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 a b s t r a c t

Experimental studies show that tumor cells adopt migratory or proliferative phenotypes depending on the local 
extracellular matrix (ECM). In this work, we propose a minimal go-or-grow invasion model, comprising two 
specialist cell phenotypes: proliferating and migratory, with phenotypic switching and cell migration depending 
on local ECM density. Numerical simulations of this model reveal that the spatial arrangement of proliferative 
and migratory cells depends on the choice of phenotypic switching function. We then ask whether this specialist 
cell-phenotype model can be reduced to a generalist cell-phenotype model. We derive a relationship between 
the reduced model and go-or-grow model in the fast phenotypic switching regime. We observe that the reduced 
model captures the dynamics of the original model, for a range of realistic phenotypic switching functions. 
We analytically derive the minimum traveling wave speed of the reduced model in a homogeneous ECM bed. 
Moreover, using linear stability analysis on the go-or-grow model, we recover the same wave speed expression. 
In addition, we numerically explore how the key parameters influence the traveling wave speed profile. Our 
analysis indicated the counter-intuitive result that the wave speed is independent of the matrix degradation rate, 
and our simulations show that, at most, the speed is weakly dependent on this parameter.

1.  Introduction

Tumors consist of diverse populations of cells that exhibit various 
phenotypes, including migratory and proliferative cells. These cells can 
switch phenotypes in response to distinct driving forces in the tumor 
microenvironment. For example, hypoxia, a shortage of oxygen, oc-
curs due to high oxygen consumption at the tumor periphery and is 
a factor in cells switching their phenotype during tumor invasion [1]. 
Numerous studies have shown that hypoxia regulates the epithelial-to-
mesenchymal transition (EMT), in which epithelial cells, which are typ-
ically less migratory and more proliferative, transition to a mesenchy-
mal phenotype characterized by increased migratory potential and re-
duced proliferation [2–5]. Additionally, hypoxia influences metabolic 
processes, prompting tumor cells to shift their glucose metabolism from 
oxidative phosphorylation to glycolysis. This switch results in excessive 
lactate, H+ ions, and CO2 production, leading to an acidic tumor mi-
croenvironment. The acidity of this microenvironment also plays a criti-
cal role in phenotypic switching [6]. Furthermore, experimental studies 
showed that when cells are in a highly crowded cell area, they may 
inhibit proliferation but activate the migration mode in response to nu-
trient limitation [7,8]. Recently, experimental studies have shown that 

∗ Corresponding authors.
 E-mail addresses: gopinaths@iisc.ac.in (G. Sadhu), mkjolly@iisc.ac.in (M.K. Jolly), philip.maini@maths.ox.ac.uk (P.K. Maini).

the extracellular matrix (ECM) also controls phenotypic switching be-
tween cell types [9,10]. However, the mechanisms underlying how these 
phenotypic switches influence tumor migration dynamics remain poorly 
understood.

Numerous mathematical models have been proposed to elucidate the 
dynamics of tumor growth and invasion [11–13]. Among those models, 
the go-or-grow modeling framework, where one cell population only 
proliferates, and another cell population only migrates, is the most pop-
ular phenotypic model to study cancer invasion [14–16]. El-Hachem et 
al. [17] proposed an invasion model in which a single species invades 
the surrounding ECM medium, and cell diffusion is influenced by the 
ECM’s volumetric effects. This modeling framework is extended in the 
go-or-grow architecture by incorporating heterogeneity in tumor cell 
phenotypes [12], and it is assumed that cellular migration is hindered 
by the collective volumetric effects of local cells and ECM densities. In 
addition, phenotypic switching is based on local tumor microenviron-
mental factors, such as total cell density, spatial constraints, and ECM 
density [8,18]. Recently, Falcó et al. [8] analyzed the traveling-wave be-
havior of a go-or-grow model in which phenotypic switching between 
the populations depends on the total cell density. Crossley et al. [18] 
proposed a phenotypically structured invasion model of tumor invasion 
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$m(\mathbf {x},t)$


$p(\mathbf {x},t)$


$e(\mathbf {x},t)$


$t$


$\mathbf {x}=(x,y,z)$


\begin {equation}n(\mathbf {x},t) = m(\mathbf {x},t) + p(\mathbf {x},t). \label {Xeqn1-1}\end {equation}


\begin {align}&\frac {\partial p}{\partial t}=\mu p\left (1-\frac {n+e}{K}\right )-\alpha (e) p +\beta (e) m, \label {eq:proliferative}\\ &\frac {\partial m}{\partial t}=\nabla \cdot (D(e)\nabla m) +\alpha (e) p -\beta (e) m \label {eq:migratory},\\ &\frac {\partial e}{\partial t}=-\lambda m e\label {eq:ecm},\end {align}


$\nabla ^2=\frac {\partial ^2}{\partial x^2}+\frac {\partial ^2}{\partial y^2}+\frac {\partial ^2}{\partial z^2}$


$\mu $


$K$


$\alpha (e)$


$\beta (e)$


$D(e)$


$D'(e)<0$


$\lambda $


$\varepsilon $


\begin {equation}\varepsilon =\frac {\text {phenotypic switching time scale}}{\text {population dynamics time scale}}. \label {Xeqn2-5}\end {equation}


$0<\varepsilon \ll 1$


\begin {equation}\alpha (e) = \frac {1}{\varepsilon }\,\tilde {\alpha }(e), \qquad \beta (e) = \frac {1}{\varepsilon }\,\tilde {\beta }(e), \qquad 0 < \varepsilon \ll 1, \label {Xeqn3-6}\end {equation}


$\tilde {\alpha }(e), \tilde {\beta }(e)= \mathcal {O}(1)$


\begin {align}&\frac {\partial p}{\partial t}=\mu \, p \left ( 1 - \frac {n+e}{K} \right )+ \frac {1}{\varepsilon }\tilde {\beta }(e)\, m - \frac {1}{\varepsilon }\tilde {\alpha }(e)\, p,\label {eq:fast_proli}\\ &\frac {\partial m}{\partial t} =\nabla \cdot \big ( D(e) \nabla m \big )- \frac {1}{\varepsilon }\tilde {\beta }(e)\, m + \frac {1}{\varepsilon }\tilde {\alpha }(e)\, p\label {eq:fast_migra},\\ &\frac {\partial e}{\partial t}=-\lambda m e.\label {eq:fast_ecm}\end {align}


$\varepsilon \to 0$


\begin {equation}\tilde {\beta }(e)\, m = \tilde {\alpha }(e)\, p, \label {Xeqn4-10}\end {equation}


$p$


$m$


$n$


\begin {equation}m = \Theta (e)\, n, \qquad p = \big (1 - \Theta (e)\big )\, n,~\text {where} ~ 0<\Theta (e) = \frac {\alpha (e)} {\alpha (e) + \beta (e)}<1. \label {Xeqn5-11}\end {equation}


\begin {align}&\frac {\partial n}{\partial t}=\nabla \cdot (D(e)\nabla (\Theta (e) n) )+r(e)\, n \left ( 1 - \frac {n+e}{K} \right ),\label {eq:mixed_single}\\ &\frac {\partial e}{\partial t}=-\lambda \Theta (e)ne\label {eq:mixed_ecm},\end {align}


\begin {equation}r(e) = \big (1 - \Theta (e)\big )\, \mu . \label {Xeqn6-14}\end {equation}


$\lambda =0$


$e(x,t)=e_0$


\begin {equation}\label {eq:classical_FKPP} \frac {\partial n}{\partial t}=D(e_0)\Theta (e_0)\nabla ^2n+\mu (1-\Theta (e_0))(1-\frac {e_0}{K})(1-\frac {n}{K-e_0}).\end {equation}
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$z=x-ct\in (-\infty , \infty )$
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\begin {align}&-c\frac {dU_1}{dz}=\mu U_1(1-\frac {U_1+U_2+U_3}{K})-\alpha (U_3)U_1+\beta (U_3)U_2\label {eq:TW_proli}\\ &-c\frac {dU_2}{dz}=D_m\frac {d^2U_2}{dz^2}-D_m\frac {d}{dz}(U_3\frac {dU_2}{dz})+\alpha (U_3)U_1-\beta (U_3)U_2\label {eq:TW_migra}\\ &-c\frac {dU_3}{dz}=-\lambda U_2U_3.\label {eq:TW_ecm}\end {align}


\begin {align}&\mu U_1(1-\frac {U_1+U_2+U_3}{K})=0,\\ &\alpha (U_3)U_1-\beta (U_3)U_2=0,\\ &U_2U_3=0.\end {align}


$(U_1,U_2,U_3)$


$(0,0,U_3^*)$


$U_3^*$


$(\frac {K\beta (0)}{\alpha (0)+\beta (0)}, \frac {K\alpha (0)}{\alpha (0)+\beta (0)}, 0)$


$(K-U_3^{**},0,U_3^{**})$


$\alpha (U_3^{**})=0$


$U_3^*=e_0$


$\alpha =10e$


$\alpha =\frac {10e^3}{0.3^3+e^3}$


$U_3^{**}=0$


$(K,0,0)$


$U_1=U_2=0$


$U_3=e_0$


$U_1=0+\widetilde {U}_1$


$U_2=0+\widetilde {U}_2$


$U_3=e_0+\widetilde {U}_3$


$|\widetilde {U_i}|\ll 1$


$i=1,2,3$


$\sim $


\begin {align}&-c\frac {dU_1}{dz}=\mu (1-\frac {e_0}{K})U_1-\alpha (e_0)U_1+\beta (e_0)U_2\label {eq:TW_proli_linear}\\ &-c\frac {dU_2}{dz}=D_m\frac {d^2U_2}{dz^2}-D_mU_3\frac {d^2U_2}{dz^2}+\alpha (e_0)U_1-\beta (e_0)U_2\label {eq:TW_migra_linear}\\ &-c\frac {dU_3}{dz}=-\lambda e_0U_2.\label {eq:TW_ecm_linear}\end {align}


$U_1(z)\sim A \exp (\sigma z)$
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\begin {equation}\underbrace {\begin {pmatrix} \widehat {\mu }+c\sigma -\alpha _0 & \beta _0& 0 \\ \alpha _0 & c\sigma +\widehat {D}_m\sigma ^2-\beta _0&0\\ 0&-\lambda e_0&c\sigma \end {pmatrix}}_{M} \begin {pmatrix} A \\ B\\ D \end {pmatrix}=0, \label {Xeqn8-25}\end {equation}
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\begin {align}&c\sigma =0\\ &c\widehat {D}_m\sigma ^3+\sigma ^2( c^2+\widehat {D}_m\widehat {\mu }-\widehat {D}_m\alpha _0)+c\sigma (\widehat {\mu }-\alpha _0-\beta _0)-\widehat {\mu }\beta _0=0,\label {eq:cubic}\end {align}
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\begin {equation}c\widehat {D}_m\epsilon \sigma ^3+\sigma ^2(\epsilon c^2+\widehat {D}_m\widehat {\mu }\epsilon -\widehat {D}_m\widehat {\alpha }_0)+c\sigma (\widehat {\mu }\epsilon -\widehat {\alpha }_0-\widehat {\beta }_0)-\widehat {\mu }\widehat {\beta }_0=0. \label {Xeqn9-28}\end {equation}


$\epsilon \rightarrow 0$


\begin {equation}\widehat {D}_m\widehat {\alpha }_0\sigma ^2+c(\widehat {\alpha }_0+\widehat {\beta }_0)\sigma +\widehat {\mu }\widehat {\beta }_0=0. \label {Xeqn10-29}\end {equation}
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\begin {equation}U= \begin {pmatrix} U_1 \\ U_2\\ U_3 \end {pmatrix}=C_1 v_1 e^{\sigma _1 z}+C_2 v_2 e^{\sigma _2 z}+C_3 v_3 e^{\sigma _3 z}. \label {Xeqn11-30}\end {equation}
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in which phenotypic switching depends on ECM density. However, how 
ECM-dependent phenotypic switching affects invasion properties (such 
as speed) in a go-or-grow model remains poorly understood.

In this work, we propose a go-or-grow model of tumor invasion into 
an ECM bed in which the local ECM density regulates phenotypic switch-
ing. The model consists of a coupled system of three partial differen-
tial equations (PDEs) describing two specialist cell types: proliferating 
cells and migratory cells, and the ECM. We assume that the rates of
phenotypic switching between proliferative and migratory states can ei-
ther be constant, or depend on local ECM density: tumor cells switch 
from a proliferative to a migratory state when ECM density increases, 
while migratory cells revert to a proliferative phenotype when ECM den-
sity decreases [19,20]. The diffusion of migratory cells depends on the 
local ECM density. This study investigates the conditions under which 
the go-or-grow model for two specialist cell phenotypes can be reduced 
to a single-phenotype cell model, and examines the relationship between 
the two models. We confirm that the behavior of the go-or-grow model 
is accurately captured by the reduced model in the fast-phenotype-
switching regime by numerical simulations across different choices of 
phenotypic switching functions. We also find that in this regime, linear 
analysis of the traveling wave far ahead of the front yields an expression 
for the minimum wave speed identical to that derived for the reduced 
model. However, this analysis also reveals a positive eigenvalue suggest-
ing that, counter to standard traveling wave analysis, the steady state far 
ahead of the wave is unstable in the traveling wave coordinate system. 
We hypothesize that the behavior of the solution far behind the wave-
front forces it to lie in the stable manifold of the solution far ahead of 
the front. This is confirmed by linear analysis and numerical simulations 
of the go-or-grow model.

2.  A go-or-grow invasion model

Let 𝑚(𝐱, 𝑡), 𝑝(𝐱, 𝑡) and 𝑒(𝐱, 𝑡) denote the densities of migratory cells, 
proliferative cells and ECM, respectively, at time 𝑡 and position 𝐱 =
(𝑥, 𝑦, 𝑧) in cartesian coordinate space and define the total cell density 
by

𝑛(𝐱, 𝑡) = 𝑚(𝐱, 𝑡) + 𝑝(𝐱, 𝑡). (1)

A minimal go-or-grow invasion model, where phenotypic switching and 
proliferation may depend on local ECM density, and ECM is degraded 
by migratory cells, is given by
𝜕𝑝
𝜕𝑡

= 𝜇𝑝
(

1 − 𝑛 + 𝑒
𝐾

)

− 𝛼(𝑒)𝑝 + 𝛽(𝑒)𝑚, (2)

𝜕𝑚
𝜕𝑡

= ∇ ⋅ (𝐷(𝑒)∇𝑚) + 𝛼(𝑒)𝑝 − 𝛽(𝑒)𝑚, (3)

𝜕𝑒
𝜕𝑡

= −𝜆𝑚𝑒, (4)

where ∇2 = 𝜕2

𝜕𝑥2
+ 𝜕2

𝜕𝑦2
+ 𝜕2

𝜕𝑧2
. The proliferating cells proliferate at a linear 

rate 𝜇 logistically, depending on the ECM and total cell densities with 
carrying capacity 𝐾. The proliferative cells switch into migratory cells 
either at a constant rate, or as an increasing function 𝛼(𝑒) of ECM den-
sity [19]. Phenotypic switching from migratory to proliferative cells is 
either constant or a decreasing function 𝛽(𝑒) of ECM density. Experimen-
tal studies reported that the surrounding ECM hinders tumor migration 
[21], so, we take the diffusivity of migratory cells, 𝐷(𝑒), to be a decreas-
ing function with 𝐷′(𝑒) < 0. The last equation models ECM degradation 
due to migratory cells with a degradation rate 𝜆.

For the rest of the paper, we will refer to this model as the go-or-grow 
model.

2.1.  Model reduction to a mixed cellular phenotype model for invasion

Experimental studies reported that the time-scale of switching be-
tween proliferative and migratory phenotypes can be faster than that 
of cellular-level dynamics, such as cell proliferation, cell migration, and 

ECM degradation [22]. We define the parameter 𝜀 to be the ratio be-
tween the phenotypic switching time scale and the population dynamics 
time scale, namely

𝜀 =
phenotypic switching time scale
population dynamics time scale . (5)

The condition 0 < 𝜀 ≪ 1 implies that phenotypic adaptation occurs 
much faster than migration or proliferation. Fast phenotypic switching 
is modeled for Eqs. (2)-(3) by assuming [8,23]

𝛼(𝑒) = 1
𝜀
𝛼̃(𝑒), 𝛽(𝑒) = 1

𝜀
𝛽(𝑒), 0 < 𝜀 ≪ 1, (6)

where 𝛼̃(𝑒), 𝛽(𝑒) = (1).

Hence, the typical fast-switching system takes the form
𝜕𝑝
𝜕𝑡

= 𝜇 𝑝
(

1 − 𝑛 + 𝑒
𝐾

)

+ 1
𝜀
𝛽(𝑒)𝑚 − 1

𝜀
𝛼̃(𝑒) 𝑝, (7)

𝜕𝑚
𝜕𝑡

= ∇ ⋅
(

𝐷(𝑒)∇𝑚
)

− 1
𝜀
𝛽(𝑒)𝑚 + 1

𝜀
𝛼̃(𝑒) 𝑝, (8)

𝜕𝑒
𝜕𝑡

= −𝜆𝑚𝑒. (9)

In the limit 𝜀 → 0, the leading-order balance yields the relation
𝛽(𝑒)𝑚 = 𝛼̃(𝑒) 𝑝, (10)

and the two cell densities 𝑝 and 𝑚 can be related to the total cell density 
(𝑛) via

𝑚 = Θ(𝑒) 𝑛, 𝑝 =
(

1 − Θ(𝑒)
)

𝑛, where 0 < Θ(𝑒) =
𝛼(𝑒)

𝛼(𝑒) + 𝛽(𝑒)
< 1. (11)

Substituting these expressions into the total density equation (sum of 
Eqs. (7) and (8)) leads to the reduced invasion model
𝜕𝑛
𝜕𝑡

= ∇ ⋅ (𝐷(𝑒)∇(Θ(𝑒)𝑛)) + 𝑟(𝑒) 𝑛
(

1 − 𝑛 + 𝑒
𝐾

)

, (12)

𝜕𝑒
𝜕𝑡

= −𝜆Θ(𝑒)𝑛𝑒, (13)

where

𝑟(𝑒) =
(

1 − Θ(𝑒)
)

𝜇. (14)

In the rest of the paper, we refer to this model as the reduced model.
When 𝜆 = 0, the ECM will have a fixed density, i.e., 𝑒(𝑥, 𝑡) = 𝑒0. Then 
Eq. (12) becomes
𝜕𝑛
𝜕𝑡

= 𝐷(𝑒0)Θ(𝑒0)∇2𝑛 + 𝜇(1 − Θ(𝑒0))(1 −
𝑒0
𝐾

)(1 − 𝑛
𝐾 − 𝑒0

). (15)

This has the form of the classic Fisher-KPP equation.

3.  Numerical results

In this section we demonstrate, through taking specific forms of phe-
notypic switching functions, that the reduced generalized-phenotype 
model can capture the go-or-grow invasion model, in the fast pheno-
typic switching regime. To solve the model (Eqs. (2)–(4)) and reduced 
model (Eqs. (12)-(13)) we consider the one-dimensional case with do-
main [0, 𝐿] along the positive x-axis.

To obtain numerical results, we employed the forward time central 
difference in space (FTCS) scheme within a finite difference framework 
in a one-dimensional Cartesian domain [0, 𝐿] (details are described in 
Appendix A). For the specialist phenotype model (Eqs. (2) and (3)), we 
assumed that the tumor initially grows solely from proliferative cells. 
Hence, we take initial conditions 𝑝(𝑥, 0) = 0.5 for 0 ≤ 𝑥 < 2 and 𝑝(𝑥, 0) =
0 for 𝑥 > 2, 𝑚(𝑥, 0) = 0 and 𝑒(𝑥, 0) = 𝑒0 for 𝑥 ∈ [0, 𝐿] with 𝐿 = 10. For the 
migratory cells (𝑚(𝑥, 𝑡)), we employ zero-flux conditions at the boundary 
points 𝑥 = 0 and 𝐿. For the mixed phenotype model (Eq. 12), we use 
zero-flux conditions at the boundary points [0, 𝐿] and initial condition 
𝑛(𝑥, 0) = 0.5 for 0 ≤ 𝑥 < 2 and 𝑛(𝑥, 0) = 0 for 𝑥 > 2, and 𝑒(𝑥, 0) = 𝑒0 for 
𝑥 ∈ [0, 𝐿].

Fig. 1 displays the spatial distribution of specialist phenotype cells: 
proliferative (𝑝) and migratory cell (𝑚), generalized phenotype cell (𝑛), 
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Fig. 1. Numerical solutions for the two models given by equations Eqs. (2)–(4) and Eqs. (12)-(13). The spatial distribution of 𝑝, 𝑚, 𝑝 + 𝑚 and 𝑛 at t = 40 and 80 for (i) 
𝛼(𝑒) = 10, 𝛽(𝑒) = 20, (ii) 𝛼(𝑒) = 10𝑒, 𝛽(𝑒) = 20(1 − 𝑒), (iii) 𝛼(𝑒) = 10 𝑒3

0.33+𝑒3
, 𝛽(𝑒) = 20 0.33

0.33+𝑒3
, (iv) 𝛼(𝑒) = 10, 𝛽(𝑒) = 20(1 − 𝑒) and (v) 𝛼(𝑒) = 10𝑒, 𝛽(𝑒) = 20. Other parameter 

values are 𝑒0 = 0.5, 𝜇 = 1 and 𝜆 = 5, 𝐾 = 1 and 𝐷(𝑒) = 0.02(1 − 𝑒
𝐾
). (vi) Comparison of tumor front point propagation over time for different choices of phenotypic 

switching functions.

and ECM (𝑒) densities. It is observed that our reduced model captures 
the behavior of the go-or-grow model for each choice of phenotypic-
switching functional form. In addition, it is interesting to observe that 
proliferative and migratory cells can coexist throughout the tumor when 
phenotypic switching is constant, or switching from migratory to pro-
liferative occurs only in response to local ECM density (Fig. 1i and iv). 
A similar observation is reported in the previous study by Falco et al. 
[8] in the go-or-grow architecture when the phenotypic switching func-
tions are constant. When the phenotypic switching function that drives 
proliferative cells to become migratory depends on ECM density, migra-
tory cells are at the tumor periphery (Fig. 1ii, iii and v). In addition, we 
tracked the position of the tumor front across different functional forms 
of phenotypic switching (Fig. 1vi). We observe that tumor invasion be-
comes more aggressive when the transition rate from proliferative to 
migratory cells is independent of the ECM. In contrast, the reverse tran-
sition (migratory to proliferative) remains ECM-dependent. In contrast, 
when the transition from migratory to proliferative cells is independent 
of ECM density, and the proliferative-to-migratory switch depends on 
the ECM, tumor invasion is slowed.

4.  Traveling wave analysis for specialist phenotype cell 
populations

We now consider the go-or-grow model equations (Eqs. (2)–(4)) in 
a one-dimensional Cartesian coordinate system to analyze constant pro-

file, constant speed, traveling wave solutions of the form: 𝑝(𝑥, 𝑡) = 𝑈1(𝑧), 
𝑚(𝑥, 𝑡) = 𝑈2(𝑧) and 𝑒(𝑥, 𝑡) = 𝑈3(𝑧), where 𝑧 = 𝑥 − 𝑐𝑡 ∈ (−∞,∞) and 𝑐 > 0
is the constant wave speed. Hence, the system Eqs. (2)–(4) in the trav-
eling wave coordinate becomes

− 𝑐
𝑑𝑈1
𝑑𝑧

= 𝜇𝑈1(1 −
𝑈1 + 𝑈2 + 𝑈3

𝐾
) − 𝛼(𝑈3)𝑈1 + 𝛽(𝑈3)𝑈2 (16)

− 𝑐
𝑑𝑈2
𝑑𝑧

= 𝐷𝑚
𝑑2𝑈2

𝑑𝑧2
−𝐷𝑚

𝑑
𝑑𝑧

(𝑈3
𝑑𝑈2
𝑑𝑧

) + 𝛼(𝑈3)𝑈1 − 𝛽(𝑈3)𝑈2 (17)

− 𝑐
𝑑𝑈3
𝑑𝑧

= −𝜆𝑈2𝑈3. (18)

The steady state equations for the above system are

𝜇𝑈1(1 −
𝑈1 + 𝑈2 + 𝑈3

𝐾
) = 0, (19)

𝛼(𝑈3)𝑈1 − 𝛽(𝑈3)𝑈2 = 0, (20)

𝑈2𝑈3 = 0. (21)

The solutions to these are (𝑈1, 𝑈2, 𝑈3):

SS1: (0, 0, 𝑈∗
3 ), where 𝑈∗

3  is an arbitrary constant.
SS2: ( 𝐾𝛽(0)

𝛼(0)+𝛽(0) ,
𝐾𝛼(0)

𝛼(0)+𝛽(0) , 0).
SS3: (𝐾 − 𝑈∗∗

3 , 0, 𝑈∗∗
3 ) with 𝛼(𝑈∗∗

3 ) = 0.

Note, SS1 is precisely the state we observe far ahead of the wave, with 
𝑈∗
3 = 𝑒0, while SS2 and SS3 are the states we observe behind the front. 
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It is interesting to notice that SS2 corresponds to panel (i) and (iv) of 
Fig. 1. Clearly, for the choice of linear (𝛼 = 10𝑒) or Hill (𝛼 = 10𝑒3

0.33+𝑒3 ) 
types, 𝑈∗∗

3 = 0, hence the steady state (SS3) is (𝐾, 0, 0), which is observed 
in Fig. 1 ii and v. It is observed from Fig. 1(iii) that the system has not 
yet reached a steady state. We have shown on a larger domain that the 
ECM in the tumor region does indeed tend to zero over time (SI Figure 
S1).

4.1.  Dispersion relation

Far-ahead of wave, the steady state is 𝑈1 = 𝑈2 = 0 and 𝑈3 = 𝑒0. For 
linear stability analysis, we consider 𝑈1 = 0 + 𝑈1, 𝑈2 = 0 + 𝑈2 and 𝑈3 =
𝑒0 + 𝑈3 where |𝑈𝑖| ≪ 1 for 𝑖 = 1, 2, 3. Substituting into Eqs. (16)–(18) and 
ignoring higher order terms, on dropping the‘∼’, the linearized system 
takes the form

− 𝑐
𝑑𝑈1
𝑑𝑧

= 𝜇(1 −
𝑒0
𝐾

)𝑈1 − 𝛼(𝑒0)𝑈1 + 𝛽(𝑒0)𝑈2 (22)

− 𝑐
𝑑𝑈2
𝑑𝑧

= 𝐷𝑚
𝑑2𝑈2

𝑑𝑧2
−𝐷𝑚𝑈3

𝑑2𝑈2

𝑑𝑧2
+ 𝛼(𝑒0)𝑈1 − 𝛽(𝑒0)𝑈2 (23)

− 𝑐
𝑑𝑈3
𝑑𝑧

= −𝜆𝑒0𝑈2. (24)

By substituting 𝑈1(𝑧) ∼ 𝐴 exp(𝜎𝑧), 𝑈2(𝑧) ∼ 𝐵 exp(𝜎𝑧) and 
𝑈3(𝑧) ∼ 𝐷 exp(𝜎𝑧), where 𝐴,𝐵 and 𝐷 are constant, we obtain
⎛

⎜

⎜

⎝

𝜇 + 𝑐𝜎 − 𝛼0 𝛽0 0
𝛼0 𝑐𝜎 + 𝐷̂𝑚𝜎2 − 𝛽0 0
0 −𝜆𝑒0 𝑐𝜎

⎞

⎟

⎟

⎠

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑀

⎛

⎜

⎜

⎝

𝐴
𝐵
𝐷

⎞

⎟

⎟

⎠

= 0, (25)

where 𝜇 = 𝜇(1 − 𝑒0
𝐾 ), 𝐷̂𝑚 = 𝐷𝑚(1 −

𝑒0
𝐾 ), 𝛼0 = 𝛼(𝑒0) and 𝛽0 = 𝛽(𝑒0). In or-

der to ensure that 𝐴,𝐵,𝐷 ≠ 0, we require det(𝑀) = 0, which gives
𝑐𝜎 = 0 (26)

𝑐𝐷̂𝑚𝜎
3 + 𝜎2(𝑐2 + 𝐷̂𝑚𝜇 − 𝐷̂𝑚𝛼0) + 𝑐𝜎(𝜇 − 𝛼0 − 𝛽0) − 𝜇𝛽0 = 0, (27)

We now make the following observations:

1: 𝜎 = 0 implies SS1 can, at best, be neutrally stable.
2: From Eq. (27), it is clear that one root is positive, making SS1 unsta-
ble, implying that, contrary to our simulation results, we should not 
be observing a constant profile, constant speed, traveling wave.

3: We require the remaining two roots to be real and negative (employ-
ing the usual non-negativity of solutions argument).

4: The stability of the steady state, and hence the wave speed, is inde-
pendent of 𝜆.

Standard analysis of a cubic (see Appendix B) shows that we need 𝑐 ≥

𝑐min =
2
√

𝐷̂𝑚𝜇𝛼0𝛽0
𝛼0+𝛽0

. for the two other roots of 𝜎 to be purely real.
Note that Eq. (27) is independent of 𝜆 implying that the go-or-grow 

model will have a wave speed 𝑐 that does not depend on 𝜆.
Hence, we are left with the issue of the root that is positive, implying 

an instability. While the system is too complicated to analyze in general, 
we consider the fast phenotypic regime, 𝛼0 = 𝛼0

𝜖 , 𝛽0 =
𝛽0
𝜖 , where 0 < 𝜖 ≪

1 and ̂𝛼0, 𝛽0 = (1), Eq. (27) becomes
𝑐𝐷̂𝑚𝜖𝜎

3 + 𝜎2(𝜖𝑐2 + 𝐷̂𝑚𝜇𝜖 − 𝐷̂𝑚𝛼0) + 𝑐𝜎(𝜇𝜖 − 𝛼0 − 𝛽0) − 𝜇𝛽0 = 0. (28)

As 𝜖 → 0, this reduces to
𝐷̂𝑚𝛼0𝜎

2 + 𝑐(𝛼0 + 𝛽0)𝜎 + 𝜇𝛽0 = 0. (29)

This equation has solutions with negative real part, but for purely real 
solutions, we require the discriminant to be non-negative, hence we de-

rive the condition 𝑐 ≥ 2
√

𝐷̂𝑚𝜇𝛼0𝛽0
𝛼0+𝛽0

= 2
√

𝐷𝑚𝜇Θ(𝑒0)(1 − Θ(𝑒0))(1 −
𝑒0
𝐾 ). This same expression can be 

obtained in an alternative way, as shown in Appendix B and, in fact, 

also arises from Eq. (15), which is the classical Fisher KPP equation. 
Indeed for the reduced model, far-ahead of the wave, even with a 
non-zero value of the matrix degradation rate 𝜆, the linear analysis still 
predicts a wave speed that is independent of 𝜆.

Under this condition on 𝑐, Eq. (27) has one positive real root 
and two negative real roots; 𝜎1, 𝜎2 < 0 and 𝜎3 > 0. So, 𝜎1, 𝜎2 and 𝜎3 are 
eigenvalues, and we denote their corresponding eigenvectors by 𝑣1, 𝑣2
and 𝑣3, respectively. Hence

𝑈 =
⎛

⎜

⎜

⎝

𝑈1
𝑈2
𝑈3

⎞

⎟

⎟

⎠

= 𝐶1𝑣1𝑒
𝜎1𝑧 + 𝐶2𝑣2𝑒

𝜎2𝑧 + 𝐶3𝑣3𝑒
𝜎3𝑧. (30)

In the fast phenotype regime, the eigenvectors for 𝜎1 and 𝜎2 are 𝑣1 =
⎛

⎜

⎜

⎜

⎝

𝛽0
𝛼0
1
𝜆𝑒0
𝑐𝜎1

⎞

⎟

⎟

⎟

⎠

 and 𝑣2 =
⎛

⎜

⎜

⎜

⎝

𝛽0
𝛼0
1
𝜆𝑒0
𝑐𝜎2

⎞

⎟

⎟

⎟

⎠

, respectively.

Note that far behind the wave 𝑈 =
⎛

⎜

⎜

⎝

𝑈 𝑏
1

𝑈 𝑏
2
0

⎞

⎟

⎟

⎠

 where 𝛼0𝑈 𝑏
1 = 𝛽0𝑈 𝑏

2 . Hence, to 

match with the solution far ahead of the wave, supposing that we take 
𝑧 = 0 to be the position of the front, we have the matching condition:

𝑈 =
⎛

⎜

⎜

⎝

𝑈 𝑏
1

𝑈 𝑏
2
0

⎞

⎟

⎟

⎠

= 𝐶1𝑣1 + 𝐶2𝑣2 + 𝐶3𝑣3,where 𝑣3 =
⎛

⎜

⎜

⎝

𝑣31
𝑣32
𝑣33

⎞

⎟

⎟

⎠

(31)

We obtain, 𝐶1 = −
𝜎1𝑈𝑏

2
𝜎2−𝜎1

, 𝐶2 =
𝜎2𝑈𝑏

2
𝜎2−𝜎1

 and 𝐶3 = 0 (details shown in Ap-
pendix C). Hence, we hypothesize that the reason why we obtain con-
stant profile constant speed traveling waves is that, to match with the 
solution behind the wave, solution trajectories fall into the stable plane 
of the solution ahead of the front. Note that this behavior is a gener-
alization, to a three-dimensional phase space, of the classical Fitzhugh-
Nagumo case, where in the two-dimensional phase space, a traveling 
wave solution corresponds to a trajectory joining two saddle points [24].

4.2.  Comparison of wave speed generated from numerical simulations of 
the full system with the analytical solution derived from the linearized 
system

This section examines differences in wave-speed profiles calculated 
numerically from solving the full nonlinear system, with our analyti-
cally derived wave-speed, across various combinations of 𝛼 and 𝛽, where 
𝛼, 𝛽 = 0, 1,… , 15 in the ECM dependent phenotypic switching functions 
𝛼(𝑒) = 𝛼𝑒 and 𝛽(𝑒) = 𝛽(1 − 𝑒). Numerical solutions of the nonlinear sys-
tem with zero degradation rate (𝜆 = 0) indicate that, for small pheno-
typic switching rates, the wave speed is asymmetric (Fig. 2a), which 
is inconsistent with the expression for 𝑐min = 2

√

𝐷𝑚𝜇𝛼𝛽
(1− 𝑒0

𝐾 )
𝛼+𝛽  derived 

above. However, symmetry in wave speed emerges for higher values of 𝛼
and 𝛽 above 5. The maximum wave speed occurs along 𝛼 = 𝛽, consistent 
with the analytical wave speed expression 2√𝐷𝑚𝜇𝛼𝛽

(1− 𝑒0
𝐾 )

𝛼+𝛽 . Notably, for 
a non-zero degradation rate (𝜆 = 5), the speed does not reach its maxi-
mum at 𝛼 = 𝛽. Instead, the maximum wave speed follows a line in the 
(𝛼, 𝛽) coordinate system with a gradient less than 1 (Fig. 2b). However, 
in fast phenotypic switching regimes, the traveling wave (TW) speed ex-
hibits a similar pattern for the analytic expression and the numerically 
solved full nonlinear system (first and second panels of Fig. 2c). It is in-
teresting to note that for a large value of 𝛼 and 𝛽 the differences between 
the analytical solution and numerical solution of the TW speed are neg-
ligible (third panel of Fig. 2c). Examination of the effect of degradation 
rate on TW speed in the fast phenotypic switching regime reveals no 
significant change between 𝜆 = 0, 5 and 10 for different choices of 𝛼 and 
𝛽 (Fig. 2d and f) in the fast phenotypic switching regime. We see that for 
large values of 𝛼 and 𝛽 (i.e., the fast phenotypic switching regime), the 
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Fig. 2. Heatmaps of wave speed for different values of 𝛼 and 𝛽 for (a) 𝜆 = 0 and (b) 𝜆 = 5. (c) The wave speed from numerical solution of Eqs. (2)–(4) for 𝜆 = 0, the 
analytical expression of wave speed 2√𝐷𝑚𝜇Θ(1 − Θ)(1 − 𝑒0

𝐾
), and absolute error between the analytical and numerical estimates of the wave speed. (d) Heatmap for 

wave speed for 𝜆 = 5 and the absolute change between wave speeds for 𝜆 = 0 and 𝜆 = 5. The percentage change is measured by | 𝑐min(𝜆𝑖)−𝑐min(𝜆0)
𝑐min(𝜆0)

| × 100 for 𝑖 = 1, 2 with 
𝜆0 = 0, 𝜆1 = 5 and 𝜆2 = 10. (e) The effects of 𝜆 on wave speed for a fixed choice of 𝛼 and 𝛽. (f) Heatmap for wave speed for 𝜆 = 10 and the absolute change between 
wave speeds for 𝜆 = 0 and 𝜆 = 10. Here, 𝐷𝑚 = 0.02, 𝐾 = 1 and 𝑒0 = 0.5 and 𝛼(𝑒) = 𝛼𝑒 and 𝛽(𝑒) = 𝛽(1 − 𝑒).
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prediction of our linear analysis that the speed does not depend on 𝜆 is 
validated by our numerical results. However, if the timescale for matrix 
degradation is fast (that is, 𝜆 is large), then the percentage change of 
the TW speed increases for a certain regime of 𝛼 and 𝛽 (second panel of 
Fig. 2d and f). This is what we would expect as an increase in the degra-
dation rate creates additional space for migration (Fig. 2e). However, 
we note that the difference between the numerically calculated wave 
speed and the analytic approximation is still relatively small.

In addition, we examines the sensitivity of the TW speed to the val-
ues of migratory cell diffusivity and proliferative cell proliferation rate 
to the traveling wave (TW) speed within the full nonlinear model in 
the fast phenotypic switching regime. Linear stability analysis indicates 
that the minimal wave speed of the reduced model is proportional to the 
square root of 𝐷𝑚𝜇, a relationship confirmed by numerical results. Fur-
thermore, the speed of the full nonlinear model for 𝜆 = 0 closely matches 
the TW speed predicted by linear stability analysis (Figure S2a). For non-
zero values of 𝜆, analysis of the TW speed for various values of 𝐷𝑚 and 
𝜇 reveals no significant effects on TW speed, and the impact remains 
similar to that observed in the linearized system (Figure S2b).

5.  Discussion

A tumor comprises multiple cell types with distinct phenotypes, each 
fulfilling specific roles within the tumor ecosystem, including prolifera-
tion and migration. Phenotypic switching among these cells is regulated 
by various tumor microenvironmental factors, such as oxygen tension, 
acidity, total tumor cell density, and local extracellular matrix (ECM) 
density [3,8,18,25]. Few, if any, previous studies consider the role of 
ECM density in phenotypic switching. In this paper, a go-or-grow model 
for tumor invasion with ECM-dependent phenotypic switching is pro-
posed. In this model, local ECM is assumed to impede the diffusion 
of migratory cells. The go-or-grow model is formulated as a system 
of coupled partial differential equations (PDEs) for proliferative, mi-
gratory, and ECM densities. The possibility of reducing the go-or-grow 
model to a reduced model that eliminates the need for separate equa-
tions for migratory and proliferative cell types is investigated without 
altering the model’s essential dynamics. A relationship between the go-
or-grow model and the reduced model is established in fast-phenotypic-
switching regimes. Numerical results confirm that the reduced model ac-
curately captures the dynamics of the go-or-grow model in these regimes 
for various phenotypic switching functions. Notably, the tumor compo-
sition varies depending on the choice of phenotypic switching. When 
both phenotypic switches (from proliferative to migratory and from mi-
gratory to proliferative) are constant functions, or only the proliferative-
to-migratory switch is constant, both proliferative and migratory cells 
are present throughout the tumor. On the other hand, when only the 
migratory-to-proliferative switch is ECM-dependent, migratory cells are 
localized at the tumor front. Similar observations have been reported 
in the experimental literature [26–28] in the context of epithelial-to-
mesenchymal transition (EMT), indicating that hybrid epithelial/mes-
enchymal state - that often overlaps with a basal breast cancer program 
- exhibit a more invasive phenotype. In addition, we observe that tu-
mor invasion speed is high for ECM independent phenotypic switching 
from proliferative to migratory cell, but it is low for ECM independent 
phenotypic switching from migratory to proliferative cell type.

Irrespective of the phenotypic switching functions, numerical re-
sults suggest that the tumor propagates in a constant profile, constant 
speed traveling-wave manner. Our model there makes the experimen-
tally testable prediction that low to moderate alteration of ECM degrada-
tion rate would not have a significant effect on invasion speed. We carry 
out a traveling-wave (TW) analysis of the proposed go-or-grow model. 
Using linear stability analysis, we derived the minimal wave speed for 
the go-or-grow model, which is independent of the ECM degradation 
rate, and equal to the minimal wave speed obtained from the reduced 
model in the fast-phenotypic-switching regime. However, we noted, un-
like the standard Fisher-KPP analysis, the steady state far ahead of the 

wave is unstable, leading to the hypothesis that the solution far behind 
the front forces the solution trajectories into the stable manifold region 
of the solution far ahead of the front. We have investigated numeri-
cally how the TW speed of the nonlinear system differs from the ana-
lytical solution. Our numerical results demonstrate that the difference 
between the TW speed for the nonlinear system and the linearized sys-
tem is negligible when the ECM degradation rate 𝜆 = 0 in the fast phe-
notypic switching regime. More generally, we find that for non-zero 𝜆
and slow phenotypic switching, the linearized system still yields a good 
approximation for the TW speed of the non-linear system. Also, it is ob-
served that the maximum value of the TW speed occurs when the rates 
of phenotypic switching are equal (i.e., 𝛼 = 𝛽) for 𝜆 = 0. However, the 
maximum TW speed lies along a line, which makes a slope less than 45◦
with the 𝛼-axis within the (𝛼, 𝛽) phenotypic switching parameter space 
for 𝜆 = 5. Therefore, the maximum TW speed is attained for a relatively 
fast timescale of proliferative to migratory phenotypic switching than 
the timescale of migratory to proliferative phenotypic switching. In ad-
dition, we have noticed that as 𝜆 increases, the speed of the TW increases 
as one would expect intuitively. Moreover, we have explored how other 
parameters, such as diffusivity and proliferation rate, are sensitive to 
the wave speed of the nonlinear system in a way that agrees with our 
linear analysis.

Our proposed model suffers from various limitations. Firstly, it con-
siders that the phenotypic switching in cells depends only on the local 
ECM density, and that there is no feedback on the properties of the ECM, 
such as matrix stiffness and rigidity, other than density-degradation. 
Considering such feedback loops among the cell-matrix dynamics is an 
important next step [29]. Secondly, we do not consider the role of cel-
lular memory, which has been observed for scenarios related to change 
in matrix stiffness, and also in the content of EMT where due to epige-
netic modification, mesenchymal cells (migratory trait) maintain their 
phenotype even when they are in an environment favorable to switch 
to an epithelial phenotype (proliferative trait) [22,30,31]. Thirdly, we 
do not consider non-cell-autonomous dynamics such as co-operativity in 
migration that can drive invasion [32–35]. Future work could examine 
how these factors influence tumor invasion dynamics and the traveling 
wave speed under ECM-dependent phenotypic switching.
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Appendix A.  Numerical method

The domain [0, 𝐿] is divided into 𝑁 equal grid spaces Δ𝑥, with Δ𝑥 = 𝐿
𝑁 , 

and Δ𝑡 is the time-step. We define 𝑝𝑘𝑖 = 𝑝(𝑖Δ𝑥, 𝑘Δ𝑡), 𝑚𝑘
𝑖 = 𝑚(𝑖Δ𝑥, 𝑘Δ𝑡), 

𝑒𝑘𝑖 = 𝑒(𝑖Δ𝑥, 𝑘Δ𝑡) and 𝑛𝑘𝑖 = 𝑛(𝑖Δ𝑥, 𝑘Δ𝑡). We employ forward difference 
scheme for the temporal derivative and central difference for the spatial 
derivative to discretize the governing equations.
The discretized form of Eq. (2) becomes

𝑝𝑘+1𝑖 = 𝑝𝑘𝑖 + Δ𝑡𝜇𝑝𝑛𝑖 (1 −
𝑛𝑘𝑖 + 𝑒𝑘𝑖

𝐾
) − Δ𝑡𝛼(𝑒𝑘𝑖 )𝑝

𝑘
𝑖 + 𝛽(𝑒𝑘𝑖 )𝑚

𝑘
𝑖 , for 𝑖 = 0, 1,… , 𝑁.

(A.1)

The discretized form of Eq. (3) becomes

𝑚𝑘+1
𝑖 = 𝑚𝑘

𝑖 +
Δ𝑡
Δ𝑥2

(𝐷(𝑒𝑘𝑖+1∕2)(𝑚
𝑘
𝑖+1 − 𝑚𝑘

𝑖 ) −𝐷(𝑒𝑘𝑖−1∕2)(𝑚
𝑘
𝑖 − 𝑚𝑘

𝑖−1))

+ Δ𝑡𝛼(𝑒𝑘𝑖 )𝑝
𝑘
𝑖 − 𝛽(𝑒𝑘𝑖 )𝑚

𝑘
𝑖 , (A.2)

for 𝑖 = 1, 2,… , 𝑁 − 1. Here 𝑒𝑘𝑖+1∕2 =
𝑒𝑘𝑖+1+𝑒

𝑘
𝑖

2  and 𝑒𝑘𝑖−1∕2 =
𝑒𝑘𝑖 +𝑒

𝑘
𝑖−1

2 .
At boundary points i.e., 𝑖 = 0, 𝑁 , we use ghost point criteria and the 
corresponding discretized form is prescribed as

𝑚𝑘+1
0 = 𝑚𝑘

0 + 2 Δ𝑡
Δ𝑥2

𝐷(𝑒𝑘1∕2)(𝑚
𝑘
1 − 𝑚𝑘

0) + Δ𝑡𝛼(𝑒𝑘0)𝑝
𝑘
0 − 𝛽(𝑒𝑘0)𝑚

𝑘
0 , (A.3)

𝑚𝑘+1
𝑁 = 𝑚𝑘

𝑁 − 2 Δ𝑡
Δ𝑥2

𝐷(𝑒𝑘𝑁−1∕2)(𝑚
𝑘
𝑁 − 𝑚𝑘

𝑁−1) + Δ𝑡𝛼(𝑒𝑘𝑁 )𝑝𝑘𝑁 − 𝛽(𝑒𝑘𝑁 )𝑚𝑘
𝑁 .

(A.4)

The discretized form of Eq. (4) is given as
𝑒𝑘+1𝑖 = 𝑒𝑘𝑖 − Δ𝑡𝜆𝑒𝑘𝑖 𝑚

𝑘
𝑖 , (A.5)

Numerical stability is ensured through the choice of time step length 
Δ𝑡 ≤ (Δ𝑥)2

2𝐷𝑚
 where 𝐷𝑚 = max𝑖{𝐷(𝑒𝑖)} in each time step.

The discretized form of Eq. (12) becomes

𝑛𝑘+1𝑖 =𝑛𝑘𝑖 +
Δ𝑡
Δ𝑥2

(𝐷(𝑒𝑘𝑖+1∕2)(Θ(𝑒
𝑘
𝑖+1)𝑛

𝑘
𝑖+1 − Θ(𝑒𝑘𝑖 )𝑛

𝑘
𝑖 ) −𝐷(𝑒𝑘𝑖−1∕2)(Θ(𝑒

𝑘
𝑖 )𝑛

𝑘
𝑖

− Θ(𝑒𝑘𝑖−1)𝑛
𝑘
𝑖−1)) + Δ𝑡𝑟(𝑒𝑘𝑖 )𝑛

𝑘
𝑖 (1 −

𝑛𝑘𝑖 + 𝑒𝑘𝑖
𝐾

), (A.6)

for 𝑖 = 1, 2,… , 𝑁 − 1. At the boundary points 𝑖 = 0 and 𝑁 , it takes the 
form

𝑛𝑘+10 = 𝑛𝑘0 + 2 Δ𝑡
Δ𝑥2

𝐷(𝑒𝑘1∕2)(𝑚
𝑘
1 − 𝑚𝑘

0) + Δ𝑡𝑟(𝑒𝑘0)𝑛
𝑘
0(1 −

𝑛𝑘0 + 𝑒𝑘0
𝐾

), (A.7)

𝑛𝑘+1𝑁 = 𝑛𝑘𝑁 − 2 Δ𝑡
Δ𝑥2

𝐷(𝑒𝑘𝑁−1∕2)(𝑚
𝑘
𝑁 − 𝑚𝑘

𝑁−1) + Δ𝑡𝑟(𝑒𝑘𝑁 )𝑛𝑘𝑁 (1 −
𝑛𝑘𝑁 + 𝑒𝑘𝑁

𝐾
).

(A.8)

Eq. (13) is discretized as
𝑒𝑘+1𝑖 = 𝑒𝑘𝑖 − Δ𝑡𝜆Θ(𝑒𝑘𝑖 )𝑒

𝑘
𝑖 𝑚

𝑘
𝑖 . (A.9)

Appendix B. 

Eq. (27) can be rewritten as
𝑐𝐷̂𝑚𝜎

3 + 𝜎2(𝑐2 + 𝐷̂𝑚𝜇 − 𝐷̂𝑚𝛼0) + 𝑐𝜎(𝜇 − 𝛼0 − 𝛽0) − 𝜇𝛽0 = 0, (B.1)

The condition for all roots of Eq. (B.1) to be real is
18𝐴𝐵𝐶𝐷 − 4𝐵3𝐷 + 𝐵2𝐶2 − 4𝐴𝐶3 − 27𝐴2𝐷2 > 0, (B.2)

where 𝐴 = 𝑐𝐷̂𝑚, 𝐵 = (𝑐2 + 𝐷̂𝑚𝜇 − 𝐷̂𝑚𝛼0), 𝐶 = 𝑐(𝜇 − 𝛼0 − 𝛽0) and 𝐷 =
−𝜇𝛽0. In the fast phenotypic switching regime, i.e., for large values of 
𝛼 and 𝛽, 𝐵 and 𝐶 become −𝐷̂𝑚𝛼0 and −𝑐(𝛼0 + 𝛽0), respectively. Hence, 
the discriminant Eq. (B.2) becomes
− 18𝑐2𝐷̂2

𝑚𝛼0(𝛼0 + 𝛽0)𝛽0𝜇 − 4𝜇𝐷̂3
𝑚𝛼

3
0𝛽0 + 𝐷̂2

𝑚𝑐
2𝛼20 (𝛼0 + 𝛽0)2

+ 4𝑐4𝐷̂𝑚(𝛼0 + 𝛽0)3 − 27𝑐2𝐷̂2
𝑚𝜇

2𝛽20 > 0 (B.3)

Dominant balance yields the condition
−4𝜇𝐷̂3

𝑚𝛼
3
0𝛽0 + 𝐷̂2

𝑚𝑐
2𝛼20 (𝛼0 + 𝛽0)2 > 0, (B.4)

implying

𝑐 >
2
√

𝐷̂𝑚𝜇𝛼0𝛽0
𝛼0 + 𝛽0

. (B.5)

Appendix C. 

From Eq. (31), we have

𝑈 𝑏
1 = 𝐶1

𝛽0
𝛼0

+ 𝐶2
𝛽0
𝛼0

+ 𝐶3𝑣31 (C.1)

𝑈 𝑏
2 = 𝐶1 + 𝐶2 + 𝐶3𝑣32 (C.2)

0 =
𝜆𝑒0
𝑐𝜎1

𝐶1 +
𝜆𝑒0
𝑐𝜎2

𝐶2 + 𝐶3𝑣32. (C.3)

Since far behind the wave 𝛼0𝑈 𝑏
1 = 𝛽0𝑈 𝑏

2  and from (C.1) and (C.2), we 
obtain,

𝐶3(𝛼0𝑣31 − 𝛽0𝑣32) = 0 (C.4)

Hence, (C.4) gives either 𝐶3 = 0 or 𝑣31𝑣32
= 𝛽0

𝛼0
.

Since,

⎛

⎜

⎜

⎝

𝜇 + 𝑐𝜎3 − 𝛼0 𝛽0 0
𝛼0 𝑐𝜎3 + 𝐷̂𝑚𝜎23 − 𝛽0 0
0 −𝜆𝑒0 𝑐𝜎

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝑣31
𝑣32
𝑣33

⎞

⎟

⎟

⎠

= 0, (C.5)

we have, 𝑣31𝑣32
= 𝛽0

𝛼0−𝜇−𝑐𝜎3
, which obeys 𝑣31𝑣32

= 𝛽0
𝛼0

 only when 𝜇 + 𝑐𝜎3 = 0

i.e., 𝜎3 = − 𝜇
𝑐 . Since, ̂𝜇 and 𝑐 are both positive, this implies 𝜎3 < 0, which 

is a contradiction as 𝜎3 > 0 by definition.
Hence, (𝛼0𝑣31 − 𝛽0𝑣32) ≠ 0. Therefore 𝐶3 = 0. From (C.1), (C.2) and 
(C.3), we obtain

𝐶1 = −
𝜎1𝑈 𝑏

2
𝜎2 − 𝜎1

, 𝐶2 =
𝜎2𝑈 𝑏

2
𝜎2 − 𝜎1

Supplementary material

Supplementary material associated with this article can be found in 
the online version at 10.1016/j.physd.2026.135332.
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