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Lessont
Exponents and radicals ( 1.27

Integer exponents

If a is
my real number and n is a positive integer , then the

nth power of a is
exponent

↓

an = a.a. a . .
. a

↑ -
base M factors

e.g. (a) 43=4.4-4
in E)

"
= E) II. HH'd

(c) ( - 3)
4
= ( -3) C-3) C- 3) C-3) = 81

(d) - 34 = - (3.3.3 . 3) = - 81

Note a° =L for any base a

a-
"

= at
Example (a) (3)

◦

= I

(b) y
"

=

¥
(c) C-452 =

(¥2 = ¥



→

→

-

Examples . 1
.

43.45=48
2. am

a-n
= am

- n

.

am _ ant = am - a-
"
=
am

-n

3
. ②4)

3
= 212

4. (aÑⁿ = anbn e.g. (2.573=23.53
5. ?⃝

"
= 2%-4

6. (F)
-3

= (g) = ¥3
Simplifying expressions involving exponents

(a) ( 4aˢbÑ.(5ab7④= 4.54 a5b3a4(5)4
=T

5-4. a? (b)4=54 a4b8

= 4.54a5.at?b3.b8--4.54a9b"



Recall Cam)"=amn

Example 2 (b) (y _ (×z¥[ = ×
"

¥4
'

ⁿʰ

= ✗
4+2 Note
-

- I

2-6 y
- 4. y4

= 16 = y
-4+4

-26 = yo
= 1

Ncte : yt
¥;

Y
" "

__

y-2=15,
g.
31

3- 8

=y -5--1785=155 Y
ys

✗
= ✗

' -4
= ✗ -3=1

✗
3

[ ×¥
= ¥4

✗
2

. 1×-6 = ✗
2
. ✗
-6
= ✗
2-6

= ✗ -4=1×-4
6

e.g. ¥ = ×
"



Examples involving negative exponents

(a) lgaa.it??-g=5a'-c-2)b-3-5=5a3b-8=5a-3b8
↓

5⑤ ' a'¥ - ¥ = Ja? ¥
Recall

am . an = amtn

Radicals

tf n is any positive integer, then the principal nth root of a
is defined as i

Ya-=b

This means b" = a.

Note . If n is even then both a and b must be greater
or equal to 0

.

= I

↑
absolute value of a



Examples . (a) 4/87--3
(b) ?⃝zT = 3jz-3.az?--3fz3T.3fz = Z -TZ

↓
↑

3fz2.#
Recall

=

3jzT.3fzzva.b-YI.it-
(c) 4j81✗" = 418T . 41×17 . 4jy8

=3 "M**Ñ
Exponent law : ↑×4~↑
Cam)

"
= am
"

y
'

= 3- ✗4.y2" jan =
a

Rational exponents ( fractional exponent)
.

(atm )m = aʰm=a '

= a ⇔ a
"m

= Mia ←

For any exponent mln where m and n are integers
,
n >0

then we define a④④= @ra)m←
↓

Hart



Examples

(a) . 8×3 = (3/5)
≥

= 22=4

(b)
.

125-43
= ¥11} = -g= É

Simplifying expressions ¢
5✓@Ñ

(a)
. ( za4bG)% = 24564145 ( boo)%

=ˢjIˢ✓j5j(bÑ
¥ :*

'

= 5jI5ja8ˢ✓bT

' b'

l;%I☒¥,) ! = •iñ
=

@my (✗ 3147 = ✗
¥3

= ✗
%

94-+1=11-4
= am

- n

23×3-4-3 (✗
"4)3. ¥,, = ✗ ¥ . ¥,,

= ✗
%

- ✗
÷

¥5
' ¥-1k =

=
gig

= ✗
⇐ + ± -

⇒
•# =8×&×±

3

Recall ✗
-m
= Em or ¥m = ✗

m 9=8^9×9-+4,3



Upcoming deadlines 9/12

Monday
• Homework 1 : Sep 18 at 11:59 pm (on Gradescope)
• WebAssign 1.2 , 1.3 : Sep 17
• Quiz 1 : sections 2 and 4

, Sections 3 and 5 : During recitations
↓ ↓

Sep 20 Sep 22

•

Rationalizing the denominator (Sec . I.2)

Sometimes we want to get rid of the radical in the denominator by
multiplying both the numerator and the denominator by an appropriate
expression

e.g 1- .T' Recall from last class
☐

'

II II. D= iab
i

( ¥3 =

=¥⇒
In general if we have Era = Iaa ← standard form

If we are given ¥mg we have to do the following .

1-
.Van-m-njan-mvam-n-m-ano-n-n.ir#--VnY?-a-=Vaa-I



fxamptes.cnrationalize
¥ .!=% =

315T
↑ ↑

Yñ✓b = Want

[ÉfÉ÷=; 31J . 3152

¥
'

= 5¥
= 3/57+2
=3/1537

5% ✗
= g
{ + ×

we want 5
'

= 5

g- +✗ = I
✗ = 2-3

② ¥j?¥, = 2¥ 45.5--24527=55

(3) '✓¥7 = Recall from last class JET = ¥
= ¥ •b

b.¥

= b÷-
b
'

= ˢ!bI



⇔ ¥ . = !¥

Algebraic expressions (1.37

A polynomial in the variable ✗ is an expression of the form

an X
"
t any ×

" "

t . . . + a, ✗ t ao

Term ¥
where ao ,

ai
, . . . , an are constants and n is a nonnegative

integer . If an =/ 0 then the polynomial has degree n .

The terms a
,
×
"
are called the terms

Adding and subtracting polynomials

Example : 8×91-2×9 +1 (= (81-27×9+1)=10×9+1
5×3 - ✗

3
= 4×3

Note :
_ ( atb) = - a - b
ee

Multiplying algebraic expressions

(atb)↑Ñd) ⇐ actadtbctbd
←

Example : (a) ( 2✗#t)5) =
-
x2 - 10x + × -5

It
= 2×2-9×-5

• ±; ; ÷2X ( X2 _ 4×1-6)



=
2×3
- 8×2+12×1

1- 3×2 -1/2×1-18
= 2×3

- 5×2+18

1. (ATB) (A-B) = At _AB/tAB-132 = A2 -132
2. (AtB)

2
= (AtB) (ATB) = A2 + AB TAB +132=1-21-2AB

+132

→

Principle of substitution :

Example :C) ( x2 + y 'T = City5) Citys)
( ¥ -113%2 = FOIL

(formula 2.) = 1×721-21×2 )(y5) + (y5)
2

A = ✗
2

= ✗
4
+ 2×295 + y

'°

B = y5



(2)
. ( 3×-55 = (3×72-213×715) +52 ←
A = 3✗ = 9×2-30×+25
13=5

(3×-5) (3×-5) = 9×2 _ 15×-15×1-25
(3) ( Tx - Ty )(☒ +1J ) = 9×2-30×+25

Special product formulae . ( ATB) .CA - B) = A2 - B2

where A=rx and 13=5
crx - Ty )Crx try) = × -y

=

(A)2- Cry)2 (ATB)
"
= 1-721-131-132

~(4) Clytx) - 1) - Cyftxti ) = lytx )2 -1
( A-B) • ( At B) = Az - Bz

=

92-129×1×2
-1

where
A=y+x
B =L

Factoring algebraic expressions
(1) 3×2-9×7

= 3×211-3×5 )
(2) 8×45+6×393 _ 2×94--2×94<1×3+3×29

- y4
(3) (-2×275) -4 = ex -D. (2×2+5-4)



NI
'

5( x-D - 41×-17=(1/-1) = ( ✗ - 1) - (2×2+1)

(2×2+571×-1) -41×-1) = ÑÉÑÉ5) -4]
-

m

=

~_

( x-1) (2×21-5)
- 41×-1)

In general , factoring quadratic expressions :

✗Ztbxtc where b. care

real numbers
.

= (✗ tr) . (✗ 1- 5) factored form

=
✗2T sxtrxtrs

= ✗
'

+ (Str) - ✗ + rs

b = Str

C = rs



Examples ✗2+7×+12 I ' 12 =
C =/ 2

↑ ↑ 3 ' 4 = C
= 12

b C 2 . 6
= C = 12

= ( ✗ +3)(✗+4)

A bit more complicated . . .

Factoring ax
-

tbxtc = (ptÑq)
→

= pqX2 tpsxtrqxtrs
= pqx2+ Cpstrqxtrs

a =pq
b-_ pstrq
C=rs

↓ (3×-% attempt /
Example . 6×2-17×-5 = (3

✓
(Gx 5)(× 1)

3 ✗ . 2X

Cox 1) (✗ 5)
GX - ✗

Attempt 1 : 6×2 _ 3×+10×-5
= 6×2+7×-5



note : (☒+¥dT
= act adtbctbd

¥ F O I L

first outer inner last

Today we'll finish section 1.3 and do most of 1.4 too .

Today : Office hours at WWH in Room 1025 at 4:30
- 5:30pm .

2×21-6 ✗ + ✗+3=2×21-7✗Factorize :

(z#É 3)
F✗amp ② 2×2 -15×-1-3

=

1×+1712×+3) ( ✗ + Ñ¥t3)
2×2-1 3×+2×+3

③ 8×21-10×+3 = (2x + 1) (4×+3) = 2×2+5×+3

1. 8

④ Gy
'

t Ily -21 = ( y + 3) (Gy - 7)
2.4

↑ 7) 3.7=21
6. I I. 21 =21

2- 3

692 -7g +18g -21 = 692-1 Ily -21



Difference of squares : ⑦ -1302 = CA -B)( ATB) .

Example : 4×2-36 = (2x- 6)(2×-16)
92-2-25=(32--5) (32--15)

@ +b)2- C2 = [(atb) - c) [( atb) -1C]
A = atb B=c

Perfect Square : 1-2+2AB + B2 or A-
2- ZAB -1132

To recognize it look if the middle term is plus or
minus twice the product of the square root of
the two outer terms

.

e.g 1 . ✗2+06×+9 = (✗ +3)
2

→ (✗+3)( ✗+3)

= ✗ 2+3×+3×+9
2. 4×2 - 4✗y+y2 = (2x -y]
-

↑
= ✗ 21-6×+9

(2×5 (y)
≥

FE
= ✓a- fix
= 2X

⇒ (2×32--4×2



Recall
Factoring expressions with fractional exponents

/ ✗mxn =✗m+n
In

Factorize : 3×3/2 -9×42+6×-42 = 3×-1/21×2 - 3×1 + 2)
↑

To factor out ×-1/2 from ×
≥
? factor out

the powerof

✗
312
= ×-121×2-4-±)) ✗ with the 3×-42

. ✗
2

stexponent
= ✗

_"
( x2 ) =

3×-1-2+2

6- + } = f- + g- = §
=3 ×

- ± -1¥

= 3×3-2

E. g. (2t✗ + 12th" = (z+×5% ./ ✗ 1- Cztx)①]
er

✗mxn = xmtn NB
. ( z-1×5} . (2-1×1

'

= (2-1×532--11
= (2-1 ✗§

Factoring by grouping 1 . ✗
3
-1×2-14×+4 = X2( ✗+1) + 41×+1)

--↑
- Mr Wu

✗ ( ✗2-1×7
= (×t4)

↓

✗ ( ✗ 1-DX ☆ ( ✗2,247=6-271×+4
( ✗+2)

2

2. 3×3 - ✗2-12×+4 = ✗
'

(3×-1)-413×-1)
= ✗
"

+4 +4
- ~

Mr

= (3×-171×2-4]
= (3×-1) (x -2) (✗1-2)



Aside :
Section 1.4 RATIONAL EXPRESSIONS

an t an _ , t . _ .ta

Definition : A rational expression is a exponents should be

integers for this tofractional expression where both the be a polynomial .
numerator and the denominator are
polynomials .

e. g. ¥-2 , #

2-2-14 I
- . .

But

this is not a polynomial because of F.
so it's not a rational expression .

Domain : the set of values of
'

✗
'

that the variable is allowed to have

e. g. ¥-2 domain is { ✗ I ✗ ≠z}
↑ ↑

such ✗ is not equal to 2

that

e.g. I = 1×1*-2✗2-5×-16

Domain is { × I ✗ =/2 and ✗ =/ 3}

avoid the ✗ values that give that the

denominator =0.

e- 9 . ¥y Domain is { ✗ / ✗ =/ 5 and ✗30}
↑
this comes from TI



Simplifying rational expressions

e. s .

= =

:*

e.% (÷¥⇒%⇒=(¥¥¥P¥¥
↑

(✗1- 4)(✗+4)

= Y¥⇒i e-¥:)
e.g.

÷
+•

=
.

=

= xt3_
(x- 2)(✗ 1-1)

Adding and subtracting rational expressions

Az 1- By = A1 Note . It's best to use

the least common denominator
.



Examines 1)
. ⇒⇐ the denominator will be a

product of the [x-D and
(✗ 1-2)

.

= '+×⇔• f- !,( x -1) < (✗1-2)

=
=

# + ¥.)
= X2+2X

(✗ +1*-6)(x -1)(✗+2)
(✗ 1- 2) ( ✗ +3)

2)
. ¥,

- ¥+15 =

Ñ ' -

=

= Xtl-2\
(x - 1)(✗+1)

2

= _×t3_
Ex- 1) (✗+15



Compound fractions

Note : A compound fraction is a fraction that has a

fraction expression in the numerator , denominator, or both.

% '

&÷=÷÷¥
± "

= 1-21-2-2
= ¥.

Note
.=÷÷÷⇒

÷p=¥¥( = a+÷ .

a-

a-b
= §

=

:¥:- ÷.



Announcements

① In WebAssign it matters whether you write little x or
capital X

.

② Submit the homework through Gradescope , not by email .
③ If Gradescope doesn't work and you enrolled in class late

.let me know
. If it just doesn't work . try a different browser

.

④ If you have math questions. Use Campuswire .

From the previous section.

Rationalizing denominators or numerators

Use i C A - BTC ) - (At BTC) = A2 - 132C

correctexamples C) ¥3 . ¥3B = 1,13-3 = i
←
+"" "

CA - B) (ATB) = A- + ftp.n-pg-pz

°' = FÉ
= A 2 _ B2

difference of
two squares

^ (4tÑ- 22(2) V4tT = +× .

"

z = 4 1- × -4

=¥¥÷÷



=

É+ -127

= ¥2
(3) ✓y-5T = iyt5 . Vy+5

Vyt5 -110

=

cyt-D-10-02CVY.TT-110)

=

%¥÷Fzo
Section 1.5 : Equations

gunknown variable that I want to solve for

Example : 2×+4=0
-4 -4

Linear equation

→ 2X = -4 ( first degree polynomial ) .

✗ = -2

↑
the solution is the root of the equation

.

fquivatentequationsi.tt
= B ⇔ Atc = Btc

2. A = B ⇔ A. c = B - C C where C≠o)
.



Linear equation solutions :

e.g. 7×-4 = 5×+9

7- ✗ = 5×+13

2x = 13

×-

e. 9 . #y%h A = 21h -12Wh -121W
- _

We want width , w , expressed
in terms of all other quantities

.

A- 21h = 2Wh + 21W

A- 21h =2w( ht l )
W = A-2lh-2.ch

+ 1)

SOLVING QUADRATIC EQUATIONS
.

Reminder : A quadratic equation is of the form

a×2tb✗tc=O *)
where a.b. and care real numbers with a-40



Zero - product property
←

AB = 0 if and only if A- =D Or 13=0
.

Factoring a quadratic to solve it
e.9 . 112+5×-24. if ✗ =3 4-15=(312-1513)

✗2-15×-24 = 91-15

= 24
( x - 3)( ✗ 1- 8) =D = RHS ✓

✗=3 or ✗ = -8 if ✗ = -8 4-15=(-812-151-8)

= 64 -40Ñ ✗2+511=24 ≤ 24
USE
my

✗ ( x -157=24 = RHS ✓

=

← C-5245 = +24
e.g ✗2--24

✓ For simple quadratic equations
✗ =±T24

✗
'

=c

✗ = Tc
,
-Tc

e.g. ( ×-35=7

square root both sides

✗ -3--1=57

✗ =3±F7



COMPLETING THE SQUARE
(✗+ b)

2
= b×tb2

always -

✗2+↓bx+a = 1×+4=12 _↓(IT +a

Ti Tek
= always (✗+E) (✗+E)

half the
coefficient of >c

Check that (B) gives (D)

☒ = (✗ 1-E)2- (E)
2

= ✗
'
+ b×+¥b¥

-

= ✗ Ztbx

= (D)

Examples
① ✗2-8×+13=0 use completing the square.☆ Tremain unchanged .
☆ ( x - 4%42+13=0 1×-412=1×-471×-4)

always mins
= ✗ 2-8×+16( x - 4)2-161-13=0

( x - 4)2-421-13
(x - 4)2-3=0

= ✗
2- 8×+16/-161-13

( x - 4)
2

=3 = ✗ 2-8×+13

✗ -4--1=53

✗ = 4+-53



always -

② 3×2-12×+8=0 ' +man = 1×+4=12 -4¥] +a
↑-⇔ w[

31×2 -4×7+8=0 =
-

always
half the
coefficient ofx

☆ 3 / (x - 2)2-22/-18=0
Line 2 to line 3

311×-272-4] -18=0
#

3✗) +8=0

↓ b= -4
3(× - 2)2-12-18=0 ✗2-4✗ { = -2

31×-42-4--0
= (x - 2)2- 22

31×-272--4
= (× -272 -4

( ✗ -212 = Eg
✗ -2 = ± /§
✗ = 2 ± /¥ = 2± 3g

e.g.③ 3×2-12×+9=0 1211=0
✗ =D

31×2-4×+37=0
⇐ 3) LI ✗ 2-4×+3=-8-É•(✗¥???

(x - 2) 2- 22-13=0
☒ -212-41-3=0



( x - 2) 2-1=0

(x - 2)2=1

✗ -2--1=1

✗ = 2+-1 = 3
, I

always -

✗2+↓bx+a = 1×+4=12 -↓(IT +a

④ 3×2-1 +5=0 T TH
always
half the

3 [X2 -1 ] + 5=0 coefficient of≥

-ʰb
, we want 2- =#¥ =}

¥18T 311×+9-12- (5-7)+5=0
⇒ 31×+3%-313%-15=0

31×-138-7 -311¥) -15=0s
3 ( ✗ + F)

2
-

634-+5=0
-
-

¥+5
= - 43-9

31×1-712-431=0
⇐3) 31×+83-12=43-9 [:-D



✗ + g)
2
= ¥

✗ + 5- = ± F = ±}
✗ = - 8-3 ± 3- = - b- ,

-5

↓

-8¥ = ¥

-8¥ = - Eg = -5

Sep 21.22

TOvesti on about rationalizing denominator

×

v*
-

=

=

×XF;
=

i×"
1-



Solving quadratic equations using the quadratic formula .

9×2 tbxtc -0 Where a. b. care real numbers
.

Quadratic formula : ✗ = -b±✓,ba<ac
where a≠o

Exampled ① 3×2-5×-1=0 a =3

b. = -5
a✗

2
+bxtc =O

c = - I

✗ = _t⇒±1y;ˢ"
= 5±✓g25t
= 5¥37 ←

Completing the square : 3×"↑5✗
✗2- 5-3×-1-3=03 [ ✗ 2- f- × ] -1=0

-
-

3 / ( x - ± . ;-)] -1=0



31 / × _↓÷↑ - (E)7-1=0
←

→ 3 / × - ÷)z -31%12-1=0

31×-812 -343¥! -1=0
36 - %)

'

°
-

¥ -1=-2%-72
31×-5-612-72=0

= -25,4-22

31×-5-612=3,7-2 = -7¥
÷ 3 ÷ }

( x - %) 2=3-7
b-(E) =¥

"

f- =E
✗ - E- = ±j¥ / i¥=¥÷✗ - %=±r÷

=r÷
✗ =÷±¥
✗ = 5¥37



Quadratic formula

✗ =
- b±Ib2-4aT

CXamp ② ✗2-12×+2=0 =

a -_ I

b. = 2
✗ = -2±I% C = 2

=

jab -_ Fat
= - 2±i
= - 2±F4Fl
-2

= ⑦±}
=

2=F')
a- tib

=
-

III. = - Iti

imaginary numbers ,i
✗ = -b±!bÉ ← discriminant

→ 13=0--62 - 4ac

✗ = -bz=-b⑤



The discriminant of a quadratic equation axztbxtc = 0

(a -40) is defined by

D= b2 - 4ac ( term under the square root

in the quadratic formula)

① If D > 0 then you have two distinct real solutions

② If D=0 then you have only one real solution

③ If Dco then you have .no real solution

Examine Projectile paths

T
'

We throw a ball upwards with an initial speed
I. Of V0 ft/s and it reaches a height h

-0 ↓ after t seconds . The formula that models

this motion's tis time

h = -10--12 + Vote
↑
constant

(a) When does the ball reach the ground ?

find t
-

tiround is h=0

0 = - 161-2 1- Vote +1Gt +1Gt

0 =④ -l6t→-16t+
1- = 0 ^ or

Vo = 16T



t = ¥ .

Solve for t : t = 0 t = ¥6

(b) when does the ball reach a height of 6400ft
V0 = 800ft /s .

h = -16-12 + Vote = -161-2-1800-1

6400=-16-121-800-1 (atztbt -1cg
,

16 -12-800-11-6400=0
- - -

1-2-50 -1+400=0

(1--40) It -107--0
t --40 Or t -40

.

6400ft

(c) When does it reach a height of 12000ft ?

h = - 161-2-1800-1

12000=-16-121-800-1

16 -12-800-1+12000=0
D= b2 - fac <0

then no real

1-2-50 -1 1--750=0 solution



b2 - aac
£ t = °±→t5-

(-5072-4471750)
= 250-3000 = 50 ± V250-3
= -2750 CO 2-

= 501=12--27-50 no

real solutions

The ball never reaches 12000ft
.

Other types of equations .

Solve for × : } - ¥3 = ¥=g . ☆
2-
_

?⃝ - ¥3 = E-

LCD Cx -371×1-3)
lowest ↓multiply by what the denominator is
common

denominator _
-→

,

-

: ¥;
-

÷:iiii÷
is ✗ (x-3) ( ✗+3)

↑ 36 - 3) ( ✗1-3) -2×1×1-3) = - /2X

31×2 - 9) - 2×2-6✗ = -12 ×

3×2-27 - 2×2 -6×1-1211=0
-
- mm mm

✗ 21-6×-27=0

( x - 3) (✗1-97=0



,3 ✗ = -9

not a solution
.

Examine . Solve for ✗ the following

2x = I - ✓⇒

2×-1=-12-7 → 1-(2×-17)=242-7]
square both

sides
(2×-1)
'
= ( ✓⇒

2

4×2-4×+1 = 2- ×

4. I
→ 4-✗ 2-30×-1=70

" "

Hi#I -11=0

2-
2 (4×-1 1)( ✗

"

_ 1) =D.

✗ = - ¥ plug it in into original equation 2. ✗ = I -☒

LHS = 2 (-1-4)=-1-2
RHS = I - ✓2-f# = I - fatty = I - V97 = 1- 3-2

= - ±
✓ ✗ = - ¥ is a solution = 1-1-15



✗ =L plug it in into 2x = I -12-7

LHS = 247=2

RHS = I - V27 = I -1=0 =/ 2

4-Is ≠ RHS

Thus ✗ ⇒ is not a solution
.

Inequalities (Section 1.8)

Starting with linear inequalities .

2×+5=3 Equality 2x = -2

✗ = -1

Inequality 2×+5 ≤ 3 number line

2x ≤ -2 ←

✗ ≤ - I a••
-1

notation

• implies ≥ or ≤

0 implies > or <

Examples
. 3. ✗ < 9×+8 0<6×+8

- 8 < GX

ways Walt
-8<6✗

(÷ 6) ⇐6)



× > 8=6
-

:-< ×

× _
×>
- §

Reminders : ① Homework 2 due tonight at midnight
② Quiz 2 during your recitation this week
③ Office hours on -200m today at 3:30 - 4:30pm

( link in Brightspace under course info) .

Quiz 2 will include • Section 1.4 ( rational expressions)
• Section 1.5 [ Equations)

Solving a pair of inequalities
Example . 4<2×-3 ≤ 8

Find the values for ×
.

Steph Add 3 everywhere

7- < 2X ≤ 11

steps Divide by 2 throughout

7-2 < ✗ ≤ ¥



This in interval notation is (I. ¥]
↑ ↑

square bracket

open parenthesis ⇒ less than

⇒ strict inequality or equal.

Note : - 2≤ ✗ ≤ 4 : [-2,4]
✗ > 3 : 43

, b)

Examp Nonlinear inequalities .

X2 ≤ 5×-6 ( Find the possible values of ×) .

✗2-5×1-6<-0 (x-2)Cx-3)

¥÷¥÷÷⇒ (✗ - 2)(x - 3)④
mum



Region ! Region ! Region
I

'

2 ! 3
I 1

2 3
sign of - + t

2≤ ✗ ≤3
Cx - 2)
↑

this is thenumber
you think

Of

sign of in each region

ex -3) -
- t

'

sign of
+ ⊖ +

the inequality we are
[× -2)(x-3) trying to solve is

(x -2) (x -3) ≤ 0

Thus [✗ - 2)(× - 3) ≤0 When 2 ≤ ✗ ≤3 .

Or in interval notation [2.3] .
= =

This is from HW3

- 2 ≤ 2×-3<5 -3<1 - 4✗≤ 17

→ -<<-<0≤cI ≤ 2×28

Divide by -4 but remember≤ ≤ ✗ < 4
. when you divide by a negative

Interval notation .

number the inequalities
reverse

.

[I. 4) 16

-7 ≤ ✗ < ¥
-4

- 4 ≤ ✗ < 1
, [- 4. 1)



Nonlinear inequality .

Examples
. ✗ ( × -134×-33<0 (Repeated factor )

↑ ↑ ↑

←
, , ,

→

f- 1) °
-

I
-

3

sign of④ ✓ - t + +
o< ✗ < 1

I < ✗ <3

sign of ✓+ + t

sign of ✓
-

-

- t

sign of ✗1×-174×-3) t ⑦ ⊖ t ←
F

C-Ktx-1=4)
{ (Hct)C-)=C-)

The regions that satisfy ✗ 1×-174×-37<0 are

(°3)
F-

10.*↑
union 0 < ✗ < 1

, I ,<✗<3
if ✗ (x - 174×-37>0

✗ <0 , × >3

f-A. D) (3,0)

solving inequalities involving quotients

Exampie Solve for ✗ the inequality ×≥1 .

STEP 1 . Move everything to one side .

¥× - I ≥o



Common mistakesl¥×1-i⇒≥o
→

no

Xt×¥ " °

¥×≥0 f. 2)

⑥ ⑤
sign of ✗ - + + ≤?⃝
sign of G-×) t + -

=

Ct)¢t) (t)/f)
check endpointssign of

= - = + = -
° ' "

↑ ↑ interval Rotation

[Oil)
Absolute value inequalities

Aside . y=lx1={
× ,

× >°

- × . ✗ ≤ ◦ ¥→



Properties
i. 1×1<0 ⇔ - c < ✗ < c

2. 1×1 ≤ c. ⇔ - [ ≤ ✗ ≤ c

÷¥i
3. 1×1 > c ⇔ ✗ < - Cor < < ×

%.÷¥
4. 1×1 ≥c ⇔ ✗ ≤ - c or c. ≤ ✗

o←÷;F
Eixample .

Solve 1×-51<2.01.
win

- 2. < × -5<2 (compare to property 1)

Add 5 : 3. < ✗ < 7 or ( 3,7)

2- Solve 1×-101<3
dosed.

- 3 < ✗ -10<3 ]
Add 10 : 7 < ✗ < 13

3. Solve. 13×+2174 3×+2 ≤ -4

3X ≤ - 6

✗ ≤ -2



←• •→

4 ≤ 3×+2. §2 ≤ 3 ×
- 2

2

-3 ≤ ×

Interval notation C- o ,-2] u [ } , is)
↑

it includes
- 2

finestsection t.IO)

slope of a line

the slope m of a line that is not vertical and passes

through the points P = (x , , y ,) and Q = Cxz , y, ) is given by

slope = m= YAI = changeinᵗ = rj÷n✗z
- × , change in input

NB_ The slope of a vertical line is not defined
.

slope is positive
rise = change in

y - coordinates

run = change in
✗ - coordinates .



y
negative slope

×

hope iso

- 1 i × M= 92-1
✗2-× ,

=¥i,
slope is

×
undefined

= =0

Finding the slope of a line from two points .

e. g . P = ( i. 3) and ① = (2, 4)

m=%×,=Y÷=i- =\

POINT - SLOPE FORMULA FOR THE EQUATION OF A LINE

Slope.

y-y,=mlxT
↓ ↓
(×

, ,y, ) is the given point on the line

Examine . Find the equation of a line that passes through
( I , -3) And (2,0)

.

( × , , YP (Xziyz)

m -

_ slope = Y¥ˢ×
,

= 0 - C-3)
2--1

= 3



Use the point CI , -3) .

y - y, = Mi - xD

y - (-37--31×-1)
91-3=3×-3 to check plug in

the other point,
y = 3×-6 e.g. When ✗ =2

y =3 (2) -6Use the point [2,0)
= 6-6

y - 0=3 ( x
- 2) = o ✓

y = 3×-6

ny
Sketch the line.

y⇒× -6
× - intercept : 9=0
0=3×-6

y=O
- - - • > × 34=6

2

✗ = 2
- 6

•

1
, y - intercept :X -_0
:

✗ =D 9--3107-6=-6

Examine Find the equation of a line that satisfies the

following :

slope = ¥ and y-in-ter.pt is 4 .

Coordinate is 10,4)

① ↑ ↑

✗ =D
×
, Y ,

Recall y
-

y, -_ mlx - × , )
✓

✓ ✓

y - 4=2-51×-0)
y - 4 = }=X
y = 2-5×+4



SLOPE - INTERCEPT FORM OF THE EQUATION OF A LINE

An equation with slope m and y - intercept b is given by
Y = mxtb

↑ ↑
slope y

- intercept /where the line

Not crosses the y-axis)

y- y , = mcx - × ,)

y - y , = mx
- m × ,

y =

mx-mj.jo?;-um-jeim+bExample-① Find the equation of the line with slope 4 and
y- intercept -2

¢
slope

^

y = mxtb-y
-intercept

-¥ y
= 4×-2

✗ - intercept : y =0

0 = 4×-2

2 = 4 ✗

✗ = 1-2
② Find both the slope and the y - intercept of the line

3y
5191 Rearrange the equation so that it 's of the form

y =mxtb

3 y = 2×1-1

y = 22¥



¥
steps compare with y = mxtb and read off

M and B
.

M = } , b =§
Slope y - intercept.

Vertical and horizontal lines

• An equation of a vertical line through the point (a.b)
is

:
a

• An equation of a horizontal line through the point la, b)

•Ca#

is /y-¥.

Note . If you are given a horizontal
line y = -4 then the

y - intercept is -4 .

GENERAL FORM OF THE EQUATION OF A LINE

The graph of every lineqrequation

Ax +By +C=O Where A , B are both non -zero

is a line
.



A ✗ +By -1C = 0 ⇒ By = - Ax - C

y = - % × - Eg = mxtb

Yn
linear ⇒ constant slope

✗
2

×

quadratic ⇒ does not have a constant

slope , steepness of graph
is changing .

PARALLEL AND PERPENDICULAR LINES

Paralleling . Two nonvertical lines are parallel if

and only if their slopes are the same.

Ya L
, slope is Mi

,z ,

slope is mom
,

Find an equation of a line that is parallel to 4×+691-5=0

that also passes through 15127 .

Write 4×1-6 yt 5=0 in the form of y
= mxtb

6g = -4×-5

y =
- 4-6×-5-6 = -2-3×-5-6

M
,
= - 2-
3



↳ has the same siopeasz ,

⇒ Mz = Mi =
- Zz .

Given 15,2) and Mz = -2g we
cxiiy ,)

4 can use y - y , = mix - xD

⇒ y - 2=-23-1×-5)

y -2=-2-3×1-105
y = - 2-3×+103-+2
-

y =
- 2-3×+16-3 ☆

General form of the equation : A ✗ tBytC=O

3y = - 2×+16

391-2×-16=0

Perpendicular lines

Two lines with slopes M, and Ma are perpendicular if they
satisfy Mima = - I ⇒ fMz=-tm

a 4
_

+
Examples Find the equation of the line that is perpendicular

to 4×+691-20 that passes through (1/2) .



L
,
: by = -4×-2

Y = - 4¥ - ¥ = -

2-3×-1-3
M

,
= - }

What is mz ? Ma = - mt
,

= - Fg,
= 3-2

-

y
- y ,

= mix - xD

We have (× , , y , ) = ( 1,2) and Mz = 3-2

y - 2 = 3-2 ( x- 1)

y - 2 = 3-2×-3-2

y = { × - 3-2-12 check : plug in F- 1

and you should get
y = 3-2×+1-2 y = 2

y = 3-2 (1) ttz
= 3-2+1-2
= 2 ✓

Example?
Determine whether the lines are parallel or perpendicular.

4 : 2×-39=10 and 3y -2×-7=0 : Lz

write both in the form y = mxtb

4 : - 3 y = 10 -2 ✗ ↳ : 3 y
= 2×+7

y = - ¥ -1 } × y = 2-3×+73



Y = 2-3×-103 Mz = }
m

,
= }

yy=-Since m ,
-_ mz , the lines are parallel . mz= -3-2

Mimi } / - E)= -1

HW3_

① c) Solve for ✗
.

f-

+ 3 = 10×-3/20 ←

Hint : Let t = ✗
"2
and rewrite the entire equation

in terms of t.

Cam)n=amn.
✗
"
2=-1

✗
42

= t

×-1-2=1--1
✗ -3/2=1×421-3 = t

-3

✗
¥

= f-
3

↓
substitute this in the original equation ✗

÷ -135+2=10%-2

t -131--1=1053

+3ft + f) = #t + ¥ = I
1-3

Multiply throughout by t? 1- 4+31-3/2
g-

= 10

1-41-31-2=10 ← 1-4+31-2=10



1-4-13 -10=0 art -1but C=0
- -

letñ ↓
⇒ U U2 + zu - 10=0

( u + 5/(4-2)=0
U =2

u = -5 ⇒
-5 = -12 not possible

U = 2 ⇒ 2=1-2 ⇒ t = ± Fz

We also had t = ✗
"2

= Tx

rz =rx ⇒

Fr = rx

[ = (Fx )'s

2 = ✗

Section 2.1 : Functions

Definition : A function f is a rule that assigns to each element a
in a set A exactlyone element , which we call fix), into set B.

C.g. fcx) = ✗
2

Domain : It is set of all possible input values for the function .

Rand : It is the set of all possible output values fcx)

range = { fcx) such that ✗ c- A}
↑dependent variable

. it is an element of1
y = f-(x)

↑
independent variable



Evaluating functions

Example . f- = 2¥ -15¥- I
↑ ↑ ↑

(a) f- (g) = 2a2 -15A - I

(b) fl - a) far -15C-a) - I = 2a2 -5A - I

(c)

flath) = 2( ath)2 -15 /ath) - Iwin

= 2(a2-lzahthzl-5.at 5h - I
= 2a2t4ah + 2h2 -15Gt 5h - I

Thus fCathh-fI=④+4aht2ht¥t5h¥④t#
= 4aht 2h2 -15h
a-

7 = /(4aµt2ht5fcath) Ifla)tfCh)
Let f(×)=✗

'

fcath) = (ath)2≠ = 4at2ht5

f- (a) tfch)=a2 -142
(2-13)<=52--25

(ath)2 = fath)(ath) 221-32--4+9=13
= aztzahthz Cath)2/=a2tb2
-

(atb)(a- b) = a2 -b-



Domainand-rang.ee

Examples.

① Find the domain of each function

(a) f-(x) = I
✗2-×

= £ So when ✗ =D or ✗ =/

✗ (x - 1) the denominator equals -100

The domain off is { × / ✗ =/ 0 , ✗ =/ I}
the × - values such that ✗ =/0 or ✗ =/ 1

Or in interval notation : f- is , 0) V10
, 1) U ( t.co)

(b) g.(x ) = I25

This is a function when 25 - x2 ≥0 → (5-x)(5④
25≥ ✗

2

✗
2

≤ 25
-

⇒ ✗ ≤ 5 sign

or × ≥ -5 (5-×)
" • +?⃝ ;•_

-

g sign of
Cstx)

- + +

The domain is -5 ≤ ✗≤5
sign of - +

Interval notation :[-5,5] (5-× )C5t✗)

⇒ -5 ≤ ✗ ≤ 5



What should WH satisfy so that
(c) hlw)=W_

Vw+T is valid ?Vw+T
→w\t when wH=0

then w= -1
wt '≥) ⇒ wt, > ◦ and then you

↓ are dividingit also includes by 0

wtl=①⇒tbe included
.

⇒w ˢ

To
(d) 2- (x ) = tf (e) d(×)=F×

Domain : ✗ 30
Domain : × ≥ 0

d(07--6=0
✗ > ◦ ✓

2- 6) =¥ not 0K

From before : hlw)=W_

Vw+T
91W )=✓w+T

Domain : Wtt ≥0

Domain : WH >◦ ⇒ w ≥ -1
w> -1

if W= -1 hL - 1) =
= ¥ ×⇔

fcx )=3f✗

f-(x) = ¥ C-6,0/ V10.0)



Piecewise - defined functions

Example . ① fact { ✗
2

if quadratic
=

✗ti if × ≥ 0 linear
2LEvaluate (a) f-1--2) = f- 2)

~

= 4

(b) f-C-1) = f- 1)2=1
(c) f- 101 = 01-1--1

(d) f- ( l) = 11-1=2

(e) f-(2) = 2+1=3

② f-(x ) = {
✗2-12✗ if ×
✗ if -1 < ✗ ≤ I
- 1

if#
(a) f = (-412-121-4) = 16-8--8
(b) f- C- %) = 1-3-27 -1×(-3-4)=94--3 = -3-4(c) f- l - 1) =

(-112+2/-1)=1-2 = - I
(d) f- 10 ) : 0

(e) f- 1257=-1

Example
. Evaluate

fCath)n-fI where h≠o
f-(✗ 1=3×2-11

f-Cath)= 3 /ath)2 -11 =3 (aZtzahtb2) + I = 3a2t6aht3h2 -11

f-(a) = 3a2 -11
nA

Altogether tcathh-faj-3a2-6ah-3h2-l-G.az#



= a/t6aht3hnt*É_\
= 6ahtn_3h2
= 34129¥
= 3 (zath) .

2. 2 : Graphs of functions
If f- is a function with a domain A , then thegrad of the function
is the set of all ordered pairs

{ (x, fan) / see A}
plotted in the coordinate plane .

f-(Xz) - - - - •iii.÷:
I ,

'

✗
, Xz ✗

3

Plot f-(x) =3 ˢ¥-×

F- 3 C-3)2-11=91-1

"" "" = ""

-25 ="

- I 2

0 I
1 2

2 /5
3 10



Graphing piecewise -defined functions

/Example@ fix )={ x2 if ✗≤2×1-1 if ✗?⃝

fcx)=✗2 →•É 2×+1 for × > ,

for -→×✗ ≤ I

② f- (x ) = { 2×1-3 ✓ ×- interceptif
⇒ × - value where☒ if × ≥ -1
y=0

•

¥4
9-intercept -✗+3

mxtb 0=2×+3--7 2.✗=-3

0. . .
?
. .§ , b =3 ✗ = - 3-

2 .

- --_ '

9=0
3

× - intercept of fcx)= -3-×
↑ 0=3 -✗

✗ =3

↑ -11×1=3 -✗
if × ≥ -1

f-G) = 2×1-3

if ✗ s - l

n't ✗2+92=1 ⇒ y2=1
- ✗
2

-÷× s=+⇔



Vertical line test
-

A curve in the coordinate plane is the graph of a function if and only ifno vertical line intersects the curve more than once
.

Ya

* Ca , b)t÷ ::¥.i
✗ =a [a. d)

Graph is a function ✗=a

Not a graph of a function .

Which equations represent functions?

An equation y = fcxl defines a function that gives one
value of y for each valve of ×

.

Examples
① Does the equation define y as a function of × ?

(a) y - ✗
2
= 2

y = ✗
2

-12

Since this equation gives one value of y
for each valve of×

this defines y as a function of × .

¥¥×



(b) ✗
2
+y 2=9

Check if ✗ =L

y = ± jq = ± to
y
'
= g- ✗

2

↓

y = ±✓q - Fo . r8

Since for each value of × we get more than one value

of y this is not a function .

¥÷¥
e.g.

(c)=5 Check ✗ = -6 Y = ( 5-txt

yr - C-6) = 5 =☒+572= 5-1 ✗
winner yr-16=5

try = ✗+5

ry = - I_-
This is a function.

Section 2.3 : Getting information from the graph

Finding the domain and range from graphs .

Domain : [-2,2]-→ Range : [0,2]



/

hcx)④3

h(×) =3

-

(a) hl -2) = I

hco ) = - I

h (2) =3

h(37=4

(b) Domain : [ -3,4] , Range :[-1,4]
(c) For hcx) =3 we have ✗ =-3

, 2,4

(d) For hcx) ≤ 3 the interval is f- 3,2]

SOLVING EQUATIONS AND INEQUALITIES GRAPHICALLY

• The solutions) of the equation fcxtgcx) are the values of ✗
Where the graphs off and g intersect .

• The solutions) of the inequality fcx) <gcx) are the values of ×
where the graph of g is higher than the graph off .



f
The solution to fcxkgcx)◦¥ ×

is a<✗< b.'

: i
(a) b)

.

interval notation

g

The solutions to fix)=gCx1
are ✗ =a and b.

Examine .

Solve the following graphically

(a) 2×2-13=5×1*-6
→ 2×2-5×-3=0

(2×+111×-3)=0

×i✗
i

✗

(b) 2×2+3 ≤ 5×-1-6 fcx)≤ gcx)

y
'
←901=5×+6f☒=añ+3?⃝

""

solution : [ - ± , }]

(c) 2×2-1375×+6

(-a-±)U(3,



NotI You could rearrange the equation so that all terms are
on one side , then graph the function that corresponds to the
nonzero side of the equation and then find the solution

.

a)
2×2-13 75×1-6

2×2-5×-370 %#¥×(2×-11)( x -3) >0

Zeros : ✗ = -1-2 i 3
Solution :

/ C- is, -E) V13.x)
Increasing and decreasing functions

Definition . f is increasing on an interval I if f- (a) < find
whenever ×

,
< ✗
2 in I.

f is decreasing on an interval I if fcx ,) > fcxz)

whenever ×
,
< ✗
z in I.

fcxz)
if ×, < xz ⇒ f- (✗e) < f-( XD

I¥g for an increasing function.

( the graph rises)
Yn

fcx,)
-

fc×i÷,× if ×, < ✗z⇒ flx ,) > fix ,)

for a decreasing function

(the graph falls)



localMax
at ✗
=\

local min
at ✗ =2

-
I \ →

④ (a) Domain : [ -1,4] . Range : [-1,3]
(b) Increasing : [-1,1 ] V12.4]

Decreasing : ( 1,2 )

⑤ (a) Domain : [ -3,3] , Range : [-2/2]
(b) Increasing : [-2, - 1) U [ 1,2] Decreasing :

C-3 , -2)v1 -1,1)U(2.3)
Local maxima and local minima of a function

① The function value f(a) is a local minimum value off if

f-(a) ≤ fcx) for ✗ near a

f- has a local min at ✗=a.



② The function value f-(a) is a local Max value off if

f-(a) ≥ f-(x) when ✗ is near a.

Ya
local Max ✗

local Max

_AA
✗

local min
.

Section 2.4 : Average rate of change

Definition
. The average rate of change of a function Y= fedbetween ✗=a and ✗=b is

aver
. rate of change --E-flat (%n%%%→) .b-a

f-(b)A) -
-

-
-
-

,

"bi -Ha,

£÷÷s× Ya

Examine _ Given fan = ( x -35 \¥¥i×Find the average rate of change between
(a) ✗ =/ and ✗ =3 f-(3) = (3-3)

2

=D

average rate of change = f④¥ 1-47=(1-3)
'

= 4

(b) ✗ = 4 and ✗ = 8

=

0¥, = -2



average rate of change = 1-(81*-1,4)
= 25¥f- (8) = ( 8-3)

"

= 25
= 21

f-(4) = (4-3)
2
= I 4

= 6
.

E×amPI An object is dropped from a diff and the distance

it travels after t seconds is given by |dlt=l6t
Determine the average rate of change between

t=a and t -_ ath
.

average rate of change = dlath)-d ←¥818,8T
Cath ) - a

← change in
input

= '

6a¥¥a2
= 16fa2t2ah,tha
= 16/a2t32ahg16h2-l6#
=

16h✗ya+
= 16 ( snath) .



Note

☆ hlt)
Average rate of change . ↑heappropriateExample .

notation .
-

let -11×1=4×-70☆
(a) Avg . rate of change between ✗ = 2 and ✗ = 6

÷ %f-(b) - f-(a)
avg .
rate

= Ia
of change

=

2¥
1-(61--416) -7
f-(2) = 4127-7

=[4161-7]-14121-776=-3 f- (6) - f-(2)

=

24-L
=

¥
= 4

= a =b(b) Avg . rate of change from ✗ =3 and ✗ =3-1h

"
= "¥¥¥É

difference=

fC3th)h_f quotientf-(1) = 41-7

f- 12th)= 413th) -7
-

= /t4hn-5= 121-44-7
= 51-44

=¥'



f- (31--413)-7 = 12-7--5
= 4
=

Section 2.5 : Linear functions
b here is the

Atinearfunction is of the form f(×, = a ✗+b Y- intercept .

↓
a here is the SLOPE

Question : Which of the following is a linear function?
(A) fcx)= I - 2x ✓

(B) get) = f- (3+5-1) ← Quadratic

(c) hlw)= 2-g4_w
✓

b
Note

. For a function fix)=a×tb

""e " -s=a= * man, ,

,
Sectional . Transformations of functions ¥↑÷¥t.VERTICAL SHIFTS .

CALC I

Suppose h > 0 .

• To graph y = faith , shift the graph of y=fCx) upwards
by h units .

• To graph y = fcx)
- h

, shift the graph of y= -11×1 downward

by h units .



Example . Use the graph of fact :X to plot ,g(✗)= ✗
2+4

(a) glx) = ✗2+4

2-(x) = ✗
2- 1' b ' "" = ×

" "

✗

HORIZONTAL SHIFTS

Suppose c >0

• To graph y = ffx
-c) ,

shift the graph of tcx) to the

right c units

• To graph y=f(✗to . shift the graph of -11×1 to the

Ieftcun .

✗
2+6✗¥

""""°" "" """" "
"%

×

(a) g (x) = ( ✗ 1-3)2

(b) -21×1 = (x- 1)
2

✗2-2×1-1

y - intercept when
*◦

!9101=101-312--9
z(01=(0-1)

- =L ✗ =p

✗ -intercept when 9=0
0 = (✗+312 ⇒ x=-3_

E×amp Given fix)=T× . Sketch glx) = +2

shift to the right by / unit

shift up by 2 units



"""

✗

Reflections .•ʰ(
2.3) on

fcx)

• To graph y= - fcx) , reflect ×=÷:÷←:the graph of fcx) in the x-axis
- f-(1)

• To graph -y=f /- x) , reflect the
(213)

⇒ FCZ) =3
- f- (2)

graph of -11×1 in the y-axis =-3

Example?⃝ Consider fcx)=✗? Graph g. (x) =
- ✗
2
= - f-(x)
reflection on

✗ - axis

×

91×1=-11 -x) = f-✗12--112 = f-(x)
=

② Consider rcw)=rw

w

hcw) = FÑ



VERTICAL STRETCHES /COMPRESSIONS

To graph y = cfcx)

• If c > 1
, stretch the graph of y=fW vertically by

a factor of C.

• If O<c< 1 , shrink / compress the graph of far) vertically
by a factor of C.

ay
91×1=2 - fcx)

Example .
2- ' " #

±f(× )

0,21T];•*¥× Range:
- 2-

Fort) :

Domain :[0,21T]

Range : [-2,2]

all ×
, ✗ =/ 3 Interval notation : f-b. 3) V13.0)

✗70
, ✗ =/2 Interval notation : [ 0 , 2) 0/2,0)

hmmm

all ✗
, ✗ =/ - 5. ✗ =/ I 4 C- is , -5) Uf-5 , 1)V11.0)

mm Mr



HORIZONTAL STRETCHES / COMPRESSIONS

To graph y
-
- flax)

• If a> I 1 shrink / compress the graph of y=fC✗)

horizontally by a factor of Ya
• If 0<04 i stretch the graph of y -1-1×1 horizontally by
a factor of Ya

ay

c÷j↑

y
-

_ flax) ) = 2

a>I f(z×) f-(Ex)
-

"stretch / 0<94

compress
"

by ± = ±

⑧ Order of transformations .

choose either Horizontal or vertical .

1) reflection

2) stretch /compression]
the order of these 2 can

be switched

3) shift ← this is ALWAYS last
.



shift to the right by 2

f(×)=✗2

ga)= -11×-4=1×-25
-

→ shiftto ① shift③
the right up by 3
by 4 ⊕ reflection along x-axis

↓ and compression② stretch by 2 vertically and shift to the left by 6. by ±
horizontally

1014)•
Blue ffcx))

•
(3/3)

Domain:[013]
•

Con) Range :[013]
- It • •

2 ↑ (7-0)
(d) y :-p f- (ZX)

3 {
. .

13,0]

Domain :[ 0,3¥
Range :[-3,0]

- flzx) [0,3] -71-3,0]
↑ [0,3] → [0,3-2]



0

shift y= -11×+1)

by / unit •
a. 0)

• 9=1×+11
down • (-1/0)10 , -1)

y=fCx) - I
g--1×1

- I
\

¢10,1)
shift by / Unit

Y = - f- (x) ¢0,0 )
to the right

9=-1×1
a . . , )→

:-. -i: ↑ 9=1×-11
↑

(1,0)( 1 , -1)

ya
1×1=1-4)

""¥¥%
Even and odd functions

Yn
let f- be a function

• tis even if fix)=fc - ×) -¥•¥ÉÉs×
The graph of an even function is symmetric
abouttheyais .



• f isodd if fcx) = - fl-x)
-

NY here there are two reflections
one across the x-axis and-

-fait
One across the y-axis

:- × -fix
-

"

i.
. . _ - fl-×)

The graph of an odd function is SYMMETRIC Alasout the
origin

Examine .
Determine whether the functions are odd , even , or

neither even or odd . - f-(x) = f- C-×)

(a) ffx ) = ✗
5
+ ×

.

ODD : fcx) = - fl-×,
EVEN : f(× ) = f- I -X)

.

ftx) =L - ×)5 -1C-x)
C- XP = C-1)3×3

=
- ✗
5-
×

Cab)3=a3b3 = - 1. ✗
3

= - ( xstx)
= - ✗

3

= - f-(x)

⇒ f- C-×) = - fi) ⇒ fcx) = ✗5- 1-✗ is odd .

(b) f- [ × ) = 2 ✗ - ✗
2

→
C-1)2×2 = ✗

2

f- c- × ) = 2C- ✗it = - 2x - ( 1- ✗2)
= - 2x - ✗

2h
↑

= - (2×7×2)
since fix) =/ f-C-×) and fix )≠ - fl-x), the function
is neither odd or even



(c) f- ( x ) = I - ✗
6

tfxl = , _

⇒ ✗
6

= I - ✗
6

= f- ( x)

⇒ f- ( - ×) = f- (x)

thus fcx) is even .

(d) g( ×) = ✗
3

gl- x) = C-xp = - ✗
3
= -gcx)

⇒ gcx) is odd .

THIS CONCLUDES THE MATERIAL FOR EXAM 1 .

Section 2.7 . Composition of functions /combinations of functions

let f and g be two different functions with domains A and B .

Then the functions ftg , f- g , f.g , fg are defined as followsintersection
.

If+g) (x) = f- (x) tgcx) Domain A FB
(f-g) (x) = f-(x) - gcx) Domain AMB

(fg) (x) = fix)g( ×) Domain ANB

⑤ (x) = f
gcx)

Domain {✗ c- An,z%%h.at
gcx)≠0 }



team . let fcx) = ¥2 and glx)= Tx .

Find Cftg) (x) . If -g) (x) , Hg)l✗ ) , ⑤ (x) and their domain .

A-g) 1×7=4-+2 + rx
Domain : ✗ =/ -2 ,

×≥ -0

Interval notation :[0,0)

%÷÷*k→
if instead fcx)=t

Domain of fcx) : ✗≠ -2 ✗-2

C- co , -2) V1-2,0) ✗ =/ 2

Domain of gcx) : ✗ 70 [ 0 , 2) U(2.b)
[0,0)

(f-g) ( x) =¥,
- rx Domain : [o.o)

d-g)④ = ×¥× Domain :[0 , b)

¥2 - A

(* = ¥+2T
Domain :(0in

=

COMPOSITION OF FUNCTIONS

flg④
new input for f-



Given two functions f and g. the composite
function fog is defined as

Cfo g)(x) = flglxl)

⊕→!
Example . Let 5-1×7 = Ftl , gcx) = ✗

2

in

(a) Find tog) 1×1 and 1g ◦f) lx ) .

C- ◦g) (x) = f-(g
= gift
= ✓✗#

Cg ◦ f) ( x) = g( f- (x))
2

= ( f- (x) )

= (MT
= ✗ +1

Note .
In general fog =/ got .

remember that here g is applied first
and f is applied second .



Exampte Let fix)= Fx and gcx)=V2

Find C- ◦ f)(x) -_f(f(xD
= Fix
= IF

= ④%)
"

= ✗
44

= 4ft Domain : [0 , b) .

Find 71×1=1-(91×1)
=É
=j⇔

F.

= (2-×)
"4

= 4/2-70 Domain :(-0,2]

≥o

Solve for 2-✗30

× ✗≤ 2
.

Find ⑨ ◦ f)* gH1 ) = ✓2Ñ
= ✓2-5×-0

↓ Domain



✓2 Solve 2- Tx ≥o

≥o +rx +Tx

a≥r× ⇒ (F)IN
%#;t - -

×

Domain of (gof) (x)
-is [0,4]

g④= /2-70
new input

Find (g◦gkH=g(g④
= ✓2-g_④ new input
= I2-j}

Domain of 12-7 is 2- ×≥ 0

+ ✗ + ×

•/2 ≥ ✗

✗≤ 2 %
- 2

2- V27 ≥ 0

+ V27 +12-7

2 ≥ 12-7 → 22≥ (✓⇒
2

4 ≥ 2- × Domain is [-2,2] .

2 ≥ - ×

× ≥ -2



Compositions of 3 functions

(fog ◦ b) a) = ffglhcx)))

Example . letf¥, , glx)= ✗
8
, hcx ) = ×-2

Find dog ◦ b) (3)

(-1%6)=1-(911×11)
gcx -2)= f- (g /¥-2K = (× -278

= f ( (x-2)8)

=¥:÷.
( fog ◦ h ) 13 ) =

= ⇐ = ± -

Recognizing a composition of functions .

1. Given hcx)= 31×+7 find fcx) and glx) such that

hex)=(f ◦g) 1×1 .

hcx ) = (f- ◦g) (x)
= flglxl)
= f- (✗ 1-9) where I used that 91×7--11+9
= 31×+7 fcx)=3



2
.

FCX ) = 21-1×+7 = f- (glx)) . Find f- (x) and 91×7 .

f.(x) = 2+it

gcx) = ✗ +1

Sectional : One - to - one functions and their inverses

Definition : A function is one- to -one if no two elements in

the domain A have the same image ( i.e. if no two elements in

the domain A have the same output)

f-(a) ≠ f(XD whenever ✗ 1--1×2 .

Horizontal line test

A function is one-to -one if and only if no horizontal line

intersects its graph more than once .

a) y=✗3Examine .
✓passes the horizontal line test

so it's one - to -one .

¥:
the horizontal line passes more
than once through the graph
> so this function is not
one- to-one .



If you restrict
the domain to × ≥O then y=x2 is

×

The inverse of a function

let f be a one-to-one function with domain A and range B .
Then the inverse off is denoted f-

'
has domain Band

range A and is defined by

f-' (g) = ✗ if and only if fcx )=y ☆

for any y in B.

Note : domain of f-
'
= range off[

range of f-
"
= domain of f)☆

Example : ① f- (3) = 4 , f- (4) = 6 , f- (g) = 2
f(✗1=9
✗ = f-

'
(y)

↓Find f-' (6) , f-
'

(2) = 5- f- (41=6
T

4 = f-' (6)4

② →É÷; Find f-'157=4
↑
output

4

'

5
≥ f(5) =7

↑ ↑



✗
3

,

fÉ8)=2

I 2

Recall from last time what compositions of functions are
.A gcx) is the new input for function f.f- ( )

↑

In general .* is the input of 9
f(g(×p≠g(f- (xD

Property of inverse functions

→ Let f be a one-to-one function with domain A and range B.
The inverse f" satisfies

" f- ' with f f- ' (fck)) = ✗ for every ✗ in A.
cancel each other "

f(f- '(x)) = × for every ✗ in B.

note B is the domain
of f-' .

f-
'
(x)

Example . Let f-(x) = ¥ and let gcx) = ✗
3

Determine whether f and
g are inverses of each other

.

Domain of f-(x) is f- w , b) µ-④Domain of glx) is (-A.§ .

I

check whether f- Lg (x1 ) -_ × and g (1-1×1) = × .
• f- (glx)) = f [✗3) = (✗3)

"↳
=⊕



• glfcx) ) = g / ✗
"3) = 1×4313

Thus f- and g are inverses of eachother
.

⑧ Finding the inverse of a function
.

STEP 1
. Write y = f-(x)

STEP2
. Solve this equation for ✗ in terms ofy .

STEP 3 . Interchange ✗ andy . Write the resulting equation as y=f -4×7.

Examples
.
let fcx) = 4×+5

.

Find f-' (x) .

STEP 1
. Y = 4×1-5

STEP 2
. Y_ = ✗

STEP 3
.

×⇒=y checks . f-' (f(✗1) =X

f- (f-'(✗1) = ✗ .↓
f-'(x) = ¥5 f- '(f(✗1) = f-' (4×+5)

f- inverse
= 4×+11,15-5

CIAMPI fix)= → .

Find f-'(×)
= 41
4

= ✗
✓

STEP I Y= ¥+3 Replace fcx)

withy f- Cf-4×11=1-(55-5)
STEP2 Make ✗ the subject of the formula =#✗¥)t5

2y= ✗ 5-13 = × -51/-51
=✗ ✓

2g -3 = ✗
5

→ ✗ = ( 2g
-3)

"↳
= 5f2yJ



STEP 3 Interchange ✗ withy

⑤ (2×-3)
"

or y
= 5/2×7

change y into -1-4×1

f- (2×-3)%5 or f- -4×1=5/2×-37

Example 3 . Involving rational expressions .

91×1=2×1--1
✗ -1

STEP 1
.

y=2¥
STEP 2

. Make ✗ the subject of the formula

g. (x -1)= 2×+5

If -9=2-1+5

④y - 2×0=51-9
✗ ly - 2) = 5th

✗ = 51-1
Y-2

'

STEP 3
.

y = 5×1-1-2 ⇒ g-
'
A) = 5¥,

Graphing inverse functions

The graph of f- ' is found by reflecting thegraph off in the
line y=✗ .



f-ICX)

>×

Example . Let f- (x ) = ☒
. Sketch f-

'
(x) Does y

-
- ✗ intersect

y=× with y=rx ?'

☐ i
>
×

✗
2

= ✗

/
¥
, ,
( ✗2- ✗ =o(4,2)
✗(x - 1) =D

4) ✗ =D ✗ ⇒
"

LHS
RHS

Note
.

= *)
.⑧

Solve for ×
.

V37 = ✗ +9

31-11=1×+972
3T ✗ = ✗2-118×+81

✗717×+78=0

✗ = -17417,2-4-(-1×78)
④ = . . .

④ =
. . .

Check whether ×
,
and ✗a satisfy *)
÷



Section 3.1 Quadratic functions
.

Reminder
. A quadratic function is a polynomial of degree 2

and is of the form

f- (x) = AX> tbxtc Where a -40 .

STANDARD FORM OF A QUADRATIC FUNCTION

f- (x) = a / ×- h)
"

-1k

↑ ↑ y=×
'

vertex : Ch , K) .

To go from 9×2 +bxtc to the standard form use

completing the square . The graph of fix) is a parabola
with vertex Chik )

.

The parabola opens up when a >0
11 opens downward when a co

y vertex Chik)
aya

✓ k . . . _ .
!

K - i - - -

i.← vertex Chik)
° h

↳

f-(x ) = afx -h)
' -1k with fat -_a(× - h )2-1k

④ With ⑧.

ExampI. let fix) = 2×2-12×+13
.

Find what text becomes in standard form
.

f- (x) = 21×2 - Gbx) +13 always .
+
↳ ( ✗ IET -4%12



= 2[ 1×-35-9 ] -113
⇒

= 21×-312-181-13
= 21×-35-5 vertex :(3

,

-5)↑ ↑

f- (x) = afx -hi -1k

Ya
y
- intercept if ✗ =0

f- 107=210 - 3)
2
-5"¥×× = 219 ) -5

-5 µ -
-
.
.

= 13
.

Range : [-5, b)
Domain : C-b. b) .

WebAssign
⑥? Consider fix)= and gc×)= ¥ .

-

(a) 4- ◦g) G) = flgcx)) = f- (4) =€ =

☆↑ ¥+1 * + ¥
=

=¥¥I=¥×

(b) Domain : C - O ,
- 1) UC-1,0) V10 , b)

✗ =/ -1,0



new input

(c) (got)Cx)=gCf④ = g€¥
= 15¥
=

✗ ≠ -1,0

(d) Domain : C- O ,

- 1) U C-1,0) V10 , b)

(e) 4- ◦ f) CH = f(f(×)) = f
& mum

recoil fad = =

gcx) = t
=

i

=

✗ +1

= 2×+5 ✗≠
(f) Domain : C-0

,

- 1) UC -1 , - E) ✓ (-1-2,0) .



(g) (gog) (x) = g (E) = ¥ = ✗

FRecall gcx)=¥
✗ =/ 0

Domain : C- W, O)U(0,0)
.

Web Assign 2.8

f-(x) = ✗
2
+ 7-✗

④
.

Find the inverse off
.

= ☒ + E)
'

-4¥
f(×) = ✗

2
1- 7-✗

, -1×7-7-1,
Find f-

'

(x) when × ≥ -

- :¥¥÷÷.Y = ✗ 2-17-11

Make × the subject of the formula :
✗2-17*-9=0
9

Use the quadratic formula ✗ = -b±Ib÷4_ac
✗ =

9=1
.
b--7 , c=-y

= -7+-14-9+47. Use only the + square root .

Final answer :

£¥ f-' 1×1=-7+1491--47



WebAssign?7 rate at which the radius is

increasing is 3cm /S .

⑦ (a) f- (t) = 3T

(b) Volume of sphere as a function of
the radius

.

gcr) = V = 4-113
3

(c) gof = g(f④ = gtst) = 4-111331--73 ←-

↑
overall output = 36-111-3 .

is theoutput of ↑
g which is the input
volume of a sphere.

The function represents the volume as a function

Of time .

Section 3.1 continuing Quadratic functions
.

fcx) = a ( x - b)
2

-1k

Maximum and minimum value of a quadratic

h×minimum occurs at ✗= h

and the ych ) =k .

a >0 .



9 a

•

Chik) maximum occurs at ✗ =h

and ych)=k

× a<0

For any quadratic formula f¥y= axztbxtc
the maximum /minimum occurs at

✗ = -tea

and if a>0
,
the minimum value is f- C- bza)

if a<0
, the maximum value is fl - Fa) .

Examptes
①

.

Find the maximin value of each quadratic
formula

f- (x) = - 2×2-14×-5
.

= ax
-
+bxtc

Max because 9<0. a. = -2

b = 4
C. = -5

Maximum occurs at ✗ = -2kg = -2%21=1
f- (-{a) = f- (c) = -2412-144)-5 = -2+4-5

= -3



ALTERNATIVE .

Write
- 2×2+4×-5

= -21×2 - 2x] -5
= -2( ( ×-15 - 1) -5
=

- 2 ( x -172 +2-5
= - 2 (x - 1) 2 -3

= a (x -¥2
vertex at Chik) = ( 1- , - 3)

↑ Imax y value .

✗ value at

which Max occurs

section 3.2 Polynomial functions and theirgraphs
De
A polynomial function of degree n is a function of
the form

↓ leading
coefficient

fcx ) = ⑨✗
" t an → ✗

n -'
+ . - -ta ,

✗ tao

where n is a non - negative integer and 9=10 .

• An , an -1 i - i - i
A
, , ao are the coefficients

• ao is the constant coeff . Of the constant term

• an ✗
n
is the leading term



•

Graphs of basic polynomials
NY

%
y=✗
µ

✗
2

> ×
>

✗

y = an X
"
t an -in

- '
+ . -

-ta
,
✗ta
.

mm

* the n is a non
-negative integer.

✗
3 a

÷ ±
✓

"
"

>

symmetric
about the origin

ODD Function : f(×) = - f- (%
✗
5

-

transformations

µ >
✗

• reflection about

the y-axis
• reflection about

the x-axis .

H÷



Note fcx)=xn this has the same general shape
as y=x2 when n is even

however the larger then is
,
the

-flatter the graph gets around the origin
and steeper elsewhere .

• this has the same general shape as ✗
3
when n is odd .

End behavior of polynomials

It is determined by the degree of the polynomial and
the Signet the leading coefficientasf as

fan has odd degree
y = (x -1271×-371×1-1)

e-G '

as ✗→ is ya
hmmmm un

Yn y→ as \
= 1. ✗3-1 . . .

↑
positive

as¥1 to
>N × y→ o

'
× = (✗ 1-2) [✗2-2×-3]

as ✗ → to
= ✗ 3-2×2-1. . .

as ✗→ -0 y→ -is
✗ goes to - A LEADING COEFFICIENTtends to

approaches
15 NEGATIVE

asg.→ - is
✗→ is

LEADING COEFFICIENT
e'9

> y→ as

15 POSITIVE

as ✗→ - is

y →
- is



fcx) has even degree
ya

Y ^ as ✗ → → as ✗→ •

y → as y→o

~ # Wis
as ✗→ -is

y → - is
as ✗ → is

y →
- cs

LEADING COEFFICIENT

LEADING COEFFICIENT IS POSITIVE

IS NEGATIVE

Exampie . Determine the end behavior of a polynomial .
= -2×4+5×3 -14×-7

as ✗→ - is as ✗→ to

y →
- is y → - is

study
inverse functionsZeros of a polynomial for quiz .

If fcx) is a polynomial and c is a real number then we
have the following equivalent statements .

1 . C is a zero of fcx)

2. ✗ =c is a solution of the polynomial offi)
3- X -C is a factor of fcx) fcx) =Cfl ⇒

4
. C is an ×- intercept of the graph of fcx) . ✗ = -4,3



Graphing a polynomial
1. Find the zeros

2. Test various points .
3. look at the end behavior ( as ✗ → 1=0 , y → ?)
4 . Graph .

Examples
sketch the graph of far)= (✗+ 2) ( x - 3)(XH)

Zeros : ✗ = - 2
, -1,3

^)

y
- intercept : when x=O ↑
"" = (◦ +2) (◦⇒"+"J "

= -6

-12
'_i°- 6-

Test other points

e.g. When ✗ = -1.5 f-G) = (f)f)f)= (t)
✗ = I f-(x) = (f) f)(t) = f)

= (3)C-2) (2)
= - 12

End -behavior fat = 1×+211×-371×+1)
as ✗→ to fcx>→ to

as ✗ → - O f(×)→ - co



Example . Pcx) = ✗3-2×2-3 X .

= × ( ✗ 2- 2×-3)

= ✗ ( x + 1)( x - 3)
✗
Y

Zeros : ✗ = - I , 0,3 .

End - behavior : • leading coeff . - '
×

is positive
• odd degree .

✗ → to y→ to

✗ → - is y → - as

C-xampte . f-(x) = -2×4 - ✗3+3×2
.

Sketch its graph .

=
- ✗
2 ( 2×2-1 ✗ - 3)

= - ✗
2 (2×+3) ( x - 1)

Zeros ✗ = - 3z , 0 , I
↑
repeated root .

End - behavior : Even degree polynomial .

Negative leading coeff .
✗ -
axis

because ofas ✗ → too , y → - co

as ✗ →
-my →

is ] ;É÷tenot✗
as ✗→ to

↳ ✗ → is , ✗ → - as



Multiplicities of the roots

shape of polynomial near a zero of multiplicity m.

Assume c is a zero of fix) and has multiplicity m. The

shape of the graph of fcx) near c is as follows .

• m is even , m>1

ay I

¥ >
×

×

• m is odd , M > I

÷ :

?⃝ >
× ✗

"

Compare
as ✗ → is

y = ✗
2 to y = ×

"

y → is

✗ = £ Y=¥
✗ = £ D= % " ✗ → "

?⃝
×
"

y → to

✗
2



Ya

"

i
"

"

I
-i - ±

° i

I
Exampte Sketch f- (x) = ✗41×-277×+15

Anxntanyxn
-It . . -

zeros : ✗ = -1,0 , 2

↑ ↑ ↑

multiplicity :
2 4 3

↓

Aint Any ✗
" '
+ . . .ta◦

×m.Ñ ✗41×-2731×+15 =
. . .)

=xm+n I
~ It

✗ 3-1 . . .
=

✗
41-3+2

+ . . .

= ✗
9
t - . .

End -behavior : odd - degree

positive leading weft.

as ✗→ to , y → too and as ✗→ - is,y→ -0.



my

¥
"

Local extrema of polynomials
If fcx) = an ✗

n
tan - , ×

" "
+ . . . ta

,
✗ tao is a

polynomial of degree n , then the graph of -1k) will have

at most n -1 local

e¥Ema .

y
min or Max

*
-

¥:¥
a-

Find the maximum of f- (x) . _ .

f- ( X) = a ( x -hi -1k fh=aCh%k= k
✗ =h → y④←maximin



f-( x) = a✗Ztbxtc

use ✗ =
- bga

maximin f- 1-bza)= . . -

-

◦ Quiz this week on section 3.2 : Polynomial functions & their graphs
° HW 6 due tonight at 11:59pm
◦ HWF can also be found on Brightspace and Gradescope .

Section 3.3 : Dividing polynomials
LONG DIVISION OF POLYNOMIALS

Division algorithm
If Pcx) and Dix) are polynomials where Dex)≠0 then there is

a unique polynomial ① (x) and Rlx) , where Rlx) is either
0 or of degree less than the degree of Dix) .

P = Qlx) 1-R
D. (x) Dcx)

or . equivalently ,

P 1×7 = ☐ (x) . ④G) + RIX)

F FF F
dividend divisor quotient remainder



Long division algorithm

Empty Let Plx) = 6×2-26×-112
. Divide by ✗ -4

.

6×-2

× -4) 6×4 - 26×+15
-

6*-24×-1
- 21×1-12
-

_✗x
4

i. 6×2_+ = 6×-2 1- 4-
✗ -4

2. 6×2-26×+12 = (x -4) - (6×-2)-1 4

dividend divisor quotient remainder

Examptez - Divide 8×4+6×2 -3×1-1 by 2×2- ✗ +2

2×2 - ✗ +2)¥Éz×+T
-

8x"-4¥añ-3×
-

4×3 - 2×2+4 ×
-7=+1É→ =

4×2+2×+1



8×4+6×2 -3×-11 = ( 2×2 - ✗1-2) (4×2-12×1 - 7×+1 .01

Example's .

Divide 2x
"
- ✗ -3 by × -3

-
✗ -3 ) 2×2 - ✗ -3

1
":⇒- 2×2 -GX

-5×-3 = 2×+5+1×2=3
-

5×-15

→

2×2 -✗ -3 = ( x - 3) (2×+5)+12

txamp1e4_ ✗
6
+ ✗
4 + ✗2-11

It
5

×+÷i¥+i¥i:÷×¥i÷
-

x6+×p
+ ×
"

- -1,5%4-1
2×41-0×3
- zx"-Y
-

-2×3-34,1/+01
,

-

zx2
-

_3x-3_



4

X6t× = ✗
5-
✗41-2×3 -2×2-13×-3 t 4-

✗ H

SYNTHETIC DIVISION

Example .

Divide 2×3-7×2 -15 by ✗-3

③
the coefficients

of each term

in the original
result from →

-6-3--9 polynomial .
the multiplication

*IÉ÷3⊕remainder
.

the quotient

2×3-7×2 -15 = ( x -3) - ( 2×2 - x-3) - 4
dividend divisor

x-%2E-i.fi?a+,-2X3-bII/+ox--X~-3#z*+5--3x-9-
- 4



☆ Use synthetic division to divide Plx) = 3×51-5×4 -4×3+7×+3

by ✗+2. → ✗ -⑤ Find PC-2)
- ↑ ↑

c remainder↓
-2135--407-3

ÉO
remainder

quotient coeff .

3×5 -15×4--4×3 -17×-13 = ② ✗4- ✗
3 -2×2+4×-1) (× -12)
+ 5

Exercise . Use synthetic division for 4*2×-1-2 .

240--2

÷:8

4¥23 = (4×+8) + ¥2

4×2-3 = ( x - 2) - (4×-18)-1 13



Note synthetic division can 0nF be used if the divisor is

of the form (x -c) .

Remainder theorem .{{ If the polynomial Pix) is divided ×-c. then the remainder is

the value PCD
.

optional
: pay = (x - c) -01×1 t r

✗ =c P (c) = (-d¥cFr = r
PC c) is the remainder r

.

t-actortheoremf.aeis a zero of P if and only if ✗ - c is a factor of Pcx).

optional . f. If pcx ) factors as P (x) = (x- c)- Qcx) then

P(c) = ( c- c) - ①(c) = 0
%

Conversely , if P(c) =0 then by the remainder theorem

PCH = (x-c) ① (x) to
= (x -c) - Q (x)

⇒ ✗-c is a factor of PG)

• . . continuing section 3.3
"

Dividing polynomials
"

from last time
.



webn-ssign.3.3.DEFind a polynomial of degree 3 that has zeros 1 , -6,7

and in which the coefficient of ✗2 is 3
.

From the factor theorem we know that

✗ -1 , ✗ - C- 6) , and (x - 7)
are factors of the desired polynomial

Phd = a /✗ - 1) ( X - C- G)) (x - 7)
↑ -
constant to be found .

⇒ PCX) = a (x- 1) (xt6)h-7)_
= a (x-1) ( x2 - × -42)
= a ( ✗3 - ✗2-42 X - ✗ 2-1×+42)

- urn - w

= a ( ✗3 - 2×2-41×+42)
weft of = a ✗

3
- 29×2 - 41ax -1 42A

✗
2

: - 2 a =3 ⇒ a = -3-2

Therefore PCH = - 3-21×3 - 2×2-41×-142)

or = - 3-2×3 -13×2 + 1221×-63



ftp.e . Find a polynomial of degree 4 that has

Zeros -3 , 0,1 .
and 5 and has coefficient -6 in front

Of ✗
3
.

Factors ✗ -C- 3) , X , ✗ - I , ✗ -5

PG) = acx-13)(×X✗5)
= a(✗+3)C✗2_6t)
=

acxt-3-E-s-D-acx4-6-3-l.EE-1313 - 18m12 -115 ×)
= a ( ✗4 - 3×3 -13×2+15×1

= aX4 - 39×3 _ ( 3a×2 + l5a×

✗
3
: -3 a = -6 ⇒a⑦
So Pcx ) = 2×4-6×3 - 26×2-130 ✗ .

Example: Consider Fcx) = ✗ 3-7×+6 . Show that f(-

and using this factor fcx) completely .

f-(1) = 13 - 7- ( l ) -16 = I -7+6=0
✓



Because fit ) =D ⇒ ✗=L is a zero of fcx)

⇒ ✗ -1 is a factor of fcx) (by the
factor
theorem)

.

fat = ✗3-7×-16 = (x - 1) - QC + Rex] .

Syntheticdiision¥Fior

✗-u¥iÉñ
'KE

÷: :-

×3 ↓
↑

✗2- 7-× remain .
-

××! ⇒ fix ) = Cx - 1) (✗2-1×-6)
-

-6×-16 = (✗- 1) (✗ -1376 -2)
e-

☆
Sections : Rational functions .

Definition : A rational function is of the form

rcx) =

Recall

Y=an✗
"

tan -in
''t . . .ta◦ Where pcx) and QIN are polynomials

is a polynomial when
-

the exponents are and have no common factor
.

non-negative integers .



Example : One of the simplest rational functions is

fcx) = ¥ .

Domain :

Sketch fcx ) .

> ↑ as ✗ → (-0,010/0,0)
" ✗=/ ◦

I - - • as ✗→ is , y→ 0

y=O - - -

.

-4 -3

? ÷ ; Ii →×

as×→-aY→) -1as ✗→5
i.

y →→
×

-

= ,
as ✗→ •

4- → 0

Note : bigger
= small number

1- =

D=
'"

0.01

sinker = big number

Symb

✗→ a- ✗ tends to a from the left

✗ → at ✗ tends to a from the right
✗ → 0 ✗ tends to infinity lie .

✗ increases without
bound)

✗ → - o ✗ tends to negative infinity lie . ✗ decreaseswithout bound)



Definitions

Vertical asymptotes . The line ✗ =a is a vertical

asymptote of y=fC✗) is y approaches as ✗ approaches

a. Either from the right or from the left
↓

,
or is

^ !

e.gr# 1tixa ¥:'

.

i

o ✗=a

✗ =a

y → o
as ✗

→ at

y → • as
✗ → a-

"y→ - • as ✗ → at

y →
- o as ✗ → a

_

Horizontal asymptotes The line y=b is a horizontal

asymptote of y
-
- ta if y approaches b as ✗ → ± 0

.



nfcx )

i.iq#-----.--;-----*---i;-by-b
as ✗→ as y→b as ✗ → - as

-..s×
y → b as ✗→ - co

yea - -¥>

Graphing rational functions
.

Good to start with transformations of y=¥=fC×) !
✗ =D

Ext . Graph MH = ¥3 .

y=O ⇒ ☐ = ¥-3
= 2 (¥3) solve for ×?

0-1-2
= 2 f- (x - 3) no ×-intercept .

Vertical stretch by a factor of 2

Horizontal shift to the right by 3 .

inertial asymptote at ✗=3 (x - value for which
the denominator is Zero).

horizontal asymptote at y=0



g-intercept
↑ '

,

✗ =D

i to ) --02-3=-2-3
.

: i¥✗ =3

In general rcx) = a×+b_ linear fractional transformations .
cxtd

Cuse # as your guide) .

e. g. gram = 3×1--5
. Graph rcx) .

✗+2

rcx) =3 - ¥+2
☒+2/3%+5-1
-

3x rcx) = Qlx) 1-R
mm DG)

fcx) =

rcx) = -0×1-+2-13 fcx)

= -04×+2) -13 fit2) = ¥+2
Transformations :

Reflections about x-axis f(¥z)=¥⇒=✗t2{ shift up by 3 unitsHoriz . shift to the left by 2 . f-(✗+2) = 1-
✗+2

✓



From last time . . . V.A. ✗ = 0 fat = ¥

×→ →
..ᵈ=° f- (E) =

=3 fat2) = ¥+2

f-(2) = ± 1-(x-3) = ¥3

f(¥,)=¥⇒=×H
rcx ) = ¥+2 =

ff.it?)-?--#-.y--3ji:rcx)--
3- ¥+2y =3 --:

i.
✗ = -2

"

- Quiz this week : Long division and synthetic division
• HW 7 due tonight at 11:59pm
. WebAssign
- Office hours today on Zoom at 3:30

-4:30pm

Example . Write rcx) = 2< as a transformation of fix)= ¥ .

2

[ ×-427×-9 rcx) = 2- ¥-4]-

2×-18-1
Orren = (2×-8×4%-9) = 2C✗¥ = 2-¥,

=
- ¥-4-12

= - f-(x-4) -12



ASYMPTOTES

TO find the vertical asymptote [v. A.) you set the denominator
to zero and solve for × . The V. A. is an equation of the form ✗=a

for some constant a.

Horizontal asymptotes CH -A.)

let r be a rational functionof the form

r(✗) = An✗
"

tan -1 ×
"_ '
t . . . ta , ✗ tao

bmxmtbnyxm " t . - tb, ✗ 1- bo
if rcx)=X2-

1 . If n > m . then r has no horizontal asymptote . ✗+2

NO H -A
.

2 . If n<m , then r has a H.A.at y -0 .

3
.
If n=m , then r has a H . A. at y=Aˢ

bm

Example . ① Find the vertical and horizontal asymptotes of

rcx ) = 3×2-2×-1
.

2×2-13×-2

V. A .
✗= 1-2 , -2ran =

H.A. Y = 3-2

V. A
.
✗ = - I , I② ran =

=

H.A. Y =D

③ rcx) = 6×3-2

2×3 -15×2+67
= 6×3-2-2 V. A

. ✗=p

✗ (2×2+5×-16) H
.
A. y =3



Example . Graphing rational functions

rcx)= X_
2×2-1211

STEP 1 . Try to factor r(×) = (✗-2K✗t2)- ☆
2×1×+1)

when
STEP 2

.
✗ - intercepts : set 9--0 (the numerator is °) (-2,0) , [2,0)?
y - intercepts : set ✗ =0 HO)=- No y- intercept

STEP 3
.
Find V.A. and H.A.

11^9
V. A : ✗ = -1,0

- ..it/....------y--tzH.A:y--I - ¥4
,

◦↑
> ×

STEP 4
. Find the behavior dose to the V.A. '

✗= -1
:

✗ =D

As ✗→ -5 y →É = f)
e.g. ✗=-1.1

As ✗→ - It
y → (

= (t)e. g ✗ = -0.9

As ✗ → O
-

Y →
= Cte.g. ✗ = -0.1

As ✗ → ◦
+

y→ =↳
e. g. ✗ =D.

I

H0L in rational functions
.

1 . Consider rat = ✗×÷g× =
.
.*e ✗ =3 is a hole .

×!#3)
= ¥ for ✗≠ 3

.



×

2
. Xx) = = X2¥ Hole ✗ = 2

= ✗
2 for ✗ =/ 2

¥-
SLANT ASYMPTOTES

If r(×) = is a rational function in which the degree
QCX)

of the numerator is one more than the degree of the
denominator , we can use long division to write it in the form

rcx ) = axtbt R×, ,
'

where the degree of Rad is less than the degree of Q and 9=10.

Example . Consider rcxl = ✗2×g-5 . Graph .



ra)=G}
✓

×-intercepts :( -1,0) , 1510)

✓ y -intercepts : no )= = § Co ,}) .

✓ V. A .

✗ =3

H.A.NO HA -

e.g. ✗
= 2.9

Behavior close to the v.A. as ✗ → 3- Y → = (t)

as ✗→ 3-1 Y→t¥}=c→.

SLANT ASYMPTOTE . e.g. ✗ =3 . /

rcx) = X2_4✗-→
✗ -3

☒ -3!4×-g
Wanted : rcx) axtb -1 R€¥,

-

×2_3→
rcx) = × - I -

8-
✗-3

-

-×+⇒
Since the denominator is one degree less than the numerator , the

function has a slant asymptote

slant asymptote : y= ✗ -
.

^ !
§ - I

.

.

.

.

* ii.

"

"
" ""

'

'
y >#

✗⇒



Sectional Exponential functions.

Definition : The exponential function with base a is defined for all

real values ✗ by
e.g. 2×fcx)=a×
as ✗ →

-0

Where a>0 and att . 2-
1000000

y=a✗ = 1-

^]
y - intercepts

set x-p 21000000

Flo)=q° = ,
EO

• , ⑦m=a÷m
- . _

. _ >
✗

y=o
yH

-
A . ¥ -

_¥
(g)

✗ ↑

g-
- - - 9- . .

;
e.g. Graph 3

"
and = a .

ii. - -§ - . .
:

a > ×
as ✗→ A

✗ = -2
✗ =3

y → 0

as ✗→ - is

3-
2

g.→ as ↳F-¥ = ¥ :&
= 32=9In general , we summarize it like this

Yn aY

(0,1) (0,1)

0
>
✗ 0

>
×

fcx ) =a✗
, a> I fcx)=a× , 0<94



Example . Graph f-a) = -2? M

co
a-

Office hours today at 5:30 - 6:30pm in WNH ROOM 1025 -

Transformations of exponential functions

e.g. Graph fcx) = It 3× .

3.
×

shift up

by / Unit i.n.gg?#g'
+3
"

→

y=0 - - -

×

Domain : 1-aw)

Range :( i.b)

e. g Graph hi ) = 4×-1 shift to the right by 1 .

my 4×
4×-1

✗
→

,

Domain : C- o.o) when ✗=o ⇒ hlo ) = 40-1
= 4-1

Range :(0,0) = ¥



Upcoming HW : STUDY FOR MIDTERM !

↓
Ex . Find the exponential function of the form y = C. of

which passes through C- 1. 2) and (4/5)
.

↑

want to find

STEP 1 : Use one of the coordinates . a and C.

C- 1. 2)
↑

y

2 = C. a-
'
⇒ 2 = C- ⇒ c. = 2A

a

STEP Use the other point 14,5)
* y

5 = C. at

subs -1. ( = 2A into 5 = C.at

5 = 29 . a
"
⇒ 5=2.95

§ = as

a = 5/5-5
We also have C=2a

⇒ C. = 2. (E)
¥ or a = (E)

¥

Now subst . into y= C-a
"

⇒ y=2 .

×

Can/ ⁿ=am" y =
2 /E)

"5. (E)
%



webn-ssign4.tn (G)m=§mm
12 . Graph y= 2-

✗
-11 = 1-2×+1=(1-2)×+1 (E)

✗
= #
2X

= ¥
LET nY my

shift

É
. .
. _ .

. . _ . - y
--1

y=O - - -
- >

× >
✗

Domain :( - co, a)

Range :( 1,0) .

State the asymptote: y-4 .

Section 4.2 : the natural exponential function .

The number e : @ ≈ 2.71828 . _ . ←

[Aside : e-_ Lifes (1+5)?] he

3×6=12.718
. . . )× sketch on the

same axis

y=2× andq,÷"
,
,

y =3?

9=2
✗

,
✗ =L Y = 2

y=e× , ✗ =/ y=e
y =3

×
, ✗ =L y =3



y = 2✗
✗ = -1

, y = 2-
'
= ±

y
= ex ✗ = -1 , y = et

y =3
×

✗ = -1
, y = §

Transformations of the natural exponential function

e.g Graph y=3e¥ . Find the domain , the range, and asymptote

- ay ,
ex

sketch first y=e×
co ,

tries

y =D
- - --

◦ ,
>×

Vertical stretch by a factor of 3 .

Horizontal stretch by a factor of 2 .

↓•ki3e) ( 1 , e)→ ( 2 , 3e)

y=O - . . .

"

:

.

I

0 2

>
✗

APPLICATIONS OF EXPONENTIAL FUNCTIONS

An infectious disease begins to spread in a city with
population 10000

. After t days , the number of people
who have the virus is given by

@
-0.97T

v14 = 1,0+0,91%-0.97-7 =
£

@
0.97£ .



as t→ as

(a) How many people had the Vins
e-
0.97--1

→
0

initially ? [ Find Vlt) when -1=0]

V10

)=?÷⇔é¥ =

1%0%-1=8 people .
I

C.⑨⇔ c. ek? = C.④×

using amn =@MY

⇒ a =e
"

(b) Find the number of people that have the virus by

day 5 .

✓(5) = j÷o.q⇒ people .

COMPOUND INTEREST / Not going to ask About this
in midterm 2 but might be

This is calculated by the formula
in the final) .

Alt) =p / , + r-jyn-Triint.ae#peryear
↑ ↑ a

↑ number of years

amount after
principal

( n : number of times the
t years . interest is compounded

per year.

Example
.

- A sum of $1000 is invested at a rate of 12%

per year . Find the amount in the account after 3 years
if it's compounded . annually . monthly and daily .

p = $1000
r = 0.12

t = 3



annually n = I → A (3) = 1000 (1+0-1,2)
"3)

monthly n -42
= 1000cL . / 2)

3

daily n= 365 ] = $1404.93

↓
A (3) = 10001 , +0.1¥

"

A- (3) = 100011+0.gg#g)365l3) = $1430.77

= $1433.24 .

Note that exponential functions grow faster than
polynomial or power functions

Note

Eiponentiat functions : y
= C.of e.g. y

= 2×

Power functions :

y = C. ✗
a

e.g. y
= ✗
2

Try the following exercises : (Quiz next week) .

① sketch hlx)= 4 + (f) × . State domain , range, asymptote

② Sketch gcx ) = 2×-4 _ . State domain , range , asymptote.

Answers Y
-

_ (F)× pry
hcx) ay

①

y=o . _ .#
± →

Domain :(-0 , b)

Range :(4.b)
Asymptote : y=4 .



MY 2x

2×-1
② * " ""ᵈ°w-y = 0 >

× →
by 1

0

y :-|
- - - - - - - - -

-

↓ shift to
the right by 4

y
= 2×-4

- I

y
- intercept : ✗ =0 2×-4-1

20-4-1=2-4-1
= :÷:÷→:set y :O and solve
= % - l for ✗

= - ¥6

Domain : C- co , co)

Range : C- 1. b)

Asymptote : y = -1 .

Read

Difference quotient . fCx+h)n
↓

e.g- If f-(x) = 3×-1 , show that fC×thh-f = 3×-1131-1-1 .↑

faith) =3
✗th -1

, f-(x) = 3×-1



f-c×thh = 3×+htn-3
a×+Y=a×aY = 3ʰn-3☐
3×+151=3×-1 th

= 3×-1 3h
=

3×"(
= 3×-1.1%-1-121¥ = 2-(3-6)
a-

Midterm 2 : Sections 2.7 , 2.8.3.1 - 3.3 ,
3.6 , 4.1.4.2

layout for the exam : 10 multiple choice questions 14 pts each )

5 free response questions 16 pts each)

section 4-3 : Logarithmic functions

Definition : Let a ibe a positive number @=/ 1) , then the

logarithmic function with base a /which we denote by toga)
is defined by result

I
logax =y ⇔ aY=×

↑ ↑
base exponent

10928=3 ⇔ 23=8

log , = ? ⇔ 2
?
= ¥ where ? =-3



109,0 ( 1000000) = 6

log, ✗ = 5 ⇔ 25 = ✗ => ✗ = 32 .

Properties

1. 10gal = 0 (a° =D

2. logaa = 1 la
'
=a)

3- 109 aa
"
= ×

] yoga× and ax are inverses of each other
4. a "°9a× = ✗ {

t(f- '(d) = ✗

f-
'

(fact)=×
Graphs of logarithmic functions

MY ex

10,1) loge (X)

.

.

.

,

.

.

.
.
.

.

-

'

"

'

"
"* ×

Domain of Iogacx) :(0,0)
- - - -

y
--0 II.0)

>
✗ Range of logalx) :

C-0,0)

i
✗=D

In general . logarithmic functions with different bases look as follows

1092K)t¥¥¥



Example .
Sketch the following graphs using transformations of logalx) .

(a) y= logzfx) Domain : 1-0,0) / Range :(-0,0)

109,3C-×) n
1093K)

× '

y=o.
. .#

i.
✗ =D

(b) y= -109,64

yi%
"'

Domain :(010)

-109564Range : too)

:
✗=D ✗ - intercept :

y=O
y = -10951×1(c) y= 10941×-2)
0=-1095✗

shift 109411 . 50 __ ✗

' ✗ =/
to the right by 2 I.¥>

i

✗=3



Common logarithms
The logarithm with base 10 is called the common logarithm
and usually we omit the base :

log ✗ = 109 ,◦×

e.g

10g 100 = 2

log to = I

109,0100=2

log 0.001 = - 3

Examples The loudness in a room is measured in dB and is

given by B = , ◦ log (¥§ intensity
of the sound

~↑
constant

.Find the loudness level in dB when I=lO0
13=101091
= 1010g 400)
= 10 (2)
= 20 dB

NATURAL LOGARITHM

The logarithm with base e is called the natural logarithm
and is written as

In (x) = logetx)



Note : lncx)=y ⇔ eY=x lnlx)=y
logecx)=y

Properties of the natural logarithm
eY=✗

1. In 1=0

2. Ine = I

3. In ex = ✗

4. eh ✗ = ×
] e

" and 1nF) are inverses of each other

so by f(f-' (✗1) = ✗ and f-
'(1-1×7)=71

we get properties 3. and 4.

Eg . In /⇒ = ln( e-2) = -2 (by 3.)

e. g. e.
In 8

= 8

Exercises

1 . Express the following equations in exponential form

(a) 109,4=2-3 ⇔ 843=4 ( 4) logab
= ×

(b) 109103=2-1 ⇔ 102-1=3 a×=b

(c) In 1×-17=4 ⇔ e 4=11-1

2. Evaluate the following.

(a) 10%1=0
(b)

.

.€tH¥) = ¥, eh ✗
= ✗

(c) 109452 = ✗
.
Find ×

. 4×=Fs ⇒ (2)
✗ =D

22✗ = 242(d) log,
125=3

.

2x = ± ⇒ ✗ = ±
,



Thus 109452 = ¥ .

Section 4.4 . Laws of logarithms
Laws common mistakes

1. 10gal A-B) = toga A + toga B to AV :

• 10gal A -113)

≠ 10galA) +10galB)
2. toga / = toga A - toga B

• toga CA -B)
3. toga (A) = C. toga (A) ≠ 10galA) -1090dB)

• 10%(1--3)
Examples =/ 10ga
Evaluate each of the following 10galB)

1 . 10942 -1109432 = log, (2-32)
gaA)
'

=/ Clyatt
= 1094164)
=3

2
. -340g 8 = log ( 8-%)

a-m -

_ tam
= log (8%1)
= 10g ( Frg) ←

-0.301

= log (E) 10×0=1-2
≈ -0%01 (using calculator



Expanding and combining logarithms . Use the laws to expand these
.

e.g. (a) 109,1×396) = 1095×3-1109596 = 310g, ✗ +61095g
↑

Law I

☒-B) = 10galA) 1- toga (B)
taw-3ilogalAY-cloga.it

(b) In (¥⇒= lnfxy
'/2) - ln ( Tz)

= lnlx) -1 Inly
"2) - In /Tz)

law21.nl#)--lnCA)-encpg=lnGt-IlnCy1-jen(zj
Expressing logarithms as a single logarithm

Ex
. (a) 4th C) + ztlnlnt) - bn(p2 - 1)

= In /54)tln(w%) - encpz -1) using law 3

logalAY-ctogan-ln.si?w43)-lnCp2-D=enlsi:w-.Y)
(A -1137=11-4132

(b) b- log (1×+213)-1 flog ✗
4
- 10g (x-D = (A2 -12AB -1134

1094×+27
'# law 3 law 3

=(AtB)(ATB)
E- 1091×+27 + log /x2) - toga - 1)

= A2tABtB2
= togliatti)) -toga -1 )

F-4=1×44%-1×+2
= log /×¥ law 2

↓ (1--113)%2=11-441342



Expanding : log I,¥¥⇒ = 109 /
"

)
law 3 law 3

= ± log / = 21-(1091×44) -1094×4111×3-751
= 1-24091×2+4) - ( logY✗¥)]-
= ± (1091×2+4) - 1091×2-11) - 1094×3-7))]
= 1-21091×2-14) - 1-21091×2-11) - log 1×3-7 )

'H¥¥¥→)") --1%1
= log ( x2 -1 4)

"2
_ (1094×2+1) "2) + log 1×3-71)

change of base -formula

10951 = '°¥g÷b
Suppose you are given toga ✗ and you want to find 109b ✗

A special case of this is /Ogata = 1-
109bar

e.9
Use the formula to evaluate

p use b=8 and a-- 10
.

log ,
-

= 109,05
¥8

= - - -
fuse calculator.



log lixryrz)=Ñyz)
= § log (✗ IyÑ) log@B) = 109 At tog B

↑¥
= ±/ log Exit logliyrz]
= {[ log A) + log Kyrz)")]
= {[ 1091×1 + tzlogcyrz)]

← { log
2-

= {flog ✗ + ± / logy -110g of]]
= {[log ✗ + £/ logy + { log Z))
= 1-2109 ✗ + 4- logy + f- log 2-

• New Homework (# 9) on Gradescope

sechon : The Unit Circle

The unit circle is a circle with radius 1 and center at the origin given
the equation

✗2+92--1

In general , the equation of any circle with radius r and center
at la , b) is given by

(x-a)
2

+ ly - b)
2
= r2



Terminal points

Given some number t . if t≥ 0 then you measure the distance t

along the unit circle starting at Clio) and moving in the
counterclockwise direction

If -1<0 , then you move It/ in the clockwise direction starting at
Clio) .

n^

+ = 'T/4
e.g. 1- = - IT

.:**q
" •

(1,0)
> ⊕ •

Clio)
>

C- 1,0) <
£

Note

Finding the terminal points . Circumference

① Assume we are on the unit circle. of a
unit circle

(a) + = 31T is 21T.

(b) -1 = - Ing . 4--2-118=2-114)
= 217)(c) t =

a- 3¥
(a)

to
>

(b)
a

PC -1,0) ✗

Clio}
1 21T d-= -1%2

10 , -1)
+=
-31-42

(c)
↳ Coil) 1- = -1112 and 1- = -3¥

>
give us the same

g- £2 a ,o) terminal point .
1- = - IT 1-=-7£



The reference number

let t be a real number
. Thet is the shortest distance along

the unit circle between the terminal point determined by the
value t and the x-axis

.

*

"

V3
◦

>

*
It

terminal point

e.g. Find the reference number forea§ -1 Value.↑ 's
(a) 1- = < y

2 V • I ↑

Ñ•¥
, ,o)
>×

(b) -1=-23-1 3 4 2
^

I

(c) t = 7¥ a •• >

1- =_ñ§µD↳MM=-%
A

(a) Reference number = IT -¥ = Ig
1- = -%3

4

↓
4%6(b) reference number = IT - = Ig ☒µp = 2¥b- = - 3-11/2

¥-1112 it
= ¥

( = 21T
t = IT

1- = - IT ↑
✗

☆
*

410) t = - 21-1/3
1- = 31-42

1- = -

× 2

2⇒/T
¥ = ¥> E-¥

6



(c) t = 7¥ ^

4-
= 7¥

☒ %
✗ ☒ ,

Reference number ↑
_ ¥¥¥ i¥nim= 27 - 7¥ = ¥ .

15-2-11→

(d) t = 29¥ = 45¥ ↑
e.g.

= n • 21-11-12 t=T_^?⃝ ,
2¥ = ¥

t=-↑T
L= + 5¥

reference numbertwo 1- = -7¥
full
revolutions

" " 5¥ =

< 6¥ = ITof the circle

section's Angle measures

Note
. In general if the angle measure is not specified it means

it's in radians
.

Radian measure If you are given the unit circle ( i.e. radius 1)
then the measure of the angle is the length of the arc that
subtends the angle .

Ya ^

FhM%% >
×

• = E- +¥ = 3¥ É%n



Degrees → Radians Radians→ Degrees
21T → 360°360° → 21T (circumference)

180° → IT
To convert from radians

to degrees multiply byIn general , to convert from
degrees to radians you 19¥
multiply by ¥80

Find the angle in

degrees .
e. g. D- = 45°

. What is 0in radians? 0 = ¥ .

45 ? ¥= ¥ radians
. ¥ . 1,8×1--600

Angles in standard position / aoterminal angles

An angle is in standard position if it is drawn in the ✗y plane
with its vertex at the origin and initial side on the positive × - axis.

Examines y

% ⑧ .

Coterminal angles : Two angles that are in standard position are
aterminal if their sides coincide

E ?⃝ Find two co terminal angles with the angle 0=300 in
standard position .



IRV .

⊖ = 30° -1360° = 390°

① = 30° -1720° = 750°
2kV .

0 = 30°_ 360° = -330°

② Find two wterminal angles with the angle 0 = ¥ (¥ . 1%-0=459
0
,

= ¥+21T = 9¥
Oz = ¥-161T = 251T

3-2-11 -4

③ Find an angle with measure between 0° and 360° that is

coterminal with the angle of 1290° in standard position
.

313607 = 1080° ( 3 revolutions around the circle)
^1290° - 1080° = 210° .

Co terminal 180✓Ata >
to 1290° •

.

Length of an arc of a circle

0 = 5-← arc length ⇒ s = ro
r← radius of the circle

angle in
radians

(a) Find the length of an arc of a circle with radius 3m that subtends
an an angle of 60° .

⊖ = 60° . 7-
1800

= ¥ radians , , r=3



S = ro = 3 . ¥ = IT arc length .

(b) Given that the radius is 6m and the arc length is 5m find the

angle 0 in degrees
0 = § = % radians

IT → 180
5D- = ¥. 1,8%30=(1,5+-0)? To
→ ?
IT ? = 180.5-6

Area of a sector of a circle ? = 18¥ ¥

Area = •*r' = g- Or
' ⇐E⊖

Of
a sector ↑

always in radians

e.g. Find the area of a sector of a circle with angle 0=500 if

the radius is 4m
. he

⊖ = 50¥80
A = tor

'

= -31¥;) . 42 =#5¥) =

¥18
=

5¥
4

9

=

20¥ m2

Note : Both 5-Or larder9th) ] are given with D= angleA = ¥ Or
2 (area) in RADIANS

SO Remember to convert

degrees to radians by
multiplying by ¥00 -



Final exam information

location : Room Cantor 101

Date : 12/19/2022 (Monday)
Time : 10 - 11:50am

sin 0--9-0=45
since §

Trigonometric functions ¥4 8

f-in (f) = ppos_
%

501-1

hypotenuse
""°

hypotenuse
""

Cosio)==adjace
=

adjacent

Pythagoras ' theorem :r2=×2ty2 Ianto)=aP¥y%¥nj TOA

r=Vx4yT☆
co secco) = csc.CO)= 1-
=

since)=ʰ%p÷?¥ Note :

↑ be careful
↓ not to divide

seE.CO)= = hypotenuse by zero .

↑ adjacent
↓

tan 45
001,10) = 1- = adjacent

↑ ¥ :*tanto) opposite

tan 90=1;

/E



É[p Consider cost -_ 15-3 . Find the other 5 trigonometric

functions for this triangle

B÷§Y cos 0=15-3
5

since = 1,23•so =at = ¥
tano = Ehypotenuse

5

wse.co = sin = ¥V2 = ✗2+42
Seco = ⇒ = ¥Unknown 9
Coto =

tag = ¥2 .132=52+92
Y = ✓132_

=/1601-2-7 45° .

◦
= ¥

= 1147
= 12 Ti

'

0=1%0
Note : SPECIAL RATIOS OF SIDES

. ¥ ? 1%00=181-0
% h=✓Ñ=E

I h 45° I

45°
,

sin 45° = sin/¥) = Fg =

, cos 45° = cos (E) = ¥ =

tan 45° = tan# = 1

Note
. ¥ EE
=



Equilateral triangles

zoom -in
t

2 3060° 2
→

\
760°
, 60T )60gÑ⑤7

Assumption
tahidehas a length of 2 Find y

Pythagoras : 22=12 -1g
-

sin 30° = sin (E) = { ✓

4=1 tyzpemeM§ cos 30° = cos / = B- ✓ 3=922
tan 30°

= tan (E) = Fg = §
✓

y = 3T

sin 60° = sin (F) = §
{ cos 60° = cos /F) = ¥
tan 60° = tan /%) = By = Fs

2nd 1st quadrant Note : ⑦ I

S A ⑤todents
sin is positive sin

, cos , tan are all positive ⑦ake

T C ②alculvs
3rd

4th
tan is

positive
005 is positive



Exampte .① Find cos ( 135°)
.

900

,
a) cos 45° -_{ = ¥!

,
135° r

iy

☒◦
◦ ! 45° (7)45° : cost ◦

= - ¥ = - Ez' 7×00
✗ 360°

cos is negative
!

[
sin 45° = FE

270°

sin 135° = E
T C 2

② Find tan(3909
^

,

I
°

2

tanc3909-t.am/3OY--(tan(I)--)Ig 230 :

iadj

= Tg
tan 300=011

adj③ Find see = f- ftp.P]17/2
^ ✓

=÷⇐,
¥1 =¥
cos is

negative adj =/22-7
=D

IT
%,(

"4
> ◦
21T =

# cos/¥)=cos(457
=E

317/2 = _ Egg 2

cost-5¥)= -04¥)



Find tan / 5¥) , sin /5¥) , 00sec (5¥)
tan / 5¥)= + tan /¥) sin / 5¥)= - sin /¥) 00sec /É¥=¥p¥)

= I
= - ¥

=E⇒
EYE = -a

negative positive negative④ Find tan/870°) , sin / 870°) , cos /870°) #
T C✓ ⇔ : Determine the quadrant the angle

lies in
✓
Steps : Find the small angle you know the sin , cos ,tan of

✓
Steps: Determine the sign based on $¥

To ¥÷É
^

21360°) = 720°
Remaining = 870-720=1500 3049500

,

tan 1870°) = -tan 130)= - ¥

sin (87-0) = sin 130°) = ±
cos (87-00) = - cosfsoo) = -B-

2

(sections 5.2 , 6.2. 6.3)



Trigonometric Graphs
The period of sine and cosine is 21T

. (This tells you
every how many units in ✗ the shape of the graph repeats
itself) .

Cos (01-2-117) = cos 0 , sin ( 01-2-11 n) = sin 0

[ Cos (0° -1 360N) = cos 0]

The period of tan is IT

"

Domain is to , b)
Sketch of y

-
_sink)

Yn Range is [-1,1]
'

i÷ A
É TT 21T µ

"

"

A
- - -

-1

Domain is C-co , b)

Range is E- 1 , I]sketch of y = ^

'
•

\y = cos@)
= s info +E)



radians → degreesHow to remember special angles ' .
✗ 180°
F-

1- (radians) 1- (degrees) Sint cost tant

O O O I 0

I 30 1- B B-
6 2 I

3

I 45 E E
4

2 I 1

IT
- GO V3
3 I

t B
2

IT

2-
90

I 0 undefined .

From the book .

t Sint cost

0 % =D V4 /2=1

I
6 M2 = '/ 2 V3/2

IT

I % V42
I
3 B12 Mz = Yz

¥ Ftz = 2-2=1 Folz =D

Only sin -3712
is positiveHW9_ 2 µ

all functions in
here this quadrant

Q6_ (a) D- = - 714 are

↑
S A

-27 positive

move clockwise
_ " t

°

2
starting attire 3 4

x-axis
T

- Tik C ¥6s is0h11 tan is positive here
positive here



Quadrant 4
reference angle

Reference angle = 714
↓

cos = cos f- ¥) = + cos (E) = E- = trz
since) = sin 1- ¥) = - sin 1¥) = - E- = -¥
tanto) = tan 1- ¥) = - tan 1¥) = - I

↑
signs determined

from the quadrant

#T C

2 IT/2 I

(c) 0 = 5¥ 1

(positive ⇒
,

-1116 g
6

0
counterclockwise) 21T

Quadrant 2 3 4

5142
Reference angle = %

Cos (¥) = - cos /%-) = - B-
2

sin /
'

= +sin /E) = ±
tan / %-) = - tan (E) = - B-

3



2
72 ,

lj) 0=3-12 A
S

IT¥-0The angle lies
on 21T

the negative y-axis 3 N 4

between quadrant 3 T 342 C
and 4

Reference angle -_¥ ¥Y
cost"z)= cos/E) = 0

cos = ¥
sin/3¥)= - sin /E) = - I sink)=¥
'
can / 3¥)= tan /E) = undefined . tanto ) __ 9-

✗

= sink)

ntanllt) ⇒

i ! !:|:>.: i
-Tyz ¥ 3¥

Office hours today on -200m at 3:30pm

WebAssign5



⑦
•

b- = A
t Terminalpoints

. 'µ:¥÷¥:÷÷, ⇔0

-1

IT

To (Eit)
T - l

C
[× ,y)

✗=•s1¥)
cosio)=a¥pÑP y=

- cost;-) ¥ᵗÉ=¥ (g. E.)= -31
Cosio)=¥Topp *

= -±
I

⇒ ✗Toso adj
y=sin(¥) 2

(° ' ')

cost;-) -_ ¥ ⇒in It = 2¥
=

II. E)
✗ = cos =£ =D

±: ¥ 1-E.±)sin =F
y=sinl¥)=Ez +61 IT C- 1,0)

i 71g ( - ,
- £)

4¥ f- ± .

-E)

10 , -1)
3¥

¥ -1¥ It . - E)

=9¥ -1¥
IE .

-±){ = = 5¥

¥
21T 1110)



Trigonometric graphs
Recall secco) = %,

0sec = s¥o)
cot 10) = 1-

Definition tanto)

A function is periodic if there is a positive number p such that

flt + p)= flt
for every value of t .

The smallest positive number p is called the period.

Periodic properties of sine and cosine .

sin (-1+2-11) = sin A)
] sine and cosine

cos It -121T) = cos it) have a period of 21T.

sink) sin 105-0
^

i"- ×

\ ' I

¥:-,
!

:÷ 21T

Domain : for , A)

Range :[-41]



coset) 005101=1 cos A) = sin /t -1¥
:

i

.
.

!
"⇔Éf:-. '

- 1
- _ _ .

Domain : 1-csis)
-2*1 1¥77 Range :[- i. I ]

Transformations of cosine and sine

The most general transformation is

y = - sin (kfx - b) ) th , y
= -acosfkfx-b)) -1h

Vertical transformations : 1
.
Reflection along x-axis

2 . If a> 1 then there is a vertical

stretch by a factor of a
If 0<a< 1 then there is a vertical

compression by a factor of a .
3

.
If h > 0 there is a shift up by h .

Horizontal transformations : 1 . If k> 1 this is a horizontal

compression by a factor of ¥

2 . If b>0 this is a shift to the

right by b.



y = - asin(k% -b)) -1h

then the period is found by using period = 2¥
the amplitude is now /a / .

Examples-i.y-5-cos.li) .

. amplitude

i;} , = maximin
- -

_

Domain :(-aw)

µ
'

range :[4,6]

- 21T

2
.

Sketch Y = -45in
nsincx)

""



"

:>
21T

-4
!
- - - -

- - - . .

amplitude = maxztnib
y =

-④in 1×1 = 4--1-4)

= 4
Domain :( - co, b)
Range : [-4/4]

→ HW 10 posted on Gradescope
7-

Office hours at 4:30pm in ROOM 412 Of WWH

(251 Mercer Street

• • • Continuing from transformations of trigonometric graphs .

Examples① Sketch
y = cos /3.x)

. Horizontal compression

ncoslx) by a factor of 1-3 .

i.

:*;;i: > %¥ioa= K

=2_⑤
⇒ H-i.lv

K→



asincx)
② Sketch y= sin (1-41×-1-1))

in factored ←E. 1)
form *

• Hor . stretch by y=sin( ¥!
- ¥)

a factor of 4 ↑(3¥ , -1)
10,0) → (1-1,0)

• Hor. Shift -10
the right -11

. :') / ma×(E. 1)→ (3%1);¥"%⇒' > (1-1,0)→ (5-11,0)
1¥ .

- 1)→ (7-111-1)
(77-1)

(21-1,0) → (9-11,0)
new

period
= 2¥ =

2¥g=8ñ ←at= 81T

Tangent function
ay=tancx)

i.
'

*
! !

• , ,

period -_ IT
"

;?⃝?⃝?⃝:p. tana :S:

: : i
:

"
: %:

"
% É

- 31T

-% I
↓

= En-1151
¥

Range :(-0,0) m2

sin a- ④
Domain : All real numbers excluding

odd integer multiples of -¥ .
r

nsinx → sin -12=1 also =

'
. → cos ⇒ tano __Y⑦

,

21T
>
× qicosx

- . tan -21=1-0

¥É,
> × undefined



Inverse trigonometric functions
ft D= ✗

f-Yf(×D=×
To check if a function is invertible use the horizontal line
test

.

e.g
^Y

✗
-

^ ¥×
>
×

AAA: y = ✗
2

' Ry =×
Domain of sink) : r×=y

c-0,0)
f-

'

(x) = TXThere is no inverse if you do not restrict the domain of sink)
.

interval notation , inequality notation
Restricted domain of sink) : f-E. ¥] f¥≤ ✗ ≤ ¥)

a
sin!

NBy=×:

-±!
÷
"

' >
×

É Reciprocal✗
2
'

←

y=× ¥ , ,
00sec (×)=s¥,
≠ sin

-'

Klinger?3¥ .
- -

> 1

Range :[-1,1]

gsinta)
inverse ◦f

fsin (x)

Q
.
Find
sin-'C-D= sin

- '

(x)

-

' '

,

>

×
Domain :[-1,1]

Range :[E.¥
- ÷ ;



^

Looking at cos ✗ Restricted domain
should be [0,1T]

,

>

Range :[- in]

Restricted lost
aces

_' (x) inverse of
A COSCX) .

i.

◦¥:* =, I ◦ ↑
'
×

-i - -
.
.

:

Domain :[lil]

Range :[0,1T]
Now ,

consider tank
ay

: : : :

: :

: i - i
, recip

-

¥ - Iz É 3¥ ☒ =L
≠ fcx)

f-
'

G) inverse
Restricted domain : f- E)
Range:( -acs)

cotcxj=L
tanx

=(tan×)-1



a tan-1×1
inverse of tana )

±,
Domain :(-a.a)

Range :(-E. E)

• . _
. -¥

Aside : f- (x) = ✗
2

,
× > 0

Write down :-( = ¥,
= ¥2

Write down f-
'(x) = Tx

(fam)
"

=/ f- '(x)

fcx)=sinx

Write down f- [xD " = 1- = 1- = hoseccx)
fcx) Sinx

f-
"
(x) = sin - 'Cx)

☒
_ '

=/ f-
'

Cx) ⇒ cosec (x) =/ sin -4×1

:¥



Examples . ① Find the exact values of { sink)=¥
(a) sin

- '

(E) = } ✗ =

If you see sin
- '

(E) you ask :
①

.
What 's

sin =

What ✗ value would give sink)=§ ?
sin = ±

If you see sin
-' (a) you ask sin (E) =¥

What ✗ value would give sink)=a ?
cos =±

(b) cos
-'

(E) = ¥ cos/¥)=E

(c) cos
-

= ¥ 04¥)=E±

(d) sin
-'

(E) =¥ '

(e) tan
_'

G) = ¥
(f) tan-401=0 <

the range of

(9) sin -'G) = -E. 3T¥
sin
-'G) is

↑ ↑

-E.≤y≤É÷±j
☆ Office hours today on Zoom at 3:30pm - 4:30pm

-



Inverse trigonometric functions

Inverse function Domain Range -

Iz ¥
sin"(×) [ -1,1] [ - E.¥]
cos
-' (x) [-1,1] [0,1T]

""" c-¥ :)tan -11×7

&• =/cos /¥) , sin )
sin =

i ↑
'

= (cos/%) , sin:

↑ i 0ÑÉ: ④
i #a L T C

•
21T -5¥ Reminder :

= I 00511×1 Range :[0,1T]
3

sin-4×1 Range :[ÉTÉfxamptes
tan -4×1 Range fÉ

① COS
" / - £) = 2¥

② sin
-' f-E) = - ¥ lies in f-E. ¥]



③ tan
- '

(4) = - ¥ ( Recall : tank)=%%⇒ .

④ Cos
_ '(4) = 0 unknown coil)

Oslo) = -1

What is Osuch that ←☆?cos (8) = - I
-

cos
_' C- 1)= -11

cos
_ '
(x) :

Range :[0,1T]

Composition of trigonometric functions with their inverses . (*)
given (*) A- sin

_ '

(E)1 . Find cos / sin -11¥))=cos(a) hYÉopp ↳
sin /01=359=3

= Ir
-

_ § adj
✗

Note

Find × : ✗2-192 = r2 f-
'

[×)=y
✗2-132=52 since )=Yg=} fly / =X
✗ 2-19=25

✗ 2=16

✗ = 4

a- sin-4¥)
2. Find tan / sin-11¥))= tanto) r

y
13,0 , ,z

Simo)=¥
=¥ ×

5

Find × :

✗2-1122--132
✗2-1144=169



✗2=25

3 .
Find tan / cos-4¥)) = ¥ ✗ =5

4. Find cosec / cos"lÉD=gn¥1±= since)=¥⇒=¥4
Recall

cosec # ¥n× 2y4 Find 72-192--252
¥ 49+92=625

y 2=576cos -11%51=0 25 ✗ y=F76
WSIO )=É; _- y=24

¥2s
5. cot /sin

_ '

⑤ = wth)= .

• Draw the triangle
• Use Pythagoras

'

theorem

cot / o ) a- sin - '(3)hyp A

3 ⇒
2 sinlO,÷ =

1-
Opp

opp_
adj ✗ =Fs

22 1- ✗2=32=

4 + ✗ 2=9

✗ =Fs
= 1- ÷ # = F-



6. Find cost /cos /4¥)) . Do not use triangles

S
A A=

cos

"t•sÉ•¥;§¥>
=.

. -⑧

T C
Range of cos -4×7 : [0,1-1]

=

Equivalent to checking

÷
.
¥
.!;;¥¥,=-

""¥)=sim⇒

÷.":¥÷É•
a- Yi Yz

91=92

☆② Very important ⑧ Note

sink =/sinx)2

Identity : sin 2×+005 ✗ =/ ←

show that tan2×+1 =sec2× .



LHS = tan ' ✗ +1=1%4×-12+1
left hand side

use tan ✗ =%n÷
=

+1

= %¥×
⇐ = Sec ×

= (sin%;q
=/ from the

identity

= cost
=

= Sec 2x

= RHS
✓

tank +1 = see ✗ ←

HW : It OF ✗ = cosec
-
×

Examine simplify cost)t tanltsihlt) ⇒

use : tan (f) = Sindt)
= OSH) -1 Sint

. sink)
WSH) WSH)

=

oosltl + ˢi÷¥,
= + sirs

coslt)

= cos"ᵗ%¥;
= ¥



= seat

2. Simplify w% = •#¥s
¥É

=

= sing
☒

'

= I - tank)

Verify that the identity holds.

1-

¥nTz= lttanzz Show that the LHS is equal to
the Arts

.

Reminder: I = cosZxtsinzx

LHS -_1- 1- sink __ lost

I-sink-l.ws-✗ +sin 2x =/
= ¥2T 2 . → I ttanZX-se.CH

3. → It coth = cosecix
= Sec2z

x Get 3 . 61×+512×-1= lttanz

= RHS ✓
sink SIDZX sing

=¥an✗
= cot ×

wth -11 = ooseczx

COSZX 1-sin 2 ✗ =/
Get 2 . ☒ ¥ 554

It tan 2 ✗ = Sec2x

2. Verify that n× -

,¥n×= ztanxsecx



i-HS-I.mx - ¥n×=¥sin¥?n difference of two
squares

25in ✗

use identity
=

Fix

0052 ✗tsinzx
=/

1-sinzx
-_w5× = ¥h

= 2%377 -¥
~ ~

= 2tanxse.ci

= RHS
✓

3 . Verity sectj = sinzt

ms=ˢ%EY=¥¥;÷
=#t.IT?iost1-cos2tosesih2ttws2t--

I =sin2t

1-ws2t=sin2-
= cost

= sinzt

= RHS ✓



- Office hours today in WWH Room 412 4:30pm .

- Review session at WWH Room 101 at 4:30 - 6PM .

tomorrow (Dec 15) .

Trigonometric identities coseczx

① Verify ltanxtcotxT-seixtcs.CI/Xty)2
Identity : Sim ✗ +0054=1 = ✗2+2×9+92

%×=¥m× ⇒ I + cot ✗ = aoseczx

i¥×+%×=, ⇒ tanzxtl = see✗ ⊕

> LHS = ltan ✗ +cot ✗5 = Ctan+anÉcot×)
= tan2×+2 tanxcotxtcotzx
-É

= tan2×+2

t.am/x-ta-ytwt2x--tan2xt2tcot2X--(tan2x
+ 1) + ( I 1- cot≥ ×)

④ TEI IE ⇔

= see ✗ + cosec
≥
✗

= RHS



② Verify ltasighl + CoC = 2sec 0

ltsino

His -- '

jT+÷o
= nÉÉco

cosocltsino)

= "÷:;¥÷;+É↑
""aen%

= 25%(7%0)

=%%¥⇒
=÷ = 2.⑤=

Seco

= 2sec 0

= RHS.



Algebra and Calculus

New York University

FINAL EXAM, Summer 2014

VERSION A

Name: ID:

Read all of the following information before starting the exam:

• For multiple choice questions, only the answer is required. No work is required and no partial

credit will be awarded. You must clearly circle your answer.

• For free response questions, you must show all work, clearly and in order, if you want to get

full credit. We reserve the right to take o↵ points if we cannot see how you arrived at your

answer (even if your final answer is correct).

• The exam is closed book. You are not allowed to use a calculator or consult any notes while

taking the exam.

• The exam time limit is 2 hours. Good luck!

SCORES

MC (45 points)

1 (14 pts)

2 (8 pts)

3 (8 pts)

4 (18 pts)

5 (7 pts)

TOTAL



(45 points) This parts consists of 15 multiple choice problems. Nothing more than
the answer is required; consequently no partial credit will be awarded.

1. If f(x) =
4

4� x
, find f�1

(2)

(a) 1/2

(b) 1

(c) 2

(d) undefined

(e) none of the above

2. Let f(x) =

⇢
x� 1 if x � 0;

�x2
if x < 0.

and let g(x) = ln(x+ 2) for x > �2.

Find f(g(�1))

(a) -1

(b) 0

(c) 1

(d) e

(e) Undefined

3. The solution of the equation

2 sin
2 x+ sin x� 1 = 0 on

h
0,

⇡

2

⌘

is:

(a)
⇡

6

(b)
⇡

2

(c) ⇡

(d)
⇡

3

(e) �1

☆ Inverses
.

fix)=¥×⇒y=¥×
0 ⇒ (4- ×)y=4

lncx )=l0geC✗)=y 4g - xy=4
Ina)⇒eY=1 ey=× 4g -4=119

4Y-y4_=×Irina

0 g. 1-D= /nfitz) #✗ f-
'

1×7=4-1×-1
= /na) ; f-

'

(2) = 4122€
= 0

✗

'

=D

flgl-D) = -510) Domain of 1nA) : (o.o)
= 2

7=0-1 Or × >0

= - I

sinx

fdsinxtllsinx -17=0 *0 sinx-lzors.in#--l
rejected since it's not going to be info,

✗ =sin-
'

(E)
✗ = If



4. The domain of the function

f(x) =

p
x� 3

x2 � 5x� 6

is:

(a) [0, 3)

(b) [3,1)

(c) (�1, 6)

(d) [3, 6) [ (6,1)

(e) (�1,�1) [ (�1, 6)

5. Consider the following statements. In each case, P is a polynomial.

I. The domain for P (X) is (�1,1).

II. If the degree of P is odd, then we must have P (x) ! �1 as x ! �1.

III. If P (4) = 0, then x� 4 is a factor of P .

Which of the above statements are true?

(a) I and II

(b) I and III

(c) II and III

(d) I, II, and III

(e) III only

6. Find the domain of f(x) =
p
x2 + 3x� 10.

(a) [0,1)

(b) (�1,�5] [ [2,1)

(c) (�1,�5) [ (2,1)

(d) (�5, 2)

(e) [�5, 2]

F. ⇒ ×-3 ≥o⇒ × ≥3

✗4*6
= r- ×≥3 , ✗ =/ 6

(✗ + 1)(x - 6) E-
[3. 6) v16 ,@

0
i. %%⇔j→}

✓

✗

✓ Pix)= anxntan.in
"

t . . _ tan -190

the exponents are0
non -negative integers .

=iI

⊖ 1×+571×-2) ≥0

9=12-131
- ≥◦

a

%É% >

- lot
Tin f- ✗ 72

-15 2 ✗ ≤→ } C-• i - 5) V12.0)



7. If log2(2 log3(x)) = 1, find x.

(a) x = 0

(b) x = 2

(c) x = 3

(d) x = 4

(e) none of the above

8. If f(x) = log2(x� 2), find f(3) + f�1
(3).

(a) 10

(b) 0

(c) 1

(d) 8

(e) none of the above

9. The amplitude, period and vertical shift of the trigonometric curve

y = 3 cos(2x� ⇡)� 1

are respectively:

(a) 3, 2⇡ and 1.

(b) 2, 2⇡ and �1

(c) 3, ⇡ and 1

(d) 3, ⇡ and �1

(e) 2, ⇡ and ⇡/2

10. Let f(x) =

8
<

:

ln x if x � 1;

�x+ 1 if 0 < x < 1.
e�x

if x  0.
Consider the following statements.

I. f(1)� f(0) = �1 II. f(x) ! 1 as x ! �1 III. f has horizontal asymptote y = 1.

Which of the above statements are true?

(a) I only

(b) II only

(c) I and II

(d) I and III

(e) II and III

logacx)=b ⇔ ab=×

10%(2109,1×1)=1
0 ⇔ 121--2/10931×7

1=10931×7

3 '=✗ ⇒ ✗ =3

0 {
f-(3) = 10%(3-2)=1092117--0
f-
'
(3) = ? tC✗1=l0gz(x-D

9=109,1×-2)

zY=✗ -2
= 365126 -¥)) -1 ✗ = 29 -12

↑
~ f -4×7=2×+2
shift

✗ amplitude vertically f- '(31=23-12 =
✗
✗ 21%1--22--11=-1,

81-2=10

0
✗ > y=awsCkIIDtb

← factored form
←

←

✓ ✓ ×

I. f- ( l) - Fco)= ☒ -e
oh {

= 0-1

> ×

= - i

'

y:-O
e-✗ → % as x→I



11. Find cos
�1

⇣
cos

9⇡

4

⌘
.

(a) ⇡/4

(b) 3⇡/4

(c) �⇡/4

(d) 9⇡/4

(e) 5⇡/4

12. Find sin
�1

⇣�
p
3

2

⌘
+ tan

�1
(1).

(a)

p
3

2
� 1

(b) ⇡/6

(c) ⇡/12

(d) ⇡/4

(e) �⇡/12

13. One solution for the equation

2

x� 2
+ 3x = 3(x� 2)

is:

(a) 5/2

(b) 5/3

(c) 2

(d) 5/4

(e) no real solution

14. A point in the 1st quadrant satisfies cos(2t) = 1
2 . Find sin(t).

(a) 1/2

(b) 1

(c)
p
3/2

(d) ⇡/6

(e) ⇡/3

15. Define f(x) for x � 1 by f(x) = x2
+ 4. What is the range of f�1

?

(a) [0,1)

(b) [1, 4]

(c) [1,1)

(d) (�1,1)

(e) [5,1)

Range of the outer function
cos
"

is [0,1T]
= ×

-11/20 cos/9¥)=wsc×)
S A

-

. a¥a◦
21T

T

3¥
C.

~ mm

¥
<⇒ tan = ' ↑Y

712

r%•sin⇔=Range of sin" : :#
0 1- E. ¥] sin"f§)=o⇒sino=.¥•A•¥ʰ-¥

"

- -11/2relates toy
1-

sin"fE)= -¥2-13×1×-27=31×-271×-2)

0 2-13×2-611=31×2-4×+4) sin_' (-53-2) + tan - ' (1)
21-3×2/-611=3×2-12×-112

= - E. + ¥
611=10 ⇒ ✗=

= 5/3 = - 4T¥ -13¥ = - ¥
0 2t=co5Y±)=¥

-1--11=6 2=13×-6-3×1
sin /¥)='z 2=-61×-2)

2=-6×-112

6×-40 ⇒x=?⃝
Range off "C×)0
= Domain of -11×7 = 11,0)



(55 points) Problems 1-5 are free response problems. Put your work/explanations
in the space below the problem.

• Read and follow the instructions of every problem.

• Show all your work for purposes of partial credit. Full credit may not be given
for an answer alone.

• Justify your answers.

1. (a) (6 pts) Let f(x) =
3x

x� 2
. Find f�1

(x).

(b) What is the domain and range of both f and f�1
in part (a)?

(c) (8 pts) Find the di↵erence quotient

f(x+ h)� f(x)

h

for f(x) = x2
+ 3x� 1

y -_3¥z
(x- 2) y =3✗

✗y
-

Zy =3✗

✗y
- 311=29 ⇒ ✗ ly -3) =2y ⇒ ✗ = 2¥}

f-' (x ) = ¥-3
Domain of f : ✗ =/2 or for , 2)V12 ,A)
= Range off

-1

Domain of f-
'

: ✗ =/3 Or to , 3) V13 /b)
= Range off

faith) = fxth)2t3h+h
= ✗42×-5-3×+31"

be careful to place
parenthesis

f) = *+ Zxhth 2-13×1+3h -11-1*-13×1#
h

= 2✗hthh = /hl2✗t_# = zxth-13



2. The function f(x) = 2x2 � 12x+ 14 represents the number of mosqutios (in thousands) that

are flying about in Texas in June where x is the number of days past May 31.

(a) (4 pts) In context to this problem, what does the point (5,4) mean?

(b) Write f(x) in vertex form.

(c) (2 pts) What is the smallest number of mosquitos in June flying about Texas?

←output

↑

Input = # Of days past may 31 input

Output = # of mosquitos in 1000s

→ On June 5 there are 4000 mosquitos flying about in Texas

COMPLETING THE SQUARE

f- (x) = 2×2-12×+14 axztbxtc

= a [✗
' + tax ] -1C= 2 (x2 - 6×7+14

= 2 / (x -3)2-32] -114 = a-[( ✗ tb-a-lb-aH.to
= 211×-372-9] -114
= 21×-372-181-14
= 21×-372-4

Vertex 13 , -4)
but we cannot have negative # of mosquitos
⇒zeromosquitos



3. (a) (12 points) Let f(x) = �1 + 2 cos(2x).

i. (2 pt) Find the y-intercept of f .

ii. (4 pts) Find all x-intercepts of f on [0, 2⇡].

iii. (6 pts) Graph one period of f . Clearly label the points at the beginning and end of

the period, and label all intercepts. Clearly indicate the range of f .

ncosx

.it#:::tO-.x--o---f(o)=-7t2WSfi0)---lt2WS1o)=
-1+24)

✗ = I

g-int . 6,1 )

y=O 0=-11-26512×1

1=200512×7

3- = 6512×7

cos
- '

(E) =2×
Coslottz

↑ ¥ =2X

?
✗ = ¥ . solving trig

_
equations _

f-(x) -_ 200512×1-1

period __ 2¥
= 2¥
= -11

"

it

-3
-

i

epenod .



(Free-response problem 4, continued)

(b) (6 pts) Sketch the graph of g(x) = 2 log3(x+3) below, not by merely plotting points, but
instead by applying transformations to the graph of y = log3(x).

Clearly label all asymptotes and the x and y intercepts.

I

1

'
2

I

÷
1

,

-2

:
i
✗ =-3

g- intercept :X -0 ✗ - intercept :y -0--721%1×+31=0
961--2109313)

30=41-3
= 211 )
=2 1=111-3

10,2) ✗ = -2

[ -2,01



4. (7 pts) On the same set of axes, sketch the graphs of f(x) = x, g(x) = ex, h(x) = x2
and

k(x) = log x

gcxl =e×f(×) -_ ✗h(✗/ = ✗
2

kcx ) = log ×

. . . . ,

i
✗=D _ - i

l

i
✗ =D



MATH-UA 009: Algebra and Calculus

Final Exam

Wednesday, December 20, 2017

Name:

This exam is scheduled for 110 minutes, to be done individually, without calculators, notes,

textbooks, and other outside materials. You can detach the last sheet for scratch work; do

not detach any other sheets from this exam.

Show all work to receive full credit, except in multiple choice probelms.

Mark an “X” next to your lecture section
X Section Instructor Lecture Time & Location

001 Ruojun Huang MW, 9:30-10:45AM, GCASL C95

006 Mutiara Sondjaja TTh, 12:30-1:45PM, 5WP 101
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sistance during this examination.

Signature:

Problem Points

MC /36

FR 1 /10

FR 2 /14

FR 3 /10

FR 4 /10

Total /80



Math-UA.009.A

Multiple Choice

(2 points each) Please clearly write your answer in the box next to the question.

You need not explain your answer. No partial credit will be given.

1. Find the equation of a line passing through point (7, 7) and perpendicular to the line

7x+ 3y = �1.

(A) y =
3
7x+ 7

(B) y =
7
3x+ 7

(C) y =
3
7x+ 4

(D) y = �7
3x+ 4

(E) None of the above

Problem 1

2. Solve the inequality for x
|3x+ 2| < 4

(A) [�2, 23 ]

(B) x = �2, x =
2
3

(C) (�1,�2) [ (
2
3 ,1)

(D) (�2, 23)

(E) None of the above

Problem 2

2

7×+39=-1
3y= -7×-1

0 y= - 7-3×-1-3
m = -7g , the perpendicular time

will have slope 3-7 .
(7-17) ⇒ Y - 7=25-1×-7 )with

slope } 9=3-7×-31-7
y = 3-7×-14

3×1-2<4 (3×+2)>-4
0 311<2

3×7-6
✗ < 2-3 × > -2

¥-9T
- 2 }



Math-UA.009.A

3. Which of the following is true about the rational function

q(x) =
2x3

+ 2x

x2 � 1
?

(A) The graph of q(x) has vertical asymptotes at x = 1, x = �1 and no horizontal

asymptote.

(B) The graph of q(x) has one vertical asymptote given by x = �1 and no horizontal

asymptote.

(C) The graph of q(x) has vertical asymptotes at x = 1, x = �1 and horizontal

asymptotes given by y = 2 and y = �2.

(D) The graph of q(x) has vertical asymptotes at x = 1, x = �1 and a horizontal

asymptote given by y = 2.

(E) None of the above

Problem 3

4. Solve for x.
e2x � ex � 6 = 0

(A) x =
6

e2+1

(B) x = ln(3)

(C) x = ln(3), ln(�2)

(D) x = log2(3), log2(�2)

(E) None of the above

Problem 4

3

=
= 2×1×41
1×-111×+1)

0

b-→ v2 - v - 6=0

let v=e× A -12)(v - 3)=D0
V2 = @

2X

V = -2 ✓=3

e2 e'
ⁿi /✗ =o

-
-
-# L

✗ = In (3)
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5. Find cos
�1
(cos(

7⇡
6 ))

(A)
7⇡

6

(B)
5⇡

6

(C)
⇡

6

(D)
cos(

7⇡
6 )

cos(1)

(E) None of the above

Problem 5

6. Simplify the following expression using trigonometric identities:

1 + sin(x)

cos(x)
+

cos(x)

1 + sin(x)
.

(A)
1 + 2 sin(x) cos(x)

cos(x)(1 + sin(x))

(B) 2 cos(x)

(C)
2

cos(x)

(D) 2 tan(x)

(E) None of the above

Problem 6

4

=y
⇒ Cosey)

-
_ cos/7¥)

Range of lost is [0,1-1] so y should be info , -11]

0
reference

angle¥
= % 0=7 so actually

IT - ¥ = 5¥

= "

.in?;:si;:!+n:Yax=1t2sinxtsin2xtcos=2X
Cos ✗ (ltsinx)0

= 1t2sin
cos ✗ (Hsin ×)

=2t2Sih
cosxcltsinx)

= 2Gtsi

wsxclts.in/x)--
÷,
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7. Let f(x) =
1p
x
and g(x) = ln(x� 1). Find the domain of f � g.

(A) [0,1)

(B) (1,1)

(C) [2,1)

(D) (2,1)

(E) None of the above

Problem 7

8. Which of the following is the solution of the inequality

2x2 � 5x+ 2 < 0 ?

(A) (1, 1.5)

(B) (0.5, 2)

(C) (�1, 0.5) [ (2,1)

(D) (�1, 1) [ (1.5,1)

(E) None of the above

Problem 8

9. Which of the following is the inverse function of

f(x) = 2
x � 1 ?.

(A) g(x) = log2(1 + x)

(B) g(x) = log2(1� x)

(C) g(x) = log2(x) + 1

(D) g(x) = ex+1

(E) None of the above

Problem 9

5

0

flglxl) = f( In 1×-1 ))
=⇒ Domain of lncx -1 )

is

Under the radical we must have
> 0

0

2×2 -5×1-2 = (2x - 1)(x - 2) <0

↑÷
0

y= 2×-1

91-1=2
"

109214+1)=X

f-
'1×7=10921×1-1)
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10. Simplify the following expressions using trigonometric identities.

f(x) = �3 sin(⇡ + x).

(A) f(x) = 3 cos(x)

(B) f(x) = 3 sin(x)

(C) f(x) = �3 sin(x)

(D) f(x) = �3 cos(x)

(E) None of the above

Problem 10

11. Which one of the following functions does NOT go to 1 as x ! 1 ?

(A) f(x) = 10 + log2(x)

(B) f(x) = x3
+ x2

(C) f(x) = xex

(D) f(x) =
x+ 1

x� 1

(E) None of the above

Problem 11

12. Which of the following is a factor of the polynomial

P (x) = x4
+ 3x3 � 2x2 � 8x� 4 ?

Hint: Use the remainder theorem or long division.

(A) x+ 1

(B) x� 1

(C) x� 2

(D) x2 � 4

(E) None of the above

Problem 12

6

-35in ×
0

ii-
- 3 - - .

→ as
=

= I -1¥,→ as
→ as

I

- - -
I

,

- - y -4

I

6=1

0 is Pfi)=0 ? =C×-271×+2) are both PG)=0
is PG)=0 ? & PC-27--0 ?
is Plz) -0 ?

Pfi)= (-114+31-1)>-21-12-81-1 ) -4
= I - 3-2-18 -4

= 0
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13. Which of the following is equal to

✓
8a�3b2

a6b�1

◆1/3

?

(A)
a3

2b

(B)
2b

a3

(C)
a9

8b

(D)
2b1/3

a
(E) None of the above

Problem 13

14. Rationalize the numerator of the following expression:

1 +
p
x

2
.

(A)
1 + x

2(1�
p
x)

(B)
1� x

2(1 +
p
x)

(C)
1� x

2(1�
p
x)

(D)
1 + x

2(1 +
p
x)

(E) None of the above

Problem 14

7

0

I:÷¥1"=•"a%?;¥
b#= nifbm =

T.a.aj.li?aa?-=am-n--2#I3--2b-a.
0

difference of

"¥ .
= a 1 two snares

(a-b)Catty = a2-b2

= "¥¥→
= 'zrx )
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15. Below is the graph of a function f(x).

Find the average rate of change of f(x)
from x = �1 to x = 3.

(A) 2

(B) �0.5

(C) 1

(D) 0.5

(E) None of the above

x

y

�4 �3 �2 �1 0 1 2 3 4

�4

�3

�2

�1

0

1

2

3

4

f(x)

Problem 15

16. The graphs of the functions f(x) and g(x) are given below. Using the graph, solve the

inequality

f(x) � g(x).

(A) [�4, 4]

(B) (�1,�4] [ [4,1)

(C) [�4, 0] [ [4,1)

(D) (1,�4] [ [0, 4]

(E) None of the above

x

y

�6 �5 �4 �3 �2 �1 0 1 2 3 4 5 6

�6

�5

�4

�3

�2

�1

0

1

2

3

4

5

6

f(x)

g(x)

Problem 16

8

£-1 , 3)

•(3,1)

0

fB} = 5¥ =
-¥ = -±

!
,

/%
//
1
,,
,
,

i
0

i.%
,

- 4 ≤ ✗ ≤0

or × ≥ 4
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17. Given the table below, determine (g � f)(2).

x f(x) g(x)

0 2 3

1 1 5

2 3 1

3 4 0

4 1 3

5 0 4

(A) 0

(B) 1

(C) 3

(D) 4

(E) 5

Problem 17

18. Which of the following is the graph of the function f(x) = � ln(x+ 2) ?

(A)

x

y

�4 �3 �2 �1 0 1 2 3 4

�4

�3

�2

�1

0

1

2

3

4

f(x)

(B)

x

y

�4 �3 �2 �1 0 1 2 3 4

�4

�3

�2

�1

0

1

2

3

4

f(x)

(C)

x

y

�4 �3 �2 �1 0 1 2 3 4

�4

�3

�2

�1

0

1

2

3

4

f(x)

(D)

x

y

�4 �3 �2 �1 0 1 2 3 4

�4

�3

�2

�1

0

1

2

3

4

f(x)

(E) None of the above

Problem 18

9

gcflzl)=g(3)
0

= o

reflection about the x-axis

shift to the left by 2
h

i

✗ =D

0

! - In /×)

÷
:

i
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Free Response

Please show all work and justification.

1. (10 points) Suppose that tan(✓) =
1

3
and ✓ is an angle in Quadrant III. Find cos(✓)

and sin(✓). Show all work.

10

tanto __§ r
I v2 = 12+32--11-9=10

coso=a¥p=É of [
r=Fo

but we have -10 3
I I

adjust the sign given s A

we are in Quadrant#

%:#
a

⇒ wso= -% I

here cos
& sin are

Sino -_¥fp=¥◦ both negative

but we have to

adjust the sign given
we are in Quadrant#

⇒ Sino -_ - tr



Math-UA.009.A

2. (14 points) Suppose that f(x) = 7� 6x� x2
.

(a) (3 points) Find the x and y intercepts of f . Show all work.

(b) (5 points) Express f in standard form. (That is, in the form f(x) = a(x�h)2+k.)
Show all work.

11

✗- int . when y =D : 0=7-6 ✗- ✗
2

= - (✗2+6×-7)
= - (✗ +7)(x - 1)

⇒ ✗ = -7 , I

Thus ✗- intercepts are

y-int . when ✗ =D ⇒ fco) it 1-7-10) and 11,0)

Thus the y- intercept is 10,7)

f- (x) = 7 - 6 ✗- ✗
2

=
- ✗2-6×1-7

= -1×2+6×1 -17
= - [1×-135-5] -17

= - (✗+3)2-19-17

= - 1×+312-116
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(c) (2 points) Based on your solution in part (b): (1) find the x and y coordinates of

the vertex of f and (2) determine whether the vertex corresponds to the maximum

or minimum value of f . Give a brief, 1 sentence, justification.

(d) (4 points) Sketch a graph of f . Clearly label the graph.

12

(1) Vertex : ( -3,16)

(2) Max since the leading coefficient is negative

fix ↑
i - - - - 16

I

1
a- 7

I
1 I

- 7 -3 0 I >×
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3. (10 points) Solve the following equation. Show all work.

log9(x+ 2)� log9(x) = 0.5� log9(x� 2)

13

G)

10991×+4 -10991×7+109,1×-4=0.5

log
, (1×+2)*-4-1=0.5
109g 1×2×-4-1=0.5

Recall

logof)=b
⇔ ab ⇒

90.5 =F
90.5--942=59

ra =

3 = ×2
3✗ = ✗2- 4

✗
2
- 3×-4=0

( x -411×+17=0

✗ = 4 ¥-1
rejected . Since if we try to
substitute into the original
equation A) we have

109g (t ) which isnt possible
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4. Note: The two parts below are independent of one another.

(a) (6 points) Consider the piecewise defined function

f(x) =

8
>><

>>:

x

x� 1
if x > 1,

x+ 1 if x  1.

Sketch the graph of f(x). Clearly label your graph (including important features

such as intercepts and asymptotes) and show all work/reasoning.

(b) (4 points) Find the inverse of the function g(x) =
x

x� 1
. Show all work.

14

→F-_ It¥ ,

ya .

÷
- -

-
- - - -•

'

_ . _ _ . . y =/

i.
' - '

;
i

- i °
,

> ×

y = ¥, ⇒ ylx -1) =x

✗y
-y
-

_ ×

✗ y - ✗=y

✗ ly -1) =y ⇒ ✗ =# ⇒ g-
'

G) = ¥,



3¥ ¥8:

Thanks for a wonderful semester


