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Abstract

We give an exact characterization of monotone graph classes G with
bounded average degree that satisfy the following property: The domina-
tion number of every graph from G is bounded by a linear function of its
2-independence number.

1 Introduction

In this paper, we consider the relationship between two fundamental graph pa-
rameters, the domination number and the 2-independence number. The dom-
ination number v(G) of a graph G is the minimum size of a dominating set
in G, ie., aset D C V(G) such that every vertex of G belongs to D or has a
neighbor in D. The 2-independence number as(G) of G is the maximum size of
a 2-independent set in G, i.e., a set A C V(G) such that the distance between
any two distinct vertices of A in G is greater than two.

A 2-independent set of size k cannot be dominated by less than k vertices
of G, and thus we clearly have as(G) < 4(G). On the other hand, the dom-
ination number of a graph is in general not bounded by any function of its
2-independence number, even in sparse graphs. Indeed, for every integer k > 3,
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there exists a bipartite 3-degenerate graph with k(k + 1)/2 + 1 vertices, 2-
independence number 2, and domination number at least k/2, see [Dvol3].

The relationship between the two parameters becomes clearer when we notice
that their fractional relaxations coincide.

e The fractional domination number v*(G) of a graph G is the minimum of
> vev(c) f(v) over all functions f : V(G) — Rxo such that

Y fw)=1

vEN [u]

holds for every vertex u € V(G). These constraints are satisfied by the
characteristic function of a dominating set, and thus v*(G) < v(G).

e The fractional 2-independence number aj(G) of G is the maximum of
> vev(q) 9(v) over all functions g : V(G) — R such that

Y glv) <1

vEN [u]

holds for every vertex u € V(G). These constraints are satisfied by the
characteristic function of a 2-independent set, and thus a2(G) < a5(G).

It is easy to see that the linear programs defining v*(G) and a3(G) are dual to
each other, and consequently a}(G) = v*(G).

Thus, it is natural to ask for which graphs G the gap between as(G) and
~(@G) is small. For further motivation, note that both domination number and
2-independence number of a graph are hard to approximate in general [EP0G,
Kho()l]ﬂ However, if the ratio v(G)/a2(G) is small, then they are both approx-
imated by the value of their common fractional relaxation, which can be deter-
mined in polynomial time. Thus, we define the domination-to-2-independence
ratio of a graph class G as supgeg %

Problem 1. Which graph classes have bounded domination-to-2-independence
ratio?

Let us remark that the following relaxed version of this problem also seems
non-trivial. We say that a graph class G has domination tied to 2-independence
if there exists a function h such that v(G) < h(az2(G)) holds for every graph
G € G. Note that the class G has bounded domination-to-2-independence ratio
exactly when this function A is linear.

Problem 2. Which graph classes have domination tied to 2-independence?

1For any graph G, if the graph G’ is obtained from G by subdividing every edge exactly
once and adding a vertex adjacent to all the subdivision vertices, then a(G) < a2(G’) <
a(G)+1, and thus the hardness of approximation of the 2-independence number follows from
the hardness of approximation of the independence number.



Problem [I| has been rather thoroughly studied, often from the perspective
of the following equivalent interpretation: The domination number corresponds
to covering all vertices of the graph by the minimum number of closed neigh-
borhoods, while the 2-independence number can be seen as packing maximum
number of pairwise-disjoint closed neighborhoods in the graph. The following
graph classes are known to have bounded domination-to-2-independence ratio:

e Trees [MMT75], strongly chordal graphs [Far84], and dually chordal graphs [BCD98]
(ratio 1).

e Outerplanar graphs [BCGY25], connected biconvex graphs [GG25], and
claw-free subcubic graphs [HLR11] (ratio at most 2).

e Bipartite cubic graphs [GG25] (ratio at most 122).

e Asteroidal triple-free graphs [BCGY25|] and convex graphs [BCGY25] (ra-
tio at most 3).

e 2-degenerate graphs [BCGY25] (ratio at most 7).
e Unit disk graphs [BCGY25] (ratio at most 32).
e Graphs of maximum degree A [HLR11] (ratio at most A).

e K, ,-minor-free graphs (ratio less than 4r + (¢ — 1)(r + 1)), and
consequently all proper minor-closed classes.

e Better bounds are known for specific proper minor-closed classes [BCGY 25]:
planar graphs (ratio at most 10) and graphs of treewidth & (ratio at most

e Graphs of twinwidth at most k [BCGY25| (ratio at most 4k?).
e Graphs with weak 2-coloring number at most ¢ [Dvol3] (ratio at most ¢?).

Let us remark that all graph classes with bounded expansion (which includes
many natural classes of sparse graphs, and in particular all proper topological
minor-closed graph classes) have bounded weak 2-coloring numbers [Zhu09];
thus, the last result is a qualitative generalization of many of the previous ones
(though giving worse bounds on the domination-to-2-independence ratio). For
the negative results, the following graph classes do not have domination tied to
2-independence:

e Cartesian products of cliques [BHvV09].
e Bipartite 3-degenerate graphs [Dvol3].

e Split graphs [BCGY25].



Many of these previously considered graph classes are monotone (closed on
subgraphs) and have bounded average degree. For these graph classes, the
ratio between the domination number and the fractional domination number
is bounded by a constant [BULY] (in fact, an even stronger claim holds, see
Lemmabelow). Thus, in this setting, the problem reduces to considering the
relationship between the 2-independence number and its fractional relaxation.
As our main result, we solve Problem [I] for these graph classes. That is, we pro-
vide an exact characterization of monotone graph classes with bounded average
degree that have bounded domination-to-2-independence ratio.

Specifically, we show that the following structure is the only obstruction. A
cascade is a pair (H, 1), where v is a proper coloring of a graph H by colors v,
e, and d such that every vertex of color e has exactly two neighbors of color v
and exactly one neighbor of color d, and H has no other edges. We say that the
cascade appears in a graph G if H is a subgraph of G, and that a graph class G
contains the cascade if H € G. The foundation of the cascade is the graph F
with vertex set ¢~ (v) and with two vertices of F' adjacent if and only if they
have a common neighbor (of color e) in H. Thus, the graph H is obtained
from the 1-subdivision of F' (the graph resulting from subdividing each edge
of F exactly once) by adding vertices (of color d) dominating the subdivision
vertices. The slope of the cascade is defined as

[v~ ! (v)| .
max(a(F),|yp=1(d)])’

i.e., the cascade has slope at least s if and only if

Observation 3. If (H,v) is a cascade of slope s, then y(H) > oo (H).

Proof. Note that the closed neighborhood of any vertex of H contains at most
two vertices of ¢ ~1(v), and thus

Y(H) > Lo ()] 1)
On the other hand, consider any 2-independent set A in H. Observe that
ANt~1(v) is an independent set in the foundation F' of the cascade (H, 1), and

thus 3
AN~ (v)] < a(F) < w

Moreover, all vertices of V(H) \ 1~!(v) are contained in closed neighborhoods
of vertices of color d, and thus

A\ YL (w)] < [ @) < L

S



Consequently,
2 _
os(H) < 2y ()]
The claim of the lemma follows by combining this inequality with . O

Thus, if a class of graphs contains cascades of arbitrarily large slope, then it
does not have bounded domination-to-2-independence ratio. We prove that the
converse holds for monotone graph classes of bounded average degree.

Theorem 4. The following claims are equivalent for any monotone graph class G
with bounded average degree:

e The class G has bounded domination-to-2-independence ratio.

e There exists a real number ¢ such that every cascade contained in G has
slope at most c.

Of course, Theorem [4| can be used to reprove (in the qualitative sense, i.e.,
without providing exact upper bounds) all previous results concerning bound-
edness of the domination-to-2-independence ratio in specific monotone classes
with bounded average degree. For this, it is useful to know that the set of
vertices of color e in a cascade of large slope must be large. This easily follows
from a standard consequence of Turan’s theorem.

Lemma 5. The average degree of every graph F is at least |Z((§))‘ — 1. Equiva-
, V(F
lently, if F' has average degree at most t, then a(F) > |t(+71)‘

This lemma applied to the foundation of a cascade gives the following bound.

Corollary 6. The foundation of a cascade (H,v) of slope s > 1 has average

degree at least s — 1, and consequently

s—1
4

s —

2

s —

LV @)

W) = S ) (¢~ W)+sl ™ (a)]) >

For a cascade (H,%), recall that H — ¢p~1(d) is the l-subdivision of the
foundation of the cascade. The 1-subdivision of a graph F' of average degree t
has weak 2-coloring number Q(t), see [Dvo08|, and thus every cascade appearing
in a graph of weak 2-coloring number at most ¢ has slope O(c). Moreover, the
weak 2-coloring number of a graph is an upper bound on the average degree of
all subgraphs of this graph, and consequently Theorem [] implies a weaker form
of the main result of [Dvol3].

Corollary 7. Any class of graphs with bounded weak 2-coloring number has
bounded domination-to-2-independence ratio.

Moreover, Corollary [6] implies that the average degree of cascades of large
slope is close to 6, which has the following consequence (the mazimum average
degree of a graph is the maximum of the average degrees of its subgraphs).



Corollary 8. The class Gq of graphs of mazimum average degree at most d
has bounded domination-to-2-independence ratio when d < 6, and does not have
domination tied to 2-independence when d > 6.

Proof. By Corollary @, if a cascade (H,) has slope s > 1, then H has average
degree

21E(H)| 6ly"(e)| S 6ly"(e)| _g. 571
VHE)] W)+ [VH) \ vt (e)] ~ [p=t(e)| + sZ v (e)l s+3
Thus, if d < 6 and H € Gg, then s < % — 3, and thus G; has bounded

domination-to-2-independence ratio by Theorem []

On the other hand, suppose that d > 6. For any integer n > 4, consider the
graph K obtained from the 1-subdivision of the clique K, by adding a vertex
adjacent to all vertices of degree two (by coloring the vertices appropriately,
the graph K can be turned into a cascade with foundation K, and exactly
one vertex of color d). Note that the graph K] is 3-degenerate, and thus its
maximum average degree is less than 6. Consequently, {K/ : n > 4} C Gg.
Moreover, we have v(K!) > n/2 and as(K]) = 2, and thus there cannot exist
any function h such that v(G) < h(aa(G)) for every G € Gg. O

Note that 2-degenerate graphs have maximum average degree less than 4,
and thus Corollary [8] strengthens one of the main results of [BCGY25].

Our work does not resolve Problem since there are sparse monotone
graph classes that have domination tied to 2-independence, but unbounded
domination-to-2-independence ratio. As an example, for any integer k£ > 3 and
positive real number d, let C 4 be the class of graphs of maximum average
degree at most d that do not contain the 1-subdivision of K} as a subgraph.

Theorem 9. For any integer k > 3 and any positive real number d, the
class Cy.q has domination tied to 2-independence.

It is easy to see that every cascade with triangle-free foundation is contained
in Cy,q when £ > 5 and d > 6. Since such cascades can have arbitrarily large
slope, the class Cy, 4 does not have bounded domination-to-2-independence ratio.
Thus, Problem [2| for sparse monotone graph classes remains as a natural open
question.

Can our results be strengthened? It would be more satisfying to obtain the
answer for hereditary graph classes (i.e., classes closed on induced subgraphs)
rather than monotone ones, but in our argument, the subgraphs that give rise
to cascades can contain edges between vertices of colors v and d and we were
not able to deal with this issue.

The restriction to graphs of bounded maximum average degree is quite im-
portant for us: As mentioned above, the domination number of any such graph
is most linear in its fractional domination number, which allows us to consider
only the relationship between the 2-independence number and its fractional re-
laxation. As a consequence, our understanding of domination-to-2-independence
ratio of dense graph classes remains rather limited.



Finally, let us remark that even if a cascade of large slope appears in a
graph G as an induced subgraph, this does not imply that the ratio v(G)/az(G)
is large; e.g., the graph G could contain a universal vertex outside of this cas-
cade, forcing 7(G) = a2(G) = 1. In other words, we obtain a characterization
for graph classes, not for individual graphs. A strong dichotomy of form “ei-
ther v(G)/az(G) is small, or the graph G contains a nice substructure forcing
¥(G)/az2(G) to be large” would of course be preferable, but seems much harder
to obtain even with substantial additional restrictions.

The rest of the paper is devoted to the proof of our main result, Theorem [4]
(in Section , and to the proof of Theorem |§| (in Section . Before that, we
need to gather a few auxiliary results.

2 Preliminaries

For the proof of Theorem |4} it will be convenient to work with a relaxed version
of cascades. For an integer m > 2, an m-cascade is a pair (H,1), where v is a
proper coloring of a graph H by colors v, e, and d such that every vertex of color
e has at most m neighbors of color v and exactly one neighbor of color 4, and H
has no other edges. We define the foundation of an m-cascade in the same way
as for cascades. For real numbers s1,s2 > 1, we say that an m-cascade (H,v)
with foundation F' has slope at least (s1,s2) if

a(F) < v~ ()] and |¢_1(d)| < Iﬂfl(V)l.

S1

Let us now argue that these relaxed cascades can be turned into normal ones;
basically, we show that simply choosing two edges from each vertex of color e to
1~ 1(v) at random results with non-zero probability in a cascade of large slope.

To formulate the argument precisely, let us introduce the following defini-
tions. Let E and V be finite sets and let S = {S. : e € E'} be a system of (not
necessarily pairwise different) subsets of V. We let Gy g be the graph with ver-
tex set V and with distinct vertices u,v € V adjacent if and only if there exists
e € E with {u,v} € S.. We say that a graph G’ C Gy, g with vertex set V is
compatible with the system S if there exists an injective function f : E(G') - E
such that {u, v} C Sy () holds for every edge uv € E(G").

Lemma 10. Let m > 2 be an integer, let E and V be finite sets and let n =
[V|. Let S = {Sc : e € E} be a system of (not necessarily pairwise different)
subsets of V, each of size at most m. Let ¢ > 1 be a real number and let
b= 2(7;)210g(ec) +2. If a(Gv.p)
compatible with S such that a(G")

< %, then there exists a graph G' C Gy, g
<z

- C

Proof. Let G’ be the random graph obtained as follows. For each e € E such
that |S.| > 2, we choose a subset {u,v} C S, of size two independently uniformly
at random and join u with v by an edge. Clearly, this ensures that G’ is
compatible with S.



Let us now consider any set A C V of size a = [n/c]. Since

Lemma [5{ implies that the graph Gy, g[A] has average degree at least b — 1, and
thus Gy, a[A] has at least I’_Tla edges. Consequently, there exist at least

b(ég)a > (7;) log(ec) - a

elements e € E such that |S. N A] > 2. Each such element e independently

contributes an edge of G’ with both ends in A with probability at least (75)71'
Thus, the probability that A is an independent set in G’ is less than

—1 m
m (z)log(ec)-a - _
_ < og(ec)-a _ a
(1 (2) ) =¢ (ec)

The number of subsets of V' of size a is at most

(Z) < (fara )" < (o)

Consequently, the expected number of independent sets of size a in G’ is less
than 1, and thus a(G’) < a —1 < n/c holds with non-zero probability. O

By applying this lemma to the system of neighborhoods of vertices of color
e, we obtain the desired result on turning relaxed cascades into normal ones.

Corollary 11. For every real number ¢ > 1 and integer m > 2, if an m-
cascade (H, 1) has slope at least (m*clog(ec),c), then a cascade of slope at least
c appears in H.

Proof. Let F be the foundation of (H,); then a(F) < %gg)elc). Note that
2(7;’)2 log(ec) + 2 < m*log(ec). Hence, Lemma |10 implies that there exists a
spanning subgraph F; of F with «(F;) < M and an injective function
f i E(F1) — 9¢~1(e) such that for every uv € E(Fy), the vertex f(uv) is a
common neighbor of v and v in H.

Let H; be the subgraph of H obtained by deleting all vertices of color e
not in the image of f and all edges between vertices of colors v and e except
for those in {uf(uwv),vf(uv) : uwv € E(Fy)}. Let ¢ be the restriction of v
to V(Hy). Then (Hi, 1) is a cascade with foundation Fy. Moreover, since
a(F) < 20— PO ang jyrt ()] = [pt(@)] < Bl = BEOL e
slope of the cascade (Hy,1) is at least c. O

We also need the following technical lemma that shows that the removal of a
small number of edges cannot substantially increase the independence number.



Lemma 12. Let F be a graph and let a = % Let F' be a subgraph of F

and let v > 1 be a real number. If |E(F)\ E(F")| < r|V(F)|, then
a(F') < 2y/ra-|V(F)|.

Proof. Suppose for a contradiction that F’ contains an independent set C' of
size more than 2/ra - |[V(F)|. All edges of the induced subgraph F[C] belong
to E(F) \ E(F'), and thus there are at most |V (F)| of them. Consequently,

F[C] has average degree is at most W < y/r/a. Note that a <1, and thus

v/r/a>1. By Lemma we have

IC| |C]
F) > a(F|C]) > > > a|lV(F)|.
o(F) 2 a(FIC) = —Zlo = T v
Since a(F) = a|V(F)|, this is a contradiction. O

3 Graphs without steep cascades

Hall’s theorem has the following well-known consequence.

Lemma 13. For every positive integer d, every graph of mazimum average
degree at most 2d has an orientation of maximum outdegree at most d.

A set S of vertices of a graph G is k-nearly 2-independent if the closed neigh-
borhood of every vertex of G intersects S in at most k vertices. Dvofdk [Dvol9)
proved the following.

Lemma 14. For every positive integer d, every graph G with an orientation of
mazximum outdegree at most d contains a (2d + 1)-nearly 2-independent set of
size at least ﬁv(G).

Thus, for graphs of bounded maximum average degree, the problem of relat-
ing as(G) to v(G) reduces to the question of whether (for a suitably chosen m)
a large m-nearly 2-independent set B can be turned into a 2-independent one.
We need to show that if this is not possible, then an m-cascade of large slope
appears in G. Our plan is to use a large part of B for the vertices of color v
of this m-cascade, and most of the rest of the vertices for those of color e. For
this to succeed, we need to argue that almost all vertices of V(G) \ B can be
dominated by a set of much less than |B| vertices (which then will be used as
vertices of color d). This indeed is the case, as we show next.

Lemma 15. Let d and m be positive integers such that d < m, let G be a graph
of mazimum average degree at most 2d, and let b be the maximum size of an
m-nearly 2-independent set in G. For every set B C V(G), there exists sets
X CV(G)\ B and D C V(Q) such that | X| <b, |D| < u%}?;’, and every vertex
of V(G)\ (BUX U D) has a neighbor in D.



Proof. By Lemma we can fix an orientation G of G of maximum outdegree at
most d. We say that a set A of vertices is out-2-independent if it is independent
in G and distinct vertices of A do not have any common out-neighbors in C_j;
i.e., every vertex of G has at most one in-neighbor in A.

Let us choose pairwise disjoint set X1, Xo,..., X;n—q C V(G)\ B so that for

i=1,...,m—d, the set X, is an inclusionwise-maximal subset of V(G) \ (B U
X1U...UX;_1) which is out-2-independent in G. Let X = X U...UX,,_4. Since
the sets X1, ..., X,,—q are out-2-independent in G, every vertex of V(G) \ X

has at most m —d in-neighbors in X and every vertex of X has at most m—d—1
in-neighbors in X. Since G has maximum outdegree at most d, it follows that
the set X is m-nearly 2-independent in G, and thus |X| < b. Therefore, we can
fix an index i € {1,...,m — d} such that | X;| < 2.

Let D be the set consisting of X; and of all out-neighbors of vertices of X;
in G; then |D| < (d+1)|X;] < (f:i_l()jb. We claim that every vertex v € V(G)\(BU
X UD) has an out-neighbor in D. Indeed, since X; is an inclusionwise-maximal
out-2-independent subset of V(G)\ (BUX;U...UX,;_1) 2 V(G)\(BUXUD),
the set X; U{v} is not out-2-independent in G. If v has a neighbor u € X, then
the edge uv must be directed towards u, as otherwise we would have v € D (and
note that u € D, since X; C D). If v does not have any neighbors in X;, then
v and a vertex of X; must have a common out-neighbor, and this out-neighbor
belongs to D. O

We are now ready to execute the key step towards the proof of Theorem
that we outlined above, i.e., using a large m-nearly 2-independent set to obtain
an m-cascade of large slope.

Lemma 16. Let d, s, ¢, and m > (2c+ 1)d + 2¢ be positive integers. Let G be
a graph of maximum average degree at most 2d and let b be the maximum size
of an m-nearly 2-independent set in G. If as(G) < then an m-cascade
of slope at least (s,c) appears in G.

_b_
48m?2s2’

Proof. Let B be an m-nearly 2-independent set in G of size b. We plan to use a
large part of B for the color-v vertices of the m-cascade. For that, we need to
argue that it is possible to select vertices of color e so that the corresponding
foundation graph has small independence number.

Let us first consider the auxiliary graph F' with vertex set B and with distinct
vertices u, v € B adjacent exactly if they have a common neighbor in G (possibly
even one belonging to B). We claim that a(F) < 2a2(G). Indeed, consider any
independent set A in F. No two vertices in A have a common neighbor in G, and
in particular the subgraph G[A] has maximum degree at most one. Thus, there
exists a set Ag C A of size at least |A|/2 which is also independent in G. Since
no two vertices of Ag have a common neighbor in G, the set Aq is 2-independent
in G, and thus |A| < 2|Ap| < 2a2(G). By the assumptions of the Lemma, it

follows that i

24m?2s2’

a(F) < (2)

10



By Lemma [15] there exist sets X € V(G)\ B and D C V(G) such that |X| < b,
|D| < %, and every vertex of V(G)\ (BUX UD) has a neighbor in D. Since

m > (2¢+ 1)d + 2¢, we have
b b
DI<—<-.
D<o <2 @

We are going to use D for the color-d vertices of the m-cascade. A minor
issue with this is that some vertices of B U D (or vertices of X, which are not
necessarily dominated by D) can be contributing edges to the candidate F for
the foundation of this m-cascade. Thus, let F’ be the spanning subgraph of F'
where distinct vertices uw and v are adjacent if and only if in G, they have a
common neighbor belonging to V(G) \ (BU X U D). Since B = V(F’) is an
m-nearly 2-independent set in G, we have

|E(F)\ E(F')| < (2‘>|BUXUD| < 3"; b

Let r = %mQ and a = % = @; by , we have a < m. By Lemma

we have
3m?2 b
FY<2Vra-b<2{/ —— b= —.
oF) S 2/ra-b <2\ 5o e s

Let S, = B\ D; by (3], we have |Sy| > b/2, and thus
Sy

b
2s 7 s

a(F[S.]) < a(F') <
Let Sq = D; by , we have

b _ |5
< —< .
|Sd| ~— 2¢cT ¢

Let S = V(G) \ (BUX UD). Let H be the subgraph of G with vertex set
Sy U Se U Sy containing for each vertex v € S,

e a single edge from v to a neighbor of v in G belonging to S4 = D and

e all edges from v to neighbors of v in G belonging to S, (there are at most
m of them).

Let 1 be the coloring of H assigning the color v to all vertices of Sy, the color e
to all vertices of S, and the color d to all vertices of Sq. Then (H,v) is an
m-cascade with foundation F'[S,] and slope at least (s,c) appearing in G. O

Our main result now easily follows.

Proof of Theorem[4} If the class G contains cascades of arbitrarily large slope,
then by Observation |3} it does not have bounded domination-to-2-independence
ratio.



Suppose now that there exists a positive integer ¢ such that every cascade
contained in G has slope less than ¢. Let d > 3 be an integer such that every
graph in G has average degree at most 2d; since the class G is monotone, all
graphs in G have maximum average degree at most 2d. Let m = (2¢+ 1)d + 2¢
and s = [m*clog(ec)]. By Corollary no m-cascade of slope at least (s,c) is
contained in G. We claim that

Y(G) < 48(4d + 2)m?s* - as(G)

holds for every G € G. Indeed, by Lemmas [13] and G contains a (2d + 1)-
nearly 2-independent set of size at least ﬁ’y(G). Let b be the maximum size

of an m-nearly 2-independent set in G; since m > 2d+1, we have b > ﬁW(G).
Since G is monotone and no m-cascade of slope at least (s, ¢) is contained in G,
no m-cascade of slope at least (s, c) appears in G. Therefore, by Lemmam we

have . (@)
g
> > .
T 48m2s? T 48(4d + 2)m?2s?

It follows that the class G has bounded domination-to-2-independence ratio. [

OéQ(G)

4 Graphs without clique subdivisions

Finally, we show that the class Cj 4 has domination tied to 2-independence.

Proof of Theorem[9 Without loss of generality, we can assume that d > 2.
Let d' = [d/2], so that d < 2d" < d + 2. For a positive integer m, let I(m)
be the multicolor Ramsey number R(m, (2‘1/;1) X k); that is, for every (not
necessarily proper) coloring of the edges of a clique with at least I(m) vertices
using (le;'l) + 1 colors, there exists either a subclique of size m whose edges
all have the first color, or a subclique of size k whose edges all have one of the
remaining colors. For every positive integer x, let h(z) = 8d%I(z + 1); we claim
that every graph G € Cy, 4 satisfies 7(GQ) < h(az2(G)).

Indeed, consider any such graph G. By Lemma G has an orientation
of maximum outdegree at most d’, and by Lemma G contains a (2d' 4 1)-
nearly 2-independent set A’ of size at least ﬁ'y(G) > ﬁ’y((}). By Lemma
applied to the graph G[A’] (whose average degree is at most d), there exists an

A

independent set A C A’ of size at least a1 2 é’y(G).

Let ¢ be a (not necessarily proper) coloring of the edges of the clique K
with vertex set A using colors {0,..., (Qd/;rl)} obtained as follows. Each edge
zy € E(K) such that the vertices  and y have a common neighbor in G (nec-
essarily outside of A, since A is an independent set) is assigned to an arbitrarily
chosen common neighbor. Since the set A is (2d’ + 1)-nearly 2-independent,
at most (Qd;H) edges of K are assigned to each vertex in V(G) \ A. For each
vertex in V(G) \ A4, we give each edge of K assigned to it a distinct color in
{1, e (2d/2+1) } The edges xy of K such that the vertices z and y do not have

any common neighbors in G are given color 0.
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Note that for every i € {17 e (Qd,;'l) }, the 1-subdivision of the subgraph
of K formed by the edges of color 7 is a subgraph of G: Indeed, the ends of
any such edge have a common neighbor in G, and these common neighbors are
pairwise different for distinct edges of the same color by the construction of .
Since G does not contain the 1-subdivision of K} as a subgraph, it follows that
K does not contain any subclique of size k with all edges of color 3.

Let m be the largest integer such that I(m) < gz7v(G). By the definition
of I(m), we conclude that K contains a subclique @ of size m with all edges
of color 0. By the definition of the coloring of K, the vertices of @) form a
2-independent set in GG. Therefore,

h(az(G)) = h(IV(Q)]) = h(m) = 8d*I(m + 1) > ~(G)

by the choice of m. O
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