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Abstract. We consider solving a nonconvex quadratic minimization problem with two quadratic
constraints, one of which being convex. This problem is a generalization of the Celis-Denis-Tapia
(CDT) problem and thus we refer to it as GCDT (Generalized CDT). The CDT problem has been
widely studied, but no polynomial-time algorithm was known until Bienstock’s recent work. His
algorithm solves the CDT problem in polynomial time with respect to the number of bits in data
and log e~ ! by admitting an € error in the constraints. The algorithm, however, appears to be difficult
to implement.

In this paper, we present another algorithm for GCDT, which is guaranteed to find a global
solution for almost all GCDT instances (and slightly perturbed ones in some exceptionally rare cases),
in exact arithmetic (including eigenvalue computation). Our algorithm is based on the approach
proposed by Iwata, Nakatsukasa and Takeda (2015) for computing the signed distance between
overlapping ellipsoids. Our algorithm computes all the Lagrange multipliers of GCDT by solving a
two-parameter linear eigenvalue problem, obtains the corresponding KKT points, and finds a global
solution as the KKT point with the smallest objective value. In practice, in finite precision arithmetic,
our algorithm requires O(n% loglogu™"!) computational time where n is the number of variables and
u is the unit roundoff. Although we derive our algorithm under the unrealistic assumption that exact
eigenvalues can be computed, numerical experiments illustrate that our algorithm performs well in
finite precision arithmetic.
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1. Introduction. In this paper, we consider solving the quadratic minimization
problem with two quadratic constraints:

(1.1) minimmize f(@) =2 Qox +2q4 z + 0
(1.2) subject to  gi(z) =2 Qix +2¢/ x4+ v <0 (i=1,2)

where @; € R™*" is symmetric, ¢; € R™, and v; € R for each i = 0,1,2. We assume
that @ is positive definite. This problem includes the Celis-Dennis-Tapia (CDT)
problem as a special case, which minimizes a nonconvex quadratic function over the
intersection of two convex quadratic constraints such that )1 is positive definite and
Q2 is positive semidefinite. We call this problem GCDT (Generalized CDT).

The CDT problem was proposed by Celis, Dennis and Tapia [9] as a natural
extension of the trust region subproblem (TRS), which has only one ellipsoidal con-
straint. Though TRS is nonconvex since )y in the objective function is indefinite,
its Lagrangian dual gives an exact semidefinite programming (SDP) reformulation of
TRS [26]; an optimal solution for TRS can be obtained from an optimal solution of the
polynomial-time solvable SDP problem. Moreover, the polynomial solvability prop-
erty is extended by Sturm and Zhang [27] to the case of a single nonconvex quadratic
constraint by proving that the Lagrangian dual of a quadratic minimization problem
with one quadratic constraint is also tight.
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The additional constraint makes the CDT problem substantially more challenging
than TRS. The CDT problem can have a duality gap in general (see, e.g., [24]).
Ai and Zhang [2] derived easily verifiable conditions to characterize when the CDT
problem has no duality gap, which is equivalent to when the SDP relaxation of the
CDT problem is tight since the Lagrangian dual problem coincides with the SDP
relaxation (see [22]). They also proved that the SDP relaxation is tight if and only
if the Hessian of the Lagrangian is positive semidefinite at a global solution: a fact
that we use in Section 7 to analyze numerical results. In addition, various properties
of the CDT problem have been studied, e.g., necessary and sufficient conditions for
the optimality of the CDT problem [6, 24] and the location of Lagrangian multipliers
corresponding to a local minimizer [10].

Li and Yuan [18] proposed an algorithm that finds a global solution for the CDT
problem with no duality gap, i.e., if the Hessian of the Lagrangian is positive semidefi-
nite at a global solution. As Yuan [30] proved, however, it is possible that the Hessian
of the Lagrangian in the CDT problem has one negative eigenvalue at a global solu-
tion, which means that Li and Yuan’s algorithm does not always find a global solution.
Burer and Anstreicher [8] provided a tighter relaxation problem by adding second-
order cone constraints to the usual SDP relaxation, but the resulting problem still has
a relaxation gap. Yang and Burer [29] reformulated the special case of the CDT prob-
lem with two variables into an exact SDP formulation by adding valid constraints. In
general, however, the complexity of the CDT problem had been open for a long time
until Bienstock [5] recently proved its polynomial-time solvability.

Bienstock’s proof in fact provides a polynomial-time algorithm for general quadratic
optimization problems with an arbitrary fixed number of quadratic constraints. His
algorithm makes a sequence of calls to a polynomial-time feasibility algorithm based
on Barvinok’s construction [3]; the length of the sequence is polynomial in the num-
ber of bits in the data and loge™!. The algorithm returns an e-feasible solution
with e-accuracy, that is, a solution guaranteed to satisfy the relaxed constraints:
T Qix+2g; x+7; < ¢, and in exact arithmetic the solution has objective value within
€ from the optimal. Unfortunately, however, Bienstock’s polynomial-time algorithm
does not appear to be very practical, because the polynomial-time feasibility algo-
rithm looks difficult to implement. To the best of our knowledge, no polynomial-time
algorithm for the CDT problem has been implemented and used to solve large-scale
instances.

In this paper we derive a practical algorithm that is guaranteed to find a global
solution for almost all GCDT instances (and slightly perturbed ones in some excep-
tionally rare cases), in exact arithmetic including exact eigenvalue computation; we
make this precise shortly. An efficient CDT algorithm also provides an efficient algo-
rithm for equality constrained optimization, since solving a sequence of CDT problems
is required in the Powell-Yuan trust-region algorithm [25] for equality constrained op-
timization.

Our algorithm is based on the one developed in [14] for computing the signed
distance between overlapping ellipsoids via solving a special case of GCDT. We gen-
eralize the algorithm to solve GCDT. The approach is to find the Lagrange multipliers
of GCDT from the Karush-Kuhn-Tucker (KKT) conditions. The KKT conditions of
GCDT result in rational equations of Lagrange multipliers. We convert the rational
equations into polynomial equations by constructing certain bivariate matrix pencils
whose zeros of determinants are the zeros of the rational equations. This reduces
the problem to a two-parameter linear eigenvalue problem, which can be solved via a
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single-parameter linear eigenvalue problem of large (squared) size.

Our algorithm thus computes a global solution for GCDT (aside from rare cases
where perturbation is necessary), if the eigenvalue problems are solved exactly and so
are the other computations (such as linear systems). Of course, in practice in finite
precision arithmetic, solving linear systems exactly is unrealistic, let alone computing
exact eigenvalues. In practice, generalized eigenvalue problems are usually solved
approximately by the QZ algorithm [20], which is known to be backward stable. If one
were to attempt to compute exact eigenvalues by the QZ algorithm, infinitely many
iterations employing exact arithmetic would be necessary, and thus the computational
complexity of our algorithm is not bounded in this setting. In practice in finite
precision arithmetic with unit roundoff u, the computational complexity of the QZ
algorithm for the generalized eigenvalue problem det(A — AB) = 0 (A4, B € RV*¥)
is bounded by O(N3loglogu~!), and the overall computational complexity of our
algorithm for GCDT is O(n%loglogu~!). Even with the approximate eigenvalues
computed by QZ in standard double precision arithmetic v ~ 1.1 x 1076, we illustrate
through experiments that our algorithm works well in practice.

As we shall see, in nongeneric cases our algorithm encounters singular matrix
pencils, and we also discuss how to handle such issues via perturbation. In finite pre-
cision arithmetic, the solution has accuracy O(ku), where & is the so-called condition
number; see Section 6.3.

This paper is organized as follows. In Section 2, we derive the KKT conditions of
GCDT and express them as two generalized eigenvalue problems and a two-parameter
linear eigenvalue problem with certain polynomial matrix pencils, whose solutions
include the Lagrange multipliers. Section 3 discusses the solution method of the
two-parameter eigenvalue problem and shows that our algorithm works in generic
cases. In Section 4, we analyze the case in which our algorithm faces difficulty and
describe how to handle such a case by employing certain preprocessing techniques.
In Section 5 we discuss how to handle a troublesome case where the KKT conditions
are not necessary for local optimality. In Section 6, we summarize our algorithm and
show that the running time of our algorithm is O(n% loglogu~1). Finally, in Section 7,
we present numerical experiments to demonstrate the practical performance of our
algorithm.

Until Section 6 we assume exact arithmetic (including exact generalized eigenval-
ues), and Section 6 discusses the behavior of our algorithm in finite precision arith-
metic, taking into account the unit roundoff.

Notation. Throughout this paper, we denote a zero vector in R* by 04, or just
by 0 when the dimension is clear. The unit matrix of size k is denoted by Ij. For a
pair of symmetric matrices X and Y, we write X > Y if X —Y is positive definite
and X = Y if X — Y is positive semidefinite.

2. Finding the KKT points. Until Section 5, we consider finding all lo-
cal solutions Z that satisfy the linear independence constraint qualification (LICQ).
Namely, if both constraints are active at Z, the gradients Vg;1(Z) = 2(Q1Z + ¢1) and
Vga2(Z) = 2(Q2T + ¢2) are linearly independent. For such local solutions, the KKT
conditions are necessary for local optimality, which means all local solutions satisfying
the LICQ are obtained by computing all the KKT points. In Section 5, we discuss
how to find local solutions that violate the LICQ.

2.1. Checking feasibility. The assumption that )y is positive definite enables
us to check the feasibility of GCDT. Since @1 > O, @1 is nonsingular and the con-
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straint g;(x) < 0 can be written as

(+ Q7 ') Qi(z + Q') < ¢ Q7' — .

Therefore, noting @1 = O, GCDT is infeasible if qlTQl_lql -7 < 0. If qlTQl_lqlffyl =
0, the only possible solution is z = —Qflql and we check whether gg(—Qflql) <0
holds or not. If quflql — 1 > 0, we see the constraint g1 (z) < 0 is strictly feasible
(i.e., 3 satisfying ¢1(Z) < 0). We then check the feasibility of GCDT by solving the
Lagrangian dual of

(2.1) minimize  go(z)

subject to  g1(x) <0,

which can be formulated as the following SDP with dual variables 1, po:

(2.2) maximize o
1,2
T T T
- MnoG 1 0, Y2 Qo
subject to — = —
! = Lh Ql] f2 |:0n O] - LD QJ
w1 > 0.

Under the condition that gi(x) < 0 is strictly feasible, there is no duality gap (see
[27]) and the optimal value of (2.1) can be obtained by solving its dual problem, SDP
(2.2). If the optimal value is positive, then the original problem GCDT is infeasible.
In this way, we could check whether GCDT is feasible or not if @1 = O.

Furthermore, as we see above, if g1 (x) < 0 is not strictly feasible, GCDT is trivial,
i.e., the only possible solution is z = —Ql_lql. Therefore, throughout the following
discussion, we consider GCDT such that the constraint g; (x) < 0 is strictly feasible.

Since @1 = O, the feasible region is closed and bounded, which implies by the
Weierstrass extreme value theorem that a feasible GCDT has an optimal solution. In
Appendix A we derive an explicit lower bound of the optimal value. Furthermore, we
use the nonsingularity of ()1 in theoretical analysis of our proposed algorithm.

2.2. The KKT conditions for the problem. As discussed above, we focus
on the case where GCDT has an optimal solution. Let z € R™ be a local solution
of GCDT that satisfies the LICQ. Then there exists a pair of Lagrange multipliers
(A1, A2) € R? satisfying the KKT conditions:

(23) H()\l, )\2)$ =1,

(2.4) 2T Qir +2¢) x+7 <0 (i=1,2),
(2.5) N (2T Qiz+2¢ 2 +7) =0 (i=1,2),
(2.6) X>0 (i=1,2),

where

(2.7) H(A1,X2) = Qo + MQ1 + \2Q2
and

(2.8) y = —(g0 + Mq1 + A2q2).

We note that just like H(A1, A2), the vector y depends on A1 and A, but for notational
simplicity we just write y in what follows. We also remark that the matrix H (A1, A2)
is the Hessian of the Lagrangian.
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2.3. Formulation as a pair of bivariate matrix equations. The variable z
satisfying (2.3) can be expressed in terms of A1, A2. By substituting such z into (2.5),
we obtain two bivariate rational equations with respect to A1, A2 of the form

(2.9) Ny HOL, ) 'QiH (A, A) y +2¢) HO, X)) 'y +7=0 (i=1,2).

These can be reduced to a pair of bivariate polynomial equations if the numerator and
denominator polynomials in (2.9) are known explicitly, but since this is not the case,
solving (2.9) for A1, A2 is challenging. Instead, we formulate a pair of matrix equations
that provide appropriate multipliers: we introduce a pair of matrices Mj (A1, A2) and
M2(>\1, )\2) defined by

Qi —H(A1,A2) g
(210) Mi()\17)\2) = 7H()\1,)\2) o Yy (’L = 1,2)
¢ y' Vi

LEMMA 2.1. For every x that satisfies the KKT conditions (2.3)—(2.6) with La-
grange multipliers A1 and A2, we have \; det M;(A1, A2) =0 (1 = 1,2).

Proof. By equation (2.3), y must belong to Im H (A1, A2). Therefore, if H(A1, A2)
is singular, we have rank [—H(A1,A2) y| < n, which implies that M;(A1,Ag) is
singular. Therefore, we obtain \; det M; (A1, Ay) = 0.

Now suppose that H (A1, A2) is nonsingular. For the computation of det M; (A1, A2),
we use the Schur complement of M;(A1, A2) with respect to

A = Qi —H (A1, A2)
YT =H (A, A2) O ’
Since
A1 = { ) —H(A, X))t }
! —H(A, X))t —H(A, A) 7 PQH (A, A2) 7|7
we have

det M;( A1, A2) = (—1)" det H(Ay, A2)%x
(vi +2¢; HOq, A) 7ty +y T H(A, M) T QiH (A, A2) 1y)

Thus, using (2.3) for the above equation, we obtain
(2.11) det M; (A1, A2) = (—1)"det H(Ai, \2)? (2 Qiz + 2¢ = + ;) -
It then follows from (2.5) that A; det M;(A1, A2) = 0. g

Lemma 2.1 suggests computing all possible pairs of Lagrange multipliers A; and
Ao for the KKT points by solving the bivariate determinantal equations

(212) )\1 det M1(>\1,)\2) = )\2 det M2(>\1,)\2) =0.

We will discuss how to solve (2.12) in Sections 2.4 and 3. Note that not all solutions
(A1, A2) for (2.12) are Lagrange multipliers for our GCDT, but as long as the number
of solutions is finite, we can find the GCDT solution via checking the feasibility and
comparing the objective values.

For each pair of nonnegative multipliers A1 and Ay thus obtained, one can compute
x by solving the linear equation (2.3). If H(\;, \2) is nonsingular, then the vectors
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2 are uniquely determined, and they naturally satisfy the feasibility conditions (1.2).
If H(A1, A2) is singular, we select a solution that satisfies (1.2) among all solutions of
(2.3) and verify that (2.5) holds. Specifically, let Hy € R"*" be a basis for the null
space of H (A1, A2) with rank (Hy) = r and v be an arbitrary vector in R". Then,
solutions of (2.3) can be written as x. + Hov where x, is any vector satisfying (2.3);
for example the least-squares solution. If z, + Hgv satisfies the KKT conditions, the
objective function can be written without v as follows:

f(we 4+ Hov) = f(2s + Hov) + Ai1g1 (2« + Hov) + Aaga (2. + Hov)
= (x4 + Hov) "H(\, Xo) (24 + Hov) — 2y (2, + Hov) + 70 + Ai71 + Xoo.
= :EIH()\l, A2)Ty + QxIH()\l, A2)Hov — QyT(x* + Hov) + 70 + A171 + Aaya.
=] H(A, A2)we — 2y @ +2(z] H(Ar, A2) —y ") Hov + 70 + Aiya + Aoy
=z H(A\1, A2)zs — 2y 2s + 70 + Ayt + A2,

This means that the objective function values are the same for all v such that z, + Hyv

satisfies the KKT conditions. Therefore, by selecting such v, we obtain one of the
global solutions. We discuss how to obtain such v in Appendix B.

2.4. Three cases of (A1, \2) for the determinantal equations. We rewrite
M;(A1, A2) defined by (2.10) in the following matrix polynomial form:

(213) Mi(>\1, )\2) = O,L- + /\1D1 + )\ng

where
Qi —Qo ¢ 0O -Qi 0,

(214) Cz = —Qo @) —qo| , Di = —Qi O —(q; (Z = 1,2).
o -4 w 0, -¢/ 0

To obtain all the solutions of (2.12), we now separately consider three cases of
(A1, A2) depending on whether Aq, Ay are zero or not.
1. The pair of zero multipliers (A1, A2) = (0,0) satisfies (2.12). Therefore, we
have (A1, A2) = (0,0) as one of the solutions of (2.12).
2. Exactly one of A; or Ag is nonzero. If A\ # 0 and A2 = 0, (2.12) can be
written as

(2.15) det, Ml(/\l,O) = det(01 + >\1D1) =0.

This can be solved for \; as a linear generalized eigenvalue problem. Similarly,
if Ay =0 and Ay # 0, we obtain the values of Ay corresponding to A\; = 0 by
solving

(216) det ]\42(07 /\2) = det(Cz + )\QDQ) =0.

In some rare cases, M7(A1,0) or M(0, A2) is a singular matrix pencil (e.g.,
det M7 (\1,0) = 0 for all A1) and (2.15) or (2.16) has infinitely many solutions.
We deal with this case by slightly perturbing some of the matrices so that the
matrix pencils M;(A1,0) and Mz (0, A\2) become regular. Details are described
in Section 4.
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3. A2 # 0. Then (2.12) is equivalent to the bivariate determinantal equations
expressed as

(2.17) detMl()\l,)\g) :detMQ()\]_,)\2> =0.

We will discuss in detail how to solve (2.17) in Section 3. As above, (2.17)
may have infinitely many solutions (A1, A2), and in such cases, we need to
perturb some of the matrices. We discuss how to perturb the matrices in
detail in Section 4.

3. Solving the bivariate determinantal equations. From (2.13), we see that
(2.17) is a two-parameter eigenvalue problem expressed as

(3.1) det(C’l + M Dy + /\QDQ) =0,
(3.2) det(Co + M1 D1 + )\2D2) =0.

We now discuss how to solve this system of equations for A; and As.

3.1. Reduction to univariate linear eigenvalue problems. The (2n+ 1) x
(2n+1) two-parameter eigenvalue problem (3.1), (3.2) can be solved via the following
(2n +1)2 x (2n + 1)? linear generalized eigenvalue problems:

(33) det B()\l) = det ((D2 RC—Cr® DQ) + )\1(D2 ® Dy — D1 ® DQ)) =0,
(34) det B()\Q) = det ((Cl X D1 - D1 X CQ) + AQ(DQ & D1 — D1 ® DQ)) =0.
As we discuss later, the matrices B()\;), B(A\2) are the Bézout matrices [17]. The

binary operator ® is the Kronecker product for matrices X € R*¥*!| Y € R™*™ defined
as

XY XpYyY - XyuY

Xo1Y XV o XY
X®Y = . . ) .

XY XY - XY

Note that the Kronecker product satisfies (X; ® ¥1)(Xo @ Y3) = X1 X, ® V1Y, The
following property motivates us to use B(A1), B(A2) for reducing the two-parameter
eigenvalue problem (3.1),(3.2) to the generalized eigenvalue problems (3.3),(3.4): let
v1, U2 be eigenvectors for the two-parameter eigenvalue problems (3.1),(3.2) with eigen-
values A1, Ao, i.e.,

Mi (A1, A2)vr = (C1 + A\ D1 + Aa D)y = 0,
Mg()\1, /\2)1}2 = (CQ + Dy + )\QDQ)UQ =0.

For such A1, Az, a vector v; ® vy is an eigenvector of B(Az) as follows (see e.g., [7]):
B(X2)(v1 ®@ v3) = ((C1 ® D1 — D1 ® C3) + A2(D2 ® D1 — D1 ® D3))(v1 ® va)
= (C1v1 ® Dyv2 — D1v; @ Cavz) + A2(D2v1 ® Dyva — Divi ® Davy)

((C1 4+ AMD1+ X2D2)v1) ® Dyvy — Divg @ ((Co + AiD1 + AaDa3)vs)
0.

We can verify B(A1)(vi ® ve) = 0 similarly. Therefore, if the matrix pencil B(Ag) is
regular, we obtain the solutions (A1, A2) of (2.17) as follows: we solve (3.4) to obtain
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all candidates of Ao satisfying (2.17), which has finitely many solutions Ay if B(A2) is
regular. Then we solve the pair of ordinary eigenvalue problems

(3.5) det My (A1, Xa) = det Ma(Ag, A2) =0

among the A2 thus obtained to get the corresponding Aq, if any. If singular matrix
pencils M; (A, 5\2) appear, we apply the perturbation technique shown in Section 4,
and we regard the values of A; obtained from det M; (A1, 5\2) = 0 and det Ma()\q, 5\2) =
0 as equal if they are within the error estimate, which reflects the magnitude of
perturbation as we will discuss in Section 6.3.

If these determinantal equations have a common solution Aj, we have (A1, A2)
as a solution of (2.17) (alternatively, we can start from finding A, by solving (3.3) if
Q2 > O; the discussion in Section 3.3 focuses on solving (3.4) using @1 > O). There
is a minor issue here: it turns out that B()2) has null space independent of the value
of Ay and therefore (3.4) has infinitely many solutions. In Section 3.3 we discuss how
to overcome this issue by removing the null space of B(\g).

3.2. Connections with Bézoutians. We now mention a connection of the
above process to Bézoutians, which we also use later. In fact, forming B(A1), B(A2)
in (3.3), (3.4) from My, M is equivalent to taking the Bézoutian for the two matrix
polynomials Iz, 41 ® Mi(A1, A2) and Ma(A1, A2) ® Ia,, 11, which are of size (2n +1)? x
(2n + 1)2. Here the Kronecker products are taken to achieve commutativity, which
facilitate the formulation of the Bézoutian for matrix polynomials [17].

Two matrix polynomials P; and Ps are said to commute if Py (&) Py(§) = P2 (&) P1(§)
holds for every value of £&. The Bézoutian for commuting regular matrix polynomials
Py, P, of size n x n and degree k is defined by the bivariate matrix polynomial

Pi(s)Pa(t) = Pa(s)Pa(t) _ k_i]i_l Bi;s't!

(3.6) B(s,t) = —

4,5=0

in s and ¢. Here B; ; is the n x n coefficient matrix corresponding to the term s*¢/ in
B(s,t). Then the block symmetric nk x nk matrix

Boo -+ Bok-1
B_ ) ) )

Bi—10 -+ DBip—1k-1

is called the Bézout matrix.

LeMMA 3.1 ([17, Theorem 1.1]). Suppose that Py and P, are regular matric
polynomials, i.e., det P1(&1) # 0 and det Pa(&2) # 0 for some & and . Then, the
Bézout matriz B is singular if and only if Py and Py share an eigenpair (€,v), i.e., a
scalar & and a vector v # 0 such that Py(&)v = Pa(§)v = 0.

More generally, the null space of the Bézoutian is related to the so-called common
restriction [11, 17] (this fact is not needed for what follows).

According to the definition, for any fixed Ay, the Bézoutian between P;(A\;) :=
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Iopi1 ® Mg()\l, /\2) and Pz(/\l) = Ml(/\17 /\2) ® Iopy1 can be written as

_ Pl(S)Pg(t) — PQ(S)Pl(t)

B(s,t) -
_ Ml(t, )\2) (29 MQ(S, )\2) — Ml(S, )\2) X Mg(t, )\2)
s—t
= (C1 4+ A2D2) ® D1 — D1 ® (Cy + A2 D3)

= BO,O~
Thus the Bézout matrix for P;(\1), P2(A1) is expressed as
B =[Byy] =(C1 ® D1 — D1 @ C3) + Aa(D2 ® D1 — D1 ® Ds),

which is equivalent to B(A2) in (3.4). Lemma 3.1 suggests that we can find the As-
values for the solution of det Mj (A1, A2) = det Ma(A1, A2) = 0 by computing the values
of Ay for which det B(A\2) = 0. The discussion for B(\1) is completely analogous.

3.3. Removing the null space of the Bézout matrix. As discussed above,
the solutions of (2.17) can be obtained via solving det B(Ay) = 0 if B(\2) is a regular
matrix pencil. However, as we show below, B(\2) has nonempty null space indepen-
dent of the value of A3. We now describe how to remove the null space of B(Az)
to obtain a regular matrix pencil so that the number of solutions computed from
det B(A2) = 0 is finite.

Since @)1 is positive definite, ()1 is nonsingular. Then we see that D; has the null
vector

Qe
(3.7) v=| 0,
-1
since
O -Q1 0,][Qi'an 0,
(38) Dl’l): *Ql 0] —q1 On = On
o) —¢ 0 -1 0

Therefore, for every fixed Ay, both Mj (00, A2) and Mz (0o, A3) have v as a null vector.
This means the Bézout matrix B(\y) has a null vector

VRV
(3.9 w: TRIE
for every As. In order to obtain a regular matrix pencil from B(\z2) that retains the
relevant information, we “project out” the null vector.

First, we show that the null vector v is not the common eigenvector of M7 and
M. This means the projection process described later does not spoil the solvability
of (2.17).

LEMMA 3.2. The vector v in (3.7) is not a common eigenvector of My and Mo,
i.e., My(A1, A2)v = Ma(A1, A2)v = 0 does not hold for any finite pair (A1, \a).

Proof. Recall that we only need to consider the case where the constraint g1 (z) <
0 is strictly feasible in addition to Q1 = O. We now suppose to the contrary that
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Miv = Myv = 0 holds with eigenvalues (A1, A2). Recalling (2.13) and using Dyv = 0,
we express these equations as

(Cl + XoDo)v = (Cz + )\2D2)'U =0

Q2Q7'q1 — g2 =0,

= QoQ7 ¢ — qo + M (Q2Q7 g1 — q2) =0,
GO ' —-Nn=0Q7 ' —7=0
QoQi':1 —q0=Q2Q7'q1 — 2 =0,

— T -1 T A1
GO 1—Mn=¢Q; a—7=0.

Using the third equality we obtain

g1(2) <0 = (z+Q7'q) Qe+ Q1 'q) — ¢/ Q7 ‘a1 +71 <0
= @+Q7'q) Qi(z+Q7'q) 0.
Since Q1 > O, the feasible region of gi(z) < 0 is a singleton = —Q7'q;, which
contradicts the strict feasibility of g1 () < 0. O

We now consider how to project out the null vector v. Mathematically, the
projection is done as follows: form a square orthogonal matrix [w, W] where w =
(v®w)/||v||?, and define the projected Bézout matrix

(3.10) B(\s) :== W B(\)W.
Now we show the solutions of (2.17) with |A1]| < oo satisfies
(3.11) det B(\z) = 0.

This means we obtain all solutions of (2.17) via solving (3.11).

LEMMA 3.3. Suppose that As is a solution of (2.17) with some corresponding finite
A1 and nonzero eigenvectors vy, va, i.€., My1(A1, Aa)v1 = Ma(A1, A2)ve = 0. Then, the
projected Bézout matriz B(\s) in (3.10) is singular.

Proof. We first show that B(Az) has the following null vector u € RCnt+1)?,

u=v; ®@vy — ((v @) w)w,

where w = (v®wv)/||v||? as in (3.9). Since v as in (3.7) is not a common eigenvector of
My, M5 by Lemma 3.2, we see that v; @y is linearly independent of w, thus ||u||s # 0.
By multiplying v to B(A2), we have
B(X2)u = B(A\2)(v1 ® v2) — ((v1 @ v2) "w)B(Ao)w
= —((v; ® v2) "w)B(A\2)w

= _((Ul ® 'UQ)TU)) ((Cl D1 —D1® 02) + /\Q(DQ D —D1® Dg)) w
= —((1 @ v2) "w) ((C1 + AaD2) ® Dy — Dy ® (C3 + A2 Da)) (v @ v)
= 0@2n41)2-

T

Moreover, since ||w|2 = 1, we have u' w = 0, which means u is orthogonal to w.

. . . 27
Therefore, we can rewrite u with some nonzero coefficient vector ¢ € R(2n+1)°~1

u = We. We now observe that this ¢ is a null vector of B(\;):

as

B(A\2)e =W BM)We=WTB\2)u = 0311921
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This completes the proof. ]

In most cases, w is the only null vector of B(A2) and the projected Bézout matrix
B()y) is regular; then we can solve (2.17) via solving det B(A\;) = 0. However, in
some rare cases, B (A\2) is still singular independent of the value of A\y. We deal with
such cases in Section 4.

A direct computation of W requires O(n%) operations since the size of B is O(n?),
which can be a significant computational cost in our algorithm. Fortunately, however,
B()2) can be computed in O(n?) flops using Householder transformations [12, Ch. 5].
Specifically, we first form a Householder reflector P € RE+D*x(2n+1)* of the form
P = Ig,41)2 — 2pp" where p is a (2n + 1)?-dimensional vector with [|p[2 = 1. To
multiply P by a matrix X of size (2n+1)% x (2n+1)? efficiently, we use the identities
PX =X —2p(p"X) and XP = X — 2(Xp)p'. We use a reflector P that satisfies
Pe; = w where e; := (1,0...,0)T € R(27+D? 5o that the first row (and column) of
P is equal to w: taking p = (e — w)/|le1 — w||2 accomplishes this. Then we obtain
B (A\2) simply by forming PT B()\2)P and removing the first row and column, which
are all zero.

3.4. Pseudocode for det M;(\1,\2) = det Ma(A1, Az) = 0. Summarizing the
section, below is the algorithm for solving the bivariate determinantal equations
det M1 (/\17 )\2) = det Mg()\l, )\2) =0.

Algorithm 3.1 Algorithm for solving det Mj (A1, A2) = det My(A1, A2) = 0.

1: Form the Bézout matrix pencil B(A2) according to the definition (3.4).

2: Form the projection matrix W to get B(A2) = W T B(A;)W as in (3.10).

3: Solve det B(\y) = 0 to obtain the candidates \,. In doing so, introduce pertur-
bation as in Algorithm 4.1 if necessary.

4: For all \y obtained in Step 3, solve det Ml()\l,j\g) = det Mz()\l,j\g) =0. If
M; (M, 5\2) is singular, we introduce perturbation as in Step 1 of Algorithm 4.1.
If these two equations hold for the same value of A1, return (A1, A2) as a solution.

As discussed in Section 3.1, if we have Q2 = O, we can alternatively start from
finding A; by solving det B(\;) = 0.

4. Perturbing the matrices to obtain a regular Bézout matrix pencil.
Unfortunately, our algorithm faces difficulty in certain cases that result in the matrix
pencils (3.11), (2.15) or (2.16) being singular. In such cases there are infinitely many
solutions to the determinantal equations, and hence our algorithm fails to find a finite
number of candidates for the Lagrange multipliers. Such cases arise for example when
Ci, D; (i =1,2) defined by (2.14) have a common eigenpair (¢, z), i.e.,

Ml()\l, /\2)2’ = (Cl + M D1+ )\2D2)Z = 5(1 + A+ /\2)2’,
MQ()\l, )\2)2 = (CQ + M Dy + )\2D2)Z = 5(1 + A1+ /\Q)Z.

In this case, (2.17) holds for all (A1, A2) satisfying 14+ A; + A2 = 0. Therefore, infinitely
many values of Ay satisfy B(A2)(z® z) = 0, which means the matrix B(\s) is singular
for every value of Ay. If z is linearly independent of v = [(Q7'¢:)T 0] —1] " the
null vector of Dy, we cannot remove z ® 2z by the projection discussed in Section 3.3.
Thus even after projection, det B(A2) = 0 has infinitely many solutions As.

)
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This issue arises also in the algorithm for the signed distance problem [14], for
which a slight perturbation is used as a remedy. We will similarly introduce a per-
turbation strategy that overcomes this issue. Although the perturbation does alter
the problem, it can be regarded as a small backward error in the solution [13], and
backward stability is generally the best a numerical algorithm can hope to achieve.
Hence numerically its use is acceptable as long as the perturbation size is in the order
of working precision.

4.1. Perturbation process. We now discuss how to introduce perturbation to
obtain a regular projected Bézout matrix pencil B(\z). Recall that M;(A1, A2) =
C; + M Dy + Ao Dy where C;, D; are as defined in (214)

To show that the projected Bézout matrix B(\z) is a regular matrix pencil, it
suffices to ensure that for one fixed value of Ay, B(\2) is a nonsingular matrix. For
simplicity, let us take Ay = 0 ; we can take A; to be any fixed value by replacing C;
with C; + A2Do in what follows, which is used if singular matrix pencils M;(Aq, 5\2)
appear in (3.5). Our goal is to derive a sufficient condition so that (or rather a
perturbation strategy to guarantee) E(O) is nonsingular, which implies that B (A2) is
a regular matrix pencil. Note that

(4.1) My (\,0) = Cy + A Dy,
(42) Mg()\l,O) =Cy+ M\ D;.

To ensure M;(A1,0) and M3(A1,0) are regular, we perturb 7 and 2. Specifically,
note from their structure that det M7(A1,0) and det Ma(A1,0) are of degree at most
2n as polynomials in A1, and the degree-2n term is

Qi -Q1 q
(4.3) Mrdet |-Q1 O —q
@ -4 v

for 4 = 1,2, which can be forced nonzero by slightly decreasing v; (we decrease them
to prevent the problem from becoming infeasible). We can thus force Mj(A1,0) and
M>(A1,0) to be regular matrix pencils. We here remark that the degree-2n term \2" of
det M; (A1, Ao) with A # 0 fixed is also given by (4.3), and thus the above perturbation
of 7; can be employed also to force M; (A1, 5\2) to be regular when necessary.

Therefore, Lemma 3.1 holds for Pi(\1) = Iapt1 ® M1(A1,0) and Pa(XA;) =
Ms5(M\1,0) @ In11. Moreover, in the formulation of E()\Q), we projected out v, which
is a common eigenvector of Mj(0co,0) and Ms(c0,0). Hence, by Lemma 3.1 again,
B(0) is nonsingular if and only if Mj(A1,0) and M(Aq,0) share no eigenvalue A;
other than |A\;| = oo.

If the matrix pencil Q¢+ A1 Q1 has a multiple eigenvalue A, then both M7 (A14,0)
and Ms(A14,0) are singular. In this case, we perturb Qo to eliminate the multiple

eigenvalue: let xq,...,zs form a basis of the null space of Q¢ + A1.@Q1 and update
Qo = Qo + 22:1 ajxja:;-rQl with aq,...,as being distinct positive values at most
O(u).

We now suppose that the eigenvalues of Qg + A1 Q1 are all simple. For any value
of A1, such that det M7 (A14,0) = 0 and det(Qo + A1.Q1) # 0, we can easily perturb
v2 so that det Ma(A14,0) # 0. If det My (A4,0) = 0 and det(Qo + A\1.Q1) = 0 for
some value of Ai,, we must have

T T
o tAqy | _
(4.4) rank |:Q0+)\1*Q1:| =n-—1.
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To verify (4.4), let M;(A14,0) [g%] = 0 with [g%] # 0 and note from the second block
that (Qo + A\1.Q1)w1 + (g0 + Ai*ql)wg = 0. If the scalar ws # 0 then this implies
qo+A1+q1 € Range(Qo+A1:Q1), hence (4.4) holds. If wsz = 0 then w; is parallel to the
unique null vector of Qo+ A1.Q1. By the first block we have Qw1 = (Qo + A 1. Q1) wo.
Left-multiplying w; we obtain w] Qw; = 0, which cannot happen unless w; = 0,,.
Thus we conclude wy, w3 are both zero, from which we again obtain (4.4).

In view of (4.4), we can easily perturb qo so that g; + A1.q1 is not orthogonal to
the corresponding eigenvector x of Qp + A1 Q1.

Thus, one can obtain a regular projected Bézout matrix by small perturbations

of Y15 V2, QO? or qo.

4.2. Summary of perturbation. By the perturbation just described, we ob-
tain a Bézout matrix pencil B(Az2) such that B(0) has no null vector except for the
one corresponding to |A1| = oo, i.e., v ® v where v is the null vector of D;. As dis-
cussed in Section 3.3, we project out w = v ®v from B(Xy) to form B(Az). Therefore,
by perturbing matrices and projecting out the null vector w = v ® v, we obtain the
projected Bézout matrix B(A2) such that det B(0) # 0. This means the projected
Bézout matrix pencil E()\g) is regular and (3.11) has finitely many eigenvalues. We
summarize the perturbation process in Algorithm 4.1.

Algorithm 4.1 Perturbation process to enforce regularity when necessary.

Qi —Q1 q;
1: Perturb (decrease) 71,72 if necessary so that det [CT?l o 41} # 0.
q; —4qy i
2: Compute eigenvalues of Qo+ \1@Q1. For each multiple eigenvalue, compute a basis

1, ..., 2, of the eigenvectors and update Qo := Qo +>_7_, ajae] Q1.

qJ-‘rkl*qlT

Q0+A1*Q1] =

3: Perturb ¢y as necessary so that rank [

Note that the argument following (4.1), (4.2) shows how to force Mj(A1,0) to
be regular matrix pencils by perturbing «;. Similarly, we can force M5(0,A2) to
be regular by perturbing ~s, along with Qo (if it is singular; then we add a small
positive definite perturbation) so that Cs is nonsingular. This is how we deal with
the singular case of (2.15) and (2.16). As mentioned above, Step 1 can be used also
to modify singular matrix pencils M;(Aq, 3\2) in (3.5) to be regular. This completes
the description of the perturbation process.

Let us emphasize that the above perturbation is required extremely rarely. Thus,
in theory, our algorithm is almost always guaranteed to find global solutions without
perturbation. This was indeed the case in all numerical experiments in Section 7.

4.3. Effect of perturbation. We have argued that introducing perturbation is
numerically harmless in the sense that they can be regarded as small backward errors.
Nonetheless, the perturbation that we introduce does affect the solution x and the
optimal value. For example, by perturbing Qo := Qo + AQy and qy := ¢qo + Aqo,
the optimal objective value can change at most by ||AQoll2]|7+]|* + 2[|Aqol2]|7«]|,
where ||z.]| is a bound for the norm of the solution. For example, since gi(x) =
(x4 Q') "Qi(x + Q7 'q1) — ¢/ Q7 1 + 71, we have the upper bound |z.| <
Q7 arll + (¢ Q1 a1 = 71)/v/omin Q).

We also allow perturbing 7;, 2 resulting in a slightly larger feasible region; its ef-
fect on the objective value is nontrivial. However, after obtaining a global solution by
perturbing -1, y2, we can perform sensitivity analysis and estimate the optimal value
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of the original problem. Let f*(¢) be the optimal value for the problem perturbed by
adding €1, €2 (< 0) to v1,72, and z, a global solution and A1, Ag. its Lagrange multi-
pliers. Then we evaluate the optimal value f*(e + A) using the solution information
of f*(e) for (Aq, As) = (—€1, —€2) such as

f7(0) = f*(e+ Q) = f(e) + A1 + A2 Ao
= f*(€) = A1s€1 — Aoyen,

in which the approximation is accurate when A is sufficiently small that the inactive
constraints are still inactive and the Lagrange multipliers are not much affected (these
conditions hold if z, satisfies the second-order sufficient condition for an isolated local
solution together with strict complementarity, see, e.g., [23, § 12.8]). Therefore, as
long as ¢ is sufficiently small, the perturbation does not cause a large change in the
optimal value.

5. How to find local solutions that violate the LICQ. Here we discuss
how to find local solutions that violate the LICQ via the Karush-John (sometimes
called the Fritz John) optimality conditions, which are the necessary conditions for
local optimality without any constraint qualification. The Karush-John optimality
conditions for GCDT can be written as follows [15, 19]:

1) (AoQo + A1Q1 + X2Q2) = —(Xoqo + A1 + N2g2),
2) 2 Qir +2¢r+v <0 (i=1,2),

3) Ni(zTQiz+2¢)z+7)=0 (i=1,2),

4) Ai >0 (i=0,1,2),

5) (Aos A1, A2) # (0,0,0).

A~ N N~
CﬂU’YU\O’\O’Y
O‘!;J;O.’)l\.’))—‘

Note that, if Ay # 0 holds, the Karush-John optimality conditions are equivalent to
the KKT conditions. Hence, in what follows we consider finding x that satisfies the
Karush-John optimality conditions with Ao = 0.

Here we define a matrix G(A1,A2) = \Q1 + A2Q2 and a vector z(A1, A2) =
—(A1g1 + A2g2). Now our goal is to find « such that

(5.6) G\, A)w = 2(A1, Aa),

(5.7) Qi +2¢ x4+ <0 (i=1,2),
(5.8) Ni(zTQiz+2¢)z+7)=0 (i=12),
(5.9) Ai>0 (i=1,2),

(5.10) (A1, A2) # (0,0).

Note that these conditions are similar to the KKT conditions shown in Section 2.2:
In fact, they become equivalent by removing (5.10) and replacing G(\1, \2) with
H (M, \2) and z with y. As we did for finding KKT points, we first consider computing
A1, A2 that satisfy (5.6)—(5.10). We now introduce two cases of A1, Az.
1. Exactly one of A1, \s is zero. For definiteness, suppose A\; > 0 and Ay = 0. In
this case, whether the conditions (5.6)—(5.10) hold or not does not depend on
the value of \; as long as it is positive. Therefore, we have (A1, A2) = (1,0)
as a candidate for the multipliers satisfying (5.6)—(5.10). Similarly, we have
()\1, )\2) = (O, 1) when A\ =0 and Ay > 0.
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2. A1 > 0 and A2 > 0. In this case, defining p := A1 /A2, we see the conditions
5.6)—(5.10) are written as follows:

1) G, Do = z(p, 1),

(
(
(5.12) 2T Qir+2¢] x+y =0 (i=1,2).

(2 B

Then, as in Lemma 2.1, the following determinantal equations hold for every
w satisfying (5.11),(5.12):

(5.13) det Ny () = det Na(p) =0

where
Qi 7G([L, 1) qi

(5.14) Ni(p) == | =G(p, 1) o (1) (i=1,2).
q; 1075 R

The proof is completely analogous to that of Lemma 2.1. These equations can
be solved for p as generalized eigenvalue problems. Here, solving det N1 (u) =
0 can be regarded as finding all candidates of Lagrange multiplier p for the
following trust-region subproblem (TRS) via the generalized eigenvalue prob-

lem:
(5.15) minimize ' Qo + 2¢ T + Y2
(5.16) subject to 2" Quz + 2q;—x +71 =0.

As shown in [1], Lagrange multipliers u for the TRS can be computed via
a (2n+ 1) x (2n + 1) generalized eigenvalue problem without requiring per-
turbation. Thus the number of candidates p obtained as solutions of (5.13)
is finite. By finding positive solutions of (5.13), we get (A1, A2) = (u, 1) as
candidates for A1, Ap satisfying (5.6)—(5.10) (Note that, if (A1, A2) = (i, 1) is
a multiplier pair satisfying (5.11),(5.12), then (apu, «) also satisfies them for
all @ > 0. Here we have (A1, A2) = (i1, 1) as a representative pair).

For each (A1, A2) thus obtained, we compute = from (5.6) and check whether it
satisfies (5.7)—(5.10). If G(\1, o) is singular, we compute z just as when we compute
the KKT points « from H (A1, Ag)x = y with singular H (A1, A2): Specifically, apply
what we show in Appendix B replacing H by G. Adding these x to the KKT points
computed as shown in the above sections, we have all candidates for = satisfying the
Karush-John optimality conditions, which means all candidates for a global solution
are obtained regardless of whether the LICQ is satisfied or not. We then compute the
objective function values for these x and output the = that gives the smallest one.

Note that the LICQ is violated so rarely that in practice it is almost always sat-
isfied for randomly generated instances. This was indeed the case in all the numerical
experiments in Section 7.

6. Summary and analysis of the algorithm. In this section, we summarize
the entire algorithm for solving GCDT, and analyze its behavior on a more realistic
computation model. Throughout this section we assume finite precision arithmetic
with unit roundoff wu, so the eigenvalues A1, Ay are obtained approximately (not ex-
actly). Complexity analysis is given to see that the runtime of our algorithm is
O(n®loglogu~1). We also describe some remarks on the accuracy of our solution.
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6.1. Outline of the algorithm. We now show the pseudocode for the whole
algorithm for solving GCDT.

Algorithm 6.1 Outline of algorithm for solving GCDT.

1: Test whether the problem is feasible by solving (2.1).

2: Let (0,0) be one of the candidates of (A1, A2).

3: Solve det M7 (\1,0) = 0 and add its solutions (A1, 0) to the candidates of Lagrange
multipliers. Similarly, solve det M5(0, A2) = 0 and get (0, \2) as candidates.

4: Solve det M7 (A1, A2) = det Ma(A1, A2) = 0 for A\, Ay > 0 by Algorithm 3.1 and
add its solutions (A1, A2) to the candidates of Lagrange multipliers.

5: For every (A1, A2) with A7, A2 > 0 thus obtained, compute the corresponding z.

6: Solve det N1 (u) = det No(u) = 0 and compute z for (A1, A2) = (0,1),(1,0), (i, 1).

7: For every x obtained in Steps 5 and 6, check the feasibility and rule out infeasible
x.

8: For every = obtained in Step 7, compute the objective function values: The vector
x corresponding to the smallest is a global solution.

REMARK 6.1. In practice, since our algorithm requires the numerical solutions
of eigenvalue problems such as det B(A2) = 0 and linear systems H (A1, A\2)x = vy,
the computed solution may have relatively large numerical error, depending on the
condition numbers. Thus the computed solution may slightly violate the constraints
g1(z) < 0 and go2(x) < 0. To refine the computed solution x so that it satisfies the
constraints to working precision, we update the computed solution as follows: if our
algorithm yields some candidates x for the global solution such that gi(x) > € or
g2(x) > €, we increment x by a small vector Ax so that the refined solution x + Ax
satisfies the constraints to first order. Since g;(x + Ax) = gi(x) +2(z " Q; + ¢;' ) Az +
Az Q; Az, ignoring the quadratic terms in Az we compute Az as the minimum-norm
solution of

o [0 0] o= [rtbnlo2)].

If Ax satisfies (6.1) evactly and ArT Q; Az < € holds, we have g;(z + Az) < e.
We have observed in our erperiments that this refinement indeed improves the
feasibility and accuracy of the computed solution.

6.2. Complexity analysis. The algorithm requires a solution of the linear gen-
eralized eigenvalue problem det B(\y) = 0, whose size is bounded by (2n + 1)2.
Since the standard QZ algorithm for computing the eigenvalues of an N x N lin-
ear generalized eigenvalue problem requires about 30N? floating point operations [12,
§7.7.7] (this estimate is based on the experimental rule-of-thumb that on average
two QZ steps is enough to find one eigenvalue), the computational cost is about
30(2n + 1)% =~ (1.9 x 10%)n flops. This is the dominant cost in our algorithm.

We now examine the computational costs of other steps.

e Step 2 of Algorithm 3.1: As we mentioned in Section 3.3, the projection
matrix W can be formed in O(n*) time by the Householder transformation.
Hence Step 2 of Algorithm 3.1 requires O(n?) time.

e Step 4 of Algorithm 3.1: The number of positive A2 obtained by solving
det B(A2) = 0 is bounded by (2n + 1)2. Therefore, in Step 4 of Algo-
rithm 3.1, the two (2n 4+ 1) x (2n 4 1) linear generalized eigenvalue prob-
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lems det My (A1, Az) = det My(Ay, A2) = 0 are solved in O(n3) time at most
(2n + 1)? times, which means the computational cost required in this step is
at most O(n®).

e Step 5 of Algorithm 6.1: H(A1, A2)z = y is solved for x among all nonnegative
pairs of (A1, A2) satisfying Ay det M7(A1, A2) = Aadet Ma(A1,\2) = 0. By
Bézout’s theorem (e.g., [16]), the number of common solutions satisfying these
determinantal equations is bounded by (2n + 2)2. Therefore, all KKT points
x are computed in O(n®) time, once the pairs of (A1, A2) are obtained.

The above complexity analysis is correct when the machine precision u is fixed;
strictly speaking, since computing eigenvalues is an iterative process, the complexity
depends on the working precision, and thus also on the desired accuracy. Let us remark
on the relation between the complexity and accuracy. Recall from Section 6.3 that the
accuracy scales roughly with the precision as O(ku), which, asymptotically as u — 0,
can be regarded as O(u). The complexity, when the machine precision w is taken as
a variable, is O(n®loglogu~1). Here the loglogu~! term accounts for the number of
iterations in the eigensolver, which converge quadratically or faster [12, Ch. 7]. In
virtually any practical application, loglogu~! can be regarded as a constant.

6.3. Error analysis. Until Section 6 we have developed our algorithm assuming
exact arithmetic including exact eigenvalue computation. We now turn to the influ-
ence of using finite precision arithmetic. Numerical errors arise during our algorithm,
in particular when computing the eigenvalues and solving linear systems. In general,
an e-perturbation in the inputs would change the solution by O(k||¢]|), where & is the
so-called condition number [13, § 1.6] of the problem. A complete accuracy analy-
sis would ideally account for all the numerical errors and conditioning that accrues
throughout the process. This is far beyond the scope of this work. Instead of attempt-
ing a complete conditioning analysis for GCDT here we discuss a practical means to
estimate the accuracy of a solution computed by our algorithm. There are several
sources of errors: (i) error in computing the eigenvalue A, (ii) error in computing Ay
after Ao is computed, and (iii) forming x.

The error in the computed eigenvalue can be estimated as follows. Let (5\, Z,7)
be an eigenpair of a generalized eigenvalue problem Az = ABz, y' A = Ay B. The
absolute condition number of the eigenvalue A is defined as
(6.2) kx = lim sup min; |A = (4 + A4, B) :

c20)aa)<e €

where \;(A+ AA, B) denotes an eigenvalue of the pencil (A+ AA) —AB. In (6.2) we
perturb only A as this is all we need to bound the error in the computed eigenvalue be-
low. It follows immediately from the proof of [28, Thm. 5] that xy = ||y||||z||/|y " Bx|.
If the computed eigenpair \,Z has residual » = AZ — AB# # 0, then by taking
E = —ri"/||#]|2 we have (A 4+ E)2 = AB&, so A is an exact eigenvalue of the per-
turbed pencil (A + E) — AB. Combining the fact |E|| = ||r||/||z| with the condition
number ||y||||z||/|y T Bz|, we see that the error |[A— A| can be bounded as (to first order
in [])

lyllllAz — ABz|

) A\ — A <k B =
(6.3) A=Al < rall £ yT Bz

Thus the error in the computed A2 and A; can be estimated by (6.3) using the com-
puted eigenvectors &,y along with the eigenvalues. Such estimates can be used for
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determining which A; are shared in Step 4 of Algorithm 3.1: it is reasonable to regard
those that lie within the error estimates as equal. Similarly, the estimates can be used
when we reject the negative values of Ao, A1: if the computed values are negative but
with absolute value within the error estimates, they should be set to 0 and kept as
candidates.

We next discuss estimating the error in the computed x. Since x is generically
obtained from the linear system H (A1, A2)z = y, we examine the condition number 7
of the matrix H (A1, Az). The error Az = & — 2 is then estimated as || Az|| < n||]| [13,
§ 7.1]. This would give a rough estimate for the solution accuracy: strictly speaking,
we need to account also for the errors in ;\1,5\2, but this would be challenging as
we would then need to find an upper bound for the condition number of H (A1, \2),
where A1, Ay are allowed to move within the error estimates. Once such error estimate
for & is obtained, the error in the objective value can be estimated for example as
[f(@) = f(2)] < 2 Az]|Qoz || + [|Qolll| Az[* + 2[|qo|[[| Az]|, though such bounds tend
to be overestimates.

Using a fixed machine precision u, the outcome of our algorithm is expected to
have accuracy O(7nu), where 7 is the conditioning of the two-parameter eigenvalue
problem, if the algorithm does not require perturbation. In the very rare case that
it requires perturbation, the computed solution may have additional error (which is
discussed in Section 4.3) of magnitude O(xu), where x is the overall condition number
of the GCDT problem; the product of conditional numbers at each step, including
of all perturbed generalized eigenvalue problems and 1. However, since these condition
numbers are independent of the precision u, we can use higher precision arithmetic
to improve the accuracy: by using 10 more digits, we expect to improve the accuracy
of the outcome roughly by 10 digits.

In practice, however, using higher precision often involves prohibitively increased
computational effort, and the discussion here may be only of theoretical interest.

7. Numerical experiments. In this section, we present numerical experiments
on runtime of our algorithm and comparison with the SDP relaxation. All experiments
were conducted in MATLAB R2010b on a Core i7 machine with 16GB RAM, in which
unit roundoff u =~ 1.1 x 10716, We solved SDP by SeDuMi 1.3.

As mentioned previously, in our algorithm derivation we assumed exact arithmetic
together with exact eigenvalue computation, and hence the performance in finite pre-
cision arithmetic needs to be examined. As we see later, all instances in the following
experiments are solved by our algorithm, indicating it is in practice a reliable global
optimization algorithm for GCDT.

Note that all instances in the following experiments did not violate the LICQ.
Thus the KKT conditions always sufficed, and we did not need to deal with the
Karush-John conditions described in Section 5. Neither was the perturbation process
in Section 4 needed.

7.1. Runtime analysis of our algorithm. We generated random instances of
GCDT for n = 5,10,...,40 and examined the runtime of our algorithm. The random
instances are generated as in Burer and Anstreicher [8] and they are also used in
Section 7.2.2. In addition to the total runtime of our algorithm, we measured the
runtime breakdown of the following major parts:

e Solving a linear generalized eigenvalue problem det B (A2) =0.
e Finding A; from the computed A2 via det My (M, 5\2) = det Ma(\1, 5\2) =0.
e Computing KKT points x from A, Ay by solving H (A1, A2)z = y.
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4

10

- - -trend O(n®)
—+—total time
—¥—det B(A2) =0
102 L| —%— \q from Ao
Hr=y
—— A1\ = 0 cases
’

runtime(s)

5 10 20 40

F1G. 7.1. Double-logarithmic graph of runtime for varying n. We name the computational time
of four parts shown above as “det B(A2) = 07, “A\1 from Xo”, “Hz =1y”, and “NA1A2 = 0 cases” in
the legend in order of appearance.

e Solving det M;(\1,0) = 0 and det M5(0, A2) = 0 for the A\; Ay = 0 cases.
The dominant cost of our algorithm is solving a linear generalized eigenvalue problem
det B(\2) = 0, which requires O(n®) time. In all cases with n > 25, at least 90%
of the runtime was spent on solving det B(A\y) = 0. Figure 7.1 illustrates that the

computational times spent for the whole algorithm and solving det E()\g) = 0 scales
asymptotically as O(n®).

7.2. Comparing our algorithm with the SDP relaxation. Here we apply
our algorithm and the SDP relaxation to some GCDT instances and compare their
outcomes. The basic SDP relaxation of GCDT is formulated as

(7.1) minimize Qoe X +2q)z+7

subject to Qi@ X +2¢/ x4+ <0 (i=1,2)
thmT.

It is known that the SDP relaxation is tight if rank (X) = 1. Numerically, we define
rank (X) by the number of eigenvalues of X whose absolute value is larger than 1074,
following Ai and Zhang [2].

We denote the objective function values obtained by our algorithm and the SDP
relaxation by vprop and vspp, respectively. We let € = 107% and regard a solution z
feasible if g1 (x) < € and go(z) < € hold. If our algorithm yields some candidates x for
a global solution such that g;(x) > € or ga(z) > €, we apply the refinement method
shown in Remark 6.1.

7.2.1. Two-dimensional instance from Burer and Anstreicher. For ease
of visualization we first consider the following two-dimensional instance as described
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Fic. 7.2. Two-dimensional instance from Burer and Anstreicher and its global solution.

in Burer and Anstreicher [8]:

.
-4 1 1
e . T
(7.2) minimize x [ 1 _2] x4+ L] x
subject to lzlZ2 <1, =T B ﬂ x < 2.

We illustrate the objective function value and the feasible region for this problem
in Figure 7.2. The global solutions of this problem are z* = (£1,F1)/v/2 with
objective value —4. Our algorithm computed the solution (0.70711,—0.70711) with
Uprop = —4.0000. As Burer and Anstreicher [8] show, the SDP relaxation of this
problem is not tight and one obtains vspp = —4.25 by solving this problem via the
SDP relaxation. By applying their strengthened approach, one can obtain objective
value —4.0360, which still leaves a 0.9% gap from the exact value.

7.2.2. Random instances from Burer and Anstreicher. In [8], Burer and
Anstreicher also present a practical method to generate CDT! random instances.
They consider generating CDT instances with several candidates for a global solution,
which makes the instances challenging. For n = 2,5, 10,20, we generated 100 such
instances in the same way and solved by our algorithm and the SDP relaxation.

In these instances the eigenvalues are computed with sufficient accuracy, so our
algorithm finds the global solutions in all instances and the computed results appear
to reflect this. However, to our knowledge, no effective way is available for guarantee-
ing global optimality given a purported solution. Therefore, we instead check whether
solutions obtained by our algorithm satisfy the necessary condition for global optimal-
ity as follows. As Yuan [30] proved, the Hessian of Lagrangian H (A1, A2) has at most

I More precisely, TTRS (two trust-region subproblem) as Burer and Anstreicher call in [8]. TTRS
is a GCDT with Q2 > O, which is a special case of CDT.
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one negative eigenvalue at a global solution of the CDT problem. That is, denoting
the number of negative eigenvalues of H (A1, A2) at a global solution by ¥ (H (A1, A2)),
Y(H(M1,A2)) € {0,1} is necessary for global optimality for any CDT problem. We
confirmed this condition is always satisfied for the solutions computed by our algo-
rithm. Furthermore, as a naive test, we took 10 randomly sampled feasible points
and compared the objective values with our solution and verified that the computed
solution gives the smallest value, indicating the global optimality of our solutions.

Now we consider solving these instances by the SDP relaxation. Indeed, as shown
in [2], the SDP relaxation solved CDT if and only if ¢(H (A, 2)) = 0. For all
instances, we applied the SDP relaxation and checked this fact numerically by con-
firming that rank (X) = 1 is satisfied if and only if ¥ (H (A1, \2)) = 0 holds®. The
number of CDT instances solved by the SDP relaxation method is shown in Table 7.1.

7.2.3. Random instances with indefinite (5. Based on the idea Burer and
Anstreicher [8] present, we generate random instances of GCDT with indefinite Q2 as
follows:

1. Fix the dimension n and set Q1 = I,q1 = 0,,71 = —n? so that g;(z) =
)13 —n?.

2. Let Qo be a diagonal matrix with diagonal entries uniformly distributed in
[—1,1] and generate ¢o with uniform entries in [—1/2,1/2]. Set 79 = 0. Then
the objective function is written as f(x) = 2T Qox + 2q4 =.

3. Solve TRS: minimize f(x) subject to g1(z) < 0, and save its global solution
x*. Construct an orthogonal matrix V such that z*/|z*||s = V Te;. Since
gi(x*) = ||z*||3 — n? = 0 with high probability, the TRS instances with
fx) =2TVQoVTx+2¢] V'x, gi(x) = ||z]|2 — n? has an optimal solution
nei. Update Qo + VQoV T, qo < Vqo to facilitate the construction of go(z)
in the next step.

4. Form an instance of GCDT by enforcing the additional quadratic constraint
27 Qox +2¢5 x + 72 < 0, where go = 0,72 = —n?. Q2 is a diagonal matrix
where first diagonal entry is fixed to be one and the other diagonal entries are
generated uniformly in [—1,1]. This construction of Q2 makes the optimal
solution of TRS in Step 3, neq, infeasible for GCDT.

For n = 2,5,10,20, we generated 100 such instances and solved them by our
algorithm and the SDP relaxation. As in Section 7.2.2; we confirmed that the ob-
jective values at solutions computed by our algorithm are smaller than those at 10°
randomly sampled feasible points. The result of the SDP relaxation method is shown
in Table 7.1. Compared with the result for CDT instances, the number of instances
solved via the SDP relaxation decreases. On the other hand, our algorithm computes
a global solution regardless of whether or not )2 is positive definite. These results
indicate the effectiveness of our proposed algorithm for computing a global solution
of GCDT with indefinite Q5.

2In the experiments of Burer and Anstreicher [8], the SDP relaxation method solved 24.6% of 1000
instances for n = 10 and 4.1% for n = 20. However, for n = 10, 20, Table 7.1 shows ¥ (H (A1, A2)) =0
holds for almost 90% of 100 instances, which means 90% of all instances can be solved by the SDP
relaxation. This gap is probably due to the evaluation criteria of rank (X) in Section 7.2.
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TABLE 7.1
Number of instances solved via the SDP relazation.

n ‘ CDT ‘ indefinite Qo
2 99 81
5 90 52
10 90 46
20 92 44

Accuracy. Let us remark on the accuracy of the computed solution. Typically
our algorithm gives solutions that are more accurate than the SDP-based ones by
about 10~7; for example with 100 random instances with n = 10, our solution always
had objective value smaller than the SDP solution (when it had no relaxation gap)
by between [107%,2 x 107°]. To make the comparison fair we used the refinement
process in Remark 6.1 also for the SDP solution to ensure that all the computed
solutions are feasible to working accuracy. Note that the comparison here depends
on SeDuMi precision setting; in our experiments we have used the default setting
(pars.eps= 107%).

8. Conclusion and discussion. We have developed an algorithm for finding a
global solution of GCDT. Our algorithm solves GCDT as follows: find all Lagrange
multipliers by solving a system of bivariate determinantal equations, compute the
KKT points corresponding to the multipliers and then obtain a global solution with
the smallest objective value among the KKT points. The key step of our algorithm
is to convert the KKT conditions into a pair of bivariate determinantal equations,
which is reduced to a two-parameter eigenvalue problem of size O(n), which in turn
is reduced to two linear generalized eigenvalue problems of size O(n?). For the case
where some of these eigenvalue problems are singular, we propose a perturbation
process as a remedy. We also showed how to find local solutions that violate the
LICQ via the Karush-John optimality conditions, thus solving any GCDT problem.
In finite precision arithmetic with unit roundoff u, the computational complexity of
our algorithm is shown to be O(n®loglogu~!) in total. Numerical experiments are
conducted to illustrate the runtime of our algorithm and to compare the outcome with
the SDP relaxation method. Although we developed the algorithm assuming exact
arithmetic including exact eigenvalue computation, all instances in the experiments
are solved by our algorithm, indicating it is a reliable global optimization algorithm
in practice.

We now remark on possible future work. First, the positive definiteness require-
ment of ()1 is not necessary for most of the discussions, and indeed )7 being non-
singular would suffice for all the derivations, except for Lemma 3.2, Section 4.3, and
the discussions following (4.4) and (B.7), all of which treat non-generic cases. We
therefore suspect that with some further analysis and modifications, our approach
can be shown to solve a general QCQP with two constraints.

Another issue is the O(n®loglogu~!) complexity, which is a bottleneck when n
is large. The design of a more efficient algorithm is a problem awaiting solution. In
addition, our algorithm perturbs the input data of original GCDT if some eigenvalue
problems are singular and it is desirable to have an approach that does not need such
treatment.

Finally, consider applying our algorithm to the nonconvex quadratic minimization
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problem with m quadratic constraints (mQCQP):
(8.1) minimize  f(z) = 2’ Qoz + 2q4 = + Yo
(8.2) subject to gi(z) =2 Qir +2¢] x+v <0 (i=1,2,...,m).

Just as we computed the Lagrange multipliers of GCDT via a two-parameter eigen-
value problem, the Lagrange multipliers of mQCQP can be obtained via a m-parameter
eigenvalue problem. Therefore, an algorithm for m-parameter eigenvalue problem
would enable us to compute a global solution of mQCQP.

Acknowledgements. We thank the referees for their helpful suggestions to im-
prove the scope and clarity of the paper.
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Appendix A. A lower bound of the optimal value. From (1.2), we have
rTQurt 2]zt <0 = Q@+ QT < 10 Parll3 .

Therefore, the value of objective function is bounded from below as follows:
" Qox + 2q4 = + Yo
= (@@ +er'a) @ (@6 + o)

+2(Q @0 - Qor'a)) (@2 + Q) + 0] O Qo e 20 Q7 + 70
> ouin(@1 Qo1 ) @12 + @)

20|01 (00 — Q@ a)| Q1@ + QT )|, + 0 Q' Qo1 ar — 240 Q7 a1 + 70

> min{omn(Qr Q@) 0} (07l - )

— _ — 2 — — —
—2 HQl 1/2(QO - QOQ1 1(]1)H2 \/HQl 1/2Q1H2 -—M+ qlTQ1 1QOQ1 lfh - QQOTQl 1Q1 + Y0,

where Jmin(Ql_l/ZQle_l/2) is the minimum eigenvalue of Q;l/QQOQl_l/Q.

Appendix B. How to obtain a KKT point from singular H (A1, \3). We
now discuss how to obtain a KKT point x from H (A, A2)xz = y when Ay, Ay are
computed but H (A1, A2) is singular, which we mentioned in Section 2.2. Specifically,
we show how to compute v € R" such that x = x, + Hyv satisfies the KKT conditions
(2.3)-(2.6). In Section B.1, we first introduce three cases of Aj, A2 depending on
whether they are zero or positive. In two of these three cases, we need to solve
quadratic optimization problems with one quadratic equality constraint. We discuss
how to solve them in Section B.2.

B.1. Three cases of A\, \; for finding an appropriate vector v. We now

consider the following three cases with respect to A1, A2 to compute v.
1. A1 = A2 = 0. In this case, we need to find v satisfying g1 (. + Hov) < 0 and
92(x« + Hov) < 0, which can be obtained by solving the following TRS for v:

(B.1) minimize g2(z« + Hov)

v

subject to g1(z« + Hov) <0.
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This problem can be solved via a SDP reformulation (see [27]). If the optimal
value of (B.1) is positive, there is no feasible x for this case and we remove
(A1, A2) = (0,0) from the candidates for the Lagrange multipliers.

. Exactly one of A1,y is zero and the other is positive. For definiteness,
suppose A1 > 0 and Ay = 0. In this case, we need to find v satisfying
91(z«+ Hov) = 0 and go(x. + Hov) < 0, which we do by solving the following
minimization problem for v:

(B.2) minivmize g2(xx + Hov)

subject to g1(z + Hov) = 0.

We show how to solve this quadratic minimization problem with one quadratic
equality constraint in Appendix B.2. If the optimal value of (B.2) is positive,
there is no feasible  and we remove the pair (A1, A2) from the candidates for
the Lagrange multipliers. Similarly, if Ay = 0 and A3 > 0 hold, we compute v
by solving
(B.3) minimize g1 (z« + Hov)

subject to g2(x« + Hov) = 0.
. A1 > 0 and A2 > 0. In this case, we need to find v satistying ¢; (z« + Hov) =0
and ga(x, + Hov) = 0, i.e., we solve the following quadratic equations for v:
(B.4) v Hy QuHov +2(Q1zs + @1) " Hov + 2] Quae + 2q) @ + 71 = 0,
(B.5) ’UTHJQQH()U +2(Qoxs + QQ)TH()U + ] Qox, + 2q;x* + v =0.
We denote A; = HJ Q;Hy, b; = Qiz« + qi, ¢; = x] Qiws + 2¢ 7, + ; for
i = 1,2 and consider solving
(B.6) hi(v) =v" Ay +2b{ v+ ¢ =0,
(B.7) ho(v) = v " Agv +2bg v+ co = 0
where A; = O. First, we solve the following two quadratic optimization

problems with one quadratic equality constraint by applying the technique
shown in Appendix B.2:

(B.8) minimize  ho(v) subject to  hy(v) =0,
v
(B.9) maximize  ha(v) subject to hi(v) =0.

v

Let v1,v2 be the optimal solutions of these problems respectively. Since
ha(v1) < 0 and ha(v2) > 0 must hold in order for (B.6) and (B.7) to have a
common solution, we remove (A1, A2) from the candidates for the Lagrange
multipliers if hg(vy)ha(ve) > 0.

Now we define the following two sets:

(B.10) E={veR"|hi(v) =0},
(B.11) H={veR"|v=civ + cavs, c1,c2 € R}.

€ represents the boundary of the ellipsoid h; (v) = 0 and H is a two-dimensional
subspace containing the origin and vy, ve. In the definition of H, if v, v are
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linearly dependent, we replace v; by an arbitrary v € & such that vy, ve
are linearly independent. Note that the intersection £ N H is connected and
v1,v2 € ENH. Since ha(v1) < 0, ha(ve) > 0 and the value of hy(v) changes
continuously in £ NH, there are some a7, s € R satisfying

(B.12) hl(ozlvl + 042’02) =0,
(B.13) ho(av1 + agug) = 0.

So we obtain a vector v = a1 + agvs satistying (B.6) and (B.7) by solving
the following system for ay, as:

hl(Oll’Ul + 0421)2) = (Otl’Ul + OCQUQ)TAl(Oélvl + 0421}2) + 2[)?(0[1’01 + OLQUQ) +c1 = 0,

hg(alvl + 062’1)2) = (O[l’l)l -+ QQUQ)TAQ(OélUl -+ OéQ’UQ) -+ 2[);(0[17)1 -+ 0621)2) -+ Co = 0

These bivariate quadratic scalar equations can be solved by taking the Bézoutian
of the polynomials p; (o, as) = hi(aiv1 + agve) and pa(ag, as) = ha(ayv +
asva) (see [4, 21]).

B.2. The quadratic minimization problem with one quadratic equality
constraint. In Appendix B.1, we need to solve the following minimization problems
(B.2) and (B.3) where g1(z. + Hov) and ga(z. + Hov) are defined by the left side
of (B.4) and (B.5) respectively. We denote A; = HJ Q;Hy, b; = Qiry + i, ¢; =
r] Qir. + 2¢ v, + v; and rewrite (B.2) and (B.3) as follows:

(B.14) minimize  v' Agv +2bg v + ¢y subject to v Ayw + 20 v+ ¢ =0,

v

(B.15) minimize v Ajv + 2b1Tv +c¢;  subject to v Asv + QbQTU 4+ =0.

Now we focus on solving (B.15); (B.14) can be solved analogously. The technique is
similar to the one for computing the Lagrange multipliers in Section 2. The KKT
conditions for (B.15) can be written as follows:

(B.16) (A1 + M2)v = — (b1 + Aba),
(B.17) v Agv + 2bg v 4¢3 = 0.

Note that, in one constraint minimization problems (B.14) and (B.15), LICQ is natu-
rally satisfied and the KKT conditions are necessary conditions for global optimality.
Let A(A) = A1 + Mg and b(\) = —b; — Aba. Then, similarly to Lemma 2.1, we see
that det L(A) = 0 holds for every X satisfying (B.16) and (B.17) where

Ay —A(N) b
(B.18) L) = [—A(\) 0 b))
bl BN e

This determinantal equation can be solved for A as a generalized eigenvalue problem.
If L(\) is singular for every )\, we perturb matrices to force L()A) to be a regular
matrix pencil; as we perturbed 7; in Section 4.1, we perturb cs to ensure that L(0) is
nonsingular.

For each A thus obtained, one can compute v by solving A(A)v = b. If A(N)
is nonsingular, v is uniquely determined and it satisfies (B.17) naturally. If A()\) is
singular, we find one of the solutions v satisfying (B.16), (B.17) as follows: Let v,
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be the minimum-norm solution of (B.16) and vy be an arbitrary null vector of A(\)
such that ||vg|l2 = 1. We see that the solutions of (B.16) can be expressed as v, + tvg
where ¢t € R is an arbitrary constant. Then we substitute v = v, + tvg into (B.17)
and solve for ¢ to obtain a solution satisfying (B.16) and (B.17). If no real solution ¢
is obtained, the corresponding A gives no feasible solution of (B.15). By an argument
analogous to that in Section 2.2, one can verify that the value of the objective function
is independent of ¢, which means the obtained solution v = v, +tvy is one of the global
solutions.



