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GQm_g:a! wourse information-

lectures take ploce on Wednesdays 13- CL5) ond Tharsdays 11-13 (L4)
There will be 4 problem sheet dasses. Gach tutor will do 4 clusses , each 90 mins
and each covering L problem sheet.

Geargina Ryan = Mondey 3:30-1  Wesks 3,5, %, HT! " &

Callom Massh: Tugsday 11-12:30  Vdeeks 4 6.6in €5, HT i (3

Ramon Navtallo -Kaluasrachchi : a)ednesdqy 10:30-12 (Jecks 4.6.8 :n C2
HTL in 3 (/01/2)

MJ email is maUmﬂiakoum@mcrrhs.ox.ac.uk
Office number: $3.4

(roblem Sheets - - Sowtions do the B questions of froblem Sheet ! and 3 showd be
Submjtted on  Moodle by Fridog 9 am on Weeks 2 and G.

- Model answers will be provided 1o all quesiions and we'll q0 through these in
The dasses.

special Topics : Fof thse altending who need o wrie a special fopic on This urse.
dhese is @ list of possible topics on the course Website.

Lectures = -Typeset lecture notes are detuiled . But, evenything you need will be wyered
in the lectures. Semetimes I'f point doThe lecture motes for additionol. proofs.

~ In this wurse there © Jusk as much emphasison Coming up I/ the apprepriate
mathematical 4y odels as there is en solving Fhem.

~ Some Guest appearances fiom research experts in the fieid (in brain modelling ,
aldvm dynamics, . ..)



[ Notes based on those of Prof. len Griffiths ]

Chapter 1. €nzyme kinelics

Entgmes are wialysts , ’fhes help wrvert other Molewles known, as Subsiretes nfo

products | put are not used up in the Yeachion themselues,

Prpplications - digestive sysiem ,  ONA- replication , Liver emzlmes
(glocose breakdown) [de\sfm\g toAins)

Considesr ehemicals A and B )mdina on wllistamm W form Ghemicol C with
e k- a44R K C

This rate |k depends m The moleude sizes, Sha,oe.s, and the temperature.

Then we wn wile [ dC _ 4 p The rate aiowhich the reaction ta{«e“s place is
dt proportinal <o the number of sufficiently energetic
Collistons bet" molecadeés A & B o  concentrations

of Aand B.
I—IF you double the number of A you (oould expert the rate 0f readion to doyble

Note this means that 34 +B E>Cl is d¢ _ kAR
dt ~ N

More on fphis o proklem sheet 1 @2

This is walled  dhe  faw of mass ackion [ The way in which chemical, roactims
3 the consequent euowing concent. Of
their reactants qre Yuantified)

Asumption: dhe mixiure is wel-stined (.o, oncentrotims of reactants uniform in spae)
Mithaelis -Menten kinetics (Section 1.2)
An eniyme reackion (ooks fike s -

g o-complex, Which breaks down
*qu., So.c,s K, ( nbo the enyme and a product
\& 2
SIREIN StE & ¢ S E+ P (two-step proeess)
e k_ \
SWhs traje 1 ' iﬁ%ﬁs o product-
en “heﬂ 'H')QJ
e \' : com plex braaks
e~ rRvenible

‘ down irdo the producr
Raction



: 3
overal) reachm rate

The overah readion Ig S -@7 P, This looks fike a simple reaction, but we

Know there are internal rate skps. Jou wud just  model the single readion
ad wpiure ) the intermedicde Steps  with +hs overal rancion This is the

e nS"

K+ S"

But better o wsethe law of mass action:

_g_s =k,C - k, SE ) Michaelis -Menten K petics

dE
dt
dc
at

af = ¢ ®
dt

Con we simplify ) Tes - T only agpears 'h @ s decouples, ,
l-e. it can be {ound b:; direct integration once the other 3eqws fovy €, C)' S hawe

(k,""kz)c -k @

[9)

n

kK SE - (k,t+k)C @

been so |ud. initiad value of E
[ sinee C=0
Ml @40 to cee thar dE +?TQ= 3 EtC = wnstant = 5 initially
dt t

This reduces the system o two Opes

ds ) )
at = kG ok S(E-C)

éd_‘té - kS (EC) -tk ) C




which (o be solved Subjet o Suitable initial Conditims: $=&,C<0 at t=0.

U\)B Tww mon-dimensimalsze the Sds‘rem to analy?e it:

§=Ss, C=Re, t=X
kleo
Thus,
dS . g ds, dc '
- 25 A fde gr-d¥ L4
dt d¥ t dt WG e I,‘E:E(Ft,
» The 3% €quation bewomes .
d
kso o Oli = k o C -k,gs(é/-%C)
=> 14‘5 dS =k C"kSg(; C)
Divide -lbmuqh by kS, +o obtnin ds - Kk
1 Vo 1ot - _c¢ - s(I-¢) = ko -
it 13 )=l k&,) 5
: A
5 C |‘i_‘ ~ )
dt (S+—:—S-°+izso_|1,._>—s= ~s +—c(s+l/1-2>
kl| kISO
h
l‘)ele K“' L‘_'i-‘(,_ Qﬂd A= Ez_
k|so le°
' The dc

equation bevomes:

FolhBe e - iS5 (f Fd - Utk DBtc

LE. de

dtl = klgos(l-c) —(kz+k-|§C‘

N



We divide ow hy kS gain: r7\10+e= the remarkable effecijveness of
enzymes as Catalysts is  refleced iu
1he extremely small wncentrations
Neecked inL Lompayistn 4o the subsfrais_l

Z‘%ﬁ- =5 (1-¢0) - (kytky) ¢

> K 8o _
p —— = E<«|
KI
=
'sg':?f =8~ (s+k")c , where |6 = Bo | <<1 beouse we iy need a
Se b} of enzyme.
Thus, the dimensionless system of equations beomes
de
- -§tC (
at’ (s +K'=2) | i inital, condifios S(a) <
6@__:: = §-(st K Clo)=0

€< mens we wan Meglect the time derivafive n the c-equa fim.

“This makes a > S eyolves 1hmu.3/) a Hme derdvative
c evolves +hms5)\. o algebraic equation.

me 6_70 : O = S_(S_I_Hl)c :) C= S

(Sg—:—, -—-ao) sth!
Thus, if we plug fhic into the (st @quahon, ke get, ds - -g+ S (sth'

dt’ Stk’
> 8 s sl ) L

.\,))

Sth’ sm'
d_ﬁ_ = — AS
ot stp|

) is known og the M dhaelic- Menten law (and is for envyme ceadions)
(rate of bransfoymation of the substraie)



: - ?

What @ e reagion rafe e e stoie of depletton
This is ¥ op K
= = ‘SE kgs? (mn—dimensﬁmaﬂi?ing)

= —-dS
oIt
/\
= - SBk | Sﬂ() (vsing &)

Now I6E% subst. =S5 and A=k

to obtain
Y= 4 Ealy( ’iz_ Sy
P_go —S‘_+E: = Bk S . Ek S
' S e+SK $+SH'
= [(LE:, S

Sy 3/“/ k-|+k1.>

So, teaction rafe is

E = sz-OS
t
S+K

Y <

g el

This i¢ the Micha.elis constant

It' difiadt to meosure individual reaton rates  experimental)y.

Bl wean meusyre the oveail reactin rate r and concentrations. So, i we Lok
ot theimtial mte of raackhon S, -

Thue T'_— s linaar in 1.
° S

We tan Pt experimenta) dato of -‘: versus — and the Slope s B ond

So kG
inter@pt s _1:7? which allows us ®  exiract J and k,G, . z

LO



These pl,ots are Lineweaver - Burk plots.

Now, gur quasi-steady approximatin = S

s+K’
conditims $=% ,
= $(0)=|

o oes nat Salisfy our initial

when = 0(g), during whichhe quosi-stead ly state approx. daes not hold.
We gee thet b\y rﬁﬁmﬁhe t'=€t give
ds .
T

de

I S5tk > djc =g - (S, th)e

€(~Stc (St K'=A)) zo to leading oder 9 =g,

We golve this |8t ovder one de

ac (seth') C =g,
Ne vse the ‘meihod of INTEG RATINGe FACTOR. ,'4-= e(go'H'{l)E

So

e(SO'H(’)t c = _\S_a__ e(soﬂ{r)t
Stk' + A

C= So , a,-(Stk)T
srk T Ae

Usiha_ the iniHal cond (K C(,O):O : 0= éL__ 1—A

= = - s’_
Sotk! R~

C= S -(s "'H')C
aew(ime )

I we vse that S(0) = So=|, +han +hic betomes,

c= _\ _ . ‘(H‘K')C
H—K'(' ¢ )

This takes

S v £<0 ok beo 4o Hhe intial - quasi-static value, qnd,
C o~ -LI-«' aS we move out of the looundavy lager a6 t~o.
I+

c=0,sihne C(o)=J-P’-r-¥0.7b"5 is bewwse fhere s o rapid tronsient,
I+

/s



nhibitors ane substances that inhibit the wtalytic reactims of an enayme.

@ ComPETITIVE INHIBITIDN) — when +he Substrate Gan't bid if +he inhibitor s bound 10

an enq,\s me
ky
StE = ¢ —l:z E+P ™~ Towwn do LAW OF MASS ACTION]
ka2 or the sg and ana ly¥e the readtim
and E+ I ?k_z c Tate h a Similor Wiy b a prasious
‘(.3 1 / se (SQ& 'HIQ '('AJPed Led-ure notu)

@ ALLosTERIC INHIBITIQN — As well ag the previous wo reactims we can also have
the inhikitov bv‘ndinj o G to make a different prooucct
k

Gt+I ~k=* C;tS

COOperaﬁVG 8\js+ems - more than one bindu‘ng site
enygmc W oo active sited

ks
S+e=~ C — ETt°P

k k
ste = G ¢, +P

-3

“You can then do the law 0f muss action analysis in this wse and find that »ow

r= (ka.HJ_ fqu) E,,S
K h,+ K, S +52

where K. = k_-1+kl— and KJ T kq_ +k_3
k
) ks

SPECIAL CASE : |F the b€ of binding of the first substrate molew)e is small but the rate of
binding of the Setond moieude is large, thers k — 0, by~ oo with kky finite . 9ives



Y = kq. Eo Sz
K K, t5*

Which is o. Hill eguation wih expoment 2.

CHAPTER 2 : [rans -membrane lon transpart

Cells are bags of waler.
The water containg dissolved salts: Nall and KCL yhich dissove into Nat, €7, Kt igns
These exist both inside and outside the cell, &eoting o. potential difference .

The /! walls are permeable —ions yay be pomspovted through the 1) membrane, passing
ihvoqgh poreS Wlled channels or gades .
Osmosis s the mechanrism @ which water ’s transppriad across e cel) membrane.

Carier mediated diffusion- a. mojewe hitches @ ft by binding to a wurier molewde
whidh is o lipid soluble ond can move through the membrane.

Cosvier mediaked transport = g molewle binds b o protein that has an adive site that may

be exposed to the interior ov exferior of the Cll (eg. 9lutase or amino acid transport)

e 2y 0>

wall
Rumps - these exchange one ion for another eq. Natand Kt or Nat ond G2t

cAﬁ-‘l'

~wurier moleud @

Nat



it G tarrier protein
—| > R
A model for courrier mediated transpori in - ""(“}— swikches from

Ci
G = stale with binding site expased to the intenor

Ce = stade Wwith bfndfn9 sife exposed to the exterior an either be exlposed tn the
interi oy ov exterior)

(e tan bind with a substrode molecle in the exterior Se to make o pwduct £ ()

C; @n bind with o substiate melewle inthe intertor S; o make aproduct P; (with
Sume rates as in the extenor) ()

Further ﬁ wn turn into P, and vice vcrsa,.("rhis (s the toumer dcu‘ing \'i'S'thQﬁm’> A

[ See below for pndw&s]
The reaction <cheme is :

k.

Ky k
i+ = P = P, = St
|§| +C‘ k' ‘\ ql; f k+ & (;Q @
(2) M M
K (3)
and Cif C, @ This is the camier Site rotating withoup any substraie on ¢t

I —we assume this occurs at the sume Talre 9f the rotafim
Cqually

likely wHh o substrate on it.
\ .
cal 0% exeniol ’:"
Q. = —O—
binding ade K
o G - 8 P
i nerie’ You wan be on the nside
F or oudside of the Cell
k “’ k wall waiting fo7 sthuto

bi'nd *

%o d_‘)Q i &Pe exterioy
_ — ==

kT in teoy

&

G
k Ce
O— = -0

‘CC

3

Ce binding-siie -outwords to
birding-site- inwardS

(binding [ective site of the membrane

3D



Using the law of mass action we have

Qf: k.,.Q;C‘- = lA_P,;
Re = k.SeC, -hp,
F= kP;‘LPe
G=kC£ 'lLCe

d taken away
i j terior a 0. Gonst. rode J an

Finallg , suppose that subsiraje is supplied from the ex . _

rr:my +he’i',:)tedar at dhe same rate. This is to avoid the sgstem simply se.ﬁiwy down to e
Standy stode W/ ey Hux.

- ‘i—stf'=-0"9i 0]
%%‘: Tt Re )
®or g
i—%=-&-ﬁ?\ 5]
et 6 1re ®

If T is wnknown then this ¢s six equations or seven unknow ns.

Addima @-\- @+@+@ sfues_.
ngP,- tht G+Q) <o

= P +Pe t C;+ Cy = Constant This is conservation of (arrier

And ®+0 +@ 1@ aiueG 5‘|-+Se1-,>‘. + Pe =constant. This (s wnservation o} substrate.



Dne wn sove ©-©@ in steady state to find
~/
= k.KG s
—J— k e Se EYi where Km' l(-f,(+. Rd=£
Wy (Knt5i) (htsD) K ke i,
) T

S his tells us the Hux of ims transpamred acras the ce)) Membrane in Steady state.

Note the m‘milaﬂ@ m strudurs 4o fhe  Miduelis-Menten flun we derived.

Adive transpoTi ¢ the sodium- pola ssium pump

The carrier-mediatesl  bransport described above moves moleades cbwn chemical gsadients.

To move woleades aaainst a demical 9rudienb requires energy.This js knowh as o

One of 1ha most impovtant active ranspmst mechanisms is
the  Na* - K pump [ Svdwm igns pumped out of the cell against 1€ electnchemical gradienf-]
| polmssium ioms purped in
Thue, the important distindim here to Pay. atten tion to s -

This is ke the camer madiaied Wanspoil , bat mow there s a chemical reacton, Which
requires enemy. This allows chemicals to move a&m’nst nntradion gradients,

The Nernst potential and the resiing potential

The Nernst potential is tha obtainad when all gajes are opn  aid there 1S @ balance
betweon diffusive flux and eletic flux.The system i5 in equilibriom,

The vesting pofential (s the diffeence between +be potential outside and far {from +he
o) and inside the cell , which mas be different 40 the Nernsy potential bewayse gates

open and clo® and fons are MV wider different jmic and <oncentration gradimis,



The Nernst potential

“Total + charges =30

13+ 17 Yt
xm’r poss'lble,
( \ 8. Membrane permeable to Xt but ot ¥+
v
* Xt as Y Tetal + <30
“totadd t =20
R 12"
? But doesrt readh ¥ XT m eadhside
because of electrostatic Potential
+
9 X' 23 7 pushing back.
Yotal + = 3R

— Charge imbalance  <ets up an elect ric fiefd, which produces o force
an the lons Opposing further diffwsion of Xt

Impottant: the acual amount of Xt yhich diffuses tough the membrane is smal), ang
the excess charge all acumulites neur the interface, So that 'taougvbd approx. the
Solutions m either side remain eledtiwally neutral. The potential difference at which

eqm is established and, diffusion and  eledtric-field-generated fluxes halance is the

Nernst potential .

The membrane potential
-\—
oyt Xt 5X
G)nbider the Hollowi g set-up : Y+ X i( xT 5Y
7 - ‘r- Y Yy~ Y
— a Membrane permeable
xt xT Y to Xt but not ¥~
- - vt
" - . T rTox 3x"
Cqual positive and negadive darges in enth -~

vespective side  bub different amounts om the two sides,



x+ will diffuse 1hrough the membmhe & belane the chamge of Xt 0 boh sides

The balandi ng will happen in a small region near the memb mne [sv far from the Mmembrane.
the liquids will remain elecfroneutray).

The potential difference that builds up qgress the cell membrane os a result is ca))ed the
Nernst ptentia).

o Wha} is this potential?  Ther will ke a fluxof jonsdue to a wncentration gradient.

.J.? — Gonceniration
= —}DVC tregdar diffusive flyzx)
1an
diﬁusiv('{y
There will be a flux of ms due o @ Potentiq) difference

L -weg
(2 ﬂb

U =ion mobi(z’r\y = veloGty under @ wnstant e e&ric field

I.e. yalence = charge of im Ce.g. Nqt has valene H,
0% hos Valene -2)

2. . | giving im d;mye (+—ve, ions move down potential gradients ,

ks ~vejons moive up potential g rodients)

z = valence of the ion

¢ = eledic Fatenbla] => 'VqJ = electnc  fie)d

-

So the totat fuxis T=T+L = —DY2 - use ¥y

" = - Q&— = i 3 i 4 ]
0 J=-D o ‘:7" ?o%( (%) Assuming set-up is one—di mensima)

Ginstein's relation tonnecks the diffusi vily with the mobih'-)‘«r

D= URT
_\‘;I’F R = universal 3o..s wnstant

T = absolute témperature

F = Famdaﬂ'o’ constant



Note that (%) wn be rewnten as T- ~D(%§ + -E—(.-?—S %?;),whcre % o~ ~L

oovdinate movmal tothe membrane.

In €quilibdum . J=0 (mo frx) => 2t %%_—o

We wn intequmie the fux T in (A from =20 to x:L ko get :
(interior)  (exterior

of memb rane)
V& 4.-9, = RT |
Pe ZF lﬂ9 (é)
1
/ e : extenor
Nemet, potentiol [ nterior

acoss cell membrane

1onic aurrents

The flow o itns acroSS a membrane @uses & build up of darge which meuns e

membrane acls as o capdior
Charge dif Feren e

The voﬂaagc 0uvss the membrane is V=9

—

c

capacbance

The (urent across the membrane (s = - de here I i the ionic wrrent out of the ey
ot (i-e.rate of flow of +ve charges owlwards)

Combin Vyr- g C= -
ining these qives CSF"I <0 (aﬁumm{} C-'C"ml'dn_t) e C\V=Q

d = d@ <
“This eqn is the basis for ECCV)"SQ' > CddEV:—I_
Mmuch theoreticqy electrophySivlog y CiF i
= cons

We knk the wrrent of each spedes of ion S 0 %e witage via I = qc [V-)5)

S

' -spedfic membr¥ene conducignce
The totol aurent & I =2 I,
S = just [ =IR (Ohm'slwng)

and wnductance ¢ L 1
V. R
Reval that Cond Litanee IS @ measure of hou easily an electric  wrrent flows Thmlt\f]"/
a matenal. (|ts the yeciprocal of resistance)



Oef profein-lined pores which alloto the Q
passage of specific Molewles

~
This is not @ @nstant — it depends on the fradim of gates that are available -

that are open) - [ef's denote the fradion of open channels 1"1 ",
Then 36‘ - ngsmax
'L lnndad-iuf}‘w/ when ol 304'85' are openh.

——— closd

—s v—open
o« (V)
closed — / open
gatc ;7\-’_.) gate
Law of  mass action gives g\_% =o(V)[1-n) -R(V) n

R dd-%- = (V) _ n(«\V)+ ﬁ(VD

dn
P> A —— == o) -
«WteV) ¢ T et

"

= T (V)‘i‘ﬂf.r N~ N | Where M, = fiﬁ and (V)

You can dso have mukiple ale5. Lot s - demity of ctares with i open gares, Then the
transition be10een gaje stdes s 3ovemed bj ~he reaction:

I EIV R

N s = S =
B B
/\ the facor of 2 isbewmyse there are
number 24 -wo wn{igura‘h'(my for gainﬂ from 2
cdosed gates Pen to 1 open gate and similary

for closed to open



(6w of mass actiom gives

i&": 'lzo‘gp"' Bgl
dt
is.i—r_ =8 ~ 28BS,

Q
<

We wuld aiso write duon an equation for §  but this equation is SUPE Ffluoys , SInge we

Can just infer it fom S+ S, = (wnyemaﬁcm of gutes)

wg tan redwce tp one oDE b(y Gﬂdfn\y 'H’\G‘t He solvtion is
S, =0-M*, S =an(1-n), S =n> (W& @& tisby simple subshiiuton)

Gi-e. the me-gute equatim)

whene m Satisfies -g—?:-: o (1-n) —gn,

[ See problem Sheet d,question 1]
In this wse, the proportion o open channds IS &, =n* so the Wnductivity in dhis

1 2
aue & i gs‘max'

This result generdlizes for N gubes with a conductivify of ‘nﬂlg
: s
Tou can also lools at- the case of non-identical gates ~see lecture motes om Pg 34

The Hadgkin - Huzley medel
The nervous System 1§ a. communfaxtion system Formed by nerve cells of neurns.

Information i pmpa,yonted alog Long cylindriiol segments wlled axms by eledochemical

S!'Snals.
Communication between Cells ocurs at junchions between Sy napses the dendribes.

If o smal aiment is applied {or @ shor t time thén the membéne
potential just retums @ its resting potential when the current

is réemoved.

But for a Sufficiapﬂy high wrrent, the membrane potential
undergues a lome exw il — an, action potentia) — S

—0
-



before refurn'ms 1o iIs festing volve. Vv A

Sgnals are transm Hed by the propagation A kit
of these adion Po-tcwh'als. lafer on we ° _L./
will Lok at+ this SPIth Pmpﬂga'hm “This PmP“ﬂm'S down the axom kje a wave.

down an pxon, but for now we will
look af a sPaﬁalIg independent model.

This o be adieved in pro.di ce by Inserh'ng on eledtrode along He axom to spread +he
wrrent out - “This is wlled the spoue damp - technigue.

Nat Na* -
Exlefiof T I, Apely o aurent Topp tothe axon and observe the

. i P onic wment that comes out, T.

L

Interior \ s 1e.

kKt K How does I; respond o I, >

PP . ¢ 1
How tuch enedyy do we need for this Na- K™ pump ?

j AV
Our exvlier equation Ca_t— +I=0 @

= Cn da%"l' (L - app)to
f fo+al outward wrrent
Capactance of the membwne

applied volrage
o resutting wment

fotassivm flow 5
Rewll we hae our link belween V and I : I; =9 (V-

Vs) and QY'-'nNgSmax

h y condvc,ﬁvity
wher N=pymber of gares and T(V/) FE=NEV-n @ — bue reaandiess of what the N is

What we find is that the potassium conduckanee may be oontrolled by this modd when N=4

NO{'G , however that this Ismot due to four 301&5 but J'VS"I" as P n‘l—\?K
experimental fit. Mﬁﬁ)
Smax

N is walled the potassivm actvafion .




Sodivm $owd (8
Fov the sodium conductance them is a protein that turns the sodium cwrrent ey and anvther

which turns it off. This om be described by
N 30
38 - SN&m h

& o
Tm(v)g-ﬁ:‘- =t (V)-m ©

(V) %bf h, (V)-h &

fs On appropriate model. <This is like two goes

m 16 called the S dium ackivation
h is wlled the sdivm inaclivatiom.

_ an; t is then
The Hodgkin - Huxley madel {:or/_fhe "“\*‘:’,‘éﬁ% P%wm

— o ~
L= g mh VW) + 8 (VU g v-n) | @

~ — \ .
or et H"’ current Lea,baye. other 10NS ﬂ%"‘ﬂ around
Na.r current hat cordribute +0 the wmenf

('sodivm) Cpotassivm) (mu‘my Cl~ chioride fms>

(Tfn‘s model also Compvses Jhe ©ODE System o-® ) The closed system i 0-©.

N8 . The resting potential © the value of V' when the owdward iomic cumrent s 2em.

(What does the potential do?

These Vanes are experimentally measured

p "
he " T
0Q
N
Tn
}\
o > ] >
0 -
-t V-Veg
Relaxatiom Himes as €cns of
€qm gate variables as potential relative to resting
fas of potential, relative 1o potenticd

resting potenticy



crels
0 A—pp(y a current Tapp N(}

v _ _ du .
() V rises dueto the wirent (eqn@) G gﬁ (T~ Topp) =0 > | ot = Topp - L |

(3) Tm s Smal) (9rapb2) so 'm rises quickly (eqn @) dﬁ.: %T>T

= Nat floods into the axon frm outside (‘5"”59 95="’3}’7~0)
(4) Ths caqses evon mare of a potential difference, @Wsing My to vise (graph D, whid

Gauses even more of « potential differene (€rom sfep () abow.) il%] =C’%T -m )T
Tim

(5) \% foulis (aysing Na* flow to slow as N fauls (8q+e closes)
Mg Y28 Lausing KT to flow out of the axon rgw Tises - gate opens) 95=Ngy,

This tauses an overshoot past VQq, (bewowsse V< Veq,)
(resting potential for K*)

(€) A slow (eakage of KT back Into the kN Louises the system togo badk to equilibrium

back Into axon To Veq lmmedme@, but first an exditafim
that we are (nterested in .

The membrane is excitable . The equill'brium is o steady stafe bufa la.rge encmgh

pevhlrbaﬁ(m (wbmh in pra.ctice 6n't too hu'ge) that tauses the potential to undergo
an exausion — the action potentia) -

At the mement this s a four-dimensional gystem (V, nm, h destribed by egns O—©)

~This s met, eaSy o amalyse but we wan reduce thes 4 4 two —dimensional system cajied the
FitzHugh - Nggumo medel.




Sed"lon 2.3 : Fi"r%Hugh ~Na@umo mode) [ epproximat e asymptotic reduction of the ]
Hodgkin - Huxley mod ef

Asaimptions: ) Ty is small S0 M3 m(|) el e @
(m rap»dlU reaches its quasistable velue, vsing @) M

D =T, (ot perfect ,See groph 2, bt a decent appmmmaﬁm)
8) Nutha =const, b (motivated by graph 1)
< wth=h (wing @ and ®)

This reduces the Hod\,kin-H vrley model ( four 0DEs for V) n,mh) to the two -dimensima)
fystem for Vand h:

cmd,\L = Tapp {9 (VU ¥ Gy, (V=vy,) m2 (VI(K-n) 9, (v-V;,)

T (V)%ﬁ;’ = nco(V)‘n

leds non-dimensiondlise. he system -

ve VoVey oo 1o (00 4

vol-taae, v—
Na_VGq, v sets o 0 Qimensionless parameters
( rather than Vag,.
resting potential for Nat I*= Topp ] ‘(VH 3
This leads to 1he dimensidnless system 9,\/,('\7M;Vaq3 Vio - \/;“'
%ﬂtm Nu(V)-n O Vs~ %S Al M
o Nﬂ V-ea’
Ed.gal:*’g(\/,n) @ KLz g—L 6; C’
dt Do, 9A’q'5n

PN
where  JUM=F (VT VIIn L ¥ (V- ¥ - (-0F-nYm3y)  with J



« Gn
Key poiht : £¢<| uhere €<
y In.Tn

This is why we nom-dimessiomlize — kb gae the refative parm meter S73es

Hev point:€<<l, SO Quickly reaches @ quasisteady equilbrivm in @ and y) ¢¢)
50 (v, n) simplifies: > you w@n see this thmagh @

Jwm =yt nt-c-nlh-Mmi) - dv I*-q(s,n)
PHRASE PLANE ANALYS IS dt P

Start by consid ering the wse

¥ 0] (;-e. ™o applied wreent, fom (@), v is
given by g=0)
&Hﬁrﬂdf’:yft’ In @ gives i = M on algebraic reloti 0nship
(identified [ ¥\  betwee rd v
as sran) hm XK(V:V") e
" %!% = r)(’j(v,v))
A )
9 70
\ & S0 v decreases quickly here
v m}@}ﬂm,vho
- Vil > Note that incheding This ¥
Since £<<| v term doesn't phan ge these
we know that qualitgtive features.
the system quickly
J umps onto this
llcline.

Now we just need do add the n=0 wulldine (m=hy, (v))

(nuilchines in genecal are when you
d
n [l l N nulicine (n=Nw(v)) set ﬂ’ea—t- to 3em)
\ l T rs‘(—- Ml cline when %%_L' 20 D PH=N(V) by eqn (D
\M I 4ﬂt->o 50 ke move up
= \ below the n-nulicline, P PLhue
Lysis
__), \ re(ﬂ" bl’ (D dd_{3= nm_n
7V

V nuiiddine (3 =0)

'] | 4 s1¥=
nullchne when_gﬁ, 2 glvm=I7=0 byegn®



ﬁ""t“’bihg around the fixed point we see that trajectories spiral around So the
fired point i5 a spira).

STRRILITY

Linearize near the fixe point,  =nes, v=0
Sﬁt VvV

n=hm 'l"k)) v, N<| __‘:.4
d
and 00€s Yegome _OL( Nl- [+ cT?/m (N
dt \ v - A3 -19q /(LY
tan  Egv

Stability Is g jven by det (M) gpg trcm) = det(M)<o o saddle
/
trace det (M)>0  apd +r (M) <0

2 mode or spiral
Trace and determinant method

E«‘genvo\lues @n be witten ag

T (Y2 [ (P> g get (o)
L

A=

We have det (M) - ‘?(-ﬂ

oV

+ 2| 5

S
<

Now det (>0

f'l"_‘.: Now Sslope of ‘n'nulldine_-o\n

—

(<%
dv

Di {ferentiake g(v,M(vY)=0 wit v:

Slﬂre of v Ddine = -%SV_ since 3(V,I’D=O 0 N+ ~o , Q0 - .la__ﬂv;

m on



Z

and fwm graph'. Slope of > shpe of
7 Nolicline vV nulldine A o nulicline

3 N -
) d__nw_ 7 T @av_ , This implies that v nvlicline
Y 20 N
on

5]
4

det (M)5g and tr(M) = ~( -QL%SV lﬂ=ﬂ
\"

Fixed point is sable H (M) <0 = %1‘ >-&
N

n d means : rate
23' >0 bewuse opf piclure ﬁ} =n u
oVlnen 9>° cof g i recti
n:Ng change of g in the vdirection)
Moo [“a<0 X whie ketping n fixed (stort an
fixed point is stable | \ ’ qeonum vnileine)
] 40

Atthough the fined poinY is stable, a $mall increase in v will lead 19 q large exarsim-
this is the actin potentia) again. If e ploHed v vesus t we would obtain the qraph

we drew eavlier. v
Limit cycles l7 b

If we apply o current then this  wil push us off the equilibium  point and send s
round the trajeclory before  Starling the process all vver again —we only meed
@ bl of energy o achieve this.

Sliah’cl\y different to a tonventional limit Ucle bewuse in 1his cose you ne&d bo give a bitr
of energy 4o kick it round the Yole (i-e.itdoen't cantinue on the loop wfo energy input)

The Fp‘hHugh"l\)Aﬂumo model rs the reduction of +he four-dimensimal Hodgkin-Hu)ﬁlsy
model 10 o fwo-dimensimg) §ystem,

ﬂ\he Fﬂ?Hugh-Nagumo 2qualions are ap ana!y'l,i(ayj Similar pair of e€quations that have
the same behaviour. easier to handle this mathematically

gv= [T+fv-w
—linear €€n

abic fen
f= v(v-a)g-v)  ocas|

ev=I™-glun)
. E—~— implicit functiom W = b’\l —W
= 'T)M[V) -n




Nerve signals can travel at Speeds of 230 mph. This allows ~&%_
you o rveact qulckl\lj to varous sHmyli, such as pulling your hand away from a hot
Wave propagation in meurons surfa.(@ of reacting to Q sudden loud noise

We vow explore spotial dependence of the Hodgkin -Huxley made).

exteal
( ) inteml )) )\
‘ v/ \a meuron
I, = transmembrane d
Current per unit length I8 Ueﬂkﬂge v/ 1hese axons beause they are not

carrent owr perfectly insulated)

i
C = wpacitance per unit (ength Sx

1, =axial wrrent

R =axial resistance

In & seqment Sy the total change is CV 6.
current out right
C}mresq_ tonservation ; g}(cvgx) = =T Sx v I, -(1,+81)

rremt ot rent i
wimreént \n
1hrov9h walls et
ASsum‘mj C = tonst.
C%\L,; §x = -I_LSX t Iq- 14 - &Ly
= C _g—‘é = - -I_j_ —-&[ﬂ
Taking the limit gs §x —o &%
C% = -I, -2,
%4 L = (%)
- 8V = T Réx Definifion of resistane (e, AV =T, Riotar)

=) 3.![
.bx :-LIR => Iu'= “é{-%

go n (%) CB’V 2
¢ -z = -1 L2V
el 1t R Tx- (4)

‘“)is (s (alled the ’I’deqrapb equation ( or the (able equation)



)

assuming the axon has o ciradar cross secHor,

1€ the 'n:;:z\,mfir(mew s p= W,;i,‘lhen, @-— P(I; -Topp)

7 P& unit (ength di nead

ond CpCr ST it pe
unit

length

F R.= msfstivf(:y of wedium, then R = _gt‘- whee A - i—'n'd" is the neuron

cross- Sectional area. In () this gives ““(’»v?%% =~ (L -Tpp) ¢ %&E %I‘
9 G .1 -+ 4
N en-dimensio pal g tion
lbe choen later
= V~V . = fh
V —re ' ]:| ‘QNQCVNQ"VQ“)SCV\,V) , x:.b'é' t:u’f

oo-Veg
(same as eartier non-dimensjonlisadi on)

where L ic to be chosen lader

This gives
N X 2
Cat < I - g+ 8??1
See. problem sheet @ for derivation
A= Nl M of this

This is the [Space dependent versim of the Fifzhu gh- Nagum? made) |~its the same but

Just with a -g-z:(’,_ term. [gpohal variatim of { adds diffusioq tem |

let s analyze action pofentiaks 7h this tase - We toeld  analyse the equations akove but it s
esier to analgse, the  space-dépendent - fitzHugh-Nogumo. equativns (the equations that dispoy
the same qualitative behaviour bt are easier o analyse)

8%%;= f(vV)-wt EL%{ fov) = vlv-a)q-v)
X
%—‘_‘;;l gV -~ W and lmg.& cmwgh Yhat Co,0)
(s the unique steady State.



let's look for a fraveling wave Sohdion so we tan find a wave traveling down the axom

V':\’Cj)l w'-'w(f). jzc‘t‘ X, waves we'l dra Gt the end will 90 €rom r,'gh-'--ro left

O cev' = fo-wrev”

@ w' =yv-w

bith v,w=20 as § 4

[£ is harder 10 do phase plane analysy mow betause the phase plone s
three-dimensimal vather than two. v, w, v

However, eci % his aifowss us to mmake pragress wiihout having 1o wnsider #he
three-dimensional  phase space.

Theres are four different regions of behaviour

() To begin with , if (e aren't on the cwrve w={Iv) then we quickly muve there
bewnuse of

O écv' =fy~wteWV"

In this region, things happen over o fost f Swde. This  Suggests re&qlih\’ Feer

J— d..\L__ - zv
0 = CdJ_FrVJ w-ro(l'_I_z @

and in his region. tonsiderirg the ather quaiion, (W'=yv-w  (® ¢ rom a.bove>

S c%_ & (VW)

D = onstont.
We choose Gordinates Such thatl the resting state @ rmstncls to (v,w)=0,0).

Thus W= const = Wrecting SO . This is not SaYing that & cnd w mMoust be %0
but starting Erom restifhe“Slow variable @ hasn't moved yet, So it equals ts
Yesting valve (which is ¢ in the shifted amrds)



3,
Now sef  dv =« Then we o write ) € 49U < prpy-of + Qv 5 . ,
e J / J 'F(V)'HL

dI whepe, ’ dendtes
Then our phase plane system is | V/<u alenuwaau;mw
y'=cu-Flv

Fixed points of thyg problem are y<p, V=0,a,
—
U A the 3 equllibrio
are the zems of fLv)

/\ lAH'I’\ us<o
"=eu-f (). Thus u'=0

U
'Egj o @\u LFCV) nu(ldme)’ 9 w:fv) J

D us= 'F(V)/c,
can see this Hnmvgh bin earisotion
Linear stability analysis §hows that U=0,1 are saddies and V<Q (s an unstable node
So we are interested in the trcyectoy in the phase plane that goes from v=o to V<)

fixed points (to replicate  the action potential we had in the space~clamped case
Where we had the fast behavivur J'umpma out of the nullcline)

u g
\ st

\ N\

Slow \ \\ slow
\
| \
(1N
fost

There is anly one valu of c thet achieves this now:

g.;/“_ = Voo ocu-Fmny - ¢-fw) =c atv=0, s0 gradient of trg)'edo»:y is C
v Uu ’1: \

beLose f(v=0)=0



" . " ua
mo high we Wil T f

we ore atter the purple sme
ot fakes us from veo 1o VT

if we
are +0

[ow we'll
also fly off

wave speed
Lihe a shooﬂnj problem. This is how ¢ is Seledta - this means Hhere is o

Unique wave speed (o the tmuellinj wave .

@). Thus,onee we jand on the o walicine  (w=£IV) ;e y' - F(v)) we
C c

slowly move e 445, Specifically. mthis we have e
=2 oV =f(v)

sev'=ftn-wtev"
3 cw'=yV -4 | @ from before

1]
= ef( = fW)-wtetv"
10 leading order In £
2lw= fW| @

This toxes us up The wrve 'u=:f%2 until we reach W=V (the eqm 0f @)

W

n

a different slice now

/\ -
- /N

7>V

|
]
A 8 (
F | 7 \
" Cv) | 9, o U=Lpeyy nuidine




AT .
W A 2p version
/clwl‘:'g ve‘sm
grof S
9 o Wy |----/--
D N
j 7
o Pl 7\,

Note that (. is motthe maximum of w=fa) unlike in the spa.ce-damped model.

Now C Is where w=yv. We need to find what his valwe (We) Is, Which we
NS

Wil find od [0 the next s{'age

iif) Once e hove reached this point we enter another {dst phase .Agwin reswle

Fe€]|to @pture thig but this Hme wew, (0. monrerd canstant, which we neeg

to find out whot value it is). Then the sysiem is

V' = f) ~oc t " where o =§'_§
“The advantege of this now 18 (08 N again turn i into o phase Plone , by writing it as
a first-order system .

Phage plone  cystem vi=Uu from vefore, becomes now
u' = cu-f

=) Vl =V
ut = cu ~Fow) t w

C—oin3 bock intg the (u.v) plane aaain we end wp w/ something quide similar
w a

“ode

w\s’tﬂ‘”\e

IR
> e\

vV shifted down
_ o)
sym pt L= " @

s W



C & D are saddies and this tne we lave a trajectory that tukes us
Lfom C 0 D.

This time it I We that we needto choose correCtly Lust like we hed 10 choose
jhe wave speed ¢ @rrectly i part V).

LN

LLPN
W n

0 <\ 2
X /\ o3 34
T\/ >, ° \@/(B v

AR, B2c, c—D, DA
fast glow fast Slow

The overall ecture s a travelling wave that moves down -he axan and lodks Ilike this

The ,tmjed_odes v @' 8—C (H-' Yyou look at the plot @ﬂ - R
A—g an the right, above, 8 v goes trom 0 to 9
R-C G doesntt d)mge m™uch) & i+ huPPem qw‘cklj
C—0 LI R Al —
DA A

talce @ certain. Fewall that oihte We dhase 7=c}~A, >0

amoaint of time
but we are interesied \
in the voltage A A X

Wwe 9o {rom r(‘ghi to




@ c—0 This takes ucfrom Va1 to v=0 Chura bit ey adive)

+ Stme as Jhe space-cdamp version, buf inthot wge +he wase tminabove wowld be a fime trace

Wheeag, e one above s mcm'hg down the axon .

7

The section above s abowt how o &igna»( pmpago.tes from owr brain ‘o our Musdes to
soy “do something " But the muscle then has t do somethirg- “This is whel we wil

cover Next.

Chopper & : CALCIUM DYNAMICS

Galiom ( (™) is mportant in_musde dynamics and  Cell Signalling

(a2t is stared in cells in bones & rleased by hoimavel _ stimyfatian The internal store fs
Cahed the sarwoplasmic retiud om.

I+ vefeases (a2t via talciom indwed release.

The intratellwlar flwid matric & called the sarwplesm).

Extracellar G2Y wneentrations are higher than infracellular @nwentratims so @7
must be pumped out.

Musde cells are bundles (fasciwules) of muscle fibves (cefls) cadh of Which contatns arvays of
filament Structures (micofibrils) which contract wider the actim of (ot

/—'\\ A -

@ _$ ~-‘\/’ ’
muscle. B
Cantro.cton biceps"

Und ey stimulahm fion o nene el an action potentral is triggered and propagates
along the fibre.



Not floods in and this aflows G2 ih oo

The release of (a2t is quite Spiky n

Cn”
Ooncent.

v

The two-poo| wod el

We want to derive a model 10 explain how (a2t Mmoves between the Jarcoplasmic
velfudum (the stove) and the Sercopiosm.
% ]_—inﬂuf\]

kC
(Tea LQje.J
Sorwoplasm

rehudvm

G

= concentrgtion of Ca?' in the sartoplasm

C
C = P Sarcoplasmic reticulum (SRY)
3
Js

rate of take op of Ga*t by the sarwoplasmic reticulum (by receptors)
[active uptake]

T_ = roie at which the SR veleases its internal Store (" calciow indoced Celcium release)
[active releuse]

r=influx of Ca?' into the Sarcoplasm fiom the outside wovld because of on appired
stimulus.

ke = rate of leakage of (@ from SR info the Sarcoprasm [_ pousive ‘&Y:&f’;ﬁ"‘?’f"l 10]
ation



] 3
kC = rate of leakage of G2t fom Sarcoplasm o outside world [-(busfve - propovtirnal }3'
tonentrahon ]
dta < T, -7 ke <
= e ko = F
é’d% = v-kc -CTf - J- ‘l(,C:)
= r-ke -F
Ne choose T . () (o (from experiments)
K+ C"

Ne Y is not a voltage . # coneniralion raje.

Vi.h,n are d‘us-t mumbers :
these bits aren't important

I_ =

This fs -}be impovkant bit thet @uses +he calcivm induced
calcium release.

nNon-dimensionalisation

C=Ku, ¢-thv, t=Lit : wut, ¢
J G f t kt , F=Vf all dimensionless
@unterparts
[ du
dt }‘L_ é—@(u.v}

de. Lfaw)  whee 1 P(u—u) (,f;){:%ub'“

With |‘”=krz )'5"]]%. g= hlh «|

>

as owr dimensionless parametess.



This is o two-din)chsianal system [w.V) 0 We may use phage-plane antilysrs.

€«| means thot we qu\ckla Jump omtp the v-nulldine, fouv) =0

VA

{ (=0  v-muldine

How to piot this wne?

O €<<l So iaho*ring the b&-term in {(u,v) gchJ

i F(u—u) (Hv'“){;l%u') -SV\TO

n the nul\chine
n
v - —L; det
(+y™M ‘J'tl,f = Jw
o< P+uP K(u)
4 Tw)fe )
)Y
Klu)
J(u)
™ > /

I
7

Y

= V=M TW s e ’“3>

Kiw Klu)

7 U V=

V'“( Riuw) = Jw) = d(v)
\ B)R) K
J—(u) l/m

= P(uU)
Kiu) -J'Iu;] v



fuv)=o v-puchine

A\ )
\ u

o app roximate this part, Seb ve %

Now Jets Logk at the dynamics. v mprd)y approaches the v-nullcine that (e
hwe fourd, bewuse of the &M the SL equation;.

But now € we ook af Hhe M oquohicn we have

d o fe-u- K‘\C(u.v)
o o-u- &

W we don'¥ just bhave u= copst wnike jnihe previoks wses. This Hime we note Fhat

i Lfuy) = AW ooy —ydy
Since %Mb_bﬂuv) => it fo—u Jdt

= du. +X

On the fast dimeswle |t=gt| we hawe Eg—tu = fu,\) bewomes i’ = f(u,V)

giving the movement of v 4o the v-mullcine and d

4 st = ethw

2 UrPV= const. W leading order h &.

So we move o the v-hullcline atong the ling V= &s‘;l: "s,—u + Qonst
Y



NV A %

I, and |i_ are the points where the
,r"?\ emdien'l' of the wrve -f(u,v).:o is -%7.
\ = fuvy =0
! ol Recw) trom
S Fﬁ?Hugh —l\lagu mp
" u
Case G): oo <j<fuy iy

Then j’.(.:(wzv): fe-u- When u<fu. we move fo the right

When u >, we move 10 the Lest fu,v)=9p

This leads to cerf—sustainad or relaxation 08¢ flations. g;JWUVFP'" <0 when U>Jy ww

Vv VA >0 when U<h_ v
I tl >+
Cose Gy o< pu_
Then 3'{ (utyv) = j-u <0 when UL M we move 40 the rght

When  u>jh we move jo the left

/-\
\_ /// -'F(MIV) =0

4
u

N &

B

We meed a bit of enery /excitation to move away from the blue equilibrium point,
and then we 3et an exasfsim — @ muscle contraction !




N &

/ \\/7J,,_/ fuwy =0

7
u

Cose Giiy: p> bt

I
t(ufxv\=}l-u. When ULh we move to the n'ght‘

U we moe 1o the lest

Q_|D..

he equilibvium lies at U>fe g, Whidh is high. This leads to cramps @ and vigor mowts ee

¥
i.e. Concentration of (gt Stoys high always



