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1 Introduction

1.1 The Yamabe Problem

The Yamabe problem asks whether, for every compact Riemannian manifold (M, g) of dimension
n > 3, there exists a conformal metric ¢ = pg that has constant scalar curvature. A proof was
announced in 1960 by Hidehiko Yamabe [Yam60], but an error was found in his proof, and what

came to be known as the Yamabe problem was not solved in all its cases until 1984.

The solution has two essentially independent parts: an analytic condition that guarantees a
scalar-flat conformal metric exists, and subtle geometric arguments to show this condition holds
for all M not conformally equivalent to (S", gsn). Since S" has constant scalar curvature, it

follows that the Yamabe problem is solvable for all M.

The Yamabe Equation The conformal Laplacian is defined by 0 = ~A +aS, where a = ; ("__21)
and A is the Laplace-Beltrami operator. Writing p = % and P2 = p, it can be computed that
Cu = o' Po(eu). (1.1)

In particular, § = a~'6(1) = a~'¢!~P0g, so § is constant if and only if there exists some constant
A such that
Op = ApP™L. (1.2)

This is the Yamabe equation.

The Yamabe Functional It turns out the Yamabe equation is the Euler-Lagrange equation of
the Yamabe functional, defined by

fM deé

0(3) = i

where g varies over all conformal metrics.



It can be rewritten in terms of ¢ as

E(p)

Qg(p) =aQ(g) = )
el

where

E(p) = / pOedV, = / |Vo|® + aSgodeg.
M M
Given ¢ € C*(M), we may compute

d -
FOuto+ ) =26l [ (Bo= el Eoe" v,

so ¢ is a critical point of the Yamabe functional Q, if and only if the Yamabe equation (1.2) is

satisfied. (The converse holds because O = 19”1 implies E(¢) = /l||<,0||1€)

The Yamabe Invariant By Holder’s inequality,

‘/ aScpdeg
M

so Q is bounded below, which means Q is bounded below.

< Cllglly,

The Yamabe invariant is defined by

AM) = inf{Qq(9) : ¢ > 0, € C¥(M)} (1.4)
= inf{aQ(g) : & conformal to g}.
It depends only on the conformal class of (M, g).

Without loss of generality, we shall always assume M to be connected. Then the following results

hold, and in combination they solve the Yamabe problem in the affirmative.
Theorem 1.1. IfA(M) < A(S™), then A(M) = Q4(¢o) for some @y > 0, ¢y € C*(M).
Theorem 1.2. If M has dimension n > 6 and is not locally conformally flat, then A(M) < A(S").

Theorem 1.3. If M either has dimension n = 3, 4,5, or is locally conformally flat, then A(M) <
A(S™) unless M is conformal to S".

If the condition for Theorem 1.1 is satisfied, then ¢ is a critical point of the Yamabe functional, so
the conformal metric g := go(’)’ 2 g has constant scalar curvature. Theorems 1.2 and 1.3 guarantee
that the condition (M) < A(S™) is satisfied by all M not conformal to S".

The rest of this essay is organized as follows.



In Section 1.2, we explain the significance of the value A(S") and relate it to the best constant

problem for the Sobolev inequality |||, gy < C|[Vue||2(gn).-

Section 2 describes without proof solutions to Theorems 1.2 and 1.3. These involve explicit for-
mulas of optimizers of the Sobolev inequality, which explains why it is important to find these

optimizers in the first place.
Section 3 presents two proofs of the classification of optimizers of the Sobolev inequality.

Section 4 is concerned with the traditional approach to Theorem 1.1, going back to Yamabe’s
original (flawed) paper [Yamé60], that derives a solution to the Yamabe equation as a limit of
solutions to O¢p = A ! as s T p. We also sketch a (somewhat unsatisfactory) argument along

the same lines that an optimizer exists for the Sobolev inequality.

Section 5 describes methods to prove the sharp Sobolev inequality and Theorem 1.1 without

having to pass through subcritical solutions.

1.2 The Role of the Sharp Sobolev Inequality

Let us recall that for any Riemannian manifold M, D2(M) denotes the space of L? functions
on M with L? gradient, endowed with the norm ||u|| 1.2 vy = |[Vully. If M has finite volume,
then D%?(M) = W'2(M) with an equivalent norm.

Theorem 1.4. For alln > 3, there exists a constant A depending on n such that

2/p
/|V<p|2dsz(/ ¢de) (1.5)
R” R”

with equality if and only if ¢ = c(u? + |x — a|2)_"772 for some u > 0 and a € R™.

I. Forall ¢ € DV2(R"),

II. Forall p € Wh2(S™),

n(n—2)
Vol + 22

2/p
@’ dVge, > A(/ gopdVgsn) (1.6)
SVL SVL
with equality if and only if p(w) = c(1 - & - (4))_"772 for some & € R"™1, |£] < 1.

The sphere S" has constant scalar curvature § = n(n — 1), so aS = @, and thus the left
hand side of (1.6) equals E(¢). Statement II says that Qg , has sharp lower bound A(5") = A,
and ¢ = 1 is a minimizer (which is to say, gs» minimizes Q in the conformal class of S"). This

explains the centrality of A(S") to the Yamabe problem.

Let P = (0,...,0,1) be the north pole on S C R"*'. By identifying S \ {P} with R”" via the



stereographic projection 7 : S \ {P} — R", given by

which is conformal:

(™) gsn = 4(1x* +1) g,
we have the following

Lemma 1.5. In Theorem 1.4, statements I and II are equivalent.
ProOF. Let uP~% = 4(|x|2 + 1)_2. Then for ¢ > 0, ¢ € C*(8"), we have
()" (P gsn) = (u(n™) )P *gra,
and thus,
E() = [ sav, = Eux ).

2/p
”‘P”ip(sn) = (/ dVg) = ||”(7T_1)*90||ip(Rn)-

Using the naturality of O and its transformation formula (1.1) under conformal change of metric,
it can be verified that the above hold for all ¢ € C*(S").

Motivated by this, we shall write ¢ = u(n~!)*¢ whenever ¢ is a function on S". By approximat-
ing with C*(S") functions, it can be shown that ¢ < ¢ is a continuous bijective map between
W3(8") and DV*(R"), satisfying E(¢) = E() and [l¢ll}, = [2II7,

Hence, E(t,o)/||<,0||i, and || Vg||5/ ||¢||§, have the same infimum A > 0, and their sets of minimizing

functions are in bijective correspondance via ¢ < . O

2 Construction of Test Functions

Theorem 1.2. If M has dimension n > 6 and is not locally conformally flat, then A(M) < A(S").

Theorem 1.3. If M either has dimension n = 3, 4,5, or is locally conformally flat, then A(M) <
A(S™) unless M is conformal to S™.

In both cases a “test function" ¢ such that Q4 (¢) < A(S") can be constructed explicitly.

Recall that the Weyl tensor W is a conformal invariant that vanishes identically if and only if M

is locally conformally flat. It helps describe the local conformal geometry at a point P € M.



Theorem 2.1. Let M be a Riemannian manifold and let P € M. For each N > 2 there exists a

conformal metric g on M, such that in the normal coordinates centered at P,
det(g,-j) =1+ O(I’N).
IfN > 5, then in these coordinates,

=00,

1
AS = - W
6

Whenever conformal normal coordinates are used, N is assumed to be sufficiently large.

For Theorem 1.2, a local test function suffices. The construction is based on the family of opti-

mizers

n-2

U (x) = (L) T >0 2.1)

x| + &2
for the R" Sobolev inequality (1.5). Let 17; be a smooth radial cutoff function such that 0 < n; < 1,
m = 1 on By, and suppn; C By; for p > 0, let 7, (x) = 71(p " 'x).

Theorem 2.2. Suppose M has dimensionn > 6 and is not locally conformally flat. Let P be a point
such that |W(P)| > 0, let p be small enough thatn = n,, fits into a conformal normal neighbourhood
of P, and let

n(X)ug(x), ifx € By,

0, ifx € M\ By,

p(x) = (2.2)

where € > 0. Then Q4(¢) < A for sufficiently small &.

The proof of Theorem 1.3 is more difficult, since it uses a global test function involving the Green

function for O, and the analysis also relies on the positive mass theorem of general relativity.

Lemma 2.3. Suppose A(M) > 0. For P € M, there exists a function Gp > 0, Gp € C*(M \ {P}),

such that OG p = § p. Moreover, in normal coordinates at P,

1

Gplx) = (n = 2)wn—1

21+ 0(1)).

Proposition 2.4. Suppose M has dimension n = 3,4, 5 or is locally conformally flat, and suppose
A(M) >0.Let P € M, and let G = (n — 2)w,—1G p. Then in a conformal normal neighbourhood,

Gx)=r*"+A+ax),

where A is a constant and a(x) = O(r), Va(x) = O(1).



The following result can be derived from the positive mass theorem.

Proposition 2.5. In Proposition 2.4, A > 0, with equality if and only if M is conformal to S".

Theorem 2.6. Suppose M has dimension n = 3,4,5 or is locally conformally flat, and suppose
A(M) > 0. Consider a conformal normal neighbourhood at P € M, and let G (x) = r*™" + A + a(x)

be as in Proposition 2.4. Let p be small enough, letn = n,, and set

ME(X), ifx € B ,
o(x) =1&0(G(x) —n(x)a(x)), ifxce By, \ B, and
g0G(x), ifx € M\ By,

where e > 0, and &g = u.(p)/(p*" + A). Then Q4 (¢) < A for sufficiently small &.

3 The Sobolev Inequality: Classification of Optimizers

We recall that there are two equivalent versions of the sharp Sobolev inequality:

Theorem 1.4. For alln > 3, there exists a constant A depending on n such that

2/p
/ [Vo|*dx > A(/ gopdx)
Rn n

I. Forall ¢ € DV2(R"),

with equality if and only if ¢ = c(u? + |x — a7 for some u > 0 anda € R".

II. Forall p € W2(S™),

(n—2)

2/p
n
gn |V‘)0|2 + Sozdvgsn Z A(_/S:n (ppdvgsn)

with equality if and only if p(w) = c(1 - & - a))_"T_2 for some & € R, €] < 1.

(2.3)

(1.5)

The initial proof by Talenti [Tal76] uses rearrangement to reduce the R” inequality to the case of

radial functions, and applies a difficult one-variable integral inequality to finish the proof. Many

different proofs have subsequently been found; most of them start by assuming the existence of

a minimizer to E(¢)/||¢||%, and then prove that it must be of the prescribed form.

An early result classifying such minimizers is the following.

Theorem 3.1 ([Oba71, Proposition 6.1]). A conformal metric on S™ has constant scalar curvature

if and only if it is isometric to (S", cgsn), ¢ > 0.

Obata’s result implies that if Q¢ has a minimizer ¢ > 0, ¢ € C*(S5™), then 1 is also a minimizer,

since A(S™) = Q(pP2gsn) = Q(cgsn) = Qgen (1).



Lee and Parker [LP87] tried to find such a minimizer by renormalizing solutions to Opg = 1571,
2 < s < p, so that they would converge to a solution to O¢ = A¢”~!. Unfortunately, in an attempt
to deal with the difficult behaviour of Og» under the dilation (7716 ,7)* (where 64 (x) = a™'x),
they made a mistake by invoking Fatou’s lemma with the inequality sign pointing in the wrong

direction.

By renormalizing on R”, and with the help of Gidas-Ni-Nirenberg’s symmetry result [GNN79],
Schoen and Yau [SY94] showed the existence of a minimizer ¢ > 0, ¢ € C*°(R"). Obata’s theorem
does not immediately apply, since it is a strictly weaker result: with the notation of Lemma 1.5,
@ >0, € C(S")imply ¢ > 0, ¢ € C*(R"), but not the other way round. A suitable adaptation
of Obata’s proof was developed by Chang, Gursky and Yang [CGY03]. We present their proof in

Section 3.1.

In Section 3.2, we give an alternative proof by Rupert Frank and Elliott Lieb [FL12], which pro-
ceeds by examining the second variation of the Yamabe functional—making no use at all of the
regularity of ¢. A key tool is a “center of mass condition" that any nonnegative minimizer can

be made to satisfy with a suitable transformation.

3.1 Obata’s Method
We reproduce the proof of Obata’s theorem given in [LP87, Proposition 3.1].

Theorem 3.1 ([Oba71, Proposition 6.1]). A conformal metric on S™ has constant scalar curvature

if and only if it is isometric to (S", cgsn), ¢ > 0.

PrOOF. Let g = ggn, and let g = v™2g be a conformal metric with constant scalar curvature. By

the Killing-Hopf theorem, it suffices to prove that g has constant curvature.

Let Bjx = Rk -n~1Sg ik be the traceless Ricci tensor. Since g has constant curvature, we compute
0=Bjx =Bjr+(n-2)[(v"")jx —n"'A gl (3.1)

where the covariant derivatives and the index liftings are performed with respect to g. Now since

S is constant, using the contracted Bianchi identity
; 1
i —
R Li= ES’Z

we deduce that
Bil,i = Ril,i - n_l(S’igil + Sgil,,-) =0. (3.2)



Combined with the fact that B is traceless and symmetric, we compute
/ BB v 'dVy = —(n-2) [ B0k —n A V) g k]dV,
n Sn

=—(n-2) o B (v™)jxdV,

= (n - 2) ‘/Sin Bjk,k(v_l)jdVg

=0.
Hence |B| = 0 on ", and we are done. O

Theorem 3.2 ([CGY03, Theorem 1.1]). A conformal metric on R", n > 3 with finite volume has
constant scalar curvature if and only if it has the form g = v™2ggn, v = c(u? + |x — a|®) for some

c,u>0,aeR"

STEP 1: IT SUFFICES TO SHOW THAT g HAS CONSTANT CURVATURE. The invocation of Killing-Hopf

in Theorem 3.1 was a red herring. We recall from (3.1) that
Bjr=—(n=2)[(v™ )k —n'Aw gkl

with covariant derivatives and index liftings performed with respect to g. In Euclidean coordi-
nates this simplifies to
Bk = (n—2)v"'[8jx0 — n ' Agv ],

where we write Ay for the Euclidean Laplacian.

Suppose B = 0. Then v = 0 for j # k, so Oxv = fi (x¥) for each k, and so
v=F (&Y + -+ F(x").

Now F}'(x') = --- = F}/(x"), so there exists some constant ¢ such that Fl.”(xi) = 2c for all i, and
hence we have

v=clx|®> +rixt +s.

Since v > 0 and Vol(g) = /R,, v~ < oo, we conclude that v = ¢(u? + |x — al*) for some ¢, u > 0

and a € R". O

STEP 2: REDUCTION TO A “TAIL ESTIMATE”. Let the test functions 7, be as in Section 2. To prove
that B = 0, it suffices to show

v BB n%dV, =0
Rn



for any p > 0 however large. Successively using (3.1), the tracelessness of B, and (3.2), we have

/n BjkBjkv_lnlz,dVg =—(n-2) » Bjk[(v_l)jk - n_lA(v_l)gjk]nf,dVg
=—(n- 2)/ Bfk(v—l)jkngdvg
RVI.
= (n-2) | B*();(rRedV,.

Rn

Using Cauchy’s inequality we thus have

/R B2 AV, < (n - 2) /R IBIIV (oY) IV (72) [V,

:2(n—2)/ |B||Vv||V7]p|v_2npdVg
R}’l

1
z
<2(n- 2)(/ |B|zv_1nf,dVg) (/ |Vv|2|V77p|zv_3dVg
B3y \B)y R

We claim that it suffices to show that fRn |Vu|?|Vn,|?v3dV, is bounded above as p — 0. If we

1

assume that this condition is obtained, then
/ |B|zv_177;dVg <4(n- 2)2/ |Vv|2|Vr]p|2v_3dVg
R" R"

is also bounded, so
/ |B|2v‘1dVg < 0.

This means
/ |B|zv_177f,dVg — 0as p — oo,
Bop\B,
and hence
|B|ZU_1r]z,dVg — 0asp — oo,
Rn.
and this finishes the proof. m|

Changing to the Euclidean metric, and writing V, for the Euclidean gradient, we have

/R Vo2V, [PV, = /R 19002 Vo, [P0~ dx

< Cp_Z/ [Vou|20™"*du,
By, \B,

so it suffices to show /Bz \B [Vov|?0™"*1dx = O(p?), and this (technically equivalent) “tail esti-
p\Bp

mate" is the one we shall refer to subsequently.

10



We also require two lemmas before coming back to the proof of Theorem 3.2.

Lemma 3.3. If a conformal metric on R", n > 3 has scalar curvature S < 0, then it does not have

finite volume.

PrOOF. Let g = P 2gpn. We recall that S = —a~1¢!"P Ay, so Agp > 0, ¢ is subharmonic. By

the mean value property we have

[ x> iBalr o)
Br
for all R > 0. Hence, by Holder’s inequality,

lellLi(g) . |BrIf(0)
e gy NlLa(BR)

lellLr (Br) =1/ O Lr (Bg)>

so Vol(g) = [lell,, = co. o

Lemma 3.4. If a conformal metric on R", n > 3 has finite volume and scalar curvature S > 0,

sup S < oo, then the metric has the form g = v"2ggn, v(x) = O(|x|?) as |x| — co.

ProOF. Let g = ¢ 2gpn. Then S = —a~ ¢! "PAg¢p. Let us consider the conformal automorphism

defined on R™ \ {0} by k(x) = x/|x|*. We compute k*g = (|x|* "«*©)P 2gn, so letting
. _ X
$(x) = laf? "90(—2),
x|
(this is the Kelvin transform of ¢), we have
s(#) = —a g P Ay (3.3)
X

We are interested in the behaviour of ¢ near the origin, because v(x) < C|x|* for large |x| if
and only if ¢(x) > C?~™/2 for small |x|. We claim that ¢ can be extended to a superharmonic
function on R”. This would imply the desired result: assuming for contradiction that there is a

sequence of points x,, — 0 such that ¢(x,,) — 0, then

[ ¢ = lim G)dx < Tim [By- s, |4Cxn) =0,

=0 JBi_jxp 1 (xn)
which contradicts the fact that ¢ > 0 on R" \ {0}.

By (3.3), we have
(Do +agP 2S5 (x/x|*))¢ = 0 on R" \ {0}.

11



By the finite volume assumption, ¢ € LP(R"), p > n/(n — 2), and because we assume S to be
bounded, we have a¢P~2S(x/|x|*) € L™?(R"), so the conditions of Theorem A.1 are satisfied,
hence the same equation holds weakly over all of R”. In particular, A¢g¢ < 0 weakly over R”,
which implies that ¢ is equal a.e. to a superharmonic function ¢. Since ¢ is superharmonic on
R" \ {0}, we have ¢ = ¢ on R" \ {0}, and this finishes the proof. m|

STEP 3: REDUCTION OF THE “TAIL ESTIMATE" TO A GROWTH ESTIMATE. We recall that the desired

estimate is
/ |Vou|?v™ " 1dx = O(p?) as p — oo.
BZ/J\Bp

Let 77, be a nonnegative smooth function identically 1 on By, \ By, supported on Bs,/, \ B, /2,
and such that |V7j,| < Cp~'. Moreover, we assume p to be sufficiently large for Lemma 3.4 to
apply. Using the formula

S =2(n—-1vAgw — n(n —1)|Vov|?,

—-n+l+a 54
n

multiplying both sides by v », and integrating by parts we get

/ Sv_"+1+”ﬁ;‘)dx — 2(I’l _ 1) X U_n+2+QA0Uﬁ;4)dx _ n(n — 1) A |V01)|21)_Vl+1+an~;4)dx
=211 [ VB - nn= 1) [ Wl
R" R?

=(n-4-a)(n-1) |Vovlzv_"+1+“ﬁédx -2(n-1) VovVo(ﬁé)v_"Jr““dx.
R” R”

Choosing @ # n — 4, we have

n

f [VouPo™ 58 dx = Cy / So™"™ i dx + Cy / VouVo (i) o™+ *dx. (3.4)

Let us assume that 0 < 1+ @ < 3 + @ < n. Then by Holder’s inequality,

/n U—n+1+aﬁ;l)dx < “v—n+1+a||n/(n_1_a)||ﬁ21)”n/(1+a) < Cp1+a/'

Similarly, with 3 + @ in the place of 1 + @, we have

< 4p—1 |V0v|v_"+2+aﬁzdx
R}’l,

1/2 1/2
< Cp—l( |nglzv_"+1+”ﬁ;dx) (/ U—n+3+aﬁzdx)
Rn n

/ Vovvo(ﬁz)v—n+2+adx

1/2
< Cp(l-}-(l)/Z( |VOU|2U—n+1+afﬁ;l)dx) .

Rn

The left hand side of (3.4) (let’s call it F) satisfies F < Cp'*® + C(p'**F)'/?, and so F < Cp'*@.

12



For n = 3, we simply choose o = 0 to get
/ |Vov]?o™"*1dx < F < Cp < Cp*.
By\B,
For n > 4 we choose @ = —1. Then F < C, and we apply Lemma 3.4 to get

/ [Vou|?v™""dx < Cp2/ |Vov|?v™"dx < Cp*F < Cp®.
BZp\Bp

Byp\B,

This finishes the proof. O

3.2 Symmetry Tricks

Theorem 3.5 ([FL12, Section 3]). Suppose ¢ > 0, o € WH2(S")\ {0} minimizes Q.. and satisfies

the “center of mass condition”
/ W PV, =0,j=1,...,n+1, (3.5)
where (w!,...,w"™) = x € " C R"!. Then ¢ is a constant.

Proor. Since the first variation of Qg is zero at ¢, the second variation is given by

d? 2 d? 2
Be L B¢+ tw)llel - E(¢) Llle + ],
0< —0gen(p+tw) = .
dr2 =" lell},

(3.6)
for w € WH2(S™). Now

~ 12 B 2/p
lle + twll?, = (I|90||§ +t/5 peP  wdVy, + 5/5 p(p - D’ PudVy, +o(*)|

so if w satisfies fsn eP~lwdV,

oen = 0, we have

d® 2 2 2-p
— |l + tw|l%, = — - 1P 2w?dV,.,,
dtz”SD ||p p“‘p”p Ln p(p )()0 8s

and (3.6) becomes (after multiplying both sides by %llgolli)

0< E(w) - (p~ DE(@) el / oP2urdV,,. (3.7)

Sn

Because ¢ satisfies the center-of-mass condition (3.5), we may choose w = w’ ¢ in (3.7); summing

13



over j =1,...,n+1we get
n+l1
0< ) E(wjp) - (p - DE(9).
j=1
An elementary calculation ([FL12, Lemma 3.2]) gives
n+l1

E(wjp) = E(p) + n/S (,odegSn,
—1 "

J

so we end up with

0< n/ ¢*dVeen — (p = 2)E(9) = =(p - 2) / IVe|*dVgg, .
N sn
So ¢ must be a constant. |

It remains only to fulfill the center-of-mass condition (3.5). For £ € §", let ¢ : S — R" be the
stereographic projection that identifies £ with 0 € R", and for ¢ > 0, let y5 ¢ (w) = 71';1571'5 (w)

for w € §". Since both x +— ¢6x and 7 ¢ are conformal, so y = ys ¢ is conformal.

Suppose (y~1)*gsn = yP2ggn. For ¢ € W12(8™")\ {0}, let ¢ = ¥ (y~!)*¢. Then as in Lemma 1.5,
we have E(¢) = E(9), ||<)0||§7 = ||¢7||?, In particular, if ¢ is a minimizer of Qg , then so is ¢.

Moreover, with regard to the center-of-mass condition, we have

[ 601 aVe @ = | y@h(@) o) Ve, @
= [ H@0@) Wiy ()

- [ r@prdvi @)

The following result can be deduced from Brouwer’s fixed point theorem.

Lemma 3.6 ([FL12, Lemma B.1]). Suppose f € L'(S") satisfies /S" fdVggn # 0. Then there exists
0<6<1,&€ 8" such that the R -valued integral

[ vo.c@) 1@V, (@) =0,

Theorem 3.5 combined with Lemma 3.6 imply that if ¢ > 0, ¢ € W12(S™) \ {0} is a minimizer
of Qg (equivalently, ¥ > 0, ¢ € D*(R") \ {0} is a minimizer of ||V¢||§/||¢||i,), then there
exist 0 < 6 < 1and ¢ € §” such that ¢ = wg,f(yglf)*cp is a constant. Hence all nonnegative

14



minimizers are isometric to (S", cgsn), and in fact have the form

25 (n-2)/2
B2+ +(%2-1)¢w

0= ¥y (10s.e) = c( 0. (55)

We claim that this implies Theorem 1.4, provided there exists some minimizer ¢ € W2(5")\ {0}.
Since Vou = #1450V, E(¢) = E(¢4) + E(¢-); and since |l¢]l5, < [l@+]l}, + llo-II7, we have
E(ps) = A||4,04_,||§7 where A = E(cp)/||<p||; Applying (3.8) to ¢., we see that ¢ = +(3.8).

4 Convergence of Subcritical Solutions

This section follows [SY94]. We recall that

A(M) = inf{Q,(¢) : ¢ > 0,0 € C*(M)}.

This turns out to be equivalent to

A(M) = inf{Qg(¢) : 9 € WH(M) \ {0}}.

To see the equivalence, we note that Q, is well-defined and continuous on W'-%(M) \ {0}. For
all ¢ € Wh2(M), at least one of ¢.. (wlog, let’s say ¢.) is nonzero with Q4(¢+) < Qg(¢). And
¢+ can be approximated in W'-2(M) by smooth, positive functions: we can split it up using a
partition of unity and use convolution to mollify the pieces on local charts.

4.1 A Proof of Theorem 1.1

Theorem 1.1. IfA(M) < A(S™), then A(M) = Q4(¢o) for some ¢y > 0, ¢y € C*(M).

For 2 < 5 < p, the perturbed functional Q, ; is defined by

E(tp)‘
llll?

Qg,s(QD) = (4'1)

The properties of O, discussed in Section 1.1 are all shared by Q ;. By Hélder’s inequality, QO

is bounded below, so we may define

As = inf{Qg s(¢) : ¢ € WH2(M) \ {0}}.

And a function ¢ € WH2(M) \ {0} is a critical point if and only if it is a (weak) solution to the
subcritical equation
Ogp = Ap° 1. (4.2)

The point of considering Q, s where s < p is that the embedding W!-?(M) < L¥(M) is compact;

15



whereas p is exactly the critical exponent at which compactness does not hold. The proof below

demonstrates why this matters.

Proposition 4.1. For2 < s < p, there existsu > 0,u € W"2(M), such that Qg s(u) = As.

ProOOF. Letu; > 0,u; € W'-*(M) be a minimizing sequence for Q, , normalized so that ||u; ||, =
1. Then u; is bounded in W'2(M):

lluill < Clluills, and

IVasll? = E ug) - / asi2dV, < E(up) + Clluill.
M

Hence, we may pass to a subsequence that converges weakly in W-2(M) and strongly in LS (M).
Let u be the limit. Then

lJulls = lim fluglls = 1,
1—00

/aSudeg lim aSu?dV,, and
1—00 M

IA

M
2
[Vu|*dV,

lim |Vu; |2dVg since Vu is the weak limit,
M 1—00

so taken together we have
Qg,s(”) < llggo Qg,s(ui) = As.

Since Ay is the infimum of Q, ¢ we must have Q4 (u) = Aj. O

Using an elliptic regularity “bootstrapping" argument, it can be shown that the minimizer given

by Proposition 4.1 is a smooth and strictly positive solution to the subcritical equation (4.2).

Proposition 4.2. For2 < s < p, there exists a function @5 > 0, 5 € C* (M), ||¢sl||, = 1 satisfying
Ops = /ls(pi_l‘

Proor. Let ¢, be the weak solution u obtained in Proposition 4.1. Since ¢3 € L”, we have
Ass~t € LP/GD 50 by LP estimates ¢, € W>P/(5~1 and by Sobolev embedding ¢, € L
for all 1/q, > (s — 1)/p — 2/n. By the same token, if ¢; € L9, then ¢, € L9 for all 1/q" >

(s=1)/q —2/n.

The map f(x) = (s — 1)x — 2/n iterates to £ (x) = (s — 1)"(x — 2/(ns — 2n)) + 2/(ns — 2n),
so since s —1 > 1and 1/p — 2/(ns — 2n) < 0, we have £ (1/p) < 0 for sufficiently large n,
and thus ¢g € L9 for all ¢ < co. Applying L estimates one more time we have ¢, € W24 for
all ¢ < o0, and using Sobolev embedding with ¢ > n, we have ¢; € C1® for some @ > 0. Then

59371 is Holder continuous, so by Schauder estimates ¢, € C 2a
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Let ¢ > 0 be so large that —Ag; + ceg > 0. Then by the maximum principle, if ¢ (x) = 0 at some

point x, then ¢, must be constantly zero, which cannot be true; hence, ¢ > 0.

Thus for all &, if ¢y € Ck@ then /lslpf,_l e Ck2 and so by Schauder estimates ¢ € Ck+2.a
Applying Schauder estimates iteratively we get ¢; € C*. O

It turns out that ¢ converge to a solution for the critical equation (1.2), provided that A(M) <
A(S™). Theorem 1.1 follows immediately.

Proposition 4.3. Suppose A(M) < A(S™). Let @, be as in Proposition 4.2. Then ¢ converge in C°
along a subsequence to a function ¢ satisfying ¢ > 0, ¢ € C*(M), with Qg(¢) = A(M).

First, we need an elementary lemma.

Lemma 4.4. limsup,_, , 4; < A(M), and if A(M) = 0, then we have lim;_.), 4; = A(M).

Proor. For all u € WY2(M) \ {0} we have limsup,_,, As < lims—.p Qg s(u) = Qg(u), so
letting Qg(u) — A(M) we get the desired bound. Now suppose A(M) > 0. Then for all
u € W-2(M) \ {0}, since E(u) > 0, we have Qg s(u) = E(u)/||ully > N1l s/ p—s)Qg (). Letting
Qg,s(u) — A(M), we have As > 11| 5/(p-5)A(M), so limsup,_, , A; > A(M), and combined
with the previous bound we get lim;_., 1, = A(M). O

(In the case A(M) < 0, choosing E(u) < 0, we have that Qg4 ;(u)/||1]|; is nondecreasing in s, so

lim,_,, Ay exists and is < A(M). But we shall soon see that it always equals A(M).)

Back to Proposition 4.3. It suffices to show that ¢ are bounded in C° (at least for all s sufficiently
close to p), for then by L? and Schauder estimates they are bounded in CX¢ for all k, and by the
Arzela-Ascoli theorem a subsequence ¢, converges in C* for all k. We may also assume that
As; converge to limsup,_, , 4. Then ¢ = limp,, € C* satisfies Op = (limsup,_, , As)pP 1, s0
Qq(¢) = lim sup,_,, ds < A(M). Since A(M) is the infimum of Qg, equality is achieved, and ¢
is a smooth nonnegative minimizer of Q,. As in the proof of Proposition 4.2, by the maximum

principle, we have ¢ > 0.

The proof of Proposition 4.3 presented in [LP87] derives the C° bound by first showing that
for r > p sufficiently close to p, we have sup; ., llesll, < oo for some sy < p. Then the
same iterative argument in Proposition 4.2, with s replaced by p and 1/p replaced by 1/r, can be

applied (further increasing s if necessary) to give a C*® bound.

Another proof, given in [SY94], directly addresses the question of uniform boundedness.

PROOF OF PROPOSITION 4.3. Let us suppose for contradiction that ¢, are not bounded in C° as
s — p. Then there exists a sequence s; — p, z; € M, such that m; = sup ¢, = ¢, (z;)) — .

Since M is compact, we may assume z; — 2o € M.
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We shall work in a normal neighbourhood around z,, having radius p. In Euclidean coordinates,

@5, satisfies the equation

1

\/Eaj(‘/ggfkak%[) +aSes; _ﬂsigpg—l —0.

1-s;/
i

—1+Si/2

Let x; be the coordinates of z;, and let u; (x) = mi_lgosl. (m 2x+x;) for x| < m; (p=Ixi)) —

o0. Then 0 < u; < 1 satisfies
S,'—l

m’ = . C 1 g
0=m!5|-— aj(\/agfkakui)+aSml-ui—/lsl.m‘l?’ 1571

\/E i
1

= — aj(\/ggjk(?kui) + aS‘m?_Siui - /ls[ufi_l,

V6

where tilde signifies pullback by x +— m

1—Si/2

; x + x;. Expanding the equation into nondivergence

form —ajkajkui + bRou; + cu; = f, we have

alk = gik — 6/% in C! on all bounded domains in R"
b* = -0;87% — (8 log G)g’*  — 0in C° on all bounded domains in R”
2—-s;

c= agmi_ i — 0 in C° on all bounded domains in R”,

so since u; and f = A.;iuf"_l are uniformly bounded, by L? and Schauder estimates, ||u;||c2. (pg)
is bounded for all R > 0. By Arzela-Ascoli, we may assume that u; is C*-convergent on all Bg.

Then the limit u satisfies (with A denoting the Euclidean Laplacian)
—Au = A(M)uP™!,

with 0 < u <1, u(0) = 1. By the maximum principle, u > 0.

To derive a contradiction, it suffices to show that ||u|[,, < 1 and ||[Vul|, < co. Then by the

dominated convergence theorem we have
[Vul|V(u — nou)|dx — 0as p — oo,
Rn
and so letting p — oo on both sides of

/n VuV (n,u)dx = /Rn(—Au)(npu)dx =A(M) . uln,dx,

we get

2/ 2/
./R" |Vu|2dx:/l(M)/Rnupde/l(M)(/Rnupdx) p<A('/Rnupdx) p,
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which contradicts Theorem 1.4.

To show |[|u|[,, < 1, we apply Fatou’s lemma to the estimate

WiNGdx = m"/2Dsin PIVGdx < [lgg I3 = 1.
s 2 i i Si LAY
el <m0 (o i) Btz (2)

i

The exact same argument also yields ||Vul|, < . O

4.2 Finding an Optimizer for the Sobolev Inequality

For any bounded Lipschitz domain Q in R", let 1(Q) = inf{||Vu||§/||u||2 :u € DY?(Q)}. Since
the quotient ||Vu||5/ ||Lt||§7 is invariant under translation and scaling, so translation and scaling
of the domain Q leaves A(€) is invariant. On the other hand, A(nQ) | A(R") as n — o, since,
assuming wlog that 0 € Q, the domains nQ cover R". Hence, 1(Q) = A(R") for any Q. We write

A for their common value.

Let 1,(Q) = inf{||Vul|?/||lul|? : u € DV*(Q)} for 2 < s < p. Under the assumption that Q is
bounded, exactly as for Lemma 4.4 we have lim;_,, 1,(€2) = 1(Q2) = A. With a view to obtaining

an optimizer for the R” Sobolev inequality, we shall consider the domain B = Bj.

Exactly as in the proofs of Proposition 4.1 and Proposition 4.2, using minimizing sequences and
a bootstrapping argument we can show that for any 2 < s < p there exists g5 > 0, p; € C*(B),
lleslls = 1, satisfying

~Aps = A5(B)gs™! inB

s =0 on dB.

But unlike the proof of Proposition 4.3, we don’t want ¢, to be C%bounded. Indeed, let us
suppose that there exists a sequence s; — p such that m; = sup ¢, = ¢, (x;) — 0. By a result
of Gidas-Ni-Nirenberg [GNN79, Theorem 1], or alternatively by a rearrangement inequality, all

@, are radial and monotonically decreasing from the origin; in particular, x; = 0. Setting u; (x) =
1-s;/

m; g, (m; ®x + x;), we have (as in the proof of Proposition 4.3) that u; is C*-convergent on

all Bg, up to subsequences. The limit u € C*(R") satisfies
—Au = AuP™?,

and is nonnegative, radial, and monotonically decreasing from the origin. (At this point one
may as well look at the equation as a one-dimensional problem. But without assuming a radial
symmetry result, a priori the domains of u#; need not tend to R", as the sequence x; could slink

toward the boundary.)
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< 1, and on the other hand

2/p
/ uPdx = |Vu|2dx2(/ u”dx) ,
n Rn Rn

so |[ul|,, = 1, and hence u is an optimizer of the Sobolev inequality on R".

By Fatou’s lemma, ||u],,

We shall now prove the non-boundedness result. Suppose for contradiction that ¢ are C°-
bounded for sy < s < p. By regularity theory, ¢y are bounded in C%®(B) for some a, so there is

a subsequence ¢, that converges in C?(B); and the limit u satisfies

—Au=AuP™' inB
u=>0 on JB.

However, this contradicts the fact that A(Q) is never achieved for a bounded domain Q. Indeed,
extending u by zero to B;, we see that u achieves the infimum A(B;) = A. Being a minimizer of
the Yamabe quotient on By, u satisfies —Au = AuP~! in B, and by regularity theory u € C?(By).

Since u is zero on B; \ B, by the maximum principle we have a contradiction.

5 Direct Methods

5.1 The Brezis-Lieb Lemma

In 1983, Brezis and Lieb [BL83] discovered an elementary integration-theory result with ap-
plications in the calculus of variations. Following [BL83, Section 4, Example (B)] and [Heb14,
Theorem 2.9], we use the Brezis-Lieb lemma to give a direct proof of Theorem 1.1. (Proofs of the

Brezis-Lieb lemma itself are provided in Appendix B.)

Theorem B.1 (Brezis-Lieb). Suppose f, is a bounded sequence in LP, 1 < p < oo, such that
fn — f ae. Then f,, = f weakly in L?P, and

tim U1 =15 = 517 = 11171 0. ®.1)

[isie= [isrs [ 1=+ 0. (8.2)

Theorem 1.1. IfA(M) < A(S™), then A(M) = Q4(¢o) for some @y > 0, ¢y € C*(M).

In particular,

First we observe that it is enough to show that there exists a minimizer ¢ € W#(M)\ {0} of Q.
For then either of ¢, is a minimizer, and so we may assume that ¢ > 0. Now since ¢ is a weak
solution of Op = ApP ™!, by regularity theory ([Str08, Lemma B.3]) we have ¢ € C®(M), and by

the maximum principle ¢ > 0.
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We shall also need an optimal Sobolev inequality for manifolds. Stronger results exist but the
version given in [LP87, Theorem 2.3] suffices for our purpose: applying the R" version of Theo-
rem 1.4 to a sufficiently fine partition of unity, it can be shown that for any & > 0 there exists a
constant C. (M) such that

lelly, < (1+ &) AT IVell; + Co(M)llgll3 for all g € WH(M).

PROOF OF THEOREM 1.1 BASED ON THE BREZIS-LIEB LEMMA. Let u; € WH2(M) \ {0} be a mini-

mizing sequence for Q,, with ||lu;]|,, = 1. Then as in Proposition 4.1, we have that u; is bounded

I,
in W12(M). We assume that u; — u in W2(M) for some u.

But we can’t just assume u; — u in LP (M), so we instead suppose that u; — u in L*(M). We

furthermore assume that u; — u a.e., so as to be able to apply the Brezis-Lieb lemma.

The goal is to show that [|u|[,, = 1, for as in Proposition 4.1 we have
E(u) < liminf E(u;) = A(M),
i—00

which implies that Q (1) = A(M).

Let £ > 0 be small enough that
A > A(M)
1+e& ’

By weak W'-2-convergence and strong L%-convergence, using the Sobolev inequality on mani-

folds we have

2 2 2
=g =l < 19 (g = ) + Cllu = ull

= IVuill3 = IVull; + 0(1)
= E(u;) — E(u) + o(1)

< A(M) (Jlaill, = Nl ) + 0 (1),

where the last step is due to E(u;) = /l(M)||14l-||f7 +0(1), E(u) > /l(M)||u||f,.

On the other hand, by pointwise convergence, the Brezis-Lieb lemma gives
luilly = Nlully + llui = ully + o(1),

and so

2 2 2
luilly, < Nullfy + llui = ully, + o(1).
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Hence,

A
1+¢&

(12 = al13) < =g = ll, + 0(1) < A (g, = Nl ) + (1),

1+¢
Since ||u;||,, = 1, by Fatou’s lemma [|u|, < 1, so ||u,||§7 - ||u||; =1-|lu]|24 > 0, and thus by the

above estimate ||u|,, = 1. O

(From the relation ||V (u; — u)||? = A(M) — E(u) + 0(1), and the fact that E (1) = A(M), it follows
that u; — u strongly in W2(M).)
5.2 The Concentration-Compactness Principle

The first rearrangement-free proof of the sharp Sobolev inequality was due to [Lio85], as an
example application of his “concentration-compactness principle”. This is not one theorem, but
“a general principle ...that all minimizing sequences are relatively compact if and only if the sub-

additivity inequalities are strict" ([Lio84]).

Theorem 5.1 ([Lio85, Theorem 1.1]). Supposeu,, € D**(R™), lumll, =1, [|Vumll, — A2, Then

up to translation and dilation, u,, converges strongly in D*?(R").
The first concentration-compactness results that we shall need is the following.

Theorem C.1 (First Concentration-Compactness Lemma [Lio84, Lemma L.1]). Any sequence p,,

of probability measures on R has a subsequence satisfying one of the following three conditions:

Compactness. There exists a sequence X, € R" such that for any € > 0, there exists R > 0
satisfying
/ duy, > 1— € forallm.
BR(Xm)

Vanishing. Forall R > 0,

sup/ dityy — 0 asm — oo,
x€R J Br(x)

Dichotomy. There exist0 < A < 1, x,,, € R", R,;, — oo, such that

/ duy, = 1+ 0(1),
BRm(xm)

/ dum, = 0(1),
BaRpm (Xm ) \BRyy, (Xm)

/ du, =1-2a4+0(1).
R”\Bsz (Xm)
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Now we may begin the proof of Theorem 5.1.

STEP 1: OBTAINING TIGHTNESS. There exist %, € R”, R,, > 0 such that

1
/ |wﬂm:mm/' P = 2,
Bg,, (xm) xeR* JBg (x) 2

so the rescaled sequence vy, (x) = I:’Z{pum(lémx + X,,) satisfies

1
/ |om|Pdx = sup / [v|Pdx = =.
B (0) xeR" J B, (x) 2

Moreover, we have [lvp|l, = lumll, = 1, lvmllz = [lumll, — A.

Applying the first concentration-compactness lemma (Theorem C.1) to |v,, [P dx, we see that “van-

ishing” is precluded by the rescaling. The proof is complete if we can show (1) “dichotomy" is also

impossible, and (2) assuming “compactness", vy, is strongly convergent in D-2(R"). We shall now

prove (1), and deal with (2) only after introducing the second concentration-compactness lemma.

We recall that in the dichotomy scenario, there exist 0 < 4 < 1, x,,, € R, R;, — o0, such that

/' dpim = A+ (1),
BRm (xm)

/ du,, = 0(1),
BoRy, (Xm)\BRyy, (Xm)

/ duy, =1-2+0(1).
R"\Bsz (Xm)

We begin by noticing that

Vo3 2 I(Vom)nr,, I3 + 11(Vom) (1 = 1R, 3.
By the triangle inequality

I(Vom)nr, ||z 2 IV (0mnr,) 2 = 10m V1R, |2,

and by Holder’s inequality

l0m VIR, |l2 < CRy_n1||Um||L2(BZRm\BRm) < Cllomllze ,g,, \Br,,) = (1),

which means that we have

I(Vom)nr,, Iz 2 IV (0mnr,) Iz + 0(1).
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Since ||(Vom)nr,,ll2 < |[Vom||2 is bounded, |V (v,,nr,,)||2 is also bounded, so we deduce that
1(Vom)nr,, 5 = 1V (0miR,,) I3 + 0(1).
Similarly [|(Vo,.) (1 =1, )13 2 IV (0 (1 =&, )5 + 0(1), s0
IVomll5 = 1(Vomnr, )5 + 1 (Vo (1 = g, N5 + 0(1),

and by Sobolev’s inequality,

IVomll5 = A(llomnR,, |15 + lom (1 = 7r,)1I5) + 0(1)
= AP + (1 -2)%P) +0(1).

But since A%/P + (1 — 1)%/P > 1 this contradicts the assumption that ||Vo,, ||, — A. O

Before the second concentration-compactness lemma can be stated, it must be explained what is

meant by weak convergence of measures. The definition is as follows: p,, — w if

/ Eduy, — / Edy for all € € C.(R™).
R" R"

A related concept, used in probability, uses continuous bounded functions instead of continuous
functions with compact support; it is sometimes called tight convergence because it is equivalent
to weak convergence plus tightness. Convergence of measures is useful because any sequence

of measures y,, satisfying

sup / du, < oo for all compact K ¢ R”
K

meN

has a weakly convergent subsequence. The difficulty in proving this fact mainly lies in showing
that the limiting linear functional is in fact a measure, and always involve an application of
the Riesz-Markov representation theorem, or some other such result (e.g. that any distribution
function F : R — [0, 1] corresponds to a probability measure on (R, 8(R))). More information
can be found in [EG25, Section 1.9].

Theorem D.1 (Second Concentration-Compactness Lemma [Lio85, Lemma 1.1]). Suppose u,, is

a bounded sequence in D*(R"), such that

Um — u weakly in D**(R"),
|Vt |*dx — u weakly in the sense of measures,

|um|Pdx — v weakly in the sense of measures.
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Then the limits satisfy

u=> |Vu|2dx+AZV§/p5xj,
jeJ

v =|u|Pdx + Z Vi,
JjeJ

where A is the best constant for the Sobolev inequality (1.5).

STEP 2: USING TIGHTNESS. We have shown in the first part of the proof that |v,,|” dx belongs (up
to subsequences) to the “compactness" case of the first concentration-compactness lemma: that

is, there exists x,, € R" such that for all &£ > 0, there exists R > 0 satisfying

/ |vn|Pdx > 1 — & for all m.
BR(xm)

By (5.1), for all £ < 1/2, we must have Bg(x;;) N B1(0) # @, so Br(x,) C Bar+1(0), and so the
above hold for the sequence x,, = 0. (In other words, |v,,,|P dx is a tight sequence of probability

measures.)

Suppose v, — v weakly in D?(R"), |Vu,,|*dx — p, and |v,,|Pdx — v. Then

m—oo

/ du < liminf (Vo |?dx = A,
n Rn

while tightness of |v,,|” dx implies that

/dV:l.

By the second concentration-compactness lemma,

w > |Vol2dx + A Z vilPoy,,
jeJ

v = |v|Pdx + Zvjéxj.
JjeJ

Since 2/p < 1, we have

AZ/ du > IVollZ+A > V2P
R 2 Z J

JjeJ

> Alloll? +szj./f’ (5.2)
jeJ

ZA(||v||§+Zvj)2/P :A/ dv = A, (5.3)
jet "
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with equality at (5.3) only if at most one of ||v||§ and v;, j € J is nonzero. By (5.1), v; < 1/2 for
all j € J. Therefore ||v||,, = 1. At this point we may already conclude from equality at (5.2) that
v is an optimizer for the Sobolev inequality. Strong convergence in D!?(R") follows from weak

convergence and ||Vu,,|l, — ||Voll,. O

The fact that 1/2 is the supremum in (5.1) is needed to rule out the situation v = d,, x € dB;(0).

This assumption is where dilation comes in.

What would happen if we tried to make a minimizing sequence converge without using dilation?
Letu,, = C(|x—me1|*+1)>"™/2 where e; = (1,0,...,0) € R", C is the appropriate normalizing
constant, and let us consider the rescaling v, = Iéz/pum(lémx), fBl(O) |vm|Pdx = 1/2. Then the
rescaling factor satisfies m < R,. < m + Ry, so the supremum of v, is achieved at Ié,_nlmel — eq.

Thus v, — d,, as expected.

We end this essay by noting that the concentration-compactness principle can be used in a similar
way to prove Theorem 1.1, the main difference being that the first concentration-compactness
lemma is trivial on a compact manifold. Details can be found in [Neu18].

A Removal of Singularities

Theorem A.1. Suppose u is a weak solution of (A+ h)u = 0 on R\ {0}, where h € L"/*(R"), and
supposeu € L1(R™) for some g > n/(n—2). Then (A + h)u = 0 weakly on all of R".

Proor. Let ¢ € C°(R"). For all € > 0, let the test function 1. be defined as in Section 2. Then
since (1 —7ng)p € CZ(R™\ {0}), we have

/n (uA@ + hup)dx = /Rn (uA(nep) + hun p)dx. (A1)

We claim that the right hand side of (A.1) tends to 0 as € — 0. Since the left hand side is constant

it must be zero, and the desired result follows.

By Holder’s inequality, Au is locally integrable, so

/ hungspdx — 0as e — 0.
Since |n| < 1, |Vn| < Ce™1, and |An,| < Ce™2, we have

IA(M29)| = |Anep +2Vn Vo + n.A¢| < Ce™?,
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and thus by Holder’s inequality

/uA(n8¢)dx SCe‘z/ |ue|dx
n 326

< Ce™|ull, Vol(By,) 9~/

= Cg2g"a-D/a
The assumption that ¢ > n/(n — 2) implies n(g — 1)/q > 2, and the proof is finished. O

B The Brezis-Lieb Lemma

Theorem B.1 (Brezis-Lieb). Suppose f, is a bounded sequence in LP, 1 < p < oo, such that
fn — f ae. Then f,, — f weakly in L?P, and

tim (1117 = 1fy = 17 = 19171 =0, ®.1)

[iair= 1o [15-+owm. (8.2)

For 0 < p < 1, we have the inequality || f,|” — | fn — fI1”| < | f]”, so by the dominated conver-

In particular,

gence theorem (B.1) still holds; in addition, the condition sup || fu||, < co can be weakened to
< o0. The weak convergence statement is no longer true: a counterexample is the sequence

p g g p q
(1,0,0,...),(0,1,0,...),(0,0,1,...),...in €7, since A(x1,X2,...) = Xr, Xk is a continuous lin-

ear functional on ¢7.

In the rest of this section we assume p > 1 unless otherwise specified. But first, we prove the

weak convergence part of the theorem.

PROOF OF WEAK CONVERGENCE. It suffices to show that, under the additional assumption that
fu — g weakly in LP, we have g = f. Indeed, this implies every subsequence has a sub-

subsequence converging weakly to f, and hence f,, — f weakly.

For n € N, let C, be the set of finite linear combinations of {f,;, fi+1, fu+2,---}. By Mazur’s
theorem, the closure of C,, in L? is weakly closed, so g € En, and hence g is the a.e. limit of
a sequence of finite linear combinations of {f;,, fu+1, fu+2, - - -} In particular, for almost all x, if
| fin(x) — f(x)| < &forallm > n, then |g(x) — f(x)| < &. Letting n — oo and then & — 0 we see
that g = f ae. O
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B.1 Proof by Vitali’s Convergence Theorem

We first recall Vitali’s theorem. A collection {f; : j € J} of integrable functions on a measure

space (L, ¥, u) are said to be equi-integrable if the following conditions are all satisfied:

(1) The functions f; satisfy
sup / |fi] < co.
JET JQ

(2) For all & > 0 there exists A, € F with u(A.) < oo such that

sup/ |fil <e.
JeT JQ\A,

(3) For all & > 0 there exists § > 0 such that

sup/lfjl < egforall u(A) <6.
jeETJA

Theorem (Vitali’s Convergence Theorem). If a sequence of equi-integrable functions f,, converge
ae. to f, then f, — f in L'.

The following proof of (B.2) is taken from [Str08, Equation (4.4)]. Unfortunately it does not adapt
easily to (B.1).

Proor 1. For alln € N, we have
1d
Iallh = 1= 515 == [ [ St = 01 doau
QJo
1
= [ [ Re[7U 0|15 - 0517 a0
QJo
1
—p [ [ Re[Fts - 001 - 0517 duce.
0
For 0 < 0 < 1, the family f|f, —6f|°~!, n € N is equi-integrable. Indeed, since f,, — 6f is

bounded in L?, all three conditions for equi-integrability follow from Hélder’s inequality and

the fact that they hold for | f|”. So by Vitali’s theorem and the dominated convergence theorem,

1
tim (Ifall2 = [Lfo - I2) = p / /Q (1= 0)P [ f|Pdudo = [ £]12.
n—oo 0
This finishes the proof. ]

Now we set out to prove Vitali’s theorem.
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Lemma B.2. Suppose {f;: j € J} satisfy condition (2). Then they are equi-integrable if and only
if

sup/ |fil — 0asc — oo.

JeT J1fjl>c

Proor. If {f; : j € J} are equi-integrable, then by condition (1),

supy(|fj|>c)<—sup/|f, — 0 as ¢ — oo,

_]E

and the desired result follows from condition (3). Conversely, choosing ¢ large enough so that

M:=sup/ | fi] < oo,
jeg JIfil>c

we have

sup/ Ifil <1+ cu(A) +M < oo,
JjeT JQ

so condition (1) is satisfied. For all £ > 0, let ¢ be large enough such that

£
sup/ Ifil < 3
JeT Jfjl>c

Then
/ |fil < cu(A) + £ <efor all u(A) < £,
A 2 2¢

This proves condition (3). O

PROOF OF VITALI'S CONVERGENCE THEOREM. Using the characterization of Lemma B.2, it can be
shown that the sequence g, = |f, — f| is equi-integrable. For all € > 0, since f, — f a.e., we

have (g, > &) — 0asn — oo, S0

1imsup/ gn < limsup (C/J(gn > &) +/ |gn|) < sup/ lgnl-
n—o0 gn>¢ n—oo gn>c neNJg,>c

Since g, is equi-integrable, the right hand side can be taken arbitrarily small, which means

/ gn — 0asn — oo,
gn>e

On the other hand, let 7 > 0 be fixed; then for all n € N we have

/ gn < eu(Ay) +1.
gn<e

Since both 77 and & are arbitrary, this finishes the proof. O
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B.2 Proof by Weak Convergence

The weak convergence result can be used to give a very elegant proof of (B.1). We follow [Brel1,
Exercise 4.17].

Proor 2. Since |f, — f| is bounded in L” and converges a.e. to 0, |f, — f| — 0 weakly in L?,
and similarly |f,, — f|P~! — 0 weakly in LP/(P~1)_ Hence,

/ o= FIFIP ™+ 1= FIPM 1] — 0 as 1 — oo,

Using Lemma B.3 witha = f;, — f and b = f, we have

S =15 =117 = 11171 = 025 — o
and (B.1) follows immediately. ]
Lemma B.3. For all p > 1, there exists a constant C, such that
lla + b|P —|a|? - |b|"| < Cp(lal|b|”~" + |a|?~*|b|) foralla,b € C.

Proor. Wlog suppose |a| < |b|. By homogeneity we may assume b = 1, and the equation
becomes
lla + 1|7 —|al” = 1] < Cp(lal + |a|P™h), (B.3)

with |a| < 1. Since the left hand side is bounded above, it suffices to prove (B.3) for all |a| <
1/12345. Under this additional assumption, we have ||a + 1|P — 1| < Cl|a + 1| — 1] < Cla|. We

also have |a|P < |a|, so [|a + 1|P — |a|P — 1| £ C|a|. This finishes the proof. |

B.3 Proof by Egorov’s Theorem

A more direct proof of (B.1), not involving weak convergence, was given in [Lie83].

Proor 3. By Lemma B.3, it suffices to show that

/ o= PP 4 1o = FIP7 1] — .

By Holder’s inequality,

[ 1= 21017 15 = 710710 < 2B = P&l I, + U = A1, 22 )

for any measurable set E.
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Now f,, — f a.e. with respect to the finite measure | f|”du, so by Egorov’s theorem, for all € > 0

there is a measurable set E with || f1g<]|| Z < ¢ such that f,, — f uniformly on E. Thus

timsup (| (fo = UEN AN, + 1o = £l f 15l ) < C217,

n—oo

and we are done. O

B.4 The Original Proof

The original paper [BL83] gave a proof uniting the cases p > 1 and 0 < p < 1. However, their
phrasing seems to suggest that the proof from [Lie83] had been discovered first.

Proor 4. Using Lemma B.4 with a = f and b = f,, — f gives

fnl? = 1fo = SIP = 1f 1P < W fal? = 1o = FIPL+ 1P < €lfu = fIP + (1 + Cp ISP,

so the quantity

Wen = (Ifal? = 1fu = FIP = 1Pl = &l fu = f1P)+

is dominated by (1 + C), )| f|?, and so by the dominated convergence theorem

/Wg,n—>0asn—>oo.

Now,

[ =t=sir=1pvis [ Weuss [15- 117

and since || f;, — f||§ < (lfzll, + If1l,)? is bounded, the limsup of the right hand side can be
made arbitrarily small. This finishes the proof. ]

Lemma B.4. For any p > 0, & > 0, there exists a constant C, . such that
lla + b|? — |b|P| < g|b|” + Cp,clal? foralla,b € C.
Proor. For0 < p <1,
la +b|” = [b|P < (la] + |b))" - |67 < |al”,
and replacing b by —(a + b) we have
b7 —la +b|” < al”,

which yields the desired inequality.
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Suppose p > 1. The function ¢ +— ¢ is convex on [0, ), so

la + b|P < (Jal + |b])P = ((1 —A)ﬁ +A—| <@ =-2)"Pa|? + AP |p|P

|al |6]\"
A
for any 0 < A < 1. Setting A = (1 + £9)/(=P*D we get
la +b|P —|b|P < Cla|? + &|b|?,
and replacing b by —(a + b) we have

|b|P —|a + b|P < Cla|P + gola + b|P < (1 +&y)Clal’ +&y(1+&)|b|P.

Since £¢(1 + &¢) can be made arbitrarily small, this finishes the proof. O

C The First Concentration-Compactness Lemma

Given a probability measure u on R”, its concentration function is defined by

O(r) = sup/ du.
xeR" J B, (x)

It is a nondecreasing, nonnegative function on [0, c0) with lim, . Q(r) = 1. (If u < dx, then Q

is continuous, and in particular lim, ., Q(r) = 0.)

Let u,, be a sequence of probability measures on R”, and let Q,, be their concentration functions.
Then up to subsequences, Q,,, — Q at all points of continuity of Q. Let A = lim,,_., Q(n). Then
0<4A< 1.

Case I: 1 = 1. Then for all &€ > 0, there exists R > 0 such that Q,,(R) > 1 — ¢ for all m, so there

exists a sequence x,, € R” such that

/ du,, > 1 — ¢ for all m.
BRr(xm)

Actually, x,, can be chosen independently of €. Let x,,, be chosen for g5 = % so that

1
/ du,, > — for all m and some fixed Ry > 0.
Br, (Xm) 2

Now for any 0 < & < 1, there exists R; = R;(&) > 0 and a sequence y,, such that

/ du,, > 1 — € for all m,
BRI (Ym)
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and since % +1—¢ > 1, it follows that Bg,(x,,) N Br,(Ym) # @, SO |Xm — Ym| < Ry + Ry, and
hence Bgr,(ym) C Bry+2r, (xm). We set R = Ry + 2R (&) to finish the proof.

Case II: 1 = 0. Then lim;; o O, (R) = 0 for all R.

Case III: 0 < A < 1. Let R,;, — oo be a sequence such that Q(R,,) > A — 1/m. Using a diagonal

argument, we can pass to a subsequence of y,, such that
1 1
A== < Qm(Rpm) < Om(2Ry) < A+ — for all m,
m m

and so there exists a sequence x,, such that

1 1
/l——</ d,umS/ duy, < A+ — for all m,
m BRr,, (xm) Barp (%m) m

which means

/ d,um:/ du,y, = 1+ 0(1).
BRry,, (Xm) B3Ry (xm)

To summarize, we have the following trichotomy.

Theorem C.1 (First Concentration-Compactness Lemma [Lio84, Lemma L.1]). Any sequence u,,

of probability measures on R" has a subsequence satisfying one of the following three conditions:

Compactness. There exists a sequence x,, € R" such that for any € > 0, there exists R > 0
satisfying
/ duty > 1 — ¢ forallm.
Br(xm)

Vanishing. Forall R > 0,

sup/ duy, — 0 asm — oo.
BRr(x)

x€R

Dichotomy. There exist0 < A < 1, x,,, € R", R,;, — oo, such that

/ A = A+ 0(1),

BR,, (Xm)

/ djim = 0(1),
Bor,, (xm)\BRm (Xm)

/ duy, =1-214+0(1).
R"\BZRm (xXm)
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D The Second Concentration-Compactness Lemma

Theorem D.1 (Second Concentration-Compactness Lemma [Lio85, Lemma 1.1]). Suppose u,, is
a bounded sequence in D-*(R"), such that

Um — u weakly in D'*(R"),
|Vt |*dx — u weakly in the sense of measures,
|m|Pdx — v weakly in the sense of measures.
Then the limits satisfy
o |VulPde+ A Y viPs,
JjeJ
v = |ulPdx + Z Vi,
jeJ
where A is the best constant for the Sobolev inequality (1.5).
ProoF. Suppose |V (u,, — u)|°dx — A and |u,, — u|Pdx — w. Then for any & € C®(R"), £ > 0,
/ EPdw = / EPluy — ulPdx + 0(1)
R" R"
< liminf A~P/2||V (& (up — u))[|7/*.
nm-—oo
By the triangle inequality,
IV(E um — )y < NEV (um — )l + |(VE) (tm — w)ll3.
There is a subsequence of u,, that converges to u strongly in L?(supp &), so
liminf |V (& (um —u))ll, < Liminf [[EV @ — w)ll,,
and thus we have

£Pdw < AP liminf [|€V (u,, — u)||2"
m—00

=A—p/2(/ fzd/l)l’/Z'

2/p
§2d/12A(/ gl’dw) .
R R

Rn

This can be rewritten as
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For any open set U, letting £ | 1y we have

[aza(f dw)z”’.

Alllocally finite Borel measures on R” are regular, so the above holds with any measurable set in
place of U. In particular, w < A. By the Lebesgue-Besicovitch differentiation theorem, w = fdA

where

exists for A-almost all x.

So for any x not an atom of A, provided that the above limit exists, we have f(x) = 0. Let us

write

w = wy+ Z Vibx;
jeJ

where wy is atomless and nonnegative. Letting £ | 1,, we have
> Avf./péxj forall j € J.

In particular, any atom of w is an atom of . Now wy = fydd where fy < f A-a.e, so fy =

(A-a.e.) outside J, and by construction fy = 0 in J as well. Hence, wy = 0,

w = Zvjéxj.

jeJ
(We have now shown that the theorem holds when u = 0.)

For all ¢ € C.(R"), by weak convergence, we have

/ £(du—dl) = lim / E(Vitm]? = (1t — ) P)dlx = / £[Vul?dr,
R” mn—00 rR" R”

SO

_ 2 2 2/p
u = |Vul?dx + 1 > |Vu| dx+AZvj Sy,
JjeJ

By the strong Brezis-Lieb lemma (B.1),

£(dv - dw) = lim / E(ltml? — lim — u?)dx = / £lulPdx,
R"’ m—0oo Rn Rn

so we have

v =lulPdx +w = ulPdy + > v;oy,,
jeJ

and the proof is finished. O
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