓 |𝑝 | = 0. (B.1)

In particular, ∫
| 𝑓𝑛 |𝑝 =

∫
| 𝑓 |𝑝 +

∫
| 𝑓𝑛 − 𝑓 |𝑝 + 𝑜(1). (B.2)

Theorem 1.1. If 𝜆(𝑀) < 𝜆(𝑆𝑛), then 𝜆(𝑀) = 𝑄𝑔 (𝜑0) for some 𝜑0 > 0, 𝜑0 ∈ 𝐶∞(𝑀).

First we observe that it is enough to show that there exists a minimizer 𝜑 ∈ 𝑊1,2(𝑀) \ {0} of𝑄𝑔.
For then either of 𝜑± is a minimizer, and so we may assume that 𝜑 ≥ 0. Now since 𝜑 is a weak

solution of □𝜑 = 𝜆𝜑𝑝−1
, by regularity theory ([Str08, Lemma B.3]) we have 𝜑 ∈ 𝐶∞(𝑀), and by

the maximum principle 𝜑 > 0.
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We shall also need an optimal Sobolev inequality for manifolds. Stronger results exist but the

version given in [LP87, Theorem 2.3] suffices for our purpose: applying the R𝑛 version of Theo-

rem 1.4 to a sufficiently fine partition of unity, it can be shown that for any 𝜀 > 0 there exists a

constant 𝐶𝜀 (𝑀) such that

∥𝜑∥2

𝑝 ≤ (1 + 𝜀)𝛬−1∥∇𝜑∥2

2
+ 𝐶𝜀 (𝑀)∥𝜑∥2

2
for all 𝜑 ∈ 𝑊1,2(𝑀).

Proof of Theorem 1.1 based on the Brezis-Lieb lemma. Let 𝑢𝑖 ∈ 𝑊1,2(𝑀) \ {0} be a mini-

mizing sequence for 𝑄𝑔, with ∥𝑢𝑖 ∥ 𝑝 = 1. Then as in Proposition 4.1, we have that 𝑢𝑖 is bounded

in𝑊1,2(𝑀). We assume that 𝑢𝑖 ⇀ 𝑢 in𝑊1,2(𝑀) for some 𝑢.

But we can’t just assume 𝑢𝑖 ! 𝑢 in 𝐿 𝑝 (𝑀), so we instead suppose that 𝑢𝑖 ! 𝑢 in 𝐿2(𝑀). We

furthermore assume that 𝑢𝑖 ! 𝑢 a.e., so as to be able to apply the Brezis-Lieb lemma.

The goal is to show that ∥𝑢∥ 𝑝 = 1, for as in Proposition 4.1 we have

𝐸 (𝑢) ≤ lim inf

𝑖!∞
𝐸 (𝑢𝑖) = 𝜆(𝑀),

which implies that 𝑄(𝑢) = 𝜆(𝑀).

Let 𝜀 > 0 be small enough that

𝛬

1 + 𝜀 > 𝜆(𝑀).

By weak 𝑊1,2
-convergence and strong 𝐿2

-convergence, using the Sobolev inequality on mani-

folds we have

𝛬

1 + 𝜀 ∥𝑢𝑖 − 𝑢∥
2

𝑝 ≤ ∥∇(𝑢𝑖 − 𝑢)∥2

2
+ 𝐶∥𝑢𝑖 − 𝑢∥2

2

= ∥∇𝑢𝑖 ∥2

2
− ∥∇𝑢∥2

2
+ 𝑜(1)

= 𝐸 (𝑢𝑖) − 𝐸 (𝑢) + 𝑜(1)

≤ 𝜆(𝑀)
(
∥𝑢𝑖 ∥2

𝑝 − ∥𝑢∥2

𝑝

)
+ 𝑜(1),

where the last step is due to 𝐸 (𝑢𝑖) = 𝜆(𝑀)∥𝑢𝑖 ∥2

𝑝 + 𝑜(1), 𝐸 (𝑢) ≥ 𝜆(𝑀)∥𝑢∥2

𝑝 .

On the other hand, by pointwise convergence, the Brezis-Lieb lemma gives

∥𝑢𝑖 ∥ 𝑝𝑝 = ∥𝑢∥ 𝑝𝑝 + ∥𝑢𝑖 − 𝑢∥ 𝑝𝑝 + 𝑜(1),

and so

∥𝑢𝑖 ∥2

𝑝 ≤ ∥𝑢∥2

𝑝 + ∥𝑢𝑖 − 𝑢∥2

𝑝 + 𝑜(1).
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Hence,

𝛬

1 + 𝜀

(
∥𝑢𝑖 ∥2

𝑝 − ∥𝑢∥2

𝑝

)
≤ 𝛬

1 + 𝜀 ∥𝑢𝑖 − 𝑢∥
2

𝑝 + 𝑜(1) ≤ 𝜆(𝑀)
(
∥𝑢𝑖 ∥2

𝑝 − ∥𝑢∥2

𝑝

)
+ 𝑜(1).

Since ∥𝑢𝑖 ∥ 𝑝 = 1, by Fatou’s lemma ∥𝑢∥ 𝑝 ≤ 1, so ∥𝑢𝑖 ∥2

𝑝 − ∥𝑢∥2

𝑝 = 1 − ∥𝑢∥2

𝑝 ≥ 0, and thus by the

above estimate ∥𝑢∥ 𝑝 = 1. □

(From the relation ∥∇(𝑢𝑖 − 𝑢)∥2

2
= 𝜆(𝑀) −𝐸 (𝑢) +𝑜(1), and the fact that 𝐸 (𝑢) = 𝜆(𝑀), it follows

that 𝑢𝑖 ! 𝑢 strongly in𝑊1,2(𝑀).)

5.2 The Concentration-Compactness Principle

The first rearrangement-free proof of the sharp Sobolev inequality was due to [Lio85], as an

example application of his “concentration-compactness principle”. This is not one theorem, but

“a general principle . . . that all minimizing sequences are relatively compact if and only if the sub-

additivity inequalities are strict" ([Lio84]).

Theorem 5.1 ([Lio85, Theorem I.1]). Suppose 𝑢𝑚 ∈ 𝐷1,2(R𝑛), ∥𝑢𝑚∥ 𝑝 = 1, ∥∇𝑢𝑚∥2
! 𝛬1/2. Then

up to translation and dilation, 𝑢𝑚 converges strongly in 𝐷1,2(R𝑛).

The first concentration-compactness results that we shall need is the following.

Theorem C.1 (First Concentration-Compactness Lemma [Lio84, Lemma I.1]). Any sequence 𝜇𝑚
of probability measures on R𝑛 has a subsequence satisfying one of the following three conditions:

Compactness. There exists a sequence 𝑥𝑚 ∈ R𝑛 such that for any 𝜀 > 0, there exists 𝑅 > 0

satisfying ∫
𝐵𝑅 (𝑥𝑚 )

d𝜇𝑚 > 1 − 𝜀 for all 𝑚.

Vanishing. For all 𝑅 > 0,

sup

𝑥∈R

∫
𝐵𝑅 (𝑥 )

d𝜇𝑚 ! 0 as 𝑚 ! ∞.

Dichotomy. There exist 0 < 𝜆 < 1, 𝑥𝑚 ∈ R𝑛, 𝑅𝑚 ! ∞, such that



∫
𝐵𝑅𝑚 (𝑥𝑚 )

d𝜇𝑚 = 𝜆 + 𝑜(1),∫
𝐵2𝑅𝑚 (𝑥𝑚 )\𝐵𝑅𝑚 (𝑥𝑚 )

d𝜇𝑚 = 𝑜(1),∫
R𝑛\𝐵2𝑅𝑚 (𝑥𝑚 )

d𝜇𝑚 = 1 − 𝜆 + 𝑜(1).
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Now we may begin the proof of Theorem 5.1.

Step 1: Obtaining tightness. There exist 𝑥̃𝑚 ∈ R𝑛, 𝑅̃𝑚 > 0 such that∫
𝐵
𝑅̃𝑚

(𝑥𝑚 )
|𝑢𝑚 |𝑝d𝑥 = sup

𝑥∈R𝑛

∫
𝐵
𝑅̃𝑚

(𝑥 )
|𝑢𝑚 |𝑝d𝑥 =

1

2

,

so the rescaled sequence 𝑣𝑚(𝑥) = 𝑅̃𝑛/𝑝𝑚 𝑢𝑚(𝑅̃𝑚𝑥 + 𝑥̃𝑚) satisfies∫
𝐵1 (0)

|𝑣𝑚 |𝑝d𝑥 = sup

𝑥∈R𝑛

∫
𝐵1 (𝑥 )

|𝑣𝑚 |𝑝d𝑥 =
1

2

. (5.1)

Moreover, we have ∥𝑣𝑚∥ 𝑝 = ∥𝑢𝑚∥ 𝑝 = 1, ∥𝑣𝑚∥2
= ∥𝑢𝑚∥2

! 𝛬.

Applying the first concentration-compactness lemma (TheoremC.1) to |𝑣𝑚 |𝑝d𝑥, we see that “van-

ishing” is precluded by the rescaling. The proof is complete if we can show (1) “dichotomy" is also

impossible, and (2) assuming “compactness", 𝑣𝑚 is strongly convergent in 𝐷1,2(R𝑛). We shall now

prove (1), and deal with (2) only after introducing the second concentration-compactness lemma.

We recall that in the dichotomy scenario, there exist 0 < 𝜆 < 1, 𝑥𝑚 ∈ R𝑛, 𝑅𝑚 ! ∞, such that



∫
𝐵𝑅𝑚 (𝑥𝑚 )

d𝜇𝑚 = 𝜆 + 𝑜(1),∫
𝐵2𝑅𝑚 (𝑥𝑚 )\𝐵𝑅𝑚 (𝑥𝑚 )

d𝜇𝑚 = 𝑜(1),∫
R𝑛\𝐵2𝑅𝑚 (𝑥𝑚 )

d𝜇𝑚 = 1 − 𝜆 + 𝑜(1).

We begin by noticing that

∥∇𝑣𝑚∥2

2
≥ ∥(∇𝑣𝑚)𝜂𝑅𝑚

∥2

2
+ ∥(∇𝑣𝑚) (1 − 𝜂𝑅𝑚

)∥2

2
.

By the triangle inequality

∥(∇𝑣𝑚)𝜂𝑅𝑚
∥2 ≥ ∥∇(𝑣𝑚𝜂𝑅𝑚

)∥2 − ∥𝑣𝑚∇𝜂𝑅𝑚
∥2,

and by Hölder’s inequality

∥𝑣𝑚∇𝜂𝑅𝑚
∥2 ≤ 𝐶𝑅−1

𝑚 ∥𝑣𝑚∥𝐿2 (𝐵2𝑅𝑚\𝐵𝑅𝑚 ) ≤ 𝐶∥𝑣𝑚∥𝐿𝑝 (𝐵2𝑅𝑚\𝐵𝑅𝑚 ) = 𝑜(1),

which means that we have

∥(∇𝑣𝑚)𝜂𝑅𝑚
∥2 ≥ ∥∇(𝑣𝑚𝜂𝑅𝑚

)∥2 + 𝑜(1).
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Since ∥(∇𝑣𝑚)𝜂𝑅𝑚
∥2 ≤ ∥∇𝑣𝑚∥2 is bounded, ∥∇(𝑣𝑚𝜂𝑅𝑚

)∥2 is also bounded, so we deduce that

∥(∇𝑣𝑚)𝜂𝑅𝑚
∥2

2
≥ ∥∇(𝑣𝑚𝜂𝑅𝑚

)∥2

2
+ 𝑜(1).

Similarly ∥(∇𝑣𝑚) (1 − 𝜂𝑅𝑚
)∥2

2
≥ ∥∇(𝑣𝑚(1 − 𝜂𝑅𝑚

))∥2

2
+ 𝑜(1), so

∥∇𝑣𝑚∥2

2
≥ ∥(∇𝑣𝑚𝜂𝑅𝑚

)∥2

2
+ ∥(∇𝑣𝑚(1 − 𝜂𝑅𝑚

))∥2

2
+ 𝑜(1),

and by Sobolev’s inequality,

∥∇𝑣𝑚∥2

2
≥ 𝛬(∥𝑣𝑚𝜂𝑅𝑚

∥2

𝑝 + ∥𝑣𝑚(1 − 𝜂𝑅𝑚
)∥2

𝑝) + 𝑜(1)

= 𝛬(𝜆2/𝑝 + (1 − 𝜆)2/𝑝) + 𝑜(1).

But since 𝜆2/𝑝 + (1 − 𝜆)2/𝑝 > 1 this contradicts the assumption that ∥∇𝑣𝑚∥2 ! 𝛬. □

Before the second concentration-compactness lemma can be stated, it must be explained what is

meant by weak convergence of measures. The definition is as follows: 𝜇𝑚 ⇀ 𝜇 if∫
R𝑛

𝜉d𝜇𝑚 !

∫
R𝑛

𝜉d𝜇 for all 𝜉 ∈ 𝐶𝑐 (R𝑛).

A related concept, used in probability, uses continuous bounded functions instead of continuous

functions with compact support; it is sometimes called tight convergence because it is equivalent

to weak convergence plus tightness. Convergence of measures is useful because any sequence

of measures 𝜇𝑚 satisfying

sup

𝑚∈N

∫
𝐾

d𝜇𝑚 < ∞ for all compact 𝐾 ⊂ R𝑛

has a weakly convergent subsequence. The difficulty in proving this fact mainly lies in showing

that the limiting linear functional is in fact a measure, and always involve an application of

the Riesz-Markov representation theorem, or some other such result (e.g. that any distribution

function 𝐹 : R ! [0, 1] corresponds to a probability measure on (R,B(R))). More information

can be found in [EG25, Section 1.9].

Theorem D.1 (Second Concentration-Compactness Lemma [Lio85, Lemma I.1]). Suppose 𝑢𝑚 is

a bounded sequence in 𝐷1,2(R𝑛), such that

𝑢𝑚 ⇀ 𝑢 weakly in 𝐷1,2(R𝑛),

|∇𝑢𝑚 |2d𝑥 ⇀ 𝜇 weakly in the sense of measures,

|𝑢𝑚 |𝑝d𝑥 ⇀ 𝜈 weakly in the sense of measures.
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Then the limits satisfy

𝜇 ≥ |∇𝑢 |2d𝑥 + 𝛬
∑︁
𝑗∈𝐽

𝜈
2/𝑝
𝑗
𝛿𝑥 𝑗 ,

𝜈 = |𝑢 |𝑝d𝑥 +
∑︁
𝑗∈𝐽

𝜈 𝑗𝛿𝑥 𝑗 ,

where 𝛬 is the best constant for the Sobolev inequality (1.5).

Step 2: Using tightness. We have shown in the first part of the proof that |𝑣𝑚 |𝑝d𝑥 belongs (up

to subsequences) to the “compactness" case of the first concentration-compactness lemma: that

is, there exists 𝑥𝑚 ∈ R𝑛 such that for all 𝜀 > 0, there exists 𝑅 > 0 satisfying∫
𝐵𝑅 (𝑥𝑚 )

|𝑣𝑚 |𝑝d𝑥 > 1 − 𝜀 for all 𝑚.

By (5.1), for all 𝜀 < 1/2, we must have 𝐵𝑅 (𝑥𝑚) ∩ 𝐵1(0) ≠ ∅, so 𝐵𝑅 (𝑥𝑚) ⊂ 𝐵2𝑅+1(0), and so the

above hold for the sequence 𝑥𝑚 = 0. (In other words, |𝑣𝑚 |𝑝d𝑥 is a tight sequence of probability

measures.)

Suppose 𝑣𝑚 ⇀ 𝑣 weakly in 𝐷1,2(R𝑛), |∇𝑣𝑚 |2d𝑥 ⇀ 𝜇, and |𝑣𝑚 |𝑝d𝑥 ⇀ 𝜈. Then∫
R𝑛

d𝜇 ≤ lim inf

𝑚!∞

∫
R𝑛

|∇𝑣𝑚 |2d𝑥 = 𝛬,

while tightness of |𝑣𝑚 |𝑝d𝑥 implies that ∫
R𝑛

d𝜈 = 1.

By the second concentration-compactness lemma,

𝜇 ≥ |∇𝑣 |2d𝑥 + 𝛬
∑︁
𝑗∈𝐽

𝜈
2/𝑝
𝑗
𝛿𝑥 𝑗 ,

𝜈 = |𝑣 |𝑝d𝑥 +
∑︁
𝑗∈𝐽

𝜈 𝑗𝛿𝑥 𝑗 .

Since 2/𝑝 < 1, we have

𝛬 ≥
∫
R𝑛

d𝜇 ≥ ∥∇𝑣∥2

2
+ 𝛬

∑︁
𝑗∈𝐽

𝜈
2/𝑝
𝑗

≥ 𝛬∥𝑣∥2

𝑝 + 𝛬
∑︁
𝑗∈𝐽

𝜈
2/𝑝
𝑗

(5.2)

≥ 𝛬(∥𝑣∥ 𝑝𝑝 +
∑︁
𝑗∈𝐽

𝜈 𝑗)2/𝑝 = 𝛬

∫
R𝑛

d𝜈 = 𝛬, (5.3)
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with equality at (5.3) only if at most one of ∥𝑣∥ 𝑝𝑝 and 𝜈 𝑗 , 𝑗 ∈ 𝐽 is nonzero. By (5.1), 𝜈 𝑗 ≤ 1/2 for

all 𝑗 ∈ 𝐽. Therefore ∥𝑣∥ 𝑝 = 1. At this point we may already conclude from equality at (5.2) that

𝑣 is an optimizer for the Sobolev inequality. Strong convergence in 𝐷1,2(R𝑛) follows from weak

convergence and ∥∇𝑣𝑚∥2
! ∥∇𝑣∥

2
. □

The fact that 1/2 is the supremum in (5.1) is needed to rule out the situation 𝜈 = 𝛿𝑥 , 𝑥 ∈ 𝜕𝐵1(0).
This assumption is where dilation comes in.

What would happen if we tried to make a minimizing sequence converge without using dilation?

Let 𝑢𝑚 = 𝐶 ( |𝑥−𝑚𝑒1 |2+1) (2−𝑛)/2
, where 𝑒1 = (1, 0, . . . , 0) ∈ R𝑛,𝐶 is the appropriate normalizing

constant, and let us consider the rescaling 𝑣𝑚 = 𝑅̃
𝑛/𝑝
𝑚 𝑢𝑚(𝑅̃𝑚𝑥),

∫
𝐵1 (0) |𝑣𝑚 |

𝑝
d𝑥 = 1/2. Then the

rescaling factor satisfies 𝑚 < 𝑅̃𝑚 ≤ 𝑚 + 𝑅̃0, so the supremum of 𝑣𝑚 is achieved at 𝑅̃−1

𝑚 𝑚𝑒1 ! 𝑒1.

Thus 𝑣𝑚 ⇀ 𝛿𝑒1
, as expected.

We end this essay by noting that the concentration-compactness principle can be used in a similar

way to prove Theorem 1.1, the main difference being that the first concentration-compactness

lemma is trivial on a compact manifold. Details can be found in [Neu18].

A Removal of Singularities

Theorem A.1. Suppose 𝑢 is a weak solution of (∆+ ℎ)𝑢 = 0 on R𝑛 \ {0}, where ℎ ∈ 𝐿𝑛/2(R𝑛), and
suppose 𝑢 ∈ 𝐿𝑞 (R𝑛) for some 𝑞 > 𝑛/(𝑛 − 2). Then (∆ + ℎ)𝑢 = 0 weakly on all of R𝑛.

Proof. Let 𝜑 ∈ 𝐶∞
𝑐 (R𝑛). For all 𝜀 > 0, let the test function 𝜂𝜀 be defined as in Section 2. Then

since (1 − 𝜂𝜀)𝜑 ∈ 𝐶∞
𝑐 (R𝑛 \ {0}), we have∫

R𝑛

(𝑢∆𝜑 + ℎ𝑢𝜑)d𝑥 =
∫
R𝑛

(𝑢∆(𝜂𝜀𝜑) + ℎ𝑢𝜂𝜀𝜑)d𝑥. (A.1)

We claim that the right hand side of (A.1) tends to 0 as 𝜀 ! 0. Since the left hand side is constant

it must be zero, and the desired result follows.

By Hölder’s inequality, ℎ𝑢 is locally integrable, so∫
R𝑛

ℎ𝑢𝜂𝜀𝜑d𝑥 ! 0 as 𝜀 ! 0.

Since |𝜂𝜀 | ≤ 1, |∇𝜂𝜀 | ≤ 𝐶𝜀−1
, and |∆𝜂𝜀 | ≤ 𝐶𝜀−2

, we have

|∆(𝜂𝜀𝜑) | = |∆𝜂𝜀𝜑 + 2∇𝜂𝜀∇𝜑 + 𝜂𝜀∆𝜑 | ≤ 𝐶𝜀−2,
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and thus by Hölder’s inequality����∫
R𝑛

𝑢∆(𝜂𝜀𝜑)d𝑥
���� ≤ 𝐶𝜀−2

∫
𝐵2𝜀

|𝑢 |d𝑥

≤ 𝐶𝜀−2∥𝑢∥𝑞 Vol(𝐵2𝜀) (𝑞−1)/𝑞

= 𝐶𝜀−2𝜀𝑛(𝑞−1)/𝑞 .

The assumption that 𝑞 > 𝑛/(𝑛 − 2) implies 𝑛(𝑞 − 1)/𝑞 > 2, and the proof is finished. □

B The Brezis-Lieb Lemma

Theorem B.1 (Brezis-Lieb). Suppose 𝑓𝑛 is a bounded sequence in 𝐿 𝑝 , 1 < 𝑝 < ∞, such that

𝑓𝑛 ! 𝑓 a.e. Then 𝑓𝑛 ⇀ 𝑓 weakly in 𝐿 𝑝 , and

lim

𝑛!∞

∫
| | 𝑓𝑛 |𝑝 − | 𝑓𝑛 − 𝑓 |𝑝 − | 𝑓 |𝑝 | = 0. (B.1)

In particular, ∫
| 𝑓𝑛 |𝑝 =

∫
| 𝑓 |𝑝 +

∫
| 𝑓𝑛 − 𝑓 |𝑝 + 𝑜(1). (B.2)

For 0 < 𝑝 ≤ 1, we have the inequality | | 𝑓𝑛 |𝑝 − | 𝑓𝑛 − 𝑓 |𝑝 | ≤ | 𝑓 |𝑝 , so by the dominated conver-

gence theorem (B.1) still holds; in addition, the condition sup ∥ 𝑓𝑛∥ 𝑝 < ∞ can be weakened to

∥ 𝑓 ∥ 𝑝 < ∞. The weak convergence statement is no longer true: a counterexample is the sequence

(1, 0, 0, . . .), (0, 1, 0, . . .), (0, 0, 1, . . .), . . . in ℓ𝑝 , since 𝛬(𝑥1, 𝑥2, . . .) =
∑∞
𝑘=1

𝑥𝑘 is a continuous lin-

ear functional on ℓ𝑝 .

In the rest of this section we assume 𝑝 > 1 unless otherwise specified. But first, we prove the

weak convergence part of the theorem.

Proof of weak convergence. It suffices to show that, under the additional assumption that

𝑓𝑛 ⇀ 𝑔 weakly in 𝐿 𝑝 , we have 𝑔 = 𝑓 . Indeed, this implies every subsequence has a sub-

subsequence converging weakly to 𝑓 , and hence 𝑓𝑛 ⇀ 𝑓 weakly.

For 𝑛 ∈ N, let 𝐶𝑛 be the set of finite linear combinations of { 𝑓𝑛, 𝑓𝑛+1, 𝑓𝑛+2, . . .}. By Mazur’s

theorem, the closure of 𝐶𝑛 in 𝐿 𝑝 is weakly closed, so 𝑔 ∈ 𝐶𝑛, and hence 𝑔 is the a.e. limit of

a sequence of finite linear combinations of { 𝑓𝑛, 𝑓𝑛+1, 𝑓𝑛+2, . . .}. In particular, for almost all 𝑥, if

| 𝑓𝑚(𝑥) − 𝑓 (𝑥) | < 𝜀 for all 𝑚 ≥ 𝑛, then |𝑔(𝑥) − 𝑓 (𝑥) | ≤ 𝜀. Letting 𝑛! ∞ and then 𝜀 ! 0 we see

that 𝑔 = 𝑓 a.e. □
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B.1 Proof by Vitali’s Convergence Theorem

We first recall Vitali’s theorem. A collection { 𝑓 𝑗 : 𝑗 ∈ J} of integrable functions on a measure

space (Ω, F , 𝜇) are said to be equi-integrable if the following conditions are all satisfied:

(1) The functions 𝑓 𝑗 satisfy

sup

𝑗∈J

∫
Ω

| 𝑓 𝑗 | < ∞.

(2) For all 𝜀 > 0 there exists 𝐴𝜀 ∈ F with 𝜇(𝐴𝜀) < ∞ such that

sup

𝑗∈J

∫
Ω\𝐴𝜀

| 𝑓 𝑗 | < 𝜀.

(3) For all 𝜀 > 0 there exists 𝛿 > 0 such that

sup

𝑗∈J

∫
𝐴

| 𝑓 𝑗 | < 𝜀 for all 𝜇(𝐴) < 𝛿.

Theorem (Vitali’s Convergence Theorem). If a sequence of equi-integrable functions 𝑓𝑛 converge
a.e. to 𝑓 , then 𝑓𝑛 ! 𝑓 in 𝐿1.

The following proof of (B.2) is taken from [Str08, Equation (4.4)]. Unfortunately it does not adapt

easily to (B.1).

Proof 1. For all 𝑛 ∈ N, we have

∥ 𝑓𝑛∥ 𝑝𝑝 − ∥ 𝑓𝑛 − 𝑓 ∥ 𝑝𝑝 = −
∫
Ω

∫
1

0

d

d𝜃
| 𝑓𝑛 − 𝜃 𝑓 |𝑝d𝜃d𝜇

= 𝑝

∫
Ω

∫
1

0

Re

[
𝑓 ( 𝑓𝑛 − 𝜃 𝑓 )

]
| 𝑓𝑛 − 𝜃 𝑓 |𝑝−2

d𝜃d𝜇

= 𝑝

∫
1

0

∫
Ω

Re

[
𝑓 ( 𝑓𝑛 − 𝜃 𝑓 )

]
| 𝑓𝑛 − 𝜃 𝑓 |𝑝−2

d𝜇d𝜃.

For 0 ≤ 𝜃 ≤ 1, the family 𝑓 | 𝑓𝑛 − 𝜃 𝑓 |𝑝−1

, 𝑛 ∈ N is equi-integrable. Indeed, since 𝑓𝑛 − 𝜃 𝑓 is

bounded in 𝐿 𝑝 , all three conditions for equi-integrability follow from Hölder’s inequality and

the fact that they hold for | 𝑓 |𝑝 . So by Vitali’s theorem and the dominated convergence theorem,

lim

𝑛!∞

(
∥ 𝑓𝑛∥ 𝑝𝑝 − ∥ 𝑓𝑛 − 𝑓 ∥ 𝑝𝑝

)
= 𝑝

∫
1

0

∫
Ω

(1 − 𝜃) 𝑝−1 | 𝑓 |𝑝d𝜇d𝜃 = ∥ 𝑓 ∥ 𝑝𝑝 .

This finishes the proof. □

Now we set out to prove Vitali’s theorem.
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Lemma B.2. Suppose { 𝑓 𝑗 : 𝑗 ∈ J} satisfy condition (2). Then they are equi-integrable if and only

if

sup

𝑗∈J

∫
| 𝑓 𝑗 |>𝑐

| 𝑓 𝑗 | ! 0 as 𝑐 ! ∞.

Proof. If { 𝑓 𝑗 : 𝑗 ∈ J} are equi-integrable, then by condition (1),

sup

𝑗∈J
𝜇( | 𝑓 𝑗 | > 𝑐) ≤

1

𝑐
sup

𝑗∈J

∫
Ω

| 𝑓 𝑗 | ! 0 as 𝑐 ! ∞,

and the desired result follows from condition (3). Conversely, choosing 𝑐 large enough so that

𝑀 ≔ sup

𝑗∈J

∫
| 𝑓 𝑗 |>𝑐

| 𝑓 𝑗 | < ∞,

we have

sup

𝑗∈J

∫
Ω

| 𝑓 𝑗 | ≤ 1 + 𝑐𝜇(𝐴1) + 𝑀 < ∞,

so condition (1) is satisfied. For all 𝜀 > 0, let 𝑐 be large enough such that

sup

𝑗∈J

∫
| 𝑓 𝑗 |>𝑐

| 𝑓 𝑗 | <
𝜀

2

.

Then ∫
𝐴

| 𝑓 𝑗 | ≤ 𝑐𝜇(𝐴) +
𝜀

2

< 𝜀 for all 𝜇(𝐴) < 𝜀

2𝑐
.

This proves condition (3). □

Proof of Vitali’s convergence theorem. Using the characterization of Lemma B.2, it can be

shown that the sequence 𝑔𝑛 = | 𝑓𝑛 − 𝑓 | is equi-integrable. For all 𝜀 > 0, since 𝑓𝑛 ! 𝑓 a.e., we

have 𝜇(𝑔𝑛 ≥ 𝜀) ! 0 as 𝑛! ∞, so

lim sup

𝑛!∞

∫
𝑔𝑛≥𝜀

𝑔𝑛 ≤ lim sup

𝑛!∞

(
𝑐𝜇(𝑔𝑛 ≥ 𝜀) +

∫
𝑔𝑛≥𝑐

|𝑔𝑛 |
)
≤ sup

𝑛∈N

∫
𝑔𝑛≥𝑐

|𝑔𝑛 |.

Since 𝑔𝑛 is equi-integrable, the right hand side can be taken arbitrarily small, which means∫
𝑔𝑛≥𝜀

𝑔𝑛 ! 0 as 𝑛! ∞.

On the other hand, let 𝜂 > 0 be fixed; then for all 𝑛 ∈ N we have∫
𝑔𝑛<𝜀

𝑔𝑛 ≤ 𝜀𝜇(𝐴𝜂) + 𝜂.

Since both 𝜂 and 𝜀 are arbitrary, this finishes the proof. □
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B.2 Proof by Weak Convergence

The weak convergence result can be used to give a very elegant proof of (B.1). We follow [Bre11,

Exercise 4.17].

Proof 2. Since | 𝑓𝑛 − 𝑓 | is bounded in 𝐿 𝑝 and converges a.e. to 0, | 𝑓𝑛 − 𝑓 | ⇀ 0 weakly in 𝐿 𝑝 ,

and similarly | 𝑓𝑛 − 𝑓 |𝑝−1 ⇀ 0 weakly in 𝐿 𝑝/(𝑝−1)
. Hence,∫

| 𝑓𝑛 − 𝑓 | | 𝑓 |𝑝−1 + | 𝑓𝑛 − 𝑓 |𝑝−1 | 𝑓 | ! 0 as 𝑛! ∞.

Using Lemma B.3 with 𝑎 = 𝑓𝑛 − 𝑓 and 𝑏 = 𝑓 , we have∫
| | 𝑓𝑛 |𝑝 − | 𝑓𝑛 − 𝑓 |𝑝 − | 𝑓 |𝑝 | ! 0 as 𝑛! ∞,

and (B.1) follows immediately. □

Lemma B.3. For all 𝑝 > 1, there exists a constant 𝐶𝑝 such that

| |𝑎 + 𝑏 |𝑝 − |𝑎 |𝑝 − |𝑏 |𝑝 | ≤ 𝐶𝑝 ( |𝑎 | |𝑏 |𝑝−1 + |𝑎 |𝑝−1 |𝑏 |) for all 𝑎, 𝑏 ∈ C.

Proof. Wlog suppose |𝑎 | ≤ |𝑏 |. By homogeneity we may assume 𝑏 = 1, and the equation

becomes

| |𝑎 + 1|𝑝 − |𝑎 |𝑝 − 1| ≤ 𝐶𝑝 ( |𝑎 | + |𝑎 |𝑝−1), (B.3)

with |𝑎 | ≤ 1. Since the left hand side is bounded above, it suffices to prove (B.3) for all |𝑎 | ≤
1/12345. Under this additional assumption, we have | |𝑎 + 1|𝑝 − 1| ≤ 𝐶 | |𝑎 + 1| − 1| ≤ 𝐶 |𝑎 |. We

also have |𝑎 |𝑝 ≤ |𝑎 |, so | |𝑎 + 1|𝑝 − |𝑎 |𝑝 − 1| ≤ 𝐶 |𝑎 |. This finishes the proof. □

B.3 Proof by Egorov’s Theorem

A more direct proof of (B.1), not involving weak convergence, was given in [Lie83].

Proof 3. By Lemma B.3, it suffices to show that∫
| 𝑓𝑛 − 𝑓 | | 𝑓 |𝑝−1 + | 𝑓𝑛 − 𝑓 |𝑝−1 | 𝑓 | ! 0.

By Hölder’s inequality,∫
| 𝑓𝑛 − 𝑓 | | 𝑓 |𝑝−1 + | 𝑓𝑛 − 𝑓 |𝑝−1 | 𝑓 | ≤ 2

(
∥( 𝑓𝑛 − 𝑓 )1𝐸 ∥ 𝑝 ∥ 𝑓 ∥ 𝑝 + ∥ 𝑓𝑛 − 𝑓 ∥ 𝑝 ∥ 𝑓 1𝐸𝑐 ∥ 𝑝

)
for any measurable set 𝐸 .
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Now 𝑓𝑛 ! 𝑓 a.e. with respect to the finite measure | 𝑓 |𝑝d𝜇, so by Egorov’s theorem, for all 𝜀 > 0

there is a measurable set 𝐸 with ∥ 𝑓 1𝐸𝑐 ∥ 𝑝𝑝 < 𝜀 such that 𝑓𝑛 ! 𝑓 uniformly on 𝐸 . Thus

lim sup

𝑛!∞

(
∥( 𝑓𝑛 − 𝑓 )1𝐸 ∥ 𝑝 ∥ 𝑓 ∥ 𝑝 + ∥ 𝑓𝑛 − 𝑓 ∥ 𝑝 ∥ 𝑓 1𝐸𝑐 ∥ 𝑝

)
≤ 𝐶𝜀1/𝑝,

and we are done. □

B.4 The Original Proof

The original paper [BL83] gave a proof uniting the cases 𝑝 > 1 and 0 < 𝑝 ≤ 1. However, their

phrasing seems to suggest that the proof from [Lie83] had been discovered first.

Proof 4. Using Lemma B.4 with 𝑎 = 𝑓 and 𝑏 = 𝑓𝑛 − 𝑓 gives

| | 𝑓𝑛 |𝑝 − | 𝑓𝑛 − 𝑓 |𝑝 − | 𝑓 |𝑝 | ≤ | | 𝑓𝑛 |𝑝 − | 𝑓𝑛 − 𝑓 |𝑝 | + | 𝑓 |𝑝 ≤ 𝜀 | 𝑓𝑛 − 𝑓 |𝑝 + (1 + 𝐶𝑝,𝜀) | 𝑓 |𝑝,

so the quantity

𝑊𝜀,𝑛 = ( | | 𝑓𝑛 |𝑝 − | 𝑓𝑛 − 𝑓 |𝑝 − | 𝑓 |𝑝 | − 𝜀 | 𝑓𝑛 − 𝑓 |𝑝)+

is dominated by (1 + 𝐶𝑝,𝜀) | 𝑓 |𝑝 , and so by the dominated convergence theorem∫
𝑊𝜀,𝑛 ! 0 as 𝑛! ∞.

Now, ∫
| | 𝑓𝑛 |𝑝 − | 𝑓𝑛 − 𝑓 |𝑝 − | 𝑓 |𝑝 | ≤

∫
𝑊𝜀,𝑛 + 𝜀

∫
| 𝑓𝑛 − 𝑓 |𝑝,

and since ∥ 𝑓𝑛 − 𝑓 ∥ 𝑝𝑝 ≤ (∥ 𝑓𝑛∥ 𝑝 + ∥ 𝑓 ∥ 𝑝) 𝑝 is bounded, the limsup of the right hand side can be

made arbitrarily small. This finishes the proof. □

Lemma B.4. For any 𝑝 > 0, 𝜀 > 0, there exists a constant 𝐶𝑝,𝜀 such that

| |𝑎 + 𝑏 |𝑝 − |𝑏 |𝑝 | ≤ 𝜀 |𝑏 |𝑝 + 𝐶𝑝,𝜀 |𝑎 |𝑝 for all 𝑎, 𝑏 ∈ C.

Proof. For 0 < 𝑝 ≤ 1,

|𝑎 + 𝑏 |𝑝 − |𝑏 |𝑝 ≤ (|𝑎 | + |𝑏 |) 𝑝 − |𝑏 |𝑝 ≤ |𝑎 |𝑝,

and replacing 𝑏 by −(𝑎 + 𝑏) we have

|𝑏 |𝑝 − |𝑎 + 𝑏 |𝑝 ≤ |𝑎 |𝑝,

which yields the desired inequality.
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Suppose 𝑝 > 1. The function 𝑡 7! 𝑡 𝑝 is convex on [0,∞), so

|𝑎 + 𝑏 |𝑝 ≤ (|𝑎 | + |𝑏 |) 𝑝 =

(
(1 − 𝜆) |𝑎 |

1 − 𝜆 + 𝜆 |𝑏 |
𝜆

) 𝑝
≤ (1 − 𝜆)−𝑝+1 |𝑎 |𝑝 + 𝜆−𝑝+1 |𝑏 |𝑝

for any 0 < 𝜆 < 1. Setting 𝜆 = (1 + 𝜀0)1/(−𝑝+1)
we get

|𝑎 + 𝑏 |𝑝 − |𝑏 |𝑝 ≤ 𝐶 |𝑎 |𝑝 + 𝜀0 |𝑏 |𝑝,

and replacing 𝑏 by −(𝑎 + 𝑏) we have

|𝑏 |𝑝 − |𝑎 + 𝑏 |𝑝 ≤ 𝐶 |𝑎 |𝑝 + 𝜀0 |𝑎 + 𝑏 |𝑝 ≤ (1 + 𝜀0)𝐶 |𝑎 |𝑝 + 𝜀0(1 + 𝜀0) |𝑏 |𝑝 .

Since 𝜀0(1 + 𝜀0) can be made arbitrarily small, this finishes the proof. □

C The First Concentration-Compactness Lemma

Given a probability measure 𝜇 on R𝑛, its concentration function is defined by

𝑄(𝑟) = sup

𝑥∈R𝑛

∫
𝐵𝑟 (𝑥 )

d𝜇.

It is a nondecreasing, nonnegative function on [0,∞) with lim𝑟!∞𝑄(𝑟) = 1. (If 𝜇 ≪ d𝑥, then 𝑄

is continuous, and in particular lim𝑟!0𝑄(𝑟) = 0.)

Let 𝜇𝑚 be a sequence of probability measures on R𝑛, and let𝑄𝑚 be their concentration functions.

Then up to subsequences, 𝑄𝑚 ! 𝑄 at all points of continuity of 𝑄. Let 𝜆 = lim𝑛!∞𝑄(𝑛). Then
0 ≤ 𝜆 ≤ 1.

Case I: 𝜆 = 1. Then for all 𝜀 > 0, there exists 𝑅 > 0 such that 𝑄𝑚(𝑅) > 1 − 𝜀 for all 𝑚, so there

exists a sequence 𝑥𝑚 ∈ R𝑛 such that∫
𝐵𝑅 (𝑥𝑚 )

d𝜇𝑚 > 1 − 𝜀 for all 𝑚.

Actually, 𝑥𝑚 can be chosen independently of 𝜀. Let 𝑥𝑚 be chosen for 𝜀0 =
1

2
, so that∫

𝐵𝑅
0
(𝑥𝑚 )

d𝜇𝑚 >
1

2

for all 𝑚 and some fixed 𝑅0 > 0.

Now for any 0 < 𝜀 < 1

2
, there exists 𝑅1 = 𝑅1(𝜀) > 0 and a sequence 𝑦𝑚 such that∫

𝐵𝑅
1
(𝑦𝑚 )

d𝜇𝑚 > 1 − 𝜀 for all 𝑚,
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and since
1

2
+ 1 − 𝜀 > 1, it follows that 𝐵𝑅0

(𝑥𝑚) ∩ 𝐵𝑅1
(𝑦𝑚) ≠ ∅, so |𝑥𝑚 − 𝑦𝑚 | < 𝑅0 + 𝑅1, and

hence 𝐵𝑅1
(𝑦𝑚) ⊂ 𝐵𝑅0+2𝑅1

(𝑥𝑚). We set 𝑅 = 𝑅0 + 2𝑅1(𝜀) to finish the proof.

Case II: 𝜆 = 0. Then lim𝑚!∞𝑄𝑚(𝑅) = 0 for all 𝑅.

Case III: 0 < 𝜆 < 1. Let 𝑅𝑚 ! ∞ be a sequence such that 𝑄(𝑅𝑚) > 𝜆 − 1/𝑚. Using a diagonal

argument, we can pass to a subsequence of 𝜇𝑚 such that

𝜆 − 1

𝑚
< 𝑄𝑚(𝑅𝑚) ≤ 𝑄𝑚(2𝑅𝑚) < 𝜆 +

1

𝑚
for all 𝑚,

and so there exists a sequence 𝑥𝑚 such that

𝜆 − 1

𝑚
<

∫
𝐵𝑅𝑚 (𝑥𝑚 )

d𝜇𝑚 ≤
∫
𝐵2𝑅𝑚 (𝑥𝑚 )

d𝜇𝑚 < 𝜆 +
1

𝑚
for all 𝑚,

which means ∫
𝐵𝑅𝑚 (𝑥𝑚 )

d𝜇𝑚 =

∫
𝐵

2𝑅𝑚 (𝑥𝑚 )

d𝜇𝑚 = 𝜆 + 𝑜(1).

To summarize, we have the following trichotomy.

Theorem C.1 (First Concentration-Compactness Lemma [Lio84, Lemma I.1]). Any sequence 𝜇𝑚
of probability measures on R𝑛 has a subsequence satisfying one of the following three conditions:

Compactness. There exists a sequence 𝑥𝑚 ∈ R𝑛 such that for any 𝜀 > 0, there exists 𝑅 > 0

satisfying ∫
𝐵𝑅 (𝑥𝑚 )

d𝜇𝑚 > 1 − 𝜀 for all 𝑚.

Vanishing. For all 𝑅 > 0,

sup

𝑥∈R

∫
𝐵𝑅 (𝑥 )

d𝜇𝑚 ! 0 as 𝑚 ! ∞.

Dichotomy. There exist 0 < 𝜆 < 1, 𝑥𝑚 ∈ R𝑛, 𝑅𝑚 ! ∞, such that



∫
𝐵𝑅𝑚 (𝑥𝑚 )

d𝜇𝑚 = 𝜆 + 𝑜(1),∫
𝐵2𝑅𝑚 (𝑥𝑚 )\𝐵𝑅𝑚 (𝑥𝑚 )

d𝜇𝑚 = 𝑜(1),∫
R𝑛\𝐵2𝑅𝑚 (𝑥𝑚 )

d𝜇𝑚 = 1 − 𝜆 + 𝑜(1).
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D The Second Concentration-Compactness Lemma

Theorem D.1 (Second Concentration-Compactness Lemma [Lio85, Lemma I.1]). Suppose 𝑢𝑚 is

a bounded sequence in 𝐷1,2(R𝑛), such that

𝑢𝑚 ⇀ 𝑢 weakly in 𝐷1,2(R𝑛),

|∇𝑢𝑚 |2d𝑥 ⇀ 𝜇 weakly in the sense of measures,

|𝑢𝑚 |𝑝d𝑥 ⇀ 𝜈 weakly in the sense of measures.

Then the limits satisfy

𝜇 ≥ |∇𝑢 |2d𝑥 + 𝛬
∑︁
𝑗∈𝐽

𝜈
2/𝑝
𝑗
𝛿𝑥 𝑗 ,

𝜈 = |𝑢 |𝑝d𝑥 +
∑︁
𝑗∈𝐽

𝜈 𝑗𝛿𝑥 𝑗 ,

where 𝛬 is the best constant for the Sobolev inequality (1.5).

Proof. Suppose |∇(𝑢𝑚 − 𝑢) |2d𝑥 ⇀ 𝜆 and |𝑢𝑚 − 𝑢 |𝑝d𝑥 ⇀ 𝜔. Then for any 𝜉 ∈ 𝐶∞
𝑐 (R𝑛), 𝜉 ≥ 0,∫

R𝑛

𝜉 𝑝d𝜔 =

∫
R𝑛

𝜉 𝑝 |𝑢𝑚 − 𝑢 |𝑝d𝑥 + 𝑜(1)

≤ lim inf

𝑚!∞
𝛬−𝑝/2∥∇(𝜉 (𝑢𝑚 − 𝑢))∥ 𝑝/2

2
.

By the triangle inequality,

∥∇(𝜉 (𝑢𝑚 − 𝑢))∥
2
≤ ∥𝜉∇(𝑢𝑚 − 𝑢)∥

2
+ ∥(∇𝜉) (𝑢𝑚 − 𝑢)∥

2
.

There is a subsequence of 𝑢𝑚 that converges to 𝑢 strongly in 𝐿2(supp 𝜉), so

lim inf

𝑚!∞
∥∇(𝜉 (𝑢𝑚 − 𝑢))∥

2
≤ lim inf

𝑚!∞
∥𝜉∇(𝑢𝑚 − 𝑢)∥

2
,

and thus we have ∫
R𝑛

𝜉 𝑝d𝜔 ≤ 𝛬−𝑝/2
lim inf

𝑚!∞
∥𝜉∇(𝑢𝑚 − 𝑢)∥ 𝑝/2

2

= 𝛬−𝑝/2

(∫
R𝑛

𝜉2
d𝜆

) 𝑝/2

.

This can be rewritten as ∫
R𝑛

𝜉2
d𝜆 ≥ 𝛬

(∫
R𝑛

𝜉 𝑝d𝜔

)
2/𝑝
.
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For any open set𝑈, letting 𝜉 " 1𝑈 we have∫
𝑈

d𝜆 ≥ 𝛬
(∫
𝑈

d𝜔

)
2/𝑝
.

All locally finite Borel measures on R𝑛 are regular, so the above holds with any measurable set in

place of 𝑈. In particular, 𝜔 ≪ 𝜆. By the Lebesgue-Besicovitch differentiation theorem, 𝜔 = 𝑓 d𝜆

where

𝑓 (𝑥) = lim

𝑟!0

∫
𝐵𝑟 (𝑥 ) d𝜔∫
𝐵𝑟 (𝑥 ) d𝜆

exists for 𝜆-almost all 𝑥.

So for any 𝑥 not an atom of 𝜆, provided that the above limit exists, we have 𝑓 (𝑥) = 0. Let us

write

𝜔 = 𝜔0 +
∑︁
𝑗∈𝐽

𝜈 𝑗𝛿𝑥 𝑗 ,

where 𝜔0 is atomless and nonnegative. Letting 𝜉 # 1𝑥 , we have

𝜆 ≥ 𝛬𝜈2/𝑝
𝑗
𝛿𝑥 𝑗 for all 𝑗 ∈ 𝐽.

In particular, any atom of 𝜔 is an atom of 𝜆. Now 𝜔0 = 𝑓0d𝜆 where 𝑓0 ≤ 𝑓 𝜆-a.e., so 𝑓0 = 0

(𝜆-a.e.) outside 𝐽, and by construction 𝑓0 = 0 in 𝐽 as well. Hence, 𝜔0 = 0,

𝜔 =
∑︁
𝑗∈𝐽

𝜈 𝑗𝛿𝑥 𝑗 .

(We have now shown that the theorem holds when 𝑢 = 0.)

For all 𝜉 ∈ 𝐶𝑐 (R𝑛), by weak convergence, we have∫
R𝑛

𝜉 (d𝜇 − d𝜆) = lim

𝑚!∞

∫
R𝑛

𝜉 ( |∇𝑢𝑚 |2 − |∇(𝑢𝑚 − 𝑢) |2)d𝑥 =
∫
R𝑛

𝜉 |∇𝑢 |2d𝑥,

so

𝜇 = |∇𝑢 |2d𝑥 + 𝜆 ≥ |∇𝑢 |2d𝑥 + 𝛬
∑︁
𝑗∈𝐽

𝜈
2/𝑝
𝑗
𝛿𝑥 𝑗 .

By the strong Brezis-Lieb lemma (B.1),∫
R𝑛

𝜉 (d𝜈 − d𝜔) = lim

𝑚!∞

∫
R𝑛

𝜉 ( |𝑢𝑚 |𝑝 − |𝑢𝑚 − 𝑢 |𝑝)d𝑥 =
∫
R𝑛

𝜉 |𝑢 |𝑝d𝑥,

so we have

𝜈 = |𝑢 |𝑝d𝑥 + 𝜔 = |𝑢 |𝑝d𝑥 +
∑︁
𝑗∈𝐽

𝜈 𝑗𝛿𝑥 𝑗 ,

and the proof is finished. □
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