Modelling Collective Cell Motion in Biology
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Abstract This paper reviews three mathematical modelling approaches that have
recently been used to understand three different modes of collective cell motion
in biology. Firstly, a cell-based model is presented for the study of cell motion in
epithelial sheets, then a hybrid discrete cell-based model is described for neural crest
cell invasion and, finally, a traditional partial differential equation model is described
for tumour cell invasion. It is shown that the behaviour of all of these models can, in
limiting cases, be recapitulated by nonlinear diffusion equations where the particular
nonlinearity of the diffusion coefficient captures, on the global scale, the inherent
interactions on the local scale.

Keywords Cell-based model ¢ Vertex-based model ¢ Travelling waves ¢ Volume
exclusion

1 Introduction

The collective movement of individuals is a common feature in nature, ranging from
the migration of herds of wildebeest to the dramatic aerial displays of bird flocks.
The body also plays host to collective motion, but of cells. For example, in early
development, cells move within sheets by exchanging neighbours or crawl long
distances by repeated expansion and retraction of the front and back of the cell,
respectively. In cases such as wound healing, cell motion is essential for correct
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restoration of the tissue, while in cancer it can lead to fatal metastases. In this paper
we briefly review three recent studies on collective cell motion. In Sect. 2, we present
a model for the movement of cells within an epithelial sheet of the mouse embryo;
in Sect. 3 we consider the movement of cranial neural crest cells and in Sect. 4 we
consider a model for acid-mediated cell invasion in cancer. We show that, at some
level, the migration of cells during all of these seemingly very different processes
can be modelled by a nonlinear diffusion equation.

2 Epithelial Cell Migration

Epithelial tissues line the surfaces and cavities of structures throughout the embryo.
During embryonic development, epithelial tissues undergo a complex series of
deformations (see, for example, [1]) as the body shape is sculpted. The cells within
the tissue can be visualised as polygons that share edges and vertices [2] and
typically three or four cells will meet at any one vertex (see the reviews [3, 4]).
However, there are cases where five or more cells meet at a vertex and the resulting
structure has been given the name rosette [5]. In the mouse embryo, rosettes form
in the visceral endoderm (VE, the epithelium that forms the outer layer of the egg-
cylinder stage mouse embryo) due to the movement of a specialised subset of these
cells known as the anterior visceral endoderm (AVE). For normal development, it
is vital that these cells move as a coherent group. A recent study [6], on which this
section is based, analysed the question of whether the formation of rosettes played
an important role in this process.

2.1 Model

There are a number of ways to model cell movement in epithelial sheets. In [6],
the so-called vertex-based model is chosen, in which each vertex in the system
moves due to the forces acting upon it and the system is considered as overdamped
(see also [4, 7]). The forces within this model framework are, to a large extent
phenomenological, capturing the numerous forces acting on cells in a simple way.
In particular, a tension force is considered to act along the edges of the cell, while a
pressure force is considered to act outwards.

The egg-shaped embryo is considered to be a growing three-dimensional ellipsoid
and each cell has a volume that changes over time, with a certain probability of
division, depending on its size. The assumption is made that when a number of cell
vertices come within a certain distance of each other, there is a certain probability
that the cells will coalesce to form a rosette. The full details of the model are
presented in [6].
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Simulation with rosettes

Simulation without rosettes

Fig. 1 Images taken at regular intervals of AVE cell migration (light grey) with (A) and without
(B) rosettes. It can be seen that rosettes appear to facilitate the orderly and collective migration
of the AVE while inhibition of rosette formation leads to a break-up of the AVE cell cluster (see
[6] for full details). Note that the upper part of the EXE-VE is observed in experiments to be
enshrouded in actin, and this is implemented in the model by making these cells very stiff. Compare
these simulations with the experimental images in (C), (C’) and (C”). EXE-VE denotes visceral
endoderm overlying the extra-embryonic ecotoderm: Epi-VE the visceral endoderm overlying the
epiblast

Migration of the AVE cells is implemented in the model by assuming that there
is a directed force on the leading vertex of the AVE cells enabling them to move
upwards from the base of the embryo. The source of this force is unspecified as
the issue at hand is to understand how rosettes affect the ability of the cells to
undergo coherent migration, rather than how directed motion is achieved. Despite
the phenomenological nature of the model, it was found that simulations agree
qualitatively with data on the polygon distribution, which varies in space and time.
An investigation of the difference in model predictions between embryos in which
rosettes were and were not allowed to form was then carried out. This was encoded
in the model by varying the probability of rosette formation. Remarkably, it was
found that simulations without rosettes predicted the break-up of coherent AVE cell
migration in a way which was very similar to that observed in a mutant mouse which
does not form rosettes (see Figs. 1 and 2).
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2.2 Other Approaches

There are, of course, other approaches to modelling epithelial sheet dynamics.
For example, the spring-based model (see, for example, [8]) assumes cells to
be point masses attached by springs. The cellular Potts model [9], on the other
hand, assumes that cells are composed of elements which move to minimise a
Hamiltonian representing an energy, and then there are the more sophisticated
subcellular element models [10]. A natural question to ask is how do these models
compare, but this is a difficult question to answer because they are not built from a
common underlying framework. However, for the very simple case of a row cells,
connected by linear springs, it can be shown that, in the overdamped case, the
continuum limit of the discrete model is the nonlinear diffusion equation

on d k on
w o [n—a} M

where n(x, t) is the normalised cell density at position x and time z, k is the spring
constant and 7 is the cell viscosity [11]. For the cellular Potts model, where cells
interact via a hard-core potential, it can be shown that in the macroscopic limit this,
too, reduces to a nonlinear diffusion equation but with the form
on 0 n+n® on 5
ot _ax[ (na—n)28x1|’ @

where 1! is the average cell length and C is a constant [12]. This allows, for the
first time, an informed comparison to be made between these modelling frameworks.
In fact, in [13] the spring-based formalism is extended to include nonlinear
springs, so that it is now possible to compare, in a consistent framework, cellular
Potts models, spring-based models, and continuum models with phenomenolog-
ically hypothesised nonlinear diffusion coefficients. An open-source cell-based
computational framework has also been established in which to compare these
models [14, 15]. An open, and very challenging, question is how to derive the
continuum limit for more complicated forms of cell-based models which incorporate
biochemical signals [16].

3 Cranial Neural Crest Cell Migration

Cells migrate long distances during normal development and cancer metastasis, but
little is understood about the mechanisms that control such behaviour. The paper
[17] carries out an interdisciplinary study of one such example, cranial neural crest
cell migration. Experiments are used to determine how the domain on which the
cells migrate grows, and this is then incorporated into a hybrid model. Here a two-
dimensional off-lattice individual-based model is used to describe cell migration,
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Fig. 3 A hybrid discrete cell-based model for neural crest cell invasion. Cells emerge from the
neural tube (right-hand boundary) and consume VEGEF, setting up a gradient (dark shading—low
concentration of VEGF, light shading—high concentration of VEGF). A sub-group of the cells
(leaders—at the front) move up the gradient in VEGF while the trailing group of cells (followers—
at the back) respond to the leaders. The result of this is successful invasion of the domain. See
[17,18] for full details

and it is coupled with a PDE model for the dynamics of vascular endothelial
growth factor (VEGF) concentration. It is assumed that VEGF is produced by
the underlying tissue, diffuses and is consumed by cells which, in turn, send
out protrusions (filopodia) to sample the local VEGF concentration. The cells
then move in the direction of the filopodium if it samples a concentration higher
than the local average (chemoattraction). Such a model is used to test a number
of hypotheses on possible migration mechanisms. It is shown that the simplest
hypothesis, namely that cells emerge from the neural crest and, via consumption
of VEGF, set up a VEGF gradient up which they migrate, is not robustly successful,
as later emerging cells are left behind due to VEGF depletion. From this emerges
a new model hypothesis, the cells at the back respond, not to VEGEF, but to cells at
the front, contacting them and moving in the direction in which they are moving.
Experimental analyses of this follower—leader scenario reveal that cells at the front
express a number of different genes to those at the back, with genes responsible
for exploratory motion upregulated at the front, while those encoding for adhesive
motion being upregulated at the back, precisely as predicted by the mathematical
model (Fig.3").

'We thank Louise Dyson for providing this figure.
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3.1 Volume Exclusion

To begin to understand the dynamics of the above type of model, the paper
[19] considered a very simplified off-lattice individual-based model with volume
exclusion. Using a master equation approach and taking a parabolic limit of the
resulting conservation equation the authors showed how, in the macroscopic limit,
a position jump process with volume exclusion could be written as a diffusion
equation with a nonlinear diffusion coefficient. The particular details of the diffusion
coefficient depend on the details of the jump probability density function. For
example, if individuals hopped with rate « a constant distance d to the left or right,
then the macroscale diffusion equation, under certain simplifying assumptions, takes
the form

on ad N -1

where n(x, t) is the average total cell density at position x and time ¢, N is the total
cell number, D is aD?/2 (in the limit of d tending to 0), and R is the cell radius
(assumed the same for all cells). Note that in this case, crowding actually enhances
diffusion but of course, as N increases the limiting procedure becomes invalid and
in fact we reach the jamming limit, where crowding inhibits movement.

On the other hand, if it is assumed that the distance moved is normally distributed
with zero mean and variance o2, then the diffusion equation, under the same
simplifying assumptions, takes the form

om  ao’ 9 N -1 [2

—=——|14+———|4R—-20,/— . 4
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One can see that, although this is a very different model and is based on very
different biology, in the continuum limit, it leads, as for the case in the previous
section, to a nonlinear diffusion equation for macroscopic (global) behaviour, in

which the microscopic (local) details are encapsulated in the precise form of
nonlinear diffusion coefficient.

4 Acid-Mediated Invasion Hypothesis

In 1996, Gatenby and Gawlinski [20] proposed a novel model for tumour cell
invasion. They investigated the seemingly paradoxical phenomenon of tumour cells
undergoing glycolytic metabolism even in the presence of oxygen (known as the
Warburg effect [21]). If one considers the body as an ecosystem, with cancer cells
attempting to invade the host (normal cells), then in the resultant competition, it
is puzzling as to why tumour cells, in the presence of oxygen, do not undergo
aerobic respiration, which is much more energy efficient than anaerobic (glycolytic)
metabolism. They made the hypothesis that tumour cells gained a competitive
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advantage in doing so because a byproduct of glycolysis, lactic acid, is more toxic to
normal cells than to cancer cells. In effect, the cancer cells change the environment
to gain an advantage. They showed that this model could give rise to travelling
waves of invasion which, in certain parameter regimes, predicted that there would
be an acellular gap between the invading tumour front and the regressing normal
cells. They validated this model prediction in the laboratory. The travelling waves
exhibited by this model were mathematically analysed in [22] where it was shown
that the system exhibited both slow and fast waves.

More recently, the paper by McGillen et al. [23] considered an extended version
of the above model which assumed that the tumour cells were not totally resistant
to acid (a more realistic description). The model, in one spatial dimension for
simplicity, takes the form

U U |4
—:plU(l———Olz—)—(SlUW, (5)
ot K1 K1
av V U ad U\ ov
—:p2V 1———0[1— —52VW+— D2 1—— ) — s (6)
ot K> K> 0x K1) ox
ow 4
W = p3V_83W+D3Ws (7)

where U(x,t), V(x,t), and W(x,t) are, respectively, normal tissue density, cancer
cell density, and excess acid concentration at position x and time ¢. All the
parameters are non-negative and constant.

The first equation assumes that normal cells grow logistically in the absence
of tumour cells, compete with the tumour cells, and die due to the presence of
excess acid. It also assumes that normal cells do not move which, in the adult, is
a biologically realistic assumption. The second equation models growth of tumour
cells in a way similar to that of normal cells, but allows the tumour cells to diffuse
when there is space available. The third equation assumes that excess lactic acid
growth is linearly dependent on tumour cell density and that it degrades linearly and
diffuses.

This model recaptures the key results of the original paper (Fig.4). Exploiting
the existence of a small parameter in this system (the ratio of tumour cell diffusion
coefficient to that of lactic acid) in [23], a very detailed perturbation analysis was
used to show that, in the asymptotic limit, the problem reduces to the famous Fisher—
KPP problem (see, for example, [24]). Using the biological literature to estimate as
many parameters as possible, a detailed analysis was carried out of the remaining
parameter space to determine under what biologically realistic conditions the model
could predict a gap of the size that was observed experimentally. It was found that
the parameters had to be very finely tuned to achieve this behaviour. However, a
larger parameter space was found to permit the existence of a smaller gap. This is
in agreement with the original experiments, where the authors were aware of the
fact that the gap they observed may be an experimental artefact (caused by fixing).
However, when they did not fix the tissue they still observed a gap, but it was smaller,
which is consistent with the model calculations.
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Fig. 4 The acid-mediated tumour cell invasion model predicts the possibilities of an initially small
compact tumour invading the host tissue either leading to coexistence (a) or competitive exclusion
(b). Note that in (b) there is also an acellular gap between the two cell types. Dark lines represent
tumour cell density and light lines normal cell density. See [23] for full details

This study suggests that in mice, bicarbonate treatment can significantly reduce
metastatic tumour invasion and this has been experimentally validated [25]. Whether
or not such a treatment would be effective in humans remains controversial [26].

5 Conclusions

Biological systems are, of course, extremely complex, with myriad processes inter-
acting across a multitude of spatial and temporal scales. The inherent nonlinearities
present in biology mean that the traditional verbal reasoning approaches used
within the field can lead to incorrect conclusions. Therefore, it is necessary to
address these problems mathematically. While bioinformatics has already had a
huge impact on biology through using statistical approaches for data mining, the
recent technological advances that have led to acquisition of spatiotemporal data
now mean that dynamical models can be tested and validated. There are conflicting
philosophies in the latter approach. One camp has the view that large multiscale
models should be built to try to capture as many features as possible of the system
being modelled. The other camp favours small models, developed to answer specific
biological questions. This paper reviews three problems addressed using the latter
approach. It is shown that the formation of multicellular rosettes in the mouse
embryo may facilitate orderly migration of cells, that cranial neural crest cell
invasion requires different cell phenotypes, and that the glycolytic phenotype can
lead to acid-mediated tumour cell invasion.

All the above models are based on very different biological hypotheses and
very different mathematical/computational modelling frameworks. However, we
see that, in some limits, all these models share the same unifying underlying
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mathematical structure, namely reaction—diffusion equations with a nonlinear diffu-
sion coefficient. These equations describe the global, macroscopic (coarse-grained)
dynamical behaviour of the system, where the local, microscopic (cell)-level
behaviour manifests itself in the specific form of the nonlinear diffusion coefficient.
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