Limits

Sunday, July 12, 2020 10:56 PM

It 4o timits and continuity

A fundion is continugus on aninteval if % graph has mo yumps
or holes in that intexval.
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Theorem 1.2: Properties of Limits

Assuming all the limits on the right-hand side exist:
1.

2.

3.

If b is a constant, then lim (b f(x)) = b (lim f(x)>.
lim (f () + () = lim £(x) + lim g(x).

lim (£(0)g00) = (lim 7)) (1im gx) ).

foo  Jim e

X—=C

)lc_{rg g(x) 11m et provided )1(1_r)r(1: g(x) #0.
—C

For any constant k,limk = k.
X—=C

limx = c.
X—C

1. 19 points] The graphs of the functions f(z) and g(z) are shown below.
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Note that the graph of f(z) is linear for z < —2 and = > 2, and g(z) is linear on -3 <z < 1 é(
and 1 <z < 3.
For each of the following parts, find the given limit. If any of the quantities do not exist
(including the case of limits that diverge to oo or —oc), write DNE. If the limit cannot be
found based on the information given, write NOT ENOUGH INFO. You do not need to show L
any work. S~—
a. [2 points|] Find lim f(z). }
z——1
z——1
L
r
- - )
b. [2 points] Find lim 2(f(t) - 3). 4 '{'Aﬂ\ a (€4 -3 L f
o
: o =Y
Jlim 2(7(6)-3) = = tim 2f) -¢ \.
c. [2 points| Find lim f(z)g(z). ' D NE _ ¢
lim f(z)g(z) = = 2(5)-6 -
= 4
d. [2 points| Find Ili)ngo fle ™). . -X +
fm € " =o¢
\ f\’ ./\ zll{%of(e )=
g VT X = x £ (x)
- ~
e. [2 points] Find lim g~ '(z). hm ‘c (e ) ,’4"\
z—27F \"} X .-sw
AT lim ¢~ (z) =
z—2+

)]

. . f(B3+h)— f(3)
f. [2 points| Find ilzl—r{:) —

(
i L8R —£(3) _ /2L

£(3) e

2. [12 points]
Let f be the piecewise linear function The table below gives several values of a differen-
with graph shown below. tiable function g and its derivative g'.

Assume that both g(z) and g¢’(z) are invertible.

z | 2 [-1] o 2] 5
g@) | 2|11 | 5[ 1| -3 | [e—

g) || -12 | -8 |4 | -2 | —04

You are not required to show your work on this
problem. However, limited partial credit may be
awarded based on work shown.

For each of parts a.-f. below, find the value of the
given quantity. If there is not enough information
provided to find the value, write “NOT ENOUGH
INFO”. If the value does not exist, write “DOES

| -3 — NOT EXIST”.
a. [2 points] Let j(z) = €9®). Find j/(2). /‘(‘)d) e ’()\')
)= A g @g'(2)
Answer: - 2/3 J
b. (2 points] Let k(z) = f(z)f(z +2). Find £'(-1). (._i)

K G £ DatCete) + FOR R, /() = FC-!)H()H:@)# oy = -?—/e
= "3+ 2 (-
2 _ 2 X £e142) =fp

Answer:
c. [2 points] Let h(z) = 3f(z) + g(z). Find h'(-2).

h'(xn = 346G +9100 -2
WM(-D= 342 +9. (2 ONE
d. [2 points] Find (g71)(2). 6\
\Qv
A" N net enough ko

! /
n 0= q (£(9(2))
e. [2 points] Let m(z) = g(f (g(m)\/Find m'(2). 8 P 9

: £ Ca(x)) -9 (¥)
m'(2) = g ({1(3(13 Py 90 . 9(x) -9
Answer: "n()"' @n@mq [ MO
f@)

f. [2 points| Let 4(z) = (2 ) Find £'(-1).

Juotiert wle

Answer: (k’ Q - “n




Integration

Tuesday, July 14, 2020 10:42 AM

During last doss we saW umits ond differentiodion. This time we wi ll toves
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Areas and Volumes

Friday, July 17, 2020 9:29 AM

Pvr!fm betneen ownes
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Partial fractions

Wednesday, July 15, 2020 6:41 PM

The integrand of qome rational  fundions
Mt partial frackons.

¢eq Rnd(C_L — 4
) S (x-3)x~D) XJ

-

Uvite - ()OQ )ﬁ--. xf:3 ,,__%,:} where A ond B ore onhstants o be found.
—> (x~3)(x—4 B -

= A=+ B(x-I)
T (%-3)( x-) e—

Get jdentity |\ = Aex-3) +B(x~3) *

—_—)

an be obtained by spliting the integrand

Two ways:
@® Eiminate G ond solve for &

[ ek x=3 = 1=AGB-Y D = -4k =>

Eliminode A and solvefol B :

ek x==2 o 1= B(7-)) = \"“45==?@

0% Equale weffidents @)

| =(&+B)x - A -3
C‘O")St] [ = — 3FA ’335
X: 0= A8

I’s
[= - 3C-0)-%3B = 48 = @
ER
A X

J oo = (L e )

X~ 3 X ~F

In (A1 = LB =ln)A
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.-,\ 2

|l

)

5 {/.. S B L)o\;ﬂ = -2Qﬂlx~\)+(x—lf‘Tan\X—Z‘ +C
= al]\(X’z‘+J/+C
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/‘\
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Parametric equations
Saturday, July 18, 2020 11:00 PM

So far you have described awvves by gVing §y o8 o funchim of x [ =£(%)) ox by
imp\iuﬂj ale-ﬁm’ng 3 ss o fundion of X H-‘(Kr}l)zo)-

Some wres arebest handled When xancfy are both 9rven ih derms of o i
varidble + (we call His the parameter)
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6<am@6

ks o gortide moyes nthe =xy-plane with x= At ~qt* tat and j=3t*——$6t3+12+3'
where + 5 Hme, Gndt
(0) Ay whak times i5 dhe parhicle stopped

(b) At what HmES s the paY'Hde, mm/lrg w bo the x-~ or ymis
(o) “Te Speed of the partrde at Hime ¢

S—

500 and %—;o for particle 4o be stopyed.

- > -8 F ¥1A= + -2
w= ap-arttlat D 4% = 6t ~WE¥IR=6(v-DE )

= Bb4 At HEL o Ly - |2t 4%t 130t
v
dos =0 2 =3, 'b:@

— 4t

stoped at §=|
N;%bﬂt -0 © ¥ @ :)

Solution - (q‘) Both ops

2 (ar(F - 4t +3)
=12 (% “3)(17‘\_)

4% =0
I & 2 0 when t =a, |
(b) "%&x %t =0 Wwhen l‘=O;X; 3

feutide is pavalic] fothe x-oxds € %’3[{_.::0 ond dx 20 o when [(£=0,9

. a¢
barticle 15 paralic) 4o the 3’0"‘9 i i@'to and %9(0 s when '@

(O e = (oz\ﬁ-)h“(%t)b - | (et 8 ti2)* + (126>~ 48t 368)"

”1&,—/

Slope & conwowity of parametric Cuwef

Store oM chain vule is ahen by dy . Aﬂ/d’r
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y= hO<) ond x=$18) , 3:3[1}

. Al &
dy. dydx Ay Gt
I Ak 4p

—

It

Cnnca,viﬁl ( you need the 2" denyahine, 0%1)
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4w\ dw _ (dw/db
, Aren /4% _dx\dx)fcm

: ? dx% x/dt
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dx
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Conaany - %3» ‘J\g’(%x
L



Polar coordinates

Tuesday, July 21, 2020 9:11 PM

Polar wordinefes are an attemative  way of descioivg o point P iy o tww -dimensional space.

You need 4wy measuve ments o descike the posttion pf shis pownt .
@) e distante €rom e pole (usually fve origin 0), r
b) e angle wmeaswed anticlockiice from Hhe mitial line (usv ally e x-oxis), &

J \\ _ P(x;ﬁ or (v9)
|

e

X

<4 )y

(4s

To convert between (Gavtesien covdinades and polay woydinades,

X =vosD ; = x24 yl

H: vsin® & =arctan E’{)

o9 Find te polar cooydinades of she pott  (x,y) = (5, -2

| = (1255 =13
I ) ,51-‘——9-
\Q.‘\\[L 2 9’.“. - a_;d;a)’)(%> = ~]_ |'#6
) (r.®) = (3, -—l.l‘)G),

eq. Find the Guresian comds ot (r8) > (10, )

A= reps€ = (O(:os(‘%r-) =-5
y= mind = josin(%) ~-si3
(x)9)= (-5, ~5%)

Fotar equations of w are uswally given by r=fi6). for example
Y= (+2W0S6 v=3, y=23Nn8, etc.

eq Find the Griesion oquodiom o =210526 e idenbly s 8= 200528 -/

Y= A+00§ 28
Y= 24+ 20579 ) e g:_ m' anS&
Y = [+ 200519 and V:z__xztgz
Mutply both sides by T
3 2
" = rq, 4+ ar COSle
/! T —* we x=rax®
Y X
sz—ky” 2 )QLW'L
(xzﬁy')«)g/} = )(L"’i}‘l' '&XL
[ (s )Y2o 3xtt -
( Ot g
Olketching  polar wves
Standard wrves: ;1

. rea. 50 drde of yadius a centered at fhe ovigin %\1)(
* Goox (5 a holf-le +hmu\9h 0 and thot nr)cutesgct%/r‘)P -a
zuxgle x W Jhe x-axs eg. 9;3‘,1} \\

\

®:=0

e N = Qﬁ . Th("g IS O C‘)i?&’ Q‘WY‘HO? be O \

=0
6=27

Note

PR 4

Jou can seld e by drawing yp o table Of volues op r v partilar values o B
[ ommoN 40 use Values of & that result in postiive 1.

€9 Sketh v =(1400s9) 6o | 72 [w|3%2]|2n
®/2 ,rlzq'alo‘ q'm
620
'“' V4
I\ Carol(Old.
3N
2
.lam@
b) Y= o8in 3¢ Oée"c‘%) .?:g—é &<, 4’§£95%ﬂ %‘Ve positive r
- gymmehic
€) ¥z q2
= Q- sd B 0 <2 04T BJuw,.pc B9
s “1 Spebs

Area  endosed by polar cure

The omo of o dw bounded by o golor awve and the  hage-thes 8=t ond
6—:'2) ,fdﬂffa G (s in radfahs, |'§ %ﬂl@) b\y

- P > P 2 S
[ e bf, o L[l e] (i
Y = 4(6),

29 fid e oo endo®d ?ﬂ V= o(i4 a6 §)

ke = 2[_\. 5 T Cacth cm@))?'d&)

2 Jg

Tangents  of polay  (uves .

|£ You are glue o UVE v =€) fhen You len USE

xo Yos® = £00)ws®
y= rshé = €0) 3in®

éﬂ _ 44 /46

K A

Posamelric egns:

When ggbo, the, tagerk 4o the Gune i hointa)
When i,%;_;o - the fangent 4o the Qwwe 5 wertial

Deriving the ot in plar  wordinat€s

”‘““’SSE g

cirde-

Ared of cector & -[Q: 00
‘;t(%;zws@)"@

dren of the whole ®°gion 1S
S L (3+aush)> A
As n—>0 g DGO

bYA|

40 Ara = S 35(33;-51(,059)246
©




More on polar coordinates

Thursday, July 23, 2020 3:18 PM
frc tength in polar coordinaies

We @n mladate the aTiength o the tre T =F6) by exprssing « and y in tems
o § 05 o pavamcier

X=r0S® = £(Q)0sO
Y= rsind = £(8)sin8

and wing the formuwa foy ardength  in parametric eqUa Fioms

= [ V&) +(ty) 4

éxampb Find +he ardenyH‘ o€ ome peral of e “poe" turve [ﬁr-‘: 3Sin B_QJ
fov pegcl T=12 — —

X = roos B= 3sfnab cosb 9 =0
\ = rsin® = 3sin2HSING
ox = ! L /2 2 stn 26stNG )~ + ( 6COS SING + 3%1N
g 0 \/[gg) ) de SL Fgcosaecos&.?ﬂms?s )*+(

_2% s  { (0Sa0c0s® — 3sinabsing
d

fg = b 0s230SINB 4+ 3sin VC0sH

The oaladations  can be gmelified  {f we vs€ thstea d

/

B & 2
ardength = Sd f(*'(e)) e df

Praad- X= Tose = £i6) (o6
Y= vr&Iné= {oxinb

d% - L7o)es® — fe)she  wing pryoluch nuc

a9
_‘%H _ Lr)eineH £70)cost
49

wwterghh= [ j’c%)‘wéa) 49
@“9291 ) (’CIW)COSG @’9)5‘”'9) 7“(7“ [9)9?)&4@(&)@559

(4! ) (0s*® — af O£ (6¥e8 G + (L))’ sin*f
+  (£'19))%in*6 + 2F B LFYSINGWSH+ (£r5)) cos’e
f're)) sin

using  00s“8 +6in?0 =]
e 2
= (B'0)cosrg 4sim6) + (Y (os28 150’8

)

-
(! (

= F'OY+ cropr

Math 116 / Exam 2 (March 20, 2017) DO NOT WRITE YOUR NAME ON THIS EXAM page 3

2. [12 points] Chancelor was doodling in his coloring book one Sunday afternoon when he drew

an infinity symbol, or lemniscate. The picture he drew is the polar curve % = 16 cos(26), €X am )Q
which is shown on the axes below. (The axes are measured in inches.) P

r? = 16 cos(26)

a. [4 points| Chancelor decides to color the inside of the lemniscate red. Write, but do not
evaluate, an expression involving one or more integrals that gives the total area, in 1
=0 = af-=

scxareezciles, 'thatahe he;s to fill in with red. ’Y'L - (é COS N0 =0 ,._.9 cOS Qe =0
ea = ;I-o( v2d0 < T/g

el = 4_[%—5'“/4— € 005 39d9> SqUO.,V‘Q_,[Y\CM@Z

b. [4 points] He decides he wants to outline the right half (the portion to the right of the
y-axis) of the lemniscate in blue. Write, but do not evaluate, an expression involving
one or more integrals that gives the total length, in inches, of the outline he must draw

in blue. U—'—hg( vse gymmewy 0)

ardength = S \f(F(G))ZJr(—f (8> dg ’6' Sﬂ \[ léwsa9+( Aon 26 ide
' -4 \r_‘(ETTQ)

§(6)= \lfewsze —§ v LA
\ 20 ‘
l’rd./f.__ ‘9("29ih26) / / [6 cos inches

d6 — .
c. [4 points] Chancelor draws another picture of the same lemniscate, but this time also P 4— S\Vﬂ@
draws a picture of the circle r = 2\/5. He would like to color the area that is inside the \[h_~
lemniscate but outside the circle purple. Write, but do not evaluate, an expression C,OS 2 9
involving one or more integrals that gives the total area, in square inches, that he must
fill in with purple.
| 0 S ' (6
bw0s 28 = (2fz) intercechion .
| d9) Squore inches.
160529 =8 z(s_ o (160828 — 8) dB) 1
_ —/6
s 26 = 1
R
I (B 1 }
20: T ¥ 3 &="¢g'¢ byaw“mefy



Intro to differential equations

Thursday, July 23, 2020 3:21 PM

A differential equation 5 an equation  that stotes how 4 role 0f change (o tdiHerentia)")
(h one vaxi able ¢ related  Jp the other varfables.

ed The amount of shwich in fhe oipg (8 dircHy related +o the position vf o parkide, x.
We an Wi this 08 & diffenyial equakion for the velodfy
= —kx Neokee's law _"k
o
RGN
8. Suppse we o inereSed  in how fast an emphyee @ ms o hew fou
One theowy  claims that the More the employee alveady knows of fhe Fask,
the slower hejche learns, |n other wods, i g7 {cthe pertentage o the

fas  that the employee has already mastersd and ﬁﬂ_,-e'rhe a}e ab

which the omployee |earns 4hen %\?— decredSes o y intreases

ERr

6 formwa  {oy the solotioy

let's suppose 3:)00—(—(',@"(7 ‘e o sobin . How do you check that ?

a. [4 points| December is a busy time for cookie bakers and cookie eaters. Suppose that
there is so much baking going on that cookies are added to the cookie supply of Ann
Arbor at a rate of 10 pounds per minute. At the same time, 2% of the cookies are eaten

every minute. Write a differential equation for the number of pounds C' of cookies in

Ann Arbor at time ¢, in minutes. e
pounds of conleies PET MINUTE.

Founcls of coolres JdC 3 __/—\
eer minute T 10~0.02C
F g
Foxmds of

Coo lies per minute

Example Wild rebbits wee intduced o Australia N 18A. The behavior ¢ he
ribbort population P iy Australic ot atime ¥ years affer (859 wog
nodeled oy fhe  diferantial  gquation

P'c pre & dP _pyet
4t

O for what value of B 6
Pz Bejt{-Bept

L olution to the differentiol oquetion®

5) LS = C%p-: 3e v —Be Y
~T
RHS =@re " = feV = 3¢t +Be

et g
Sine it's o solution, We mst have s =RHS
t
Be'\? —_ Be“t = 361: "l{B‘H)@
v v

Compad g ceefficients



Slope fields

Saturday, July 25, 2020 1:29 PM

S”Opc fiedds  hep ws viewalize differential equahms. |et's take for example

&

dx =J-

This fmplies that any <olutiom to thes ditferenhal  egn has she propedy ot Hhe
spe  af any point s the Y-wordinate of that point,

Q/l/c"’f’e" Note slope is cntant om o wrizontad lie whene

—— ylswnctmt.
/ Slope Held - WAy
AV GV YA
¥/'/'/ ~ - s
NN Y R ENE N refleckion
NNV N Ly \ O\

The hrgher the y-value v yso then
the steeper the slope field [me ¢

How does it behave ¢ dy - ?

gl
.t '
1 AN S» < ; of you et he slope frelds they shoutd
\ t r=7 Ve you & parabolo
\ N\ s 7 —>
\\iﬁ/ j Qﬂdﬁ—jxdx

0. = xz- arabolus.
%ﬁv J = +C ¢

S T T <~ ~ X7OJ dy <0
~ ~ < hig% A X
~
// ~ \x’
// | "\
f —— J'——(“: —_—t\ | Y }
N
O X 20
NoT o | >0
<0 [X<O \ J Ox
3<O

Solvtion  wirves x”’-\-g" =C rwhere C i o wonstant,

Chedz wsing  mpliait  differentiatiny: &X*'zy%c =0
dy = - g
dX Ay



Separation of variables

Saturday, July 25, 2020 1:29 PM

Consider 4he came exawple .i‘ﬂ = —2&.
d x J

Mow do yu obtasn  that Rryr=C s fhe Solttion

The wethed of sepavalion of yaviables wons by putting @l Fhe x-valwes on we side
of the QquuH(m ond ad he y~values on the Qther

s Soporle e w5 Wb e

y dﬂ = —K &)C
Swa  Integrote eah side  seporatdly NS
- S_,xdx I you oy¢ qiven 0N initiol conditiov) of
5 HW - the form 3[}\\:& You o use 1t
o= - X?,—t c Yo find the Congtont of integration.
2 z

'32— - ’—XZ"" ac Le/',' ‘L':&C

Xty =k e— drdes.

Note  f- differentid  equation i colled  gepormble. it ik conbe wrilten ' the form

% = FRq¢
dX 8 J)
1. Determine which of the following differential equations
are separable. Do not solve the equations. Y=yes ,N =ho §ﬁ =Xy L‘l_" - Inlx \Q
@ y=y Y b) y=x+y N x eled
© y=xy X @ ¥ =sin(x+y) N dy Vdx _ 5
= X+
e y-xy=0 X ® yV=y/x Y ¥ J J
@ Y=Ihkxy N (O )y =(Ginx(cosy Y dy _y = x
(i) y = (sin x)(cos@/\] G Yy =x/y X y
k) ¥ =2x O ¥ =&+0/(xc+2y) dy ~ythe = xlx
-

Ex ample

B +2P 3% - 3500

28 d&. = QSOO _®’L

R(0) =0

dt
@ = WOB . divide B &gg%,o_é:g?
at 29
\/ 2B dB - |
2500-p¢ Ob
_2B__dB vjdf
5500 -B"

FU\YHCU fract or)s 31 Q—SWS":



Equilibrium solutions and their stability

Tuesday, July 28, 2020 8:56 PM

An equilibiium  sowhon js wnstmt foc all values o he independent varable.
(The graph i o homzontal (ne).

% un\‘lf'ortum Soly¥ions are 'gw"d U"{‘? (%H( =0 ond coluéng for \1.+

Stabi lity

An  eqm sol* Js wble ¢f o cmal hapge in the fnitiad conditions gives & solobom
+hat dends fowards 1he auilibrym as fhe rdependent  yorioble qoes to oo,

An eqm o ic wstable ¢ a cmall dhapge  in the fitial conditions gives o solpHam
+hot  fends anay from the  ayeilibrtvm as fhe independent  yvoxtable goes to oo

[11 points|] The graph of G(y) is shown below. Suppose that G’(y) = g(y). Consider the

differential equation % = g(y).
2 ) denvolive =0
' qu s0]” C_lj =0
Y H dt
i vl l\i/ | 4~ y-axis en  gsolve for y
5% 91 <0
Note again that % = ¢g(y) and the given graph depicts G(y) not g(y). G_ ’(y ) = 3(8)

a. [6 points] The differential equation has 3 equilibrium solutions. Find the 3 solutions and
indicate whether they are stable or unstable by circling the correct answer. Gxa_m_ﬂlg

Equilibrium solution 1: -% Stable -
unstable  cjable ynstable
Equilibrium solution 2: 0 Unstable "6—\—9—(-—6[_9_,
-2 9]
Equilibrium solution 3: L Stable 2

b. [2 points] Circle the graph that could be the slope field of the above differential equation.

Yy Yy Yy
lllllllll%/ I T T T T I O
Frrrriririi | | T T O W O O R O

\\=//17+-\\\—1|
{\=//17=\\\=—]|
3:2_ ———————————————————————— \\=/7 1717+ \\\—1]|
YALLLL R LA W 1111111711 171711 \\=/ /1 7+=\\\—1] 1
VALV LVVER Vv vy 1111111 11101711 \\=//17-=\\\—1]|
VAL VA 1711174711777 \\=//17=\\\—=]|

z0 X t t A=A NNN—
3 11771177 ¢41117171717 YAV VLAVY VALV \\=/7 717+ \\\—1]1
I11 111111101711 AR R R R RN \\=/7/17+-\\\—1]|
111111111 17117111 VALV LV VLV VLY \\=//17-=\\\—1]|
T R ettt Pt et \\=/7/17-=\\\—1]1
9 RN IR I rrrrinii \\=/ 717+ \\\—1]1
T I | |1 Frrrrrrrrnrnnl \\=/7 717+ \\\—1]|

X

@ v 11

c. [3 points] Suppose y1(t), y2(t) and y3(t) are all solutions of the differential equation with

different initial conditions as indicated below: y ( +)
e y1(t) solves the differential equation with initial condition y(0) = —2.
e 15(t) solves the differential equation with initial condition y(0) = 1.5. '3 (O) =-2
e y3(t) solves the differential equation with initial condition y(0) = —2.1.

At t=0 y=-2

Compute the following limits:
lim y(t) = -a lim yo(t) = O lim y3(t) = -8
t—00 t—o0 t—o00

o J
&amg?e q) (bnsider o difterential  equation
i—?{ = (K—J)@j“Z)
What gre the equilibium o wtiond [=2)

Py U  inqualikes f0 dextnbe the regions h e gope field where The
Solvhian WNES qpy inuwsing.

-2>0 ) <x 0nd y? 2.
%}70 x>0 and y |

oR  x-4<0 ond y-2<0 T

—



Vectors and vector functions
Friday, July 31, 2020 9:00 AM

The term vedov s vsed 40 desaibe @ :,van‘u'{y th af has borh magm'tude and

diredion .
/ the direded line segment IS the vedor
A vV - R
. C
./ —_ — —5
A\ / AC = AB+8C
B
_ from  parallelogram raw
Y‘OU wn  swhtracf veckoys. -{)l U \ 7
P S o
N \j‘:”-— g v+rr+\7 ]

W

Vecov ~valued fundion [¥'s o funchon whose domain is o get of rea] humbers and Whee mnge

s f 7 A A A
s Q. setob vedtm V)= < FIO g > = fip {4 glaf+hdk = [ﬁ}%} -
where {0,910 W) e e compoments  of fhe vector T& and t rs the t &
independent veriable . /}
> _/_)J
Gample . YW = <6, -0, TE >, ) ot 9= lal-1), k=1t /
X oA
_ s ~unit vecto
3 t>Oo 2 <3 b ?:;h‘éf%_gmw
%@y-—di@d’fﬂ)
% i an element of the & _uniy vedor 7

6‘104“'0” of Q line Asin D Pu®, a4 Jine in 3D is determined when WS EMOW

oo pont P, (x.y. %) om L
¢ the direction of L (}s slope).

3D the direchon of a Ime & described by o vectpr, 0 we let v e o vedor povallel to L

let P(X,j,% be a potht on | and let ¥ ond ¥ ke e position  Vedrs of £ and P

~
—7 - —_ = }?
I 0 s the vedor for b P Hen Y= 4Q ;%

But & and ¥ e paralle) gpd 0 @ = £y
[; ,'samqy

=V Jo wile mutple of V)

Uf@ ?‘—’- FZ{-R and O
2 = Y+pV | vector equation fo1 o line

£ F= Y2y W <%athn> ad T = cq b ey then
X :Xo+.out— _ |
J= Yotbt parameiriC gguations for @ line thmrgh

. alle
_ ~H)e PO\n{i (7%: ym%") (U\d PQY
3 = Z+Ch to e direction VECH/ (a,b,0).

EXAMPLE 1

(a) Find a vector equation and parametric equations for the line that passes through the
point (5, 1, 3) and is parallel to the vectori + 4j — 2Kk.
(b) Find two other points on the line.

&) Y= Vb whee To= <532 and V=< 4 -2>
Yz <5,0.3> + <A 2D
= <54t (+4t,372A0 2
b) Choose a parametes 1 =| X6 ,y=5,%°) % (6.5, 1) is a pointon L
ond gimiloady =~ x= 4 y=-3, 3=5 g0 (4 "33 is wnothes point”
on L.

S}ww'mg it two lines intersect

3 2
Eample = (3Dre)—ob) £ (20§ 31 7 (ﬂ“[’g)
Y, = (';L’L+&J“1-3Q)+S(ac1—j+4ﬁ) _ (7)”[?)
& |
3 4
At the intersection point 3+t \’ 125 o
-1 "(Zu-s -—
—21'3? 3+ 45 «— 3

@U@eﬂ’l‘@ x and U._compdnen\'s . atop =328 — 3+,2’c/'::}+95
¢-t =4+s — 6]

19 = 1514S \£ +he q-mmdfﬂ(l}fe

Check Yhad the 2 ~Compoments o 2 = 4

) 0 equal S = dOQS V\’O_‘_t O.SY'QQ

Intevseck \_

\ > =[]
\nteredion pint  hes paSition veckoy (%Jrz{t;- t} with £23 > ¥ ,[ 5)
-2t) 7

B-1 = 44) .
[ —ot3t)= - 2tqQ=3 v (E :: ) 1hm "W\Q €3 dO s
3yas/= 3v4=F



Motion in space: velocity and acceleration

Friday, July 31, 2020 9:50 AM

let PW) be the posiion vecyy at Hme t then the velouky vetor is given by

V) =lim YU -TH) T/ 1)
h=0 h
The speed  of o parhde of time t s the ‘mo.anifvde of the velodily vectoy ]\_/‘H"))

re

5 ) \\TLt)\z ‘ '?'H')l :_val—e of dhonge of distante  wit  time.
V('a: <A’§'4E”cﬁ> )

k) +@ry%)

The occdenafion of o parhide ts D = VH) = 2

EXAMPLE 3 A moving particle starts at an initial position r(0) = (1, 0, 0) with initial
velocity(v(0) =i — j +‘9 Its acceleration is a(r) = 4ri + 67 + k. Find its velocity
and position at time 7.

Sihe J) =Vl > VW= j L Wdr = j(4b3+6’c3+'{c)df

—D
A " - 1| A 2 A n
Using  V(er= U=yt k = c L1 L"'?E\)-]—HL-\’C
X —_ — —
= V= (at™h)T 4+ (a2 -0F +(H1DE

Snee T@® =T/ 3 Tw: [Jwdr
2 N n T
= [%—t YL (420 *r(»zl+'°+i)k +D
Usig  ¥(0) =<I1,0,0> =3

EX(IM{J\Q \ﬁt )((.“7) = lOt .\y“)': 0t , %[{)3301: - S‘t?’ ) -[-)/O
Aty is hitly o bl ot the wordimde (20,40, 40)

)¢ the Gall mwl'nj wward o7 downward when & hits the '&’y?
(20, 40, 40) = (lot, 201,30t -5°) - $=a.
ViD= < x't1hy'), (D> = «i0, 0, 30 10t D

At t=3 V(D= <i0,2, 10
moviry wward sine ') >o.



Partial derivatives

Sunday, August 2, 2020 9:19 PM

Svppose fis o function of 4wo varable x and y. I only x varies and y is conscont,
Say af y=b then werre onsidering @ function of ame warable A, i.e. a(x)-_F(x,b)
\f g has a derivatve at a,then we wll it the parbial dervaltve of £ wrt
X ot (@D and denote it by fo(anb) = 28 (4 1)

0X

Thus fe(0b) = 9'@  whep §1) = £1x.b)

By definition o deritintive is

Lam g (a+h) —qla) ;3’(0)
h

h->0

frfab) = E,To Flath, D < £(a,b) —

h
Smilady , the partial derivative of f wit at@,) (beep Onstant x-=0)

(%g(mb\%'c\y [a'b) = fim 'F (G ) ') - 9(.&_ ) L

h=0

Rule fov €inding the partia| derivatives

@ T6 £ind -(:x, vegcnrd 3 as a onstant and dlﬂ"wn-\’iq{-e 'fory) wWTt x
@ To Gnd £, regard x 03 0 tonstaat @ndl differentiate fixy) Wit

Example € £lx,\) = x3+:ly3 “2¥%* fnd £ .(,) and 'Ftl (2,0

‘cx (K,‘f) = 3)(2 1 axBB -(-’(x‘y'):x?’.‘.x’z&,(a ’?.> "constants "
0$ o constont
— ‘[:8 (Xpy-) = 3)837'_4& 'cx CX,&) znejp *tzpﬁi_ :_as > Vaﬂab]e.
2 3
ICRE 3@ +2(20)°= 12+ 4=16 b x) = 3xP42xy° 36
T4
x

£, (10~ 3670) -40= ¥

Table 1 Heat index [ as a function of temperature and humidity r d 'I'h
=in e 1 =30,
Relative humidity (%) de"Vthe wm H '-70/

) 50 | 55 | e Los L 70 | 75)| 80 | 85 | 9 FH(qG'qO)]

90 96 98 100 103 106 109 112 115 119

92 | 100 | 103 | 105 | 108 | 112 | 115 | 119 | 123 | 128 Ue mit definition of a. derivahve

Actual
temperature 94 104 | 107 | 111 114 | 118 | 122 | 127 | 132 | 137

— LR,
O 96 | 100 | 113 | 116 C@ 125 135 | 141 | 146 %(Qb,qﬂ)s bm ~F(Q6,"fo+h) —~'F[‘16,:}0)

=) h-o h
98 114 118 123 127 133 138 144 150 157
100 119 124 129 135 141 147 154 161 168 'CCT.- H) H =5
SR H="5 fare H= 15 ¢) .
~ 6,75 - +[Q6.70
fH (at,#0) = (Z'(qg,c,s) - £(96,70) (:H(% ,0) ~ £ - \)
-5
o = 130 - |25 _
_(2\ \25_:0.% . 05'25_‘
-S average the Hwd

,096,70) = &Y -0.9
2

mverpreiation  When fhe sempecodvie 1S A6°F ond the telative humiddy s

Jo/. | the heat index jnoemses by abouit o.q'F For eveny pereant that
e rgive humidiy vies,

N Dfef, = 2
X

¥ 58 f o« fundion of asirgle

dx variable
Hig‘ﬂo\evivahws
0= 2 wy= AE) 2
)y = ‘%;:E (£4)x = %)-((%’a z Z-g-aj « fist didforntafe ity and en ot x

Q,S '@(X\}D: XB_‘_xa—\\JS’Q\\j’L

= O (%)= 2,2 3
@ = 3x” i—’o\xyE fom ext2y b ad(a—x> aylsx try)
_ = 0Hb6X
— & = Y -4y fy = 6y~ - 2% 2
‘C‘j QCJX = ax[g’y)s 3;‘( 2\)7(1:/ '4:1)
= (6xy?*
Theorem  Suppose f is defined on 0 disk D thot containg the polnt (a by, |P3fhe
fundh ons 1ny and %x arg both continuoys on D then £ (o= F ACO"}’)
('a}—‘q ond 9—%—) v 7
ayox 9x9Yy

4| If f is a function of two variables, its partial derivatives are the functions f,
and f, defined by

f(x+ hy) = flxy)
h

. 3) = Jim

f(x \’) — llm f(X, V + h) o f('xv ,V)
y\As Y P

0 h

Notations for Partial Derivatives If z = f(x, y), we write

of
ox

La
0z
/
—
L s

Ly =fi=—= ai flx,y) = . = fi = D\f= D.f

f

d 0z
ﬁ’(xa ,V) - ﬁ — " -
ay

0
- f(X, ,.V) i =f2 = sz= D),f
dy dy

-




Tangent planes

Sunday, August 2, 2020 9:57 PM
Suppose a swface S has G]UG'HV'\ LR F(xd) and let P(X.,yo,%,) be o pm'"l' /IN)
(see figur@). (et T, and T, be e tangent lines 1o the cuwes G and C ot pont P,

Then the tangent plane to the surfoce S ot P s the plane  that tontems bosh
Yangent lines Ty end T;.

Eq of 0 plane through he point P, Yoy %) s Of Hhe fom
fr(x-%) +Bly-Yo) + C (3-2)=0

- 3%, =0
Divide thmough by C : a&(p)ﬂ +%l Y-%)+

'
l /C,/ 2-~2% = — g-(x "Xq)"%_ (y'*}/o)
//P Cz
7Y 0 / let o= - & and b= —%
/ —_— C
4 | L 2-Beal-m 4 PEW B
FIGURE1 - (F (&) ropresents ue +ongent plane of Fhen ik intersection
e tangent plane contains the
tangent lines 7 and 7. wﬂ—h ')J(\G P|ay\e \j=y~ mVS+ be Hh‘?en.l _}D 'T"

1§ lesubstite y=y, imo (¥) we dbtgin
2 ~2 = o(x ~X.) & Poiy\{— s‘om formula of a \ine
. with clope .
The Slow 0": ""hE ‘klﬂyem' “he s -Fx(xo’y") Ond ’fh\lﬁ o= 'FX (xo’\’o)

Similarly b= %( Xe1Yo) -

Thugl (*) begomes ’ % - 2, = 'Fx cxo\\yo)' (7‘ -'Xo) + 'py C‘Vo:y'}(yp\yﬂ :q';’::;;\Il:PP\W
L — — -H‘m"gh (Mo-yo )

evoJuoie .‘gi% at (Xo,Y)

Example  Find the 'tangeni' plane 4o the elliptic

Jo |-~ -;1"0%):d£ fO\\rQbOIOTd <= ax’*w'b o yhe point E_,il’_f)
- ( xl dx X, (Xo’ 997%0)
( ° let %= \D(Xc}j’)ﬁ ax Hy>
o —
x = o %’i(xﬂgo) = 4l =4
_f = + =
gﬁ-{.’ %y %hﬂ,): 2(1) =2
2 - 3= 4(x-0+ aly-)
'
¥
X-N = P'f\\ ’ E;S—A:;igal?l& tangent ploave
] = — ngen
45 e 3



Lagrange multipliers (/\ﬁz in £xam)
Tuesday, August 4, 2020 11:50 PM

Yhis 1S an example of where Yo tanuse partiol dervakives.
Maximum and minimum valyes

Theorem I& foc,y) has a lowal minimum or maximum at (akb) @nd the fist order
pavtial dedVolRS of f existjhere then £ (o k) ~o and £, () =0.

°
Note  Fom fhe previows class we saw thot the tangent plane af Hhe point (o b ;g
2= Cx b (o) (xa) +4, 00 [y-5)

Nolation :  this ocan be wxtren aj V+(a.b) "5:1[ whem NF =gwmd ¢ =/§;FT)
7 r ;
(‘nabla : V) 31'00, ‘B

= ° T
v 2=C A
The geonetric  [nteppretation s f J
thot it the groph of £ has & tangent
plane  af a loel minimum or muximum
then e tangent  plone i honzonta)

A point (09 i wled o eritcal powrt of £ i £ toyB) =0 | ond | fyla )0

ov (£ one of 1()’( or % does not exidt.

Example  A- retangular  box withowr a bd js made o  Jam® of curdboard. Fed She
maximum \olume of this bo;c.

[ L "
II(/ J & V-‘lxy%
7 X

7 lonstraint ™ FAyr +xy =12
2 7 (v +xy=12
ObjecHve fan chiam V\':Xy% 'QE:‘ [9”-)‘/9)
= xtl{ 12 Xy el
2x+9)
= Iy - Xy,
2(x-fy)
Gritical points

.@lzo ond _’_@_'V_:O
oX

o
oV z(sufy)f 124 ~axy™ | — 2laxy-xye] Mu'zy‘—%@mﬁt

(<) 2 [x+9)*
— lzyz’xzﬂ~2x;/3
'b 2 L/ Z[ ~+y )t
— = 2% — ¥y —2 3 L . 'y)
Y ” :y L‘y * = ?i ( 12— y*— 2x) = Y?(2-x* —2xy)
CX“"y> Zcx_)_y)'b Z(X_’y)zﬁ

X:Q,U‘—‘R[%-‘—\ = \[: 9‘(33(07 A\'W\B

77

To final the obsolute maximum and minimum v
bounded set D:

O tind the wlue of £ ot fhe criti ca) points of £ in D
D Find +the volues of £ on the boundary of D

®  The lamest of Hhe values from @ ond () is She MMUN  and the nallest e menimum

aAug of oo wnlnuow funchion m q dosed

L"ﬁ"‘ ge  mmukipliers

This 15 wed ma)cimiei(y 0¥ minimi3ing  on Obgeotive fun
cin £06y,3) Subed o o
tonsrain;  of She fovm I yy2) =k 9 K

Ttept  Fnd all valyes of x19:2 ond 3 gquch the} ek

_ [xl ( =
N (xy%) Aﬂg(mﬁ) 'E Lagmvyc mukiplier f y%)VFk
and iy, ek Vi - 3 /g ’\&
( %/aj> \
chﬂa Brolueie «F at oll mints (7‘/91%) thot resijt from step (D "e2
The largest of the® values (sthe maximum of £

\'= fy? y
Constvaint - &X%"I' &H% + Xy - » (mwn -}—he lld S VY)]YS'lng)
§ =%y
J=ax2tUz txy
VL = [ Mox 4% Ta <(22+y )
Waﬁ\ - (X%> J Qﬂg
\ O/ XY 2x+2y 1
VE =Avy = JE\ ety | <
muki oy V3 (f’) — A(a%thx) —
v D.x+zy 4

{
(X Z«) 3‘1’ = A (I‘Z"\'\y) Xfﬁ’ — A(ZX?: +

(X,ED NE = A[Q.%-\-X) - xy% ;A&y% ‘N;yg J \W(QX%‘HS): RC')—y%T)ﬂ\

(X‘Z:> Xy = ﬂ(lX‘\'Zj) > xy% = ] 2>(%+2y%)
-‘-) XY= X2 42 =0
is wmot betue bewyse
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