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Abstract. This paper is concerned with the Hermitian definite generalized eigenvalue problem A− λB

for block diagonal matrices A ¼ diagðA11; A22Þ and B ¼ diagðB11; B22Þ. Both A and B are Hermitian, and B is
positive definite. Bounds on how its eigenvalues vary when A and B are perturbed by Hermitian matrices are
established. These bounds are generally of linear order with respect to the perturbations in the diagonal blocks
and of quadratic order with respect to the perturbations in the off-diagonal blocks. The results for the case of no
perturbations in the diagonal blocks can be used to bound the changes of eigenvalues of a Hermitian definite
generalized eigenvalue problem after its off-diagonal blocks are dropped, a situation that occurs frequently in
eigenvalue computations. The presented results extend those of Li and Li [Linear Algebra Appl., 395 (2005),
pp. 183–190]. It was noted by Stewart and Sun [Matrix Perturbation Theory, Academic Press, Boston, 1990]
that different copies of a multiple eigenvalue may exhibit quite different sensitivities towards perturbations.
We establish bounds to reflect that feature, too. We also derive quadratic eigenvalue bounds for diagonalizable
non-Hermitian pencils subject to off-diagonal perturbations.
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1. Introduction. The generalized eigenvalue problem (GEP) for the matrix pencil
A− λB of two square matrices A and B is to determine nonzero vectors x and scalars μ
such that Ax ¼ μBx. When it holds, we call μ a (generalized) eigenvalue and x its as-
sociated eigenvector.

In this paper, we are concerned with perturbations of aHermitian definite GEPA−
λB by which we mean both A and B are Hermitian and B is positive definite. Further we
assume that A and B are already block diagonal:

A ¼ m

n

m n�
A11

A22

�
; B ¼ m

n

m n�
B11

B22

�
:ð1:1Þ

When A and B are perturbed to

~A¼defAþ E ¼
�
A11 þ E11 E12

E21 A22 þ E22

�
; ~B ¼def B þ F ¼

�
B11 þ F11 F12

F21 B22 þ F22

�
ð1:2Þ
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by two Hermitian matrices E and F , we are interested in bounding how much the ei-
genvalues of A− λB change. Two kinds of bounds will be established:

• bounds on the difference between the eigenvalues of A− λB and those
of ~A− λ ~B;

• bounds on the difference between the eigenvalues of A11 − λB11 and some m
eigenvalues of ~A− λ ~B.

There are two immediate applicable situations of such bounds. The first situation is
when we have a GEP having A and B almost block diagonal, namely, in (1.2)
Eii ¼ Fii ¼ 0 and all Eij and Fij for i ≠ j are tiny in magnitude relative to Aii and
Bii. Such a situation can arise in practice, for example, when one uses a Jacobi-type
algorithm [13, p. 353] that iteratively reduces both A and B to the diagonal form. Then
it is natural to drop Eij and Fij for i ≠ j to decouple the GEP when they become re-
latively tiny. What is the effect of doing this? The second situation arises from (large
scale) eigenvalue computations of a GEP, where one may have an approximate eigen-
space. Projecting the GEP onto the approximate eigenspace would lead to (1.2) with
again Eii ¼ Fii ¼ 0 for i ¼ 1, 2 and some norm estimates on Eij and Fij for i ≠ j but
usually unknown A22 and B22. In such a case, we would like to estimate how well the
eigenvalues of A11 − λB11 approximate some of those of ~A− λ ~B.

In the special case when B ¼ ~B ¼ I N , the identity matrix can be well dealt with by
some existing theories. For example, if all blocks in E have similar magnitudes, we may
simply bound the eigenvalue changes using the norms of E by the Weyl–Lidskii theorem
[1], [13], [14] (see also Lemma 2.1(a)); if Eij for i ≠ j have much smaller magnitudes
relative to Eii for i ¼ 1, 2, we may write

Â ¼ Aþ
�

E12

E21

�
; ~A ¼ Âþ

�
E11

E22

�
;

then the eigenvalue differences for A and ~A can be bounded in two steps: bounding the
differences for A and Â and the differences for Â and ~A. The eigenvalue differences for A
and Â are potentially of the second order in Eij (i ≠ j) and are no worse than of the first
order in Eij (i ≠ j) [2], [6], [10], [15], while the eigenvalue differences for Â and ~A can be
again bounded using the norms of E by the Weyl–Lidskii theorem.

The rest of the paper is organized as follows. In section 2 we present our main re-
sults: error bounds on the differences between the eigenvalues of GEPs (1.1) and (1.2).
These error bounds are usually quadratic in the norms of E21 and F21. The case when
B ¼ I and F21 ¼ 0 has been investigated in [6], and, in fact, our bounds here degenerate
to the ones there in this case. A distinguished feature of GEPs is that different copies of a
multiple eigenvalue may exhibit quite different sensitivities towards perturbations as
noted in [14, p. 300]. This is studied in section 3. In section 4 we briefly consider per-
turbation of partitioned matrices in the non-Hermitian case.

Notation. Throughout this paper, k · k2, k · kF, σminð·Þ, and σmaxð·Þ stand for the
spectral norm, the Frobenius norm, the smallest singular value, and the largest singular
value of a matrix, respectively. The superscript “·�” takes the complex conjugate trans-
pose of a matrix or a vector. I n (or simply I if its dimension is clear from the context) is
the n× n identity matrix. We will use eigðA;BÞ to denote the set of eigenvalues of the
matrix pencil A− λB and eigðAÞ≡ eigðA; I Þ.

2. Perturbation bounds. Recall that B is assumed to be Hermitian and positive
definite. The GEP A− λB is closely related to the standard Hermitian eigenvalue pro-
blem for ðB−1∕ 2AB−1 ∕ 2Þ− λI n in that
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Ax ¼ μBx is equivalent to ðB−1 ∕ 2AB−1 ∕ 2ÞðB1 ∕ 2xÞ ¼ μðB1∕ 2xÞ:

This implies, in particular, that all the eigenvalues of the GEP are real. If kFk2 in (1.2) is
sufficiently small, then ~A− λ ~B will be Hermitian definite, too, and thus has only real
eigenvalues.

Set N ¼ mþ n, and denote the eigenvalues of A− λB and ~A− λ ~B by

λ1 ≥ λ2 ≥ · · ·≥ λN and ~λ1 ≥ ~λ2 ≥ · · ·≥ ~λN ;ð2:1Þ
respectively. Define

ηi¼
def

8><
>:

min
μ2∈eigðA22;B22Þ

jλi − μ2j if λi ∈ eigðA11; B11Þ;
min

μ1∈eigðA11;B11Þ
jλi − μ1j if λi ∈ eigðA22; B22Þ;ð2:2aÞ

η¼def min
1≤i≤N

ηi ¼ min
μ1∈eigðA11;B11Þ;μ2∈eigðA22;B22Þ

jμ1 −μ2j:ð2:2bÞ

For the sake of this definition, we treat a multiple eigenvalue as different copies of
the same value. If the multiple eigenvalue comes from both eigðA11; B11Þ and
eigðA22; B22Þ, each copy is considered as an eigenvalue of only one of Aii − λBii for
i ¼ 1, 2 but not both.

In our analysis below, the following known results from the standard Hermitian ei-
genvalue problem will be repeatedly used.

LEMMA 2.1. Let A and ~A be two N × N Hermitian matrices, and denote their eigen-
values in descending order by λi (1 ≤ i ≤ N) and by ~λi (1 ≤ i ≤ N), respectively.

(a) See [1], [13], [14]. j~λj − λjj ≤ k ~A− Ak2 for 1 ≤ j ≤ N .
(b) See [12] (see also [4, pp. 224–225]). If ~A ¼ W �AW , then there exist tj

(1 ≤ j ≤ N) satisfying ½σminðW Þ�2 ≤ tj ≤ ½σmaxðW Þ�2 such that ~λj ¼ tjλj
for 1 ≤ j ≤ N .

(c) See [6]. Suppose that

A ¼ m

n

m n�
A11

A22

�
; ~A ¼

�
A11 E12

E21 A22

�
;

i.e., in (1.1) and (1.2) B ¼ ~B ¼ I N and Eii ¼ 0 for i ¼ 1, 2, and define the
gaps ηi and η as in (2.2a) and (2.2b), respectively. Then for 1 ≤ j ≤ N ,

j~λj − λjj ≤
2kE21k22

ηj þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2
j þ 4kE21k22

q ≤
2kE21k22

ηþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2 þ 4kE21k22

p :

(d) See [5]. Let Q be N ×m with orthonormal columns, i.e., Q�Q ¼ Im, and de-
note the eigenvalues of H ¼ Q�AQ by θj (1 ≤ i ≤ m) in descending order.
Then there are m eigenvalues μ1 ≥ · · ·≥ μm of A such that

jμj − θjj ≤ kAQ −QHk2 for 1 ≤ j ≤ m;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm
j¼1

jμj − θjj2
vuut ≤ kAQ −QHkF :
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The inequality in Lemma 2.1(a) has a long history and is well known; see, e.g., [13,
p. 208], [14, p. 203], and [1, p. 71], where its extension to all unitarily invariant norms can
also be found. Better bounds than those in Lemma 2.1(d) are possible if further infor-
mation becomes available. The interested reader is referred to the short survey at the
end of the article [2] (see also [15]).

2.1. Special case. We will start by considering the special case

Eii ¼ Fii ¼ 0; B11 ¼ Im; B22 ¼ I n:ð2:3Þ

For this case,

~A ¼
�
A11 E�

21

E21 A22

�
; ~B ¼

�
Im F�

21

F21 I n

�
:ð2:4Þ

We shall bound the differences ~λj − λj via three different approaches. Throughout this
subsection we assume that

kF21k2 < 1

so that ~B is Hermitian positive definite.

Method I. Noting that I − F21F
�
21 is Hermitian definite, we let

X ¼
�
Im −F�

21

0 I n

�
; W ¼

�
Im 0
0 ½I − F21F

�
21�1 ∕ 2

�
:ð2:5Þ

Then

B̂ ¼
def

X� ~BX ¼
�
Im 0
0 1− F21F

�
21

�
¼ W 2;ð2:6aÞ

Â ¼
def

X� ~AX ¼
�

A11 −A11F
�
21 þ E�

21

−F21A11 þ E21 A22 − E21F
�
21 − F21E

�
21 þ F21A11F

�
21

�
:ð2:6bÞ

We now consider the following four eigenvalue problems:
EIG (a): ~A− λ ~B (which has the same eigenvalues as W−1ÂW−1 − λIN ),
EIG (b): Â− λI N ,

EIG (c):
�

A11 −A11F
�
21 þ E�

21

−F21A11 þ E21 A22

�
− λI N ,

EIG (d): A− λI N .
Denote the eigenvalues for EIGðxÞ by λðxÞj in descending order, i.e.,

λðxÞ1 ≥ λðxÞ2 ≥ · · ·≥ λðxÞN :ð2:7Þ

Then we have λðaÞj ¼ ~λj and λðdÞj ¼ λj for all j, recalling (2.1) and (2.3). There are
existing perturbation bounds as given in Lemma 2.1 for any two adjacent eigenvalue
problems in the above list.
(a)–(b) By Lemma 2.1(b), there exist tj (1 ≤ j ≤ N) satisfying

1 ∕ ½σmaxðW Þ�2 ¼ ½σminðW−1Þ�2 ≤ tj ≤ ½σmaxðW−1Þ�2 ¼ 1 ∕ ½σminðW Þ�2
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such that

λðaÞj ¼ tjλ
ðbÞ
j ; or equivalently; λðbÞj ¼ t−1

j λðaÞj for 1 ≤ j ≤ N:

It can be seen that σmaxðW Þ ¼ 1 and σminðW Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− kF21k22

p
. Thus

0 ≤ 1− t−1
j ≤ kF21k22:

(b)–(c) By Lemma 2.1(a), jλðbÞj − λðcÞj j ≤ kE21F
�
21 þ F21E

�
21 − F21A11F

�
21k2 for

1 ≤ j ≤ N .
(c)–(d) By Lemma 2.1(c), for 1 ≤ j ≤ N ,

jλðcÞj −λðdÞj j≤ 2kA11F
�
21−E�

21k22
ηj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2
j þ 4kA11F

�
21−E�

21k22
q ≤

2kE21 − F21A11k22
ηþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2 þ 4kE21−F21A11k22

p :

Combining these three bounds we get for 1 ≤ j ≤ N ,

j~λj − λjj ¼jλðaÞj − λðdÞj j
¼jλðaÞj − λðbÞj þ λðbÞj − λðcÞj þ λðcÞj − λðdÞj j
≤j1− t−1

j jjλðaÞj j þ jλðbÞj − λðcÞj j þ jλðcÞj − λðdÞj j
≤kF21k22j~λjj þ kE21F

�
21 þ F21E

�
21 − F21A11F

�
21k2

þ 2kE21 − F21A11k22
ηj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2
j þ 4kE21 − F21A11k22

q :ð2:8Þ

Remark 2.1. If ηj > 0, the right-hand side of (2.8) is of OðmaxfkE21k22; kF21k22gÞ for
that j. If η > 0, it is of OðmaxfkE21k22; kF21k22gÞ for all 1 ≤ j ≤ N . We can establish
more bounds between ~λj and λj by using various other existing bounds available to
bound the differences among λðxÞj ’s, other than those listed in Lemma 2.1. Interested
readers may find them in [1], [3], [7], [8], [9], [10], [13], [14].

Symmetrically permute ~A and ~B in (1.2) to�
A22 E21

E�
21 A11

�
;

�
I n F21

F�
21 Im

�
;

and then apply (2.8) to get

j~λj − λjj ≤kF21k22j~λjj þ kE�
21F21 þ F�

21E21 − F�
21A22F21k2

þ 2kE21 − A22F21k22
ηj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2
j þ 4kE21 − A22F21k22

q :ð2:9Þ

The following theorem summarizes what we have obtained so far.
THEOREM 2.2. Assume (2.3) and kF21k2 < 1 for the Hermitian definite GEPs A−

λB and ~A− λ ~B with A, B, ~A, and ~B as in (1.1) and (1.2). Denote their eigenvalues as in
(2.1), and define gaps ηi and η as in (2.2a) and (2.2b). Then both (2.8) and (2.9) hold for
all 1 ≤ j ≤ N .

646 R.-C. LI, Y. NAKATSUKASA, N. TRUHAR, AND S. XU

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



We now investigate how accurate the eigenvalues of A11 are as approximations to a
subset of the eigenvalues of ~A− λ ~B. Recall (2.3). We have

R¼def ~A
�
Im
0

�
− ~B

�
Im
0

�
A11 ¼

�
0

E21 − F21A11

�
:ð2:10Þ

Note that ~B ¼ X−�W 2X−1 and WX−1ðIm0 Þ ¼ XW−1ðIm0 Þ ¼ ðIm0 Þ by (2.5), (2.6a), and

(2.6b). Thus eigð ~A; ~BÞ ¼ eigðW−1X� ~AXW−1Þ, and

W−1X�R≡ ½W−1X� ~AXW−1�
�
Im

0

�
−
�
Im

0

�
A11

¼
�

0

½I − F21F
�
21�−1∕ 2ðE21 − F21A11Þ

�
:ð2:11Þ

Lemma 2.1(d) is applicable to (2.11) (to give Theorem 2.3 below). So are the results in
[15] since A11 is the Rayleigh quotient matrix of W−1X� ~AXW−1 generated by ðIm; 0Þ�,
but details are omitted because of the straightforwardness.

THEOREM 2.3. Assume the conditions of Theorem 2.2. There are m eigenvalues
μ1 ≥ · · ·≥ μm of ~A− λ ~B such that

jμj − θjj ≤
kE21 − F21A11k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− kF21k22
p for 1 ≤ j ≤ m;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm
j¼1

jμj − θjj2
vuut ≤

kE21 − F21A11kFffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− kF21k22

p ;

where θ1 ≥ · · ·≥ θm are the m eigenvalues of A11.

Method II. This approach is very much adapted from [6] for the standard eigen-
value problem. We shall begin by seeking motivation from a 2-by-2 example.

Example 2.1. Consider the 2× 2 Hermitian matrices

~A ¼
�
α ϵ�

ϵ β

�
; ~B ¼

�
1 δ�

δ 1

�
;ð2:12Þ

where α > β and 1− jδj2 > 0 (i.e., B is positive definite). The eigenvalues of ~A− λ ~B,
denoted by λ�, satisfy

ð1− jδj2Þλ2 − ðαþ β− ϵ�δ− ϵδ�Þλþ αβ− jϵj2 ¼ 0.

Let

Δ ¼ ðαþ β− ϵ�δ− ϵδ�Þ2 − 4ð1− jδj2Þðαβ− jϵj2Þ
¼ ðα− βÞ2 þ 2½ðαδ− ϵÞ�ðβδ− ϵÞ þ ðαδ− ϵÞðβδ− ϵÞ�� þ ðϵ�δ− ϵδ�Þ2:

The eigenvalues of ~A− λ ~B are
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λ� ¼ ðαþ β− ϵ�δ− ϵδ�Þ � ffiffiffiffi
Δ

p

2ð1− jδj2Þ :

It is not obvious to see λþ ≥ α and λ− ≤ β from this expression. A better way to see
λþ ≥ α and λ− ≤ β is through the min-max principle (see Appendix A). Namely,

λþ ¼ max
x

x� ~Ax

x� ~Bx
≥

e�1 ~Ae1
e�1 ~Be1

¼ α; λ− ¼ min
x

x� ~Ax

x� ~Bx
≤ β;

where e1 is the first column of the identity matrix. Consider

~A− λþ ~B ¼
�

α− λþ ðϵ− λþδÞ�
ϵ− λþδ β− λþ

�
:

Since λþ ≥ α > β, we can define

X ¼
�

1 0
−ðβ− λþÞ−1ðϵ− λþδÞ 1

�
:

We have

X�ð ~A− λþ ~BÞX ¼
�
α− λþ − ðϵ− λþδÞ�ðβ− λþÞ−1ðϵ− λþδÞ 0

0 β− λþ

�

which must be singular. Since λþ ≥ α > β , we have

α− λþ − ðϵ− λþδÞ�ðβ− λþÞ−1ðϵ− λþδÞ ¼ 0;

α− λþ ¼ jϵ− λþδj2
ðβ− αÞ þ ðα− λþÞ

;

ðλþ − αÞ2 þ ðα− βÞðλþ − αÞ− jϵ− λþδj2 ¼ 0.

The last equation gives, upon noticing that λþ − α ≥ 0, that

λþ − α ¼ 2jϵ− λþδj2
ðα− βÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðα− βÞ2 þ 4jϵ− λþδj2

p :ð2:13Þ

Apply (2.13) to ð− ~AÞ− λ ~B to get

β− λ− ¼ 2jϵ− λ−δj2
ðα− βÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðα− βÞ2 þ 4jϵ− λ−δj2

p :ð2:14Þ

Surprisingly an inequality similar to (2.13) and (2.14) holds for the general case as stated
in Theorem 2.4 below. ▯

THEOREM 2.4. Under the conditions of Theorem 2.2, we have, for all 1 ≤ i ≤ N ,

j~λi − λij ≤
2kE21 − ~λiF21k22

ηi þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2
i þ 4kE21 − ~λiF21k22

q ≤
2kE21 − ~λiF21k22

ηþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2 þ 4kE21 − ~λiF21k22

q :ð2:15Þ
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Proof. We shall prove (2.15) by induction. We may assume that A11 and A22 are
diagonal with their diagonal entries arranged in descending order, respectively; other-
wise replace ~A and ~B by

ðU
M

V Þ� ~AðU
M

V Þ and ðU
M

V Þ� ~BðU
M

V Þ;

respectively, where U and V are unitary such that U �A11U and V �A22V are in such
diagonal forms.

We may perturb the diagonal of A so that all entries are distinct and apply the
continuity argument for the general case.

IfN ¼ 2, the result is true by Example 2.1. Assume thatN > 2, and assume that the
result is true for Hermitian matrices of size N − 1.

First, we show that (2.15) holds for i ¼ 1. Assume that the ð1; 1Þth entry of A11

equals λ1. By the min-max principle, we have

~λ1 ≥
e�1 ~Ae1
e�1 ~Be1

¼ λ1:

No proof is necessary if ~λ1 ¼ λ1. Assume ~λ1 > λ1, and let

X ¼
�

Im 0
−ðA22 − ~λ1I nÞ−1ðE21 − ~λ1F21Þ I n

�
:

Then

X�ð ~A− ~λ1 ~BÞX ¼
�
Mð~λ1Þ 0

0 A22 − ~λ1I n

�
;

where

MðλÞ ¼ A11 − λIm − ðE21 − λF21Þ�ðA22 − λI nÞ−1ðE21 − λF21Þ:

Since ~A− ~λ1 ~B and X�ð ~A− ~λ1 ~BÞX have the same inertia, we see that Mð~λ1Þ has zero as
the largest eigenvalue. Notice that the largest eigenvalue of A11 − ~λ1I is λ1 − ~λ1 ≤ 0.
Thus, for δ1¼j~λ1 − λ1j ¼ ~λ1 − λ1, we have by Lemma 2.1(a)

δ1 ¼ j0− ðλ1 − ~λ1Þj ≤ kðE21 − ~λ1F21Þ�ðA22 − ~λ1I nÞ−1ðE21 − ~λ1F21Þk2
≤ kE21 − ~λ1F21k22kðA22 − ~λ1I nÞ−1k2

≤
kE21 − ~λ1F21k22

δ1 þ η1

;

where we have used ½kA22 − ~λ1I nÞ−1k2�−1 ¼ ~λ1 −maxμ∈eigðA22Þμ ¼ δ1 þ η1. Conse-
quently,

δ1 ≤
2kE21 − ~λ1F21k22

η1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2
1 þ 4kE21 − ~λ1F21k22

q ;
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as asserted. Similarly, we can prove the result if the ð1; 1Þth entry ofA22 equals λ1. In this
case, we will apply the inertia arguments to ~A− ~λ1 ~B and Y ð ~A− ~λ1 ~BÞY � with

Y ¼
�

Im 0
−ðE21 − ~λ1F21ÞðA11 − ~λ1ImÞ−1 I n

�
:

Applying the result of the last paragraph to ð− ~AÞ− λ ~B, we see that (2.15) holds
for i ¼ N .

Now, suppose 1 < i < N . The result trivially holds if ~λi ¼ λi. Suppose ~λi ≠ λi. We
may assume that λi > ~λi. Otherwise, replace fðA;BÞ; ð ~A; ~BÞ; ig by fð−A;BÞ;
ð− ~A; ~BÞ; N − iþ 1g. Delete the row and column of ~A that contain the diagonal entry

λN , and delete the corresponding row and column of ~B as well. Let Â and B̂ be the re-

sulting matrices. Write the eigenvalues of Â− λB̂ as ν1 ≥ · · ·≥ νN−1. By the interlacing
inequalities (A.3), we have

~λi ≥ νi and hence λi − ~λi ≤ λi − νi:ð2:16Þ

Note that λi is the ith largest diagonal entry of Â. Let η̂i be the minimum distance be-

tween λi and the diagonal entries in the diagonal block Âjj in Â not containing λi, where
j ∈ f1; 2g. Then

η̂i ≥ ηi

because Âjj may have one fewer diagonal entries than Ajj. Let Ê21 and F̂21 be the off-

diagonal block of Â and B̂, respectively. Then

kÊ21 − ~λiF̂21k2 ≤ kE21 − ~λiF21k2:ð2:17Þ

Finally, we have

j~λi − λij ¼ λi − ~λi because λi > ~λi
≤ λi − νi by ð2.16Þ

≤
2kÊ21 − ~λiF̂21k22

η̂i þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η̂2
i þ 4kÊ21 − ~λiF̂21k22

q by induction assumption

≤
2kÊ21 − ~λiF̂21k22

ηi þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2
i þ 4kÊ21 − ~λiF̂21k22

q because η̂i > ηi

¼ 1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2
i þ 4kÊ21 − ~λiF̂21k22

q
− ηi

�

≤
1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2
i þ 4kE21 − ~λiF21k22

q
− ηi

�
by ð2.17Þ

¼ 2kE21 − ~λiF21k22
ηi þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2
i þ 4kE21 − ~λiF21k22

q ;

as expected. ▯
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Method III. We now consider the following three eigenvalue problems:
EIG (a): ~A− λ ~B (which has the same eigenvalues as ~B−1∕ 2 ~A ~B−1 ∕ 2 − λI N ),
EIG (b): ~A− λI N ,
EIG (c): A− λI N .
Denote the eigenvalues for EIGðxÞ by λðxÞj in descending order as in (2.7). Then we have
λðaÞj ¼ ~λj and λðcÞj ¼ λj for all j, recalling (2.1). Existing perturbation bounds as given in
Lemma 2.1 can be used for any two adjacent eigenvalue problems in the above list.
(a)–(b) By Lemma 2.1(b), there exist tj (1 ≤ j ≤ N) satisfying

1 ∕ σmaxð ~BÞ ¼ σminð ~B−1Þ ≤ tj ≤ σmaxð ~B−1Þ ¼ 1 ∕ σminð ~BÞ

such that

λðaÞj ¼ tjλ
ðbÞ
j ðor equivalently λðbÞj ¼ t−1

j λðaÞj Þ for 1 ≤ j ≤ N:

It can be seen that 1− σmaxðF21Þ ¼ σminð ~BÞ ≤ σmaxð ~BÞ ¼ 1þ σmaxðF21Þ.
Thus j1− t−1

j j ≤ kF21k2, which will be used later.
(b)–(c) By Lemma 2.1(c), for 1 ≤ j ≤ N ,

jλðbÞj − λðcÞj j ≤ 2kE21k22
ηj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2
j þ 4kE21k22

q ≤
2kE21k22

ηþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2 þ 4kE21k22

p :

Finally, for 1 ≤ j ≤ N ,

j~λj − λjj ¼ jλðaÞj − λðcÞj j ¼ jλðaÞj − λðbÞj þ λðbÞj − λðcÞj j
≤ j1− t−1

j jjλðaÞj j þ jλðbÞj − λðcÞj j

≤ kF21k2j~λjj þ
2kE21k22

ηj þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2
j þ 4kE21k22

q :ð2:18Þ

Remark 2.2. The derivation here is the shortest (and simplest) among the three
methods that lead to (2.8) and (2.9), (2.15), and (2.18), but not without a sacrifice;
namely, it is likely the weakest when kF21k2 has a much bigger magnitude than
kE21k22 because kF21k2 appears linearly in (2.18) vs. quadratically in (2.8), (2.9), and
(2.15). Note the similarity among the third term in the right-hand side of (2.8), the
second and last terms in (2.18), and the second term in the right-hand side of (2.18).

THEOREM 2.5. Under the conditions of Theorem 2.2, we have (2.18) for all
1 ≤ j ≤ N .

We point out in passing that Theorems 2.2, 2.4, and 2.5 all reduce to the main result
in [6], i.e., Lemma 2.1(c), for the standard eigenvalue problem if F21 ¼ 0.

2.2. General case. We are now looking into the general case, i.e., without assum-
ing (2.3).

LEMMA 2.6. Let Δ be a Hermitian matrix. If δ¼defkΔk2 < 1, then I þ Δ is positive
definite, and

kðI þ ΔÞ−1∕ 2 − Ik2 ≤
1ffiffiffiffiffiffiffiffiffiffiffi
1− δ

p − 1 ¼ δffiffiffiffiffiffiffiffiffiffiffi
1− δ

p ð1þ ffiffiffiffiffiffiffiffiffiffiffi
1− δ

p Þ :

PERTURBATION OF PARTITIONED HERMITIAN DEFINITE GEP 651

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



Proof. Any eigenvalue of I þ Δ is no smaller than 1− δ > 0, so I þ Δ is positive
definite. We have

kðI þ ΔÞ−1∕ 2 − Ik2 ¼ max
μ∈eigðΔÞ

jð1þμÞ−1 ∕ 2 − 1j

≤ max fð1− δÞ−1 ∕ 2 − 1; 1− ð1þ δÞ−1∕ 2g
¼ ð1− δÞ−1 ∕ 2 − 1;

as was to be shown. ▯
Recall that A, ~A, B, ~B, E, and F are all Hermitian. Set

Δij ¼ B−1 ∕ 2
ii FijB

−1 ∕ 2
jj ;ð2:19aÞ

Y ¼ diagð½I þ Δ11�−1 ∕ 2B−1∕ 2
11 ; ½I þ Δ22�−1∕ 2B−1 ∕ 2

22 Þ;ð2:19bÞ

F̂ ij ¼ ½I þ Δii�−1 ∕ 2Δij½I þ Δjj�−1∕ 2 for i ≠ j;ð2:19cÞ

Âii ¼ B−1∕ 2
ii AiiB

−1∕ 2
ii ;ð2:19dÞ

Êij ¼ ½I þ Δii�−1 ∕ 2B−1 ∕ 2
ii EijB

−1 ∕ 2
jj ½I þ Δjj�−1∕ 2 for i ≠ j;ð2:19eÞ

Êii ¼ ½I þ Δii�−1 ∕ 2B−1∕ 2
ii ðAii þ EiiÞB−1 ∕ 2

ii ½I þ Δii�−1 ∕ 2 − Âii

¼ ð½I þ Δii�−1 ∕ 2 − I ÞÂiið½I þ Δii�−1∕ 2 − I Þ
þ Âiið½I þ Δii�−1∕ 2 − I Þ þ ð½I þ Δii�−1∕ 2 − I ÞÂiið2:19fÞ

þ½I þ Δii�−1∕ 2B−1 ∕ 2
ii EiiB

−1 ∕ 2
ii ½I þ Δii�−1 ∕ 2;ð2:19gÞ

and set

δij ¼ kΔijk2 ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kB−1

ii k2kB−1
jj k2

q
kFijk2; γij ¼ ð1− δijÞ−1 ∕ 2 − 1.ð2:20Þ

In obtaining (2.20), we have used kB−1 ∕ 2
ii k2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kB−1

ii k2
p

. To ensure that ~B is positive
definite, throughout this subsection we assume that

maxfδ11;δ22g < 1; δ2
12 < ð1− δ11Þð1− δ22Þ:ð2:21Þ

We can bound Êij and F̂ ij as follows:

kÊijk2 ≤
kB−1∕ 2

ii EijB
−1∕ 2
jj k

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1− δiiÞð1− δjjÞ
pð2:22aÞ

≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kB−1

ii k2kB−1
jj k2

ð1− δiiÞð1− δjjÞ

s
kEijk2 for i ≠ j;ð2:22bÞ
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kÊiik2 ≤ γiið2þ γiiÞkÂiik2 þ
kB−1 ∕ 2

ii EiiB
−1∕ 2
ii k2

1− δii

ð2:22cÞ

≤ γiið2þ γiiÞkÂiik2 þ
kB−1

ii k2
1− δii

kEiik2;ð2:22dÞ

kF̂ ijk2 ≤
δijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1− δiiÞð1− δjjÞ

p for i ≠ j:ð2:22eÞ

We have used Lemma 2.6 to get (2.22c) from (2.19g). We then have

Â ¼defY � ~AY ¼
�
Â11 þ Ê11 Ê12

Ê21 Â22 þ Ê22

�
; B̂ ¼defY � ~BY ¼

�
Im F̂12

F̂21 I n

�
:

We now consider the following three eigenvalue problems:
EIG (a): ~A− λ ~B (which is equivalent to Â− λB̂),

EIG (b):
�
Â11 Ê12

Ê21 Â22

�
− λ

�
Im F̂12

F̂21 I n

�
,

EIG (c):
�
Â11

Â22

�
− λIN .

Denote the eigenvalues for EIGðxÞ by λðxÞj in descending order as in (2.7). Then we have

λðaÞj ¼ ~λj and λðcÞj ¼ λj for all j, recalling (2.1). Note kF̂21k2 < 1 because of (2.21). The
eigenvalue differences between any two adjacent eigenvalue problems in the above list
can be bounded as follows.
(a)–(b) By Lemma 2.1(a), jλðaÞj − λðbÞj j ≤ maxikÊiik2

1−kF̂21k2
for 1 ≤ j ≤ N . This is because

B̂−1∕ 2ÂB̂−1 ∕ 2 ¼ B̂−1 ∕ 2
�
Â11 Ê12

Ê21 Â22

�
B̂−1 ∕ 2 þ B̂−1∕ 2

�
Ê11

Ê22

�
B̂−1∕ 2;

and kB̂−1k2 ¼ ½1− kF̂21k2�−1.
(b)–(c) Use Theorems 2.2, 2.4, or 2.5 to bound λðbÞj − λðcÞj to yield three bounds:

jλðbÞj − λðcÞj j ≤kF̂21k22j~λjj þ kÊ21F̂
�
21 þ F̂21Ê

�
21 − F̂21Â11F̂

�
21k2

þ 2kÊ21 − F̂21Â11k22
ηj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2
j þ 4kÊ21 − F̂21Â11k22

q ;ð2:23Þ

jλðbÞj − λðcÞj j ≤ 2kÊ21 − ~λjF̂21k22
ηj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2
j þ 4kÊ21 − ~λjF̂21k22

q ;ð2:24Þ

jλðbÞj − λðcÞj j ≤ kF̂21k2j~λjj þ
2kÊ21k22

ηj þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2
j þ 4kÊ21k22

q :ð2:25Þ
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Further bounds in terms of the norms of E, F , and Bii can be obtained by using inequal-

ities in (2.22a)–(2.22e). Finally we use ~λj − λj ¼ λðaÞj − λðcÞj ¼ λðaÞj − λðbÞj þ λðbÞj − λðcÞj to
conclude what follows.

THEOREM 2.7. For the Hermitian definite GEPs A− λB and ~A− λ ~B with A, B, ~A,
and ~B as in (1.1) and (1.2), assume (2.21), where δij are as defined in (2.19a)–(2.19g)
and (2.20). Denote their eigenvalues as in (2.1), and define gaps ηi and η as in (2.2a) and
(2.2b). Then for all 1 ≤ j ≤ N ,

j~λj − λjj ≤
maxikÊiik2
1− kF̂21k2

þ ϵj;

where ϵj can be taken to be any one of the right-hand sides of (2.23), (2.24), and (2.25).
Next we estimate the differences between the eigenvalues ofA11 − λB11 (which is the

same as those of Â11) and some m eigenvalues of ~A− λ ~B. This will be done in two steps:
(a) bound the differences between the eigenvalues of Â11 þ Ê11 and m of those

of ~A− λ ~B;
(b) bound the differences between the eigenvalues of Â11 þ Ê11 and those of Â11.

The first step can be accomplished by using Theorem 2.3, while the second step can be
done by using Lemma 2.1(a). We thereby get the following theorem.

THEOREM 2.8. Assume the conditions of Theorem 2.7. There are m eigenvalues
μ1 ≥ · · ·≥ μm of ~A− λ ~B such that

jμj − θjj ≤ kÊ11k2 þ
kÊ21 − F̂21ðÂ11 þ Ê11Þk2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− kF̂21k22
q for 1 ≤ j ≤ m;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm
j¼1

jμj − θjj2
vuut ≤ kÊ11kF þ kÊ21 − F̂21ðÂ11 þ Ê11ÞkFffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− kF̂21k22
q ;

where θ1 ≥ · · ·≥ θm are the m eigenvalues of A11 − λB11.
Remark 2.3. Some comments for comparing Theorems 2.7 and 2.8 are in order.
(a) Theorem 2.7 bounds the changes in all the eigenvalues of A− λB, while The-

orem 2.8 bounds only a portion of them, namely, those of A11 − λB11.
(b) Ê22 does not appear in the bounds in Theorem 2.8, while both Êii show up in

those in Theorem 2.7. This could potentially make the bounds in Theorem 2.8
more favorable if Ê22 has much larger magnitude than Ê11. This point will be
well manifested in our analysis in section 3. Also, note that the quantities
kÊijk are relative quantities as opposed to absolute quantities kEijk, because
Êij has been multiplied by B−1∕ 2

ii and B−1∕ 2
jj .

(c) Except when ϵj is taken to be the right-hand side of (2.25), bounds in The-
orem 2.7 are of quadratic order in Ê21 and F̂21, while those in Theorem 2.8 are
of linear order in Ê21 and F̂21. All bounds are of linear order in Êii and F̂ ii.
Thus when Êii ¼ Fii ¼ 0 for i ¼ 1, 2, Theorem 2.7 may lead to sharper
bounds.

(d) Theorem 2.7 requires some gap information among the eigenvalues of Aii −
λBii for i ¼ 1, 2, while Theorem 2.8 does not.

Example 2.2. To illustrate these comments in Remark 2.3, we consider the para-
meterized GEP
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~AðαÞ− λ ~BðαÞ≡ ðAþ αEÞ− λðB þ αFÞ;

where α is a parameter ranging from 0 to 1, A ¼ diagð4; 1Þ, and B ¼ diagð2; 1Þ. Two
types of perturbations E and F will be considered: the general dense perturbations

E ¼
�
1 1
1 5

�
; F ¼ 1

10

�
1 −1
−1 1

�
;ð2:26Þ

and the off-diagonal perturbations

E ¼
�
0 1
1 0

�
; F ¼ 1

10

�
0 −1
−1 0

�
:ð2:27Þ

Denote by ~λjðαÞ the jth largest eigenvalue of ~AðαÞ− λ ~BðαÞ. Here we take j ¼ 1, so
λ1ð0Þ ¼ λ1 ¼ 2. Figure 2.1 shows log-log scale plots for the actual j~λ1ðαÞ− λ1j, its bound
by Theorem 2.8, and the three bounds by Theorem 2.7 corresponding to ϵj being the
right-hand sides of (2.23), (2.24), and (2.25), respectively. These three bounds are shown
as “Thm 2.7(i),” “Thm 2.7(ii),” and “Thm 2.7(iii)” in the plots. We assumed the gap η1 ¼
1 is known.

In the left plot of Figure 2.1 we plot only one curve for the three bounds by The-
orem 2.7 because they are visually indistinguishable. The figure illustrates the first two
comments. First, the bound by Theorem 2.7 becomes smaller than j~λ1ðαÞ− λ1j for
α ⪆ 0.25. This is not an error but is because the bound by Theorem 2.8 is for the distance
between λ1 ¼ 2 and an eigenvalue of ~AðαÞ− λ ~BðαÞ, which may not necessarily be ~λ1ðαÞ.
In fact, for α ⪆ 0.25 the eigenvalue of ~AðαÞ− λ ~BðαÞ closer to 2 is ~λ2ðαÞ. Second, The-
orem 2.8 gives a smaller bound than Theorem 2.7, reflecting the fact that E22 is much
larger than E11.

The right plot of Figure 2.1 illustrates the third comment. Specifically, the first two
bounds by Theorem 2.7 are much smaller than the other bounds. They reflect the quad-
ratic scaling of j~λ1ðαÞ− λ1j under off-diagonal perturbations, as can be seen by the slope
of the plots. ▯

FIG. 2.1. j~λ1ðαÞ− λ1j and its bounds by Theorems 2.7 and 2.8. Left: Under perturbation (2.26), the curves
for the three bounds by Theorem 2.7 are indistinguishable, and the bound by Theorem 2.8 is smaller. It is inter-
esting to notice that the curve for j~λ1ðαÞ− λ1j crosses above the bound by Theorem 2.8 for α about 0.25 or larger.
This is because the bound by Theorem 2.8 is actually forminij~λiðαÞ− λ1j. Right: Under perturbation (2.27), the
curve for Thm 2.7(ii) is the same as for j~λ1ðαÞ− λ1j, and the bound by Theorem 2.8 is larger.
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We now specialize the results so far in this subsection to the case

Eii ¼ Fii ¼ 0 for i ¼ 1; 2:ð2:28Þ

This corresponds to a practical situation in eigenvalue computations: What is the effect
of dropping off off-diagonal blocks with relatively small magnitudes? Assume (2.28);
then

Δii ¼ 0; Êii ¼ 0; γii ¼ δii ¼ 0 for i ¼ 1; 2;

Ê21 ¼ B−1 ∕ 2
22 E21B

−1∕ 2
11 ; F̂21 ¼ B−1∕ 2

22 F21B
−1 ∕ 2
11 :ð2:29Þ

Theorem 2.7 yields the following corollary.
COROLLARY 2.9. To the conditions of Theorem 2.7 add Eii ¼ Fii ¼ 0 for i ¼ 1, 2. Let

Ê21 and F̂21 be given as in (2.29), and assume kF̂21k2 < 1. Then for all 1 ≤ j ≤ N ,

j~λj − λjj ≤ ϵj;ð2:30Þ

where ϵj can be taken to be any one of the right-hand sides of (2.23), (2.24), and (2.25).
At the same time Theorem 2.8 gives the following corollary.
COROLLARY 2.10. Assume the conditions of Corollary 2.9. There are m eigenvalues

μ1 ≥ · · ·≥ μm of ~A− λ ~B such that

jμj − θjj ≤
kÊ21 − F̂21Â11k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− kF̂21k22
q for 1 ≤ j ≤ m;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm
j¼1

jμj − θjj2
vuut ≤

kÊ21 − F̂21Â11kFffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− kF̂21k22

q ;

where θ1 ≥ · · ·≥ θm are the m eigenvalues of A11 − λB11.

3. Application to perturbations of a multiple eigenvalue. A distinguished
feature of GEP eigenvalue perturbations is that different copies of a multiple eigenvalue
may exhibit quite different sensitivities towards perturbations. Stewart and Sun [14,
p. 300] used the example

A ¼
�
2

2000

�
; B ¼

�
1

1000

�
ð3:1Þ

to illustrate that the copy 2000 ∕ 1000 is much less sensitive than the other copy 2 ∕ 1.
Stewart and Sun then wrote “how to make this observation precise is an open research
question.” This question was recently solved by Nakatsukasa [11], who established
bounds to reflect the different sensitivities of different copies of the multiple eigenvalue.
In this section, through applying Theorem 2.8, we give different bounds for the same
purpose.

Suppose a Hermitian definite GEP A− λB has a multiple eigenvalue λ0 of multi-
plicity m. Then there is an (mþ n)-by-(mþ n) matrix X ¼ ðX1; X2Þ with X�

1X1 ¼ Im
and X�

2X2 ¼ I n such that
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X�AX ¼ m

n

m n�
λ0B11

A22

�
; X�BX ¼ m

n

m n�
B11

B22

�
:ð3:2Þ

This can be seen by letting X1 and X2 be the orthogonal factors in the QR decomposi-
tions of X̂1 and X̂2, respectively, where ðX̂1X̂2Þ is the nonsingular matrix that diago-
nalizes A− λB [13, p. 344].

We may assume that B11 is diagonal:

B11 ≡Ω ¼ diagðω1;ω2; : : : ;ωmÞ; ω1 ≥ ω2 ≥ · · ·≥ ωm > 0.ð3:3Þ

Otherwise, let the eigendecomposition of B11 (which is Hermitian and positive definite)
be B11 ¼ UΩU �, where Ω is diagonal, and then perform substitutions B11←Ω
and X1←X1U .

Suppose A− λB is perturbed to ~A− λ ~B ≡ ðAþ EÞ− λðB þ FÞ, where E and F are
Hermitian. Write

X� ~AX ¼
�
λ0Ωþ E11 E12

E21 A22 þ E22

�
; X� ~BX ¼

�
Ωþ F11 F12

F21 B22 þ F22

�
:ð3:4Þ

For any given k (1 ≤ k ≤ m), we repartition X�AX , X�BX , X�EX , and X�FX with k-
by-k ð1; 1Þ blocks as follows:

�
A

ðkÞ
11 0

0 A
ðkÞ
22

�
;

�
B

ðkÞ
11 0

0 B
ðkÞ
22

�
;

�E
ðkÞ
11 E

ðkÞ
12

E
ðkÞ
21 E

ðkÞ
22

�
;

�
F

ðkÞ
11 F

ðkÞ
12

F
ðkÞ
21 F

ðkÞ
22

�
:ð3:5Þ

It can be seen that

A
ðkÞ
11 ¼ λ0Ωð1∶k;1∶kÞ; A

ðkÞ
22 ¼ diagðλ0Ωðkþ1∶m;kþ1∶mÞ; A22Þ;

B
ðkÞ
11 ¼ Ωð1∶k;1∶kÞ; B

ðkÞ
22 ¼ diagðΩðkþ1∶m;kþ1∶mÞ; B22Þ;

where Ωði∶j;i∶jÞ is the MATLAB-like notation for Ω’s submatrix consisting of the inter-
sections of rows i through j and columns i through j. Similarly to those in (2.19a)–
(2.19g) define

ΔðkÞ
ij ¼ ½BðkÞ

ii �−1∕ 2
F

ðkÞ
ij ½BðkÞ

jj �−1 ∕ 2
;ð3:6aÞ

Y ðkÞ ¼ diagð½I þ ΔðkÞ
11 �−1∕ 2½BðkÞ

11 �−1 ∕ 2
; ½I þ ΔðkÞ

22 �−1 ∕ 2½BðkÞ
22 �−1∕ 2Þ;ð3:6bÞ

F̂
ðkÞ
ij ¼ ½I þ ΔðkÞ

ii �−1 ∕ 2ΔðkÞ
ij ½I þ ΔðkÞ

jj �−1∕ 2
for i ≠ j;ð3:6cÞ

Â
ðkÞ
ii ¼ ½BðkÞ

ii �−1∕ 2
A

ðkÞ
ii ½BðkÞ

ii �−1∕ 2 ð¼ λ0I when i ¼ 1Þ;ð3:6dÞ

Ê
ðkÞ
ij ¼ ½I þ ΔðkÞ

ii �−1∕ 2½BðkÞ
ii �−1 ∕ 2

E
ðkÞ
ij ½BðkÞ

jj �−1 ∕ 2½I þ ΔðkÞ
jj �−1∕ 2

for i ≠ j;ð3:6eÞ

Ê
ðkÞ
ii ¼ ½I þ ΔðkÞ

ii �−1∕ 2½BðkÞ
ii �−1 ∕ 2ðAðkÞ

ii þ E
ðkÞ
ii Þ½BðkÞ

ii �−1∕ 2½I þ ΔðkÞ
ii �−1 ∕ 2 − Â

ðkÞ
ii ;ð3:6fÞ
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and

δ
ðkÞ
ij ¼ kΔðkÞ

ij k2 ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k½BðkÞ

ii �−1k2k½BðkÞ
jj �−1k

2

q
kF ðkÞ

ij k2; γ
ðkÞ
ij ¼ ð1− δ

ðkÞ
ij Þ−1 ∕ 2 − 1.ð3:7Þ

We can bound Ê
ðkÞ
ij and F̂

ðkÞ
ij as follows:

kÊðkÞ
ij k2 ≤

k½BðkÞ
ii �−1∕ 2

E
ðkÞ
ij ½BðkÞ

jj �−1 ∕ 2k
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1− δ
ðkÞ
ii Þð1− δ

ðkÞ
jj Þ

qð3:8aÞ

≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k½BðkÞ

ii �−1k2k½BðkÞ
jj �−1k

2

ð1− δ
ðkÞ
ii Þð1− δ

ðkÞ
jj Þ

vuut kEðkÞ
ij k2 for i ≠ j;ð3:8bÞ

kÊðkÞ
ii k2 ≤ γ

ðkÞ
ii ð2þ γ

ðkÞ
ii ÞkÂðkÞ

ii k2 ≤
k½BðkÞ

ii �−1 ∕ 2
E

ðkÞ
ii ½BðkÞ

ii �−1∕ 2k2
1− δ

ðkÞ
ii

ð3:8cÞ

≤ γ
ðkÞ
ii ð2þ γ

ðkÞ
ii ÞkÂðkÞ

ii k2 þ
k½BðkÞ

ii �−1k2
1− δ

ðkÞ
ii

kEðkÞ
ii k2;ð3:8dÞ

kF̂ ðkÞ
ij k2 ≤

δ
ðkÞ
ijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1− δ
ðkÞ
ii Þð1− δ

ðkÞ
jj Þ

q for i ≠ j:ð3:8eÞ

The gaps ηj as previously defined, when applied to the current situation with the
partitioning as in (3.5), are all zeros except when k ¼ m and λ0 is not an eigenvalue of
A22 − λB22. This makes Theorem 2.7 less favorable to apply than Theorem 2.8 because
of the appearance of maxikÊðkÞ

ii k2. Also we are interested here only in how different co-
pies of λ0 change due to the perturbation. The following theorem is a consequence of
Theorem 2.8.

THEOREM 3.1. Suppose that the Hermitian definite GEP (3.2) is perturbed to (3.4)
and assume (3.3). Let all assignments (3.5)–(3.7) hold. Then for any given k

(1 ≤ k ≤ m), there are k eigenvalues μ1 ≥ · · ·≥ μk of ~A− λ ~B such that

jμj − λ0j ≤ kÊðkÞ
11 k2 þ

kÊðkÞ
21 − F̂

ðkÞ
21 ðλ0I þ Ê

ðkÞ
11 Þk2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− kF̂ ðkÞ
21 k22

q for 1 ≤ j ≤ k;ð3:9Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXk
j¼1

jμj − λ0j2
vuut ≤ kÊðkÞ

11 kF þ kÊðkÞ
21 − F̂

ðkÞ
21 ðλ0I þ Ê

ðkÞ
11 ÞkFffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− kF̂ ðkÞ
21 k22

q .ð3:10Þ

What makes this theorem interesting is that the right-hand sides of the inequalities
may increase with k, illustrating different sensitivities of different copies of the multiple
eigenvalue λ0.
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Example 3.1. Consider matrices A and B, slightly different from the ones in (3.1),
by multiplying both 1000 and 2000 by 10 to avoid writing

ffiffiffiffiffiffiffiffiffiffi
10�3

p
later in the analysis for

the sake of presentational convenience. It can be seen that

X ¼
�
0 1
1 0

�
; X�AX ¼

�
2× 104 0

0 2

�
; X�BX ¼

�
104 0
0 1

�
:

Perturb A and B by Hermitian matrices E and F with maxi; jfjEði;jÞj; jF ði;jÞjg ≤ ε. Be-
cause X here is a permutation matrix, maxi;jfjðX�EXÞði;jÞj; jðX�FXÞði;jÞjg ≤ ε as well.
We shall now use Theorem 3.1 to bound how much the two copies of the multiple ei-
genvalue 2 may be perturbed. The application is done for k ¼ 1 and 2. Recall that the
right-hand sides of (3.9) and (3.10) depend on k; let ρk denote the right-hand side
of (3.9).

k ¼ 1: δ
ðkÞ
11 ≤ 10−4ε, γðkÞ

11 ≤ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 10−4ε

p
Þ−1 − 1≈ 1

2 × 10−4ε, δðkÞ
22 ≤ ε, and

jÊðkÞ
11 j ≤ 2γ

ðkÞ
11 ð2þ γ

ðkÞ
11 Þ þ

10−4ε

1− 10−4ε
≈ 3× 10−4ε;

jÊðkÞ
21 j; jF̂ ðkÞ

21 j ≤
10−2ε

ð1− 10−4εÞð1− εÞ ≈ 10−2ε:

Therefore, ρ1 ⪅ 3× 10−4εþ 3× 10−2ε≈ 3× 10−2ε after dropping higher or-
der terms in ε. Here and in what follows, this “approximately less than” nota-
tion means the inequality holds up to the first order in ε.

k ¼ 2: Now the blocks in the second row and column are empty. We have

δ
ðkÞ
11 ¼ kΔðkÞ

11 k2 ≤ kΔðkÞ
11 kF ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2 · 10−4 þ 10−8

p
ε≈ ð1þ 10−4Þε;

γ
ðkÞ
11 ≤ ½1− ð1þ 10−4Þε�−1 ∕ 2 − 1≈

1

2
ð1þ 10−4Þε;

kÊðkÞ
11 k2 ≤ 2γ

ðkÞ
11 ð2þ γ

ðkÞ
11 Þ þ

ð1þ 10−4Þε
1− δ

ðkÞ
11

≈ 3ð1þ 10−4Þε:

Therefore, ρ2 ⪅ 3ð1þ 10−4Þε, again after dropping higher order terms in ε.
Putting these two facts together, we conclude that the perturbed pencil has one eigen-
value that is away from 2 by approximately no more than 3× 10−2ε, while its other ei-
genvalue is away from 2 by approximately no more than 3ð1þ 10−4Þε. Further detailed
examination reveals that the copy 20000 ∕ 10000 is much less sensitive to perturbations
than the copy 2 ∕ 1. The bounds are rather sharp. For example, in (3.1) if the ð1; 1Þth
blocks of A and B are perturbed to 2þ ε and 1− ε, respectively, then the more sensitive
copy 2 ∕ 1 is changed to ð2þ εÞ ∕ ð1− εÞ≈ 2þ 3ε whose first order term is 3ε, barely less
than the bound on ρ2. If A and B are perturbed to

A →
�
2 ε

ε 20000

�
; B →

�
1 −ε

−ε 10000

�
;

where ε ≥ 0, then the perturbed pencil has eigenvalues, to the first order of ε,

2− 3× 10−2ε; 2þ 3× 10−2ε;

which suggests that our estimate on ρ1 is also sharp. ▯
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4. An extension to non-Hermitian pencil. In this section we will make an at-
tempt to derive a quadratic eigenvalue bound for diagonalizable non-Hermitian pencils
subject to off-diagonal perturbations. Specifically, let

A ¼ m

n

m n�
A11

A22

�
; B ¼ m

n

m n�
B11

B22

�
;ð4:1aÞ

~A ¼
�
A11 E12

E21 A22

�
; ~B ¼

�
B11 F12

F21 B22

�
ð4:1bÞ

be non-Hermitian matrices. We assume that B is nonsingular and A− λB is diagonaliz-
able. So A− λB has only finite eigenvalues, and there exist nonsingular matrices X ¼
diagðX1; X2Þ and Y ¼ diagðY 1; Y 2Þ such that YAX ¼ Λ ¼ diagðΛ1;Λ2Þ and
YBX ¼ I , where X1, Y 1, and Λ1 are m-by-m and Λ is the diagonal matrix of eigenva-
lues. The last assumption loses little generality, since if A− λB is regular and diagona-
lizable but B is singular (hence infinite eigenvalues exist), we can apply the results below
to A− λðB − αAÞ for a suitable scalar α such that B − αA is nonsingular (the regularity
assumption of A− λB ensures the existence of such α). The eigenvalues ν of A− λðB −
αAÞ and τ of A− λB are related by ν ¼ τ ∕ ð1− ατÞ.

We will establish a bound on jμ− ~μj, where μ is an eigenvalue of A− λB and ~μ is
an eigenvalue of ~A− λ ~B.

THEOREM 4.1. Let A, B, ~A, ~B be as in (4.1a) and (4.1b). Suppose that there exist
nonsingular matrices X ¼ diagðX1; X2Þ and Y ¼ diagðY 1; Y 2Þ such that YAX ¼ Λ is
diagonal and YBX ¼ I . If ~μ is an eigenvalue of ~A− λ ~B such that

ηk¼def min
μ∈eigðAkk;BkkÞ

j ~μ−μj > 0

for k ¼ 1 or 2, then A− λB has an eigenvalue μ such that

j ~μ− μj ≤ kXk2kYk2kE12 − ~μF12k2kE21 − ~μF21k2kðAkk − ~μBkkÞ−1k2ð4:2aÞ

≤
κ2ðXÞκ2ðY ÞkE12 − ~μF12k2kE21 − ~μF21k2

ηk

:ð4:2bÞ

Proof. We prove the result only for k ¼ 2. The proof for k ¼ 1 is entirely analogous.
Suppose that ~μ ∈= eigðA22; B22Þ is an eigenvalue of ~A− λ ~B. Thus ~A− ~μ ~B is singu-

lar. Defining the nonsingular matrices

WL ¼
�
I −ðE12 − ~μF12ÞðA22 − ~μB22Þ−1

0 I

�
;

WR ¼
�

I 0
−ðA22 − ~μB22Þ−1ðE21 − ~μF21Þ I

�
;

we see that
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diagðY 1; I nÞWLð ~A− ~μ ~BÞWRdiagðX1; I nÞ
¼ diagðY 1; I nÞ

×
�
A11 − ~μB11 − ðE12 − ~μF12ÞðA22 − ~μB22Þ−1ðE21 − ~μF21Þ 0

0 A22 − ~μB22

�

× diagðX; I nÞ

¼
�
Λ1 − ~μIm − Y 1ðE12 − ~μF12ÞðA22 − ~μB22Þ−1ðE21 − ~μF21ÞX1 0

0 A22 − ~μB22

�
:

Since this matrix is also singular, it follows that A11 − λB11 must have an eigenvalue μ
that satisfies

j ~μ−μj ≤ kY 1k2kðE12 − ~μF12ÞðA22 − ~μB22Þ−1ðE21 − ~μF21Þk2kX1k2
≤

1

ηk

kX1k2kX−1
2 k2kY 1k2kY−1

2 k2kE12 − ~μF12k2kE21 − ~μF21k2;

where we have used

kðA22 − ~μB22Þ−1k2 ¼ kX−1
2 ðΛ2 − ~μI Þ−1Y−1

2 k2 ≤ kX−1
2 k2kY−1

2 k2 ∕ ηk:

Now use kXk2 ¼ maxfkX1k2; kX2k2g and kX−1k2 ¼ maxfkX−1
1 k2; kX−1

2 k2g to get
(4.2b) for the case k ¼ 2. ▯

When the pencils A− λB and ~A− λ ~B are Hermitian definite and (2.3) holds, we
have κ2ðXÞ ¼ κ2ðY Þ ¼ 1; so (4.2b) reduces to j ~μ− μj ≤ kE12 − ~μF12k22 ∕ ηk. This is si-
milar to our earlier result (2.15), except for the slight difference in the denominator. If we
further let F12 ¼ 0, then the expression (4.2b) becomes exactly that of the quadratic
residual bound in [10] for Hermitian matrices. However, (4.2b) does not give a one-
to-one pairing between the eigenvalues of A− λB and ~A− λ ~B.

The assumption that ηk > 0 is a reasonable one when there is a gap between
eigðAkk; BkkÞ for k ¼ 1, 2, because then it is reasonable to expect that ~μ is very near
one of them but away from the other.

5. Concluding remarks. In this paper we have shown three different ap-
proaches for constructing perturbation bounds between the eigenvalues of A− λB
and those of ~A− λ ~B as well as the eigenvalues of A11 − λB11 and some of those of
~A− λ ~B. Our bounds work well regardless of eigenvalue gaps, and they are sharper than
existing ones. The distinguished feature that different copies of a multiple eigenvalue
may exhibit quite different sensitivities can also be explained by our bounds. As an at-
tempt to extend our earlier quadratic perturbation bounds for Hermitian definite pen-
cils, we also investigated a diagonalizable matrix pencil and obtained a quadratic
perturbation bound for it.

Appendix A. The min-max principle. The results in this section are known
and hold for any GEP A− λB for which A and B are Hermitian and B is positive de-
finite, not necessarily having the form as in (1.1). Assume A and B are such N × N
matrices and the eigenvalues of A− λB are

λ1 ≥ λ2 ≥ · · ·≥ λN :
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The min-max principle [1], [13], [14] is often stated for the standard Hermitian eigen-
value problem, i.e., B ¼ IN . But it can be easily extended to the GEP. Namely,

λj ¼ min
SN−jþ1

max
x∈SN−jþ1

x�Ax
x�Bx

; λj ¼ max
Sj

min
x∈Sj

x�Ax
x�Bx

;ðA:1Þ

where Sj denotes a j-dimensional subspace of CN . In fact, since

B1 ∕ 2fSj ⊂ CNg ¼ fSj ⊂ CNg; eigðA;BÞ ¼ eigðB−1 ∕ 2AB−1 ∕ 2Þ;

we have

max
Sj

min
x∈Sj

x�Ax
x�Bx

¼ max
Sj

min
y∈Sj

y�B−1 ∕ 2AB−1∕ 2y

y�y
¼ λj;ðA:2Þ

where the last equality is due to the max-min principle for the standard Hermitian ei-
genvalue problem. The second equation in (A.1) is thus obtained. In the same way, we
can get the first equation in (A.1). In particular, (A.1) gives

λ1 ¼ max
x

x�Ax
x�Bx

; λN ¼ min
x

x�Ax
x�Bx

:

The Cauchy interlacing property [13] can be extended to the GEP, too. Let A1 and
B1 be obtained by deleting the kth rows and columns from both A and B, respectively.
Then A1 and B1 are still Hermitian, and B1 is still positive definite. Denote the eigen-
values of A1 − λB1 by

μ1 ≥ μ2 ≥ · · ·≥ μN−1:

Then by (A.1) and the same argument as that in the proof for the standard case [4,
p. 186], one can prove

λ1 ≥ μ1 ≥ λ2 ≥ · · ·≥ λj ≥ μj ≥ λjþ1 ≥ · · ·≥ μN−1 ≥ λN :ðA:3Þ
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