LIE ALGEBRAS: LECTURE 12.

1. h AND INNER PRODUCT SPACES:

In this section we work over an algebraically closed field k of characteristic zero.

Recall that since k|j, is non-degenerate, it gives an isomorphism ¢: h* — b. For
A € b*, we write t) for 6(\), so that k(tx, h) = A(h), (VA € b*, h € b). Recall that
E(ta,ta) = a(ty) # 0, and h, = H(fj‘fta) is the unique element in b, = k.t, with
a(hq) = 2. We begin with a simple lemma.
Lemma 1.1. Let a € ® be a root. Then we have k(tq,tq)-5(ha, ha) = 4. Moreover, if
o, B € ® then k(hg, hg) € Zand k(ty,tp) € Q.

Proof. The first equality follows immediately from the fact that hy, = 2to/k(ta, ta).
The fact that k(hq, hg) € Z follows from calculating x(hq, hg) using our expression
for the Killing form on § in terms of the Cartan decomposition. Indeed now that
we know that root spaces are one-dimensional, this becomes:

K(h1,ha) =Y () (ha).
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Applying this to h; = h, and hy = hg, and using the fact that y(h,) and v(hg) are
integers for any v € ®, we immediately see that x(hq, hg) € Z as claimed. Finally,
the first part of the lemma now immediately gives x(t.,t3) € Q. O

Let (—, —) denote the bilinear form on h* which is obtained by identifying h*
with b: that is
(A 1) = K(tr, tp).
Clearly it is a nondegenerate symmetric bilinear form, and via the previous Lemma,
(o, B) = k(ta,tg) € Qforall o, 5 € D.

Lemma 1.2. The Q-span of the roots ® is a Q-vector space of dimension dim (h*).

Proof. We know that ® spans h*, so we may pick a subset {a1, as, ..., a;} which
forms a k-basis of h*. To prove the Lemma it is enough to show that every 5 € ®
lies in the Q-span of the {«; : 1 < i < [}. But now if we write 3 = 22:1 c;ja; for
¢; € k, then we see that (o, 5) = Zi.:l(ai, a;)c;. But the matrix C' = (o, j); ; is
invertible since (—, —) is nondegeneratel, and its entries are in Q hence so are those
of C~!. But then we have (¢;) = C7*((a;, 3)), and the objects on the right-hand
side all have Q-entries, so we are done. O

Let b denote the Q-span of the roots. Although you are perhaps more used to
inner product spaces over R or C, the definition of a positive definite symmetric
bilinear form makes perfectly good sense over Q. We now show that (—, —) is such
an inner product on byg,.
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10ne way to see this is to note that C' is the matrix of the linear map « yields from h* to b, with
respect to the basis {1, . .., ; } and its dual basis.
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Lemma 1.3. The form (—, —) is positive definite on by.

Proof. Note first that (—, —) is Q-valued on bg), since («, 3) € Q for all roots «, .
Moreover (—, —) is clearly a nondegenerate symmetric bilinear form on by, since
it already is on h*, thus we only need to show that it is positive definite, i.e. that if
A € b then (A, \) > 0 with equality if and only if A = 0.

Using the formula for « on f given by the root space decomposition we see that,
for A € bg,

A A) = r(tata) = Y alta)? =D (o, M) > 0.

acd acd
It follows that (A, A) € Qx¢, and (A, A) = 0 if and only if (a,A) = 0 for all & € ®.
But then since ® spans h* and (—, —) is nondegenerate on h* this implies A = 0 as

required.
O

Remark 1.4. Note that the Cartan decomposition has given us a lot of information
about the Lie algebra g, much of which we capture just remembering the set of
roots @ in by, viewed as an Q-inner product space (via the restriction of the Killing
form). In fact, we will see that by examining this data more closely we can com-
pletely classify them and hence all semisimple Lie algebras up to isomorphism.

2. REPRESENTATIONS OF SEMISIMPLE LIE ALGEBRAS AND WEYL'S THEOREM

In this section we will assume, unless explicitly stated otherwise, that our field is alge-
braically closed of characteristic zero.

In this section we study the representations of a semisimple Lie algebra. Our
goal is to show;, just as for representations of a finite group over C, that every rep-
resentation is a direct sum of irreducibles. If (V, p) and (W, o) are representations
of g, then a linear map ¢: V' — W is a homomorphism of representations if

¢(p(x)(v)) = o(x)(¢(v)) VzeguveV.

We will write Homy(V, W) for the space of homomorphisms from V' to W. To
make the notation less cluttered, where there is no danger for confusion we will
often suppress the notation for the map p: g — gl(V), so that, for example, the
condition for ¢ to be a homomorphism will be written simply as ¢(z(v)) = z(¢(v)).

Definition 2.1. If g is any Lie algebra, the one-dimensional representation® given
by the zero map g — gl; (k) is called the trivial representation of g. If (V, p) is any
representation of g, then we set

Ve={veV:z(v)=0Vzeqyg.
The subrepresentation V9 is known as the invariants, or invariant vectors, in V.

Note that if V, W are g-representations then the invariant vectors in Hom(V, W)
are exactly the g-homomorphisms, that is, we have

Hom(V,W)? = Homg(V, W).

The following Lemma is proved in the exercises (the proof is identical to the
corresponding results for representations of groups). For it we suppose that our
field k is algebraically closed (but not necessarily of characteristic zero).

2Really I should say isomorphism class of one-dimensional representations.
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Lemma 2.2. (Schur’s Lemma). Let (V, p) be an irreducible representation of a Lie algebra
g. Then if ¢: V. — V is a homomorphism of representations, then ¢ = \.idy for some
Aek

The next result holds when k is algebraically closed of characteristic zero. Recall
that in the representation theory of finite groups, when the field is of characteristic
zero, every representation is a direct sum of irreducible representations — represen-
tations of this form are said to be completely reducible. For semisimple Lie algebras,
the same result holds (at least when we assume k is algebraically closed), but the
proof is somewhat more subtle.

Theorem 2.3. (Weyl’s Theorem). Let V' be a finite dimensional representation of a semisim-
ple Lie algebra over an algebraically closed field k of characteristic zero. Then V is com-
pletely reducible.

We will prove the theorem by induction on the dimension of V' (the case when
V is 1-dimensional being immediate). If V' is irreducible, then we are done imme-
diately. Otherwise, we may find a proper subrepresentation U of V, and hence we
get an exact sequence

0 U——=V—=V/U 0

Now suppose there is a right-inverse to the quotient map ¢, i.e. amap s: V/U = V
of g-representations such that gos = idy,7. Then its image, T" say, is a complement
to U. Indeed clearly dim(V) = dim(U) +dim(7"), and if v € UNT we have v = s(w)
for some w € V/U so that 0 = ¢(v) = ¢(s(w)) = w, and hence v = s(0) = 0.
Thus V = U & T is a direct sum of subrepresentations, and as dim(U) < dim(V)
and dim(7") = dim(V/U) < dim(V), by induction T" and U are a direct sum of
irreducible representations and the proof is complete.

Thus we see that the proof of Weyl’s theorem reduces to showing thatif g: V" —
W is a surjective map of g-representations, then ¢ has a right inverse s: W — V.
(Such a map s is also often called a section of ¢, and we say that s splits the map g.)

Thus to complete the proof of Weyl’s theorem, we must show that every sur-
jective map of representations splits. In order to do this, we construct certain en-
domorphisms of a representation known as Casimir operators. For these we will
need the following definition.

2.1. Casimir operators. Let g as before be a semisimple Lie algebra and let (V p)
be a representation of g. We may define a symmetric bilinear form on g generaliz-
ing the Killing form by setting

ty (z,y) = trv (p(x)p(y)).

This is known as a trace form on g, and the Killing form is just the trace form as-
sociated to the adjoint representation. Exactly the same argument which showed
that the Killing form is invariant shows that any trace form is invariant.



