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Superradiance is a signature effect in quantum photonics that explains the collective enhancement of emission
power by a factor of N2 when N emitters are placed in subwavelength proximity. Although the effect is inherently
transient, successful attempts have been made to sustain it in the steady-state regime. Until recently, the effects
of superradiance were not considered to be applicable to thermal emitters due to their intrinsic incoherent
nature. Novel nanophotonic thermal emitters display favorable coherent characteristics that enable them to obey
principles of superradiance. However, published analytical work on conventional superradiant thermal emitter
assemblies shows an anomalous power scaling of 1/N , and therefore increasing the number of thermal emitters
leads to a degeneration of power at resonance. This phenomenon immediately renders the effect of thermal
superradiance futile since it cannot outperform noncoupled emitters in the steady-state regime. We propose an
alternative assembly of thermal emitters with specific features that improves the power scaling while maintaining
the effects of superradiance. In essence, we show that our emitter assembly achieves superior power delivery over
conventional noncoupled emitter systems at resonance. Additionally, this assembly has the ability to be tuned
to operate at specific resonant frequencies, which is a vital requirement for applications such as photothermal
cancer therapy.
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I. INTRODUCTION

Superradiance, a phenomenon conceptualized by Dicke in
1954 [1], is a fundamental theory in quantum photonics that
has undergone rigorous studies for several decades [2–4].
It was originally designated to explain the ephemeral, en-
hanced, cooperative spontaneous emission characteristics of
excited quantum emitters that are coherently coupled within
a subwavelength proximity. Due to time-reversal symmetry,
the same concept can be extended to describe its absorption
counterpart known as superabsorption [5].

Recently, many efforts have been made to sustain the effects
of superradiance in the steady-state regime for better utilization
in applications [6–9]. One major breakthrough in these efforts
is the designing and development of the superradiant laser [10].
Several mechanisms are being used to achieve steady-state
superradiance. One such method is through the application
of quantum feedback control, which involves regulating
the number of excitons within different quantum states of
the Dicke ladder [11]. This is realized through the careful
designing of a photonic cavity or a band-gap crystal that can
eliminate undesirable transitions, thus sustaining the effects of
superradiance in the steady-state regime [5].

Until recently, the analog effect of thermal superradiance
was not a topic of interest due to the incoherent nature of
bulk thermal emitters [12,13]. However, nanophotonic emitters
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show interesting coherent and enhanced thermal properties
that compel them to acquiesce to the principles of superra-
diance [14–20]. Beyond displaying coherent characteristics,
nanophotonic thermal emitters also possess the ability to
radiate beyond the traditional blackbody limit [21,22].

Recently, Zhou et al. [23] have studied the superradiant
characteristics of a conventional thermal emitter assembly
where all emitters are identical and possess similar absorption
(γa) and far-field coupling (γc) characteristics. For such an
assembly, when the emitters obey the concept of optical
resonance and are placed within subwavelength dimensions,
superradiant phenomena can be observed at a controllable
resonance frequency as long as the overcoupling relationship
(γc � γa) is maintained.

However, the subwavelength emitter placement require-
ment is difficult to achieve using conventional dielectric
resonators because their dimensions exceed required criteria.
Therefore, the conventional emitter assembly in [23] assumes
that all emitters possess ultracompact electromagnetic res-
onance features. In practice, these resonance features can
be generated using perfect electric conductor (PEC) deep
subwavelength slits [24].

The analysis by Zhou et al. [23] shows that the effects
of thermal superradiance vary drastically from the effects
of the quantum counterpart. While the transient, ephemeral
character of the effect is unaltered, it introduces significant
spectral broadening. For conventional assemblies, they prove
that the emission power at resonance is scaled inversely as a
function of the number of emitters in the assembly. Due to this
anomalous phenomenon, conventional superradiant thermal
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FIG. 1. Conceptual design for a ring-shaped superradiant emitter
assembly with twenty nanophotonic emitters placed within subwave-
length proximity. This structure of the emitter assembly can be
engineered using PEC deep subwavelength slits. The absorption rate
of the emissive material within each nanophotonic emitter is γa and
the far field coupling constant of the kth emitter is γck

. Note that
because the emitters in the assembly have different dimensions, some
emitters do not traverse the entire thickness of the PEC material, thus
resulting in a gap between the bottom surface of the ring and the
emitter.

emitter assemblies always fail to outperform noncoupled
emitter assemblies at resonance, and this curtails the practical
applicability of thermal superradiance.

In this paper, we focus on providing a solution to the
spectral broadening phenomenon by considering an emitter
assembly (see Fig. 1) comprising emitters with diverse far-
field coupling constant characteristics. This emitter assembly
can be constructed using an arbitrary number of emitters
depending on the requirement that the subwavelength emitter
placement criterion not be violated.

First we derive analytical solutions to the emission cross
section and the power spectral density for our assembly. Our
results are more generalized than what is being reported in [23].
Therefore, as a special case, we can produce the results in [23]
by assuming an emitter assembly of identical emitters, thus
providing a strong validity test for our results. However,
the relaxation of the identical emitter assumption leads to
undesirable alterations to resonant frequencies of the emitters.
If not addressed, this alteration will hinder the performance of
the proposed emitter configuration entirely. To overcome this,
we suggest an emitter dimension tuning approach to maintain
superradiance at a preselected mode frequency.

In Sec. II A of this paper, we present the analytical frame-
work for deriving the cross section and power spectral density
of our emitter assembly model. In Sec. II B, we reenforce iden-
tical emitter conditions and compare the derivations with those
in [23]. Then in Sec. II C, we focus on addressing the resonance
frequency tuning issue faced by our emitter assembly design
and provide a flexible solution. Then an analysis is carried
out in Sec. II D to prove that our emitter assembly can indeed
outperform noncoupled emitter assemblies in the steady-state
regime. Finally we present our analytical results in Sec. III A

and discuss a possible application of the proposed superradi-
ance assembly to photothermal cancer therapy in Sec. III B.

II. ANALYTICAL FRAMEWORK

A. Generalized emitter assembly model

The following analysis based on coupled-mode the-
ory [25,26] facilitates the studying of the intrinsic electro-
magnetic fields of the proposed emitter array. Let aω,t =
[a1,a2, . . . ,aN ]T denote the normalized electric field ampli-
tudes within the emitters where Ek = |ak|2 is the energy in the
kth emitter. For an assembly of N emitters, their time-varying
amplitudes are governed by the following equation [27]:

∂

∂t
aω,t =

[(
jω0 − γa

2

)
I − �c − �χ

]
aω,t + √

γan, (1)

where I is the N × N identity matrix, ω0 is the resonant
frequency of all emitters, and j is the imaginary unit.
Furthermore, the fluctuation dissipation theorem [28] requires
absorption processes of this setup to be supplemented by
the introduction of random thermal sources denoted by the
1 × N matrix: n. These thermal sources satisfy the following
relationship [29]:

〈n∗
i (ω)nj (ω′)〉 = �ωT

2π
δ(ω − ω′)δi,j , (2)

where �ωT = h̄ω/(e
h̄ω

kB T − 1) represents the total energy of
thermal photons generated at temperature T at an angular
frequency ω while h̄, kB, δ(ω − ω′), and δi,j represent the
reduced Planck constant, Boltzmann constant, Dirac delta
function, and Kronecker delta function, respectively. This
relationship will be required at the end of this section to obtain
an expression for the emission cross section of the proposed
emitter assembly.

For any emitter in the assembly, amplitude suppression can
occur through the decaying of a generated photon. A photon
may decay as a result of coupling to the far field or by being ab-
sorbed within the emitter itself. Let γck

denote the coupling rate
at which a photon generated in the kth emitter couples to the far
field and γa denote the rate at which a photon is absorbed by the
absorptive dielectric material within the emitter itself. As ob-
served in Eq. (1), it is assumed that γa is constant for the entire
emitter array and the far field coupling matrix �c is given by

�c = 1
2 diag

[
γc1 . . . γcN

]
N×N

. (3)

The effects of superradiance are governed by the presence
of inter-resonant-emitter indirect interactions denoted by �χ ,
the analytical form of which is obtained by quantifying the
coupling effects between the kth emitter and free space.

In order to model free space, we use the temporal
coupled-mode theory based approach suggested by Verslegers
et al. [30]. In this approach, free space is assumed to
comprise an infinite number of modes and fragment into
an infinite number of resonating Fabry-Perot cavity based
radiation channels. Depending on the type of metal used for
emitter design, plasmonic-mode channels may also appear.
However for this analysis, we assume that the emitter assembly
is constructed using nonplasmonic metals and neglect this
phenomenon. This is a safe assumption for PECs due to their
infinite-permittivity characteristics that prevent them from
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FIG. 2. Diagram illustrating the vertical distribution of normal-
ized and orthogonal radiation channels. The kth emitter is located
at the midpoint between the periodic boundaries located a distance
of L apart. The infinite reality of free space is achieved by
considering L → ∞.

creating surface plasmons [31] and can be safely extended
to some metals when the emissions occur at higher optical
frequencies [32–34].

Furthermore, modal analysis is used to prove that the plane
wave propagating channels should be orthogonal [25]. Based
on these assumptions and proofs, the 2-dimensional free space
is modeled using a set of orthogonal and normalized radiation
channels denoted by S, where Pi = |Si |2 denotes the power of
the ith channel.

In order to deal with the infinite nature of free space, a
periodic boundary condition (PBC) of length L is introduced
along the x direction such that L/λ0 ∈ Z+, where λ0 is the
resonant wavelength. Enforcing L → ∞ enables the recovery
of free-space conditions. The ith channel propagates a plane
wave represented by the parallel component of the wave vector
K‖

i = i(2π/mλ0), where m = L/λ0. In this model, there are
2m radiation channels enclosed within the periodic boundary
and each channel is uniquely represented by its index i =
(−m, − m + 1, . . . , − 1,1, . . . ,m − 1,m). Each channel has
a spatial width of λ0/2, which implies that the orthogonal set
of channels uniformly sample the parallel wave vector space
as shown in Fig. 2.

Overall emission to free space from all emitters can be
defined using the following relationship:

S =
[

DR1

DR2

]
a = Da, (4)

where DR1 and DR2 are of dimensions 2m × N . Due to the
symmetric nature of the two regions, it is observed that DR1 =
DR2 , and their elements D

R1
i,k and D

R2
i,k represent the coupling

of the kth emitter to the ith channel in regions R1 and R2,
respectively.

Next we derive an analytical solution for D by considering
the coupling from the kth emitter to the free space. We begin
by analyzing the geometry in Fig. 2. We assume that the kth
emitter of the assembly placed at the center has an isotropic
radiation characteristic. Using the definition for arc(
θi) =
arc(θi − θi−1) = (L/2)
θi , the following result can easily be
proven using simple trigonometric relations:

as L → ∞, cos θi = λ0/2

arc(
θi)
, (5a)

m
θi = 1

cos θi

. (5b)

The normal projection of the coupling components of the
kth emitter to the ith channel can be expressed as follows:

γc⊥←k
= γcθi←k

cos θi, (6)

where γcθi←k
denotes the coupling from the kth emitter along

the θi direction and γc⊥←k
denotes the coupling component of

the kth emitter along the normal direction (parallel to the y

axis).
Based on the relationship in (6), we obtain the following

equation for couplings from the kth emitter to all channels in
both regions R1 and R2,

γck
= 2

m∑
i=−m

m�=0

γcθi←k
= 2γc⊥←k

m∑
i=−m

m�=0

1

cos θi

. (7)

By applying the summation condition to (5b) and considering
either of the two symmetric regions (R1 or R2), the following
can be derived to simplify (7):

m∑
i=−m

m�=0

1

cos θi

= m

m∑
i=−m

m�=0


θi = mπ, (8)

where θi ∈ (0,π/2). Substituting the result from (8) in (7), the
following answer is derived,

γck
= 2γc⊥←k

mπ. (9)

The coupling element can now be written using the results
from (6) and (9) as follows:

D
R1
i,k = D

R2
i,k = √

γcθi←k
=

√
γck

2mπ cos θi

, (10)

which allows us to explicitly generate the following:

DR1 = DR2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

√
γc1

2mπ cos θ−m
. . .

√
γcN

2mπ cos θ−m

...
. . .

...√
γc1

2mπ cos θ−1
. . .

√
γcN

2mπ cos θ−1√
γc1

2mπ cos θ1
. . .

√
γcN

2mπ cos θ1

...
. . .

...√
γc1

2mπ cos θm
. . .

√
γcN

2mπ cos θm

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

2m×N

,

(11)
which can be used to obtain the final form of D using the
relationship in (4).
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In order to obtain an analytical expression for �χ , we
consider the power relationship with regard to the far field and
inter-emitter coupling. In order to obey conservation laws, it
is required to cease the generation of new thermal photons
(n = 0) and to cease the absorption of generated photons
(γa = 0). These modifications are applied to (1) and used in
the following derivations:

∂

∂t
a∗a =

[
∂

∂t
a∗

]
a + a∗

[
∂

∂t
a
]
, (12a)

= a∗[−jω0 I − (�c + �χ )]a

+ a∗[jω0 I − (�c + �χ )]a, (12b)

= a∗[−2(�c + �χ )]a. (12c)

We now apply the same principle to the free-space model in
Fig. 2 and obtain the following conservation relation: ∂

∂t
a∗a =

−S∗S = −a∗ D∗ Da. Comparing this result with (12c), the
following relationship is derived:

D∗ D = 2(�c + �χ ). (13)

Using values from (3) and (11), it is now possible to obtain an
analytical solution for [�χ ]i,k as follows:

[�χ ]i,k = 1
2

√
γci

γck
(1 − δi,k). (14)

Finally, we derive an analytical equation for the emission
cross section of the emitter by considering spectral relations.
Considering the physical nature of coupling constants and
emitter amplitudes, it is possible to simplify the relations using
∀i,k(ak,Di,k) ∈ R ⇒ D∗ = DT . Total power emission by all
channels across the spectrum is then given by 〈Pt 〉 = 〈S∗S〉 =
〈aT DT Da〉.

As shown in Fig. 2, now we consider the coupling of the
kth emitter to an arbitrary qth channel radiating at an angle φ

where the channel spectrum is given by

〈
P

q

t,φ

〉 =
N∑

i=1

N∑
k=1

〈
a∗

i (t)DT
i,qDq,kak(t)

〉
. (15)

The value of
∑N

i=1

∑N
k=1 DT

i,qDq,k can be readily found
using (11) as follows:

N∑
i=1

N∑
k=1

DT
i,qDq,k =

N∑
i=1

N∑
k=1

√
γci

γck

2mπ cos φ
. (16)

Assuming that the thermal source has a stationary characteris-
tic given by d

dt
|n(t)|2 = 0, it is possible to obtain the following

relationship [28,29]:

〈a∗
i (t)ak(t)〉 =

∫ ∞

0
dω

∫ ∞

0
dω′Ai,k, (17)

where Ai,k = e−j (ω−ω′)t 〈a∗
i (ω)ak(ω′)〉. Applying the results

from (16) and (17) in (15) yields the following expression:

〈
P

q

t,φ

〉 =
N∑

i=1

N∑
k=1

∫ ∞

0
dω

∫ ∞

0

√
γci

γck

2mπ cos φ
Ai,kdω′. (18)

Now it is possible to compare the frequency spectrum
relation for the total emission power of the channel: 〈P q

t,φ〉 =

∫ ∞
0 P

q

ω,φdω, with the result obtained in (18). This allows us to
explicitly obtain an expression for the channel power spectral
density as follows:

P
q

ω,φ =
N∑

i=1

N∑
k=1

∫ ∞

0

√
γci

γck

2mπ cos φ
Ai,kdω′. (19)

In order to solve (19) analytically, it is necessary to obtain an
expression for 〈a∗

i (ω)ak(ω′)〉 using the relationship given for
thermal sources in (2). This is readily achieved by considering
the time-varying dependence of emitter amplitudes given by
aω,t ≈ a0e

jωt where matrix a0 = [a01 ,a02 , . . . ,a0N
]T denotes

the absolute amplitudes of the emitters. Note that this is a valid
assumption in the weakly coupled regime for lossless emitter
assemblies [26]. This allows us to formulate the following
relationship:

∂

∂t
aω,t ≈ jωaω,t . (20)

Substituting the result from (1) in (20) yields the following
for aω,t :

aω,t ≈
{[

j (ω − ω0) + γa

2

]
I + �c + �χ

}−1√
γan. (21)

The inverse portion of (21) can be obtained using the Ken-
Miller lemma [35]. Application of this mathematical lemma
is subject to the necessary condition rank(�C + �χ ) = 1.
Combining the general result in (13) with (11) allows us to
obtain an expression for �C + �χ , on which we can perform
Gaussian-Jordan eliminations to obtain the row-canonical
form of the matrix, which readily proves that the necessary
rank condition is satisfied [36] and, therefore, the lemma is
applicable.

Defining the inverse portion of (21) as R and applying the
lemma yields the following:

R = 1

2(A + j�)(X + j�)
[(X + j�)I − DT D], (22)

where � is the detuning parameter given by ω − ω0 and

A = γa

2
, (23a)

X = A +
N∑

i=1

γci

2
. (23b)

The result in (22) can now be applied to aω,t ≈ √
γaRn

and substituted in (19) to obtain the following result:

P
q

ω,φ ≈
N∑

i=1

N∑
k=1

∫ ∞

0

√
γci

γck

2mπ cos φ
γaR∗

i,uRk,vNi,kdω′, (24)

where Ni,k = e−j (ω−ω′)t 〈n∗
i (ω)nk(ω′)〉. Substituting the values

from (2) now yields the following:

P
q

ω,φ ≈ �ωT

2π

γa

2mπ cos φ

N∑
i=1

N∑
k=1

N∑
u=1

N∑
v=1

∫ ∞

0
R∗

i,uRk,v

× δ(ω − ω′)e−j (ω−ω′)t√γci
γck

δu,vdω′. (25)

In order to obtain an expression for the power spectrum
of all channels, it is necessary to decouple the channel
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dependency in (25). This can be done by normalizing the total
emitted power in the channel by the flux density of a single
channel. This is a valid assumption for an isotropic radiator and
the channel flux density is given by �ωT /[2πL cos φ] [23,37].
The total emission cross section for the emitter assembly has
the following form:

σω =
∫ 2π

0

P
q

ω,φ

�ωT

2π
/L cos φ

dφ, (26)

which allows us to obtain the following relation for σω:

σω ≈ 2πc

ω0
γa

N∑
i=1

N∑
k=1

N∑
u=1

R∗
i,uRk,u

√
γci

γck
, (27)

where c is the velocity of light in free space.
By substituting the values for Rk,u and its complex

conjugate (c.c.) from (22), it is possible to derive the final
equation for the emission cross section of the emitter assembly
as follows:

σω ≈ πc

ω0

(
γa

2

N∑
i=1

γci

){
4
[(

γa

2 + ∑N
i=1

γci

2

)2 + (ω − ω0)2
] + ∑N

i=1

[
γ 2

ci
− 4γci

(
γa

2 + ∑N
j=1

γcj

2

)] + 2
∑N−1

i=1

∑N
j=i+1

(
γci

γcj

)}
[(

γa

2

)2 + (ω − ω0)2
][(

γa

2 + ∑N
i=1

γci

2

)2 + (ω − ω0)2
] .

(28)

This is the main analytical result derived in this paper.
The total emission power of the emitter assembly can now

be obtained by multiplying the emission cross section in (28)
with the blackbody spectral density BBpsd [38], which yields

Pω = BBpsdσω =
(

ω4

8π3c3
�ω,T

)
σω. (29)

B. Spacial case: Conventional emitter assembly

Now we focus on proving that our generalized results are
valid for the special case of emitter assemblies comprising
identical emitters, such as the conventional model discussed
in [23]. For this setting, all emitters have the same coupling
constant value which we denote by γc. This assumption leads to
the simplification of the expression for �c = (γc/2)I . Based on
this simplification, we can obtain the following mathematical
expressions that are required to reenforce this assumption to
our emitter assembly,

N∑
i=1

γci
= Nγc, (30a)

2
N−1∑
i=1

N∑
j=i+1

[
γci

γcj

] = N (N − 1)γ 2
c . (30b)

Now these two simplifications are applied to (28), which
yields the cross section for the conventional model as follows:

σω ≈ 2πc

ω0

Nγaγc

(ω − ω0)2 + (
Nγc+γa

2

)2 . (31)

The result obtained in (31) is identical to the cross section
given in [23], which proves the mathematical consistency of
our calculations. This result can be substituted in (29) in order
to obtain the total emission power relation given in [23].

The most significant result derived in [23] is the contrast
between nonresonant and conventional resonant emitter as-
semblies. For nonresonant and superradiant emitter assemblies
of N emitters each, the total power emission at resonance (ω =
ω0) can be obtained by applying the nonresonant condition
(γa � γc) and the superradiant condition (γc � γa) in (31),

which yield the following results:

nonresonantPω ≈ 2

π
�ω,T

γc

γa

N, (32a)

superradiantPω ≈ 2

π
�ω,T

γa

γc

1

N
. (32b)

It is observed that nonresonant emitter assemblies, as
expected, show a linear power scaling at resonance whereas
conventional superradiant emitter assemblies show an anoma-
lous power scaling by a factor of 1/N .

C. Tuning the resonance frequency

Our emitter assembly assumes that all emitters within it
have the same absorption constant γa . Within the weak-field
regime, this can be achieved by using an emitter array
made using the same emissive material, which ensures that
all emitters will have the same dielectric constant [39].
However, the superradiant phenomenon, as observed in (14),
depends solely on the far-field coupling rates of the emitters.
Therefore, the success of our proposed assembly depends on
the individual tunability of this parameter in each emitter.
Furthermore, it is vital to maintain the emitter assembly in the
overcoupling regime ( 1

N

∑N
i=1 γck

� γa) in order to sustain
the superradiant effects [40]. While these might appear as
straightforward requirements, several design challenges need
to be overcome to achieve a successful realization.

The main issue is with the design of the individual emitter
unit. For the 2-dimensional case, it can be assumed that an
assembly of ideal Fabry-Perot cavity emitters with a constant
height will have γc values proportional to their widths [23].
However, if the slit width is varied, it is no longer possible
to assume that the resonant frequency ω0 is constant to all
emitters [41]. This detuning effect needs to be addressed in
order to maintain the functionality of our emitter assembly.

For their emitter model, Zhou et al. [23] have used an
ideal Fabry-Perot resonant cavity. As shown in Fig. 3(a) and
Fig. 3(c), for an ideal Fabry-Perot cavity with 1-dimensional
control, resonant frequencies are governed by the equation
fm = mc/2nL where c is the velocity of light in free space, L

is the cavity length, n is the refractive index of the cavity, and
m is the resonant mode. The cavity resonant mode can directly
be tuned by changing the length of the cavity. This means that
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FIG. 3. (a) Emitter model used to design the conventional superradiant thermal emitter in [23]. (b) Emitter model used to design the tuneable
emitter where ω0 is controlled by tunable PEC dimensions as shown. (c) Periodic resonant modes observed in a 1-dimensional Fabry-Perot
emitter cavity. (d) Resonant modes of a tuneable cavity. Note the existence of multiple modes for the same PEC thickness and the linear
relationship between PEC thickness and ω0.

for an ensemble of emitters with varying far-field coupling
parameters, a unique resonant frequency cannot be maintained
with 1-dimensional control. Therefore, this simplified emitter
model fails to facilitate our design criteria.

Control of resonant frequency in metallic slits has been an
area of interest for several decades [41,42]. While the problem
itself is highly complex and analytical, within the weak-field
regime, several simple relationships have been proposed
to design cavities with arbitrary resonant frequencies. One
such study [43] gives the following 2-dimensional control
relationship for the resonant wavelength of a slit:

λm ≈
(

2.05

m
H + a

m
L

)
, (33)

where a ≈ 1.8 + πδm,1 and L,H correspond to the cavity
dimensions shown in Fig. 3(b). This relationship directly
solves our design problem. The far-field coupling constant can
now be tuned by changing the L parameter and the resonant
frequency can be tuned by changing the H parameter as
required. This clearly enables the retention of a unique resonant
frequency by varying cavity dimensions. For a given thickness
(H ), several resonant modes will exist as shown in Fig. 3(d).

Another challenge is associated with designing emitter
arrays in such a manner as to avoid radiating into various
far-field, non-superradiant modes. Failure to overcome this
challenge suppresses the effects of superradiance and results
in various uncontrollable phenomena. This problem has
been studied both analytically and numerically by Verslegers
et al. [40] for the case of 2 emitters. However, through
their findings, it can be assumed that in general terms,
maintaining the inter-emitter distances of the assembly within
subwavelength dimensions is the sufficient criterion to avoid

radiating into subradiant modes when operating in the over-
coupling regime [23]. This observation agrees with the fact
that all resonators operate under the same phase and therefore
must exhibit qualities of superradiance, even at nonuniform
overcoupling parameters across the emitters.

D. Comparison with noncoupled emitters

In the steady-state regime, emitters within noncoupled
emitter assemblies behave independently. For an assembly
of N identical, noncoupled emitters, each with the ability
to deliver power P at resonance, the cumulative power
delivery will be NP , a value that varies linearly with the
number of emitters. In the steady-state regime, coupled emitter
assemblies that obey the principles of superradiance have
the potential to outperform noncoupled emitter assemblies.
Assume a coupled emitter assembly of N identical emitters,
each with the ability to deliver power P at resonance. In order
to outperform the analogous noncoupled emitter assembly, the
coupled emitter assembly must must maintain a power delivery
greater than P/N at resonance. In order to understand the
power enhancement phenomenon, it is important to establish
the power rate enhancement achievable through superradiance.

The concept of superradiance explains the enhancement
of light-matter coupling observed in a set of dipole emitters
positioned within subwavelength proximity and excited using
an external electromagnetic field. These enhancements can
be observed around the midpoint of the symmetric Dicke
ladder [1]. Consider the case of N emitters in subwavelength
proximity. In these nanoscopic dimensions, light fails to
distinguish between particles and thus interacts with the
entire assembly collectively. Phenomena of this nature can
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be analyzed using collective operators

Ĵ± =
N∑

i=1

σ̂ i
±, Ĵz =

N∑
i=1

σ̂ i
z , (34)

where σ̂ i
z and σ̂ i

± are the usual Pauli operators for the ith dipole
of a two-level system.

The light-matter interaction Hamiltonian is of the form
shown in (35) and obeys SU(2) commutation relations,

Ĥint = −Êd(Ĵ+ + Ĵ−), (35)

where Ê is the light field operator and d is the dipole
matrix. This leads to a relationship involving Clebsch-Gordan
coefficients that explains a system moving along ladder states
characterized by

Ĵ±|L,M〉 =
√

(L ± M + 1)(L ∓ M)|L,M ± 1〉, (36)

where L and M are eigenvalues of Ĵ 2 and Ĵz, respectively. The
ladder transition rate for this scenario is given by

�M→M±1 = γ

(
N

2
± M + 1

)(
N

2
∓ M

)
, (37)

where γ denotes the decay rate of a free atom. The interesting
observation here is at the midpoint of the ladder when M = 0,
for a large number of dipoles, Eq. (37) simplifies to

�0→±1 ≈ γ

(
N

2

)2

. (38)

This quadratic dependence grasps the essence of super-
radiance: a transient, ephemeral effect where constructive
interference enhances emission efficiency of emitters [44,45].

It was discussed in Sec. II B and proven in (32a) that
nonresonant emitters show a linear power scaling at resonance.
As shown in (32b), for conventional superradiant emitter
configurations, the emission power scales anomalously by
a factor of 1/N at resonance during operation. It is seen
in (38) that during sustained superradiance, it is possible to
attain a temporal enhancement factor of N2. Therefore, a
conventional emitter assembly will only be able to show a
power scaling of 1/N × N2 = N at resonance, which shows
no improvement over nonresonant assemblies. Our assembly,
as shown in Sec. III A, shows a power scaling of better than
a factor of 1/N at resonance and therefore has the ability to
outperform nonresonant emitter assemblies at resonance.

III. RESULTS AND DISCUSSION

A. Analytical results

Figure 4(a) shows the power spectra obtained for the
sample emitter assembly designs shown to the right. The
design corresponding to Fig. 4(b) is the nonresonant emitter
assembly case where the emitters are placed at a greater than
subwavelength distance apart. The design shown in Fig. 4(f)
corresponds to the conventional emitter model proposed
in [23]. By comparing the spectrum curves obtained for the
two designs, it is clear that the nonresonant emitter assembly
result is in agreement with the linear power scaling proven
in (32a) and the conventional superradiant configuration is in
agreement with the anomalous power scaling proven in (32b).

Figures 4(c)–4(e) depict three possible emitter assembly
configurations. The power spectral density curves based
on (28) and (29) in this case show the expected enhancement by
a factor better than 1/N . This is evident by the resonant peaks

FIG. 4. (a) Power spectral density as a function of frequency for different emitter designs utilizing 5 emitters. Note how the power at ω0

varies for the different emitter configurations. The power scaling relationships for nonresonant and conventional superradiant modes agree
with the direct results in (32a) and (32b). P is the power spectral density of a noncoupled emitter with a width of L and a thickness of H ,
corresponding to the dimensions of the middle emitter in each case. These symbolic values are chosen to represent typical values and exact,
numerical values can be calculated using (29) for a given design. (b) Illustration of geometric distribution of nonresonant emitters. Note that
the emitters are not in subwavelength proximity. (c)–(e) Configurations of tuneable superradiant emitters where the emitters are positioned
in subwavelength proximity. (f) Emitter configuration for the conventional superradiant emitter case where the emitters are positioned in
subwavelength proximity. All emitter dimensions are shown to scale.
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of these configurations being above the reference spectral value
P . As described in Sec. II D, because of the contribution of
the temporal superradiant phenomena, the overall potential
power gain at the resonant frequency is now apparent. Note
that all emitter dimensions are selected according to (33), a
crucial criterion required to maintain the same mode at the
same resonant frequency.

Through these results, it is evident that by relaxing
the common coupling constant assumption for the emitter
ensemble, it is possible to considerably alleviate the spectral
broadening issues highlighted in [23]. As expected, the
characteristic Lorentzian curve for the nonresonant mode
still shows significantly less spectral broadening than all
superradiant modes. However, this issue is not a theoretical
concern. The goal of the emitter is to deliver the most amount
of power at resonance. Upon achieving steady-state operation,
the effects of superradiance will quadratically improve the
emission efficiency as discussed in Sec. II D. While there
are other losses that need to be considered when designing
an operational emitter, any spectral suppression better than
a factor of 1/N should theoretically enhance the overall
emission at resonance.

We have shown that by choosing a set of tuneable
coupling constants, it is indeed possible to control the spectral
suppression. In order to perform a fair comparison, we have
scaled the coupling constants by tuning the dimensions with
respect to the widest emitter in the array. In all of the emitter
assembly designs illustrated in Figs. 4(b)–4(f), we have chosen
the central emitter to be at the same, largest chosen width.
Relative width scales of the other emitters are shown in
Fig. 4(a). For the case of Figs. 4(b) and 4(f), all of the emitters
have the same height and width. In other words, we have
maintained symmetry around the central emitter in order to
facilitate direct comparisons.

Note that none of these are theoretical limitations and these
emitters can be tuned according to the design requirements.
All emitters are filled with an emissive material with the same
permittivity and γci

is taken as a quantity proportional to
the emitter length as well as the permittivity of the emissive
material [23].

B. Proposed application: Photothermal cancer therapy

Recently, there has been a keen interest in utilizing
nanoscopic structures in cancer therapy. The minute nature of

these devices theoretically enables minimally invasive treat-
ment of cancers [46]. Therefore, various attempts are being
made at understanding light, heat, and matter interactions [47],
energy transportation [48–51], as well as the modeling of
such nanoscopic devices targeting this application, ranging
from gold nanoshells [52] to nanoscopic lasers known as
spasers [53–55].

There are several key areas of significance when designing
devices for photothermal cancer therapy. Increased power
delivery is one such area that has been in the spotlight for
several years [46]. As a solution, we propose the use of
steady-state thermal superradiance as an enhanced power
delivery tool for photothermal cancer therapy. To the best of
our knowledge, this is the first theoretical formulation targeting
the utilization of the principles of superradiance into enhancing
this application. Another key area of interest with such devices
is biocompatibility. Due to the tunable nature of our emitter
assembly, it has the capability to be designed using a wide
array of materials as suited for the application. Furthermore,
applications of this nature require the maintenance of specific
wavelengths to achieve optimal cellular ablation. Once again,
the tunable nature of our design can be utilized for this purpose
efficiently.

It is noted that the wavelength 1.45 μm in the near-infrared
spectrum is optimal for electromagnetic absorption by water,
which will in turn be ideal for an application like photothermal
cancer therapy [56]. Therefore, this value can be set as
the resonant wavelength for a model superradiant emitter
assembly.

As an example, consider using a PEC substrate with a
slit thickness of 6 μm for the first emitter of the assembly.
The resonant frequency spectrum shown in Fig. 5 can now
be obtained for the various possible modes for this thickness.
From the spectrum, it is observed that the resonant wavelength
is proximal to the 17th mode. By using (33), now it is possible
to solve for the other dimension of the cavity. In order to
maintain superradiance without undergoing anomalous power
suppression at resonance as shown in Fig. 4, now it is required
to vary the thickness of the PEC substrate for the second
emitter. This process can be followed iteratively until an
emitter with suitable design characteristics is realized.

Design and realization of structures of nanoscopic mag-
nitudes have been a subject of interest in recent times.
Owing to the discovery of interesting characteristics of deep
subwavelength slits, many attempts have been made towards
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FIG. 5. Resonant spectrum of the first 25 modes for a single emitter designed using a PEC thickness of 6 μm.
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studying them experimentally. Since our design is entirely
based on these deep subwavelength slits, the experimental
feasibility is quite high. For instance, lithographic techniques
utilizing focused-ion beams may be used with suitable masks
to fabricate structures of this nature experimentally [57].
Furthermore, recent improvements in nanoscopic realization
makes it possible to prototype nanoscale devices of a few
orders of nanometers [58]. This further strengthens the
experimental feasibility of our emitters, thus paving the way
to assess the accuracy and relevance of the analytical results
provided herein.

IV. CONCLUSION

In this paper, we have obtained an analytical solution for
the emission cross section and the power spectral density
of a tuneable emitter design that shows superradiant char-
acteristics. Originally, superradiance was not considered to
be applicable to thermal emitters due to their incoherent
emission properties. However, nanophotonic thermal emitters
show coherent and enhanced emission properties, which make
them ideal candidates to obey the principles of superradiance.
Although superradiance is intrinsically an ephemeral and
transient effect, many successful attempts have been made
towards sustaining it in the steady-state regime.

Initial efforts at studying thermal superradiance using a
conventional emitter model comprising emitters with identical
absorption constants and far-field coupling constants showed

that there is an anomalous power scaling at resonance. This
observation completely renders the thermal superradiance
phenomenon useless for practical applications due to the fact
that such a system can never surpass noncoupled emitter
assemblies in terms of power delivery at resonance. By
relaxing the assumption of a constant far-field coupling rate for
all emitters, we showed that it is possible to reduce the spectral
broadening associated with the conventional assembly. This
modification enables the utilization of thermal superradiance
in a meaningful manner due to the possibility of enhanced
power delivery over nonresonant assemblies at resonance.
Furthermore, our tuneable emitter design can be realized
to operate at a predefined resonant frequency for a specific
application. Through this work, we showed that thermal
superradiance can be controlled meaningfully using a tuneable
emitter array and our efforts pave the path to numerous possible
applications, such as highly efficient photothermal cancer
therapy devices.
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