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Abstract. Reaction-diffusion partial differential equations (PDEs) with non-
linear, degenerate diffusion arise in many real-world applications. In this pa-

per, we identify a previously unrecognised feature in the dynamical systems
framework typically used to analyse the travelling wave solutions (TWS) of

such PDEs: the first-order ordinary differential equation (ODE) system ob-

tained during a travelling wave analysis is not necessarily unique. Using a
degenerate-diffusion PDE model of tumour invasion that we have previously

studied, we perform the initial steps of a travelling wave analysis and derive

two distinct ODE systems. We compare their dynamical properties and show
that, although the systems are not topologically equivalent across their entire

solution spaces, they are equivalent within the parameter regimes that yield

valid TWS of the PDE. Thus, both models can capture the TWS of interest.
Importantly, we note that one ODE system is more analytically tractable than

the other, demonstrating that the stage at which the standard “desingulari-

sation” step is applied can significantly affect our ability to analyse TWS in
PDEs with degenerate diffusion.

1. Introduction. Partial differential equation (PDE) models featuring nonlinear
degenerate diffusion have been applied to study various real-world systems. This
includes the modelling of population dynamics in biology and ecology to describe
density-dependent cell migration or organism dispersal [14, 15], porous medium flow
in fluid dynamics to describe gas expansion [21] or groundwater infiltration [3], and
nonlinear heat conduction in materials such as plasma [2, 23], to name a few.

While such models can admit a great variety of different solution types, much
research has focussed on their so-called travelling wave solutions (TWS). This is
because these solutions have an important physical (in a broad sense) interpre-
tation and they play a fundamental role in both mathematics and mathematical
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modelling. Investigations of TWS in one-dimensional space typically touch on two
key questions:

1. The existence (and uniqueness) of constant speed, constant profile TWS for
a given PDE model and its relevant boundary conditions.

2. The convergence of these TWS: for any wave speed c∗ such that φ(x− c∗t) is
a TWS of the PDE of interest, do other solutions Ψ(x, t) of the PDE, subject
to initial conditions with compact support, converge to φ(x−c∗t) as t → +∞,
i.e., do we have

lim
t→+∞

|φ(x− c∗t)−Ψ(x, t)| = 0?

Many approaches have been developed to study the existence of TWS for reaction-
diffusion models, from topological methods like the Conley Index or Isolated blocks
[4, 9, 11] to singular perturbation methods [10, 19]. Here, we focus on a com-
mon dynamical systems approach, which has successfully been applied to prove
the existence of TWS and is typically structured as follows [16]. First, spatially
homogeneous steady states of the PDE model are identified in order to prescribe
boundary conditions for TWS of interest. Then, constant profile, constant speed
TWS are sought by introducing a travelling wave coordinate and deriving a non-
linear second-order ordinary differential equation (ODE) model that the TWS must
satisfy (assuming a single PDE of second-order in space). After introducing a new
dependent variable to obtain a system of first-order ODEs, a local steady state
analysis is performed to characterise the ODE model’s dynamics near the steady
states of interest. Finally, a global analysis is conducted where TWS are defined as
heteroclinic trajectories of the ODE system that connect these steady states.

When investigating TWS governed by degenerate diffusion, the second-order
ODE (and the first-order ODE system) derived using the above procedure con-
tains a singularity. To simplify the travelling wave analysis, a common approach
consists of removing this singularity by re-parametrising the ODE model using a
new independent variable (via a homeomorphism, which yields a new ODE system
that is orbitally-equivalent to the original system) [1, 7]. This so-called “desin-
gularisation” step can either be performed on the second-order ODE (i.e., before
introducing the new dependent variable) [5, 8] or on the equivalent first-order ODE
system (i.e., after introducing the new dependent variable) [13, 17, 18, 20].

In this paper, we use a degenerate diffusion PDE model we previously proposed
and analysed [5] to show that the first-order ODE system one obtains when per-
forming a travelling wave analysis (as described above) is not necessarily unique. In
particular, we derive two distinct ODE systems for our model. We then study the
relationship between their dynamics and highlight key implications for proving the
existence of TWS. More specifically, we show that the two systems are not necessar-
ily topologically equivalent in their entire solution spaces, with marked differences
in the behaviour of the two systems in certain parameter regimes. Crucially, these
differences occur between solutions of the two systems which are not valid TWS
of the PDE model. Hence, we show that both systems describe the same TWS,
despite their differences. However, we also find that the stage at which the desin-
gularisation step is carried out can profoundly impact the analytical tractability of
the resulting non-singular system.

PDE model of tumour invasion with nonlinear degenerate diffusion. In
previous work [5], we proposed a simple one-dimensional model of tumour invasion
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into healthy tissue that describes the interactions between tumour cells and the
extracellular matrix (ECM), a scaffold of proteins that holds healthy cells in place
and regulates cell signalling [22]. In dimensionless form, the model is given by the
following system: 

∂N

∂t
=

∂

∂x

(
(1−M)

∂N

∂x

)
+ (1−N)N,

∂M

∂t
= −κNM,

(1)

where N(x, t) and M(x, t), are the tumour cell and ECM densities, respectively, at
position x ∈ R and time t ∈ (0,+∞), and κ > 0 is the dimensionless rate of ECM
degradation by tumour cells.

We carried out a detailed travelling wave analysis for the system (1) to rigorously
prove the existence of two types of TWS. The first type corresponds to the invasion
of tumour cells into the ECM, where the ECM is at a maximal density that inhibits
all tumour cell movement ahead of the tumour front (i.e., M = 1). The second
type corresponds to the invasion of tumour cells into the ECM, where the ECM is
strictly below its maximal density ahead of the tumour front (i.e., M < 1). This
distinction is relevant because system (1) is degenerate precisely at M = 1. We
showed that the first type of TWS exists for all wave speeds c > 0, while the second
type of TWS exists for wave speeds above a strictly positive minimum speed. This
minimum wave speed depends on the dimensionless rate of ECM degradation, κ,
such that it is constant for 0 < κ < κ∗ and strictly increasing with κ for κ ≥ κ∗,
where κ∗ > 0 depends on the ECM density ahead of the tumour front.

Paper structure. The remainder of this paper is structured as follows. In section
2, we set up the travelling wave problem previously studied in [5] and derive the
two distinct ODE systems that the TWS of system (1) satisfy. In section 3, we
characterise the topological equivalence of the two ODE systems and illustrate our
analytical findings using numerical simulations in section 4. In section 5, we discuss
how both ODE systems are able to describe the same TWS, despite their differences,
before concluding with some final remarks in section 6.

2. Obtaining two distinct non-singular ODE systems.

2.1. The travelling wave problem. To prove the existence of TWS for (1) in [5],
we sought constant profile, constant speed TWS by introducing the travelling wave
coordinate ξ = x− ct. We assumed that the (constant) wave speed c > 0 to ensure
the tumour invades the ECM from left to right in the spatial domain. Substituting
the ansatz N(x, t) = N (ξ) and M(x, t) = M(ξ) into the PDE system (1), we found
that TWS must satisfy the following ODE system:

d

dξ

(
(1−M)

dN
dξ

)
+ c

dN
dξ

+ (1−N )N = 0,

dM
dξ

− κ

c
MN = 0.

(2)

In addition, the TWS must connect spatially-homogeneous steady states of the
system (1) and we, therefore, required one of the two following sets of asymptotic
conditions to be satisfied:

lim
ξ→−∞

(N (ξ),M(ξ)) = (1, 0), lim
ξ→+∞

(N (ξ),M(ξ)) = (0, 1), (3)
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lim
ξ→−∞

(N (ξ),M(ξ)) = (1, 0), lim
ξ→+∞

(N (ξ),M(ξ)) = (0,M̄) with M̄ ∈ [0, 1). (4)

In particular, from a biological perspective, we have that the tumour cell density
is at carrying capacity (N = 1) and the ECM is fully degraded far behind the wave,
while the tumour cell density is zero and the ECM is either at its maximal density
(M = 1) or at a value M ∈ [0, 1) far ahead of the wave. As previously mentioned,
we distinguished the case where the ECM is at carrying capacity ahead of the wave
as the second-order ODE for N in (2) is singular at M = 1. This follows from the
PDE for N in (1) being itself degenerate at M = 1 when the diffusion coefficient
D(M) = 1−M is zero.

2.2. Deriving the two ODE systems. To study TWS that satisfy the asymp-
totic condition (3) and converge to (N ,M) = (0, 1) at infinity, we need to elucidate
the behaviour of the solutions as their M-component approaches M = 1. Since
system (2) is singular at M = 1, we can apply a standard procedure to remove the
singularity, and reparametrise the trajectories of the system by introducing a new
independent variable y = Φ(ξ) defined such that

dy

dξ
≡ Φ′(ξ) =

1

1−M(ξ)
∀ ξ ∈ R. (5)

In addition, to simplify our analysis, we can recast the second-order ODE for N
in (2) into two coupled first-order ODEs by introducing a third dependent variable.
These two steps (the desingularisation and the introduction of a new dependent
variable) can be completed in two distinct orders:

I. We desingularise system (2) and then introduce the third dependent variable;
II. We introduce a third dependent variable for system (2), and then desingularise

the resulting three-dimensional system of first-order ODEs.

In [5], we applied the desingularisation before introducing a third dependent variable
(i.e., we followed I). However, as we will now show, the way in which we proceed (I
or II) can lead to two distinct three-dimensional ODE systems.

In the first case, we introduce the following dependent variables

N (y) = n1(Φ
−1(y)), M(y) = m1(Φ

−1(y)) ∀ y ∈ R. (6)

Then, applying the chain rule using (5), we obtain the following desingularised
ODE system, for y ∈ R:

d2n1

dy2
+ c

dn1

dy
+ (1− n1)n1(1−m1) = 0,

dm1

dy
− κ

c
m1(1−m1)n1 = 0.

(7)

By introducing the additional variable p1 = dn1

dy and, using primes to denote

derivatives with respect to y, we finally have the system we studied in [5]:
n′
1 = p1,

p′1 = −cp1 − (1− n1)n1(1−m1),

m′
1 =

κ

c
m1(1−m1)n1.

(8)
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In the second case, we introduce the variable P = dN
dξ into system (2) to obtain

the following system of three first order ODEs:

dN
dξ

= P,

(1−M)
dP
dξ

= −
(
c− κ

c
NM

)
P − (1−N )N ,

dM
dξ

=
κ

c
MN .

(9)

Then, to desingularise system (9), we introduce the following dependent variables

N (y) = n2(Φ
−1(y)), M(y) = m2(Φ

−1(y)), P(y) = p2(Φ
−1(y)) ∀ y ∈ R. (10)

As we did above, applying the chain rule using (5) and, using primes to denote
derivatives with respect to y, we obtain the following desingularised system, for
y ∈ R: 

n′
2 = (1−m2)p2,

p′2 = −
(
c− κ

cn2m2

)
p2 − (1− n2)n2,

m′
2 =

κ

c
m2(1−m2)n2.

(11)

To be consistent with the asymptotic conditions (3) and (4), we require one of
the following to hold, for i ∈ {1, 2} and m̄ ∈ [0, 1):

lim
y→−∞

(ni(y), pi(y),mi(y)) = (1, 0, 0), lim
y→+∞

(ni(y), pi(y),mi(y)) = (0, 0, 1), (12)

lim
y→−∞

(ni(y), pi(y),mi(y)) = (1, 0, 0), lim
y→+∞

(ni(y), pi(y),mi(y)) = (0, 0, m̄). (13)

In particular, we seek solutions of (8) and (11) that satisfy the same asymptotic
conditions (12) and (13). Here, we note that the systems (8) and (11) are clearly
defined by different vector fields from R3 to R3. Given that we carried out a detailed
travelling wave analysis for system (1) in [5] using the ODE system (8), the following
questions arise:

1. What is the relationship between the dynamics of systems (8) and (11)?
2. Do the ODE systems (8) and (11) describe the same TWS of the PDE system

(1)?
3. Could we perform a similar travelling wave analysis for system (1) using the

ODE system (11)?

3. Dynamical relationship between the two ODE systems. In this section,
we investigate the dynamical relationship between systems (8) and (11).

3.1. Two key dynamical concepts. We begin by introducing two key dynamical
concepts.

Definition 3.1 (adapted from [12]). Let F,G : Ω ⊂ Rn → Rn be two vector fields.
The autonomous ODE systems ẋ = F (x) and ẏ = G(y), for x, y ∈ Ω, are called
topologically equivalent in Ω if there exists a homeomorphism h : Rn → Rn

mapping orbits of ẋ = F (x) onto orbits of ẏ = G(y), preserving the direction of
time.
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Definition 3.2 (adapted from [12]). Let F,G : Ω ⊂ Rn → Rn be two vector fields.
The autonomous ODE systems ẋ = F (x) and ẏ = G(y), for x, y ∈ Ω, are called
smoothly equivalent in Ω if there exists a diffeomorphism h : Ω → Ω such that,
for all x ∈ Ω,

F (x) = M−1(x)G(h(x)), (14)

where

M(x) =
dh(x)

dx
is the Jacobian matrix of h(x) evaluated at x.

We note here that the key difference between the two types of dynamical equiv-
alence described in Definitions 3.1 and 3.2 is the strength of the requirement on
the function h: h is a homeomorphism in Definition 3.1, while h is a diffeomor-
phism in Definition 3.2. Since any diffeomorphism h is also a homeomorphism, it is
straightforward to prove the following result.

Lemma 3.3. Let F,G : Ω ⊂ Rn → Rn be two vector fields. If the autonomous
ODE systems ẋ = F (x) and ẏ = G(y), for x, y ∈ Ω, are smoothly equivalent in Ω,
then they are topologically equivalent in Ω.

Proof. Let F,G : Ω ⊂ Rn → Rn be two vector fields that define two autonomous
ODE systems ẋ = F (x) and ẏ = G(y), for x, y ∈ Ω. Suppose that these two systems
are smoothly equivalent in Ω. Then, Definition 3.2 implies that they can be trans-
formed into each other via the smooth coordinate transformation y = h(x), with h
the diffeomorphism in Definition 3.2. This means that there is a homeomorphism h
that maps the solutions of ẋ = F (x) onto the solutions of ẏ = G(y), i.e., h satisfies
Definition 3.1 and the two systems are topologically equivalent.

Note that the reverse implication of Lemma 3.3 is, in general, not true, i.e., two
autonomous ODE systems ẋ = F (x) and ẏ = G(y) that are topologically equiva-
lent in Ω are not necessarily smoothly equivalent in Ω. For example, consider two
different two-dimensional ODE systems. Assume that one of them has a steady
state that is an asymptotically stable node, i.e., its Jacobian matrix evaluated at
the equilibrium has two real negative eigenvalues, and that the second system has
a steady state that is an asymptotically stable focus, i.e., its Jacobian matrix eval-
uated at the equilibrium has two complex eigenvalues with negative real parts.
The asymptotically stable node and focus are topologically equivalent, but they are
not smoothly equivalent because their respective Jacobian matrices have different
eigenvalues (the Jacobians are not similar).

3.2. The ODE systems are topologically equivalent for m ∈ (0, 1). Using
the definitions introduced in the previous section, we now show that systems (8)
and (11) are topologically equivalent in the region D ⊂ R3, defined as

D = {(n, p,m) ∈ R3 |n ∈ (0, 1), p ∈ (−∞, 0), m ∈ (0, 1)}. (15)

From our previous travelling wave analysis of system (1) carried out in [5], we
know that biologically realistic TWS of (1) remain in region D for all y ∈ R.
Therefore, region D is the region of interest for studying TWS of (1).

To prove the topological equivalence of systems (8) and (11) in the region D, we
first prove the following lemma:

Lemma 3.4. The systems (8) and (11) are smoothly equivalent for (n, p,m) ∈ D.
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Proof. Let us define the function h : D → D as

h(n, p,m) :=

(
n,

p

1−m
,m

)
. (16)

It is straightforward to show that, since 0 < m < 1 in D, h is smooth and
invertible, with its inverse, h−1, itself smooth, in D, i.e., h is a diffeomorphism.

Now, the Jacobian matrix of h(n, p,m) at (n, p,m) ∈ D is

M =

1 0 0
0 1

1−m
p

(1−m)2

0 0 1

 , (17)

with inverse

M−1 =

1 0 0
0 1−m − p

(1−m)

0 0 1

 . (18)

We define S1, S2 : D → D as S1(n1, p1,m1) := (n′
1, p

′
1,m

′
1) and S2(n2, p2,m2) :=

(n′
2, p

′
2,m

′
2), where (n′

1, p
′
1,m

′
1) and (n′

2, p
′
2,m

′
2) are, respectively, defined as in (8)

and (11). Then, for all (n1, p1,m1) ∈ D, we have

S2(h(n1, p1,m1)) =


p1

−
(
c− κ

c
n1m1

) p1
1−m1

− (1− n1)n1

κ

c
m1(1−m1)n1

 , (19)

and, thus,

M−1((n1, p1,m1))S2(h(n1, p1,m1)) =


p1

−cp1 − (1− n1)n1(1−m1)

κ

c
m1(1−m1)n1

 . (20)

Hence, S1(n1, p1,m1) = M−1((n1, p1,m1))S2(h(n1, p1,m1)) and, by Definition
3.2, systems (8) and (11) are smoothly equivalent.

Combining Lemmas 3.3 and 3.4 implies the desired result:

Lemma 3.5. The systems (8) and (11) are topologically equivalent for (n, p,m) ∈ D.

In fact, one can similarly prove the following, more general result:

Lemma 3.6. The systems (8) and (11) are topologically equivalent for (n, p,m) ∈ Ω,
where Ω ⊂ R3 is defined as

Ω =
{
(n, p,m) ∈ R3 |n ∈ R, p ∈ R, m ∈ R \ 1

}
. (21)

Importantly, the proof of Lemma 3.6 implies that, by extending the domain (and
co-domain) of the homeomorphism h defined in (16) to Ω, h maps solutions of
system (8) in Ω to solutions of (11) in Ω.

While the physically-realistic TWS of (1) remain in region D ⊂ Ω, we will see
that there exist solutions of systems (8) and (11) that leave D, but remain in Ω.
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Their topological equivalence outside of D is relevant to the forthcoming com-
parison of the two systems’ dynamics (see Section 4.3).

3.3. Breakdown of the ODE systems’ topological equivalence at m = 1.
In this section, we show that the topological equivalence of systems (8) and (11)
at m = 1 depends on the dimensionless rate of ECM degradation, κ, and the
wave speed, c, leading to a breakdown of their topological equivalence in certain
parameter regimes.

It is straightforward to verify that the systems (8) and (11) share the following
equilibria:

P0 = (1, 0, 0), P1 = (0, 0, 1), P2 = (1, 0, 1), and Pm̄ = (0, 0, m̄), m̄ ∈ [0, 1). (22)

P0, P1 and Pm̄, m̄ ∈ [0, 1), are the biologically-relevant steady states corresponding
to spatially homogeneous steady states of system (1). In particular, they are the
asymptotic limits of the TWS we seek at ±∞ defined in (12) and (13).

In addition, the systems (8) and (11) each have another continuum of steady
states, with end points at P1 and P2. These two continua are not spatially homoge-
neous equilibria of system (1) and are distinct from one another. They are defined
as

P 1
n̄ = (n̄, 0, 1), for n̄ ∈ (0, 1), (23)

and

P 2
n̄ = (n̄, p(n̄), 1) , where p(n̄) =

n̄(1− n̄)
κ
c n̄− c

, for n̄ ∈ (0, 1)\
{
c2

κ

}
, (24)

for systems (8) and (11), respectively.
P 1
n̄ is a straight line segment in the plane m = 1, defined for all n̄ ∈ (0, 1) and

κ, c > 0. By contrast, P 2
n̄ is a curve in the same plane that corresponds to the graph

of p(n̄), defined in (24), for n̄ ∈ (0, 1). p(n̄) is a continuous function for all n̄ ∈ (0, 1)

provided 0 < κ ≤ c2 (since this implies that the discontinuity occurs at n̄ = c2

κ ≥ 1)

and discontinuous at n̄ = c2

κ ∈ (0, 1), otherwise. In particular, if κ > c2 > 0, then

P 2
n̄ is a hyperbola in the plane m = 1 with a vertical asymptote at n̄ = c2

κ , so that

p(n̄) < 0 for n̄ ∈ (0, c2

κ ) and p(n̄) ≥ 0, otherwise.

The change in continuity of P 2
n̄ that occurs at the threshold value of κ = c2 is

crucial to the relationship between the dynamics of systems (8) and (11). We find
that there is a loss of topological equivalence of the two systems when m = 1 if
κ > c2, while topological equivalence of the two systems appears to be maintained
when κ ≤ c2. We highlight these findings in the following lemma and conjecture.
For the purpose of stating our results, let us define a second region D′ ⊂ R3 as

D′ = {(n, p,m) ∈ R3 |n ∈ (0, 1), p ∈ (−∞, 0), m ∈ (0, 1]}. (25)

Then, we have the following result.

Lemma 3.7. If κ > c2 > 0, then the systems (8) and (11) are not topologically
equivalent for (n, p,m) ∈ D′.

Proof. Let κ > c2 > 0. Suppose there exists a homeomorphism h′ : D′ → D′

that maps trajectories of system (8) to trajectories of system (11). Then h′ also
maps fixed points of (8) to fixed points of system (11). Now, we saw above that,
when κ > c2, P 1

n̄ is continuous for all n̄ ∈ (0, 1], while P 2
n̄ has a discontinuity at

n̄ = c2

κ ∈ (0, 1). Therefore, there cannot exist a continuous mapping between P 1
n̄
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and P 2
n̄ for n̄ ∈ (0, 1]. This implies that h′ cannot exist and systems (8) and (11)

are not topologically equivalent for (n, p,m) ∈ D′.

Now, the function h : D → D given by Equation (16) is not defined at m = 1
implying that it is not a homeomorphism on D′. However, numerical simulations of
systems (8) and (11) (see Section 4) suggest that h maps steady states P 1

n̄ to steady
states P 2

n̄ for all n̄ ∈ (0, 1] when 0 < κ ≤ c2. We formalise this observation in the
following conjecture.

Conjecture 3.8. If 0 < κ ≤ c2, then the systems (8) and (11) are topologically
equivalent for (n, p,m) ∈ D′.

In the following section, we support these preceding results by comparing nu-
merical simulations of systems (8) and (11) in different parameter regimes.

4. Numerical comparison of the dynamics of the two ODE systems. In
this section, we present numerical simulations of systems (8) and (11) to compare
their dynamics and illustrate the analytical results presented in Section 3.

4.1. Numerical methods. We solve the systems (8) and (11) numerically for
y ∈ (y−∞, y+∞], where y±∞ are chosen such that one of the asymptotic conditions
(12) or (13) are satisfied, using MATLAB’s ODE45 (ODE45 is a single step built-in
solver for non-stiff ODEs that is based on an explicit Runge-Kutta (4,5) formula,
the Dormand-Prince pair [6]).

According to the asymptotic conditions (12) and (13), we seek TWS which satisfy
limy→−∞(ni(y), pi(y),mi(y)) = (1, 0, 0) for i ∈ {1, 2}. Linear stability analyses at
the equilibrium point P0 = (1, 0, 0) for systems (8) (see [5]) and (11) (result not
shown) reveal that, for fixed c > 0 and κ > 0, the solutions of systems (8) and
(11) that leave P0 and remain in region D must satisfy the following asymptotic
conditions as y → −∞, for any shooting parameter α ≥ 0 and i ∈ {1, 2}:

ni(y) = 1− eλ2y +O(e(λ2+µ)y),

pi(y) = −λ2e
λ2y +O(e(λ2+µ)y),

mi(y) = αeλ3y +O(e(λ3+µ)y),

(26)

where

λ2 =
−c+

√
c2 + 4

2
, λ3 =

κ

c
and µ = min (λ2, λ3).

When solving the systems (8) and (11), we therefore impose initial conditions
given by (26) for i = 1 and i = 2, respectively.

Remark 4.1. The free parameter α arises because the expression for the unstable
manifold at P0 does not impose any conditions on mi, and we therefore have a
continuum of initial conditions for mi for α ≥ 0. As we will observe in the numerical
simulations that follow, beyond defining the initial condition for mi, the choice of
α affects how fast solutions of the two ODE systems leave P0 towards increasing
values of mi and, as a result, determines the value of mi attained at y = +∞.

4.2. The dynamics of the ODE systems when κ ≤ c2. In this section, we
illustrate the hypothesised topological equivalence of ODE systems (8) and (11)
in region D′ provided 0 < κ ≤ c2 (Conjecture 3.8) using representative numerical
simulations.

Figures 1 and 2 compare the solutions of systems (8) and (11), subject to initial
conditions (26) with increasing α, for c2 = 4 > 1 = κ. We first observe that the two
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Solution

Solution

Figure 1. Phase space of systems (8) (a) and (11)
(b) subject to the asymptotic conditions (26) for α ∈
{0, 0.5, 1, 1.5, 1.616, 2, 2.5, 3}, κ = 1 and c = 2 (hence c2 > κ).
The purple lines represent the two continua of equilibria of each
system, i.e., Pm̄ (a)-(b), and P 1

n̄ (a) or P 2
n̄ (b), defined in Equations

(22), (23) and (24), respectively. Since the spatially homogeneous
steady states of (1) correspond to (n,m) = (0, m̄), m̄ ∈ [0, 1] and
(n,m) = (1, 0), the dashed curves represent solutions that are
not TWS of system (1). The black arrow shows the evolution
of trajectories for increasing values of α, and the red, curved
arrow represents the direction of the trajectories that leave
(n, p,m) = (1, 0, 0). The n and m components of the trajectory
are equal for both systems (see Figure 2), and the values m and n
attain at infinity increase monotonically (between 0 and 1) with α
for both systems.

systems’ qualitative behaviour is the same for all values of α. In particular, the n-
and m-components of both systems’ solutions are strictly monotonic functions of
y ∈ R∪{−∞,+∞}, and the values of n and m attained at infinity, n+∞ and m+∞,
respectively, increase as α increases. Furthermore, there exists a unique threshold
value of α, say α1, which depends on c and κ [5] (here, α1 ≈ 1.616), such that:

• If α < α1, then n+∞ = 0 and m+∞ ∈ [0, 1).
• If α = α1, then n+∞ = 0 and m+∞ = 1.
• If α > α1, then n+∞ ∈ (0, 1] and m+∞ = 1.

Figure 2 further shows that we also have quantitative agreement between the n-
and m-components of both systems’ solutions for all values of α considered, i.e.,
n1(y) = n2(y) and m1(y) = m2(y) for all y ∈ R∪ {−∞,+∞}. In addition, we have
p1(y) = p2(y)(1 − m2(y)) for all y ∈ R ∪ {−∞,+∞}. In other words, letting h
be the homeomorphism defined in (16), then h−1(n2, p2,m2) = (n1, p1,m1) for all
y ∈ R ∪ {−∞,+∞}, and h maps trajectories of system (8) into the trajectories of
system (11).

These results support the topological equivalence of both systems in region D′

when c2 > κ.

Remark 4.2. From our previous work [5], we know that, if c ≥ 2 and κ > 0,
then, for all α ≥ 0, the solution of system (8) subject to the asymptotic conditions
(26) remains in region D (defined in (15)) for all y ∈ R, i.e., there are no oscillatory
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System (8) System (11)
Comparison of 

systems (8) and (11)
(a) (b)

Figure 2. We solve systems (8) and (11) for y ∈ (−20, 1000] sub-
ject to initial conditions (26) for α ∈ {0, 0.5, 1, 1.5, 1.616, 2, 2.5, 3},
κ = 1 and c = 2 (hence c2 > κ). In (a), we plot the components
ni(y), pi(y), and mi(y), i = 1, 2, of the corresponding solutions for
y ∈ [−20, 100]. In (b), we superimpose n1(y), p1(y) and m1(y), and
n2(y), p2(y)(1−m2(y)) and m2(y) for y ∈ [−20, 100]. We observe
that n1(y) = n2(y), p1(y) = p2(y)(1 −m2(y)) and m1(y) = m2(y)
for y ∈ [−20, 100]. This shows how the homeomorphism h defined
by (16) maps trajectories of system (8) to trajectories of system
(11).

dynamics about fixed points. By the topological equivalence of systems (8) and (11),
this also holds for the solutions of system (11) subject to the asymptotic conditions
(26).

4.3. The dynamics of the ODE systems when κ > c2. In this section, we use
representative numerical simulations to show that the ODE systems (8) and (11)
are not topologically equivalent in region D′ when κ > c2, as stated in Lemma 3.7.

Figures 3 and 4 compare the solutions of systems (8) and (11), subject to initial
conditions (26) with increasing α, for κ = 1 > 0.25 = c2. In contrast to the previous
case, the two systems’ qualitative behaviour agrees only for sufficiently small values
of α (i.e., α ≤ 30), with significant differences observed for large values of α (i.e.,
α ≥ 50).

Where both systems agree, there exists a threshold value of α, say α∗
m (here,

15 ≤ α∗
m < 22.6), such that, for all α ∈ [0, α∗

m], there are oscillatory dynamics
around the fixed points Pm̄ = (0, 0, m̄) for any m̄ ∈ [0,m∗(c, κ)] ⊂ [0, 1). m∗(c, κ) is
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Figure 3. Solutions (n, p,m) of systems (8) and (11)
subject to the asymptotic conditions (26) for α ∈
{0, 5, 15, 22.6, 50, 250, 500, 1000}, κ = 1 and c = 0.5 (hence
c2 < κ). The purple lines represent the two continua of equi-
libria of each system, i.e., Pm̄ (a)-(b), and P 1

n̄ (a) or P 2
n̄ (b),

defined in Equations (22), (23) and (24), respectively, with only
equilibria on P 2

n̄ with negative p-component shown in (b). Since
the spatially homogeneous steady states of (1) correspond to
(n,m) = (0, m̄), m̄ ∈ [0, 1] and (n,m) = (1, 0), the dashed curves
represent solutions that are not TWS of system (1). The dotted
curves represent physically unrealistic solutions of system (1) for
which the n-component becomes negative; these solutions are
also not TWS of system (1) as solutions of system (1) subject to
non-negative initial conditions remain non-negative for all time.
The black arrow shows the evolution of trajectories for increasing
values of α, and the red, curved arrow represents the direction
of the trajectories that leave (n, p,m) = (1, 0, 0). The n and m
components of the trajectory no longer agree for both systems
for all values of α (see Figure 4). The values m and n attain
at infinity increase monotonically (between 0 and 1) with α for
system (8), whereas they are monotonically increasing for α ≤ 30
and monotonically decreasing for α ≥ 50 for system (11).

the threshold value of m̄ (that corresponds to α∗
m) below which solutions of (8) that

satisfy the asymptotic conditions (26) and converge to (0, 0, m̄) as y → +∞ leave
region D for some y ∈ R (as the n-component of the solution becomes negative).
We proved the existence of α∗

m and the corresponding m∗(c, κ) for system (8) in [5].
Lemma 3.6 implies that these threshold values exist and are the same for system
(11), as illustrated in Figures 3 and 4.

Now, as proved in our previous work [5] and illustrated in Figures 3 and 4, the
solutions of system (8) that satisfy the asymptotic conditions (26), with α > α∗

m

(i.e., α ≥ 22.6), remain in region D for all y ∈ R. The n- and m-components of
such solutions are strictly monotonic functions of y ∈ R ∪ {−∞,+∞}, and n+∞
and m+∞ increase as α increases. As for the case when 0 ≤ κ ≤ c2, there exists
α1 > α∗

m (here, α1 ≈ 22.6) such that:

• If α∗
m < α < α1, then n+∞ = 0 and m+∞ ∈ (m∗(c, κ), 1).

• If α = α1, then n+∞ = 0 and m+∞ = 1.
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System (8) System (11)
Comparison of 

systems (8) and (11)
(a) (b)

Figure 4. We solve systems (8) and (11) for y ∈ (−20, 1000] sub-
ject to initial conditions (26) for α ∈ {0, 5, 15, 22.6, 30, 50, 250, 500},
κ = 1 and c = 0.5 (hence c2 < κ). In (a), we plot the components
ni(y), pi(y), and mi(y), i = 1, 2, of the corresponding solutions
for y ∈ [−20, 400]. In (b), we plot n1(y), p1(y) and m1(y), and
n2(y), p2(y)(1 − m2(y)) and m2(y) for y ∈ [−20, 400]. We ob-
serve that, for α ≤ 30, n1(y) = n2(y) and m1(y) = m2(y) for
all y ∈ [−20, 400], while values of α ≥ 50 are associated with
significant differences between n1(y) and n2(y), and m1(y) and
m2(y). Consistently, p1(y) = p2(y)(1−m2(y)) for all y ∈ [−20, 400]
when α ≤ 30, whereas there exist y ∈ [−20, 400] such that
p1(y) ̸= p2(y)(1 − m2(y)) when α ≤ 50. This shows how the
homeomorphism h defined by (16) does not map all trajectories
of system (8) to all trajectories of system (11).

• If α > α1, then n+∞ ∈ (0, 1] and m+∞ = 1.

Comparing the solutions of system (11) to those of system (8) when α ≥ 22.6,
we note that there exists a threshold value of α > α1, say ᾱ (here, 30 < ᾱ ≤ 50),
such that:

• If α∗
m < α ≤ ᾱ, then the solutions of system (11) have the same qualitative

behaviour as the solutions of system (8) (see the above description).
• If α > ᾱ, then the solutions of system (11) that satisfy the asymptotic con-
ditions (26) may leave region D for some y ∈ R (as the n-component of the
solution becomes negative). In that case, the n- and m-components of such
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solutions are non-monotonic, oscillatory functions of y ∈ R ∪ {−∞,+∞}. In
addition, even if the solution remains in region D for all y ∈ R (e.g., α = 50
in Figures 3 and 4), the values of n+∞ and m+∞ decrease as α increases from
ᾱ.

In particular, while the solutions of (8) are monotonic with respect to α ≥ 0, the
solutions of (11) are not.

Consistent with these observations, Figure 4 further shows that, when α ≤ 30,
there is quantitative agreement between the n- and m-components of both systems’
solutions (i.e., n1(y) = n2(y) and m1(y) = m2(y) for all y ∈ R ∪ {−∞,+∞}) and
we also have that p1(y) = p2(y)(1 −m2(y)) for all y ∈ R ∪ {−∞,+∞}. However,
these equalities no longer hold when α ≥ 50. Indeed, when α ≥ 50, the solutions
of systems (8) and (11) reach the plane m ≡ 1 for some ȳ ∈ R. At this point,
(n1(ȳ), p1(ȳ),m1(ȳ)) = (n̄1, 0, 1) ∈ P 1

n̄ (defined in Equation (23)), which is a steady
state of (8). By contrast, (n2(ȳ), p2(ȳ),m2(ȳ)) = (n̄2, p̄2, 1) /∈ P 2

n̄ (defined in Equa-
tion (24)), which is not a steady state of (11) because n̄2 ≥ c2/κ = 0.25 and p̄2 < 0,
but the steady state value of p that corresponds to n̄2, defined in Equation (24),
satisfies p(n̄2) ≥ 0. Thus, while (n1(ȳ), p1(ȳ),m1(ȳ)) ≡ (n̄1, 0, 1) for all y ≥ ȳ, for
system (11) to reach a valid steady state, the solution continues to evolve until it
reaches a steady state with n ∈ [0, 1], m ∈ [0, 1] and p = p(n) defined in Equation
(24).

Note that this result does not contradict the topological equivalence of the two
systems in region D (Lemma 3.5). Indeed, since D does not include the planem ≡ 1,
we only expect the homeomorphism h defined in (16) to map trajectories of system
(8) onto the trajectories of system (11) for y ∈ (−∞, ȳ).

We observe the preceding behaviour across a range of values of κ, c > 0 such
that κ > c2 (results not shown). In particular, in each case, we find that there
exists a threshold value ᾱ(c, κ) > α1(c, κ) above which solutions of system (11) lose
their monotonicity with respect to α (results not shown). The existence of such an
ᾱ(c, κ) is an indicator that systems (8) and (11) are not topologically equivalent in
region D′.

Remark 4.3. Our numerical simulations suggest that the threshold value of α,
ᾱ(c, κ), above which we observe discrepancies between the solutions of systems
(8) and (11) is strictly greater than α1(c, κ), the unique value of α such that the
solutions converge to (n, p,m) = (0, 0, 1) as y → +∞. We can prove that this must
be the case by recalling (from [5]) that α1(c, κ) exists for all c > 0 and κ > 0, and
that the solution of (8) that satisfies the asymptotic conditions (26) for α = α1(c, κ)
remains in region D for all y ∈ R and converges to (0, 0, 1) as y → +∞. Hence,
we can use the homeomorphism h defined by (16) to map this solution of system
(8) to a solution of system (11) defined for all y ∈ R. Since n2(y) = n1(y) and
m2(y) = m1(y) for all y ∈ R (according to h), the convergence (as y → +∞)
and continuity of both systems’ solutions imply that the solution of system (11)
must also converge to (0, 0, 1) as y → +∞. As a result, there is no discrepancy
between the solutions of both systems for α = α1 and we must have ᾱ(c, κ) > α1.
This argument reappears in the following section, where we show that both systems
describe the same TWS of system (1).

5. Both ODE systems describe the same travelling wave solutions of
PDE model (1). In our previous work [5], we proved that, given κ > 0, for any
M̄ ∈ [0, 1), there exists a minimum wave speed, cκ(M̄), such that:
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1. For c < cκ(M̄), system (1) has no TWS connecting (N,M) = (1, 0) and
(N,M) = (0, M̄).

2. For c ≥ cκ(M̄), system (1) has a smooth TWS connecting (N,M) = (1, 0)
and (N,M) = (0, M̄). This solution is unique (up to translation) and N, M
are monotonically decreasing and increasing functions of x − ct = ξ ∈ R ∪
{−∞,+∞}, respectively.

We also proved that, given κ > 0 and M̄ = 1, system (1) has a smooth TWS
connecting (N,M) = (1, 0) and (N,M) = (0, 1) for any c > 0. This solution is
unique (up to translation) and N, M are monotonically decreasing and increasing
functions of x− ct = ξ ∈ R ∪ {−∞,+∞}, respectively.

In order to prove these results, we showed that, if κ > 0 and M̄ ∈ [0, 1) (M̄ = 1),
then, for any c ≥ cκ(M̄) (c > 0), there exists a unique value of the shooting
parameter α(c) ≥ 0 (defined in (26)) such that the solution (n1(y), p1(y),m1(y)) of
system (8) that satisfies the asymptotic conditions (26) remains in region D for all
y ∈ R and converges to (0, 0, M̄) as y → +∞. We then constructed the smooth
TWS of system (1) connecting (N,M) = (1, 0) and (N,M) = (0, M̄) using this
solution by setting (N1(ξ),M1(ξ)) := (n1(Φ(ξ)),m1(Φ(ξ)), where Φ is defined in
(5).

Let κ > 0, M̄ ∈ [0, 1) (M̄ = 1) and c ≥ cκ(M̄) (c > 0). We now show that we
can construct the same smooth TWS of system (1) connecting (N,M) = (1, 0) and
(N,M) = (0, M̄) from a solution of system (11).

Fix α = α(c) such that the solution (n1(y), p1(y),m1(y)) of system (8) that
satisfies the asymptotic conditions (26) remains in region D for all y ∈ R and
converges to (0, 0, M̄) as y → +∞. Let (n2(y), p2(y),m2(y)) be the solution of (11)
that satisfies the asymptotic conditions (26) for the same α.

In Sections 3 and 4, we showed the topological equivalence of systems (8) and
(11) in region D for all c > 0 and κ > 0. Using the homeomorphism h, de-
fined in (16), that maps solutions of system (8) to solutions of system (11) in
region D, we know that (n2(y),m2(y)) = h(n1(y),m1(y)) = (n1(y),m1(y)) for all
y ∈ R ∪ {−∞}. By the convergence (as y → +∞) and continuity of solutions of
systems (8) and (11), it is straightforward to show that limy→+∞(n2(y),m2(y)) =
limy→+∞ h(n1(y),m1(y)) = (0, M̄).

We can then set

(N2(ξ),M2(ξ)) := (n2(Φ(ξ)),m2(Φ(ξ))

= (n1(Φ(ξ)),m1(Φ(ξ))

=: (N1(ξ),M1(ξ))

(27)

for all ξ ∈ R ∪ {−∞,+∞}, where Φ is defined in (5).
Hence, the solution (n2(y), p2(y),m2(y)) of system (11) can be used to con-

struct solutions (N2(ξ),M2(ξ)), ξ ∈ R ∪ {−∞,+∞}, that are equal to the TWS,
(N1(ξ),M1(ξ)), ξ ∈ R∪{−∞,+∞}, of the PDE model (1) constructed using system
(8).

Overall, we have proved that, for any c > 0 and κ > 0, the systems (8) and (11)
describe the same TWS, despite the fact that the two systems are not topologically
equivalent in the plane m ≡ 1.

6. Concluding remarks. In this paper, we considered a reaction-diffusion PDE
model of tumour invasion (1) characterised by nonlinear, degenerate cross-diffusion.
We previously carried out a travelling wave analysis for this model in [5] using an
ODE system that was derived by applying a classical desingularisation procedure
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and, subsequently, introducing an additional dependent variable to obtain a first-
order system. One might assume that such an ODE system is unique for any given
PDE system. However, we found that another, different ODE system can also
be derived from system (1) if we switch the ordering of the desingularisation and
the introduction of the new dependent variable. Our aim here was, therefore, to
investigate the dynamical relationship between the two distinct ODE systems that
correspond to PDE system (1), in particular, in the context of its TWS.

Accordingly, we derived the two distinct ODE systems, (8) and (11), and showed
analytically and numerically that, while both of these systems describe the same
TWS of (1), they are not always topologically equivalent in the systems’ solution
spaces. In particular, their topological equivalence is parameter-dependent and
only guaranteed when 0 ≤ κ ≤ c2, where we recall that κ is the dimensionless
ECM degradation rate and c is the wave speed. When κ > c2, we no longer
have topological equivalence in the plane m ≡ 1, which leads to the breakdown in
topological equivalence of the two systems.

The lack of topological equivalence of systems (8) and (11) when κ > c2 is of
particular interest because it is associated with the solutions of system (11) no
longer being monotonic with respect to the shooting parameter α ≥ 0. Indeed, the
monotonicity of solutions with respect to α is a key property satisfied by system (8)
for all c > 0 and κ > 0. Without this desirable property, the proof of the existence
and uniqueness of TWS of system (1) that we developed in [5] breaks down. In
other words, our proof could not have been applied to system (11), and a different
approach would be necessary using this second system.

This present study, thus, highlights the importance of carefully considering when
to apply a desingularisation procedure when studying TWS of degenerate PDE
models. The timing of the desingularisation step can lead to distinct ODE systems
that may have more or less desirable properties depending on the intended goal of
the study. In general, applying the desingularisation step such that the resulting
ODE system is non-singular (i.e., as system (8) and unlike system (9)) is likely to
be the more appropriate approach.
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