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Lesson 1

Fxponems ond radicals (1-2)
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M rea] number and n is o positive integer, then the



LAWS OF EXPONENTS
Law Example Description
- 1. d"d" = a™*" 32.33=3"5=37 To multiply two powers of the same number, add the exponents.
a” 3’
e i iy e To divide two powers of the same number, subtract the exponents.
= 2
9 3 (@) =a™ (32 =325 =31 To raise a power to a new power, multiply the exponents.
4. (ab)" = a"b" (3-4)? =324 To raise a product to a power, raise each factor to the power.
a\"_a" £ G To raise a quotient to a power, raise both numerator and denominator
®hnl B 4] 4 to the power.
s [ el 5 4 : To raise a fraction to a negative power, invert the fraction and change
NGB " \a 4 ~\3 the sign of the exponent.
at 3 5 To move a number raised to a power from numerator to denominator
7. 7= = -5~ a2 or from denominator to numerator, change the sign of the exponent.
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Simplifying expreesions inve ving exponents
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Examples involing  meg ative expoments

-3
(a) 10a.b = 5 a'l~(-z) b'-a-b‘ o
za‘—?- bs

58
SQ.L'Q,-_L_._L _ 50},L_ /
P b L8
Rewll
Qm. aﬂ = a'm-i-n
Radicals

If s any positive integer, then the principal ™ rot op o
is defined as -

ﬂJ::b

This mems 7 . q.

’\’ﬁf—.- IF nis even then both a and & nwst be greater
or equal t0 0.

PROPERTIES OF nth ROOTS

Property Example
1. Vab =V/aVb V=827 = V=8V27 = (-2)(3) = -6
2,\n/§=\"/«7 J16 _ V16 _2
b 81 V81 3
3. V¥a=Va V V729 = V729 =3

a.Na"=a ifnisodd V(=5)* = -5, V2°=2
5. Va"= |a| ifniseven V(-3)*=|-3|=3




Retal gl
e
= 3{?}]‘5’
Vab= T
(& “arxey® = ""'@i
é'xpooent law: Tx“ T
™" = o™ Y
= 3.x%
"ﬂf" = o ' y

Rationa) esponents ( {-'mchonal 2Xpan ent)
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Examples

Y3
(“')~ 'Y = (35)2': 2,1=4-
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Sim plifying expressions / @™
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Rewll x = %M or 33n= X = 8€x° Y
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* Homework | : Sepi8 ot 11:53pm (on Gradesiope)
. WebAssian 12,13 Sep 13

* Quz 1:  Sections 2 and 4 , Sechions 3 andS  : Duning recitations
v )
Scp 20 S‘ep 22

Rotionalizing the denominagor (Sec. 1,2)

Gometimes we want o qet rid of the radica) in the denominator by

Mo Hiplying both the numerator apd the. denomina) oy by an appropvate
ex prescion
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Cxamples

(D) Rokimalize \ !
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(D s . 5x
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{5x V5~ sx

fl gebvaic _expressions (1:3)

R polynomia) in the vasidhle & IS an expression of the form

n n-|\
0Lnx +a,n__|x ... 20X +a,

@hw Qo, 4, ..,y @re wonstanic and m s a Nen-negative
|n+e‘9e'r (F q’\#o then the PO!YOOYD\‘G) hqsdﬂm n.

k
The tems a, X ore walled the perms

Adding and swhtrading po lynomials

. Q
Cxample : §x + 2%\ 4] (: (g.\_z)xq +‘>'~'le‘\.|.,
3
5)( - X3 = 4\-X3

Nede, - - (atb) = —a-b

\

Multiplying  algebvalc exprussions

(axb)- (c +d) = actad +bC + bg

Brample: (@) ( 3% +H)(x=5) = zxX"-10x +x-5
7 ... -
G o v et o
b ’T:—M‘ 4 iIstributve (aW
) (i" ( 4X+6) = 2x ( x*-4xtc)
+3 (X'L—A»X”’B)



3 +
= X - gx X
+3x"——/\z€<+18

= 3
27 _5x" +18

I (AB)CR-B) = A™ -pf+ g 3> = g*-B"
2. (A+8) = (A+BY(A+8) = A% 4 Ap +AB+B = 4 +2Ap

+8*
SPECIAL PRODUCT FORMULAS

If A and B are any real numbers or algebraic expressions, then

1. (A+ B)(A — B) = A’ — B? Sum and difference of same terms
2. (A+B)> =A>+2AB + B* Square of a sum

—3 3. (A—-B)=A"-24B+ B Square of a difference
4, (A+ B)=A°+3A’B + 3AB*+ B>  Cube of a sum

v

. (A—B)*=A*—3A’B + 3AB> — B>  Cube of a difference

Pandplc of  Subshfution:
erample0) (e yf) = (x*ry”) (4™ 1)
= ROIL
(omuia2.) = (X7 4 205~ )¢ + 4°)
= X4' + lxﬁ.‘ys_,_y 0




(3. (3x-5) = (30" -2(3%() +5™ <~

A= gx = qx*-30x+23
(3%-5)(3%-5) = 9x* ~|5x - 5 +25

(3) (\I?-‘E‘)(W+@) = 9x* —-30x +25
Spedal product formola . (A+)-(A-B) = A= g

Whee A =[x and B={y
(x -y )(Jx Hy) = x=y

(4) (ty+ K)’\)'(‘(tjfx)ﬂ) = (y+x)" -
(R=8)-(A+B)= A>-p>
Wl)efe A:\y+x

8 =1

Foct On'nq anebmic CRPessions

(D 3x" -y 3x" (1 - 3x°)

(2) ‘8x“3” 16 Kgf- 2;\3“' = ?_xg"(lt X3+3Xzy

2 NS - l)
(3) (m(x—\% 4(x-1)= (x-u)y-(lew-‘&)



NB S(x-D-4(x-D= (x-) = (x=-0- (*+D)

SPECIAL FACTORING FORMULAS

Formula Name

1. A>— B*=(A - B)(A + B) Difference of squares
2. A2+ 2AB + B> = (A + B)? Perfect square

3. A>— 2AB + B> = (A — B)? Perfect square

4. A’ — B = (A — B)(A* + AB + B%) Difference of cubes
5. A+ B*= (A + B)(A’ — AB + B?) Sum of cubes

- A’(\f-—:Mvs
(2x+5)(x-) ~4(x-) = (x-0 [@x+S)=4]
\_’w—\—' A _/

= (x4)(2x2+5)
— 4 (x~

In general , Fadoﬁr{g qpradratic exp essions:
X +bx+c when b, ¢ aw

- 2
- X F+ §x +rXA¥CS

= XTH (S4r)-x + s




EXOmP\e, X*+ 3 X+Ii2 - 12 = c =2
I) 1; 3 : 4 = C Ty
2 -6 = C =2

= (x+3)(x+4)

A bit more  complicated.. .
FmeﬂﬂS ax thxyc = Cp@)

= pq X" tPSXtrgX s

= POXT 4 (ps trg) X +¢s

O = pq,
b= ps{-rq/

C=rs
( 3@0 atfempt |

Examy le. K"’r -5 = (3&5}
(ex s(x 1)

3X . 2%
EX - X (x Dlx 9)

=ox* +3x ~5



F -
Note (Mb&w = OC + oad + be 4+ bd
N

F o | L
fist outer inner losk

o

T;d"ﬂ we'll finish Sechon 1.3 and do most of |.4 teo.
Todoy : Office hours at Wit in Room 1025 ak 4:30-5:30 pm.

2R HER T X+3 = 2X 43X

Factorize:
2 /<\) +3
Examv\es @ ax t §5x+3 (lx t 1)( X + 3)

= (x+0)(2x+3) (x+0)(2x+ 3>

® ex*+10x+3 = (2x + D(4x+ 3)

-3
@ 6\3" +|Iy~z|= C3+3)(83—4) 2-4

” Cpmsiteprd 332
c.| -2 =2y
-3
CY" =Y +18y-2) = Sy™ +ily-2)



Ditference of squares: A6 = (A -BYXA+S).
€ xample : 4x* =36 = (2x— G)Q_x-)- 6)
92* - 25 = (32 - 5)(3215)

@‘*b)L' c* = [(mb\ -c.][(m-b) +C)
A’ =a+b B =C

Per{ea gquare - )‘?a_‘_ 2A8 _‘,B‘L 07 A2-2A5+B"

To recagnize it look if the middle term is plus o7

mins  twie the prodich of the Quare mor of
the two oujer terms

¢.§ |. x* t(6xFg = —=  (x+3)(xt3)
N . . = x243x¥3xH
oA ey (xoy) e
/ A
@x)” (y*

(4

= EG"

= 22X

= (2x) = gx*



10 "‘

Fad'oﬂnﬂ eRpPIESIONs (oi4h fracional expments XM =M

Fadonze - 3)(312 -9 x‘h +€x-'/z = -Iz( X — 3x' + 2.>

!

o factor o x /3 from x factor vt

t+he power of

3k --/z(xgb_(%)) x with the ~h e
7/ | small est enpoment 3 x

6‘3 ° X + (wlb = (‘7_+x)'7/3 [ x + (11-x)®]

XX =% NG .

)
wi

(=2+x) . (2t x)

(Zi-X) 3 t
.L

= (2+x)°

F(ldwsqg by grovping . B4 *+4A¥4 = xt(m) + 4(x+1)

X(x*+ %) T (KT )

X (x+0)% *( x°'1t 4) 2(x-2)0ex)

(K—M_)'L

—Y e
= (sx-\)[K —4]
= (3x-N) (x~2)(x+2)




) Aside-
Sedhion 1.4  RATIONAL EXPRESSIONS )épd
a& 4 0,"_‘ ;@{....'Mb

pe‘ﬁhfhon: B rational expression is o eéxpopents should be
'(\Md'itmo.‘ e,xpuss;son Wb% bO‘H) the, m%e%eﬁs for thisto

be o polynomial.

humerator and the denominator are
polynomlals
e.q. 3% , =2

X2 244

Bt _ x>
Vx> H
py

fhic Is not a po(Jnomia, bewause of 1~
S0 its not a vationa) expression.

Domain : the set of vqlues of 'x' that the variable ic allowed ¥ haye
e.q. _3X domain is {xl xn}

XL 2 0
such % s not equal 1o 2
x x ‘that

9.3' ~

X"-5x46 (x ~ 3)(%-2)

Pomain s § x| x#z and x# 3]
awoid the x valves that give that the

Jenomipaio¥ =0

A Domain is ~ § x | x#5 and xv/o}
'lhns womes From VX



St‘Mpli(«!ihg tadional expressions

eg. X -| S €% 0 T

X*4%-2 4@~ xt2
e.9, (k\(?-{-Z-X—Bﬁ)( 3R+ > ( (=1 )(x + 3)° +3 3“(\%4))
X*+8xt6 cx+4) )
(x+ 8)(x +4)

- 30 Y é_’sﬁ‘l
(x +4) X +4

e.q. T e3x -
% —_— " .. X 3)\ q‘ - X-%
X4 X *£9x+6

. X*45x+6
X*-4 x*-3x-4

(=47 gea)(x43)
Ce-D0H0. - (x=4)(x + 1)

X +3
Cx-2H)Cx+D)

"

1]

"\ddina and sub\-‘mc.ﬁng rational expressions

A .8
—_— —_— = B ¢
C t C A—.E—- Note . [t‘s best to use

the least ommon denominadop



Examples 3
cxamp®s 1. -—h*'{al— the denominator wif pe o
h X+ product of the (x+) and

(x+2).
- Bl(x+D) +x(x-1) _ 3(2&\?%)4 1-"()‘[9
C % -0)-(x+2) LRGN /C‘/DCX’@
= 3Ix464+ x*—X = f‘_‘-l-_x..
. X+
Cx -D(x+2)
= ECQ' + 2 K56 (
Cﬁ"lXM-:) X %E)
(x+ 43)
2). ‘ - 3‘—,_ = | ~
x -l €3)) (x -DCx’rT)' -
< X+ =2 % -()
(x-l)(x-H)@
= X41-2x42
Cx -DCx+D”
= —x+5

& 1) X H)™



Com pound frachons

Note: A mmpovnd frochon is a fracion that hs oo
frachion expression in the numem)o,, denominator, or boih,

(
‘l_bﬁ = b b‘ - -L.‘.L
o & b 22
* o = 3
T
= O.ib
b~
o~.—b> Note
o Z
3 \. .5
= ath & e~ 3 4
b o.-b = _ 2
= ﬁOLCo.-\-D e
bCo-— b) 29



Announoments

® In V\JebAssign it matters whether you wnie (iffle = or
Gopita) X

@ Submit the homework thwvgh Grdesuwpe » not by email.

@ If Gradescope  doesy work ond

You enwlled in dass nte,
let me enow. |£

it Qust doesn't woyk . bry o differemt browser
® (f gou hwe mah questions, use lampuswire.

From The previous sedion.
Rationehizing denowinakors o7 nvmerajors

Use: [C A -RIT)CatRic)= A*-B*C

J this is
examples (1) [ . =13 = I-V3 - l_ﬁ Correct
1+3 '3 |-3 -2

2
‘ﬁ&eo’esﬁcfavgf
(2) 14 X — 2 _V44x =2 : m-‘-')_ (X)) - 2*
X X VFeR +2 = 4+x —4

= ‘}/'\"‘ —%

X (Vg+% +2)



11

¥

T +9
- \
Vayx 42
> Ty o g i 4
2 y-rs +10
= (445) - l0o
2(fyrs —H;)
- y-395
2\yts 120
Section 1.5 Equ.aﬁons
Cxample AR+ 4 =0 Linear equahon
2X = -4 (firet degree polynomial).
X =-2
T

the solution is the qoot of the equation
Cquivalent equations

l. A= 8 é’—) A.‘.C = B+GC

2. A=B &

A-C = 8-c  Cwhere C#0)



Linear equation solutions:

€4q. Ix-4 = 5x+9
FX=5x 413

¢-9. A= 2lh+2wh+ 2l

L We want  wid+h . w, expressed
in ferms of all other quantties.

N\

A-alh = awh + 2w
A - alh =20( ht 1)

W= A - 2lh
2Ch +0)

SOLVING QUADRATIC EQUATIONS.

Reminder: A quadradic equation is of the fomn

axt+bxt+c =0 6’)
Where  a.,b, and ¢ are real Numbers with 0.#0



2800 -product propery

AB = O i ond oy It A=0 or B-=0.

Fadorinj Q quo.drod'ic ‘0 Solve it

e.9.  XT45x = 24. if x=3 IHs=(3) t50
X* +5x — aa€0) = aris
= a4
(x —3)(x 'f?)’-o =RHSY
X=3 or x=-8 f x=-8 (HS=(-8)*+5L8
=64 -40
t\\‘ﬂ X"+ 5% =a4 = 24
x\\\s X(x+5)= :24 = RHS VY

e y - 1‘\3 = 424
N X" =4, boc simple quadralic equafions

*{a4 X*=
X=yc ,-{c
9.  (x-3) =
square root both sides
X-3= *[37

=343



Cx+b)* = x4 abx+b*
OMPLETING THE SQUARE

alwags -

X {bxto = [X+2_) (_b.) ra

Oll»a.ys (xi-bi) ()(‘\'%)
half the

oefficien—+ of +

|

r X 2 _ a b b?.—
m,(X‘\'%) -(!;:) = x*+ x+/4/){
- )(z’-i-bx
= (ﬂ)
Example
O x*-8x+13=0 e comple-Fing the square.
(x=4)7 4" 413 =0 (x-4)"= (x-4)(x4)

2 X -8XxHb
1T _ 2 =0
(x=8"-lex3 (x-8)* - q2+(3
(x-®)* =3 -0 = X~ 3% 46 - 1613
(x-4)" =3 = XZ—3%X+$13

:i@
SE



3x“—[2x+§=0

®
[ 3(x==4x) +8=0

w3 (xed)= fpo

3 [ (x-2)"- 4] +3=0
&S

3(x—2)°'-\9_+ 3 =0

—

3(x-2)"-4=0

A(x-2)" =4

(x=2)" =3
X-2 =

(x-2)"_ 2> 30

(X ~2)* =4+3 =0

v
X*+ bx+a =

always -

[
(x+4) - (2 +a
-i‘
alu:ay;
half the

oetficien—+ of

Line 2 40 line 3
3 [x* -4X) +8 =0

> )(x = )(x - 3)=0




3,

alwags -

X {bxta (xfg_)l-(g)z a

—

0
Mway.s
haf the

oefficien—+ of



X+§“ = -_\—_ ﬁ = ti
3 3 1
x=-8+3 , -1l _5
3 3 3
¢
3 J
- 8-3
5 =B--5
Sep 21.22
’/@uesﬁon obout t‘ad'iona!i%iwa denominador
J’(’-T\ + | ,‘ K‘L_H —| xz_l,/'/_/
= ¥(Ix*# -Q
Xff
= X7 -1

S



SOIviqg quadmﬁc ejuations using the quadratic formula.

AX* +bx+C =0 Where o .b. c are real numbers.

Quodratic formula : x = -bXt \ b* -4ac
L4
where 070
ém @ 3x‘ "SX"’"O a=3
b= -5

1 -
+bx+c =0

x= - (5% (-5~ 43X

é—'

(om pleting the square : w .
S{x’--—g—x - = X'- %
2% -1 =0 3

—

| (-1 Y] -0

= 5i3xn
6

X -L =0
3






Quodratic formuia

X = ~bt{bt-4ac
Example @©  x*tax42=0 20-
=]
x = =2+ 2% ~400y b2
cC=2
2())
= -2 -le}-s
2
I {ab ={a-Tp
2
= —ZJ;QF\
2
= @:L'ZF‘
2
= X(-1+F)
P a+ib
L T S

ima‘ginar\y humber.s, i
X = ~bt{bt-4ac <« disgiminant

20 > D=0 =b'-dac

X = - bi'O,: _b_
20 20




The discriminant of o quadmiic guation ax®tbx+c =0
(a.#0) 's defined by

D= b -4ac ({erm under The uare aot
inhe quadratic formuja)

@D 15 [D>0] then you have o distinct  rea] solufims

® [¢[D=0] 1hen You have only one rea) soWhom

@ (€ |D<O then You have Wo Treal Solvhioy

Example Phqjed‘lle paths

-— ——my T *

,‘/ " We throw a ball Upwards with an intal speed
| l of Vo fV/)s and it roches @ helgb’c h
0 Ofer & ceconds. The formuio That models
s motion 1s +is time
h < - 'th 1- vot
Tconsi-an'f:
(o) When does the ball reach he ground ?
find & iround is h=0
= - let* T VWt +ot  Het

0 -@ lG't‘l’\/o) (=f6t +V:°9)

b:oﬂ V ={6t



Sowe foy & @ =0 |t = Ve
|6

(6) when does dhe ball reach a height of G400 ft
Vo = 200 H"/S

h=-16t* + Vot = —lst2+800t

*tbt+cs
G400 = -lbt* 800t (G* th C

l6t™>—800t +6400 =0
t> - S0t + 400 =0

(t -40) (+ -10)=0
£=40 ov t=10.
& =4-O
IMooF‘c

) When doesit moch a height of 120006t ?
h=-lt>t801
|2000 = —|61> +800t
le £ — 500t +12000=0 D= b*-40c <0

2 then no real
{1*-50t +39=0 So\UHm



b2 —4acC / L= 504 (50" -40as0)

& 50)* -4 (350) 2(1)
= 239 - 3000 = 502 \250 - 3000
= -2750 <0 5
= 5o+ {=am0 o
2 real S0{utions
.TS\E bau hev e¢ veaches 12000 )(‘-t
%WWww@mW,
S : - S
o‘ve .FOY ' A X‘3 X?;_q *
S
LD SR S
lbwest lmuﬁlp\j by whed the o(enominotorm:_fﬁ,s
Gommon _ _ - -
d enomingo 5 3 (x=3)(x43) 2x (x43)= - 12X
is | Xx=3)(x+3) X(x-3)(x+3)  X(x-3Wx43) X(x-3)0xd)

T

3(x-3) (xt3)—2x(x+3) = -2

3(x*-9) —ax -bXx=~12x
Ix*-23-2X% -6X $[2X =0

E— W

X*+6x-27 0
(x-3)(x+a)=0



X = -9

not a So|ufion
Example . Dolve for x the &llowihg

2x=(=={2-x - ('(Q""‘))t@—z_"-‘y
square both (QK_()’). __(_m)l

sides

Ax*—4x+1= 2-% \
e G N(E~ Deo
=0 -

m:

AN 77 ixz )
v (4x 4+ 1X(x - p=o

&y
X:-i p)u\(] it in iMo O'tigina] equa Hay 2X:“m
LH S - 2(-2):-%
e e e E
= -1

v K=-4 IS o solution = kHS




X = P\Ual\f ininfp 2X =|"|‘2“)(
LHS=20) =2
RHS=) -y2-1 < 1-1=0 # 2

HS # RHS
Thos xd is not o soptyey,

Inequalities (Section 1.8)

Starting wrih linear inequalities.

2X15 =5 qualiy  x = -2

X =~
'nequam-\-’ Qx+5 <3 number line
AX £ —2 <
X & - | !l
notation

® implies > 0r <
o impies > or £

é\GYnQ\e. 3X<9x+8 D<oXtd
. — —9<6X
__(Iﬁ_l —'GX<X M‘Z ~g< € x



6 6
—
><>—%

Reminders: @ Homecwolk 2 due +oni@h‘r at midn{ght
@ Ouiz 2 duving your recitodion this wegk

@ Offie hours on 200m today at 3:30-4:30pm
(link in Brightspace under (owrse info).

Ouiz 2 will indude » Sechon 1.4 ( Rationa) expressions)
* Section 1.5 ( Equations)

Solvin‘ﬂ @ pair of inequalities
Gramyple . 4<ax-3 28
Find the values for x.
Stp Add 3 everywher
4 <ax <l
Slepa  Divide by 2 ‘;hm\/@houb

Toxel
bl 2



This in inferval notation is (_’t. AL

2 2

/ \ Square bradet

open porenthesis 2 less than
3 Stnd inequality or eoual.

—

Note : —'ASXQZ‘- . [_1'4]

X>3 : (3’00)

GUIDELINES FOR SOLVING NONLINEAR INEQUALITIES
1

Move All Terms to One Side.  If necessary, rewrite the inequality so that all
nonzero terms appear on one side of the inequality sign. If the nonzero side
of the inequality involves quotients, bring them to a common denominator.

. Factor. Factor the nonzero side of the inequality.

3. Find the Intervals. Determine the values for which each factor is zero.

These numbers will divide the real line into intervals. List the intervals that
are determined by these numbers.

. Make aTable or Diagram. Use test values to make a table or diagram of the

signs of each factor on each interval. In the last row of the table determine
the sign of the product (or quotient) of these factors.

. Solve. Use the sign table to find the intervals on which the inequality is sat-

isfied. Check whether the endpoints of these intervals satisty the inequality.
(This may happen if the inequality involves = or =.)

Exomple |  Nonlinear inequalifies

O% -6 (Fnd e pessible walues of X).

~ 5xtG6 £0 \AS

= CX —2)(x -2)EP | —

A S AN~

Xr-9%x+6=0
(x- 2)(_7%3)

X

2£ X3




Qegntm R832m Reggn

\ l

2 3

Sigh of — N +
C)} Q)

his 16 e “U‘&b—e}{‘ ne OF o

S‘Sn 0(: \n eOLCh reg

C(x-3) — — +

24 X <3

sign of +he inequaljm we are
Cx-2)(x-3) + @ T h‘d“"ﬂ to solve &5

(x -2)(x-3) <0
Thus  (x-2)(x~-3) <0 when <X <3,
Or in interval notahm [2. 3}

This is {rom Hw 3
—Q ¢ ax-3<5 T3<im4xeld
D\vide by -4 by re b
n j membes
3 € X< 4 when you divide by a hegaﬁw
(nferva) notation. number the inequdlities
N reverse.
[-2 )L\‘) \6 _4
— < X< =2
- -3



Nonlinear jnequality .

Sxampe D (x —3) <0 (Repested fador)
T T
el e I
(=) o l 3
s\gno’(-@ vV — + + T 0<x<|

I

sign of x(x*(x"3) + @_ @ T

The neslons that So.bs\\j X(r4)'(x-3)<0 are

e

l@.\)p(l.a)} \96@
T
nion 0<X <l , |£X<
¢ xC(x-D*(x-3)70 (x<3
X<0, X»3
(-, 0)y(3, )

Solving inequalities olving quetients

é\amg)e Solve for x the inequaw] [4X

—= >
- x7)

STeP 1. Move evc‘vy-lbirg 1o one side .

14X - >0
| =X



l-l-x\ ( ) © mmon mislates
-X

I.—
Hx —(|-§)>/0 / \
l—

X
- ¥4 x
Arx -4 5,0
(- X
X 50 (+2)
(=X
A
sijn of (1~X) + _ = =
)
sign of ™ @) e checto ,er;d pinis
f r infer val Nofation
f0.)
Absoldre vailve inegualities y
'T
0
Aode.  y=Ix) =% X7 \/
-X, X <0 0 X




f)m ies

0 ~0
L IXl<c & —c <x<cC is7a
2. Ixlscw® -cexcc
-~ - - ;///;
-c¢c 0 ¢
3. IX\>C ®& X<-corc<x
Z—
~¢c 0 ¢
4. (X]|7C © xXgc-c OF C& X < ——>
7 ; /Y
-rc 0 (o}

Erample .
L Solve )m\ <@

—n < %X-5<2 Ccompamivp:vpedw)

Add 5 : 3< x<? oy (3;4)
2.  Holve | x-10] < 3 doSefd'
_3< x-10<3 ]
Add 10: 3 < X<13
3X € -6

XS ~-2Q




4 <& 3%¢2

2 £ 3IX

2
= ¢
S\X

mtenal nofation

Lines (section 1.10)

Slope of a line

The slope m of O line that is mob verticw] and passes
ﬂWUﬂh the pointis P- (x;1y) and Q=(x,,y,) is givenby

Slope = m= Ya-Y¥ | . d\angg in output _ nse
X ~ & change in input  run
N8_The siope of 0 vertial line is not defined.
J 4 |
Ifxl'yz.) ] vise = chahge n
: slope s positive y-wovdinahs:s
C;C..-l.gﬂ . .
— X Yun= change in
x - word inates,




— - \‘K\ slope is O

—> % :
\ d °| ) ﬁx M= y?—--yl
Xy~ X,
= 2-2
slope s e
— wndefined =2 <o
2

Finding the slope of a line from 1wo points

8.3' P:([,&) and @’ CQ—) 4‘)

m= y)_-yl 4..3
~- = — - —‘—
Xy )(l 2 - \ = |

_~> Slope.
)3-31 = "“"”_‘5}

L

(x,,y,) is the given point on the line

Eample . R
nd the equation of a line that
at  passes fhmug%

((l "'3) ard (
. 2, 0),
( " gD (xzn_‘,z)')

m = glope = yz“»yt = 0-(-3)
Xy~X, 2~ | =3



Use the point C1,-3).

-4 = mix-x)
y-C3)= 3(x-1)
Yt+3= 3x-3  focheck piog in
T Q,l the othec poin+.
< €.9. When x=2
Use the point (2,0) 3 -3£2)6 6
3-0: 3()("2.) - 0 \/
Y= 3x-6
'y, :
Skekch the line o X-interapt: §=0
3:3X 6
0= 3X-6
y=0 ? % 34=6
X< 2
: Y- inmtercept : x=0
X =0 y=30)-6-=-

Example  Find Jhe equahnon of a line tha]l Satisfies the
-Pollowi?g:
Slpe = -’? and ¢ -iercept 1s 4. (oordinate Is (0, 4)

W rT
X=0 Mod

Re wall \Jy, m(x x‘)

3"4= :,):CX“—D
y-4:_..
y= Tx t4

e



SLOPE - INTERCEPT FORM OF tHe E€AUATION OF A LnNe

An equation with slope m and y-insercept b Is given by

L\\j= mx-\-lz
/ l
e Slope s—mfercep-} (where the fine
A/‘ crosses the \y-ax(s)
3—3' = W)(X"X \)

Example Q) Find the equafivm of He fine with slope 4 and
y" fnfemfpt -2 S]OPQ

T y mx +be—Y-intercept
=y Y= Ar-2
X - Intercept : 320
0 =~ 45-2
2 = 4K
X = 42:

® Find both the sl ope and the i-lnferoept of +he line

Sty | Reamange the equation S0 thal ib'S of the form

yamx-rb
33 = aX+)
gz 254

3



Venical and hoyizonta lines

* An equation of o, verfia line through the poiv (o, b)

.Y s (x=a

\ Cab)

T
¢ An equation of a hovizonta] line thwvgh the poind (o b)
Y

is 3=b

b))

—

"X

|
Note. |f youare given a horizontal line Y= -4 +hen the

Y- (nterept is -4

GENERAL FORM OF THE ERUATION OF A LINE

The graph of every |meqr equation

Ax 1—63.]-(: =0 where A,B are both non-2evp

1S a [ne.



AK"’By +(C=0 > B\y:—Ax_C

inear  const ant-slope

?

S x
y %
\LA quadratic does not have a wonstant
o\ 2 x stope . stegpness of groph
(s Changing.

PARAUEL AND PeRPENDICULAR LINES

Parallel lines . Tigo nonvectical lines are parallel (f
and only if their Slopes are the same

.\M L, slopeis m,

/ .
L, shpeismy=m,
/ / ,

a4 X
/

Find an equation of a linethat /s paralle] 4o 4xt+ey+S=
that also passes timaugh (512),

o

Wrife 4K+6+5=0 I Jhe formof Y =mxtb

6y = -4x-5
= - "—5— = ".2_’. -_5,
y AG:X' 6 3’( G



\  (5:2) L, has the same slopeas L
.= 2
— Y — x % m: - m| e 3 .
-3 iven (5,2 and M,:-% we
) \\ L Gl f (X 2 \3

3
yc-z—%""""%_y),
—
::—3'- 16
'\‘j BX-P.S. &

General form of the equation: Ax+B8y+C =0
3y= -2x+16

3y + 2% ~(g=0

Verpendmdqf lines

Two knes with Slopes my and m, ar peype,,d;m[ay,{: ﬁ‘f}’
Sahb‘Fj mm, =1 = (_

)
S
AN
6_’9&'3 find the equation of ine une that is perpendfad ar
{0 4?(1-69+7_ 0 -hat passes ﬁm’v@h (1,2).

\}




= -2y -L
7773
S - =
m, E
Whay 1s W, ? m,=-L = - =13
_2
m, (3) 2
3-3I‘m(7"‘xl)
We have (%,9)=C12) and m, = 32
- 2= 3 -
J > (x-()
2= 2y¢_.3
J AR
';1" 3—2_7( ’33 t2 check - p|ugln1=l
= 3 x 44 and you should 9€F
RELIE
= 35__+_l2\—_/
= 2
Examplc:..

Determine whether the lines are paralld or perpendiaular.
L 2x -3y=10 and 3y-2 x=1%0 "L,
Write both in the form y= mxtb

L. —3y=10-2x Ly: 3y =2x+%
Y= - 132+?=x

J 3



Zx-~10 = 2
Je Zx -y m, = 2
m =z — ¢ .
3 4= @XJr 3
Since my=m, , the lines are pratle/. M, =-3

Hw 3

—————

@ ) Solve far X .

x@+ 3)@’ lox@ —

Hint : et [t :x'/" and rewrite ¢he entire equa‘h'on

(h fetms of ¢
mn _ _mn
— @™)" = a
X = Yy - y
K3 st 3 -3
= _3 - -
—_3- - X /2 =Lx'/7_) - t.
X =t
\’ D
substifute +his In the original equafion > = +3X *=10x™
£ 43t 2107
t+ 2. =10 tB(’cfi = P19
+ ‘t3 b - V
MWﬂp\y ')'bml/ghovﬂy £ 144 2}{_/}/: 10

‘V} + 31; =0 < .t4' .|_3t°' =)0



b 3@—‘0 =0 av* t by TC=0

—~ \
let “) W u* + 3u -10 =0
(w + 5)(u—~2)=0
(5 u=2
U= -5 = _Sctz. fﬁposs)ble
U= = L"-"["‘L:) L-:iE

We also had t=x'/‘=I;
1 =lx » &=
(2 = (=
@) = @

=X

i

Sechion 2.1: Funchions

Definition : A funchon { is a nle that assigns to eadh element =
ina set A oxodly one glement, Which We (al Frx), into set 8.

e.g. fx) = x

Domain : It is set of all possible input valves for the funchion

Ranje,i [} ts the set of all possible output valves f(x)
range = ifoc) such that xeA}

dependent variak le. itts an ejement of
= ()
J T

independent variable



Eva[va-]-mq ‘ﬁknd') ons

Exampie . fo‘<= 21{" +5x¢-;
[

(d ()= 20+ 50—

() f(-ob;n(-a)‘+5c—a)-l 2 2a*-5a -|

©) [featW-[F)
h

flath) = 21(ath)* +5(ash)- |
= l(a‘-rzamh") +50.+5h - |

= 20* +4ah+9h2 +Sat+5h -

Thus #(ath) -Fo) _ @f +ah+zh‘ﬁ+sh-¢ (@Qgﬁ%ﬁ
h h '

- ziahfzk':-r&h
U = t 2ht 5
feath) = O +£0h) X( 4; )
let fcx) =x"
feath) = (ath)™ = 4atzhts5

flo) tRCh) = a*+h" L.
(2+3)*= 5% =25

(‘H’h)l = (ath)(a+h) A S 449 = )3
=a®+20hth? (a+h)/ 0> +6™

(o +b)a-b) = 0> -b*



Domain and vange

Gxammes.
® Find the domain of each functior

(W f) = -—-_f— = 1 0 when x=0 or x-=I
X=X x(x-1) the d enominator equals to 0

The domain of § 1s {x[ X0, X#1]

the X =~valves such that X %D or x® )

oY ininteval motahon: (-, 0) Y ( 0, 1 YU (1, %)

®) 3(?0 = {a5- x*

This Is o funclion whep 25- X* 20 — (5~x)(5+x@0

*

25> X
x* <25 -:S//\ !
:E: 5
= X <9 Glin
0 l +
oy X%-5 - ¥ -
o l (i (5~x)
t ‘: ‘éz* — Sign of
=S S (59+x) -\ T +
The domain is -5£X£S5 Signof — | ¥/ -
Interval notation: [-5,5] (5-x)5+x)



Wha} shouvld W+ Sah’efy SO +that

(C) ,')(W.):. w
Vs Is vadid?
o o
—> M when wi =0
. then W=-]
+12,0 = wi >0 and 'rbendyou
o are dividing
it alsO includes by 0
‘ W+ =0 a@nnot be ihduded.
=-> - = -
= Erg e
() z(x)= (
= e)  d(x)={x
= (
Domain: x> g
Pomain: X2 o d(0)= o =0
x>0 v/
Z2(0)= L. mot 0K
{o
From before:  h(w)=_W gtw)= Yo+
Vo Domain: 4120
Pomain: +ZO  WwH>O0 > w2 -
-\ w>-|
L L Y Y
Er R
fexy=3[x
f(x)= 1= (-0, 0) v (0, 80)

3%



Pecewise - defined fuackions

€xumple.@ f(l\:i X* it (X<0 ] 9uadratic
- XH 1f | X %0| linear

Evalvate (o) {:(;g = (_?_)"' = 4
(B $(-) . (-1)* =
©  f0) = 0+1=]
@  £0) =14 =
(0 f2)= 2r1=3

® {-(x)sf*"*lx € xeq

X iF —1<x <)
—~1 -

x>
(@ ’c@\ =AY tL-4) s g-8=3
(b £(-3,) - -i)"f/i(-;) g -3 - -
4
(- D*t2(=) = -2 =

Mw

Example.  Cvavate feath) ~f0) yhas hvo
2

£0x) = 3x%+)

flathy= 3[ath)* 11 =3 (a>t2ahth?)t) = 3a>t6aht3h2+

Fta) = 3024

2R

Alogether  F{arh)- fa) . 3a* +6ah+3h*+ =~ (3a>+1)
h

h



- /3{2 t6ah +3h‘\'\l\7\3€“\’\
h

= Gal—» +3)§1
h

=3[ 2a+h)
'%

= 3(2a+h).

2.2: (raphs of functions

& £ tc o funchon witha domain A, hen the graph of +the funchon

iS +he set- of all orderal parrs
f(xl‘m()) J xXE A}

plotted in the wadirate plane,

134 -—--
ﬂilﬁ---, ,
‘F(x,)-", N
? : "- >
X\ x). X; x
1&3
PIOt ‘F(X)za 2
T x
l
Plot  fix)= k™4 3

1.9

-3 ‘.. 231294\
<3,

-1 |2
0 ¢
) [ 2
2|5

lo




Gmpbins plecewise -defined functions
Exoamgeq) Hx) = v i “@

x4 € x

Y /
) — fx)= 2x+1 for x>)

3 .« o =
fo=x" /’\.“".‘
Cot o u/ .

%<\ 0 ‘l x
O fxy- i 1X+3 (f x<-~1 v X-intercept
it x> - 2 x-valve where

mx+b O= 2X+3‘9 2x';-3
b=3 X =3
- -\ =0 2.
- X \5 -m-}m;ep,-o{. (:(x)- 3-x
7 0 =3-x
X =
f[x\=3-x 3
£GO) = 2%+43 (F x> -l
(£ X&-|
ﬁ"’ L"'B -\ > H | -X
(
y= i




Nertical line test

A wre in the wordinate plane Is 4he
M0 Vertiwl 1ine Interseds +he wne m

Iy

J
=l B

9graph of o function (f and only(F
ore 1han once

- o= o= e

-.v.?
32

-
X Qa‘. X

I
(
Xz

Gra-ph is o function
Not o grophof a funchon

Which equatisns reprsen) functions?

An €quation :j‘-"{c’d defines a function that 6"\195 one
valve of Yy for each \alve of x,

Exqmple

O Does the equation define § aso funcion of x7
(o) y- X =2
3: K.L'I-Q

dihee +this equation gives one Valve of y-bf each valve of x
this  defines y as @ funchon of x.

%
%‘\:

—2 X




Sinee  for each valve 0f x we 3et more t+hon one valve
¥ y this Is not o funchon.

e.q
() Ug_m;i:.SJ Cheg&. X ==6 Y = (5+A)™
7 = 5tx W -Ca=5 =gy
L ly+6=5 +[3
V ‘j:_] + v:?H'S
-5
This Is o~ Tunchion.

Section 2.3 @‘eﬂing informaton from the graph

ﬁndir:g the dom;in and vange from graphs.
)
2L

/-\ Domain: [-3,2]

—— Y ?X Ranse: [0, 1]




Values of a Function The graph of a function 4 is given.
(a) Find h(—2), h(0), h(2), and h(3).
(b) Find the domain and range of A.
(c¢) Find the values of x for which A(x) = 3.
(d) Find the values of x for which Aa(x) = 3.
/ce')’ Find the net change in & between x = —3 and x = 3.

YA

\ [ h h(x)@a
\\ / | ‘ "\(%)=3

=Y

(a) h(-2)=1
h co) = -\
h(2)=3
h(z = 4
(b) Domain: [-3,4] , Range: [-1,4]
() for h)=3 we have x=-3 2,4
() For ) <3 the intewal s [~3,2]

SoLving €QUATIONS AND (NEQUALITIES GRAPHI CALLY

The solviion(s) of the equation f£CR=q(x) are the Ve les of x
Where the graphs of £ and g interSect.

» The Solution(s) of the inequality F(x) <90 ar the values of x
Wher the gruph of s higher than the graph of .



The solvtion to fe<gem
'S a,(?((b.
(a,b). interva) T aHon

\
{ f.

The solvtions o fox) =9
are  xza and b.

Example .

“xample

Swve  the following graphionly
(s) ax*+3 = Ix+g —> aAx*-5x-3=0

/] Gx ¢ 1)x - 3)=0
/ 1 E :B
i

parabolo- straight line
(b) A +3 < SX‘\'QS f(x)1£€ g(x)

3 <9 =SX+C

- 3
frR=an43 Selution: ["‘.;,'3]

i,

“ X

-

7

w—-ocﬂ

w[--

(&) 2ax*+3 > 9x+6

7}/ (G -4) V(a.2)

\

3




Note.  Yov wuld tearronge  the equafion so that all termsawe

on one side, then grph the finchion thal CGormesprls o he

J
A 43 75K¥6 1
2k*—5%-3 70 &/x /% .
(axtD(x-3) >0 "i\/3
: x=-L
2205 X 3 ) So v +Hon:

=2 -é—) U(3. o)

Inqeasing and deaeasig fundions

Definition. -f i ihams(g on an interval I i f(x)<frn)
Whenever X,<X, in I,

{ s deomasipg on an interval I 1€ £(x) > Fex,)
whenever X, 4%y in I

’ -—— - .
Lok / it x<xy, foxp< e X2)
R ==

. , ~ for oninaeasing Cunchion
( the graph vises)
I
:?:; i _;:_ ~ it %X £ix)780x,)
X-‘ T"L 7 X for 0. dearasing Function

(the graph 4ealls)



31-34 m Increasing and Decreasing The graph of a function f
is given. Use the graph to estimate the following. (a) The domain
and range of f. (b) The intervals on which f is increasing and on

which f is decreasing.

31. YA 32. y T
ERANIINYS Ny [,
T \UE
11 1 2
ol min
at X =2

—

=Y

@ (00 DOMQ\D s {~\,4-J ) Ranee,z [“13]
(b lnc'ﬁasmj s [=utJvf,4)
Decreasing : (1,2.)

&) (2)  Domain [-3,3) ,Range: [-2/2]
(® Increasing: [-2,-17v [1.2] Deweasing:
(”3»‘2.)\’(‘\(0\)(2,3)

loa) maxima and (o) minima of a funchon

@ The funchon vawe f@ <o low minimum valved} £ if

f € fix)  Cor % near a
£ has a lota) min af x=a.



® The function walve f@) 15 o low max vole of § if
fc) 2 fx) when xi naar a.
In
(

0wl max local max

4 RN/

) local min,

Section 2.4: Average rate of change

Definition. The ayerage
: rafe 0§ change of a fundhion Yz £
belween x=o. ond X'-3b (] g e

aver. tafe of change = {I(b)-ﬂ) (cbﬂhge in y
—a change mx ).
m’)f ) o1 €Cb) -F(a)
£C ——-;-“:
o o X =b =X “"Al
Example-  (ven e (x-3)" \ \
R REEE
nd the overage Mde of changa bejween 13
(oJ X3 ond x=3 ‘€(3)= (03~3)1.
auerage rate of d,anae = @@ ) :(l-3)'x.
3 -1 =
() X=4 oand x=8 = 0% . 5

3 -l



avernge rafe of change = £(3)- £ (a)

-4
= a5~(¢
£(81= (g-3) =25 - g;}
ftar =@ 3)* =1 4
= b,
6xamgle.

An ofject is dmpped from o hiff  and he distance
it trovels  ofter 4 seconds is given @ di)= th?.\

Determine the ovesage rafe of dmacgc between
=0 and {=g4h.

averge rate of dhange = d(a+h)—d( o) <change

c —  Inovipul
ath) — o change in

16 (ath)* = l6a™ il
/Hw ~
(6 (a*+ aah +h*) —l6a™
h

- g+ 330ht16h> ~15a”

= l(%:&ai-?\z
/

= (6 (2a+h).

]

/)




.y
Nemse, rate of Change‘ * ‘ib‘)
use the appropriafe
&amp\e | hotation.
let [f)= 4ax-19|4

(a) Avg. rate of change between x=2 and x:= 6

. ¢
ag. _ 1) - $(o) 2 b
rofe B b-a
o¢ abanac

$(6)=4(6) -3

= F(GZ)L/ f(zg = 4(2)~-3
&-3.,

N !4(6} -_:E(;Tﬂgl@—) € -f(a

Z’.
= 24-3% -|
4
= 15
4
= 4
(b) Au o cha =Q cb
|y mfe Of OGS  fiwm x=3 and x=3+h
~_-L1"(b7b-_afa> = fan) -1
A&th & </d
< Ifference
£ = 45" HABL S quoten
Fla)= 4 (3th) -3 - AStah -8
= [2+4h-1 h
=[5+ 4h

-

-1 4
A



\

>

1l

£31= 4(3)-% = 12-1 45

Section 2.5 :Linear functions

Y. b here (sthe
A linear ﬁiﬂcﬁon i5 of the form 'F(X)’ a X+b y-im.ermp}’

v

a here s the sLoPe

Question: Which of the Bllowil:j IS a linar funchion?
(@) f)= 1-ax v
(® gt = f(3+5t) <« vadmic

CC) "’(N)e 2-4w v
3

Note.  for o funcion  €(0)-axtb

Slope of § =a = tfe of charge ¢ f.

Sedion 2.6 i "’)'Kl[a
. Transformafions of funcHons / - df;)

VERTICAL SRIFTS. CALc )
Soppose hyo
¢ To graph Y= f00+h], shift the graph of y={(y upward

by h units.

* To graph y= 10)-h|, shitt the groph of Y=fex) downward
53 h units.




(a) 40 = X +4
(bl 3(xy= x>~

HoRI2ONTAL SHFTS

Suppose [c >0

* T graph |y = f(x-0)| , shift the graph of ) o the
Heht ¢ uniks

* To graph [y=H(xiC)|. <hifi the graph of Fix) 1o the
Jeft ¢ wniks.

x‘"\' G"A; y 3(."-) 2
Example. Lot f=x* . Plot/‘ " ()
(@ qe = (x13)
M 2= (x-1)* -
N = )
K*—axH
5  ~intercept when <o
3(0)‘(0"’3) =9 '
#(o1= (00" = 8=

% ~(ntercept When =0
0 = (x+3)* > x=—-3
Example  Given f(x=Ix . Sketch 4 = Vx=| +2

shify 1o the ﬁght by 1 unit
shift upby @ units



A /{9“":’?“
; >

R eflections

e To graph |y=-FOt) ) feflect

the groph of fx) ih the x-axs T IR S )
¢ Tograph (=7, efleck the _ 423) - £(2)

graph of £(x) tn dhe y-axis - -

&amp)e @ (onsider foxy= x> Graph 3()()7- -x*= -f®
frefleckion oh

b) A X -axis

g1 = f(-x)j= (-x)" =x* = iy

h

(w) *;\ iw
- i_w W

h(w) ={-w °’




VERMCAL STRETCHES / (OM PRESS[OAS

To graph

- \f

H = C{(X)

czl

 Stretch the graph of y=f00 Vertically by

& fachs of C.

* [f

0<C<l|

, Shink /i mpress the graph of fx) Vem'mly

by 0. factr of C.

Example.

9&)= 2-4(x)

For {Lx):
Ponman: J o,

Ra '-["1]]

For 30(’)’.
Domain: [0, an]
Rarge : [-2.2]

adl x,

XZ3 Intewal motation: (-eo.3)0(3'°°)

X70, X7 Injerval notafion: [0,1)0(1'“)

al X, x7 -5, X#| # (~t,-5)U(-5, V(1)




HoR|ZONTAL STRETCHES / (omPRESSI0NS

To aro.ph

y =Fax)

. |I£

a|

) sbnnk/ Compress the graph of  §=fi(x)

borizoni-a,llj &y a. faclor of ‘fa.

* Wb [0<axl], stratch the gragh & y=fiy horisontally by
a fader of Yo

'y

Q>

@ Order of Yransformations.
choose either Hovizonla) or Verical -

)
2)
3)

reHeckion . 1 the order of these a tan
Stretch /wompression be swi4ched

§hift < shis ic ALWAYS Last



63—68 m Finding Formulas for Transformations The graphs of f
and ¢ are given. Find a formula for the function g.

63. L YA |
\ |\ |/ shift 1o therighd by 2
\ \ / / foa=x* )
g = (x-2) = (x-2
=Y e = o
0] 1 X
69-70 m |dentifying Transformations The graph of y = f(x) is
given. Match each equatlon with its graph. hift
69.(a@—f(\—4)fhcrt‘s\\'(b)\—f() @ipjb\,\B
(¢) y= 2f(\ + 6) b‘j ‘l d) y=—f(2x) & refleckion a.lorgw)é—axis
sheich by 2 vertisally and Shift 4o the lef+ by Compres3o0
5 2..
@ 4 ® 1 herizonially
[\ )
\ ¢ 1 flx \(3 3) @ | Blve (fo0)
3 F. ik | ¥ i
\ \\ \\ Domain: [0 ‘3:]
RLLAR \ _, Range:[0:3]
—16 =3 {10 %: [ ?.3 6 (1.0) x ld) j. - F(l)()
31 \/ o) .
L__S“\[%_ Domain . [0, ‘5:]
Range: [-3,0)
—dl2x) [0:3] - [-3,0]
T [0.3]~» [0, 2]



25-28 m Identifying Transformations Match the graph with the

function. (See the graph of y = | x| on page 96.)
25. y=|x+ 1] 26. y=|x— 1]
27. y=|x| — 1 28. y= —|x|

I

Vi

\v/ y= flx+)

L LT!: [x+T]
() llzl l;

| '(-'w) I

Y -
\ o shift by 1 unit
Y= - Fex) 7-{/ to the right

2 - |x] - '0:7‘\'2' X ‘11: [x~1])
+ @,9)
J T\ 1] = £(x)
(-1, |) - ' iCln‘)
00 X

Even and odd Functions
let £ be a funchion
T wen it [foy= fion] —EALN 1

The graph of an even funciion s SYMmETa;c
aboui the y-axis.




*f sodd it (6= - fe-®

—

'f‘j here thena are two ref [ections
s one ag the x-axis and
“\ ) By ‘ 3
. [ me across the y-0as
- “\ =|
<=~ %)

The graph o f an odd furtion Is SYMMETRIC Bhouf the
ovigr

Example . Detemine wheiher the funchions are odd | ever , o
nejther even or odd. (x) = £ (~x)

s 0pp: TCK) = - {(-x)
(@ ) =x +S><. BUEN - f(x)- £C-X).
FEx) = (=x) +(x)
pol -)(5—)( (_X)3=C'D3 X3
abY =3 = _ . x3
= - (x°+x) @by = =lx§
= -

= [f(-x) =~ (K) = f)=x’+Xx s odd.

(& fexy= ax-x® -0 x> = x*
f-x) = a(-%)- @ -3k~ (+x*)
= —;u(...
= ~(ax+x“)

SN 30) # £x) and fix)# — F(-x), the function
S meifher odd or even



() frxy= (-x° g

(R = \’//7 x

= 1-x°
= {(x)
2 f-x1:=§0)
This  fo) is wen.
OIFTOERS

g=0= (-x)* = ~x> = 96
2 9 s odd.

THIS  (ONCLUDES THE MATERIAL FOR EXAM |.

Section 2.3. (omposition 0§ funchions / lombinations of funchons

let £ and g be 4wo different funchions wih domajas Aard B.
Then dhe funchims ftg, - 9, £:9, £ are defined as Pollows

9 in'lfrsed-ion.
83 +3) () = f(x)+g(x) Domain A NB

@-3)&) = £0x) - 3(&) Domain ANnB

({93(&) = FI9 g0 ) Ovmain Ang ”
@—)(") = {x) Domain ?xe ANB sai;‘f+
900

9(x) 70 }



Example.  let fx) = §|+_a and glx) < Ix.

Find *19 (o, (¢ -9) o, @3)()0, @-)(x) and their domain.

= A Domain: X¥ -2 , X20
@-\-3\(70 x+2+f5< Y

lnterval wotation : [0,69)
Yoy Ry
~ 9 (0]

if insread fix)=4

Pomain of f(x): X¥ -2 X-2
(-60,-2)V(-2,%) X£2
Domain of 9(x): X% 0 [o, Q) U(n,(;o)
[0, o)

({‘ -3) (x) =x-|i-—2 ~-1x Domain: [o, 5)

(‘FS)Q()= x_-:-;z Domain: [O,Do)
Jd X
Rt2
@)(x): ‘ Domain : (0)09
(x (xt2) =

CompPos) T (ON OF FUNCTIONS

.F

new inputr for £




Given fwo funchions £ and 3. the wmposte
finction £, °g is defined s

(o 3)(?0 = { (3(:0)

Cramgle . Lot F&) = {xh, 46~ x*
(&) Find @oﬂ)(x) and Jo{)(x).

Feog)) = ’C(&@
- ‘]1(9 +

= (x>l
CRENOE 3((9(&))
(tx)
(fxer)”

X+

1] ()

Nete. \n general -(o‘j 7/30{_.
/

remember that here g is opplied fint
and & is applied second.



Example let f0={x and 900 =V -x

Fnd (f"ﬁbo’-‘f(xc(x))
-

= @x) ‘/z)y?'

B} K'/4
= Al Domain: [0,69‘

Fird  9) (0 4 (9(x)

= {gw)
S
= (?__K)'fcr
- 4J——@ Domain : (—Oo, Q]
>0

Solve for a -x>0
X +X

27 X D X&Q.

find G £)65 9lkc) = \Fa

Damain IS

50



G Sowwe 2-1{x 20

20

< *//////L. —

V/awwsan
0 4

Domain o€ (So{,)(,c) is [0.4]

new PV
Find (f)"j)(“): 3(@)
= ‘]—@hwiv‘wf

- {E-n)

D"\Qin ol sj,—x IS 2 =X%0

Hx  +Ix
Aalx ?(v@te (aw)"
=9

AN ERS,

ek EX R
27X %/,.
' "
XL s r
2-{2-x %0

tlzox =%
4% 2-x Domain s [~2,2].
27 - X

X7 -2



Gompositions of 3 uncjions

(ag- W0 = §(g(he))

e ] 8

Cxample. W@, g ()= x ’
fnd (f-92h)(d)

Y ORRIEITE)
- $(E) 9

(x- 2)
= £ ((x-2°)
= (x-z)3
(x-2)? +
(f"J'h)b): (3-2)84 N B
(3-2)° H | >

Re(ogni-zmj a ompasition of funchions,

. Grn ht: Yxtq find $o) and g9 Such that
h(&)?—(:f"\j)(x).

h(x) = G oj)(x)
= F(J(x))

F(x#9)  wher I used hat 9(xI=x4]

= BW ‘RK)~3/—



2. Fo= a4lxe -{1(3(,)), Fnd {(x) and g(x).

£(x) = 247x
9x) = xH

Sedion 2.8 : (ne-f0-one fundions and e’ inverses

Definition = A fundion is one-to-one if Mo twWo elements In

the domain A have the same imaae (i.e. if no two elements in
The domain A have the some output)

f(x) # f(&) whenever %% %,.

Horizontal line test

A fuﬂd’iOﬂ iS one-to-one l.f a,nd on!y i Mo b°7i’-20n‘ral line
intersects its gph more than once.

&ample. 4 j

3
y=x
/ V passes the hovrmnial line test
so it's one-to0-one.

_)X

/0

/

A 3:. X
\ / the hovirontal line $8S More

pas
\_/ than Once Fhwugh the graph

> Sv e funcion is not
ome-Z4o-mme. T




cel
1€ you eshid the domain +v x70 then y=x" s

!

The inverse of & funcion

let £ bea one-to-one funcon (ih domain A opd range 8.
Then the invesse of £ is denoted ™' has domain 8 and
range A and is defined by

£l =x ifamdaniy it foosy] +

'FOT ang y in B,

Node: domain of P = fange of 7*
range of £ = domain op

f(x) =
Example: (1) £(3)=4, [f(a) =6 f@)=2 x) =Y

X=17(y)
Fnd £, {7 =5. .F(:).—_e
'2 4 = f7(e)
@ it ) - 4
el BR U otpu4
4 s x {(s5)=1
T !




Recll from lus) dime whad  omposstions of funttions are
(*/_‘" J(x) is the ney) I0pUF for funchon f.
{ ( 3(:0
T

is the [ In genera) .
2 s [hput OFS f@&)ﬂ;ﬂ;‘j(ﬂﬂ)
P"’Pe’@ of invese funchions

7 let f be & one-to-oe funchon with domain A apd m
The inverse £ supisies

£ whh { F10E) =% fu gy xin 4

T i gyex fr amy nint

Tote B is the domain
of £,
L £7'(x)
Qmmple. Let (<) = x> ond let 9(&) c X3

Petemnine whether § opnd g o inverses of eoch other
Domain of fu) is (-00,69 /‘
Domain of 909 is (—-m,oﬂ. “/

Check Whether F[S(x)) =X anhd 9({:("»:’(.
° 'F@[X)) = f ()(3) = (xs >'/3 :@

nde B,




© 9l = §1x®) = (x) (%)

Thus £ and J ose inverses of each other

@ Finding the invese of a fundion

STEP1. wnite y = f(x)
STEP2. Solve 1his equation for x in Jerms of 4 -
STEP 3. lrterchange x and Y. Wrfe the esVing equation as A

Example,, (st [f6x)= 4xt5] And §700).
Step 1. Y=4x15
STEP 2, gi -x

STEP3. -5 _ ched . £7(£(x)) =X
“ J J f (€7 (x) =x.
A -
Flas 752{5 £ 160 = £7(4x45)
f inverse - Btb?)..g/
4
EXamgle 2. .f(x): )(5_-’-.3 F‘md ,[rl[x) - 4_1:5
2 by
STep | = X43  Replace {(x) )
J 2 with y £ K) = ]L(X“_S)

TEPD Make X the ubject of e formola = 4(552) 15

2”:)(5'(-3 = K"/S/?/

2J—S=)(5 i}

- X = (ﬂj'*.S)jS = 5423-3



STEP 3 Interchange M with y

B (9" o g
Changa y lofo £ 7fx)

@= (2x-3)" o1 FUx)<5ax3

Example 3. Involving rational exppssions.

J@®) = ax4s.

X-]

STEP I, = K4S
x-|

STEP2.  Make x the ubject of the formula
y (x-)= ax+5

STEP 3,

= 917 = R =5;’L
J=2L > 97k 2

Graph ina inverse  funclions

The graph of £ is found by ®fledting the graph of £ in #he

I"‘)e ‘y‘-'-x.



)A (b 3=x
£ (x)
/ (b:q
.
Example. let fix)= (x". Skefch £7x) Does y= x infersecH
With y=D’<7
X* =
X*-x%x=0
X(x-1) =0
Lx =0 X <)

77

RHS
‘ Solvefo x. @ &

(37x = %49

3tx = (x+q)m

3t X = XT+IBX+3)
X*(#x +38=0

x= —I1%t 12* ~4(1)(38)

2

check whether %, and %, Sakisfy 60
s




Sethn3.)  Quadratic fundims.

Reminder. A quadratic fupction is apoJ“no‘mlal of degree 2
ond is of the form

fx) = AX* +bxic Where 0.#0.

STANDARD ForM oF A QUADRATIC FUNCTIDN
fo=efx-p) tk

vertex =l (h,k).
Te §o fom ax*tbxtc 4o the stanjard form we
Completing the square. The graph of £(x) is a. parabojo
wth vertex (p, 1)

The parabole. apers up when a0
/1 opens dowbwaerd when a <o

J "‘\J IL/’l -
kP :,(_.Vﬂ'lex (hlk) /:'\

o h >/§ b / I; \—’ X

Fx) = a(x-h)"+e with flx)=alx-h)*+L

with ,

Example . o (<) = 2k -|2X+(3 .
FHnd what §(x) bewmes ih standard form.

foo = l(x";ex) HE o ae

(x 2 ) Yuy



= A (x-3y-~q]+1

= R(x-3)* —18+13

= 2(xk-3)* -5 vertex: (3,-5
1“) T (3’)
{0 = a(x-h)* +k

v-n‘nmwﬁ if Xx=0

flo1=2(0-3)*-5
= 2q)-§
= (3.
Qansez [-s, ao>
quu\: (-00.60).

Webﬁssijﬂ 273

®? Consi S X%
nsider 1(x)=—=— and = L
f’o el (CE

]/

@ &9)w - o) = £(x) =|
T

«t

n

X |-

T
Xt
4+
X%

-
-

T
X

- 5
= L. = |1l_
X =
| £X y (+X
X

(e) Domain : (—oo,—l)U(—(,O)U[a,co>
X¥Z-1,0




v x¥ -1,0
() Domain : 6, =) U (~1,0) V(o, ao)

ey (fe {) (x) = 10(?(&1) = £ [@)

Rewd| fex) = L =
fd =25 ""\

)= L

}

C{l) Domain - (-0, 1) U(-—t, -i—)u(-.l.,m)



@ (pPm = g(H) = L5 =
" (pP® = (g ()
Rewll gy =L 7
X#0
Domain:  (—go, 0)V(0,00).

WebAssign 3% £
(x)= X*+3%
@. Hnddhe inverse of f. § é“ % _

o) =8 £F%, 4% 3‘3
Fnd £7(  when X 4-'2

-'\~

—H_o

3-:. Xl‘qu

Make % the suoe,c} of the —Hormula:

X* +3#% Y =0
¥ _
Ve -he q,uadm‘l‘ic foymula X = -bt\fb"-—lmc
20,
x = = F£{F —a) S, b= esy
2(1)

2
Fnal answer:

d—- £ = =3 + {4914 x

5 2

A




WebAssign 2} Yate & which the radivs is
(ncmasig Is 3am)s.
9, (D £ <

(b) Volvme of Ssphe as o fundion of

the radivs.
gy = V= 4o
3
(3 3C@) = glt) = 4nGw’
3
ove(au oufput = 3611’(;3.
5 theoutput of T
which s the inpuf

volume of a Spheye

'W\e, hncﬁon mpmsen’is the Vo |vme oS &fund-ior)
bf Fime.

Sedion 3.1 wnﬁnvirg Quodraic {fundions

fed = a(x-h*+k

M aximum and minimom valve of a quadratic
‘N
\-/.k) minimum ocwre af K= h

> x and the, Y Ch) =
azo0.




(h¥)  maximum ocurs oF % =h

k /\ and Héh) = [

/ Y X <0

F’OY Mj q,u.adra:'iC ﬁ(n)vla R)?i\,: ax’-.’.bx.‘.c

the wmwaximum /minimom Ocw s af

K= -b
200

eahd £ 020, the minimum vajve is J:(-'?Ta)
if 0<0, {he maximum vajve is {(—%}.

Examp(es
©. Find the max /min valve Of endh quadralic
formvla
) = —~ax*+4%x-5 = ax* +bx+c
max bewuse a<O .= -2
b= 4
c= -5
Maximum oaurs ot »w= -b - -4 =
10 2(-2)

9(’;& = £ = —20"H4W-5 &_—zﬂgﬂps



kLTERNATIVE .

Wrile — X+ AR -5

= “1[{"—21&]-—5
= ’2\((\(~0"-|>—-5

-

— 2(xN* +2-5

= - 2Cx-\t)"
= o (x-h)*

vertex of  (hk)= (L,-3
[\ max y veve.

K valve of
Nmch max oCwre

Section 3.2 Porynomial funcions and iheir graphs
Def".
A polynomial function of degree n is o funchion of
the {orm (wlfnj (oeftici ent
fo) = Tt A ,x"T e o Xt

where M is a non-negajive Inieger and %n 70,

®* Qn, Opgs-ees a| y Qo are the we-ficients
® A, (s the wnstunt weff. of the wnstant Jerm

* GyX" IS the leading term




Gmphs of basic pownomlials

= 0y X"+ Ry X" A Xt

o fhe m is a Non-negafive nteger.

Ao 4 x4
A\
Symmetric
about the ovfgin &
3 A )(5 opD funclion: -)((x)___ _ f('-)()
/ trapsfrmations
> x + reflection abowt
/ fhe y-axis

- refection about

the R—ax(s.




N ote

£ (x)=x"

his bas the saume general chope

as Y= x*

when n is even

however the larger the  is, the

'ﬂdlfe/ the 9mfln ge,f.s around +the ongin
and stegper esewhere.

* fhis hos the same general thope as %> when 7 is odd.

Fnd behawio¥ of polynomials

[t Is detemined by the d%yree of the poYynomial and
the cignof fhe !eadiy oeffident{ @[ s

fo has odd degree

ey
I

A\
/\/

s X——%
X aoes 10 ~®

tends 4o

LEADIN G- (COEFFICIENT
'S POSITIVE

asS X— b
j-)éo

\J

WS X—=e

J_’&‘

K

y = (xt2](x3) (xH)
M“M' AAns
= 1 X34...
t
'\ positive
m
\’ X = (x+2)| x>~ 1X~3]
= 2x* +...
as Xx2+%
y=—
LEADING EFFICgVT
NEG ATIve
3
A la oS
X= 90
Y / sy




) has even degree

A\
J % Qs XK= —\GZ s xX— 00
3 - 00 > 0
/\/\ R N =N / .
[ \ = ] U
as X—>—t O X ~ 6o
3 - -0 9‘_,_00
LEAD (NG (OEFFICIENT
LEAPING WEFACIBNT IS POSITIVE
IS NEGATIVE
Example . Determine the end behavior of o polynomial .
)= —a4+5c3 +4x -2
as xX—> —6 AsS X—» +eo
y"? - & Y= -
Stv
inverse ﬁu)d-iofs

ZensS of o polynomial fr qui=.

\f fo0 s apol\;/nomra) and c is & ceol mumber then e
hove the ﬁnowivg equvaltnt stalemants.,

. C Is 0 260 of fv)
2. X =c s sowtion of the polynomia) of £(.0

3. X-C is o« fachor of fx) £0<) = é;_@cfii)w
4. Cis on x-intereept of the qruph of fx).  x= 4.3




G‘f@hirﬁ a. polynomial

I. Fnd fhe 2eros
a. Test vavigus points.

3. (ook o+ the end behavior (“-5 X %6, y- ?)

4. Groph,

Examp\e.s

bketch the graphof  fox) = (x+3)(x - 3)(x+)

J
ZC(OS'. ~ - 2“-"3 H

Y- Int ercept : ~when x=0

£(0)= (0 +2)(0-3)(0+1)
= -6

Test other points

eg When X=-L5 FOO = (D)= (+)
X= 1 )= (D)) =)
=(3)(-2)(2)
= -Nh
fnd -behavior f(x) = (x42)(&=3)(x4D)
0 X—>+00 Fx) — +eo

as X =% f(x)—> -



éxample. Py = x® -ax*-3X.
= ¥ ()("‘ 22X ‘3)

= X(X ‘|")(’C "3)

J
205 - Xx= -1,0,3.
€nd - behawior : - \eading coeff- /\ / ,
is polm « °\/3 x
* odd degree.
X2 +o60 Y—> +e0
X — —uwo y-> -

Example . fexy= -=4 - x34 35>, Skesdh its graph.

=—X°'( u";,x—-B)
= ~x*(ax +3)(x - V)
Zews Xx= - 3,0 |

—

repRorted (oot.

End-behavior:  Eyen degree pvynom)'d.
Neaajive leadmj e fF.

’QS )("‘9"'00, 3'_"'00}

TJ v %

T
\:emcﬁe s

L as X9~y —®

oas X= to

ls XD 00, X —0

Plw




Muttiplicities 04 the wots

Shoge of polynomial near a e of muttiplicy m.

Assome C is o %em of f0) and has Mvlipliafy m. The

shape of he Smpb of fx) nar ¢ is 65 folows.

e mm IS even, my|

v})‘

c

A

* M is oddn m)l
J,

\
"

>

%

Y
A
N X
S X 0o
y=>v
X
as X2 -6
vﬁ+w
)



M Sketdh |£(x) = x4 (x ._2)36(“)
Ay Xt QX" 4

Zens X = _|,0, .
mulkiplicty 2 4 3
[’
QX *%—\
0
K x4 Cx—-z) (x+1) (@&)
nx0
= * = 4&-31'1 -
= ;(c‘+~..

€nd -behavior: odd —c\egcee =
pOSiﬁ ve leadim woeft

asS X~ +{oo , 3-—94—00 ond as X2 ~UO:3'—>"6°.



Lowa) extrema. 0f polyn omial S

‘F ‘FCX)-_- O.“Kn '|'an-] X“-‘ "'"""le 1-&0 is a-f

polynomial of degree n, then the graph of fox) Wil have

o wmest M4 o extrema.
; &

min or max \ J

\ /V\ L

AT VAR

77

Find the maximum of £y .- -

(= a(x-h)" +k ﬂj\jﬁ“ﬂ\/gz—tk'- le

cah 5 [gok)emaximin



£0x) = ax*rbx+c

s Q X= "f&
mox /min {[—b_ - ...
20.

° Quiz s weey on Seckion 32 Poltjnomial functims & their grapls

© HW6 due fonigb’r o 11:50 pm
° HWw7 canalso be found om Brightspate and Grodescpe.

Setkion 3 3 ﬂl’vidinq polummials

LONG DIVISION OF POLYNOM|ALS

Division algorithm

If £ and D(x) are poiynomials Where D(x)#0 then there is

a unique polynomia) O(x) and RK) , where R(x) is efther
O or of degme |ess than the degree of D(x),

_PC_‘Q. = Q(R) + R®

D® D(x)
o1 . equi valently ,

fR= D0 +R

I

dividend divisor quotient  remainger



Lon q diviclon  algovithm

Eample 1 Llet PLX) = 6x* - 26x+12. Divide by X-4.

ox -2
X=4 ) 6x¢ - aex+a
&) - x|

2_.26%xt2

X—4 o4

3. ex*-a6x+2 = (x-4) (ex-a) + 4
divid end divioY  guotient remainder

Examplez-  Divide Qx* +ex2 -3 x4+ b\tj AKX~ X +a

4x ™+ 2x _
ax“-—ma) x4+ 0x3 +6x > -3x+|
T 8x* - 4x348xF
4x* - ax*- 3x
T 4x? ~ax+4x
8 x4 6L *-3xH - ¥+|
aXT X +2 B Lo P




bR KXY 6 x> ~3x+) = (axt ~xt+2) (4X>4aX) - X+

C—

Example 3. Divde ¢ -x-3 by x-3

Ax +5
X*.Bjax'-.. =3 ax*-X-3
- axr-6X X-3
Sx —3 = X5 + in-g
5x-I5

[2
2x"-X -3= (x-3)(ax+5) + (3

éxamp|e4 XG'I'X"'-\—X?'-H
X+

S
X = ’(4 {—)\)(3 —2x* $3x -3
x+')x6+0x5+ X* +0x® + K¥+0K+)
X>+X I \
-x® +x¥
x5 -x%
2x% $0x°
2(4'4-17(3 i,
- ax3+x”
] 2
-~ 22X - 2X

3% 40X
3x%2+3X

_ T3%4
-3¢-3

—




4

64 x4x"+
X +x + \ﬁ = KS' X4+2X3-1x’+3x -3 1 “‘
X+ K+

SYNTHETIC DINISION

€xample. Divde 283~ 35> +5 by -3

L the weffigems

@l 2 -1 0 S of each tem
recult ‘ n the tm‘gmoJ
the mutti plicahon _ 6 -3 -1 poly

BT
—— :
(ﬂeFﬁdm’ﬁS OF mqmdef
the quotient
2x°-1k*+5= (x *.3)-(?-)(?'-)(—3) -4
dividend olivisoy
2x> ~X ~3
—
x-3) 2x* ~3IX*10r+5
—2x3 —bx*
~ %X%*+0x
T -x*+3x
-3X+5
— -3x 19

- 4



+ Vee, gyn-thetic division 49 divide Plx) = 3x° +5x*- 4341043
53 Xi:l‘.—z' x-@ Find P(—;\O =5 ’
lr.

J C remainder

-:1|35-4043

-6 2 4 -% 2
- -2 -
3 l 3 crﬁcnj weﬁ" @MMM nder
§ q_ 3 — ' L%
3x’ 15 x¥-4K° £3043 = @Bx*x® -2k +4x- 1) (x 1)
+5
Crerase . Use synthetic divi
y vsien for 4X* -3
X—-2

2| 4 O -3
16
4 g 13

xQ

p—

AC 3 L (4x4) + 12
X -2 X-2

4x*-3 = (x-2)(4xt8) 1 12



Noig Synthetic division (on ony be veed 1 the divisor IS
of the form (x-©).

Remainder thearem.

If the polynomial P(x) is divided x—c, then the remainderis
the valve Pco).

0?\‘\0‘\0‘@@.: P(Q = (x-0)- O + r

x=¢ P(J- (c/-c)»@ﬁs?l"f =r

PCc) is the mmaoinder ¢

{ fadoyr theorem

c is a 20 of F if and omiy 1f x-C 15 & facky of Peo).

°r"‘°"°l'f’25’9~ If PCx) fadors as  P(x) = (x-9 Q) then
P(o) = CE;S«)’OCC) =0
&
(onvesely, 1€ P(c) =0 then by fhe nmainder thesrem
Py = (x-C) () 10

= (x-C)-Q(x)
< RC iso facorof Ok)

. .ﬂ -
«er Gonfinving Sedtion 3.3 “Dividing polynomials from last time.



Web Assignz.a.

find a ptlynomlal o(‘degree 3 that has zergs ),~6,3

and In whidh the wefficient of- x> js 3.

trom the fachr theorem We now {hat

x-1, X-~(-6),and (x-3)
are todors of e desing polynom al

PG < %(x-u)( X-(-¢)) (x~ 3)

tonstant +o be found.

= PG = alx-D(x+6)(x-)
= alx0(x*-x -43)

o.( x® - x¥ =43 -X"+x+42)
—_— AN~ —_— wJ)

—
-

= a(x® - 2x” - a1x + 43)
iy of = ax® -2ax® -4lax + 490
X : — A0 =3 D o= -3

2
Thefeﬁ)y@,

Px) = - %(x”—:x‘ —4ix t42)

OR = —.-’2_5(3'1-3)(2'-1-(23)(_63
Z 2



€xamgle. Find o poynomial of degeee 4 that has

2ers -3,0,1 ,and 5 Gnd has wefbident —6 in fropt
of x>3.

fadors  X~(-3), X, x-1 X=5

PG = a(xt3)(x)x 1 (x~5)
= @ (x+3) 0J ( x*-6x +5)

= a(x+3) (x3 -6x> +5%)

-

= o (x* —6x*+ 5k +3x3-18X" +15x)
= o (xt —3x® —(3x" +15%)
= oad' - 3ax> —(30X "~ + Gax

g‘. —30= -6 @M

Co P(x)= 2x4-6%x>—-26x*+30x.

Exampe: (onsider {f)= x*-3x+6. Show that £(p=o
and Vsing this fackr {09 tompletely.

fn=12-3)+6= (-3t6<0 V



*

Betauge (1) =0 = x=l is a 2em of X
= <1 i by the
> x-l is & focdor of €00 (gadw

thesvem).
fx) = X3 —3K%6 = (x~1)' QA + RM).
Lon Synthetc division
mﬂ- 2T
O -3
X B I | | 6
x=1_) x* + 0x*-3xt6 (A TR '+
x*-=x_ | | 1 -6 01‘
- X 5= X remain.
X* — X
T ex 6 =D {(x) = x-1)(x*+x-6)
—bK46 = (x-1) (x +3)% -2)
0
Seckion 3.6 : Rational fundions.
Definition @ A rationd fundhon is of the Form
r(x) = 9(70
Recoll Q(x)

}j=0nx" 10, X" ta,
s o.polynomial When

the exponents are

wm—negaf‘,ve l’h]'Qg'efS .

Where PO() and G(x) are Pgwmjaj.s

and hawe no gmmon factor.



Example: One of the simplest rakional Anctios is

= A
ﬁx) N) 'r A Domain -
Sketch fox) . as x>0° (00, 0) U (0,00)
Il 3o =5
Lf- as x2%, y=>0
y=0--- -4 =3 Al = o
oS X =3 =00,y~20 Dt o2 X
-1
\
' S Xx—> 0
Xx=0
1L -0
X
Nofe \ = Small Wmber
bl3 nv nbef L L L =160
‘ bi bes % (i
small numbes g hvm
Sytmbols
X—a x tends to a from the left,
x > ot X tends to o ‘['mm-l-heﬁgh{'
X 2 ® x tends to inﬁni{'g (ie. x ('nagqsﬁ,guﬂ';hwf

- ds infindy (1e. x deacases
xpoe X imBhnguve vy be L oot o)



Definitions

\erfiwl osympivls.  The line | X =0 is a verfivad

asymptote of Y=fw) IS y approache qg X approaches
a. either from the right o7~ from the (eft

00,0r—00

|
- 2 : \
) ~C == :
!‘ \ ' )
x<=0 K=0. |
¥ X=a
500 a5 K7 O
y oo a3
| X2 &
\ ¢ \d-y -6 QS X"(l+
«=0

}1a-bg as K-)a—

| \‘.“‘

Hori2onjal asympiotes The line ‘ﬁ‘-‘b is & hovonta)
aSyptote of 3‘1((’9 (£ 3appqu\es boas X2 %6




ﬁ\-&)‘) TC&)
_-o---"""-"a: —---.—_.._.--3=b
/ |~
/ > X \"x
3—35 6s X—> 00 }jela as XK—>—
,Fm
—’_.../.—J{-\zb
— \) N
y>b 05 X—=> ~6& %k
erpbir)g ration al ﬁAnd'jons‘ 3=0--- x —
Good o start wi ; N -
start with Hrundformations  of y=|x —FC);‘ :,
Ex (. Graph r(x)= z *=0
X-3 \j:0:7Q=;-
X-3
= a(;‘f_‘\a wive for < ¢
07 2
= 2 {(x-3) mo x-interept .

Vertiol Streich by o fuctor of 2
Hovizontal shift 1o dhe right by 3.

Vertia) osymptote d x=3  (x-valve Jor which
4he denowminator is 2em).

honaondal asymptote at y=0



& Il‘ 3-in-lextep+
: X =0 5

Y 2 -~ -
: ? to)s =—=
= - X 003

In general | VO = axtb linear frocdkiona) {ransformatiors.
Cx+d (use + oS Your gude).

eq. To= X . Graph v(x).

Wy
W

r+2
3 9= 3- 1
X*173x+5
- 3xtb
- )= Q) + R
~ D)
{0 :lAE\
= -
((x) @Elffs I -
= Ofg) +3 fetd =3
Transformatibng :
[T Refiections about x-axis £ (_(I?> = 1 =xp
Shitt up by 3 units X (;‘_;
| Hom. <hift todhe left by 2. ‘FCXH—) - 1 Y




: c - L
From last me ... V.A.X=0 f -

AL ' =2 [f(x42) = L

N - e e
- — .

™\ /9 fo- 3 NGO

1 ) 3™

2
" -l =
_/ . gea )= 3e = f(x4)

/
L4

- Quiz this week: Long division and s‘gn’rheﬁc division
* HWT due +oni3ht at 11: 59pm

© Webassign
- Office houry bodﬁ on Zoom ot 3:30-4:30pm

Example.  Wrle r(x) = 2X-9 as 0 Yransformation of fix)= -l,( .

X =4
B 2 ~
X-4 Jax-9q Yix)= g --4— |
T ax-8 x-4
- - —
o
rcsqs(ax—-ﬁ)*@ﬂ), Al(x-—) _ 2-L = -L 42
X -4 X-4  x-4  Xx-4



ASYMNPTOTES

To find e vertial asymptote (v-A.) you set the denominakor
10 2e0 and solve for x. The V.A. is an equalion of the form x=a.

for some (onstont a.

Horizomal asymptotes (.80

let v be & rationa) fundion O the form
rex) = OnR"Fany X4 HR RO,
b»,xm-l- Brg X7+~ b x+b,

if re=x"
v (f m>m. then v has Mo horizonta) asympiote. X+,

a. 1§ n<m then ¥ has a H.A.at y=0. No H.A.
3. |c n=m ,'fheﬂ T haso. N.A. 0+ ‘y:a’n

b
Example. @ Find the vertial apg horizonta) osympivte of
Fix) = 3xt-ax—)

K" t3In-2
3)(" —-ax=\ =1 ,~a
Y(x\ s - V. A‘ X 1)
@\7\-\)(’("“;\)
= 3
HOA. U I
@ v(x) = Ax-3 _ 3ax-3 V.A. X=-I,)
X 8..-" (x_‘).(x.‘- |) H.A. H =0
® rix- 6x3~2 . 6x¥-23

o)

a

VoA, X
2K > 4+5K+ +6X X(ax*+5%x16) | H.A. y




Eample. G’rapbivy rationa) fu nchions

rx)= Xx*-4
Ax*+ax
Cer (- Toy o factor |v(xy= (R=aXm+a)|

ax(x+1)
§TEP2, X-inferepts : Set y=0 (+h°é"§\e?memhv is 0)
?

= )0 )
y-interaspis : set x=0  v(0)= - HR) N( 29, (2,0
'T)—C—lT 0 v-(n*‘m

U».H

\
Coue L. ' galabbgt b
HoA: y= 3 e 3>75<
C-J..O). /TC?.uo)

STe® 4. FAnd the behavior dose to the V.A. ’
X=-|

Ster 3. Knd V.A. and H.A.

V‘A: X="'|.O

- -

As x> -1 - D _ e
Jore 3T a5 =0
As x—> - T - (O
)
¢.g x=-09 ey =P
As x=0"
e.q. ¥=-0.| 7 ("i') =D
CI(H
4+
AS X0 — (P =0
e_a_ X =0.1\ C‘HC*) B

HOLES in rational funchons.

(. Gongder ¥x)= X=3 . x-3 x=3 is « hole

2 _ v
LT

= & for x# 3.



2. Tx)= M: KQ'(F/Q) Mole
X-2 ?..a
= XL FOY xX¥a

SLANT ASYMPTOTES

€ vby~ K i @ el ftien in whid Yo degee

Qe

of the numeralyy 5 One more than the degree of the
denominado r, We wn vse (m@ division tv wite it M the fom

= oxXtbt R
(x) 0 (o

Where the o\e&me of R&) I less dnon the dgee o£ Q and aF#0.

Cxample. Concidesr rx)= X* —4-X"5, Groph.
X3



r(x) = G 1 )X~ 5)
X-3

\/ x-intecwpds t (-|,0), (5'0)

/. YAntereepts : ¥(0)= lzi_:gag Co,5).
\/ V. A X=
H.A. No HA. Y
Behavior cose to the Vv.A. s x=23 Y (-LC)-C-)—):CH
as 23" Y2 (hey _
SLANT ASYMPToTE. e.9.x=3, C+) '
2 _Ax - _x—
o= A xt)fg 2 X‘3J x:-4x-5
Wantel : r(x) ox+b+ %8)(, - X “;3’;-5
Y (x)= x—\-%s -___\(,l,38

Since the derominatar is one degre I€ss than the numem+or . the
function hos o slant osymptoje

Clant asymptote: Y= A=l




Sedion 4.\ EGeponential funchions

Definition: The exponential funchion with base a_ s defined for all
ra) values x by

)= a* ek g
x> —%
Where 070 and GF\- ) a;..oooooo
'\j '3:0. ' - _I,o—.ooow
1J-m*\eroep1's Sk A0 L
\ O—m - o™ f0)= a’=l"
- [ (ﬁ .E‘.n
=0 X
'UH.A. ”‘
VAN
X N\
¢q.Groph 3" oand (3) -®
s xXx—=>0
V- 0
.S X—> —© ,
> % 2 3
5 (él) :?j_ = §§.':ql'
_ o,
(l\ ge,nera\, we svmmarge it like his =3=9
3/\/ 4:)
/Co,l) \ O,I)

_a%
ECx) =@, o> fro=a* |, 0<o<|



Q(QNP\C' Graph ;FQ(): -QX.

> x

(0. \

Offrce hours todmd ot 5:30-6:30pm in WK Room 1025 .

Transformoctions of expomential funchons

eq. Graph fex) = 14 chx y 1+3%
Y A/3 shift wp A/
(unik 2
o Ev__, —1..... Y=
yoo-- X - ”
Domain : (-00: )
Rmnge : (l,bo)
- Gt |
c.q Graph h(x) = 4 chift 40 the cght ba l.
A 4" 2 47!
[ RS /
. S > — .-—'——g—
40 > X
|
Domain: (- 00, 60) when x=0 9 h(0) 340..-1’
= 4
= L

Range : (o, )
4



’UPoomina Hw:

A
Ex. Find the expmmentidd functon of the Yyrm y: c-a
Which passes thoygh  (-1,2) ond (4,9, T
want fo find
sep I: Use one of the Coordinages. a and C.
(-1,
™1
Y
2= C-a” > 2a:LC 3 [C=an
(s

STEP 12 Use the Other point (4,5)

Y
5= .ot

Sst- C=2a info 5=C-af
)
5= aa-p* =5 5=24
_5..:a5
2 —
e
We aso hawe C =aqa 2

[ 72 I

D|C= a()/s or G:(if
Now Subst. info (\) Ca” = y 2[2) [&)j

@™ =" )/5 5’75




WebAssign 41 (&=

| b™
- * *_ X
A e S 6 AL Ol
= 1
V% y \1’ 2%
{‘\ ﬁ:n“t A
by |
~—— - ~ - _,\ U:I
y=0 - - ? x >
Domain: (~0o, 0)
RN“SQ: (1,60)‘

State, the asymptote: |3=l
Sedion 43 : The mhiml exponential function.

. e=1lim L
(/\slde. lim |+ )] y




'\d:aA x=—,|\\’=a :_Dl‘_
- x - - -
y=e  x=l.yrg
= X = - -
Y 3 % l,\J_,3

Trarsfor mations of fe nddural expmential funthim

L
eq Gph Y= 36 . Fnd the domain,he ramge; and ogmpe

\ertital S¥retch bya facior of 3.
Hovizonta) streich by fackor of 2.

A (23e)  (1,8)> (2, 3¢)

APPLICATIONS OF EXPOINENTIAL FUNCTIONS

An infedious drsease begins W spread in o uty with

popvlation 10 000. Afier doys, the number of people

who have the Vivus is iven Ey -

vit)= Jo 000 ©

5 +1ag5e~ 09 T g09it.




() How many pesple had the vinzs e, 0

initollly 7 [ And Vi) when 0]

V(o): ]o 000 = _10007 = B people
5*'6}4@ 1354 FeE

J

C'@<=> C-e¥ = C-@x usng  a™ =@m"

K

= A =e
(p Find the number of poople that have the virus by

dowy 5
(3 (0000

= — eople .
v(s) S 11245 ¢ 037 (5) peop

COMPOUND INT EREST (Mot going o ask abai his
n Midiém a2 bwt 'ms'ghf: be,

This is Gl e ated b}] ihe frmula in the fina)).
r: interes+ raje
) =P (14 ﬁ)/nt_— e
/! (IR
.
amount after N: number of times the,

b years. prindpal Inerest s tompownded
Per Year,

Example. A sum of #1000 s invested at arode Qf 1aJ.
po year. And the amount I the acownt after 3 yeas

i£ 15 ompounded. annvally montly and daily.
P= $1000
Y=0.12
b=3



&nnuuuy n=| — A(3)= 1000 ([+ 0.1a '6)

mon-rh\\’ n =1 l 3

d = ]O(x)ClJZ.)
mly Nn=365 = $1404.93

l

A(3) <1000 (, + o._loi)
A (3) = 0o (H-O 12 360 |
365 = $1430. %3

= .3 (432 .24.

2(3)

Node that  expmential funcions qmw faster than
polynomia] er power functions

Note
Expmential funchons Y o eq. y=
Fowf’! ﬁlﬁd‘fOnS : 3= CKa' e.a. y: xl

T’? the ﬁ’llowihg exerases:  (Oviz next week).

O St hbos 44 (. stade domain, Tange, sgrpior

® Skech @CX)-‘-‘ D ||. State domain, rage, osympfole.
htx) 4

Arswes ‘3:[:%:)% 'y
0 o

’\
Yy=0-~ - ; > —>

Domain : (-0, &)
Range.: C4cﬁo)
Asymptofe: y=4,




—/T -
R R
I
l/ shi¢t to
-4 the right by 4
3-‘- &x -1 =
y-interapt: % =0 X 2t
AP
< _JZ ~1
2 Y 7 X
= _L -l /

e —— - =----y=
= -1
|
DPomain - (- ®, ®)
‘RMSQ (""l 00)
As‘\jmptol:e: (lf:"'

Resall .
Difference quotient . T x+h) - )
| h
ey If {‘(?)-- 2%, ghow that £ Gt =09 3¢ (éh_?
h h
Loty =37, = 3%



h
0" < % = [3%73" -3%7
3’(’”'&\ _ Sx-H-h h
= 3% '3]" = 3*“‘431\_‘2.

Midtem a: |Sechions 2.3,2.6,31-33,3.6, 4.1, 42

Layatt for dne exam : 10 multiple choice questions (4 pts each)
5 free response questions (6 pts eadh

Sedion 4-3: Losavi’rhmic functions

Definition: Let o be o pusitive number (a#1) . then the
logaithmic fundion with base a (whidh we denste by log, )
iS defined bj result

log x =y < ad = x

A

exponent’

'°3a'j ? ® ;z’ & whee 2:5-3



|03l0 (1 000 000) = 6

I031x=5 &L 95:% =y %x=32

Properties
. (osw| =0 (a° :,)
2. losaa. = | (a' =0)

3. los&a’( =X

" a’°3a’( . to\%x and a* are inverses of each other

(f'(x) =x

£7(f )=
Graphs of logarithmic functions

Yy er
",.‘\j::x
(0,! '//,098(7() Qomalh O‘F IOS“CK):(O;CO)
356“ . /(I.O) X Rahge of 109, (%):
. (=00, 00)

]
[}
!
-

%x=0

In general . lo\cjariihmic functions with different bases (ook as foljows

’T‘\’




Erample.  Sketch “he following graphs vsing transfrmations of log..0x)
() = (033(.,9 Domain: (~60,0) Range: (~u9,9)

(0930 4
/ loga(®)
\/ i
gy -~
x <0
1 log ()
(5 y= -lag (x
B (,0) i
7% -intercept :
y=0
(0 Y= '094(7(-9.) - y = -1995(x)
shify log, X .: . —5‘?‘.5:

to the right by 2 x=




Common lagaithms
The logavithm with ‘base 10 15 (alled the < mmm \ggarifbm
and usvaﬂy we omit #$he hase;

1.03 X = Iogmo(

log 100 =2
& 10 -

(03 0.00|= -3

éxamp)e. TBQ lovdness in aroom is measvred indB ond s

[
-

gren By B= ol (%)é\

Find the ludness \evel in dB  whe,

B = 10 log ( _l,gg!>
=10 lOJ (i00)

= 10(2)
=20 dB

NATURAL LOGARITHM

The logarifhm with base € is wlled the Majuvol togarithm
and Is wnllen o

ﬂﬂ(%) = )%[x)




Note:  fae=y & eJ=x In(x)=Y

0ge () =Y
Pmpef’ﬂesof the natvra) [ogmﬁhvn eﬂ s %
. In 1=0
2 Ine= |
3. Ine*=x

4 In ¥ e” and In(® ars inveses of facb other
- € = X So b\\’ -f[f"(x))t x and # (f{x)) =X

we get propesres 3.and 4

63’ (n (-él;>= [n (e = -5 (bb 3.)

6.3, e(n ® -8
Exercises .

1. Express the 10““"“‘5 equatiovs in esponential forry
(0) '095 4= 2z = 377'5 =4 ((31—‘)1:21:% |03&b = A

3 ——
(b) ‘q'o 3 :2t & Iozt =:3 ax :b

() hix1)=4<¢ o *=x-

2. Evalvade the folowing.

(a) log. | =0
(b M . 1 UL
() log, 12 =x Andx.  4*=12 = (f-)"J;_
(& log, 125 = 3. 2 =2
2% = D x=%



Section 4 4. Laws of lgarithms

Laws

Thus (0346 S -\4—_-

' 109, (AB) = log A + log, B
o log (A18)
: log (R)tlag, (8
" . ‘09& (%5 z loqu ”quB ?[ 3&. ) 69
e |og, (A-B)
3. lOSQ(Pf') =C- Ioga'(pr) 2?‘ IOSQ[A) -9,
o ’Ogu(%
Examples % oy, (R
Pvaluaie cach of the {ollowig l0g, (B)
l. (0341 flq%:sz = l°3 (2-2) C ’
4 lo ;
- 3,69 (b3u8) G
L ~Js
2. Ioag- 103(5 ) e
= log (8"3) .
= |03 (;‘J—'g) , ~0.30)
= |03 (i‘) l0®=g_-

= -0.30| (wina (o cwlador)



Exparding ond combining logasithms . Use the laws to enpand these

eq. () )oas(xs‘y“) - 7\ + |095}} ~3|0357(1-Gl<gsy
Law | L“\“3‘ IOSQ(AC)“ Clog. A

WB> = logu(A)‘)' lOga (8)

® A ( TF—-V—? In (™) - ta (31%)
’ = In()+ ln(y") - 0 [*3)

Law 2 = &)+ £1n(y £ ()
I (%)aln(&)—lnw)

€xpm$$)°n‘q k)ﬂatﬁhms as o Sihg{e loacerﬁhm
. (@ 4in(s t -3'~ln(w‘) - In(p*-)

= Un (54>+ (n w’/a - Q')( 2 U$|h3 Jaw 3
y ( ) ? ) (OSQ[AC):CI%PV
= b (sh07) b

In [ Sth/?

]

p>-|
(A18)" # A48°
\ Llog ((xt2°)+ Liogx* - log(x-) = >
o« +7_)" B3 s Tl ) (‘{’:B;?:fg)
IOS(WD + log(rx ’) ~log (x- -1) [ABARS>
law | = A 4ABTAGTB
- Ios ( % (Xﬂ.)) —log (x) Vo

(e = (2r4) £ x+2

Io (x (x+?_) law 2 t/ [A-I'B)/"fﬁh‘féh’



Exoanding - loq L AT4 - log [(2*t4 -
vy - {CK‘ﬂ)(X’-")‘ / (((xzﬂ)(ﬁ—'-})‘) )
aw 3 Lo 3
- _.L (3 ( ‘L.'.q

G ) 7')> [log (x*+4) - 103 ((x‘ﬂ)(x?' 3)2}
{03(7\ t4) — <l03 (x*t1)t log (x3'?) )J

"\ |

=y
-

L [Iog(x‘+4)- log (x*+1) - \03((7&3-7) )}
£ 109 (a*14) = Flog (*+1) - log (7*-3)

log [ (A 14 2\ - loq [ (D"
03( \Ge4) (6 —a)> ) v ((,e )

0" (x*-%)

log (+4P [log([wlfl)v”)-l' log (= ’?))

-
-

Cbange o{ base fotmuh

'035”‘ = 19

103 «

Suppoe You are given 1gg, % and you Want to fird log, x
A spetal o2 of this i€ log,| b= - l

’ Jp™
%se the formula o evq)oaie/, vse b=8 and a=10
{0385 = '03,25 - [(ve mjuuwor)

19,08



=
]03 (/x(gri) = ‘Oj (<K{y_]§§@
= “5103 (;‘@) |03(ﬂB)= log A+ fog 8
A
- il[loj (x) + log[lyf’;)]
= [l k9(Gre)" ]
= L
?[ oy =+ 3 loj(yﬁ)] - $log?
= 3flog %+ 4 [log y+ I li]]
- -ZL[logx +3L[Ingy t1Llog b))
= -'5l03x +4Ll03j+ -8'—(1;39;
o New Homework (F9) on Gradestope

Sechon 5.1° The Unit Cirde

The it drde is o drde with radius 1 and center at e ovigin gven
the equation

xz_‘,yzzl

In qeneral, the equation of any drde with radivs v and center
at (a,b) is ﬂiven @

(K—G)L N (H_b)z. _ r?.



“Terminal points

Given §ome nvmber +.if 170  then
olong the unit drje starfing at

cowrter dock wise direcdion

(10)

ond

U Measvre the distapce +

mwma in the

It <0, then you move |t in e dokwise direction starting b

G nﬁ).

A

8.3.

t="l

SPON

A

f=-T

(—l.O){

>Cl 10) >

'Y

H nding the terminal prints.
O Asume we are onthe unit cirdle,

(@) 4= 3n
b 1-= —g.
() = -
A 2
(a)

7
P(-_l’o)k (lcO)
Q7
z,‘b‘\\hﬁ
(C.) \ OI‘)
?
~ ((00)
t= ~1 {----“/1./

Note
Ciraumference
of o

wnlt drde
is am.

£=Tf and t=-3U
2

give s the same
teminal point .

(.0
t=-"Z
(0, )




The reference Wmiber

leb & be o rea) number. The 4 isthe shortest distancs along

the unit drde botween the tenmina) point  determned by the
Value fand the x-ans.

q
b ﬁ!/ \
o] >
L/
4 find 4re reference number for ea tavme.

L5 R
() ‘E=<11 ;
o) “* .
(b) :,'-%;1,[

serminal point

3 4 2 )
C = 3T >
C) t z $=-1 'l""zy
$=~%x
(@) Reference number = T - %T - % 3 . ,54
6
Cb) refmnce m)mh‘ = “'@; 31;‘/3 - %r=21
b2 R LR
tfnb T -3
/\ C=an
t =" .
e Lo {2 - 213
-l-a 3‘79_ % ‘J

='@ 5



(C) +‘. iq A\

N -
=11
5
Reference nwmber *{ ’ ”
_t —1 -
= ar-3-1 k=g S
4 K— am —>
(J} t= 2qQu_ 4 57
ﬂ€-4 E X eq.
I
= N-AM+R t=7 X %373
t=-n )
o Ny
two refenence nlyy per t=-10
fuul 11-5% :J&
revolutions )
of thedircde -—Z < G_g =T

Sedtion ©.| Angle meqsunes

Note. [p gene) if the angle mewswre is not fpecified i means

£ In radiaps .

Radian meaure  If Jou ar Qven dhe unit arde  (ie, adus |)
then the measure of the angle  js the length of the arc that

Sl:qbl-ends the angle.

D
n
v
+
i
n
NN

o= }'Lraﬂgns



:Deane,es —» Radians Rodians —> Degrees

QT — 360°
360° — am (cierane) 0

80° — W To wnvert from vadians

40 deg ees MVItiply by
In general , 10 convert from Y J

180°

degrees to radians you T

multiply by T
180 find +the angle in
degrees .
€.§. ©= 45" . ha) i §in radians? 9= 1.
45" L . radians. 4.180" < p°
180" 7 J

Angles n standard postion /" Gotemaina) angles

An ongle is in standa position (£ iF is drawn in the %y plane
with its verlen ot the ovigin and infha) Side on Fhe positive X -axis,

€xomples

Cotermindl angles: Two angles that are in standerd poston are.
Otermina) (fdheif ades winude

Rem;es@ Fiod Jwo  (wtemina) angles with the ongle @ = 30° in
stapdard pesition.



| rev.
6 = 30 +360°=390°

0= 30°+ ¥a0° = 35Q°
1rev.

@ = 30-3¢0° = —330°

@ Fnd 4wo wterming angles with the angle © J} (%%@:49

e": .21- R‘n": ?
8,= L +6m= 251
Yo 3

® Find anargle with measure betwen 0° and 360° that is
wlemingl with he angle of | 1290°| in standard positien.

3 (36d)= 1080° {3 revslutions around the dircle)
[290° - 1080° = 210°.

Coterminal 180
% 1280°

Lerglh OF an arc of o drte

b= St—arc legh » |S=r8
A v radivs of the circle
angle in
radians

(@) Find the length of an arc of a cile Withvadis 3w thak Subfends
an an aigle of Go°.

6 = 60°- L = I radians, | v=3
B0 3



§=16 = 3'%-17 arc length .

() Given fhat he radivs IS 6m and the arc lenghh S Sm find the

argle & (n degrees
93 S = .i_ radiohs
ro e T — 18D
=5 186% _psof 2 5 07
S G ©o
™2 < ig0-2
Avea of a sedor of a arde 22 g
Am:(ﬁ) AT - Lo @9
aosFedor :7“/ T
alwaysin tadians
¢-q. tind the oma of a sector of & drdle With angle  6=50° i
the vad (9SS 4m. (r
-of. L
A=dor*~ | (su I $ ° 51'811
R SRS C)s T
= _51@4
\g
q
t— ZM mz,
q

Nete: Both  s=6r (aclength)

—

owe given wih B= angle
A=46> laren) N RADIANS

S0 Remembes Jo Convert
deames Jo rodians @

o lhiplying by fzrajo .



Final exam information

lowation : Room Contor 10

Dite : 12 /1912022 (Monday)
Time: 10~ 11:50 am

_f?igonometric fundions

Sin(g)= gppestte 5oy
hypaten = hypotenuse
r opposiie -
\6 Y s (0) = adjoceny
P hypotenuse ChH
adjacent -
ﬁyml)ﬁoms'ﬂoenmm L Y= x’—ry" __‘!.’an(9)= -OPR"Sm oA
s adjaent
0o SeL(8) = csc ()= ——_ = hypotenuse ,
- 1§lh (®) opposite 't%]gm
{r Mot o divide
= 1 . _
%C () i hag?tenvse by 2em.
0\ adjacent
v P danss
#an () opposite 46%__) X
fan a0/ L
Y

N/




| 2 (onader [Cos® % fird 1he other 5 Trigonometric

t’%" PP funchions Tor this iange
J
= 5
w{).x cos & 3
5 :
Sihe = 1Z
wso= adocent - 5 SP%T 5
I3
hypotenuse fan & = %
- = |
T2 =x7'+y7' (Dsech = sin & 12
Secf= L. _ I3
Wninown  y s~ S
&= -
13> =524y > wos L= 5
3=£|31—5"
- | R | S |
=169 ~25 % 180° 4
144
X 12— ™. - T2
T
Nole:  SPEUAL RATIOS OF siDeS. L. .1
T 180" |80
\
h={ 1%+ > =
| WA (P17 =)z )
° - (2
s s)n45—sm(4) F Y
L =
\ (os 435° = m(a,) et (_};2.
tan 45 =-l;qn(£_) = l
Note . _1_, 12
2



Fawilatera) wriongles

Assumption
foch side has o length of 2 ’ Fnd y
Ythogorag : o= = ) +y*-
[ sino’ = ein(§)= L - ! 4.-_1+y‘Z
@e«““ (o5 30 = o5 (1) 2 g 5 <y
tan 30° =} 2 3 v
L "®)--% y-

sin 60° = sin (%) g’l

s 60° = (s -T E .

ban 60° = -(-qn{r' E :B
T

S A @ﬁ'dents

¢in is poshd  siN, Cos,tan are ail positive @ake

T C @aladvs
3"d +h
4
tan i (os Is positive

positive



Fxampe . Q) Ff';od tos (135°) .
q

‘ S, (05 45° =2 = X
| ‘35; . ‘3 2 ¥
o bR e xaoB
ve! x *
(s negarive .

(0S s neg rsln 45°= 2
D r :
1. sin 135° = (2
2

B Find sec 531) = ] s| A = j}_
/2 CQS( ) T C (3
A i
00 is <z o
_ m.ao:h'vc a‘v *Jl =
™ %(z) -+
n W/q_ g (-)'UT = 1
¥y -
% m,g&l'>~ -wsé‘%ﬁ')
3M/2 = -2 2
2



J

J
J

Find  ton (%) sm(sg), cose,c(%ﬁ)
*“"(57%): () in (52%)‘ —ﬂn{%)

= - L
V2

@ Find fan

n 'mee posi‘H ve

Step I:  Petermine the Quadrant the angle
lies in

neqative

670) , sin(gn?), ws(stoe)

T

Skp2 : Find the Small angle You kaow fhe Sim S tan o

: /_”(ZLV'— 2 N
Skp3:  Determine the Sign based W T ] ¢ f&
LY

2 360‘) = 320°
Remaining - §10-72 <150 30°

&

A

°
'\150

fan (876°) = ~tan(z20°)= — L

e

s (8%°) = &n (30°) = L

(s (§70°) = ~@s(30%) ==13
2

(Qedions 5.2, 6.7..6.3>

) C



’lﬁjonome:lﬁc Graphs

“The period of gine and cosine s (This Tells you
evey how mapy nfls ih x the shape of 4he graph repeats

irse)).

GO.S(G‘I‘ AN) =

@s® , §n(@+amn) =snb

[ (os(()'f 360‘19 = (0§ 9]

The perind of tan is (%)

Shetch of cj=sln[9)

77

TDomain is  (-00,00)

I Qange, (s [—I.l:l

Domain 15 (-00,©)

arge is [ 1]




radians —s> degrees

How 4o rem ember speial angles. x 180"
m
£ (rodians) 1 (degrocs) sin 1 wst  [tan ¥
0 0 0 l 0
:g. 30 1 Bl |z
2 2 3
L 45 oY
4 =12
T
— 60 3 |
3 2 7 | | T3
-
Cy 10 l 0 | |updefined.
From the ook .
3 snt s T
0 {6./2 =0 ‘-Z"/z.——-
T =2 3/2
’“A'. 2/, D73
% M3/, fifa =
L} - -
> =5 {0/ =0
only sin -31/,
is posit | fvnckiohs 1h
Hw A9 h P 2 l ’ Shis qv adran
Q6 (0») 9=7-\- /4 S -:.17 Pas;-hve
move dockwiSe T )
starting of +ve 3 4
K—0XIS -1;/1 lS
only tah i pvsl jve hene

posYyt ve here



Quadrant 4
Reference argle = T4
=+ @S ('74[7) =z =1

@s) = s (-§) T
gh(9> = Sih(‘%} = - gh(%) = - @,:__L

tan(®) = {;an(-%) 3/11' #an(%): _,2. "

reference angle

)

signs determ ineol
Fom the 7u0.dfaht'

S A
T;C

z “72 |
() 0= S—G“
(positive o "6 \sw/ b
counterdockwise)
Qvadrant 2 3 4
31,

_);’0'0



: 2 !
Q) 6= ¢ A
Tr r )
The ange lies om J 1
the negative - Oxis 3 4
between quadrant 3 T 3y, c

ond 4

=
Reference angle >

oS ;)-—-

COS[%) 2

Sf’)[%—"): - Sihg-r) = —|

ban ( 323‘) <

““(ﬁr) = Undefined .

= SIh(9)

'Pan LB) Cas(8)

Office howrs ’f/adag on 2o0m ot 3:309m

‘\k)ebP«SSIQV\ 5.

l
[
.’
|
)
!
30
I[ 2



=%
‘ Jc”%t =% t Temina) point
(33) 0 (1,0)
|

J (3
R
-
ra 3
T - C c g‘il-)
hy? k) a oY
| ™ = ~ og(Z te*
s (6) %’P | y ~(fi(3> 6 6=l(_ (—i—:@
(s(8)= X A“b'o,:p 1}5* 3 . 3
x —
2 X =056 f.l y :1=$‘ih(%“ 2 [0")
fd) - X
F°y Tl prey (4.8
x=cos[13[)=i =3
A
ﬁh(%)=l r G 2 '2
y=sn(3 ot L | (-1,0)
I -3,-.1
b 2 2
-1 -3
a  (F
_3_'[I (0,"'\)
2
T )
b (3.-B
(3. -
=0T = 51 2' 2
e 3
|
3
ZJT (,l,O)




A
'l'rigonome’;ric Smphs Rewdl s (9) = Cos ()

msec ()= ;‘b_t‘o)
Definition "o :6_0':[9)
A unction is periodic 1€ thete is @ prettive Mumber p- such shat
ft +9= f()
for every value of t.

The smatlest positive number p is coled the  period

feriodic. properties of ~sine and wsine.

§) S
h(tf&ﬂ) i ) ] she and (oSine

(os (£ +aT) = s ) have o. period of 27
i"&) sih(0)=0
I T - -
VAR RV
W 13\ . (.
;' U. 4 - ar + —
TPomain: [-00,00)

Range . [ -1]



) . . Domain : (~00,60)
2T 217 2T R(tr\gc - f"" 1]

“Transformations of gihe andshe

The most genera) transformation IS
y = = wsin (k (x- b)) +h . Y- -acos(k(x-b))*rh

\lerticod trans{ormations: | Refledion alonj R-0XiS

2. [f a2 then there is 0. verticaf
Streldh by o. foctor of o

If 0<Q<| 4pen there 16 o Verfical
Gmp pession by o fadpr of o

3. IF h>0 thew (s o Shift up by h.

Hovizumta) transformations: 1. 1§ ko] s is o hwizonle)
Gomp ressjon by o fackor of St

2. (f b>0 #his is @ shift to the
ﬁgh‘l' bﬁ b.



Y= - asin( l%('x-b)) +h

Ahen the period &S found by veing | period = %g
the amplitvde (s MW Jo.).
Eﬁ&‘&i l. 3*51‘00.4[79
(ns(x
amplitvd e
—\ ‘ / ~(, =P ™aExX —min
.‘ 5

Domajn : (-6, 00)
RMOQ : [‘h 6]




y = —@}intx)

Domair\: (~60) 5°)
Romge: f’4(4]

> HW 0 pested on Gradeswpe

#

Office hours of 4:30pm in Koom 412 of wiwd
(251 Mercer Street)

see Ondinuing from transformations °f trigonometc graphs.

Example (O Sketdh Y= ws (3x) Horizontal Gompression
by o factor of 5

W TEEE




® Sketch 3: Sin (‘Z ( X-"ﬂ) In Fgoci;)red "

+Hor. siretch cem [Lx-T
a foctor of 4b'\J J sm(4: 4)

« Hor. shift to K
the y‘\(lh\; T, !

new = AN _
period Tk T ‘3":—-’ = < Qu-T
Wﬂ%‘\'ﬁmd;m
y=ncx) |
) | 1\ l. )
: : : : period =0
: : : . % tan @ = SN®
! -W ' ' w 27] - e
‘ | '
‘ ! "
' | .
] ' ' : r u
' ' T 3“‘
- TR “ T
: ﬁm‘l)ﬂ. x
Rw\ R (*00:60) e 2 @
Domain :  All real numbers qmdud;m sin ¢=
odd integes multiples of 1.

(
sih x > sinIs( s = @
* %
‘l}'*\ . -0 ‘&anG-‘—%
' Lt 2
AGS %

{‘ 1.1“ ﬁw ;7(
/’ 2 2 {:anll.:-._'_
! 2 O

T 37 > X undefmed
z

I
2




Thverse hi\qonome'rn'c, fundions -F(_-f"(’()) =
- £7F) =%
T theck if o~ fundhion s inverible vse the honizonta) hne

l\3 +

A eq {}X
VIV AV

Domain of sin(x): =Y
(-w,0) - T
There is o Inverse if You do ot restrict the domain °F£ln o

inferval notation ,neqw
Resh\o{'ed domain of sintx) : [ g,:"{. [ LIPINY: )

Reciproca) —
= e pro
3 “ A/
y=* : d Gosec (x s
. SUNCRL YT
Range: [-1,| | . 2 2
-l (nverse o
n A0 6o f@x)
2
Q. find .
éni()=  SinT (%
g ' g Domain: [-':1]
Rﬂhaef ‘g,%—]
-1




Reshicted domain
shovld ke [0, ]

Range- [-1.1]

Looklhg ok Cos %

oos”(x) (nverse o
0S(X).

Domain : [-1:1]
Rage: [o, 7]

Now, consider tan(R ,
[}

: | | «
' ! ¢ ¢
: \
\ ' '
‘T ' > X
[}
|
[}
L

% a/ /

. L N L

3 2 ( ; P
Ay .

Resridted damain: (-, jl_[) £7() inverse

Romae-. ( - 6o, 00)

i) = L

ban x

=((7an>§-'




A tah"[x) INVerse of ancx)

- - /—’{ Domain : (- 00,63
(ox T
— le?e'('.‘am'i
/\" - c . v—'.-—".
2

-— o~ ® am

Aside : fx)= x x>0
Write down: 6(&)) =

Cx) x*

Write down  £7(x) =%
(fe)” 7 £760

£ (<) =sin x

W rrfe down @[x))" = ) =1 = bsec(x)
1C‘(,() Sink

£x) = 80100
G\(x))-"/ Fix) @ Gsec(x)#sSihly




Examp\e'. O Ffind the exadt vaves of [ sin(x)= 3
(a) sin™ (_[é_): ud

2/ 3

f 3ou see sin"(?) You ask - (‘9‘~ What

What  x vawe wovld give sin(x):_i??

3
e
0
- Mg}

|€ Yoy See ﬁn"(a,) yov Ol
What x vawe wovld gve  singd: 0

]
3.
Kas)
]
|t ¥

R
i

"
Pt

() os7[$)-% o) 5
() os{L) -1 o %)%
AW '

(d) $in (_Z) -_ZL ‘: ; ﬁ
(@ o'l =T /]
() fan ()= 0 L/-rhe range of

gn o) \S
(‘El) §in(4) = ‘}. '¥ -1[536“—
T 2

) 2/

A Offie hours Today on Foom ot 3 30pm - 4:30pm




Thverse hi\gonvmelricﬁm cfions : J :

Inverse function Domain Ronge w
§in~ (x) [-11]
05~ (x) £-1, 1]
tan * (X) (-00.100)

stn(§)=§
sn (2) ?
,sln{g.))
5| A
T/ C
. Reminder -
J =§_ oS~ (x) Ro.n‘(’e,: fO.TT:]
Ex amples T fenge: [5.)
tan™(x Ronge (-n."l
2'2
-1) - 20
O (oS ( ,_) 3

® sn*(B)=-g e ]



@ l;un"(—\)=-1[ ( Recal; tan(x) = SIN(Q))
4 bos(x)
@ s ’|(~—0 = 0 unknowh 4[\0|\)
s (8) = -)
What is & such+hol  — (-ily © ') ;
Gos (&)=;I
s (1= OF
Range:[o,‘ﬁ]
Com position of  Hriqanomelric fun dions With their inverses. (*)
v =9
. | g diven (¥) s B=sin "(é-]
Find  cos (snn"(%—) = 00s(8) ﬂ@g I"slh(&) :53
= S

> X =
r

Find x: x*ty* = r*

x*+3>25"
Xx*+4=25
y =(6

o

X Note
£ 0=y

shh¢g) ==§}=§~' flg)=~

¢ = sin™(L=

Sin(e) =12
) 13

Ffind Xx:

K*+12* =13*
X*+144 =16



3. Bnd  ones(E)) T .
= ' - = = =
4. Find (sec (ws -1)) grl)(&) ) _;3_,_5
630 (s 3’3)) (3—$>
Rewl
bsec x= L 23 234 Find 3*ty*=25"
- 44+ y>= 625
os”(55) = ® S
25
ws(e))c 3; -2/5’( y: r‘.:ﬁz:
= G 3:2.‘]-
30,
625

+ Dray he +iang f¢
¢ Use Rj}haﬂoms' theorem
0 )

hap 6= sin "[ 3)

"

| @m3

(o)
f an ZE,% X =15
:‘{L‘ 2%+ xt =32
= YU+ x?=9
o 2 s x=ds
[ )



6. Find  Cos™ (95(4_1) Do not use riangles
= cos™ (- ws(Lf)

Range of cos{x): [0.7]
T Equivalent o dveckirg

1. find Sin"‘(:[n(a’—‘)> = ,}\r_ sin( %1) sin(-1)
Qange, of sin™'(x): [..1_’(:‘ l{, B

Trigonometric Identities () 0=,
PROVING TRIGONOMETRIC IDENTITIES

GUIDELINES

1. Start with one side. Pick one side of the equation, and write it down. Your
goal is to transform it into the other side. It’s usually easier to start with the
more complicated side.

2. Use known identities. Use algebra and the identities you know to change
the side you started with. Bring fractional expressions to a common
denominator, factor, and use the fundamental identities to simplify
expressions.

3. Convert to sines and cosines. If you are stuck, you may find it helpful to
rewrite all functions in terms of sines and cosines.

Very i N
@) ey importuos @ S(i):)e;x=($im97'

show +fhat  tan*x 4| =sectx.



LHS =
lef¥ hand stde

Use fanx= SINX
s x

A -6eC %
(osx

¥an* X |

tap”x + =sec”x

HW:

I+ 0t % = secx

- sL..M)" +)
tsX

= ¢gih%x
(o5 2 X

+i

- Sin*X+ (lostx
GSs&X cos® x

= (szx +wsz§)
@ £+ x
d’{—
= ostx
=1 -
(oS x)

SeC®*x
RHS

{ BV

€xample Simplify o5 )t +an@)sink) o

vse: tand) = Snih)

ws

= @$)+ sinlt) | Sih(4)
Gos [4)

= 0f(t) + sih* ()
s (t)

0sHt) + Sint ()
cos (1)
{
s (t)

—

1




2. Simpiy

Cot-(x)

Verly dhat the tdentiy ol

l' _\/-—""

=[\+ fan2 2
(-sin*2 an*
IHS = 1
| -Sin*2
—
= _
st 2
X = sec*z
g\ﬂ" jod |.+£an’&2
Z Ttk -gus
- R
2. Verify that ! _

= sec(d)

Ws(x)-secr) | M. @L?KT

—

————

(e

—— = 5oy
Sinty (s (x)
(ws(@

= (- ton (z)

Show that dhe  LHS is equal 4o

the RHS.

Reminder: | = costx+sin®x

|- gintx= (oS =X

(. 1 cos™x% +sinzx =]
2. — | +tan?x =cec*x
3. - \+ wt—lx = wSCC"X

Get 3. (082X +Sin* x =|

sihtx  Sin®x  &ntx
WX+ | = cosec®x

Cos* X +SIn 2x =|

2.
Get Cos*X  CoS*X (0S%X
| + #an?x = Sectx
= 2tan x Sec x

(+sinX



o= L —_ 1 - fisihx - [Ceinx)

Y
(-sihd | (1-Sih x)(145InX) difference of oo
squanes
| N 2sih X
Use identty \ )~ sin>x
in? X <
s K A8D o = 2slh x
\—S\hz L ws*x
= ls_iﬂl S
losX (0§ X

= 2fan X sec R

= RHS ‘/
3 . Vm‘f\g Q%t'mgi;. = Sin*t

ect
- S bk | -
l\HS /r < COS'l' axb
sec |
(st
wst | ~tos*t
vse sin*{ + costt =| |- cos‘k =sint
|- st = sin* t <

= anlb

= eys  J/



- Office hours foday N WiH Room 412 4:30 pm.

- Rewiew ession o wwh Room 10) at 4:30-6pm.
omorrow (Dec 15),

cosec®x
~

) Verfy (o xt@b ] = sectx + csc*x

’Wi,qonomdric identities

(x+1)*
’dm—ﬁ-}g. Sinzx "’COS?'X.:, - x'».f.zxy.\—yb

sinzx  sintx SINTA

cinex #0821 Fan®x 1 = L X[

~

ot x  Costx  wex =

A\

LS (fanxtobx)" = (han xsoh A)(anxtot )
= tan*x+ afanx ot x +egpzx 20 =

tan*x + ztg/x.._l_. + 0% x
X

I

= tan? x + 2 +0X
= ({nnzx £1) + (( +0t* %)

w—

-
@ Sec?x bosec*x (L)

= §eC*X + Cosec* X
= RHS



® Vedfy  SING |, w58 < ggr @
s & | +sin®

LHS: | 450G + Cos ©
s © | +6in &

(t#sin 6)(1+5In®) + (0526
Cos & (1+sin6)

,,’ {iom #he )den@
. 2 Z.
= [ fasn@tsin“8 t (os &!

COSG(HSITIG)
= ®t 2n®
Gos O (1+5in6)
= &LH—’STI’){.')
(o5 & 5)
_Sec®
= Z = 2-(?."_.>
s (0s &
= 2%ec &



Algebra and Calculus
New York University
FINAL EXAM, Summer 2014
VERSION A

Name: ID:

Read all of the following information before starting the exam:

For multiple choice questions, only the answer is required. No work is required and no partial
credit will be awarded. You must clearly circle your answer.

For free response questions, you must show all work, clearly and in order, if you want to get
full credit. We reserve the right to take off points if we cannot see how you arrived at your
answer (even if your final answer is correct).

The exam is closed book. You are not allowed to use a calculator or consult any notes while
taking the exam.

The exam time limit is 2 hours. Good luck!

SCORES

MC (45 points)

1 (14 pts)

2 (8 pts)

3 (8 pts)

4 (18 pts)

5 (7 pts)

TOTAL




(45 points) This parts consists of 15 multiple choice problems. Nothing more than
the answer is required; consequently no partial credit will be awarded.

1. If f(x) = %, find f~1(2) * hwe&s,
(a) 1/2 f= 4 4 y= 4
(b) 1 4-X 4-x

[\]

(d) undefined > (4-)() \" = 4
)

(e) none of the above ‘n(X) = |oge [X)= y 4"- xy = 4
n0) 9 el= eV =x 4y-4=xy

r—1 ifx>0; = B
2. Let f(z) _{ 2 <0 and let g(x) = In(x + 2) for x > —2. 4:‘-4 -

Find f(g(~1)) ot J

@ g(-)= In(-1+2) — x| 100= Ai;ﬁ

(b) O - -
©1 St | {76) = 44
(d) e - x=0 =2
(¢) Undefined — £( 9(-)) = flo) Domain of In(x) : (o0,e0)
o =20-|\ or x>0
3. The solution of the equation = -
2sin?z +sinz —1 =0 on [0,%) dnx
= (asihx = Jlsinx + 1) =0 —=FXT
6 g']n)( S;lz- or S‘inx =~ _j
(b) 3
© = x=sin”(§)
@ 3 T
) -1 X=T

—
¢)

6



V" 2 x-320=> %23

4. The domain of the function
B z—3 X G
f<x>_x2—5x—6 %

il) 0.3) = ___é—-—v‘ >3, 7‘5‘ 6
(b) [3,00) (x+ x—6) E € v(6, e
(©) (~1,6) [3 ) (6:%9)
((2))[3,6) U (6, 00)
(e) (—o0,—1)U(—1,6) I { ///? )

A :

5, Consider the following statements. In each case, P is a polynomial.
I. The domain for P(X) is (—o0, 00).

I If the degree of P is odd, then we must have P(r) — —o0 as x — —o0.

/ III. If P(4) =0, then = — 4 is a factor of P. P(X) - a“x“.[. an ‘X""“
Which of the above statements are true? +...+0,%TQ,
) Tand II
1 and I11 the exponents ore
(c) 1I and III non-negadi ve Integers.

(d) I, I1, and III
(e) III only

6. Find the domain of f(z) = V22 +3z —10. = E + 5)(,( - 9_)

00, —5] U [2, 00) x+6)(x~2) 20

x>t 5’*'\0 A

5,’2] y= X A
2

3 (-5, ~5] V[2,6)



loaq(x')zb <> ab.:)(

7. If logy(2logs(x)) = 1, find .

(@ 2 =0 log, (2log, (x) =

(b) =2

@Zi = /2-/%2(1033 ()

(e) none of the above

=log, (x)
8. If f(z) = logy(z — 2), ﬁnd]é) + f71(3). 3 ': X D K3
(@)10 -
go ° {(3)‘ ’03a (3“2) :Iosz(l)go
(c) 1
(@ 8 £1)=? Fx) < log, (x-2)
(e) none of the above

Y= log, (x~2)

2y =x-2
9. The amplitude, period and vertical shift of the (.rigonometric curve

= 3ws (2(x-F)) X=2932

y=3cos(2x —m) —1

are respectively: 1 UST\: H. "ﬁ -‘(x)z Zx +2
M 3, 27 and 1. o'mP"h’de Vﬂ"”mﬂy .r 4(3) :23'['2 <
2, 2m and —1 2 -
%j&ﬁandl z%:' %Tl':-“- 8* 0
@ 3, mand —1
% 2, mand 7/2 S
J= aws(hix-h)+b
Inz ite>1, & Pﬂdomd {OYm
10. Let f(z) =49 —oz+1 if0<z <1 4

e v ifz<0. &
Consider the following statements.

/I. f(1)—f(0)=-1 ‘/II. f(z) = 00 as x = —00 X1, f has horizontal asymptote y = 1.
Which of the above statements are true?

o 1o L f0- o)z by - &7
(

)
(c) Tand IT ) (
d) T and III
)

SK (e) II and III

o-\

no




Range of the outer funchion

1 Find e (). = X ms"“:' [o.7]
%ﬁ;{i ms{ﬂz = (os(x) s A
0 o n — R
(e) 5m/4

12, Find sin~! (=Y7) + ) T 3 C.

?_1 % =) ’oan{ﬁ

(© =72 Range of sin™ :

]
)
\
¢

gﬂ/él [-2’% . E
—7/12 - =20 = =~
O sm{gz)e)qnez

13. One solution for the equation
klates Jo 4

2 13 3(x —2)
— T = 3T —
$—2 —

is: \ ~f_ - -
, 2 +3% (x-2)= 3 (x-2)(x2) sin ( )

© Zs 2+3x* -6X = 3(x*~4xH) g [-B) + tan"'(1)
2 -— = -— 2
: z+3/" bX /3{‘ J2%H2

)
(@) 5/4 RN
(e) no real solution Gx =0 K= !8 4
- 5 - - ﬂ' + 3‘“ = “ﬂ
14. A point in the 1st quadrant satisfies cos(2t) = % Find sifl-?t), )2
@ e 1)=T
(b) 1 lt (oS 2 3
(©) V372 4= I =, = 2h~6 34
(d) 7/6 6
o snfg)= 3 = —6(x-2)
= ~bKtl2
15. Define f(z) for z > 1 by f(x) = 22 + 4. What is the range of f=1? 6 < =i0
(@) 000
(b) [174] -
@1,00) Ra‘"ﬂ‘ of f (x)
@ (~o0, o) = Doman of {6) = [},00)

(e) [5,00)



(55 points) Problems 1-5 are free response problems. Put your work/explanations
in the space below the problem.

e Read and follow the instructions of every problem.

e Show all your work for purposes of partial credit. Full credit may not be given
for an answer alone.

e Justify your answers.

1. (a) (6 pts) Let f(z) = P

Xy -Zy 23X
-3x = -3)= = 2
Ay -3x=2y 2 x(y-3) 2 9 X .g‘i:3
(b) What is the domain and range of both f and f~! in part (a)? -F“‘l(x.) = 2X
—

Domain of £ : x#2 o (-0,2)V(2,8)
=Ringe of £~
Domain of £ : X #3 0 (-0, V(3,9
-“Qalge of ¥
(c) (8 pts) Find the difference quotient

flx+h) = f(x)
h

for f(z) =2?+ 3z —1

£xth) = (xth)® + 3(x+h) ~
= x*+2xh+h* +3x+3bh-)
) g ” be wrefd 1o place

fexth) - {09 _ ;(‘+ th+h"+3£+3b~‘l\- [,e(‘{?a(m@ =1
h h

= 2xhib*+3h _ M(2x1h+3) - axtht3
K ¥




2. The function f(z) = 22? — 12z + 14 represents the number of mosqutios (in thousands) that
are flying about in Texas in June where z is the number of days past May 31.

e oVtp
(a) (4 pts) In context to this problem, what does the point (5,4) mean?

Inpvt = # of days past Moy 3] irput
Ovipt = H=of mosquins in 1000s

= On june 5 there are 4a) Mosquds {hguﬁ about m Texas

(b) Write f(z) in vertex form.

COMPLETIN G THE SQUARES

Fx)= ax* 2x 414 ax*tbx +C

= 2(x*- x)t14 = a[xrrhx]re
= 2[(x-3)2-3°f[+’4 3&[(‘+£)—(§3)]m
= 2[(x-3)* -9] + /4

2(x-3)" -18+14
= 2(x-3f -4

-
-

(c) (2 pts) What is the smallest number of mosquitos in June flying about Texas?

Vert ex (3) -4’)

bop we conmf hove hegahve tfof mospuitys
= Zem mpsquios




3. (a) (12 points) Let f(z) = —1 + 2cos(2x).
i. (2 pt) Find the y-intercept of f.

05X
P eh-

-

x=0 9 flo)= -142Ws 2:0)= ~142105f0) = -1 +2(y)

\( (4 pts) Find all z-intercepts of f on [0, 27].

0 0=-\kawslzX)

| =200s[2x)

5 = ©s[2x)

Cos"(%) =X

T

=L
(oS(%\ 2 T e2x
y;

3
=T

= |
y-int. (0, 1)

iii. (6 pts) Graph one period of f. Clearly label the points at the beginning and end of
the period, and label all intercepts. Clearly indicate the range of f.

£0x) = 2005026)-1

. = 2N
?enod &
=l

2

=\

oné y:enod.



(Free-response problem 4, continued)

(b) (6 pts) Sketch the graph of g(x) = 2logs(x + 3) below, not by merely plotting points, but
instead by applying transformations to the graph of y = logs(x).

Clearly label all asymptotes and the x and y intercepts.

|
Y
|
\
[ | [ | (] . (O._lﬁll' ....... X,
-2

-— e e

X<-3

Q-interept: x =0 X—thterept :y=0= 2 log (x3)

9 ()= 2o, (3)
=2(() 3% kS

=2 [ = X453
(o, 2) =-2
[—2,0}



4. (7 pts) On the same set of axes, sketch the graphs of f(z) = z,g(z) = €% h(z) = z* and
k(x) =logx
(x) < e’ f
% - -
< =X
k(x) = log x
¥=0_- - L X
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Multiple Choice

(2 points each) Please clearly write your answer in the box next to the question.
You need not explain your answer. No partial credit will be given.

1. Find the equation of a line passing through point (7,7) and perpendicular to the line

Tr + 3y = —1.
(A) y— ST ?)(1-3\\‘:4
@ygxw 33:-'?7(*'
y:§x+4 o - }__x_cl—
(D) y=—%z+4 U 3 3 '
(E) None of the above M= -} "he P&Pendlada' ""8

Wil have dope 2 1.

(7)) _ 3=
i Y- (x 3)

siope 2

13z +2| < 4
(A) [-2,3]
B) 2 = 2,0 =2 2 <4 o +7) o -
(©) (—o0,—2) U (2,00) t Bxtd)» - 4
(D) 2.3 3X<2
(E) None of the above X < 2 3x > —16
3 X> -
éﬂ Problem [2]
-2 =
3
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3. Which of the following is true about the rational function

q(z) = sz—tix 2 = IX(X ‘H) - 2‘)(!8" !D_
xt-l (x4 )(xH)

(A) JThe graph of ¢(z) has vertical asymptotes at © = 1,2 = —1 and no horizontal
asymptote.

(B) The graph of ¢(z) has one vertical asymptote given by x = —1 and no horizontal
asymptote.

(C) The graph of g(x) has vertical asymptotes at x = 1, = —1 and horizontal
asymptotes given by y = 2 and y = —2.

(D) The graph of g(x) has vertical asymptotes at x = 1,z = —1 and a horizontal
asymptote given by y = 2.

(E) None of the above

Problem

4. Solve for z.

B_ewz —  V'-v-6<0

o let =e7  (V+2)(v—23)=0
r=In 2
(C) = = In(3), In(~2) v*=¢€ V= -2 v=3
(D) = = logy(3),1ogy(—2)
(E) None of the above _/)/ V‘-Z -
. Problem [4]

$20- "7 ,
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5. Find cos™(cos(F)) = \j ) COJ(S) = WS[‘%

T ~ .
g Ronge 0f (os™ 56 ﬁ,,n] s0 Y shovld beinJo, 1]

6

©) § " oM

x geh

D) cos() Te{ % —_—
cos(1) - .3

(E) None of the above o © So ac‘\’aly

]T_%‘;Profe 5]

6. Simplify the following expression using trigonometric identities:
1 + sin(z) N cos(x) = (l'l‘Si'\)‘X.“' Sin X) +(0§ X- (@SX

cos(x 1 +sin(z)
@ s X (14sinx)
1 + 2sin(z) cos(x) = |
cos(z)(1 + sin(z)) = 14250 x+Siht X +6as°'X
(B) 2cos(x)
0 @s X ()4sin x)

cos(z)

(A)

(D) 2tan(z) = 1+2Sih X+
(E) None of the above (61,9 X(Hg[.n X)
= 2 + Za.n 5 Problem [6]
0os x (1 451h%)

= 2(] )
(os X CM
=2
LosA
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7. Let f(z) = and g(x) = In(x — 1). Find the domain of f o g.

o,oo) (D) (2,00)
1,00)
) [2,00) (E) None of the above
.F(a(x)) = -f'(,n(x_l)> Problem [7]

= L_— Domain of In¢x )

(In(x-) is

Under the radf o) We myst have »0

8. Which of the following is the solution of the inequality

Sl-

22 —br+2<07?

(1,1.5) (D) (—00,1) U (1.5, 00)

(0.5,2)
(C) (—00,0.5) U (2,00) (E) None of the above
Problem [8]
21x*-SK+2 = (ax— 1 )(x - 2) <o

9. Which of the following is the inverse function of

flxy=2"-17.
(A g(aj) = 10g2(1 + CU) (D) g(a:) — ertl
(B) g(x) =log,y(1 — x)
(C) g(x) = logy(x) +1 (E) None of the above
Problem [9]
y= 2%
X
bt122
log, (y+) =X 5
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10. Simplify the following expressions using trigonometric identities. S’h
f(z) = =3sin(m + z).
0 an
(A) f(z)=3cos(x) (D) f(x) = —3cos(x) .
-3slh X
() /(x) = 3sin(x) 3sih
) f(z) = —3sin(x) (E) None of the above
3 ‘/\- = Problem [10]
0 AT
- 3 - -
11. Which one of the following functions does NOT go to co as x — oo ?

(A) f(x) = 10 + log,(x) = 0O ‘f _w+1 = xR _ 2

(B) f(z) =2°+2* —» gq X =t X =

(C) f(z) = 2" —m Do ) None of the above

( Problem [11]
L E . S --ng‘
‘\ !
\e
X=|
12. Which of the following is a factor of the polynomial
P(r) =2 +32° — 22* — 8x — 47

Hint: Use the remainder theorem or long division.
x+ L is P(-)=0? D) 24 =(x2)(x+2) e both PR)=0
B -1 is P()=07 3 P(-2)=0?
C)z—-2 f¢ PCZ) =0 2 (E) None of the above

Problem [12]

Pey= ()" + B(P- 20 -84

=|-3-2+8-%
=0
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13. Which of the following is equal to

8a~3b? 1/3
()

& © L
) -

a

2b
el (E) None of the above

Problem [13]
R ’5”1) £ b -
6/; b"/3
a? ™" a’* b“/"‘
a" 1{6*"/3
= .&-‘—" = ?'_'ba
3 3
14. Rationalize the numeratg of the following expression:
1+ x
5
L+ l1—x
() 2(1 - V) @2(1 — V)
I+
1 — 2 (D) 2(1 + +/x)
(B) 21 + ) (E) None of the above
C“Hefem o Problem
1Hx (l';f&) = (HR)(1-fx) Hwosquors
2 - 2((Vx) (0-bYap = a*-b"

= t- (x)°
20 X))

= | =X
20-0x)
7
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15. Below is the graph of a function f(z).

Find the average rate of change of f(x)

from z = —1 to z = 3.
(A) 2
—0.5

(€)1

(D) 0.5

(E) None of the above

f6)- o) .

3-()

Problem [15]
_._\ -'3 = -—& =-L
¥ 2 —

16. The graphs of the functions f(z) and g(z) are given below. Using the graph, solve the

inequality

(A) [4.4
(B) (~o0, ~4)U [4,0)
©) 100
(D) (o0, 4] U [0, 4

(E) None of the above

f(x) > g(z).
f(z)
T ()
Problem [16]
-4<X<0
v X2 4 E—
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17. Given the table below, determine (g o f)(2).

Ol =W =N
= WO —| O W

9(f@) = g(3)
= 0

Problem

reflection abou the x-axis

18. Which of the following is the graph of the function f(z) = —In(z +2) ?

(A)
Y
4-+
3t
R f(x)
1 /
© T
—4 =3 =2 /=1 1 2 3 4
. —1 .
—a.L
3L
—4.1
(B)
Y
4t
3t
2
1
© T
—=4 =3 =2 =1 1 2 3 4
. —1. L .
—2.f
—3.t
f(x)

(E) None of the above

Shift 1o the teft by// mp)

! : —n (%)
7.4 —3 =2 7}£ 1 2 3 4 =°
2 f(x)

Problem
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Free Response

Please show all work and justification.

1
1. (10 points) Suppose that tan(d) = 3 and 6 is an angle in Quadrant III. Find cos(f)

and sin(f). Show all work.

=5 8= -3

bt we pave 40

(5‘) the ¢ gaglvm
we are In drant L

= 1 = - J———
j sinf ﬁ-a

10

\ 2= 12437 119=10
Y =llo

r T
f
/4/ c
W)\ =
here cas
% sin ¥
both vegative
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2. (14 points) Suppose that f(z) =7 — 6z — 2°.

(a) (3 points) Find the & and y intercepts of f. Show all work.
x~invt. when lj=0 : 0= F-6K-X
= = (x*x6x-?)
= = (x +9(x=1)

) X= —?, l
TheS  x-intenepts are
y-int . when x<0 = fo) «3 (-3,0) and (1,0)

Thus the Y-intereept (s (0,7)
(b) (5 points) Express f in standard form. (That is, in the form f(z) = a(z—h)?>+k.)
Show all work.

£(x)= 3 -6x-%"
= _ ,(?—_E,x—}‘-l
= - [x"+6x) +1
= - ﬂ" +3)"—-3‘”]1-4
= - (x13) t9t3
= = (x3)* + o

11
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(c) (2 points) Based on your solution in part (b): (1) find the x and y coordinates of
the vertex of f and (2) determine whether the vertex corresponds to the maximum
or minimum value of f. Give a brief, 1 sentence, justification.

(1) Verfex: (--3,[@9
() wmax sine the leadinj weficient ks negatig

(d) (4 points) Sketch a graph of f. Clearly label the graph.

12



3. (10 points) Solve the following equation. Show all work.

logg(7 + 2) — logg(x) = 0.5 — logy(x — 2) C*)
(03(‘ (x+2) - logq(x)+ lo\%(x—z) =0.5
%+ (x-2) ) =0.5
og., (AL )

Rewd]
“4\=0.5
‘Oﬁc‘ ( 4) 0 logq(xkb
. = a"=
5 h
0.5 '/2.
99"
(3 -
X
3=x"-%
X
3x=x*-¢%
* ~3x-4=0
(x-4)Yx+1)=9°

74 5

MJeded.S'n(,e i{ we -{yw

substitute inlo the ongina)
13 Quation () we hwe

log, () which I not possible
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4. Note: The two parts below are independent of one another.
(a) (6 points) Consider the piecewise defined function
x

if v > 1, _)&-_‘.ﬂ_': +_L—
fla)=q *71 ~ X—I ‘ *-|
z+1 if x <1.

Sketch the graph of f(z). Clearly label your graph (including important features
such as intercepts and asymptotes) and show all work/reasoning.

L]
.
.
.
.
.
.
)

-

« ®» ™=

-l ® o oo

(b) (4 points) Find the inverse of the function g(z) = ’ T Show all work.

xr —

Y2 am @ Y0
xy..y:.?i
xy-x=Y

X(gNzY 2 x=-93_7 ANCE

—

X
X -

14
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