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Quiver representations

A quiver is a directed graph. A quiver representation is an assignment
of vector spaces to the vertices and linear maps to the edges of a quiver.
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A quiver is a directed graph. A quiver representation is an assignment
of vector spaces to the vertices and linear maps to the edges of a quiver.
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Quiver representations

A quiver is a directed graph. A quiver representation is an assignment
of vector spaces to the vertices and linear maps to the edges of a quiver.
C%
A C d
A c*
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Theory:

o Classification of finite-dimensional algebras
o Construction of moduli spaces: quiver varieties

@ Understanding coherent sheaves on a variety
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@ Understanding coherent sheaves on a variety
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Quiver representations

A quiver is a directed graph. A quiver representation is an assignment
of vector spaces to the vertices and linear maps to the edges of a quiver.
C%

A C d

A c*

cx® g C®
Theory:

o Classification of finite-dimensional algebras

o Construction of moduli spaces: quiver varieties

@ Understanding coherent sheaves on a variety
Applications:

@ Persistent homology in topological data analysis

@ Matrix normal models in statistics

@ Linearly-constrained Principal Component Analysis (PCA)
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Singular vectors of a quiver representation

o Let Q = (V, E) be a quiver with |V| = n vertices
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Singular vectors of a quiver representation

e Let Q = (V, E) be a quiver with |V/| = n vertices
o Given an edge e =/ — j where i,j € V, denote its source and target
vertices bv s(e) =i and t(e) =
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Singular vectors of a quiver representation

e Let Q = (V, E) be a quiver with |V/| = n vertices

o Given an edge e =/ — j where i,j € V, denote its source and target
vertices bv s(e) =i and t(e) =

@ Suppose @ has a representation assigning the vector space C% to
each vertex i € V and a matrix A, € C%*% to each edge e = i — j.
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Singular vectors of a quiver representation

e Let Q = (V, E) be a quiver with |V/| = n vertices

o Given an edge e =/ — j where i,j € V, denote its source and target
vertices bv s(e) =i and t(e) =

@ Suppose @ has a representation assigning the vector space C% to
each vertex i € V and a matrix A, € C%*% to each edge e = i — j.

A tuple of vectors ([x1], ..., [xa]) € []"_; P(C%) on each vertex is a
singular vector tuple of the representation if for all e € E,

Ae - Xg(e) = AeXg(e)
for some A\, € C.
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Singular vectors of a quiver representation

e Let Q = (V, E) be a quiver with |V/| = n vertices
o Given an edge e =/ — j where i,j € V, denote its source and target
vertices bv s(e) =i and t(e) =
@ Suppose @ has a representation assigning the vector space C% to
each vertex i € V and a matrix A, € C%*% to each edge e = i — j.
A tuple of vectors ([x1], ..., [xa]) € []"_; P(C%) on each vertex is a
singular vector tuple of the representation if for all e € E,

Ae - Xs(e) = AeXy(e)

d
for some A\, € C. C
A
A A B
e O i W
AT cd
Ax = Ax Ax = )y, ATy = ux Ax = A\Bx
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From quivers to hyperquivers

We can generalize quiver representations from graphs to hypergraphs, and
from matrices to tensors, giving us hyperquiver representations
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From quivers to hyperquivers

We can generalize quiver representations from graphs to hypergraphs, and
from matrices to tensors, giving us hyperquiver representations
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Hyperquiver representations

Definition

A hyperquiver H = (V,E) is a set of vertices V of size |V/| = n and a set
of hyperedges E such that for each hyperedge e € E, there is an integer
m = m(e) > 1 and a tuple of vertices v(e) € V™

o LD ¢
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Hyperquiver representations

Definition

A hyperquiver H = (V,E) is a set of vertices V of size |V/| = n and a set
of hyperedges E such that for each hyperedge e € E, there is an integer
m = m(e) > 1 and a tuple of vertices v(e) € V™

@ The j-th entry of tuple v(e) is denoted sj(e) € V
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Tommi Muller (Oxford) Multilinear Hyperquiver Representations 12 July 2023 5/16



Hyperquiver representations

Definition

A hyperquiver H = (V,E) is a set of vertices V of size |V/| = n and a set
of hyperedges E such that for each hyperedge e € E, there is an integer
m = m(e) > 1 and a tuple of vertices v(e) € V™

@ The j-th entry of tuple v(e) is denoted sj(e) € V
@ The tuple s(e) := (si(e),...,sm—1(e)) are the sources of e, and the
vertex t(e) := sp(e) is the target of e

o LD ¢
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Hyperquiver representations

Definition

Fix a hyperquiver H = (V,E). Let d = (d,...,d,) be a dimension
vector. A representation R = (d, T) of H assigns

O O ¢
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Hyperquiver representations

Definition

Fix a hyperquiver H = (V,E). Let d = (d,...,d,) be a dimension
vector. A representation R = (d, T) of H assigns

@ A vector space C% to each vertex i € V.

Cd
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Hyperquiver representations

Definition
Fix a hyperquiver H = (V,E). Let d = (d,...,d,) be a dimension
vector. A representation R = (d, T) of H assigns

@ A vector space C% to each vertex i € V.

@ A tensor T, € C€ to each hyperedge e € E, where
Ce := C%e @ C%1) ® ) ® C%m-1() which is viewed as a
multilinear map HJ'";ll C%i®) —y (e,

Cd
T
C%he C<*% Cds A B
T T
d
¢ T cd
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Hyperquiver representations

Definition
Fix a hyperquiver H = (V,E). Let d = (d,...,d,) be a dimension
vector. A representation R = (d, T) of H assigns

@ A vector space C% to each vertex i € V.

@ A tensor T, € C€ to each hyperedge e € E, where
Ce := C%e @ C%1) ® ) ® C%m-1() which is viewed as a
multilinear map HJ'";ll C%i®) —y (e,

Cd
@ @ ’ 6
(Cd

T » X, X T( Y,z )a T(X, ,Z) T(X Yy, ) A(',X,X),B(~,X,X)
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Singular vectors of a hyperquiver representation

Definition
Given a hyperquiver Q = (V, E) and a representation R = (d, A), a tuple
of vectors ([x1], ..., [xn]) € [I'_; P(C%) on each vertex is a singular

vector tuple of the representation if for all e € E,

Te(xs(e)) = Te( s Xsy(e)s - - 7xs,,,,1(e)) = )\ext(e)

for some A\ € C. The set of singular vector tuples is denoted by S(R).
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Singular vectors of a hyperquiver representation

Definition
Given a hyperquiver Q = (V, E) and a representation R = (d, A), a tuple
of vectors ([x1], ..., [xn]) € [I'_; P(C%) on each vertex is a singular

vector tuple of the representation if for all e € E,

Te(xs(e)) = Te( s Xsy(e)s - - 7xs,,,,1(e)) = )\ext(e)

for some A\ € C. The set of singular vector tuples is denoted by S(R).

(Cd
T
C% C C% A B
T T
d
¢ T c

T(-,y,2z) = Az
T(-,x,x) = Ax T(x,2) = py A(-, x,x) = AB(-,x,x)

T(x,y,") =vz

o
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The singular vector variety

S(R) is a subvariety of X = [[7_; P(C%) whose equations are given by the
vanishing of the 2 x 2 minors of the dy(e) X 2 matrix

| |
Te(xs(e)) Xt(e)
|

for all e € E.

Tommi Muller (Oxford)

Multilinear Hyperquiver Representations

12 July 2023



The singular vector variety

S(R) is a subvariety of X = [[7_; P(C%) whose equations are given by the
vanishing of the 2 x 2 minors of the dy(e) X 2 matrix

| |
Te(xs(e)) Xt(e)
|

for all e € E.

What is the dimension and degree of the singular vector variety S(R)?
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The singular vector variety

S(R) is a subvariety of X = [[7_; P(C%) whose equations are given by the
vanishing of the 2 x 2 minors of the dy(e) X 2 matrix

| |
Te(xs(e)) Xt(e)
|

for all e € E.

What is the dimension and degree of the singular vector variety S(R)?

By degree, here we mean the degree of its image under the Segre
embedding s : X — PP, for D =[], di — 1.
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The number of eigenvectors of a tensor

Theorem (Cartwright-Sturmfels)

A generic tensor T € C?® ... ® C? of order m has &

each occurring with muItlpI|C|ty 1.

eigenvectors,

Cd

T(-,x,x) = Ax
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The number of eigenvectors of a tensor

Theorem (Cartwright-Sturmfels)

A generic tensor T € C?® ... ® C? of order m has &

each occurring with muItlpI|C|ty 1.

eigenvectors,

If the tensor T is generic in the hyperquiver representation below, then the

singular vector variety S(R) has dimension 0 and degree %

T

Cd

T(-,x,x) = Ax
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The number of singular vector tuples of a tensor

Theorem (Friedland-Ottaviani)

The number of singular vectors of a generic tensor T € C @ --- ® C% is
the coefficient of the monomial A{*™ ... h%~1 in the polynomial

hi~ —h;" ~ :
H — where  h; 1= Z hj, i € [n]
jeim i =i jelm\{i}

Each singular vector tuple occurs with multiplicity 1.

Che (Chp (C
T T

T
T('ay7z) = )\Zv T(X, '72) = MY, T(X,y, ) =vz
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Solutions to the generalized tensor eigenvalue problem

Theorem (Friedland-Ottaviani, Ding-We:i)

If AABeC?®...®CY are a generic pair of tensors of order m, then the
number of solutions to the generalized tensor eigenvalue problem

A(- 3%, ,x) = AB(-, %, ..., %)

is d(m — 1)?~1. Each solution occurs with multiplicity 1.

(Cd

cd
A(-, x,x) = AB(-, x, x)
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Generic hyperquiver representations

We would like to generalize these results by finding the dimension and
degree of the singular vector variety S(R).
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Generic hyperquiver representations

We would like to generalize these results by finding the dimension and
degree of the singular vector variety S(R).

Problem

What should be the hyperquiver representation analogue of a generic
tensor? How should one define a generic representation?
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Generic hyperquiver representations

We say that two tensors T, and T, agree up to permutation if the
tuples v(e) and v(e’) agree up to a permutation o and

(T )’m”l: Bl (T )’o—(m 0(17 7a(m 1)
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Generic hyperquiver representations

We say that two tensors T, and T,/ agree up to permutation if the
tuples v(e) and v(e’) agree up to a permutation o and

(Te)im,i17-~~7im = (Te )Io'(m )olo(1)sesio(m—1)

Definition

Let H = (V, E) be a hyperquiver and R = (d, T) a representation.
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Generic hyperquiver representations

We say that two tensors T, and T,/ agree up to permutation if the
tuples v(e) and v(e’) agree up to a permutation o and

(Te)im,i17~~~7im (T )’o—(m 0(1

-a(mfl)

Definition
Let H = (V, E) be a hyperquiver and R = (d, T) a representation.

@ The partition of R is the unique partition of hyperedges E = Hy=1 E
such that for any e, e’ € E,, T, and T agree up to a permutation,
and no two edges in E, contract T along the same component
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Generic hyperquiver representations

We say that two tensors T, and T,/ agree up to permutation if the
tuples v(e) and v(e’) agree up to a permutation o and

(Te)im,i17-~~7im = (Te )Io'(m )olo(1)sesio(m—1)

Definition
Let H = (V, E) be a hyperquiver and R = (d, T) a representation.

@ The partition of R is the unique partition of hyperedges E = Hy=1 E
such that for any e, e’ € E,, T, and T agree up to a permutation,
and no two edges in E, contract T along the same component

@ The representation R is generic if given hyperedges e, € E, for
r € [M], the tuple (To,, Tey,- - -, Te,,) is a generic point in [[, C*
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Main Theorem

Main Theorem (M-Nanda-Seigal)

Let R = (d, T) be a generic hyperquiver representation and S(R) be the
singular vector variety of R. Let N = >, /(di — 1) = > cp(dy(e) — 1)
and D be the coefficient of the monomial hfl_l -+~ h%=Lin the polynomial

N dy(e) d P m(e)—1
<Z hi> ’ H Z hk t(e) s(tee) ,  Where hs(e) = Z hsj(e)
j=1

ievV ecE \ k=1

Then S(R) = @ if and only if D = 0. Otherwise, S(R) is of pure
dimension N and has degree D. If R has finitely many singular vector
tuples, then each singular vector tuple occurs with multiplicity 1.
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Let R be the hyperquiver representation below, with T € C3 @ C3 ® C3 a
generic tensor.

c3 c3
T

T(X7 ay) = AX? T(7 X, y) = pX
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Let R be the hyperquiver representation below, with T € C3 @ C3 ® C3 a
generic tensor.

c3 c3
T

T(X7 ay) = AX» T(7 X, y) = pX

The dimension of S(R) is N = (2+2) — (2+2) =0 and
((hy + ho)? + hy(hy + o) + B3)? = Oh? + 18K3hy + 15K3h3 + 6y b3 + hi.
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Let R be the hyperquiver representation below, with T € C3 @ C3 ® C3 a
generic tensor.

c3 c3
T

T(X7 ay) = AX» T(',X,y) = pX

The dimension of S(R) is N = (2+2) — (2+2) =0 and
((hy + ho)? + hy(hy + o) + B3)? = Oh? + 18K3hy + 15K3h3 + 6y b3 + hi.

The coefficient of h2h3 is 15. Hence the singular vector variety S(R)
consists of 15 distinct singular vector tuples.
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Open problems

Let TeCY®...®C? be a generic tensor of order m. The following

hyperquiver representation with n vertices is not generic because T is

assigned to edges in different partitions, so our main theorem does not
apply. Its singular vector tuples are n-periodic points.

T(o,%xy,.ooyx1) = Axo, T(-, %o,y %x2) = Xoxz, -+, T(+,Xn, . oo, Xn) = AnX1
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Open problems

Let TeCY®...®C? be a generic tensor of order m. The following

hyperquiver representation with n vertices is not generic because T is

assigned to edges in different partitions, so our main theorem does not
apply. Its singular vector tuples are n-periodic points.

T(o,%xy,.ooyx1) = Axo, T(-, %o,y %x2) = Xoxz, -+, T(+,Xn, . oo, Xn) = AnX1

The main theorem would predict that S(R) has dimension 0 and degree

(m=1)"—1
(m1)71-
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Open problems

Let TeCY®...®C? be a generic tensor of order m. The following

hyperquiver representation with n vertices is not generic because T is

assigned to edges in different partitions, so our main theorem does not
apply. Its singular vector tuples are n-periodic points.

T(o,%xy,.ooyx1) = Axo, T(-, %o,y %x2) = Xoxz, -+, T(+,Xn, . oo, Xn) = AnX1

The main theorem would predict that S(R) has dimension 0 and degree

%. This is fact the correct answer! (Fornaess-Sibony, 1994).

12 July 2023

Tommi Muller (Oxford) Multilinear Hyperquiver Representations



Open problems

Problem
The n-cycle hyperquiver example suggests that it should be possible to
weaken the definition of a generic representation so that the main theorem

still applies. Find these weaker genericity conditions.
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Open problems

Problem

The n-cycle hyperquiver example suggests that it should be possible to
weaken the definition of a generic representation so that the main theorem
still applies. Find these weaker genericity conditions.

Problem

Study the properties of the singular vector scheme. Is there a Jordan
canonical form for hyperquiver representations?
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Open problems

Problem

The n-cycle hyperquiver example suggests that it should be possible to
weaken the definition of a generic representation so that the main theorem
still applies. Find these weaker genericity conditions.

Study the properties of the singular vector scheme. Is there a Jordan
canonical form for hyperquiver representations?

Problem

Is there a connection between hyperquiver representations and tensor
networks? Are points of S(R) related to some best rank-1 approximation?
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Open problems

Problem

The n-cycle hyperquiver example suggests that it should be possible to
weaken the definition of a generic representation so that the main theorem
still applies. Find these weaker genericity conditions.

Study the properties of the singular vector scheme. Is there a Jordan
canonical form for hyperquiver representations?

Is there a connection between hyperquiver representations and tensor
networks? Are points of S(R) related to some best rank-1 approximation?

Problem

Is there a meaningful representation theory or moduli theory for
hyperquiver representations like there is for quiver representations?
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