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1 Motivating Examples and Introduction

Algebraic geometry is the study of the relationship between algebraic (polyno-
mial) equations on the one hand, and the geometry of their solution sets on the
other

Example 1.1. Consider the polynomial in 2 variables f(z,y) = 2? + y* — 1.
Over R, the solution set of this in R? is just the unit circle. This has the
following properties

1. It is dimension 1 as a real manifold
2. It is smooth everywhere
3. It is ”irreducible”

On the algebraic side, f(z,y) € Rz, y] and we have the following corresponding
properties of the ideal it generates, I = (f) C Rz, y].

1. R[z,y]/I has transcendence degree 1
2. The ”localisations” of R[z,y]/I are independent of choice of point
3. I is prime

Example 1.2. 2" +y" = 2. We look for non-trivial solutions over Z (Fermat’s
last theorem, at least for n > 3). Take n = 2.

{(z,9,2) [2° +y* = 22} = {(v,9) € Q* | 2® +y* =1} C Q*.

There is a nice parameterisation of this latter set. Let P = (0,1) and draw a
line of slope ¢, L; through P, letting Q; be the other intersection of L; with

2 .
?+yP=1 Q= (1;2@,—};;2) eQ?ifteqQ.
-2t 1-t?
14227 1412

Hence we get a bijection t +— (
of the solution set in Q

) giving a fully algebraic identification

Remark. We notice the following from Example 1.2
1. We care about intersections!

2. We need mathematical structure for ideas like the set of lines through a
point, or the tangent line, or maps between solution sets, or dimension,
ete

Example 1.3. We have the Fundamental Theorem of Algebra: p(z) € C[z]
of degree d > 0 has exactly d zeros counting multiplicity. This set of zeros is
nothing but the intersection of y = p(z) and y = 0 in C2. The geometry of
solution sets depends on where we are looking for solutions (eg. the FTA is
false in R)



Definition 1.1. We have a few definitions

1. Let k — L be an extension of fields. = € L is algebraic over k if there is
non-zero p,(z) € k[z] such that p,(x) = 0. Otherwise z is transcenden-
tal over k.

2. L/K is algebraic if all elements of L are algebraic over K (For example

Q(v2)/Q,C/R,Q{\ € C | Ik > 1 such that \k =1}

3. Every field k has a (unique up to isomorphism) maximal algebraic exten-
sion k called its algebraic closure. k is itself algebraically closed,
that is every non-constant p(z) € k[z] has a root in k. We write k = k for
k algebraically closed

In this course, we will work over an algebraically closed k of characteristic 0

(eg. Q,C)

1.1 The Projective Plane

FTA predicts that two lines in the plane intersect in a point (unless they’re par-
allel). Idea: expand k2 to add "points at infinity” where parallel lines intersect

Definition 1.2. The projective plane, denoted ]P’% =P?is
{(z,y,2) € K\ {0}}/{(2,y,2) ~ (\z, Ay, A2) for A € &'\ {0} and z,y,2 € k}
Denote [(z,y,2)] = (z: y: 2).

We have k? C P? by (x,y) — (x: y: 1) so the "points at infinity” are
{(z:y: 0)} C P2 For fixed (zg: yo: 0), we have (z,y,2) € (zg: yo: 0) if and
only if z = 0,yzg = xyg. There is nothing unique about the third component,
and doing the same for the first and second gives a (very non-disjoint) covering
of P2 by three copies of k2.

A line ax 4+ by + ¢ = 0 in k2 doesn’t have a well defined solution in P2, but its
homogenisation ax + by + ¢z = 0 does, by considering multiplying (z,y, z) all
by A

Definition 1.3. A projective plane curveis {(z: y: z) € P? | F(x,y,2) =0}
for some homogeneous polynomial F'.

If f(z,y) € k[z,y] has homogenisation zdeg(f)f(g, ¥) = F(x,y, z) is homoge-
nous of some degree.

If C = {f(z,y) = 0} C k? and F the homogenisation of f, we say {(x,: y: 2) |
F(z,y,z) = 0} is the projective closure of C in P2. For a line, this is the
addition of a point determined by the slope



2 Algebraic Varieties

Definition 2.1. Affine n-space over £ is denoted by A} and is k™. A poly-
nomial f € k[z1,...,x,] is also a function A" — k= Al

The zero set, or vanishing locus of a subset S C k[zy,...,x,] is Z(5) =
{PeA™ | f(P)=0VfeS}

An affine algebraic set is any subset of A” of the form Z(S) for some S

Example 2.1. We have the following examples of affine algebraic sets
1. A" =Z(0),0 = Z(1)

2. In A2, Z(zy) s the union of the z and y axes, but in A3, Z(zyz) is the
union of the x,y, z planes. The axes in A% are Z(zy,rz,yz)

3. If f € k[zq,...,x,] is a non-constant polynomial then Z(f) is a hyper-
surface. If f is linear, it is a hyperplane

4. {(t,t2,#3) € A3 | t € k} is called the twisted cubic in A® equal to
Z(y— 2% 2z —2?). The twisted cubic is non-planar (not contained in any
hyperplane)

5. Note that Z(x) = Z(x?)
Proposition 2.1. Recall from GRM: klx1,...,xzy] is Noetherian and is a UFD
Proof. 1B GRM. U
Proposition 2.2. Let S C k[x1,...,2,] be a set of polynomials.

1. If I =(S) then Z(I) = Z(S)

2. There are f1,...,f; € S such that Z(S) = Z({f1,-.., fi})

Proof. For (1), clearly Z(I) C Z(S).

For the other direction, if P € Z(S) and fi,..., fr € S and we have arbitrary
ai,...,ax € klx1,...,xy,] then for f = Zle aifi, f(P) = Zle a;(P)fi(P)=0
so the other direction holds

For (2), I is generated by ¢i,...,gs which are each a combination of finitely
many elements of S. Call the union of all such fi,..., f.. Then g; € (f1,..., fr)
for each i, so I = (fi,..., fr) and hence Z(f1,..., fr) = Z(I) = cZ(S) O

Remark. The association I — Z(I) is order-reversing with respect to con-
tainment

Proposition 2.3. Affine algebraic sets satisfy the following properties
1. If SCT Cklzy,...,x,) then Z(T) C Z(S)

2. A" Q) are affine algebraic sets



8. If {Si}ier is a collection of subsets of k[xy,...,xy], then (\,c; Z(S:) =
Z(Uier 5i)
4. If S, T C kl[z1,...,x,) then Z(S)UZ(T)=Z(S-T)

Proof. (1), (2) are already proven, (3) is by definition. We prove (4).

Consider P € Z(S)U Z(T). If fg € ST then either f vanishes at P or g
vanishes at P so P € Z(S-T).

Conversely, if P € Z(S-T) and f € S with f(P) # 0 (if no such element exists,
then P € Z(S) so we are done) then as f(P)g(P) = 0 for all g € T we see
g(P) =0 for all g € T so we are done O

Definition 2.2. The Zariski topology on A" is the topology whose closed
sets are the affine algebraic sets

Definition 2.3. A distinguished open set in A" is any set A™ \ Z(f) for
a single f € k[z1,...,2,]. Any two open sets in the Zariski topology(not just
distingushed) have dense intersection

From example sheet 1: Every Zariski open is a union of distinguished opens.

Example 2.2. We have some basic examples

1. In dimension 1, let f(x) € k[z]. Then Z(f) is one of finite, A', ) so a
distinguished open is a cofinite set (or A', (), and hence we get the cofinite
topology

2. Although A™ x A™ = A™™™ ag sets, the product of the Zariski topology
is not the Zariski topology (On Example sheet 1)

3. If X C A™ is an affine algebraic set, the Zariski topology on X is the
subspace topology

Definition 2.4. A topological space X is irreducible if X can not be written
as X = X; UXs with X7, X5 closed proper subsets. Otherwise, X is reducible.
An irreducible affine algebraic set is called an affine variety

Example 2.3. We have 3 examples
1. Z(zy) C A? is reducible
2. A" is irreducible

3. If f € k[zq,...,x,] is irreducible, then Z(f) is irreducible (to be proven
soon)



3 Ideals and the Nullstellensatz

Definition 3.1. Suppose X C A™. The ideal associated to X, denoted I(X)
is {f € klz1,...,zs) | f(P)=0,VP € X}

Proposition 3.1. We have the following properties of X — I(X) for algebraic
X. Let X, Y C A" be affine algebraic

1. If S C klxy,...,xz,] then S C I(Z(S))

2. We have X = Z(I1(X))

8. X =Y if and only if [(X) = I(Y)

4. We have X CY if and only if 1(Y) C I(X)

Proof. (1) is true by definition.

For (2), by definition X C Z(I(X)). We want to show Z(I(X)) C X.

Now X = Z(S) for some set S, so S C I(X) and therefore Z(I(X)) C Z(S) =X
(3) is immediate from (2)

For (4) the only if is true by definition. Suppose I(Y) C I(X) and suppose
P e X\Y, then by (2), P ¢ Z(I(Y)) so there is f € I(Y) such that f(P) # 0,
contradiction, so we are done O

Proposition 3.2. Any affine algebraic set is a finite union, unique up to order,
of affine varieties

Proof. Uniqueness up to ordering is on sheet 1.

Let X be affine algebraic, if X is irreducible, we are done

So assume X = X; U X/ not a finite union of varieties, labelled so X; is not
a finite union of varieties. Then X is reducible, so we may repeat this to

get a strictly descending chain X D X; D --- D X, D ..., so taking I(-) we
have ideals I(X) C I(X;) C --- C I(X,) C ... a strictly ascending chain.
Contradiction, as k[z1,...,z,] is Noetherian, so the ideal chain stabilises. [0

We therefore have Z(-), I(-) providing a 1-1 map from affine algebraic sub-
sets of A" to ideals in k[z1,...,z,], but I doesn’t have full image (for example

(2?) ¢ im(1)

Proposition 3.3. Suppose X C A" is an affine algebraic subset. Then X is
irreducible if and only if 1(X) is prime

Proof. Suppose X is reducible, with X = X; U X5 and X7, Xo proper closed
subsets. Then I(X) = I(X;) N I(X2).

We get some f € I(X;)\ I(X2),9 € I(X2) \ I(X1). Then fg € I(X) but
f9 ¢ 1(X)

Suppose I(X) is not prime, f,g ¢ I(X) such that fg € I(X).

Define X; = X N Z(f) and Xo = X N Z(g). Now X7 UX, = X as fg € I(X),
but neither is equal to X as f,g ¢ I(X) O



Recall from GRM that [ is prime if and only if k[z1,...,z,]/I is an integral
domain.
We postpone thee proof the following theorem

Theorem 3.1. (Weak Nullstellensatz) The mazimal ideals of k[x1, ..., x,] are
those of the form (x1 — ay,...,x, — ay) for (ay,...,a,) € k™

Corollary 3.1.1. (Also known as Weak Nullstellensatz) If I C klz1,...,2,] is
a proper ideal, then Z(I) # ()

Proof. As Z(I) D Z(m) for some maximal m and Z(m) = {(ay, ..., an)} trivially
O

Remark. Note these are very false over R, as Z(2% +1) =0
Definition 3.2. Let I be an ideal. The radical ideal of I is

\ﬁ:{fEk[l‘h---,CCn]Ifmelforsomem>0}

. Notice I ¢ v/T and Z(I) = Z(v/T)

Theorem 3.2. (Hilbert’s Nullstellensatz) Let J C k[xy,...,2,] be an ideal.
Then /J = I(Z(J))

Proof. Note that v/J C I(Z(J)) by definition.

Write J = (f1,... fr) and let g € I(Z(J)).

Define the ideal J = (f1,..., fryZn419 — 1) C klz1, ..., Tnp1].

Let P € Z(J) then the projection P to the first n coordinates is in Z(f;) for
1 <j <7, andso g(P) =0, contradiction.

Hence Z (j )=0,and so 1 € J by weak nullstellensatz and so there are some
hi, ... hes1 € klx1, ..., @pp] with D20 By fi+het1(2n419—1) = 1. On the set

where 2,419 = 1, we have Y ., hi(21,...,%n, %)fi(xl, ...,xy) = 1. Clearing
denominators of g, we get some > _, hi(x1,. .. x0)fi(®1, ..., 2n) = g* and so
g € V/J as the left hand side is in J O

4 Coordinate Rings and Morphisms

Corollary 4.0.1. We have a bijective correspondence between affine algebraic
subsets of A™ and radical ideals in k[x1, ..., x,] given by I(-), Z(+)

Proof. We saw already Z(I(X)) = X and I(Z(J)) = v/J by Nullstellensatz [

Remark. This restricts to a correspondence of prime ideals to irreducible affine
algebraic sets as prime ideals are radical

Definition 4.1. Let X C A" be an affine algebraic set. We define the co-
ordinate ring or the ring of regular functions on X to be denoted by
A(X) = k[z1,...,2,]/I(X) (also denoted as Ox, O(X), k[X])



Recall from GRM that A(X) is Noetherian

Remark. There is an algebraic description of evaluation at a point in an
affine algebraic set p = (p1,...,pn) € X via the composition of natural maps
Elxi,...,xn] = klz1,...,z0]/(x1 — p1,. - .y — pr) = k with the composition
being ev,. Call the maximal ideal m, = I({p})

So for p e X C A", I(X) C m,, and the image of m,, in A(X) is the ideal of
regular functions on X which vanish at p

Definition 4.2. Let X C A™.Y C A™ be affine algebraic sets. A morphism or
aregular map from X toY'is f: X — Y such that there are p1,...,p, € A(X)
with f(P) = (p1(P),...,pm(P)). We denote the set of morphisms from X to
Y by Mor(X,Y), and note that Mor(X,A!) = A(X)

Definition 4.3. Let f: X — Y be a morphism. Then the pullback of f is
2 AY) = A(X) sending g € A(Y) togo f

Definition 4.4. Let R be a commutative ring. A commutative R-algebra
is a commutative ring A together with a ring homomorphism a,: R — A. We
omit a4 from our notation, and consider R C A.

A key example is k — k[x1, ..., ;]

Definition 4.5. A k-algebra homomorphism of (commutative) k algebras
A, B is a ring homomorphism ¢: A — B such that

Proposition 4.1. We have a few properties of morphisms

1. Morphisms are continuous with respect to the Zariski topology. The con-
verse is trivially false (eg. e*)

Morphisms are not necessarily closed
The composition of morphisms is a morphism

If f,g are morphisms then (f o g)* = g* o f*

AR N N

If f: X =Y is a morphism, then f*: A(Y) — A(X) is a ring homomor-
phism which is the identity on k, and hence is a k-algebra morphism

Proof. 1. U Z=2Z(¢g1,...,9-) CY then

T

FH2) = 2) = 2Zgio f) = Z(f g1, [79r)
i=1

i=1

so the preimage of closed is closed



2. Let m1: A2 — Al by projection which sends Z(zy — 1) to A\ {0} which
is not closed

3. By definition

4. Trivial
5. Trivial
O
Example 4.1. We have a few examples of morphisms
1. Let n > m and m: A™ — A™ the projection (z1,...,zn) — (Z1,...,Zm).
This is a morphism and the pullback, 7*: k[z1,...,2m] = k[z1,...,24)
is given by 7*(z;) = z; for 1 < i < m and hence the pullback map is the

natural inclusion k[z1, ..., x| < k[z1,. .., 25]

2. Consider the map f: A' — Z(y — 2?) € A% by t — (t,t?). Then
f*: k[z,y)/(y — 22) — k[t] sending x + t,y + t*> which is an isomor-
phism. More generally, the affine d-Veronese embedding of A! to be
the map t +— (¢,...,t%) € A% The image is the degree d Veronese
curve. For d = 3 the image is the twisted cubic.

Theorem 4.1. Let X C A™)Y C A™ be affine algebraic sets. Then f — f*
defines a bijection from Mor(X,Y) to k-algebra homomorphisms A(Y) — A(X)

Proof. Let x1,...,x, and y1, ...y, be coordinates on A" A™ respectively. A
morphism f: X — Y is described by (f1,..., fm) for some set of f; € A(X).
Then f*y; = f; so we can recover f from f* and the map is injective. Suppose
A A(Y) = A(X) is a k-algebra homomorphism. Then for each 1 < ¢ < m, let
fi = My;) and define f = (f1,..., fm): X — A™.

We claim f(X) C Y = Z(I(Y)) so we need to show that g(f(P)) = 0 for all
PeX.gelY) gif(P) = gAw(P),.... \un(P)) = Ag(P)) = 0 as
g € I(Y) C ker(A). Finally note that by definition f* = X so we are done O

Definition 4.6. A morphism f: X — Y is an isomorphism if f is bijective
with f~! an inverse morphism

Remark. Bijective morphisms are not necessarily isomorphisms. Consider X =
Al and Y = A? = Z(y? — 2®) (Y is called the cuspidal cubic). We can define
f: X — Y, t— (t2,43) which is a bijective morphism since ¥ is an inverse away
from the origin. If this were a morphism, then there would be g € k[z,y] such
that g(t2,t3) = t, but this is obviously impossible

Corollary 4.1.1. f: X — Y is an isomorphism if and only if f*: A(Y) —
A(X)

Proof. Trivial U
There is an example in Example Sheet 1 Question 13

Remark. This is a very affine statement. The projective variety C, called the
Riemann Sphere has only everywhere constant automorphisms by Liouville



5 Proof of Nullstellensatz

Definition 5.1. Let R C S be rings. S is a finitely generated R module if
thereis s1,...,8, € S such that S = Rs;+- -+ Rs,,. It is a finitely generated
R algebra if there is sq,...,s, such that S = R[s1,...,s,]. s € S is integral
over R if there is monic f(z) € R[z] with f(s) =0

Proposition 5.1. The following are equivalent for s € S
1. s is integral over R
2. R[s] is a finitely generated R-module
3. There is a finitely generated R module R’ C S such that R[s] = R’

Proof. 1 implies 2: As s is integral, there are r¢,...,7,_1 such that we have
s"=rp_ 18"t Frgsoforallk >n, s € R+ Rs+---+ Rs" ! so R[s] is
a finitely generated R module.

2 implies 3: Take R’ = R|[s]

3 implies 1: Write R’ = Rvq + - - - + Rv,,. sv; € R’ so we can find a;; € R such
that sv; = > a;;v;. Define A = (ai;)1<i,j<n S0 that Av = sv and (A—sId)v =0
so det(A — sI) = 0 so we are done O

Corollary 5.0.1. If R C S are rings and S is a finitely generated R-algebra, if

S is also a finitely generated R-module, then all elements of S are integral over
R

Proof. Trivial O

Lemma 5.1. (Zariski’s Lemma) Suppose we have k C K an extension of fields.
If K is a finitely generated k-algebra then it is a finitely generated k-module

Proof. (Postponed) O

Proof. (Of Weak Nullstellensatz assuming Zariski’s lemma). Note that (zq —
a1y .. Ty — ap) C k[z1,...,2,] is a maximal ideal, as evaluation shows its
quotient is isomorphic to k. Suppose m C k[z1,...,z,] is maximal so we have
k— Eklx1,...,zn] = E[z1,...,2,]/m = K and this is an embedding as it is not
0, hence K/k is a field extension. Call the whole map ¢. K is a finitely generated
k-algebra so by Zariski is a finitely generated k-module, hence is algebraic over
k, so K = k as k is algebraically closed. Therefore ¢ is a surjection. Define
a; = ¢~ Y(z; mod m) so z; — a; € m so we are done O

Proposition 5.2. Suppose k C k(s), and s is transcendental over k. Then
1. k[s] is a UFD, containing an infinite set of pairwise coprime elements

2. Ift € k(s) is integral over k[s] then t € kl[s]

10



Proof. 1. k[x] — k[s] by  — s has empty kernel has s is transcendental.
Then k[s] is a UFD by Gauss’s Lemma. If we can only find finitely many
pairwise coprime monic, irreducible elements, p1,...,px then py...pp +1
is pairwise coprime to them all, contradiction

: _ p(s)
2. Write t = ()

n n—1

(g) + fn—1 (%) + -+ fosop™ =¢(...) and hence as p, ¢ coprime,

q is constant so t € k[s]

and suppose there are fo,. .., fn—1 € k[s] such that we have

O

Proof. (Of Zariski’s Lemma) We will induct on the number of generators of K
as a k algebra.

Suppose K = k[s] as a k-algebra. As K is a field, 1 € k[s] so s is algebraic,
hence integral over k and K is a finitely gneerated k-module.

Assume Zariski holds for less than n generators and K = k[sy, ..., s,]. Applying
the inductive hypothesis to K/k[s1], K is a finitely generated k(s;) module. If
sy is algebraic, we are done. So assume s; is transcendental over k. Each
si,2 < i < n is algebraic over k(s1) so we have f;; € k(s1) such that we have
st + fim_ls?i*l + -+ fi18i+ fio = 0. There is f € k[s1] such that we may
multiply by f™ and get that fs; is integral with all coefficients in k[s]. Since
the s; generate the extension, every h € k(s1) C K, so there is an N such that

Nk € kls1][fs2, ..., fsn] so fNh is integral over k[s;]. Since k[s;] is integrally
closed, fVh € k[s;]. Choosing h = % for t coprime to f, we get a contradiction.
Hence s; is algebraic and we are done O

6 More Coordinate Rings

Definition 6.1. Let X C A™ be an affine variety. Then the function field of
X, denoted k(X), is the fraction field of A(X). The elements are called rational
functions on X (for k¥ = C, sometimes called meromorphic functions). If
¢ € k(X) can be represented as % with g # 0 at p € X then we say ¢ is regular
at p

Definition 6.2. If p is a prime ideal in an integral domain R with field of
fractions K then the localisation of R at pis R, = {$ € K |b ¢ p}
Definition 6.3. Let X be an affine variety and x € X. We define the local
ring of X at z to be Ox, = {¢ = 5 | f,g € A(X),g(z) # 0}. In other words,
this is the localisation of A(X) at the prime ideal of functions vanishing at .
A local ring is a ring with a unique maximal ideal

Proposition 6.1. Let X be an affine variety and © € X. Then the local ring
Ox » has a unique mazimal ideal, my = {¢ € Ox | ¢(x) = 0}

Proof. For ¢ = 5 € Ox, where g(x) # 0. This has a multiplicative inverse if
and only if f(z) # 0 if and only if ¢(z) ¢ m,. Hence any proper ideal of Ox ,
is contained in m,. m, is an ideal so we are done. O

11



Lemma 6.1. If R is a Noetherian integral domain and p is a prime ideal of R
then the localisation of R at p is Noetherian

Proof. Suppose we have Iy C I, C I3 C ... a chain of ideals in R,. The

map ¢: R — R, which sends f — { gives a chain of ideals in R given as
¢~ (I1) C ¢! (I2) C ¢~ '(I3) C ... which stabilises, say ¢! (I,) = ¢~ (In41).
If there is % € 1,41, note that g ¢ p and % €150 fE€G Y Int1) =0 )

hence { e, so g € I,, as g ¢ p so is invertible so the upper chain stabilises O

We can define for U C X open, Ox(U) =)
functions on U

wel Ox z, the ring of regular

Lemma 6.2. Ox(X) = A(X)

Proof. By f { we have A(X) C Ox, for all © € X. For the other inclusion,
suppose ¢ € (,cx Ox,e. Define an ideal Iy = {h € A(X) | h¢ € A(X)}. If
14 is proper, it is contained in a maximal ideal so by the weak nullstellensatz,
every function in I4 vanishes at some P € X. This is a contradiction as ¢ is
regular at P, so we are done as 1 € Iy. O

Example 6.1. It can happen that ¢ really requires more than one representa-

tion as 5. One example is A* with coordinates (x, ¥, z, w), defining the algebraic

set X = Z(zw — yz). Let ¢ = +. This is regular on X N {y # 0}. But in
X z

k(X),¢= =W which is regular when W # 0. Hence ¢ is actually regular on
X N ({y # 0} U{w # 0}) which is strictly larger

Proposition 6.2. Let f: X — Y be a Zariski continuous map of affine vari-
eties. Then the following are equivalent

1. f is a morphism

2. Forallz € X and all ¢ € Oy f(z), f*¢ € Ox o

Proof. If f is a morphism and ¢ = { then f*¢ = ZZ; where ho f # 0 at « and
so f*¢ € Ox 4
Conversely, if ¢ — ¢ o f induces a map Oy, ¢,y — Ox . We have

fre ﬂ Oy, f(z) = ﬂ Ox .. = A(X)
f(z)ef(X) reX

so by restriction we get a map f*: A(Y) — A(X). Evaluating f* at y1,...,ym
the coordinates of Y C A™ gives f as a morphism. O

Definition 6.4. Fix n > 1. Projective n-space over k is denoted by the
notation P* = P? = {(ag,...,a,) € k"1 \ {0}}/ ~ where (ag,...,a,) ~
(bo, ..., by) if there is A € k* such that a; = Ab;. We denote [(ag, ...,a,)] by
(ag: ... : an).
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Remark. Viewing (zo,...,7,) € k"1, we call 7; homogeneous coordinates
on P". They are not well defined functions alone, but the ratios g—; are. The set
of points {(xg: ...: x,) € P" | 2o = 0} is well defined, as is its complement. The
complement can be identified with A" by sending (zo: ...: z,) to (££,...,22).
We therefore have a decomposition P! = A' U {pt}. Similarly P> = A% UP!.
Similarly, P* = A» UPn—!

Definition 6.5. If P has homogeneous coordinates xy, ..., x,, we define for
0<i<mn U = {(xrg,...,2n) € P" | x; # 0} called a standard affine
patch and H; = P\ U; is a coordinate hyperplane Each U; «— A™ and
P = U:‘L:l Ui

Example 6.2. n = 1,k = C. The projective line, P! over C, is the Riemann
sphere. This is two copies of C with coordinates z,w respectively, glued along
z =L where zw # 0. We have P{ = {(z0,21) | moz1 # 0}/ ~. Now z = 2 and

w = 20 We identify P!\ (1: 0) and P\ (0: 1) with C. When k = C, PZ comes

:El'

with a natural quotient topology by definition.
Proposition 6.3. With the Euclidean topology, P¢ is compact

Proof. The quotient map C"*1\ {0} — P" is continuous by definition, and
restricts to a surjective continuous map S$2"*+! — P”, and $2"*! is compact. [

Definition 6.6. The Zariski topology on P" is the quotient of the Zariski
topology on A"*1\ {0}. Hence X C P" is closed if and only if 7~1(X) is closed
for m: A"T1\ {0} — P

Example 6.3. For n = 1 we have a map k2 \ {0} = P!. Let X C P'. In
example sheet 1, it is proven that the Zariski closed subsets of k2 are (), k> and
finite unions of curves and points. Restricting these to k2 \ {0} we get the same
thing. We get (), P! and the only curves in k2 \ {0} which contain lines through
0 are themselves lines through 0 (example sheet 1 question 6). Therefore the
topology is cofinite.

Definition 6.7. A monomial in k[z1,...,z,] is anything of the form cz{° ... z}"
with 7; > 0 for all 0 < ¢ < n and ¢ € k. The degree of the monomial is
d =194+ -+ 7, A polynomial f € k[zi,...,z,] is homogeneous if all

monomials of f have the same degree

Lemma 6.3. If f € k[xy,...,2,] is a homogeneous polynomial of degree d, then
Z(f) is a well defined subset of P™

Proof. If f is homogeneous of degree d, then for all A € k*, we have that
f(Azo,...,Azn) = A f(x0,...,7,) and hence one side is zero if and only if the
right is. O

Definition 6.8. An algebraic set in P” is any set of the form Z(S) where S
is a collection of homogeneous polynomials, not necessarily of the same degree

13



We can use this to define a topology on P™ where the closed sets are the
algebraic sets, and this is the same Zariski topology (example sheet 2)

Definition 6.9. An ideal I < k[xy,...,2,] is homogeneous if it can be gen-
erated by homogeneous polynomials, not necessarily all of the same degree

Remark. Not all generating sets of homogeneous ideals are necessarily made
of homogeneous polynomials. For example, (z, 23 + y?) = (z, y?)

Lemma 6.4. Let I < k[z1,...,2n41] be an ideal. The following are equivalent
1. I is homogeneous
2. If f € I then the degree d part, fq, is in I

Proof. (1) implies (2): If T is homogeneous, then I = (fy, ..., fs) where we have
deg(fi) = d; and each f; is homogeneous. Given g € I, write g = > ;_, h; fi.
Given any d > 0, we have g4 = >0, (h;)a—a, fi € I so we are done

(2) implies (1): The ideal is generated by the homogeneous parts of the gener-
ators. O

As in the affine case, we have
Proposition 6.4. For homogeneous ideals I; < klx1, ..., Tnt1] we have

1. If Iy C Iy then Z(Iy) C Z(I1)

2. N2(1;) = 2(U1;)

3. Z(I)U Z(Iy) = Z(I1 1)
Proof. Trivial O
Definition 6.10. A projective variety is an irreducible algebraic set in P™

Example 6.4. Suppose f1,..., fr € k[zg, ..., x,] are linear homogeneous poly-
nomials. Each Z(f;) C k"*!is a vector subspace, so Z(f1, ..., fr) C A" lis too.
Then Z(f1,..., fr) C P" is a projective linear space. In P2, Z(ax + by + cz)
is parameterised by a projective line. For example, if a # 0 then (b, —a,0) and
(—¢,0,a) are distinct in Z(ax + by + cz). The map (t,u) — (bt — cu, —at, au)
identifies this with P!

Example 6.5. Any element of GL,,1(k) induces a well defined map on P by
the quotient construction. Multiplying by diag(}, ..., ) gives the identity map
and hence PGL,, (k) acts on P", the projective linear group of automorphisms
of P™

Remark. Varieties no longer need be irreducible (Lecturer notation change)

Definition 6.11. If F € k[zo,...,x,] is a non-constant homogeneous polyno-
mial, then Z(F) C P" is a hypersurface (some authors require irreducibility)

14



Example 6.6. The Segre surface is F(rgrs — z122) C P3. The surface Y11
is built out of familiar objects. Consider the function of sets P' x P! — P3
by ((to: t1), (uo: w1)) — (touo: tour: t1ug: t1ur) is a bijection into X 1. This
identification defines P! x P! as a projective variety and we will generalise this
later.

Example 6.7. Consider P — P" by (¢t,u) — (t": t" 'u: ...: u,). Thisis a
well defined map which is bijective onto its image, which is called the rational
normal curve of degree n in P*. When n = 3, the curve (3, t?u, tu?,u®) € P3
is known as the projective twisted cubic. This is the zero locus of 3 quadratic
polynomials in k[xg, ..., x3] and can’t be written as the zero locus of any two
polynomials (example sheet 2)

6.1 From Projective to Affine

For a projective variety V' C P", with V = Z(I), we define the ideal n k[z1, ..., 2],
called Iy = {F(1,21,...,2,) | F € I} which defines an affine variety Vj = Z(Ip).
We call this dehomogenisation. Under the map A™ — P" which is given by
(1, yxn) = (Lixy: ... xy), Vo = VN Uy where Uy is the standard patch
with g # 0. If V. C A" is an affine variety, then V C P" is not necessarily
closed, but we can take its closure.

Definition 6.12. If f € k[zi,...,z,] the homogenisation of f is F =
20ee) g (m—l ”3—“) is a homogeneous polynomial of the same degree, and

o o

F(l,21,...,2n) = f(x1,. .., 2x)

Definition 6.13. For V .C A",V = Z(I) we define I* to be the ideal generated
by all homogenisations of elements in I. Call V* = Z(I*) C P". Then we have
V*NUy =V and we call V* the projective closure of V'

V* is the minimal projective variety containing V. If V C Y is a projective
variety, Y = Z((Fy,. .., Fs)). Then each of these polynomials has dehomogeni-
sation f; of F; which vanish along V. So f; € I(V), and hence F; € I*. So
I(Y) CI(V¥) so V* = Z(I(V*)) C Z(I(Y)) =Y

Example 6.8. The affine Fermat curve, z" 4+ y” = 1, has homogenisation
x™ + y™ = 2™ which cuts out a curve in P2. The points at infinity (ie where
z = 0) are precisely those of the form (1: z: 0) where 2" = —1

Example 6.9. Consider V' C P? given by V = Z(zoxs — 22). Its affine pieces
are Z(xo — %), Z(xomg — 1), Z(19 — x2), so we can get both parabolae and
hyperbolae

Example 6.10. Let F' be homogeneous of degree 2 in k[zg,...,x,]. @ =
Z(F) is quadric hypersurface. By diagonalisation of quadratic forms, we can
change coordinates so that this is identified with Z (2 + - - - + 22) where r + 1
is the rank of the form
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6.2 Projective Nullstellensatz

Definition 6.14. Let X C P". We define the ideal of X to be the ideal
generated by homogeneous polynomials which vanish on X. The affine cone
over X is C(X) = {(zo,...zn) | (mo: ... zp) € X} U{0}

Proposition 6.5. We have
1. Ile C Xo CP" then I(Xl) ) I(Xg)
2. If X CP" is algebraic, then Z(I1(X)) = X

3. For J € k[xo,...,x,] homogeneous such that Z(J) # 0, we have that

I(Z(J) =T

4. If J is a homogeneous ideal with Z(J) = (0 then J = k[zg,...,x,] or
VI = (x0,...,7,)

Proof. 1 and 2 are the same as the affine case.

Suppose J is such an ideal as in 3. Then C(Z(J)) # (. By the affine nullstel-
lensatz, we deduce that I(Z(J)) = /J

For 4, if Z(J) = 0 then Z(J) in A™ is either ) or {0} and then the result follows
by the affine nullstellensatz. O

Definition 6.15. If V' is a projective variety, and W C V is also a projective
variety, we say W is a (closed) subvariety of V, and V \ W is an open
subvariety of V. Open subvarieties of projective varieties (including when
W =) are called quasi-projective varieties

Proposition 6.6. We have
1. Fwvery projective variety is a finite union of irreducible projective varieties
2. A projective variety X is irreducible if and only if 1(X) is prime

Proof. (1) is identical to the affine setting

(2) If X is reducible, then 7: C(X) \ {0} — X gives that C(X) is reducible
so I(X) is not prime by the affine version. If I(X) is not prime then the cone
C(X) = V1 UV, is reducible with Vi, Vs closed proper subsets. Then define the
closed set Z; = Z({f(Axo, ..., A\zn) | f € I(V;), A € k*}) which by construction
is the set of lines through 0 in V;. Z; is closed by definition and is a subset of
V; so is proper and for each line, it is contained in some V; as A! is irreducible,
so C(X) = Z; U Zy as cones, and this passes to X via 7, so done O

Recall from example sheet 1 that open sets of irreducible affine varieties
are Zariski dense (have intersection with any non-empty open set). A subset
S C X is Zariski dense in an algebraic set X if and only if every polynomial
which vanishes on S vanishes on all of X

Proposition 6.7. Let X C P" be an irreducible projective variety and Y C X
a proper closed subvariety. Then X \'Y is Zariski dense in X
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Proof. Let f € I(X \Y). By projective nullstellensatz, I(X) C I(Y) is a proper
inclusion so we can find g € I(Y) \ I(X) so fg € I(X) and hence f € I(X) as
I(X) is prime O

7 Functions on Projective Varieties

Definition 7.1. Let X C P™ be an irreducible projective variety. Then the
function field or field of rational functions of X is

E(X) = {g | f,g € E[xo,...,z,] are homogeneous of equal degree , g ¢ I(X)}/ ~

where % ~ g—z if and only if fig2 — fag1 € I(X)

~ is an equivalence relation. The first two axioms are clear. Suppose that
;% ~ 5%, ;% ~ i]% so that flgg - fggl, fggg — fgg3 € I(X) Since I(X) is prime,
193 — fag1 € I(X) if and only if f1g392 — f3g192 € I(X) which is equivalent to

f29193 — f2g391 € I(X) which holds.

Proposition 7.1. Let X C P" be an irreducible projective variety, and assume
X ¢ {xg =0}. Then Xo = X NUy is non-empty open and k(X) = k(Xy)

Proof. The map g — % is an isomorphism O

Definition 7.2. Let X C P™ be an irreducible projective variety and ¢ € k(X)
and p € X. Then ¢ is regular at p if there is a representative 5 of ¢ with
g(p) # 0. The local ring at p is Ox , = {¢ € k(X) | ¢ is regular at p}

Proposition 7.2. Suppose X C P" not contained in {xqg = 0}. Let p € Xp
where Xo = X NUy. Then Oxp, = Ox,p

Proof. Write p = (1: py: ...: pyp). The result is then by definition under the
isomorphism of function fields O

Example 7.1. If k = C and considering P{ which is identified with the Riemann
sphere. If ¢ € C(P}) is regular everywhere, then we get a holomorphic map
¢: Coo — C which is necessarily constant by Liouville

Proposition 7.3. There are no non-constant rational functions on P! which
are regular at all points

Proof. If ¢ € k(P') with representative ggg;i; with no common factors, both
of degree d. Then f(1,z),g(1,x) have no common roots. If « is a root of g; and
¢ = % then kf —hg = 0 so evaluating at (1, a) we get k(1,a) = 0 as f(1,a) # 0,
contradiction so g(1,x) has no roots and g(zo, 1) = czd. But repeating this in
the other coordinate, g(xg,21) =1 and so ¢ is constant O

Corollary 7.0.1. P" has no non-constant rational functions which are reqular
everywhere
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Proof. If ¢ € k(P™) is non-constant, there are p,q € P™ with ¢(p) = ¢(q). If
L = P! is the line containing p, g, then we get a non-constant regular function
on P!, contradiction O

7.1 Maps between Projective Varieties

If Fo,...,F, € klzo,...,x,] are all homogeneous of the same degree. Then
F = (Fy,...,Fp): k"™ — k™% descends to a map F: P"\ ", Z(F;) — P™.
For any homogeneous G € k[zo,...,zyn], (FoG: ...: F,G) defines the same

map on a smaller set. We know this is an issue more generally:

Example 7.2. Let X = Z(zw — yz) C P3. We get a well defined map X — P*
by (x:y: z: w) = (z:y) = (2: w).

Definition 7.3. Suppose X C P" is an irreducible projective variety and let us
have Fy, ..., F,, € k[zo,...,z,] which are homogeneous of the same degree, not
all in I(X). Then we have a well defined map F': X\~ Z(F;) — P™. We say
that F, G as above determine the same rational map if F' = G where both
are defined. We call a rational map an equivalence class of such functions. We
write F': X --+ P™ for a rational map F'

Remark. A simpler equivalent form of the condition ’F is equivalent to G’ is
Fl'Gj — GiFj S I(X) for all 1,7

Definition 7.4. If P € X, then F is regular at P if there is a representative
(Fo: ...: Fy,) with some F;(P) # 0. The domain of F' is the set of regular
points and all other points are the indeterminacy/indeterminate points of
F. A rational map is said to be a morphism if it is regular at all points of X,
and we write F': X — P™. If F': X --» Y C P for some algebraic Y then F
is a rational map from X to Y, and similarly for morphism. A morphism
F: X — Y is an isomorphism if there is an inverse morphism G: Y — X to
F. A rational map is a birational map if it has a rational inverse

Example 7.3. If Fy, ..., F,, are degree 1 homogeneous polynomials in k[zo, . .., z,],
we get a rational map P™ --+» P which is a morphism if and only if the corre-
sponding matrix has trivial kernel (has rank n+1 <m + 1)

Example 7.4. We have two critical examples

1. (Projection from a point) Suppose P = (0: ...: 0: 1). Then we can define
projection from P (to the hyperplane z,, = 0) by
m: (zo: @) = (Tor oot Tpe1)
This is not regular at P, as k[zo,...,z,] is a UFD so we can’t modify the

F;, but is regular at all other points. Suppose F is homogeneous of degree d
in k[zg,...,z,) and define X = Z(F). If P ¢ X, then 7 |x is a morphism
7 lx: X = P If we fix a = (ag: ...: ap_1) € P*7! and consider
its preimage, it will intersect X at exactly the points (ag: ...: ap_1: Tn)
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such that F(ag,...,an—1,2,) = 0. This polynomial has degree at most d
in the variable x,,, so we have at most d such points

In particular if n = 2, P = (0: 0: 1) and X = Z(zoxs — 23). Now
m(xo: x1: @a) = (xo: x1) ~ (F1: F) if and only if

z1Fy — 2oFy € (zox2 — 23)

so (—x1,x2) gives a definition of 7 at P. 7 |x gives an isomorphism
Z(xoxe — 35%) =~ P!, This is an example of

Definition 7.5. Let n,d > 1,N = (”:d) —1. Then vg: P* — PV given by
(zo: -t xy) > (ad: 207 zy: .. 2 2?) is the degree d Veronese em-
bedding of P™. v;(P™) is a projective variety, and v is an isomorphism

onto its image

Remark. A homogeneous degree d polynomial F has its zero locus mapped
to a hyperplane under the Veronese

2. Let myn > 1and N = (n+ 1)(m+ 1) — 1. The Segre embedding is
Omm: P X P* — PN by

((xo: oot xm), (Yor - 2 Yn)) = (ToYo: ToY1: «-- & TmYn)
We write z;; for x;y; in the image of this embedding

Proposition 7.4. o,,, is a bijecttion onto its image and the projection
maps forming its inverse are morphisms.

The image, Loy = Omn(P™ x P") = Z(I) is a projective variety with I
generated by (2i;2pq — Zig%p;)

I is prime, so X, , s irreducible

Proof. 3, C Z(I) is clear. Suppose that (ago: ...: Gmn) € Z(I). There
is some ¢, j such that a;; # 0, and assume a,;; = 1. Define x = (o, ..., %)
by z, = ap; and y = (Yo: ... : Yn) by yq = aiq- The image (200: ... : Zmn)
of (x,y) satisfies z,q = ap;aiq = aijapq = Gpg SO equality holds

I = ker(k[200, - -, Zmn] = k[0, s @m, Yo, .-+, Yn]) DY 255 — 3y, so I is
prime and X, , is irreducible O

Definition 7.6. Let X C P™,Y C P" be projective varieties. The Zariski
topology on X x Y is given by identifying it with o, (X x Y)

Ifm=n=1,P xP' — P2 identifies P! x P! with Z(z0,23 — 2122). I
we fix P € P! then P x P1,P! x P are closed curves in Z(zp, 23 — 2122)
isomorphic to P!

A deeper statement is
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Theorem 7.1. Projective varieties are complete (ie. if X is a projective va-
riety then for any algebraic variety Y, X x Y 2% Y sends closed sets to closed
sets)

Proof. No Proof O

This is the algebraic geometry version of compactness.
Recall that A' x A' — A is not a closed map

Corollary 7.1.1. Let f: X — Y be a morphism of projective varieties. Then
f is a closed map

Proof. The map X — X xY by x — (z, f(x)). This is closed, and so f as the
composition of this with the projection onto the second factor, is closed O

Corollary 7.1.2. Let X be an irreducible projective variety. Then all reqular
functions on X are constant

Proof. X — A' < P! is closed, hence has image a finite union of points, hence
has image a single point as X is irreducible . O

Definition 7.7. A rational map f: X --+ Y of irreducible projective varieties
is dominant if f(X) is dense in Y. A rational map is birational if it has
rational inverse. In this case there are U C X,V C Y which are open and dense
such that U 2V

Example 7.5. (Monomial maps) Take A € SL,,(Z) and define a rational map
ha: A" —=5 A" by (t1,...,t,) = (51 t9n 9!t By definition,
h4 is a morphism on A"\ Z(t1...t,). We can homogenise h4 to extend to a
map ha: P" --» P" which is birational with inverse h4-1.

Example 7.6. (Cremona involution) In particular if A = (_01 01) we get
hA(tl,tg) = (%, i) and so hA([tQI tli tg]) = [tltgl tOtQ: t0t1]

Remark. If f: X --» Y, g: Y --» Z are rational maps, then go f is a rational
map if we assume that f is dominant. In particular if ¢: X --+ Y is dominant
and g is a rational function on Y, then go¢ is a rational function on X. Therefore
a dominant rational map ¢: X --» Y induces ¢*: K(Y) — K(X) which is an
injection

Theorem 7.2. Let X,Y be varieties. The map ¢ — ¢* is a bijection between
the set of dominant rational maps and k extensions k(Y) — k(X)

Proof. (Non-examinable sketch) Without loss of generality, X, Y are affine. Sup-
pose we have i: k(Y) — K(X). Consider the generators {y;} of A(Y), with
images i(y;) = ¢ for a;,b; € A(X). These each define regular functions on
X\U,; Z(b)) = X’ and so we obtain a map A(Y) — A(X’), and hence we
get a map X’ — Y, which is a rational map from X to Y and this inverse
correspondence works. O

Q

=
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8 Tangent Spaces, Singularities and Dimension

Given a curve C = Z(f) in A?, the tangent line at (xg,0) € C is

of

%(330)(37 — x0) + %(yo)(y —y0) =0

. More generally for Z(f) C A™, the linear subspace V at P € X obtained by
linear terms is

V- {<x> et |3 2Py -p) o}

We can verify that an affine line L = {(p1 +tb1,...,p,+1tb, | t € k)} is contained
in V if and only if f(p1 + tb1,...,pn + tb,) vanishes to order greater than 1 at
P. ie L is a tangent line to Z(f) at P

Definition 8.1. Let X C A™ be an affine variety, P € X. The tangent space
to X at P is
0

TX’p:{(Ul,...,Un)ekn I(P)UiZOanGI(X)}

=1

Example 8.1. If X = Z(x +y + 22 + 2yz,x — 2y + 2z + 2%y%23) C A and
P =0¢€ X, then

Tx,0 = {(v1,v2,v3) | v1 +v2 = 0,v1 — 202 + v3 =0}

which is a line in k3, parameterised by (—t, ¢, 3t)

Example 8.2. If Y = Z(x+y+2°+ayz, v +y+a?+y>—425). Then P=0€Y
and
Ty, o = {(v1,v2,v3) | v1 +vg = 0}

is a plane in k2

This are both curves, with different tangent space dimensions at the origin
Suppose P € X, without loss of generality, by translating, P = 0. Then T'x p is
generated by the linear parts of elements of I(X). Now if X = A™ and f(P) =0,
ie f € mp. Consider df, the linear part of f. The map f — df can be thought of
as a map mp — (Tan o)*. The kernel of this map is m%. We therefore have an
identification (Tyn 0)* = mp/m% (it is a lemma that the latter does not depend
on whether it is viewed in A(X) or Ox p). This is called the cotangent space
to X at P

Proposition 8.1. Let X C A" be an affine variety and P € X. Then there is
a natural isomorphism of vector spaces (Tx p)* = mp/m%
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Proof. We know that Tx p C k", so taking duals we get a surjective map
(k™)* — (T'x,p)* given by restriction. Again without loss of generality, P = 0.
Composing restriction with f — df, we get a map D: M — (Tx p)* where
M = (z1,...,2,). D is surjective. Suppose that © € MA(X) and Df = 0.
Then df is a linear combination of linear parts of I(X), so f € M? and we are
done. O

Definition 8.2. If X C P™ is a projective variety and P € S then the tangent
space to X at P is Tx, p for any standard affine patch X; of X containing P.
We denote this Tx,p. By the previous proposition, this is well defined

More generally if X C P, Y C P™ are projective varieties and ¢: X --» Y
is a dominant rational map with P in its domain. Restricting to affine patches
containing P, ¢(P), we can define a linear map dop: Tx p — Ty,4(p) by, if
¢ = (f1,..., fm), then d¢p, the derivative or linearisation of ¢ at P is the

map (v, ,vn) = (S 032 (P), o S Y (P))
Proposition 8.2. With the notation above,
1. dpp(Tx,p) C Ty,¢(p)
2. dop is linear
3. dop is independent of the choice of representative of ¢
4. If ¢ Y -+ Z is dominant rational, then d(v) o ¢)p = dipypy o ddp
5. If ¢ is birational and ¢! is regular at ¢(P) then dep is an isomorphism

Proof. 1. By definition, the image is an element of the tangent space at ¢(P)

if
i P) | = (¢(P)) =
> (Zv 7 >> 5y; @(P) =0
J=1 \:i=1
for all g € I(Y'). Considering ¢* on function fields, h = g(f1,..., fm) is
in I(X). Since (v1,...,vn) € Tx p, this follows from the chain rule

2. By definition

3. Suppose ¢ = (f1,- .+, fu) = (fi+--, f). Then f; — f/ = for p; € I(X)

and ¢;(P) # 0. Then 8(%;f7) (P) = Z—Z(P)/qj so for v € Tx p, the linear

sum of these differences (weighted by v;) is 0, so done

4. Chain rule (normal version)

5. Immediate from 4
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Definition 8.3. Let X be an affine or projective variety. If X is irreducible
define the dimension of X to be dim X = minpex dim(Tx,p). Further we
say X is smooth/non-singular if dim7Tx p = dim X. Otherwise we say P
is singular. If X is reducible, define the dimension of X to be the maximal
dimension of its irreducible components. If X is reducible, and P lies only on a
single irreducible component X; then P is a smooth point of X if and only if it
is a smooth point of X;. Otherwise P is singular. In either case, X is smooth
if it has no singular points

Example 8.3. dim A" = dimP" = n and all points are smooth

If t =Cand X = Z(f), f € Clxy,...,z,] an irreducible hypersurface in Ag.
For P € X, the tangent space, T, p is defined by the vanishing of the linear
form coming from f expanded around P, so Tx p is either all of k™ (where
the linear form is trivial) or an n — 1 dimensional linear subspace. The linear

form is (2L (P),...,-2L(P)) which is non-trivial if there is at least 1 non-
Oz Oy,

vanishing partial. Without loss of generality, g—f(P) doesn’t vanish. The map

xr
(1., zn) = (f(x1,...,20), T2, ..., x,) has a Jacobian with non-zero deter-

minant and so the inverse function theorem applies, so locally around P, X
looks like a ball in A™~!

Tangent spaces for projective varieties actually need irreducibility to com-
pute using affine patches

Example 8.4. X = Z(zy) C P2 XNU, = {(1: 0: 2) | z € k} =2 Al and
XNU, ={(0:1:2) | z € k} 2 A' but

XNU, ={0:y:1) |y ck}U{(x:0:1) |z €k} =A
is a union of lines

If Z(f) C A% and f has no linear terms then if 0 € Z(f), it is automatically
a singular point
Example 8.5. The nodal cubic curve is Z(y? —2?(z+1)) and the cuspoidal
cubic curve is Z(y? — z3)
Remark. The two curves of example 8.5 are not isomorphic, but looking at

tangent spaces doesn’t distinguish them. We need to consider m/m? m?/m?, ...

Theorem 8.1. Let X be an algebraic variety. The set of smooth points of X
is an open dense subset

Proof. Since the intersection set of distinct components is a proper closed sub-
variety of X, we can without loss of generality assume X is irreducible. We
may further assume X is affine as X N A™ is open dense in X. Suppose that
I(X) = (fr,.--,fr). I P € X, then Tx p is the zero locus of all lineari-

sations about P, dimTx p = n — rank (%(P)) The rank is computed by

(n—7) % (n—r) minors of the matrix of polynomials (S—Z(P)) which can’t all

be in I(X) for degree reasons O

23



Corollary 8.1.1. If XY are birational varieties, then dim X = dimY

Proof. Restrict ¢: X --» Y to the smooth locus, and similarly with ¢—! to
obtain isomorphisms of the tangent spaces which realise the dimension. O

Definition 8.4. Given an extension of fields K < L, we say x1,...,2, € L
are algebraically independent over K if there is no non-trivial polynomial
p € k[t1,...,t,] such that p(z1,...,2,) =0

Example 8.6. k(A"™) has n algebraically independent elements
k(Z(y*—x(x—1)(x+1) C A2) is the function field of k[z,y]/(y? —z(z—1)(z+1))
has z,y be algebraically dependent, so {z},{y} are algebraically independent
sets, but {z,y} is not

If K < L is finitely generated by x1,...,%,,, we can find an algebraically
independent subset of {z1,...,2m}, call it {z;,...x; } which has maximal
size. Renaming these to x1,...,2x, we have K < K(zy,...,2;) < L with
the first extension purely transcendental and the latter extension algebraic.
By the primitive element theorem, L = K(x1,...,2%)(y) for a single y € L.

Any set {z1,...,z,} C L which generate a pure transcendental extension called
Ky = K(z1,...,z,) such that L/Kj is finite is a transcendence basis for
L/K

Definition 8.5. The transcendence degree of a finitely generated field ex-
tension L/K is the size of any transcendence basis

Proposition 8.3. Let K = k(x1,...,x,) with x1, ..., 2z, algebraically indepen-
dent over k and K < L is a field extension. If x,41 € L is algebraic over
K then I = {g € k[t1,...,tn,tns1] | 9(z1,...,Tn,zpy1) = 0} is a principal
ideal generated by some irreducible f € k[t1,...,tny1]. If f contains t;, then
{x1,...,&i,...,Tny1} is an algebraically independent sest over k

Proof. Note that k[ty,...,t,] C K is suitable for Gauss’s lemma and K[t] is
a PID. I has a generator in K[t] which gives an irreducible generator for I in

the asserted ring. If {z1,...,4;,... 2,41} is algebraically dependent then there
is some g € I which doesn’t include t;, but I is generated by a polynomial
containing ¢; contradiction O

Corollary 8.1.2. Transcendence degree is well defined
Proof. No Proof O

Lemma 8.2. (Reduction to hypersurface) If X is an irreducible algebraic variety
then X is birational to a hypersurface

Proof. Find Ky = k(x1,...,z,) purely transcendental such that k(X)/Ky is
finite, with generator y. By the previous proposition, there is an irreducible
f € klxy,...,zpn,y] such that k[z, ..., x5, y] 2 E[z1,..., 24, 9]/(f), which is the
coordinate ring of a hypersurface in A"+, and k(X) is the function field of the
left hand side, and the right hand side is the function field of the hypersurface,
so X is birational to a hypersurface O
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Corollary 8.2.1. For any algebraic irreducible variety X, dim X is the tran-
scendence degree of k(X)/k, written trdeg,, (k(X))

Proof. By the reduction lemma it suffices to prove it for hypersurfaces. If P €
X, then Tx p has dimension n or n — 1. On a Zariski open subset, it is n — 1.
We have k(X) is isomorphic to the function field of k[x1,...,z,]/(f) for some
irreducible f, which has trdeg = n — 1 since f is non-constanta O

9 Structure of Algebraic Curves

Definition 9.1. A curve is a smooth, projective, irreducible variety of dimen-
sion 1 unless otherwise qualified

Example 9.1. We have a rich source of curves from hypersurfaces in P? where
C = Z(f) for non-constant homogeneous f € k[xzg,...,xs] of degree d. f is
defined by (d;Q) coefficients. We can use the coefficients of f to identify the
d
set of degree d hypersurfaces in P? with p(*3%)-1, Reducibility of Z(f) is a
Zariski closed condition under this identification. Since there are irreducible
polynomials of every degree (eg. x% + y? + 2% as we work in characteristic 0
in this course), there is an open dense set of irreducible hypersurfaces. Inside
d+2
P(“5) =1 x P? there is a closed subvariety which cuts out the relation f(P) =10
where the first coordinate gives f and the second gives P. The vanishing of
the partials are closed conditions, and hence curves and their smooth points cut
d+2
out an open dense subset of p(“27)-1 P2, so as projective space is proper, the
d+2
result descends to curves giving an open dense subset of p(“27)-1,
Theorem 9.1. (Generalised Eisenstein) Let R be an integral domain, p a prime

ideal of R, f(x) = anx™+---+ag where a, & p,a; € p,ag & p* for0 <i<n-—1.
Then if f(x) = g(xz)h(x) € R[x] then one of g,h is constant

Proof. Trivial U

Example 9.2. ¢ + y? + 2% € k[z,y,2]. Consider this as a polynomial in
over k[y, z]. Then ag € (z £ y) for some choice of sign but ag ¢ (z £ y)? so it is
irreducible

Example 9.3. Z(z? + y? + z%) is a smooth irreducible projective variety of
dimension 1, so is a curve in P?

Remark. (Euler’s homogeneous identity) If f is homogeneous of degree d in n
variables, then F(z1,...,2,) deg f = Y1, ;95 (21,...,3,) as the formula is
linear and it is clear for monomials

Proposition 9.1. Let C be a curve and D C C a proper closed subvariety.
Then D is a finite union of points
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Proof. Without loss of generality, C' is affine and D is irreducible. We know
that I(C) C I(D) is strict, so we have a surjective map with non-trivial kernel
¢*: A(C) — A(D) induced by D < C. So if D is not just a point, by Nullstel-
lensatz, A(D) strictly contains k, hence k(D) contains a transcendental as k is
algebraically closed. Clear denominators, and call this transcendental ¢t € A(D)
and choose 1 # z,y € A(C) such that ¢*(z) = 1 and ¢*(y) = t so z,y are
algebraically independent in A(C) and hence in k(C), contradiction O

Theorem 9.2. If P € C is a smooth point of an irreducible projective variety
of dimension 1, then the ideal mp C Op is principal

Proof. We change variables to assume P =0 and Te.p = {22 = --- = z,, = 0}
where C' C A™. So there are polynomials fs,..., f, € I(C) such that each
fi = xj + o(z). Hence in Op we have z; = hj € m% so mp = 210, + m%. We
will use a powerful algebraic tool

Lemma 9.3. (Nakayama’s Lemma) Let R be a ring and M be a finitely gen-
erated R module and let J C R be an ideal. Then

1. If JM = M then there is r € J such that (1+r)M =0

2. If N C M is a submodule such that JM + N = M, there is some r € J
such that (1+7r)M C N

Proof. (1) Write M = y1 R+ -+y, R withy; € M = JM. Write y; = Zj ZijYj
for x;; € J. Let X = (x;;) so that (I — X)y = 0. Multiplying by the adjugate
of I — X, we get det(] — X)y =0, so det(I — X)y; =0 for all 1 < i < n and
det(I — X) =1+4r for some r € .J

(2) Apply (1) to M/N and use correspondence theorem O

Now we may apply Nakayama with N = 2,:0p C M =m, = J for the ring
R = Op. We get some r € mp such that (14 r)M C N. Since r € mp,1 +r is
a unit, so M C N and m, = 2:0p O

Corollary 9.3.1. Let C be the affine plane curve (possible singular) Z(f) C A2
and P € C be smooth. Then the function C — k sending Q — z(Q) —x(P) is a
local coordinate at P if %(P) # 0 (and similarly with the roles of x,y reversed)

Proof. If P = (0,0) with tangent line {aX + bY = 0}, then the proof of the
previous theorem shows that Y € X0, + m% precisely when % # 0 and so
in this case, x — x(P) is a local coordinate at P. In the general case we just

If a local parameter exists at P, then Op is a discrete valuation ring

Corollary 9.3.2. Suppose P is a smooth point of a possibly singular curve C'.
Then there exists a surjective homomorphism vp: k(C) \ {0} — Z called the
evaluation at P which satisfies

1. Op = {0} U{f € K(C)" | vp(f) = 0}
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2. mp = {0} @] {f € Op | I/p(f) > 0}
3. vp(z +y) > min{vp(x),vp(y)} with equality if vp(z) # vp(y)

(ie Op is a discrete valuation ring). If f € k(X)*, then for any local pa-

rameter mp at P, there is a unit u € Op such that f = uw}'f(f), vp(f) is called
the order of vanishing at P

We often notationally define vp(0) = co

Proof. Without loss of generality, C is affine. Write mp = (7p) by the previous
theorem. Consider the ideal I = (1, .y mpb. We claim I = 0. We have mpl = I
and hence as Op is Noetherian, I is finitely generated, by Nakayama, there is
some m € mp such that (14+m)I =0, and hence I = 0. Hence for any non-zero
f € Op \ {0} there is some n such that f € m% \ m’s"'. Define vp(f) = n. For
arbitrary f = g/h € k(C)* with g,h € Op, we define vp(f) = vp(g) —vp(h).
We may then check that this is a well defined homomorphism to Z and 1,2
are trivial. The remarks at the end follow similarly easily as we can do it for
elements of Op. To prove 3, suppose © = unp,y = vnp for u,v units and
m,n € Z. Then x +y = urp + vrp and without loss of generality m < n.
Then z +y = 7% (u+ vrp ™) and the inequality follows as the latter term is
regular, and if the two valuations are not equal, the latter term is a unit so the
full result follows. O

Remark. If P is a smooth point on a possibly singular curve C' and f € k(C)*
then either f or 1/f is regular at P

Theorem 9.4. Let X be a curve and ¢: X --+ P™ a rational map. Then ¢ is
a morphism on X. In particular, birational curves are isomorphic

Proof. Without loss of generality choose coordinates so that ¢(X) ¢ {xo = 0}.
Write ¢ = (Go: ...: Gp) = (1: G1/Gy: ...: G /Gp). If all of these are
regular at P, then ¢ is regular at P. Otherwise, we can define the minimum
of all the valuations, t = min{vp(G;/Go) | 1 < i < m}. Multiplying by 75",
we get ¢ = (7p': ... Tp' Gy /Go) which is a representation with at least one
coordinate of zero valuation, all are non-negative so ¢ is regular at P. If ¢ is
birational with inverse ¢ then i o ¢ is a birational map which is the identity
on an open dense subset U C X. ¢,% extend to morphisms so it suffices to
show that if f: X — X is a morphism which is the identity on U, then f is the
identity on X. Consider the map f x Idx: X — X x X. This takes U into the
diagonal, so takes X = U into the diagonal as the diagonal is closed so we are
done. O

10 Maps between Curves

Example 10.1. Let Cy C P? be Cy = Z(f4) for f4 homogeneous of degree d
and let P € P2. Projection from P gives a morphism Cy — P!. Smoothness
is necessary: consider the nodal cubic X = Z(y%z — 2%(z + 2)). At (0,0,1) it
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crosses itself. Then projection (z: y: z) — (z: y) can’t be continuously defined
at (0: 0: 1)

Proposition 10.1. Suppose that ¢: X — Y is a non-constant homomorphism
of possibly singular curves

1. For all Q €Y,¢~Y(Q) is finite

2. ¢*: k(Y) = k(X) is an inclusion which makes k(X) a finite extension of
9" (k(Y)) = k(Y)

Proof. 1. $71(Q) is closed and hence is finite

2. ¢(X) is dense in Y as ¢(X) is infinite so ¢ is dominant and ¢* is injective.
Let t € k(Y)\ k. Then z = ¢*(t) € k(X) \ k. x is transcendental as k is
algebraically closed, and so as trdeg(k(X)) = 1, k(X)/¢*(k(Y)) is a finite
extension

O

Definition 10.1. The degree of ¢: V. — W a non-constant map of curves is
deg ¢ = [k(v): ¢"k(W)]

Definition 10.2. Suppose P € V and Q = ¢(P) € W, for ¢: V — W a non-
constant map of curves, are smooth. The ramification degree of ¢ at P is
ep = vp(¢*mg) where mg is a local parameter at @) and vp is the valuation
associated to P on k(V)*. If ep = 1 then ¢ is unramified at P, otherwise ¢
is ramified at P

Remark. ep = min{vp(z) | € ¢*(mg)Oy, p} where mg is the unique maxi-
mal ideal of Ow,g so ep doesn’t depend on choice of g
If ¢ is an isomorphism then ¢*(mg)Ov,p =mp soep =1forall PV

Example 10.2. If we have ¢: Al — Al corresponding to ¢*: k[z] — k[z] by
x +— % We have eg = d, as x is a local parameter at 0, and pulls back to z?.
We have e; = 1 as 2 — 1 is a local parameter, and this pulls back to z% — 1 which
has one factor of x — 1

Example 10.3. Let £ = Z(y?> — 23 + 2) and ¢: E — A! by (z,y) — z. We
have ¢*: k[z] — k[z,y]/(y* — 23 + x) defined by z + x. Let P = (x¢,y0) € E
with image Q = . Then ep = vp(¢*(x — x0)) = vp(x — xo). When is z — g
a local parameter of O p? It is a local parameter exactly when %(P) #0
where f = y? — 23 + x, that is, when 2y = 0 and hence y = 0 so vp(x — z0) = 1
if and only if yo # 0. We consider the case yg = 0. Then zy € {0,+1}. We see
that %(P) # 0 and so y is a local parameter at P. We see from the defining
equation y? = z(x — 1)(z + 1) that z — 29 = uy? for some unit u € OF p, and
so ep = 2 in this case. 7

Theorem 10.1. Let ¢: V — W is a non-constant map between irreducible
projective possibly singular curves
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1. ¢ is surjective and for all but finitely many points P € Viep =1 (s0 ¢ is
unramified at P)

2. If VW are additionally smooth, then for all Q € W,

Z ep = deg ¢

Pe¢p=1(Q)

Proof. We will only prove 1, no proof of 2 will be given. Since V is projective
, completeness shows that ¢(V) C W is closed. As the image is not finite as V'
is irreducible and ¢ is non-constant, it is therefore everything. We now prove
that ¢ is unramified at all but finitely many points P € V. Note that ep = 1 if
and only if ¢*(mg)Oy p = mp where Q = ¢(P). We may remove finitely many
points from V, W, so we may assume they are affine: V' C A" W C A™. Now

id, ™ . . . .
¢ factors as V (1(_? ) V x W — W. Since the first map is an isomorphism of

varieties onto its image, we may assume V C A" and ¢ is the restriction of
the projection map onto A™. Suppose P € V and Q = ¢(P) = (q1,---,Gm)-
Then mg = (y1 — ¢1,---,Ym — Gm) and so ep = 1 if and only if we have
that (y1 — ¢1,---,Ym — ¢m)Oy,p = mp. By the primitive element theorem,
E(V) = k(W)[a] for some o € k(V). Away from the (finite set) of poles of a,
mp = (Y1 —q1,---,Ym — dm,@—a(P)) and so ep = 1 if and only if we have that
a —a(P) € mgOy,p. o has minimal polynomial of the form

p(yh cee 7ym7x) = adxd + ad*lxd_l + -+ ap

for a; € kly1,...,ym]. This factors as aq H?Zl(x — ;) in k(W). We can then
consider disc(p) which is in k(W) by Galois theory. As in the examples before,
away from the poles of all the a;, the set of {P € V | disc(p)(¢(P)) # 0}
consists of unramified points, and includes all but finitely many points of V' as
if disc(p) € I(W) then ged(p’, p) # 1, contradiction as p is irreducible O

Remark. If we additionally remove the set {Q € W | aq4(Q) = 0}, then Q
has exactly d preimages in V under ¢, all unramified, and so for the remaining

Q€W wehave } ,py_gep=>.p  p, 1 =d=dego

Corollary 10.1.1. Let V be a curve, and f € k(V)* a non-zero rational func-
tion. Then

1. If f is reqular on V', then f is constant
2. The set of points P with vp(f) # 0 is finite, and ) pcy, vp(f) =0

Proof. Use A! < P! to view f as a morphism ¢: V — P

For (1), if f is regular then ¢ is not surjective (it doesn’t hit infinity) so it is
constant.

For (2), vp(f) # 0 if and only if f vanishes at P or 1/f vanishes at P. Now
¢~1(0), p71(00) are finite by hypothesis. The statement is clear if f is constant,
so assume f is non-constant. Then ¢ is non-constant. Let ¢ = i—; be a local
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coordinate at (1: 0). Now ¢*(t) = f so, if $(P) = (1: 0), we know that the

ramification index ep = vp(¢*(t)) = vp(f). Similarly at infinity, } = £ is a

local coordinate at (0: 1) so if ¢(P) = oo, then ep = vp(¢p*(1/f)) = —Ulp(f).
Therefore

S = S v+ S we(f)

PeV #(P)=0 $(P)=o0
- e Y
#(P)=0 $(P)=o00
=deg¢ — deg o
=0

11 Divisors on Curves

If V is a projective curve then the regular functions on V' are the constants, but
the rational functions on V', k(V') is infinite dimensional as a k-vector space.
Divisor theory will help us understand the larger space

Definition 11.1. A divisor on a curve V is a finite formal sum }_p, (, n,P
with np € Z. The set of divisors is the abelian group generated by points
of the curve, denoted Div(V) = @pcy ZP. The degree of ) .y, npP is
> pey np € Z. The map deg: Div(V) — Z is a group homomorphism with
kernel Div’(V) and the set {P € V | np # 0} is the support of the divisor D

Definition 11.2. Let f € k(V) be a non-zero rational function. The divisor
of f, div(f) = > pey vp(f)P. We know that degdiv(f) = 0. Any divisor of
the form div(f) is called a principal divisor on V. These form a subgroup
of Div(V) (respectively Div’(V)) and the quotient of Div(V) by the principal
divisors is called the divisor class group(/Picard group) of V' (respectively
the degree zero divisor class group. D, D’ are linearly equivalent if there
is a rational function f such that D — D’ = div f. We write D ~ D’

Suppose that f,g € k(V) for a curve V. If div(f) = div(g) then for all
p eV, v,(f) =vp(f) . Sowv,(f/g) =0 for all P, and div(f/g) = 0 hence f/g is

constant as it is not surjective as a morphism to P!

Proposition 11.1. Any degree 0 divisor on P' is principal, and so CI°(P') = 0
and Cl(P') =7

Proof. Suppose that D is a degree 0 divisor on P!, write the divisor in the
form D = Y npP = n,o0 + 3 pep1 npP. We know that ne = — > pcji np.
Construct the polynomial f(t) = [[pca1(t — P)"" for coordinate ¢ = Z1. Since
1/t is a local coordinate at oo = (0: 1), veo(f) = — D pca1 NP = Noo as needed
so we are done. O
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Remark. If V is a curve and CIO(V) =0, then for P # Q, P — Q is a degree 0
divisor, and hence is div(f) for some f € k(V'). Hence f determines a morphism
¢: V — P! which is unramified at P with ¢=*(0) = P, hence ¢ is a degree 1
morphism, and so is an isomorphism as k(V') = k(P!).

Definition 11.3. Suppose V' C P" is a curve and consider a hyperplane given
by H = Z(l) C P™ which doesn’t contain V. The hyperplane section of V' by
H is div(H) = ) pcy npP where np = vp(l/x;) for any z;(P) # 0.

Remark. 1. This is well defined as z;/z; € OF
2. np >0 for all P, as x; doesn’t have a pole at P

3. If H = Z(I),H = Z(I') both don’t contain V, then we can compute
div(H') — div(H) = div(l’/l) so all hyperplane sections are the same in
CL(V). We call this the hyperplane class

Definition 11.4. The degree of V' C P" is deg V' = degdiv H for any hyper-
plane H not containing V'

Remark. This is not an isomorphism invariant, as isomorphisms need not
send hyperplanes to hyperplanes. If f: V' — W is an isomorphism of curves,
Div(V) = Div(W) and principal divisors are identified so C1(V') = C1(W), how-
ever for example we can show that the twisted cubic in P? has degree 3, but is
isomorphic to P!. But a linear change of coordinates on P" preserves degree as
it preserves hyperplanes

If G is homogeneous of degree m and V' C P™ we can similarly define a divisor
div(G) = div(Z(G)) = > npP for np = vp(G/x"),z;(P) # 0, but this is just
equivalent to m - div(H) as I™ is degree m

Example 11.1. Suppose V C P2. We claim there is a line not tangent to
V at any point. Recall that we can identify the space of lines in P? with
P? itself. The map sending P to the line tangent to V at P determines a
morphism from V to P?. This image has dimension at most 1 and so there
is at least 1 line not in the image, ie a line which is not tangent to V' at any
point. Linearly change coordinates to assume {xo = 0} is such a line. Now
V = Z(f) for f homogeneous of degree d. Our tangency assumption implies
(0,21, 22) is a degree d homogeneous polynomial in 2 variables with no repeated
linear factors. So there are exactly d points in V N {zy = 0}, and we know
div({zo = 0}) = X pevnzo—oy I and so degV = degdivH =d

Remark. For a general choice of H, [HNV|=d
Definition 11.5. We say a divisor D = > npP is effective if np > 0

Definition 11.6. Let D = > npP be a divisor on a curve V. The space of
rational functions with poles bounded by D is defined to be

L(D) ={f € k(V) [vp(f) +np =0}
={fek(V)|f=0or div(f) + D is effective}
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f v+ div f + D identifies L(D) with the set of effective divisors which are equiv-
alent to D

Remark. As vp(f +g) > min{vp(f),vp(g)}, we see L(D) is a vector space
over k

We summarise the definition as follows:

1. If P ¢ supp D, we require f is regular at P

2. If np > 0, then f has a pole of order at most np at P
3. If np <0, f has a zero of order at least —np at P

Example 11.2. If V = P! write (0: 1) = oo and let D = m(o0) for m > 0.
Write © = x1/x9. We see that L(D) is spanned by 1,z,...,2™. So L(D) picks
out polynomials of degree at most m, and dim L(D) = m + 1

Definition 11.7. We denote (D) = dim L(D)
Proposition 11.2. If D is a divisor on V and
1. deg D < 0, then (D) =0
2. deg D >0, then (D) < deg(D) + 1
3. PeV,I(D)<I(D-P)+1
Proof. 1. Ifdeg D <0 and D’ ~ D, then deg D’ < 0 so D’ is not effective
2. This is immediate by induction on the degree from 1,3

3. Define evp: L(D) — k by f — (7,* f)(P) for a local parameter 7p at P.
This is a well defined homomorphism with kernel

{f € L(D) | vp(f) +np > 1} = L(D — P)

The result follows by rank nullity.
O

Proposition 11.3. Suppose that D,E € Div(V) such that D ~ E. Then
L(D) = L(E) and (D) = I(E)

Proof. It D — E = div(g) for some g € k(V) then consider L(D) — L(E) by
f= g

To prove this is well defined, f € L(D) if and only if f € L(E + div(g)) if and
only if div(g) + div(f) + E > 0 if and only if div)(fg) + £ > 0 if and only if
fg € L(FE) and it is clearly a bijection as g — g/f is an inverse O
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11.1 Bezout’s Theorem

Theorem 11.1. (Weak Bezout for planar curves) Any two distinct plane curves
intersect and if their degrees are m,n respectively then they intersect in at most
mn points

Proof. Let F, G be homogeneous forms in 3 variables of degree m, n respectively
and call C = Z(F), D = Z(G) C P2. We have an effective divisor div(G) which
has the form ) pconpnpP.

Therefore we need to show that 1 < degdiv(G) < mn.

We know that divG ~ div L™ = ndiv L for any linear form L with C ¢ Z(L).
It therefore suffices to show that 1 < degdiv(L) < m. From example sheet 1,
there is some P € C'N L and as argued in example 11.1 we can choose L so that
divL = ZPeCmZ(L) P. Changing coordinates so that L = x(, the result follows
by the fundamental theorem of algebra O

Remark.
1. For a general choice of F, G (or for general G and fixed F), |CND|=mn

2. With the correct notion of multiplicity of C, D at an intersection point P,
called I(C'N D, P), we have ) p . I(C'N D, P) = mn.
In fact I(CND, P) = vp(G/x}) in O¢,p. This is equal to dimy, Oz p/(f, 9)
where f, g are dehomogenisations of F,G in coordinates with P € A?

Definition 11.8. Let X be a projective variety of dimension m, the degree of
X < P"is | XNHyN---NHp| for general hyperplanes Hy, ..., H,, such that
the intersection is finite (no proof of well definedness)

Theorem 11.2. (Bezout for Hypersurfaces). Let X C P™ be a projective vari-
ety, F € k[xog,...,x,] a homogeneous polynomial with Z(F') not containing any
component of X. Then deg X N Z(F) = deg X deg F

Proof. No Proof O
Corollary 11.2.1. There is no non-constant morphism P? — P!
Proof. Example sheet 3 O

Theorem 11.3. If f: P™ — P" is an isomorphism, then f is linear, ie we have
f(x) = Az for some A € GLy,41(k)

Proof. If H is a hyperplane in P* and L ¢ H is a line, then div(H) on L is
a point with coefficient 1, so has degree 1. So div(f(H)) on f(L) has degree
1. So f(H) and f(L) have degree 1 by Bezout, so f(H) is a hyperplane, as
this holds for any general line. Applying this to {x; = 0} = H we get that
f(H) = {agizo + -+ + anizp, = 0}. Letting A = (a;;), we get f(z) = Ax.
Repeating for f=1, it follows that A € GL,1(k) O
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12 Differentials

Let K/k be a field extension. A differential is to be a k-linear combination of
symbols of the form xdy with z,y € K such that

1. d(-) is linear
2. The Leibniz rule holds for d(zy)
3. da=0forack

Definition 12.1. The space of differentials, (1, = x is the quotient
K vector space M/N where M = (§x | x € K) and N is the subspace of M
generated by

1. 6(z +y) — 6z — dy where z,y € K
2. §(zy) — oy — ydx where z,y € K
3. da where a € k

For z € K define dz to be the coset dz + N. The map d: K — Qg is the
exterior derivative

Lemma 12.1. Suppose K/k is finitely generated as a field extension with tran-

scendence basis x1,...,2,. Then if f € k(x1,...,2,) is a rational function in
the x; and y = f(x1,...,2y,) then dy = >, %(xl, .oy xp)dz;. So the set
{dx1,...,dz,} spans Qi and is in fact a basis

Proof. Linear independence is algebraic and will not be proven. The first part
is an exercise. O

Definition 12.2. Let V be a curve and K = k(V). We write Qv for Qg
and call this the space of rational/meromorphic differentials on V. A
differential w € Qf; is regular at P € V if we can express w = »_, f;dg; with
fi, g; regular at P.

If wp is a local parameter at P, then 7p is transcendental over k and so d7p gen-
erates 2y and any differential can be written as w = hdmwp. h is not independent
of choice of 7p

Definition 12.3. In the above setting, we define the valuation of a differential
at a point to be vp(w) = vp(h) for any choice of local parameter 7p. If vp(w) >
0, we say w has a zero at P, if vp(w) < 0 we say w has a pole at P. If w € Q)
define divw = ) py, vp(w)P

Definition 12.4. We denoteQy p = {w € Qy | w is regular at P}

Proposition 12.1. Qv p = Oy, pdrp for any local parameter mp
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Proof. D is clear by definition. Since the partial of g/h is regular at P if and
only if h(P) # 0, we see that the dx; generate Qv p over Oy p so Qy p is a
finitely generated Oy, p-module. If f € Oy p then df = d(f — f(P)) = d(7pyg)
for some g € Oy, p, which is equal to gdwp + 7pdg € Oy pdrp + mpQy p. By
Nakayama, Qv p C Oy pdrp and we are done O

Lemma 12.2. Let w € Qv be a non-zero differential on a curve V. Then
vp(w) = 0 for all but finitely many P € V, and vp(w) > 0 if and only if w is
reqular at P

Proof. Note that if w,w’ € Q are non-zero, we can write w = hdrp,w’ = h/drp
so that

vp(w+w') =vp(h+h)

=vp(h) +vp(h)

> min{vp(h),vp(h')}

= min{vp(w),vp(w)}
. For the first part, suppose that g € K(V) is non-constant and that w = fdg.
Then for any P € V, we have that vp(w) = vp(f) +vp(dg) and so it suffices to
show that vp(dg) = 0 for all but finitely many P. By the finiteness theorem for
curves, if we consider g as a morphism from V — P!, it has finitely many poles
and finitely many ramified points. If g(P) # oo and ¢ is a local coordinate at 0

on P! then t — g(P) is a local coordinate at g(P), and if g is further unramified
at P, then g*(t — g(P)) is a local coordinate at P. We therefore have

vp(dg) = vp(d(g — g(P)))
=vp(1)
=0
For the second part, the forward direction is clear. Assume that w is regular
at P, ie w =), fidg; with f;, g; regular at P. By the valuation inequality, it

suffices to prove this for fdg with f, g regular, and so it further suffices to prove
vp(g) > 0 for all g € Oy, p. We have

dg =d(g —g(P)) =d(7p - h)

where n = vp(g—g(P)),h € Oy p. If n =1 then g — g(P) is a local coordinate

)’

and so vp(dg) = vp(d(g — g(P))) =0. If n > 1, then

d(np - h) =g d(mp - h) + d(xp " - h)mwph
=7 'd(rph) + (n — D)7y 'hdrp

which has valuation n — 1 and so vp(d(g — g(P))) > n—1 > 0 and we are
done. O

Remark. We have proven that divw is a divisor for any w € Q5,
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Definition 12.5. divw is denoted by Ky, a canonical divisor for V'
Lemma 12.3. For any non-zero differentials w,w’ have the same divisor

Proof. As Qy is one dimensional, and so w = fw’ for some rational f and the
result holds by definition O

We call this class in CI(V') the canonical class

Remark. Everything we have done on differentials is isomorphism invariant as
it was done on the level of function fields

Example 12.1. Let V = PL. We embed A! < P! by z +— (1: z) and define
t = 21/79. Then w = dt is a non-zero rational differential on P!. If a € A! then

t — a is a local parameter at a and dt = d(t — a) has v,(dt) = 0. At oo, 1 is a

local parameter and we have d (1) = —t2d (1) and so Ve (w) = voo(t?) = —2.
Hence we have divw = —2(00). This has negative degree, so is neither principal
nor a hyperplane section

Definition 12.6. If V is a curve we define the genus to be g(V) = [(Ky)
where Ky is any element of the canonical class

Example 12.2. g(P') = [(—2(00)) = 0 since the degree of —2(00) is less than
0, and in general this agrees with topological genus for k£ = C, but we will not
prove this

13 Differentials on Plane Curves

13.1 Plane Cubics

Suppose F(xq,x1,72) = o3 — Hle(xl — Aixo) with A1, Mg, A3 € k distinct.
This distinctness gives us that Z(F) = V is smooth and irreducible, hence a
curve. We compute its genus. Dehomogenising with zg = 1, we get

y? = (z — M)z — X2)(z — A3) = g(x)
where y = x5 /x0,x = x1/x0. We therefore get
2ydy = ¢'(x)dz

in Q. We choose
dx 2dy

and to compute the canonical divisor.
If y(P) # 0 then « — x(P) is a local coordinate for P € V with zg # 0, and so

vp(w) = vp d?z . If y(P) = 0 then y is a local coordinate and as the \; are

distinct, ¢'(z(P)) # 0 and so vp(w) = 0.

36



Suppose xg = 0. Then we have the single point, co = (0: 0: 1). Dehomogenising

with respect to xo, we get
3

z— H(t —X\iz)
i=1
for 2 = xo/xe = 1/y,t = x1/20 = x/y. At 00,V5(t — Az) > 1 so by the
criterion for plane curves, ¢ is a local parameter at infinity, so v (t) = 1 and
Voo(2) 2 3, 80 Voot — Aiz) = Vso(t) = 1, and so veo(z) = 3. Note also that
Voo (Y) = =3, Voo (z) = —2

Lemma 13.1. If h € k(V) is a rational function on a curve and vp(h) > 1
then vp(dh) = vp(h) —1

Proof. If vp(h) = 1, this holds by definition, so assume vp(h) > 2,h = un}h
with n = vp(h). Then

dh = urpdr® ™t = urh H(n — V)drp + 7 d(urp)

=75 Hu(n — )drp + udrp + 7pdu

= ﬂ'}é_l [undmp + 7pdu)

As wu is regular at P, v(du) > 0 so that vp(rpdu) > 1. We conclude that
vp(dh) =n — 1 as claimed O

We know that v (1) = 2 50 v (A1) = 1. Therefore vy (—-5dz) = 1.
Since voo (35) = 4 we deduce Voo (dz) = —3 and v (w) = 0. So the canonical
divisor for the plane cubic is the zero divisor.

We compute that L(0) = {f € k(V) | no poles} = k and so {(Ky) =1 and this
is the genus.

Remark. On the curve zgzs — H?Zl (x1 — Aizo) we considered the projections
tox = (zg: x1) and y = (xg: x2), with the former not defined at co = (0: 0: 1),
and so we deduce that oo — (0: 1) with ramification degree 2 by surjectivity, so
Voo(z) = —2. Similarly co — (0: 1) with ramification degree 3, so v (y) = —3,
as we know z is degree 2, and y is degree 3

For a general plane curve we have

Theorem 13.2. Let V = Z(F) C P? be a smooth plane curve of degree d > 3.
Then Ky = (d — 3)H where H is the divisor of a hyperplane section

Proof. Choose coordinates such that (0: 1: 0) ¢ V. We dehomogenise with
respect to © = x1/x0,y = Ta/xo to obtain F(1,z,y) = f(x,y) = 0, an affine
curve . We take the exterior derivative to get

of of

—d —dy=0
ox x+8y 4

. We therefore consider
of

0
w:dx/a—]yc = —dy/a—x
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Let H = {xg = 0}. The same argument as before shows that div(w) is supported
in H. We dehomogenise F' with respect to x2 to get g(z,w) = F(z,w, 1) where
z=uxo/r2 =1/y,w =21 /29 = x/y. Consider

o) 0
n:dz/a—i; =—dw/a—£

. The divisor of 7 is supported on {2 = 0}, not at any point in P € HNV.

We have . .
x x
f($,y):F(17$,y):de (yay71> :ydg (a)

Of _ 09 (L) 1_(1\"og
or Y Bw vy) y \z ow”’

. Similarly we have y = 1/z and so dy = —dz/22. Therefore

Now

-2
—z7%dz d—3

of
Y T e

z ow

Since vp(n) =0 for all P € H, vp(w) = (d — 3)vp (xo/22) and so w = (d — 3)H
as claimed O

Remark. So note that deg Ky = d(d — 3) for a smooth plane curve

Proposition 13.1. If f(x,y) =0 is an affine equation for a smooth projective
curve V.C P2 and degV > 3. Then {z"y* |0 <r+s<d—3,0 <1, s} provides
a basis for L(Ky )

Proof. By the previous theorem, all poles of any element of L(Ky ) are at infinity.
We know that x,y generate k(V) as a field, and so any element of L(Ky) is
polynomial in z,y. Therefore monomials z"y* generate L(Ky ). By definition,
as ¢ = x1/x9,y = x2/x, this has pole of order r + s, and so it suffices to show
that z"y® are linearly independent for 0 < r 4+ s < d — 3. Any such non-trivial
dependence would give us something of lower degree than f in the affine ideal,
contradiction so we are done. O

Corollary 13.2.1. (Genus Degree formula for plane curves) If V is a smooth
_ (d=1)(d-2)

plane curve of degree d > 3, then g(V') 5

Proof. Trivial O
Corollary 13.2.2. There are infinitely many non-isomorphic curves

Proof. As smooth curves of different degrees have different genuses O
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14 Riemann-Roch Theorem

Theorem 14.1. (Riemann-Roch) Let V be a curve of genus g with canonical
divisor Ky . Then for any divisor D on 'V,

I(D)—l(Ky —D)=1—g+degD
Proof. No Proof O

Remark. The right hand side is a ‘topological’ quantity and the left hand side
is an ‘algebraic’ quantity

Corollary 14.1.1. (Genus-Degree formula, another proof)

Proof. Take D = Ky . Then Riemann-Roch says [(Ky ) —1(0) = 1—g+deg Ky,
or in other words ¢ — 1 =1 — g + d(d — 3). Rearranging, the result follows [

Corollary 14.1.2. IfV is a curve then deg Ky = 29 — 2
Proof. Take D = Ky in Riemann Roch, so (D) =g¢,l(Ky — D) =1(0)=1 O

Corollary 14.1.3. Let D be a divisor with deg D > 2g—2 then (D) =1—g+
deg D. In particular if g = 1, then deg D > 0 implies [(D) = deg D

Proof. Trivial O

Consider a non-constant morphism of curves ¢: V. — W. This induces
a map ¢*: k(W) — Ek(V) which sends non-constant ¢ € k(V) to some non-
constant ¢*t € k(V), and so Qy is generated by dt and Qy is generated by
do*t. Given w = fdt € Qu, define ¢*w = ¢*(f)dp*t

Lemma 14.2. Let P € V with ¢(P) = Q. Let ep be the ramification of ¢ at
P, and wp,mq local parameters at P, Q respectively. Then

vp(¢p*w) = eprg(w) +ep —1
. In particular, vp(¢p*drg) =ep — 1

Proof. Now vp(¢*dmg) = vp(l-d(¢*ng)) = ep — 1. For a general w, write
W= ung(w)de where u € Qyy 5. Then

¢"w = (§"u)9" (1q) " (d¢™mq)
and we know the valuation of each term, so the result follows O

Theorem 14.3. (Riemann-Hurwitz) Let ¢: V. — W be a non-constant mor-
phism of curves, and deg¢ = n. Then

29(V) —2=n(29(W)—-2)+ > ep—1
pPeVv
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Proof. Let 0 # w € Qw, so ¢*w € QF, so div(¢*w) = Ky. By Riemann Roch,
deg Ky =2¢(V) — 2. So

2g(V)—2=) vp(¢*w)

pPeV
= > we(¢'w)
QeEW ¢(P)=Q
Z Z BPVQ + ep — 1)
QeEW ¢(P)=Q
= Z deg(d)vg(w) + Z(ep—l)
Qew PeV
= deg(¢) deg(div(w)) + Z ep —1)
pPeV
=n(2g(W)=2)+ Y _(ep—1)
pPev

O

Corollary 14.3.1. If VW are curves and g(V)) < g(W) then any morphism
¢: V. — W is constant

Proof. Trivial O

Corollary 14.3.2. Let X = Vi x V5 be a product of two curves of genus at
least 1. Then X is a smooth projective surface with no lines (ie no subvariety
isomorphic to P!

Proof. Take projections and apply Riemann-Hurwitz O

15 Equations of Curves

Definition 15.1. Let V be a curve and D a divisor on V', with {(D) =n+1 > 2.
Let B ={fo,... fn} be abasis for (D). The morphism associated to D with
respect to the basis B is

op=(fo: ...: fn): V>P"

We say ¢p is an embedding if it is an isomorphism onto ¢p(V'), in which case
we say D is very ample

Remark. This morphism is non-constant as [(D) > 1, and a different choice of
basis is just a linear change of coordinates on P”

Let V C P™ be a curve and D = divxg be a hyperplane section. It can be
shown that if P # Q € V, then I(D — P — Q) < (D) — 2, and in fact this holds
for P = Q. From earlier we can even say that [(D — P — Q) = (D) — 2. We say
L(D) separates points and separates tangents.

VP,QeV,I(D-P—-Q)=1(D)—-2 (%)
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Theorem 15.1. ¢p is an embedding if and only if D satisfies (x)

Proof. No Proof O
Corollary 15.1.1. Ifdeg D > 2g + 1 then ¢p is an embedding

Proof. For D, D — P — (), we have that

I(D)=1—g—degD

(D-P-Q)=1—g—deg(D—-—P—-Q)
O

Corollary 15.1.2. For fized genus, if g > 2 there is some m = m(g) such that
mKy is very ample

16 Elliptic Curves

Definition 16.1. An elliptic curve is a curve of genus 1, with a choice of
basepoint Py € F written Og

Suppose P, @ are on an elliptic curve (E, Py). The divisor P + @ — Py has
degree 1 and so I[(P + @ — Py) = 1. Therefore there is an effective degree one
divisor equivalent to P + Q — Py, ie some R € E such that P+ Q — Py ~ R.
Distinct points on E are inequivalent since £ 2 P!, and so R is unique. We call
itPOPpQ=R,ieP+Q=R

Theorem 16.1. The operation defined above makes E into an abelian group,
with identity Og = Py. The map P — [P — Py] € C1°(E) is an isomorphism of
groups

Proof. Tt suffices to prove the second statement. Call the map 8. If P,@ € E,
then

BP+Q)=pB(R) =[R—- P =[P+Q—F—Fh]=p5(P)+5Q)

so B is a homomorphism. £ is injective as if S(P) = 5(Q) then P ~ @Q, so
P = (@Q as F is genus 1. It remains to prove f is surjective. Suppose D is a
divisor of degree 0. D + Py has degree 1, and so {(Py + D) = 1 and so there is
a point P € E such that D+ Py ~ P,ie D ~ P — Py and D = §(P) O

Remark. For any curve of positive genus g > 1, the map is injective and so
there is an injection of the curve into a group, and it is a fact that the group is
itself a projective variety of dimension g, called the Jacobian of V

We know that plane cubics have genus 1, and in fact we can show

Theorem 16.2. Let (E, Py) be an elliptic curve then 3Py provides an embedding
of E into P? as a plane cubic
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Proof. Recall that I(D) = deg D if deg D > 0, so mPy is an embedding if m > 3.
We consider L(mPy). For m = 3, this has dimension 3 and contains constants,
so has basis 1, z,y for some functions x,y where 1,z is a basis of L(2P), so x
induces a degree 2 morphism to P! and y induces a degree 3 morphism to P!,
by considering the preimage of infinity. So (1: x: y): E — P? is an embedding.
Now L(4P) has basis {1, z,y, 2%}, L(5P) has basis {1, z,y, 2% zy} and L(6P)
contains those, and x3,y2. There is therefore a linear relationship between
these 7 functions (1, x,22,y,zy,y? %) as [(6P) = 6 including both of y?, 3
by considering poles. Homogenising, we get a cubic equation, so E C Z(F) for
some cubic F. If this is smooth and reducible, its components have degree at
most 2, and hence have genus 0, contradiction F is an isomorphism onto its
image, and so onto a smooth component which can’t have genus 0, so Z(F) is
irreducible and F maps onto Z(F) O

Remark. Py is the unique point of F sent to the line at co. Changing coordi-
nates, we may assume Py +— (0: 1: 0), and that the cubic has no yz? term (As
Py is the unique point on z = 0, F(z,y,0) has a unique solution and therefore
is 2%). Therefore

F:ay’z = G(x,2)

which has the form s

vz = H(x —\iz)

=1

Theorem 16.3. Let E = Z(F) with F': yQZ—Hle(x—)\iz) is an elliptic curve
with base point at infinity. Then P+ Q + R = Og holds if and only if P,Q, R
are collinear

Proof. Via B: P — [P — Py] we see that P+ Q + R = Og if and only if
P+ @ + R ~ 3Py, which holds if and only if there is some rational function
f with divf =P+ Q + R — 3P,. Now note that f € L(3F), so f is a linear
combination of 1, x,y and so it is a linear form after homogenising with respect
to z, so the zero set of f is precisely P, @, R, so they are collinear if and only if
such an f exists. O

17 More Consequences of Riemann Roch

Definition 17.1. A curve V of genus g > 2 is hyperelliptic if there is some
7: V — P! which is non-constant of degree 2

If V is hyperelliptic, consider the degree 2 divisor D = 7*(c0) of poles of
7. The associated vector space L(D) has dimension at least 2, as it contains
constants and 7. On the other hand, for @ € V we have [(Q) = 1 since V doesn’t
have a degree 1 map to P'. So as (D) < (D — P) + 1, we know /(D) < 2 and
hence (D) = 2
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Proposition 17.1. Let V' be a curve of genus larger than 1 with an effective
divisor of degree 2 on V with (D) = 2. Then ¢p: V — P has degree 2 (and
¢t (00) = D), so V is hyperelliptic. All genus 2 curves are hyperelliptic, and
there are hyperelliptic curves of every genus

Proof. Example sheet 4 O
Proposition 17.2. ¢, is an embedding if and only if V is not hyperelliptic

Proof. Suppose ¢, is not an embedding. Then there are P, on V such that
I(Ky — P—Q) >g—1. By Riemann Roch,

(P+Q) =U(Ky —P-Q) +1-g+2>2
Since {(P+Q) < I(P)+1 =2, it follows that (P + Q) = 2, by proposition 17.1,
V' is hyperelliptic.

Conversely if V' is hyperelliptic, then let 7: V' — P! have D = 7*(c0), and then
(D) =2,l(Ky — D) > g — 1 working conversely O
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