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Abstract

Local search algorithms for NP-hard problems such as Max-Cut frequently per-
form much better in practice than worst-case analysis suggests. Smoothed analy-
sis has proved an effective approach to understanding this: a substantial literature
shows that when a small amount of random noise is added to input data, local
search algorithms typically run in polynomial or quasi-polynomial time. In this
paper, we provide the first example where a local search algorithm for the Max-Cut
problem fails to be efficient in the framework of smoothed analysis. Specifically,
we construct a graph with n vertices where the smoothed runtime of the 3-FLIP
algorithm can be as large as 22V,

Additionally, for the setting without random noise, we give a new construction
of graphs where the runtime of the FLIP algorithm is 2(") for any pivot rule. These
graphs are much smaller and have a simpler structure than previous constructions.

1 Introduction

In the Max-Cut problem, the vertices of a weighted graph have to be partitioned into
two sets such that the sum of the weights of all edges crossing between the sets is
maximal. Since this problem is computationally hard to solve [Kar72], local search is
often used to compute reasonably good solutions in an acceptable time. A standard
form of local search for the Max-Cut problem is the FLIP algorithm which repeatedly
moves individual vertices across the cut until it reaches a local optimum; similarly, the
k-FLIP algorithm moves up to k vertices in each step. The FLIP algorithm performs
well in practice [GNWZ95, DHL99], despite the fact that there exist graphs where the
algorithm takes exponential time to terminate [SY91, ET11, MT10].

An important approach for closing the gap between the worst-case analysis and the
empirical performance of algorithms is through smoothed analysis [ST04]. This method
has been particularly effective for local search algorithms [Man15]. In this framework,
the runtime of the FLIP algorithm is analysed after a small amount of random noise
is added to the edge weights of the graph. Recent work has shown that the smoothed
runtime of the FLIP algorithm is polynomial or quasi-polynomial in various different
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settings [ER17, CGVG 20, ET11, GGM22, ABPW17, BCC21]. Similarly, the 2-FLIP al-
gorithm has been shown to have a smoothed quasi-polynomial runtime in complete
graphs [CGVGY23].

In this paper, we consider the 3-FLIP algorithm. In light of the previous work, it might
be expected that smoothed analysis should give the same picture, with a polynomial or
near-polynomial smoothed runtime. We show that this is not the case: the smoothed
runtime of the 3-FLIP algorithm in an n-vertex graph can be exponentially large in /7.

Theorem 1.1. For all n € IN there exist graphs G with O(n) vertices such that the following
holds. Let a < b be real numbers. Suppose that the edge weights of G are chosen uniformly at
random in [a, b] and consider a uniformly random initial cut of G. Then, with high probability

there are executions of the 3-FLIP algorithm from this initial cut that take 2°(V") steps.

This is the first example of a local search algorithm for the Max-Cut problem whose
smoothed runtime can be inefficient. We note that Theorem 1.1 is also quite robust:
the weights can be smoothed across any interval, and the proofs could be adjusted
to handle other smoothing distributions. While most implementations of the 3-FLIP
algorithm will not follow the long local search sequences that we construct, this result
shows that the details of the algorithm matter when performing smoothed analysis.

Returning to the non-smoothed problem, we also give a new construction of graphs
with maximum degree four where the FLIP algorithm takes exponential time to termi-
nate. While graphs with these properties were previously constructed by Monien and
Tscheuschner [MT10], our construction has a simpler structure and uses fewer ver-
tices. Additionally, there is exactly one execution of the FLIP algorithm in our graph
that ends in a local optimum, while in previous constructions there were multiple.

Theorem 1.2. Forall n € N there exist graphs with O(n) vertices and maximum degree four
which have an initial cut from which the unique execution of the FLIP algorithm that ends in a
local optimum takes Q)(2") steps.

This paper is organized as follows. In Sections 1.1 and 1.2 we give some background on
local search and smoothed analysis for the Max-Cut problem. We then provide the new
construction of graphs with the properties from Theorem 1.2 in Section 2. Theorem 1.1
is proved in Section 3. We conclude with some discussion in Section 4.

1.1 Local Search

The Max-Cut problem has found many practical applications, including circuit layout
design [BGJR88, CKC83, Pin84, CD87], clustering [PZ06], the analysis of newsgroups
[ARSX03], and more [PT95, BH91, CCGO04, Bra07]. However, Max-Cut is NP-hard
[Kar72], and so there likely exists no efficient algorithm solving this problem. Instead,
in applications of Max-Cut, local search is often used to compute large cuts in a short
amount of time.

Local search algorithms are successful in a variety of optimization problems, such as
linear programming [ST04] or the travelling salesman problem [JM97]. For Max-Cut,
a simple but successful form of local search is the FLIP algorithm, which starts with
some initial cut and then repeatedly moves individual vertices across the cut until it
reaches a local optimum. A pivot rule determines which vertex to move if there are



multiple vertices that could be moved to yield a local improvement. Local Max-Cut is
the problem of finding a local optimum, that is a cut which cannot be improved by flip-
ping the position of a single vertex. The Local Max-Cut problem is related to Hopfield
neural networks [Hop82] and Nash equilibria in party affiliation games [FPT04].

While the FLIP algorithm performs well in practice [GNWZ95, DHL99], worst-case
analysis cannot explain its good performance. Schiffer and Yannakakis [SY91] have
shown that the Local Max-Cut problem is PLS-complete where PLS is the complexity
class of all polynomial local search problems. This is already the case even for Local
Max-Cut on graphs whose maximum degree is five [ET11]. Not only does this prove
that the Local Max-Cut problem cannot be solved efficiently unless PLS C P, it also
implies that there exist graphs where the FLIP algorithm takes exponential time to
terminate. In fact, Monien and Tscheuschner [MT10] have shown that there are graphs
of maximum degree four with this property. We provide a new construction of such
graphs, proving Theorem 1.2. Note that the condition of having maximum degree four
cannot be reduced since the FLIP algorithm runs in polynomial time on graphs whose
maximum degree is three [Pol95].

1.2 Smoothed Analysis

Besides the FLIP algorithm, there are also many other algorithms whose worst case
analysis incorrectly predicts their real-world performance. To explain this difference
for the simplex algorithm, Spielman and Teng [ST04] introduced smoothed analysis.
This framework adds a small amount of random noise to the input data to model slight
imprecisions occurring in the real world. If the expected runtime of an algorithm on
these perturbed inputs is efficient, this may explain why the algorithm has a good
practical performance. Smoothed analysis has been applied to many areas in computer
science [MR11, ST09], in particular to local search algorithms [ERV14, AMR11, Man15].

To perform a smoothed analysis of the FLIP algorithm, we add a small amount of
random noise to each edge weight of the graph. In this setting, Etscheid and Roglin
[ER17] have shown that the FLIP algorithm runs in smoothed quasi-polynomial time.
This means that the expected runtime is bounded by ¢n?(°8") where ¢ is a parame-
ter controlling magnitude of the perturbations applied to the inputs. This bound was
later improved to gbno(\/@) by [CGVGT20]. Moreover, in graphs with logarithmic
maximum degree and in complete graphs, the FLIP algorithm runs in smoothed poly-
nomial time [ET11, GGM22, ABPW17]. The best known smoothed runtime bound for
the FLIP algorithm in complete graphs is O(¢n’8%) [BCC21].

There are also local search algorithms for the Max-Cut problem which move more than
one vertex across the cut in each step [KL70, GNWZ95]. One such algorithm is the k-
FLIP algorithm which moves up to k vertices in each step. k-Opt Local Max-Cut is
the corresponding problem of finding a cut which cannot be improved even if we are
allowed to move up to k vertices across the cut at once. As already noted, the 2-FLIP
algorithm has a smoothed quasi-polynomial runtime in complete graphs [CGVGY23].
This result assumes that the pivot rule never moves two vertices if moving just one of
them provides a higher improvement.

The proofs of these results show that with a small amount of random noise, the ex-
pected number of steps of every possible execution of the local search from any initial



cut is at most quasi-polynomial. In contrast, we show with Theorem 1.1 that this is
not true for the 3-FLIP algorithm. Even if a large amount of random noise is added
to the graph and if we consider a random initial cut, the runtime of the 3-FLIP algo-

rithm can nevertheless be as large as 22(vV"). This provides the first example where
a local search algorithm for the Max-Cut problem has a superpolynomial smoothed
runtime. However, we also note that the long local search sequences in our example
contain moves with three vertices where moving just one of them would yield a higher
improvement. It therefore remains open whether the 3-FLIP algorithm could have an
efficient smoothed runtime for pivot rules that do not make such moves, such as the
greedy pivot rule, or for restricted graph classes.

1.3 Preliminaries

For any integer k € IN, we write [k] := {1,...,k}. If G = (V,E) is a graph, we denote
by N(v) the neighbourhood of a vertex v. A cut of G is a functiono: V. — {—1,1}.
This cut partitions the vertices of Ginto {v € V : 0(v) =1} and {v € V: 0(v) = —1}.
We say that an edge uv € E crosses the cut if o(u) # o(v). If G is weighted, we denote
its edge weights by X € RE. The value of a cut o is

o(0) = % Y (1 - 0(1)0(0)) Xuo.

uveE

Thus, the Max-Cut problem is the problem of finding a cut ¢ which maximizes v(¢).

A k-flip sequence is a sequence L = Vi,...,V; of subsets V; C V such that |V;| < k
for alli € [¢]. L can be interpreted as a sequence of ¢ moves whose i-th step moves
all vertices from V; across the cut. For some initial cut o, we define ¢ to be the cut
obtained from ¢ by performing all moves from L. This means that ¢* is defined by
ol (v) := (=1)"®g(v) where n(v) denotes the number of occurrences of v in L. The
change in the cut value caused by performing all moves from Lis AL (0) := v(ct) — v(0).
For example, for a single vertex v, it can be checked that

A(o)= ). o(u)o(v) X

UEN(v)

Finally, L is improving from oy if AVi(o;_1) > 0 for all i € [¢] where 0; is defined in-
ductively by o; := (Tl.‘fl. With these definitions, an execution of the k-FLIP algorithm
corresponds to an improving k-flip sequence ending in a local optimum.

2 Runtime of the FLIP algorithm

First, we present a small graph where the FLIP algorithm takes exponential time to
terminate. Our example is given by the graph G,, and its initial cut depicted in Figure 1.
Using O(n) vertices, this graph generates exponential improving sequences of length
Q)(3"). The graph is constructed inductively as follows:

* Thebase case is a graph Fj consisting of a single edge v 1008 with weight 7 whose
endpoints are on opposite sides of the cut.
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Figure 1: A graph G, with O(n) vertices where the FLIP algorithm runs in time Q(3").

* We construct a graph F, from F,_; by adding a path with eight new vertices

Uni,--.,0ng to the graph, with consecutive vertices positioned on alternating
sides of the cut and v, 1 on the same side of the cut as v,,_17. For all k € [7],
the edge v, v, k41 is assigned a weight of (7 —2|k/2]) - 8".
The new vertices are joined to those of F,_; as follows: v,, v,4, and v, ¢ are
joined to v,_11. These edges are assigned a weight of 8" except for the edge
0,,4U5—1,1 Which receives the negative weight —8". The vertices v, 3, v, 5, and v, 7
are connected to v,_1g with edges of weight of 1, expect that the weight of the
edge v,, 50,18 is —1.

¢ To obtain G,, two new vertices wy and w; are added to F,, with w; on the same
side of the cut as v, 1 and w; on the opposite side. Then, w; is joined to v, ; with
an edge of weight 8" ! and w; is joined to w; with an edge of weight 2 - 8"*1,

In total, G, has 8n +4 € O(n) vertices and 13n + 3 € O(n) edges whose weights range
(in modulus) from 1 to 2 - 8" 1. The maximum degree of G, is four.

The idea behind this construction is that the initial configuration of F, is a local max-
cut, but moving the start vertex v, 1 across this cut will trigger an exponential improving
sequence. This sequence will then move the vertices v, to v, g one-by-one across
the cut. Moreover, while doing so, it forces the improving sequence of F,_; to be



performed three times, once each after the moves of v, 5, v, 4, and v, 6. This results in
the exponential growth of the length of that sequence. Because the additional vertices
of G, ensure that moving v,; across the cut in the first step is improving, G, will
perform this exponential improving sequence. Moreover, we can prove that this is in
fact the unique improving sequence of G;. This gives the following result.

Theorem 2.1. For the graph G,, and its initial cut depicted in Figure 1, the unique improving
sequence that ends in a local optimum has length Q(3").

Proof. Let Ly := vy 1,098 and

Ly := Un,1, 90,2, Ly,—1, On,3, n,4, L,—1, 01,5, On,6s Ly,—1, On,7,0n,8-

The length of L, is 3(3"), and a simple induction shows that L, moves every vertex of
F, an odd number of times across the cut (w; and w; remain fixed). We claim that L,, is
improving from the initial cut of G,. For this purpose, we will show by induction on
n that every step of L,, except for potentially the first step, is improving when starting
from the initial cut of F,. This is clearly satisfied for the base case L. For any n > 0,
consider the following cases:

e Letk € {2,4,6,8}. Then, since the weight of the edge v, v, x_1 is higher than the
absolute weights of all other edges incident to v, , combined, moving v, ; across
the cut is improving if and only if v, x and v, ;_; are on the same side of the cut.
This condition is satisfied during the move of v, ; in L, since v, , and v,, s start
on opposite sides of the cut but v, ;_1 moves across the cut immediately before
v, k- Hence, the move of v, ; in L, is improving.

e Let k € {3,7}. In this case, the edges v, v, x—1 and v, xv, 11 have the same
weight while the third edge v, xv,,_18 has a weight of 1. So, there are two situ-
ations in which moving v,, ; across the cut is improving: Either v, ;1 and v, 14
are both on the same side of the cut as v, , or this is satisfied by one of these two
vertices and additionally the vertex v,,_1 g.

Because v, x and v,,_; g start on opposite sides of the cut and L,,_1 moves v,,_1
an odd number of times across the cut, v,,_1 g will be on the same side of the cut
as vy,  during the move of v, ; in L,. This is also true for v, x_ since v,, \_; starts
on the opposite side of the cut from v, ; but moves exactly once across the cut
before the move of v, ;. Hence, the second condition from above is satisfied, and
so the move of v, in L, is also improving.

¢ For v, 5, the behaviour is almost exactly the same as for v, 3 and v, 7, except that
v,,—1,8 must be on the opposite side of the cut from v, 5 to make the move of v, 5
improving. Since this is satisfied in L, the move of v, 5 is also improving.

* Whenever v,,_11 movesin L, as the first step of L,,_1, it can be checked that either
v,,2 and v, ¢ Will both be on the same side of the cut as v,,_1 1, or this is satisfied
by one of these two vertices and additionally v, 4 is on the opposite side of the
cut. In both of these cases, the contributions of the mentioned vertices outweigh
all other edges incident to v,,_1 ; combined, ensuring that the moves of v,,_1 1 in
L, are improving.

* We also have to reverify that the moves of v,,_; g in L, as part of L,,_; are im-
proving because we have connected new edges to that vertex. However, this is
no problem: The weight of the edge v,,_1 gv,,_1 7 is still higher than the absolute



weights of all other edges incident to v,,_1 g combined. As for v, g, we therefore
get that the moves of v,,_1 g in L, are improving.

* Finally, all other moves of L,_; are improving in L, by induction since we con-
nected no new edges to these vertices and so the improvements of these moves
in L, when starting from F, are the same as the improvements of these moves in
L,_1 when starting from F,,_;.

Hence, every move of L,, except for potentially the first move, is improving when
starting from the initial cut of F,,. Due to the additional vertices and edges from G, the

tirst move of L, in G, will also be improving. Therefore, L, is an improving sequence
of length (3(3") in G,.

Lastly, we will show that L, is the only improving sequence of G, ending in a local
optimum, which concludes the proof of the theorem. For this, we show that each move
of L, is the unique improving move at that time step. Then, every improving sequence
must perform exactly the moves from L, as required. Again, we divide into cases:

e For k € {2,4,6,8}, recall that moving v,, x across the cut is improving if and only
if v, and v, ;1 are on the same side of the cut. However, these two vertices
start on opposite sides of cut, and this remains true until v, ;_; moves. More-
over, because v, ; moves immediately after v, ;_1, these vertices will again be on
opposite sides of the cut after the move of v, ;. Hence, v, x and v, 1 are only on
the same side of the cut during the move of v, x in L,;, and so v, y cannot move at
any other time step. Similar arguments apply to v,,_1 5.

e For k € {3,7}, recall that moving v,, ; across the cut is improving if and only if
either v, ,_1 and v, ;41 are both on the same side of the cut as v, or if this is
satisfied by one of these two vertices and additionally the vertex v,_1. It can
be checked that the first case never occurs while the second case is only satisfied
when v, moves in L,. Hence, v, cannot move at any other time step than
during its move in L. Similar arguments apply to v, 5.

¢ For v,_1 1, note that a move of that vertex can only become improving if one of
its adjacent vertices has moved. Since we already know that v,,_; | moves imme-
diately after every move of v, 5, v, 4, OF v, 6 in Ly, this could only be problematic
if a move of v,_11 becomes improving after one of the moves of v,,_1, in L,.
However, this is never the case because v,,_1 > will always move to the opposite
side of the cut from v,_; 1 and will therefore only reinforce the current position
of v,_1 1 on its side of the cut.

e Finally, for all other vertices of F,_1, we can show by induction that they cannot
move at any other time step than during their moves in L.

Hence, a move of a vertex of F, is only improving when this vertex moves in L,,. More-
over, a move of wj or w; is never improving in G,. This is again due to similar reasons
as for v,,2, vy, 4, Uy 6, and v, g: Because the edge between w; and w; outweighs all other
edges incident to these vertices, moving one of these two vertices is only improving if
they are both on the same side of the cut, but this is never the case. Hence, as required,
the moves of L, are the unique improving moves at their time steps. O

In particular, because the FLIP algorithm performs an improving sequence until it

reaches a local optimum, it needs an exponential number of steps to terminate for the
graph G, and this holds regardless of the chosen pivot rule. This proves Theorem 1.2.
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Figure 2: A graph Hy with n € O(k?) vertices where the 3-FLIP algorithm can have a
smoothed runtime of up to 22(v"),

3 Smoothed runtime of the 3-FLIP algorithm

Next, we show that the 3-FLIP algorithm can have a superpolynomial smoothed run-
time even if we choose all edge weights of the graph uniformly at random. This relies
on the fact that with high probability linear combinations of uniform random variables
with coefficients —1 and 1 can approximate any value in a large interval up to some
exponentially small error. Since the local improvements during the execution of the 3-
FLIP algorithm correspond to such linear combinations, this allows us to control these
local improvements in graphs whose edge weights are chosen uniformly at random.

Define the approximation error of an interval I by linear combinations of X3, ..., X, as

).

Lemma 3.1. For all b € R there exists c > 0 such that the following holds. If n € IN
is sufficiently large and X, ..., X, are independent random variables chosen uniformly at
random in the interval [b,b + 1|, then it holds that

n
X — EliXi
=1

xel \ aq,....ape{-1,1} i

e(I,Xy,...,%Xy) :max< min

P(a([—g,g},xl,...,xn) < 2*0”) > 12N,

Proof. A result of Lueker [Lue98, Corollary 3.3] implies that there exists ¢ > 0 such that
E(e([-n/5n/5],X1,...,Xn)) <272 if n is sufficiently large. It follows that

P(e([-2 2] Xu, ... %) 2 27er) < BSOS X0 X))y,

We now construct a graph Hy with n € O(k?) vertices where the 3-FLIP algorithm can
have a smoothed runtime of ()(2¢) = 22(v"), For any k € N, let n; € O(k) be such
that 27¢%/64 < 37K for the ¢ given by Lemma 3.1. The graph Hy, depicted in Figure 2,
is a disjoint union of the following graphs:

e For every i € [k], the graph contains two trees S and S“i. These two trees are
obtained by taking a copy of Kj,, and attaching two new vertices to each leaf.
We denote the centers of S and S“i by v; and w; respectively.

Because SV and S"i have 6n; +1 € O(k) vertices each, the graph Hy has a total of
2k(6n + 1) € O(k?) vertices as claimed. We also remark that we could make Hy
connected by arbitrarily adding edges between the leaves of the trees of Hy. Such
edges are irrelevant to the improving 3-flip sequence that we construct.
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To study the smoothed complexity of the 3-FLIP algorithm in Hy, suppose that the edge
weights of Hy are chosen uniformly at random and consider a uniformly random initial
cut o of Hy. To show that the 3-FLIP algorithm can have a superpolynomial runtime in
this setting, we start by moving a subset of the neighbours of v; and w; across the cut.
This allows us to get a very precise control over the local improvements of a move of
v; or w; later in the execution of the algorithm. This is given by the following result.

Lemma 3.2. Let b € R be a real number. Suppose that the edge weights of the graph Hy are
chosen uniformly at random in the interval [b, b + 1| and that o is a uniformly random cut of
Hy. Then, with high probability there exists a 3-flip sequence L that is improving from o such
that |A* (") — 3=V | < 37 forall i € [k] and u € {v;, w;}.

Proof. We may assume that b > —1/2 since the case b < —1/2 is analogous. Leti € [k]
and u € {v;, w;}. For each s € N(u), denote by s1,s, € N(s) \ {u} the two neighbours
of s apart from u. Let E; be the event that 0'(s) = 0(s1) = 0(s2) and Xss, + Xss, > b +1,
and let S, C N(u) be the subset of those neighbours s of u where the event E; occurs.
These events are independent with IP(Es) > 1/32. So, a Chernoff bound implies that

o [N (u)] —Q(ny)
>~ ) = > 2 1 >1—- k),
1P<|Su|_32> 1P<|Su|_ ol >1-2

Define
Dy:= Y o(u)o(s).
seN(u)\Sy
Note that o(u)o(s) is chosen uniformly at random in {—1, 1}, independent of the event

Es. Since D, is a sum of at most 21 such independent random variables, a Chernoff
bound implies that

ng _ (n)
< IK) > 1_ k
11>(|Du| 64) 1—2700m),

If E, is the event that |S,| > n;/32 and |D,| < ny/64 are both satisfied, this implies
that P(E,) = 1 — 2~ Q0(m),

Let m := |ny/128] and let T,, C S, be a subset of size 2m. If E, occurs, then we have
that |S, \ T,| > ni/64 > |D,|. So, the fact that [N(u) \ Sy| + Sy \ Tu| = 2(nx — m)
is even implies that there exist coefficients a,; € {—1,1} for s € S, \ T, such that
Dy + Yses,\1, dus = 0. Define

AM = Z O'(M)O'(S)Xus + Z au5Xus.
sEN(u)\Sy s€S\Ty

Note that Xy, is distributed uniformly at random in [b, b + 1], independent of the events
E, and E;. By pairing up variables with positive and negative coefficients, A, can be
written as a sum of 1, — m independent random variables taking values in [—1,1],
each with expectation 0, and so [E(A,) = 0. Therefore, Hoeffding’s inequality [Hoe63,
Theorem 2] implies that

N —Q(ny)
< —)>1- k.,
P(|A”| - 512) >1-2

Let Fy be the event that there exist coefficients a,; € {—1,1} for s € T, such that
|3_(l_1) — Ay — Yser, AusXus| < 37k 1f E, and |Ay| < ni/512 are both satisfied, then
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|3_(i_1) — Ay| <14 n,/512 < 2m/5. Moreover, the random variables X,;s foralls € T,
are independent of these two conditions. So, Lemma 3.1 shows that the probability of
F,, conditioned on these two events will be at least 1 — 2_9(”k), and thus

P(F) > P(F,

33 Ny —Q(ny)
< K < _kK)>1_ k
E, and |A,] _512>1P<Euand|Au|_512> > 1200,
Applying the union bound shows that with high probability all the events F, will occur.
Consider the case where this happens.

Let L be the 3-flip sequence moving every vertex s € S, with o(u)o(s) # ays individ-
ually across the cut. Because the event E; occurs for every s € S;, these moves are
improving. Let T := ¢! be the resulting cut, so T(s) = —o(s) for exactly those s € S,
with o(u)o(s) # ays. In particular, this implies that 7(u)7(s) = a,, for all s € S, while
T(u)t(s) = o(u)o(s) foralls € N(u) \ S,. Therefore,

A () = Z T(u)T(s) Xus = Dy + 2 ays Xus,
sEN(u) seTy

and so we conclude that |A* (1) — 3~ (=1 | < 37 because the event F, occurs. O

Given these controlled local improvements, we now construct an improving 3-flip se-
quence of length Q(2%) in Hy. This 3-flip sequence acts like a binary counter on the
vertices vy, ..., 0. Whenever v; is on the side ¢’ (v;) of the cut, this corresponds to a 0
at position i of the binary counter, while otherwise it corresponds to a 1. For any i, the
sequence will first perform a binary counter sequence on v;1, ..., v, will then move
v; across the cut while resetting the positions of v;;1, ..., vx, and will afterwards again
perform a binary counter sequence on v;,1, ..., 0. Since this construction requires a
move of v; to reset the positions of v;11,..., v, and these vertices cannot all move in
the same step, the vertices w;;q,...,wy are used to pass on the task of resetting the
positions of v; 1, ..., vx. This yields the following result.

Lemma 3.3. Let o be a cut of the graph Hy with |A*(c) — 3~V < 37 forall i € [k] and
u € {v;, w;}. Then, there exists at least one 3-flip sequence that is improving from o and has
length Q(2F).

Proof. Let V; := {v;,..., v}, U; := V;U{w;, ..., w}, and U := Uy. If T is a cut of Hy
satisfying 7|y\; = o’|y\u, we have for u € U that

AY(T)= ) T(u)T\(iqus =t(w)o(u) Y, o(u)o(s)Xus = t(u)o(u)A" (o).

sEN(u) =0 (s) since s¢U sEN(u)

Hence, as long as we move only vertices from U, moving u from the side o(u) to the
side —o(u) of the cut changes the cut value by A*(c) while moving u from —o(u) to
o(u) yields a change of —A"(¢). In particular, if i < k, moving u € {v;, w;} from the
side o (u) to the side —c (1) of the cut while simultaneously moving v; 1 and w; 1 from
—0(vi11) to 0(vi1) and —o(wj 1) to o(w;;1) respectively increases the cut value by

A* (o) — A% () — AV (g) > (370D =378y 4 2. (=377 =37 Ky >0, (1)
implying that such a move is improving.
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We use this to provide an improving 3-flip sequence of length Q(2¥) in H;. Consider
any cut T with 7|\ = oy\y and Ty, = oy;. We will show by induction on k — i that

there exists a 3-flip sequence L of length > 25~ which is improving from T and uses
only vertices from U;. The base case i = k is trivially satisfied by the 3-flip sequence
L := (v;) which moves only the vertex vy across the cut since this move increases the
cut value by A%() > 3-=1) — 37k > (0 and is therefore improving.

Now, consider an arbitrary i € [k — 1] and assume that the induction hypothesis holds
for i 4+ 1. Suppose that T[;\y = |y and t|y; = oly,. Since 7|y, = o]y, ,, we can
immediately apply the induction hypothesis and get an improving 3-flip sequence L;
of length > 25~ (+1) starting from T and using only vertices from Uj, . Let 7y := Tl
be the resulting cut after the moves from L.

Next, let L, be the 3-flip sequence moving every vertex u € U; 1 with 7y (1) = o(u)
individually to the side —c (1) of the cut. Again, these moves increase the cut value by
A"(o) > 0. Moreover, the resulting cut 7, := TlL > will satisfy 1|y, = —0ly,., while
T (v;) = o(v;) since v; was not yet moved at all. That is, v; is on the side ¢ (v;) of the
cut while v; and w; for j > i are on the sides —¢(v;) and —o(w;) respectively. Then, we
perform the following sequence of moves:

L3 := (0, 0i41, Wit1), (Wit1, Vigo, Wiy2), (Wit2, Vig3, Wit3), - , (Wr_1, Vg, W).

Since each step of this sequence moves a vertex u € {vj,w;} from the side o (u) to
the side —o(u) of the cut while moving v;,1 and wj;1 from —c(vj41) to 0(vj41) and
—0(wjy1) to o(wjyq) respectively, we know from (1) that all of these moves are im-
proving. Moreover, because L3 moves every vertex from V;;; exactly once across the
cut, the resulting cut 73 := TZL * satisfies 13|y,,, = —m|v,, = oly,,. Hence, we can
again apply the induction hypothesis and perform an improving 3-flip sequence L, of
length > 25~ (i+1) starting from 73 and using only the vertices from U ;.

Let L be the concatenation of L1, Ly, L3, and L4. Since each of these four sequences is
improving, L is improving. Moreover, L uses only vertices from U; since this holds for
Ly, Ly, L3, and Ly. Lastly, because the lengths of L; and L4 are > Zk_(i“), the length
of Lis > 2 -2k (i+1) — pk=i Therefore, the induction hypothesis holds for i and so by
induction for all i € [k]. Withi = 1 and T = 0, this yields a 3-flip sequence of length
> 2k=1 ¢ ()(2F) which is improving from o O

Combining these two lemmas and rescaling the edge weights proves Theorem 1.1.

We note that the 3-FLIP algorithm can be easily adapted in this example to avoid
the improving 3-flip sequence of superpolynomial length. For instance, this can be
achieved by using the greedy pivot rule which always chooses the move maximizing
the local improvement in each step. We also note that our example is quite sparse.
So, for specific pivot rules and dense graphs, the smoothed complexity of the 3-FLIP
algorithm remains open.

It is also interesting to consider the 2-FLIP algorithm. However, the example from
above cannot be adapted to show that the 2-FLIP algorithm would have a superpolyno-
mial smoothed runtime since it would only yield improving 2-flip sequences of length
Q(k?). In fact, we can prove the following.

11



Theorem 3.4. Let G be a graph and I C 'V be an independent set. Then, every improving
2-flip sequence of G which uses only vertices from I has a length of O (n?).

Proof. Let I = {vy,...,v¢}. Since I is an independent set, moving a vertex v; across
the cut will always result in the same change to the cut value. Denote this change by
A; > 0 and let s; be such that moving v; from the side s; to —s; of the cut changes the
cut value by A; while moving v; from —s; to s; changes the cut value by —A;. By sorting
the vertices vy, ..., v, we may assume that Ay > Ay > - -+ > Ay

Let L be any improving 2-flip sequence of G. For any cut ¢ of G, assign a token to every
vertex v; with 0 (v;) = s; and consider how these tokens change during the execution of
L. For this purpose, assume that a single step of L moves two vertices v; and v; across
the cut where i < j. Since this move is improving and A; > A, this step must move v;
from the side s; to —s; of the cut. In particular, v; loses a token during this step. If v;
gains a token during this move, we imagine the token to be moved from v; to v;.

Hence, during every step of L, either at least one token gets removed from G or a token
moves from some vertex v; to a vertex v; with j > i. Since there are at most k tokens
at the beginning and each of these tokens can move at most k — 1 times, it follows that
the length of L is at most k* € O(n?). O

As the 3-flip sequence from Lemma 3.3 moved only vertices from an independent
set, no small change to this example can yield superquadratic improving 2-flip se-
quences. We remark that Kaul and West [K\W08] constructed unweighted graphs with
quadratic improving 1-flip sequences. These sequences would still be improving even
after adding a small amount of random noise.

4 Discussion and open problems

For NP-hard problems, smoothed analysis is an extremely powerful framework for
proving that algorithms typically run in polynomial or near-polynomial time. How-
ever, the results in this paper show that the effectiveness of this framework can depend
on the details of the analysed algorithms. It would be of great interest to find more gen-
eral conditions under which polynomial runtime can be achieved in this framework.

Many interesting questions remain open for further investigation.

¢ Is the smoothed runtime of the FLIP algorithm on arbitrary graphs polynomial?
Only quasi-polynomial smoothed runtime bounds are known [ER17, CGVG20].

¢ Is the smoothed runtime of the 2-FLIP algorithm on complete graphs polyno-
mial? Again, only quasi-polynomial runtime bounds are known [CGVGY23].

* What is the behaviour of the 2-FLIP algorithm on arbitrary graphs? Boodaghians,
Kulkarni, and Mehta [BKM18] showed that an efficient smoothed runtime of the
2-FLIP algorithm would also prove that the sequential-better-response algorithm
for k-strategy network coordination games has an efficient smoothed runtime.

* We have shown that the smoothed runtime of the 3-FLIP algorithm can be as large
as 22V Ts it possible to avoid this by choosing the right pivot rule? It would
be very interesting to determine whether the 3-FLIP algorithm has an efficient
smoothed runtime for specific pivot rules (for example the greedy pivot rule, or

12



the uniform random pivot rule) or in certain graph classes (like complete graphs).
It seems difficult to adapt the example from this paper to these settings. The same
questions arise for the k-FLIP algorithm with k > 3.

Acknowledgements. We would like to thank an anonymous referee for making us
aware of the reference [[LLue98].
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