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1 Introduction

In this course, a map is always a continuous function.

Definition 1.1. Two maps f0, f1 : X Ñ Y are homotopic if there is a map
F : X ˆ r0, 1s Ñ Y such that F py, 0q “ f0pyq and F py, 1q “ f0pyq for all y P Y .
Then we write f0 » f1.

Exercise 1.1. This is an equivalence relation on maps.

Definition 1.2. A map f : X Ñ Y is a homotopy equivalence if there is a map
g : Y Ñ X such that f ˝ g » idY and g ˝ f » idX . We say g is a homotopy
inverse of f (this is unique up to homotopy). We write X » Y (X is homotopy
equivalent to Y ) if such an f exists.

Example 1.1.

1. If f : X Ñ Y is a homeomorphism, it is a homotopy equivalence (with
g “ f´1 the homotopy inverse, with f ˝ f´1 » idY via the homotopy
F py, tq “ y).

2. Consider i : t0u Ñ Rn. Let r : Rn Ñ t0u. We have r ˝ i “ idt0u. On the
other hand, i˝rpxq “ 0 for all x P Rn. We define a homotopy F px, tq “ tx.
This is a homotopy from i ˝ r to idRn , so i is a homotopy equivalence, and
Rn is homotopy equivalent to a point.

3. Let Sn Ď Rn`1 be the unit sphere. Let the inclusion of Sn into Rn`1zt0u

be i. We define r : Rn`1zt0u Ñ Sn by x ÞÑ x
||x||

. We know r ˝ i “ idSn .

We compute that i ˝ rpxq “ x
||x||

. Let F px, tq “ p1 ´ tq x
||x|

` tx. This is

continuous as x ‰ 0, and it is clear F px, tq is never 0, so i is a homotopy
equivalence.

Definition 1.3. A space which is homotopy equivalent to a point is called
contractible
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To show Rn fl Rm for n ‰ m, we can’t show they’re not homotopy equiv-
alent. However we can show that, after removing a point, they are no longer
homotopy equivalent (as we will later show that Sn and Sm are not homotopy
equivalent), so they are not homeomorphic.

2 Homology and Cohomology

2.1 Chain Complexes

Definition 2.1. A chain complex is a sequence of abelian groups and homo-
morphisms between them of the form

. . . C3 C2 C1 C0 0
d3 d2 d1

such that di ˝ di`1 “ 0 for all i. We write pC‚, dq for the complex. A cochain
complex is a sequence of abelian groups and homomorphisms between them of
the form

0 C0 C1 C2 C3 . . .d0 d1 d2

such that di`1 ˝ di “ 0 for all i. We write pC‚, dq for the complex.
The homology of a chain complex is

HipC‚, dq “ kerpdi : Ci Ñ Ci´1q{ impdi`1 : Ci`1 Ñ Ciq

We call elements of the kernel cycles and of the image boundaries. The coho-
mology of a cochain complex is

HipC‚, dq “ kerpdi : Ci Ñ Ci`1q{ impdi´1 : Ci´1 Ñ Ciq

We call elements of the kernel cocycles and of the image coboundaries.

2.2 Singular (co)chains

Definition 2.2. The standard n-simplex is the space

∆n “

!

pt0, . . . , tnq P Rn`1 | ti ą 0,
ÿ

ti “ 1
)

The ith face of ∆n is ∆n
i “ ∆n X tpt0, . . . , tnq P Rn`1 | ti “ 0u. The map

δi : ∆n´1 Ñ ∆n sends pt0, . . . , tn´1q Ñ pt0, . . . , ti´1, 0, ti, . . . , tn´1q. This is a
homeomorphism onto ∆n

i .

Definition 2.3. A singular n-simplex in X is a map τ : ∆n Ñ X, and we define
CnpXq to be the free abelian group on the set of singular n-simplices (ie, sums
of the form

ř

hσσ where hσ P Z, σ is a singular n-simplex in X, and hσ ‰ 0 for
only finitely many σ).
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Definition 2.4. We define dn : CnpXq Ñ Cn´1pXq via σ ÞÑ

n
ÿ

i“0

p´1qipσ ˝ δiq on

the basis.

Lemma 2.1. The maps δj ˝ δi, δi ˝ δj´1 : ∆
n´2 Ñ ∆n for i ă j are equal.

Proof. Both maps put 0 in the i, jth positions, and distribute the remaining
terms of ∆n´2 monotonically.

Corollary 2.1.1. The map dn´1 ˝ dn : CnpXq Ñ Cn´2pXq is zero.

Proof. As CnpXq is free, it suffices to check on a basis.

dn´1 ˝ dn “

n´1
ÿ

i“0

p´1qi

˜

n
ÿ

j“0

p´1qjσ ˝ δj

¸

˝ δi

“
ÿ

iăj

p´1qi`jσ ˝ δj ˝ δi `
ÿ

iěj

p´1qi`jσ ˝ δj ˝ δi

“
ÿ

iăj

p´1qi`jσ ˝ δi ˝ δj´1 `
ÿ

iďj

p´1qi`jσ ˝ δi ˝ δj

“ 0

Therefore pC‚pXq, dq is a chain complex.

Definition 2.5. The nth homology of X is HnpXq “ HnpC‚pXq, dq.

Definition 2.6. We define CnpXq “ HompCnpXq,Zq (as abelian group ho-
momorphisms), and dn : Cn Ñ Cn`1 is the adjoint of dn, ie dnpϕqpσn`1q “

ϕ ˝ dn`1pσn`1q.

Remark 2.1. It is immediate that

dn`1 ˝ dnpϕqpσn`2q “ ϕpdn`1dn`2pσn`2qq “ ϕp0q “ 0

so dn`1 ˝ dnpϕq “ 0, so dn`1 ˝ dn “ 0. Hence pC‚pXq, dq is a cochain complex.

Definition 2.7. The cohomology of X is HnpXq “ HnpC‚pXq, dq

Definition 2.8. If pC‚, d
Cq and pD‚, d

Dq are chain complexes, a chain map
f‚ : pC‚, d

Cq Ñ pD‚, d
Dq is a sequence of homomorphisms fn : Cn Ñ Dn such

that fn ˝ dCn`1 “ dDn`1 ˝ fn`1, ie

Cn Cn´1

Dn Dn´1

dCn

fn fn´1

dDn

commutes for all n
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Lemma 2.2. If f‚ : pC‚, d
Cq Ñ pD‚, d

Dq is a chain map, we get a well-defined
homomorphism on homology f˚ : HnpC‚, d

Cq Ñ HnpD‚, d
Dq via rxs ÞÑ rfpxqs

Proof. We need to prove that this does not depend on representative of x, and
that fpxq is a cycle if x is. We compute

dDn fnpxq “ fn`1d
D
n pxq “ fn`1p0q “ 0

Furthermore if rxs “ rx1s then x1 “ x` dCn`1pyq, so

fpx1q “ fpxq ` fdCn`1pyq “ fpxq ` dDn`1fpyq

and hence rfpxqs “ rfpx1qs, so the map is well defined and we are done.

Remark 2.2. As differentials commute with chain maps, we will now frequently
denote every differential as d.

Remark 2.3. If f : X Ñ Y is a map then we get f‚ : pC‚pXq, dq Ñ pC‚pY q, dq

via f‚pσq “ f ˝σ. This is a chain map as differentials are defined by precompos-
ing, this is defined by postcomposing, and function composition is associative.
This further induces a map on homology as above, which we denote as f˚.
This satisfies pg ˝ fq˚ “ g˚ ˝ f˚, and pidXq˚ “ idHnpXq.
Similarly applying Homp¨,Zq gives f‚ : C‚pY q Ñ C‚pXq, by ϕ ÞÑ ϕ ˝ f , and this
induces a map f˚ on cohomology, such that pf ˝ gq˚ “ g˚ ˝ f˚.

Lemma 2.3. If f : X Ñ Y is a homeomorphism, then f˚ : HnpXq Ñ HnpY q is
an isomorphism (and the same holds on cohomology).

Proof. Let g “ f´1. Then f˚ ˝ g˚ “ pf ˝ gq˚ “ pidXq˚ “ idHnpXq and similarly
for g˚ ˝ f˚, so g˚ is a two sided inverse for f˚, so it is an isomorphism.

Remark 2.4. Soon we will prove homotopic maps induce the same maps on
(co)homology, and an identical proof will show that homotopy equivalent spaces
have isomorphic homology.

What do homology groups ‘measure’ (philosophically)?
Now for one dimensional simplices, cycles are, in a sense, ‘loops’ and only the
image of the loop matters as we can send in a 2-simplex which gives a linear
homotopy between two with the same image. If we are homotopic rel the end-
points, the same proof works. If these loops are the boundary of a simplex, then
they can be ‘filled in’, so homology is in a sense those loops that can’t be filled in

Example 2.1. We compute the homology of a point. This will turn out to be
Hnp˚q “ Z if n “ 0, and 0 otherwise. There is only one map σn : ∆

n Ñ ˚, so
the chain complex pC‚p˚q, dq is

. . . Z Z Z Zd d d
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. Now dpσnq “
řn
i“0p´1qiσn ˝ δi “

#

σn´1 for n even

0 for n odd
So alternating maps

are the identity and the zero map, and the result follows. The computation of
the cohomology of the point is similar.

If X is a disjoint union of path connected spaces, X “
š

αPAXα, then any
map from a ∆n lies in one of the Xα, and so does its boundary. There-
fore the homology breaks up as the direct sum of the homology of the Xα,
HnpXq “

À

αPAHnpXαq

Example 2.2. Let X be path connected and non-empty. The map ε : C0pXq Ñ

Z defined by
ř

nσσ ÞÑ
ř

nσ satisfies εdpτq “ εpτ ˝ δ0 ´ τ ˝ δ1q “ 0. Therefore ε
induces a surjective map ε : H0pXq Ñ Z. Let σ0 : ∆n Ñ X be a point of X. As
X is path connected, for any other σ : ∆0 Ñ X, there is τσ : ∆

1 – r0, 1s Ñ X
which is a path from σ0 to σ. Suppose εp

ř

σ nσσq “ 0, ie
ř

nσ “ 0. Consider
ř

nστσ P C1pXq. This has boundary
ř

nσpσ ´ σ0q, which is equal to
ř

nσσ `

p
ř

nσqσ0 “
ř

nσσ, hence
ř

nσσ is a boundary, and ε is an isomorphism. We
therefore know H0pXq for every space X, combining the above remark.

3 Computing (Co)Homology

We will state 4 theorems without proof, use them to comoute (co)homology,
then prove them in the next section. They will be stated for homology, but hold
similarly for cohomology.

Theorem 3.1. (Homotopy invariance): If f » g : X Ñ Y , then f˚ “ g˚ : HnpXq Ñ

HnpY q

Remark 3.1. Therefore if X and Y are homotopy equivalent via f : X Ñ Y ,
then f˚ : HnpXq Ñ HnpY q is an isomorphism

Definition 3.1. Homomorphisms A
f

ÝÑ B
g

ÝÑ C are exact at B if Impfq “

kerpgq. We say a longer sequence

. . . Ai`2 Ai`1 Ai Ai´1 . . .
fi`3 fi`2 fi`1 fi fi´1

is exact if it is exact at each Ai.

Theorem 3.2. (Mayer-Vietoris Theorem) Let X “ AYB is the union of two
open subsets. We have maps

AXB A

B X

iA

iB jA

jB

6



by inclusion. Then there exist homomorphisms BMV : HipXq Ñ Hi´1pA X Bq

such that
. . .

Hi`1pXq HipAXBq HipAq ‘HipBq

HipXq . . . H0pAXBq

H0pAq ‘H0pBq H0pXq 0

BMV

piA,iBq˚

pjA´jBq˚

piA,iBq˚

pjA´jBq˚

is exact. Furthermore it is natural in the sense that if Y “ U Y V similarly,
and we have f : X Ñ Y such that fpAq Ď U, fpBq Ď V , then there is a natural
map of Mayer-Vietoris sequences

Remark 3.2. We will construct BMV when we prove the theorem, but if rxs “

ra` bs with a P CnpAq, b P CnpBq, then BMV prxsq “ rdpaqs “ r´dpbqs

If A Ď X and i : A Ñ X, then i‚ : C‚pAq Ñ C‚pXq is injective, and we
define C‚pX,Aq “ C‚pXq{i‚C‚pAq. One can check that drxs “ rdpxqs defines a
differential on C‚pX,Aq, and q‚ : C‚pXq Ñ C‚pX,Aq

Definition 3.2. We call the homology of the above complex C‚pX,Aq the
relative homology of X with respect to A, and denote it H‚pX,Aq

Theorem 3.3. (Exact sequence of relative homology) There is a homomorphism
B : HnpX,Aq Ñ Hn´1pAq, and

. . .

Hi`1pX,Aq HipAq HipXq

HipX,Aq . . . H0pAq

H0pXq H0pX,Aq 0

B

piAq˚

q˚

piAq˚

q˚

is exact. If f : X Ñ Y has fpAq Ď B, we get a natural map of exact sequences
from the one for pX,Aq to the one for pY,Bq. In particular, such an f induces
a map on relative homology, f˚ : HpX,Aq Ñ HpY,Bq by rrxss ÞÑ rrf‚xss

Theorem 3.4. (Excision Theorem) Let pX,Aq be spaces with A Ď X, and let
Z Ď A such that Z̄ Ď A˝. The map of pairs pX ´ Z,A ´ Zq Ñ pX,Aq induces
an isomorphism HnpX ´ Z,A´ Zq – HnpX,Aq

Remark 3.3. Homotopy invariance in the A variable means that the Z̄ Ď A˝

condition can usually be forgotten.
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3.1 Homology of Spheres

Example 3.1. Cover the circle S1 Ď C by A “ tz P S1 | ´3π
4 ă arg z ă 3π

4 u

and A “ tz P S1 | ´π
4 ą arg z or arg z ą π

4 u. B – A – p0, 1q » ˚, and
AXB – p0, 1q \ p0, 1q » ˚ \ ˚, so by Mayer-Vietoris we get

0 0 ‘ 0

. . . H1pAXBq H1pAq ‘H1pBq H1pS1q

H0pAXBq H0pAq ‘H0pBq H0pS1q

Ztp, qu Zt˚u ‘ Zt˚u
f

The map f is

ˆ

1 1
1 1

˙

and its kernel is Ztp ´ qu, so exactness at H0pA X Bq

says that impH1pS1q Ñ H0pA X Bqq – Z and exactness at H1pS1q says that

kerpH1pS1q Ñ H0pA X Bqq “ 0, so H1pS1q
BMV

ÝÝÝÑ Ztp ´ qu is an isomorphism.
We also get H0pS1q – Ztp, qu{pp ` qq – Z. In any higher homology, we get
0 Ñ HnpS1q Ñ 0, so HnpS1q “ 0 for n ą 1.

Theorem 3.5. For n ě 1, HipS
nq “

#

Z i “ 0, n

0 otherwise

Proof. By the above example this holds for n “ 1, so suppose n ě 2 and
proceed by induction. Cover Sn by the complement of the north pole for A
and the complement of the south pole for B. Then A,B – R » ˚. A X B “

SnztN,Su – Sn´1 ˆ p0, 1q » Sn´1.
By Mayer Vietoris we get

0

. . . HipS
n´1q Hip˚q ‘Hip˚q HipS

nq

Hi´1pSn´1q Hi´1p˚q ‘Hi´1p˚q Hi´1pSnq . . .

0

For i ě 2. By exactness, HipSiq – Hi´1pSn´1q so in particular we get the result
for i ě 2 by induction. In the lower degrees we get

0 H1pSnq H0pSn´1q H0p˚q ‘H0p˚q H0pSnq 0

8



ie
0 H1pSnq Z Z ‘ Z H0pSnq 0

so as Z Ñ Z ‘ Z is injective, we get 0 Ñ H1pSnq Ñ 0 so H1pSnq “ 0, and
similarly we get 0 Ñ Z Ñ Z ‘ Z Ñ H0pSnq Ñ 0, and so (as we know the maps
are as in the S1 case) H0pSnq “ Z.

Corollary 3.5.1. If n ‰ m, then Sn fi Sm

Proof. As they have different Hnp‚q

Corollary 3.5.2. Rn fl Rm of m ‰ n

Proof. See argument in introduction for how to derive from above corollary

Definition 3.3. If f : Sn Ñ Sn is a map, then f˚ : HnpSnq Ñ HnpSnq is a map
f˚ : Z Ñ Z, so is multiplication by some n P Z. We call this n the degree of f .

Remark 3.4. You must pick the same isomorphism HnpSnq on both sides,
otherwise this is only defined up to a sign

Remark 3.5. All of the following are immediate.

1. deg idSn “ 1

2. If f : Sn Ñ Sn is not surjective, then deg f “ 0, as f » const (as f factors
through Snzt˚u – Rn » ˚)

3. If f » g, then deg f “ deg g

Corollary 3.5.3. (Brouwer Fixed Point Theorem) Any f : Dn Ñ Dn has a
fixed point.

Proof. Suppose not. Then fpxq ‰ x for any x P X. Then fpxq, x lie on a line.
Let rpxq be the intersection of the ray from fpxq to x. This is continuous and

is the identity on Sn´1, so r : Dn Ñ Sn´1 is a retraction. Consider Sn´1 i
ÝÑ

Dn r
ÝÑ Sn´1. The composition is the identity, but applying Hn´1 we get

Hn´1pSn´1q Hn´1pDnq Hn´1pSn´1q

Z 0 Z
1

where all the vertical maps are isomorphisms, contradiction.

Proposition 3.1. A reflection r : Sn Ñ Sn has deg r “ ´1

9



Proof. We begin with n “ 1. By symmetry, r is reflection in the y-axis. We
cover S1 by two arcs of length just over π, A,B which are symmetric with
respect to r, and choose p, q in different connected components of AXB which
are sent to each other by reflection. We get a map of Mayer-Vietoris sequences
where every square commutes

Ztp´ qu Ztp, qu Z ‘ Z

0 H1pS1q H0pAXBq H0pAq ‘H0pBq

0 H1pS1q H0pAXBq H0pAq ‘H0pBq

Ztp´ qu Ztp, qu Z ‘ Z

r˚ r˚ r˚

Then Br˚pp´qq “ r˚Bpp´qq “ r˚pp´qq “ q´p “ Bp´pp´qqq so r˚pp´qq “ ´pp´

qq. For a reflection r : Sn Ñ Sn, we choose the reflection to preserve the north
and south poles, so it restricts to a reflection on the equator r1 : Sn´1 Ñ Sn´1, so
using the cover A “ SnztNu, B “ SnztSu. We have B : HnpSnq Ñ Hn´1pSn´1q

is an isomorphism, so by naturality, the map induced on Sn and on the equator
are the same, so r has degree ´1 by induction.

Corollary 3.5.4. The antipodal map f : Sn Ñ Sn, x ÞÑ ´x has degree p´1qn`1

Proof. It is the composition of n` 1 reflections, and degrees multiply when you
compose.

Corollary 3.5.5. (Hairy ball theorem) Sn has a nowhere 0 vector field if and
only if n is odd

Remark 3.6. For Sn, a vector field is a map v : Sn Ñ Rn`1 selecting a vector
which is tangent to the sphere at that point, ie xx, vpxqy “ 0.

Proof. For odd n, we exploit that Rn`1 is a complex vector space, and we can
set vpx1, y1, . . . , xn, ynq “ p´y1, x1, . . . ,´yn, xnq (ie multiplication by i
If v is nowhere 0, consider the homotopy of length π H : r0, πs Ñ Sn by pt, xq ÞÑ

pcos tqx ` psin tqvpxq

x . Then Hp0, xq “ x and Hpπ, xq “ ´x and this is a well
defined homotopy. So 1 “ deg id “ degp´ idq “ p´1qn`1. So n is odd.

Example 3.2. Let K be the Klein bottle, thought of as the usual pasting
diagram. We take B to be a cylinder from the middle of the bottle, and A
be a cylinder which slightly overlaps, and crosses the other pasted edge. Then
K “ A Y B. B is homotopy equivalent to a circle, which we call b P H1pBq,
as is A, whose circle we call a P H1pAq. A X B is homotopy equivalent to two
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cylinders, with circles s, t P H1pA X Bq around their cores. Writing down the
Mayer Vietoris sequence and substituting in what we know,

0 H2pKq Ztsu ‘ Zttu Ztau ‘ Ztbu

H1pKq Zt˚u ‘ Zt˚u Zt˚u ‘ Zt˚u

H0pKq 0

sÞÑb´a,tÞÑb`a

˚ÞÑp˚,˚q

so the map H1pAXBq Ñ H1pAq‘H1pBq is injective (as it has determinant ´2),
so H2pKq “ 0). The cokernel of that map is Zta, bu{xa`b, b´ay “ Ztau{x2ay “

Z{2Z. We therefore get an exact sequence

0 Z{2Z H1pKq Z 0

as the kernel of

ˆ

1 1
1 1

˙

(ie the map H0pA X Bq Ñ H0pAq ‘ H0pBq) is Z.

As Z is free (hence projective) this short exact sequence splits, and hence
H1pKq “ Z ‘ Z{2Z (and H0pKq “ Z, as the pasting diagram gives it as the
image of a connected space, hence it is connected).
If we computed the cohomology, we would findH0pKq “ Z, H1pKq “ Z, H2pKq “

Z{2Z. These are so similar because of the universal coefficient theorem (of which
we will do a weaker version later)

3.2 Local Degrees

Lemma 3.6. Let M be a d-dimensional manifold (a Hausdorff, locally-R2

space) and x P M . Then HipM,Mztxuq “

#

Z i “ d

0 i ‰ d

Proof. Let U be an open neighbourhood of x homeomorphic to Rd with x ÞÑ

0 P Rd. Then Z “ MzU is closed and lies in the open set Mztxu, so since
Z, Z̄ Ď intMztxu, we have HipM,Mztxuq – HipU,Uztxuq by excision. We get
HipU,Uztxuq – HipRd,Rdzt0uq – Hi´1pRdzt0uq where the latter is from the
exact sequence of relative homology, for d ą 1, and d “ 1 is similar

Definition 3.4. Suppose f : Sd Ñ Sd is such that there is a y P Sd with
f´1pyq “ tx1, . . . , xku. Let Ui be disjoint open neighbourhoods and V a
neighbourhood of y such that fpUiq Ď V . The map f |U : HdpU,Uztxiuq Ñ

HdpV, V ztyuq is multiplication by an integer (from above). The local degree of
f at xi is this integer

Theorem 3.7. deg f “
řk
i“1pdeg fq|xi

11



Proof. We draw the following diagram (left) and trace the image of 1 from the
top left (see right)

HdpSdq HdpSdq 1 deg f

HdpSd, Sdztx1, . . . , xkuq HdpSd, Sdztyuq

Hdp
š

Ui,
š

Uiztxiuq HdpV, V ztyuq p1, . . . , 1q
ř

pdeg fq|xi

À

HdpUi, Uiztxiuq

f˚

– –

f˚

–

š

fi˚

–

Example 3.3. Consider fpzq “ zn : S1 Ñ S1 for n P Z. For n “ ´1 this is a
reflection so deg f “ ´1, so, composing with z ÞÑ z´1 we may assume n ą 0.
Let y “ 1, and xi the nth roots of unity. Choose a neighbourhood of length
π
n around each xi. Each Ui is sent homeomorphically to U0 so pdeg fq|xi P ˘1.
We exploit that multiplication by xi is homotopic to the identity and commutes
with f . We draw this diagram. Everything commutes, so as the routes from
the top to the bottom are multiplication by pdeg fq|xi

and pdeg fq|xj
, they are

the same

H1pS1q H1pS1q

H1pS1, S1ztxjuq H1pS1, S1ztxj`iuq

H1pUj , Ujztxjuq H1pUi`j , Ui`jztxi`juq

H1pV, V zt1uq

H1pS1, S1zt1uq

H1pS1q

¨xi

– –

¨xi

– –

¨xi

f˚ f˚

–

–

We now need to show this common value is 1. We do this by finding a homotopy
from idS1 to some g : S1 Ñ S1 such that g|U0

“ f |U0
(trivial)
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4 Proving ThatWe Can Compute (Co)Homology

4.1 Relative Homology Exact Sequence

For A Ď X, C‚pX,Aq “ C‚pXq{C‚pAq with the induced differential. The long
exact sequence for H˚pAq, H˚pXq, H˚pX,Aq comes from a general homological
algebra fact:

Theorem 4.1. Let 0 Ñ A‚
i

ÝÑ B‚
q

ÝÑ C‚ Ñ 0 be a short exact sequence of
chain complexes (ie every 0 Ñ Ai Ñ Bi Ñ Ci Ñ 0 is exact). Then there is a
homomorphism B : HkpC‚q Ñ Hk´1pA‚q such that

. . . HkpAq HkpBq HkpCq Hk´1pAq . . .
B i˚ q˚ B i˚

is exact

Proof. We draw

0 Ai Bi Ci 0

0 Ai´1 Bi´1 Ci´1 0

0 Ai´2 Bi´2 Ci´2 0

i

d

q

d d

i

d

q

d d

i q

and want to define B : HipC‚q Ñ Hi´1pA‚q. Let rcs P HipC‚q. We may pull this
back along q to some b P Bi. Now by commutativity, qdpbq “ 0, so dpbq “ ipaq

for some a P Ai´1. Again by commutativity, dpaq “ 0 as ii´2 is injective and
ddpbq “ 0. We send rcs ÞÑ ras. We need to prove this is well defined. Let b1 P Bi
be another lift of c, and so we get dpb1q and a1 similarly. We want to show a´a1

is a boundary. Now b ´ b1 ÞÑ 0 under q, so we have z P Ai with ipzq “ b ´ b1.
Now idpzq “ dipzq “ dpb´ b1q “ dpb1q ´ dpbq “ ipa1 ´ aq so a1 ´ a “ dpzq and we
are done.
We do one case of exactness, at HipC‚q. We want to compute Bqprbsq. qprbsq “

rqpbqs and we need to choose a lift of qpbq. We choose b, but dpbq “ 0 so Bqrbs “ 0.
We now show ker B Ď im q. Let rcs P ker B. Then there is a, b, z with qpbq “ c
and ipaq “ dpbq and a “ dpzq. Consider ipzq. dipzq “ ipaq “ dpbq, so b ´ ipzq is
a cycle. qpb´ ipzqq “ c by definition, so we are done.

We apply this to the tautological short exact sequence

0 Ñ C‚pAq Ñ C‚pXq Ñ C‚pX,Aq Ñ 0

and get the exact sequence for relative homology.
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Theorem 4.2. (5-lemma) Consider a commutative diagram

A B C D E

A1 B1 C 1 D1 E1

f

l

g

m

h

n

j

p q

r s t u

with exact rows, m, p isomorphisms, l an epimorphism and q monic. Then n is
an isomorphism

Proof. Surjective: Suppose c1 P C 1. Then letting d1 “ lpc1q, we get d “ p´1pd1q P

D with d, d1 ÞÑ 0. Therefore there is c P C with hpcq “ d. We get npcq P C 1.
then tpc1 ´ npcqq “ 0, so there is b1 P B1 with spb1q “ c1 ´ npcq, so there is b P B
with mpbq “ b1. Then we get gpbq P C which maps to c1 ´ npcq under n, so
c1 “ npc` gpbqq, ie c1 P imn.
Injective is similar and an exercise to the reader. (It will use injectivity of q)

Proposition 4.1. Let f : pX,Aq Ñ pY,Bq be a map of pairs. If any two of
the following maps are isomorphisms, then all three are: pf |Aq˚, f˚ : H‚pXq Ñ

H‚pY q, f˚ : H‚pX,Aq Ñ H‚pY,Bq

Proof. Consider the map of long exact seequences

HnpAq HnpXq HnpX,Aq Hn´1pAq Hn´1pXq

HnpBq HnpY q HnpY,Bq Hn´1pBq Hn´1pY q

f˚ f˚ f˚ f˚ f˚

By the 5-lemma we are done (after rotating for the other two cases)

4.2 Homotopy Invariance

Definition 4.1. A chain homotopy between f‚, g‚ : C‚ Ñ D‚ is a collection of
homotopies hn : Cn Ñ Dn`1 such that gn ´ fn “ dhn ` hn´1d

Lemma 4.3. If f‚, g‚ : C‚ Ñ D‚ are chain homotopic, then f˚ “ g˚ on homol-
ogy

Proof. Let rcs P H‚pC‚q. Then fnprcsq “ rgnpcq ´ dhnpcq ´ hn`1dpcqs “ rgnpcqs

as dpcq “ 0, so we are done.

If H : r0, 1s ˆX Ñ Y is a homotopy from f to g, we need to show f‚, g‚ are

chain homotopic. Suppose we have σ : ∆n Ñ X, then we have r0, 1s ˆ∆n id ˆσ
ÝÝÝÑ

r0, 1s ˆ X
H

ÝÑ Y is a homotopy from f ˝ σ ot g ˝ σ, but the first term isn’t a
simplicial complex. Suppose there are chains pn P Cn`1pr0, 1s ˆ ∆nq with ends
ij such that dpn “ i1´i0´

řn
j“1p´1qjpr0, 1sˆδiqpPn´1q. Let H : r0, 1sˆX Ñ Y

14



be a homotopy from f to g. Let Hn : CnpXq Ñ Cn`1pY q be pσ : ∆n Ñ Xq ÞÑ

pH ˝ pr0, 1s ˆ σqq‚ppnq. We calculate

dHnpσq “ pH ˝ pr0, 1s ˆ σqq‚pdpnq

“ pH ˝ pr0, 1s ˆ σqq‚

˜

i1 ´ i0 ´

n
ÿ

j“1

p´1qjpr0, 1s ˆ δiqpPn´1q

¸

“ g‚σ ´ f‚σ ´

n
ÿ

j“1

p´1qjpr0, 1s ˆ pH ˝ pr0, 1s ˆ σqδiqpPn´1q

“ g‚σ ´ f‚σ ´Hn´1pdσq

so we have our desired chain homotopy. We only need to provide the desired Pn
objects. Now r0, 1s ˆ ∆n is convex, so let v0, . . . , vn be the vertices of t0u ˆ ∆n

and w0, . . . , wn be the vertices of t1u ˆ ∆n. For x0, . . . , xp a sequence of the
vi, wj , we denote by rx0, . . . , xps the p-simplex given by t0, . . . , tp ÞÑ

ř

tixi. Let
Pn “

řn
i“0p´1qirv0, . . . , vi, wi, . . . , wns. Then

dPn “

n
ÿ

i“0

p´1qi

¨

˚

˚

˝

ÿ

jďi

p´1qjrv0, . . . , v̂j , . . . , vi, wi . . . s

`
ÿ

jěi

p´1qj`1rv0, . . . , vi, wi . . . , ŵj , . . . s

˛

‹

‹

‚

“ i1 ´ i0 `
ÿ

jăi

p´1qi`jrv0, . . . , v̂j , . . . , vi, wi . . . s

`
ÿ

jąi

p´1qi`j`1rv0, . . . , vi, wi . . . , ŵj , . . . s

and staring long enough, the latter is what we want and homotopy invariance
follows.
Similarly there are notions of cochain homotopies (exercise: define this) and the
whole argument dualises to give homotopy invariance for cohomology (exercise
if you hate yourself: write this out explicitly)

4.3 Mayer Vietoris and Excision

Let U be a set of subspaces of X indexed by I

Definition 4.2. Let CU
n pXq be the free abelian group of singular simplices

in X which land wholely in some (not-necessarily-unique) Uα P U . This is a
subchaincomplex of C‚pXq with homology HU

‚ pXq

Theorem 4.4. (Small Simplices Theorem) If the interiors of the Uα P U cover
X, then the natural map HU

n pXq Ñ HnpXq is an isomorphism.

Proof. No Proof (see handout)

Proof. (Mayer Vietoris Proof) Let X “ AYB with A,B open in X and set U “

tA,Bu and let CU
‚ pXq “ C‚pA ` Bq. The natural map CipAq ‘ CipBq

jA´jB
ÝÝÝÝÑ

15



C‚pA ` Bq is surjective. Its kernel is px, yq such that jApxq “ jBpyq, ie chains
in A and B, so we get

0 C‚pAXBq CipAq ‘ CipBq C‚pA`Bq 0

so we get a long exact sequence on homology, using that H‚pC‚pA ` Bqq “

HU
‚ pXq – H‚pXq, so we get the Mayer Vietoris sequence

Proof. (Excision proof) Let X Ě A Ě Z with Z̄ Ď A˝. Let B “ X ´ Z. Then
A˝ and B˝ cover. Let U “ tA,Bu so that C‚pA ` Bq “ CU

‚ pXq Ñ C‚pXq is a
homology isomorphism. Consider

0 C‚pAq C‚pA`Bq C‚pA`Bq{C‚pAq 0

0 C‚pAq C‚pXq C‚pX,Aq 0

as the middle and first maps are homology isomorphisms, by the 5-lemma, so
is the last one. Also C‚pB,BXAq “ C‚pBq{C‚pAXBq – C‚pA`Bq{C‚pAq, so
C‚pX ´ Z,A´ Zq “ C‚pB,B XAq – C‚pX,Aq, so we are done.

For a spaceX with basepoint x0, the reduced homology is H̃npXq “ HnpX, tx0uq.
A pair pX,Aq is good if there is an open subset A Ď U such that U deformation
retracts to A.

Theorem 4.5. If pX,Aq is good, then HnpX,Aq Ñ HnpX{A,A{Aq “ H̃npX{Aq

is an isomorphism.

Proof. We have the diagram

HnpX,Aq HnpX,Uq HnpXzA,UzAq

HnpX{A,A{Aq HnpX{A,U{Aq HnppX{AqzpA{Aq, pU{AqzpA{Aqq

The third column map is trivially an isomorphism, the two maps between the
second and third columns are isomorphisms by excision, and the 5-lemma (on
the relative homology exact sequence, as A » U) gives HnpX,Aq – HnpX,Uq.
The deformation retraction of U onto A descends to one of U{A onto A{A, so we
get HnpX{A,A{Aq – HnpX{A,U{Aq similarly, and the result follows as every
map in the diagram is known to be an isomorphism except the one we want.

5 Cell Complexes, Cellular Homology and Co-
efficients

5.1 Identifications and Generators

Sn can show up in two ways, as a subset of Rn`1, or as Dn{BDn. We want
preferred generators un P HnpSnq. We choose u0 “ r1s ´ r´1s P H0pS0q. We
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calculate
0 Ñ H1pD1, S0q

B
ÝÑ H0pS0q Ñ H0pD1q

We know u0 ÞÑ 0, and this corresponds to an element ofH1pD1, S0q – H̃1pD1{S0 “

S1q, which we call u1. In higher degrees, we get 0 Ñ HnpDn, Sn´1q Ñ

Hn´1pSn´1q Ñ 0 from the exact sequence of relative homology, where the sec-
ond term is just H̃npSnq, and we choose un to be the preimage of un´1.
To be explicit, we let u1

1 : ∆
1 Ñ D1 by pt0, t1q ÞÑ 2t0´1. Then ru1

1s P H1pD1, S0q

with boundary u0 so u1 is ∆ Ñ D1 Ñ D1{S0 – S1

5.2 Cell Complexes

Definition 5.1. A cell complex X is a space constructed inductively via

1. X0 is a discrete space

2. Xn is obtained from Xn´1 by choosing a collection of maps tϕα : S
n´1 Ñ

Xnu and setting Xn “
`

Xn´1 \
š

αPAD
n
α

˘

{ „ where x P BDn
α „ ϕαpxq P

Xn´1. The image of Dn
αzBDn

α is called Cα, an open cell. These partition
the space

3. We setX “
Ť

Xn with the topology where A is open if every AXXn Ď Xn

is open

If X “ Xn for some n, we say X is finite dimensional. If also X0 and An are
finite sets for all n, we say X is a finite cell complex. For each open cell eα, we
call Φα : D

n
α ãÑ Xn´1 \

š

αPAD
n
α Ñ Xn Ñ X the characteristic map for eα.

A subcomplex A of X is a subspace which is a union of open cells eα such that
ēα Ď A when eα Ď A.
Xn is the n-skeleton of X

Lemma 5.1. If A Ď X is a subcomplex, then pX,Aq is good (there is a neigh-
bourhood U of A which deformation retracts to A)

Proof. Example sheet 2

Lemma 5.2. Let X be a cell complex.

1. HipX
n, Xn´1q “

#

0 i ‰ n

Z#n-cells i “ n

2. HipX
nq “ 0 for i ą n

3. HipX
nq Ñ HipXq is an isomorphism for n ą i

Proof. 1. As Xn´1 Ď Xn is a subcomplex, HipX
n, Xn´1q – H̃ipXn{Xn´1q,

but Xn{Xn´1 –
Ž

αPAn
Snα (where we identify the basepoints of the Snα

17



and nothing else). Also
Ž

αPAn
Snα “

š

αPAn
Snα{

š

αPAn
t˚u. We get

Hip
š

αPAn
t˚uq Hip

š

αPAn
Snαq Hip

Ž

αPAn
Snαq

#

À

Z i “ 0

0 else

#

À

Z i “ 0, n

0 else

#

À

Z i “ n

0 else

where the first two columns are isomorphic, so we are done by observation.

2. We have

HipX
n´1q HipX

nq HipX
n, Xn´1q Hi´1pXn´1q

so by induction on n, and part (i), the result follows

3. We will do the finite dimensional case, the general case is on example sheet
2. Since X “ Xm, the m case is done. Assume it holds for i ă n ď m, we
have

Hi`1pXn`1, Xnq HipX
nq HipX

n`1q HipX
n`1, Xnq

so by part (i), HipX
nq – HipX

n`1q and we are done by induction.

5.3 Cellular Homology

Definition 5.2. Given a cell complex X, we let Ccelln pXq “ HnpXn, Xn´1q, the
free abelian group on the n-cells of X, with dcelln : Ccelln pXq Ñ Ccelln´1pXq given

by HnpXn, Xn´1q
B

ÝÑ Hn´1pXn´1q
q

ÝÑ Hn´1pXn´1, Xn´2q. We define Hcell
n pXq

to be the homology of this chain complex.

Remark 5.1. This is a cell complex as dcelln´1 ˝ dcelln is given by q ˝ B ˝ q ˝ B, but
B ˝ q “ 0 by the long exact sequence of relative homology, so dcelln´1 ˝ dcelln “ 0

Theorem 5.3. Hcell
n pXq – HnpXq

Proof. We draw (with all isomorphisms from Lemma 5.2)

HnpXn`1, Xnq “ 0

HnpXn´1q “ 0 HnpXn`1q

HnpXnq

Hn`1pXn`1, Xnq HnpXn, Xn´1q Hn´1pXn´1, Xn´2q

Hn´1pXn´1q

Hn´1pXn´2q “ 0

i

qB

dcelln`1 dcelln

B q

18



Now HnpXq – HnpXn`1q – HnpXnq{ im B by exactness at HnpXnq. As
q : HnpXnq Ñ HnpXn, Xn´1q is injective, we can write this as q˚HnpXnq{ impq˚˝

B “ dcelln`1q “ kerpB : HnpXn, Xn´1q Ñ Hn´1pXn´1qq{ impdcelln`1q. Now this is
kerpq˚B “ dcelln q{ impdcelln`1q as q is injective so we are done

This has many immediate applications

Corollary 5.3.1.

1. If X has finitely many n-cells, HnpXq is a finitely generated abelian group
(as it is a subquotient of Ccelln pXq). From this proof, we even get that
HnpXq is generated by at most number-of-n-cells elements.

2. If X has a cell structure with no n-cells then HnpXq “ 0 and Hn´1pXq

is torsion free (as the chain complex looks like 0 Ñ Ccelln´1pXq Ñ . . . , so
Hn´1pXq ď Ccelln´1pXq which is torsion free)

3. If HnpXq ‰ 0 then any cell structure on X has an n-cell

4. If X has a cell structure with only even dimensional cells, then HnpXq –

Ccelln pXq “ Z#n-cells

Proof. Trivial

We can similarly define cellular cohomology with CncellpXq “ HnpXn, Xn´1q

and dncell “ B ˝ q˚. This defines a cochain complex and C‚
cell – HompCcell‚ ,Zq as

cochain complexes.
To use cellular homology to calculate, we need to determine dcelln :

À

αPIn
Zteαu Ñ

À

βPIn´1
Zteβu. This is just a matrix, and we wish to compute the components

dαβ P Z

Lemma 5.4. dαβ is the degree of the map Sn´1
α

ϕα
ÝÝÑ Xn´1 Ñ Xn´1{Xn´2 –

Ž

βPIn´1
Sn´1
β Ñ Sn´1

β

Proof. This diagram commutes

1 1 degpmap given in lemmaq

uαn HnpDn
α, BD

n
αq Hn´1pBDn

αq Hn´1pSn´1
β q dαβu

β
n´1

eα HnpXn, Xn´1q Hn´1pXn´1q Hn´1pXn´1{Xn´2q

Hn´1pXn´1, Xn´2q H̃n´1pXn´1{Xn´2q

ř

dαβeβ

B

pΦαq˚ pϕαq˚

B

dcelln

q˚

q˚

collapse

–

exc

19



Example 5.1. Klein Bottle. The usual pasting diagram gives the cell structure.
K0 “ tvu,K1 “ S1 _ S1,K2 “ K. Therefore Ccell‚ pKq is

0 Ztαu Zta, bu Ztvu 0

where dcell1 paq “ dcell1 pbq “ 0, dcell2 pαq “ 2b so Hcell
0 pKq – Z, Hcell

1 pKq “ Z{2Z‘

Z, Hcell
2 pKq “ 0.

Dually C‚
cell is

0 Ztα˚u Zta˚, b˚u Ztv˚u 0
p0,2q p0,0q

so H0
cellpKq “ Z, H1

cellpKq “ Z, H2
cellpKq “ Z{2Z

Example 5.2. We compute the (co)homology of

RPn “ Sn{tx „ ´xu

“ Dn{tx P BDn „ ´x P BDnu

“ RPn´1 Yϕ D
n

where ϕ : BDn Ñ RPn´1 via the quotient. We conclude that RPn has a cell
structure with one cell in each dimension 0, . . . , n. Let ei be the i-dimensional
cell. How do we calculate the differential? We consider the attaching map

q : BDn ϕ
ÝÑ RPn´1 Ñ RPn´1{RPn´2 “ Sn´1 where ϕ is 2-1. This sends the

upper and lower open hemispheres homeomorphically onto Sn´1zt˚u, and sends
the equator to t˚u. Also the antipodal map interchanges the upper and lower
hemispheres, so

deg q “ 1 ` p´1qn “

#

2 n even

0 n odd

So our chain complex Ccell‚ pRPnq is

0 Zen Zen´1 . . . Ze2 Ze1 Ze02 or 0 2 or 0 0 2 0

so

HipRPnq “

$

’

’

’

&

’

’

’

%

Z i “ 0

Z{2Z i odd, 0 ă i ă n

Z i “ n odd

0 otherwise

and C‚
cellpRPnq is

0 Zen Zen´1 . . . Ze2 Ze1 Ze02 or 0 2 or 0 0 2 0

and so

HipRPnq “

$

’

’

’

&

’

’

’

%

Z i “ 0

Z{2Z i even, 0 ă i ď n

Z i “ n odd

0 otherwise

20



Example 5.3. Let ϕ : Sn´1 Ñ X and Y “ X Yϕ D
n. Then H‚pY,Xq is

isomorphic to

H̃‚pY {X “ Snq “

#

Z i “ n

0 i ‰ n

by excision, so we get a long exact sequence

0 HnpXq HnpY q Z Hn´1pXq Hn´1pY q 0

1 ϕ˚pun´1q

B

and in each of the cases ϕ˚pun´1q is 0, has finite order, has infinite order, we
can see the effect on homology

5.4 (Co)Homology with Coefficients

For an abelian group A, let C‚pX;Aq “ C‚pXq bZ A with differential d b

1A, and we denote HipX;Aq “ HipC‚pX;Aqq. We also define Hcell
i pX;Aq “

HipC
cell
‚ pXq bZ Aq (and this is isomorphic to HipX;Aq. Similarly we can de-

fine C‚pX,Aq “ HomZpC‚pXq, Aq to get a cochain complex with cohomology
HipX;Aq and we can similarly define the cellular version. We will mainly take
A “ Z{nZ,Q.

Example 5.4. In Ccell‚ pRPnq all differentials are 0, 2 so tensoring by Z{2Z these
are all 0, so HipRPn;Z{2Zq “ Z{2Z in all degrees 0 ď i ď n and the cohomology
is the same. On the other hand, 2 : Q Ñ Q is an isomorphism, so

HipRPn;Qq “

#

Q i “ 0 or i “ n odd

0 otherwise

5.5 Euler Characteristic

If X is a finite cell complex, then χpXq “
ř8

i“0p´1qi#i-cells of X is the Euler
characteristic of X. Let χZpXq “

ř8

i“0p´1qi rankHipXq and generally for any
field we can define χFpXq “

ř8

i“0p´1qi dimFHipX;Fq

Theorem 5.5. χ “ χZ “ χF

Proof. Let Ci “ Ccelli pXq, Zi “ ker d and Bi “ im d. Then there are exact
sequences

0 Zi Ci Bi´1 0

and
0 Bi Zi HipXq 0
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so rankHipXq “ rankpZiq ´ rankpBiq, so

χZpXq “

8
ÿ

i“0

p´1qiprankZi ´ rankBiq

“

8
ÿ

i“´1

p´1qiprankZi ´ prankCi`1 ´ rankZi`1qq

“

8
ÿ

i“´1

p´1qi`1prankCi`1q

“ χpXq

and the same proof works for F.

Remark 5.2. By the same proof, χpXq “
ř8

i“0p´1qiHipXq

Example 5.5. 1. χp˚q “ 1

2. χpSnq “ 1 ` p´1qn

3. χpCPnq “ n` 1

4. χpΣgq “ 2 ´ 2g

5. χpRPnq “

#

0 n odd

1 n even

6 The Cup Product and the Universal Coeffi-
cient Theorem

6.1 The Cup Product

Definition 6.1. Let R be a ring, and suppose ϕ P CkpX;Rq, ψ P ClpX;Rq.
Then we define their cup product, ϕ ! ψ P Ck`lpX;Rq is defined by

pϕ ! ψqpσ : ∆k`l Ñ Xq “ ϕpσ|re0,...,eksqψpσ|rek,...,ek`lsq P R

where σ|rx0,...,xis is σ restricted to its first i` 1 coordinates, and e0, . . . , ek`1 P

∆k`l are the vertices in standard order

Lemma 6.1. dpϕ ! ψq “ pdϕq ! ψ ` p´1qdeg ϕϕ ! pdψq

Proof. We compute:

ppdϕq ! ψqpσq “ pdϕqpσ|re0,...,ek`1sqψpσ|rek`1,...,ek`l`1sq

“ ϕ

˜

k`1
ÿ

i“0

p´1qiσre0...êi...ek`1s

¸

ψpσ|rek`1,...,ek`l`1sq
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pϕ ! pdψqqpσq “ pdϕqpσ|re0,...,eksqψpσ|rek,...,ek`l`1sq

“ ϕ
`

σre0...eks

˘

ψ

˜

l`k`1
ÿ

i“k

p´1qi´kσ|rek,...êi,...ek`l`1s

¸

Adding these together, the i “ k ` 1 term of the first expansion cancels with
the i “ k term of the second. The rest is

pdpϕ ! ψqqpσq “ pϕ ! ψq

l`k`1
ÿ

i“0

p´1qiσ|re0,...,êi,...,el`k`1s

so we are done

Corollary 6.1.1. There is a well defined map ¨ ! ¨ : HkpX;Rq ˆH lpX;Rq Ñ

Hk`lpX;Rq by prϕs, rψsq ÞÑ rϕ ! ψs

Proof. If ϕ, ψ are cocyles, then dpϕ ! ψq “ pdϕq ! ψ` p´1qkϕ ! pdψq “ 0, so
ϕ ! ψ represents a cohomology class.
To prove it is well defined, if ϕ “ ϕ1 ` dχ, then

ϕ ! ψ “ ϕ1 ! ψ ` pdχq ! ψ

“ ϕ1 ! ψ ` dpχ ! ψq ˘ χ ! pdψq

“ ϕ1 ! ψ ` dpχ ! ψq

so we are done as they differ by a boundary

Remark 6.1.

1. The class 1 P C0pX;Rq which sends every 0-simplex to 1 P R is a two
sided identity for the cup product

2. The cup product is associative on cochains, and hence on cohomology

3. If f : X Ñ Y is a map and ϕ, ψ P C‚pY ;Rq, then f˚pϕ ! ψq “ f˚ϕ ! f˚ψ
by observation, and so f˚ : H˚pY,Rq Ñ H˚pX;Rq is a ring homomor-
phism

4. For spaces X,Y with projections πX , πY from their product, the cross
product is ¨ ˆ ¨ : HkpX;Rq ˆ H lpY ;Rq Ñ Hk`lpX ˆ Y ;Rq by pa, bq ÞÑ

π˚
Xa ! π˚

Y b. Conversely, using ∆: X Ñ X ˆ X by x ÞÑ px, xq, we can
define the cup product in terms of the cross product by

HkpX;Rq ˆH lpX;Rq
ˆ

ÝÑ Hk`lpX ˆX;Rq
∆˚

ÝÝÑ Hk`lpX;Rq

5. The cup product is bilinear

Proposition 6.1. If R is commutative, the cup product satisfies

rϕ ! ψs “ p´1qdeg ϕ degψrψ ! ϕs

(Note that this is not true on cochains)
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Proof. Let ρ : CnpXq Ñ CnpXq be given by σ ÞÑ p´1qnpn`1q{2σ|ren...e0s “

εnσ|ren...e0s, where εn is the sign of the permutation reversing the n ` 1 ver-
tices.
We claim that ρ‚ is a chain map which is chain homotopic to the identity.
If we assume this claim, then

pρ˚ϕ ! ρ˚ψqpσq “ ϕ
`

εkσ|rek...e0s

˘

ψ
`

εlσ|rek`l...eks

˘

pρ˚pψ ! ϕqqpσq “ εk`lψpσ|rek`l,...,eksqϕpσ|rek,...,e0sq

so εkεlpρ
˚ϕ ! ρ˚ψq “ εk`lpρ

˚pψ ! ϕqq. Observing that εk`l “ p´1qklεkεl, we
have ρ˚ϕ ! ρ˚ψ “ p´1qklρ˚pψ ! ϕq. As ρ‚ is chain homotopic to the identity,
ρ˚ acts as the identity on cohomology, so

rϕs ! rψs “ rρ˚ϕs ! rρ˚ψs

“ rρ˚ϕ ! ρ˚ψs

“ p´1qklrρ˚pψ ! ϕqs

“ p´1qklrψ ! ϕs

“ p´1qklrψs ! rϕs

Now to prove the claim.
We compute

dρpσq “ εn

n
ÿ

i“0

p´1qiσ|rvn...v̂n´i...v0s

ρpdσq “ ρ

˜

n
ÿ

i“0

p´1qiσ|rv0...v̂i...vns

¸

“ εn´1

n
ÿ

i“0

p´1qiσ|rvn...v̂i...v0s

“ εn´1

n
ÿ

i“0

p´1qn´iσ|rvn...v̂n´i...v0s

“ εn

n
ÿ

i“0

p´1qiσ|rvn...v̂n´i...v0s

so ρ‚ is a chain map.
To construct the chain homotopy, we consider prism-like elements

Pn “
ÿ

i

p´1qiεn´irv0 . . . vi, wn . . . wis P Cn`1pr0, 1s ˆ ∆nq

. We let π : r0, 1s ˆ ∆n Ñ ∆n be the projection. We define Fn : CnpXq Ñ
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Cn`1pXq by σ ÞÑ pσ ˝ πq‚pPnq. We compute

dF pσq “ pσ ˝ πq‚pdPnq

“ pσ ˝ πq‚p
ÿ

i

ÿ

jďi

p´1qjp´1qiεn´irv0 . . . v̂j . . . vi, wi . . . wns

`
ÿ

jěi

p´1qn`i`1´jp´1qiεn´irv0 . . . vi, wi . . . wj . . . wnsq

The terms with j “ i cancel, leaving pσ ˝ πq‚pεnrwn . . . w0s ´ rv0 . . . vnsq “

ρpσq´σ and the remaining terms with j ‰ i give ´F pdσq, so dF`Fd “ ρ´id

Remark 6.2. There is also a relative cup product,

HkpX,A;Rq bH lpX;Rq Ñ Hk`lpX,A;Rq

given by the usual formula on cochains, because ϕ P CkpX,A;Rq is exactly
a ϕ : CkpXq Ñ R that vanishes on chains in A, but then the cup product of
this with any cochain in X vanishes on chains in A. Via q˚ : H˚pX,A;Rq Ñ

H˚pX;Rq we get a cup product on relative cohomology proper, but the first
map is stronger. It says H˚pX,A;Rq is a right H˚pX;Rq-module

Example 6.1. Suppose X has

i 0 1 2 3 4 5 6

HipX;Zq Zt1u 0 0 Ztxu 0 0 Ztyu

Then x ! x “ Ay for some A P Z. But x ! x “ p´1q3¨3x ! x “ ´px ! xq, so
A “ 0 and x ! x “ 0.

Theorem 6.2. (Künneth) Let R be a commutative ring and let Y be a space
such that every HipY ;Rq are free R-modules. Then the cross product map

À

i`j“nH
ipX;Rq bHjpY ;Rq HnpX ˆ Y ;Rq

ˆ

is an isomorphism for every finite cell complex X.

Proof. We proceed by induction on the number of cells of X, and the dimen-
sion of X. The map is an isomorphism for X “ t˚u. If X “ X 1 Yf D

n for
f : Sn´1 Ñ X 1, let Fnp¨q “

ř

i`j“nH
ip¨;Rq bR HjpY ;Rq and similarly for

pairs. We get

. . . FnpXq FnpX 1q Fn`1pX,X 1q Fn`1pXq Fn`1pX 1q . . .

. . . HnpX ˆ Y ;Rq HnpX 1 ˆ Y ;Rq HnpX ˆ Y,X 1 ˆ Y ;Rq Hn`1pX ˆ Y ;Rq Hn`1pX 1 ˆ Y ;Rq . . .

which has exact rows as H˚pY ;Rq is flat and the bottom row is just the exact se-
quence of relative cohomology, and every vertical map is the cross product. Ev-
ery square commutes (most are trivial, the second is an exercise). By induction,
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we may assume the second and final vertical maps are isomorphisms, so by the
5-lemma it suffices to show that the middle vertical map is an isomorphism. Now
F˚pDn, BDnq – F˚pX,X 1q Ñ H˚pXˆY,X 1ˆY ;Rq – H˚pDnˆY, BDnˆY ;Rq,
by excision on the left and right, as we have a good pair on both sides. We look
at the map of long exact sequences as above for X “ Dn, X 1 “ BDn. The left-
most map is an isomorphism by homotopy invariance, and the case of a point,
and the second map is an isomorphism by induction on dimension, so the middle
map is an isomorphism as required.

Remark 6.3. The full Künneth theorem drops the requirement of freeness, and
tells us that the cokernel is a certain Tor module.

Remark 6.4.

1. It is convenient to write H˚pX;Rq b H˚pY ;Rq for the graded R-module
which in degree n is

À

i`j“nH
ipX;Rq bHjpY ;Rq, and then the theorem

is that the cross product from H˚pX;Rq bH˚pY ;Rq to H˚pX ˆ Y ;Rq is
an isomorphism of graded commutative rings

2. If R is a field, all R modules are free, so the Künneth theorem always
applies.

Example 6.2. If we take coefficients in a field F, then HipY ;Fq is always free
so we get

H˚pX ˆ Y ;Fq – H˚pX;Fq bF H
˚pY ;Fq

as graded commutative rings

Example 6.3. We know

H˚pS1,Zq “

$

’

&

’

%

Zt1u ˚ “ 0

Ztxu ˚ “ 1

0 otherwise

and 1 ! x “ x, x ! x “ 0, so H˚pS1,Zq “ Zrxs{px2q “ Λrxs. These
are free Z-modules, so H˚pTn,Zq “ H˚pS1,Zqbn “ Λrx1, . . . , xns which is
Zxx1, . . . , xny{px2i , xixj ` xjxiq where xi “ π˚

i pxq

Example 6.4. Any f : Sn Ñ Tn for n ě 2 has f˚ : HnpTn,Zq “ Z Ñ

HnpSn,Zq be zero where the generator of the former is x1x2 . . . xn, but the
image of this is a cup product of n elements in H1pSnq, which must therefore
be 0.

6.2 Universal Coefficient Theorem

Theorem 6.3. (Universal Coefficient Theorem) Let R be a PID and M be an
R-module. Then there is a natural map

H˚pX;Rq bRM Ñ H˚pX;Mq

which is an isomorphism if H˚pX;Rq are all free
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Proof. We write Cn “ CnpX;Rq and Zn Ď Cn for the cycles, and Bn for the
boundaries. We have a short exact sequence

0 Zn Cn Bn´1 0

which gives a short exact sequence of chain complexes

0 pZ‚, 0q pC‚, dq pB‚´1, 0q 0

As R is a PID, Bn´1 Ď Cn is free, so there is a splitting s : Bn´1 Ñ Cn of the
first sequence, so the first sequence is isomorphic to

0 Zn Zn ‘Bn´1 Bn´1 0

As the tensor product preserves direct sums, tensoring with M preserves this
exact sequence, so we get a short exact sequence

0 pZ‚ bRM, 0q pC‚ bRM,dq pB‚´1 bRM, 0q 0

The associated long exact sequence on homology is

. . . Bn bRM Zn bRM HnpX;Mq

Bn´1 bRM Zn´1 bRM . . .

B

B

We compute that B is just the inclusion. We also have a short exact sequence

0 Bn Zn HnpX;Rq 0

which splits by the freeness of the homology. This remains exact on tensoring
with M ,

0 Bn bRM Zn bRM HnpX;Rq bRM 0

The first map is the same as B, and so comparing the sequences the result
follows.

Theorem 6.4. (Universal Coefficient Theorem for Cohomology) Let R be a
PID and M be an R-module. Then there is a natural map

H˚pX;Mq Ñ HompH˚pX;Rq,Mq

which is an isomorphism if H˚pX;Rq are all free

Proof. Same form of argument, using

CnpX;Mq “ HompCn,Mq “ HomRpCnpX;Rq,Mq

(hom-tensor adjunction)
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7 Vector bundles

Definition 7.1. A vector bundle of dimension d on X is a map π : E Ñ X, with
the structure of a real d-dimensional vector space on each fibre ex “ π´1pxq,
subject to the local triviality condition: Every x P X has a neighbourhood
U Ď X such that there is a homeomorphism ϕ : π´1pUq Ñ Rd ˆ U such that

π´1pUq U ˆ Rd

U

ϕ

π πU

commutes and is a linear isomorphism on each fibre

Remark 7.1. We can do the same for C vector bundles

Definition 7.2. A section of a vector bundle π : E Ñ X is a map s : X Ñ E
such that π ˝s “ 1X , ie continuously choosing some spxq P Ex. The zero section
is s0 : X Ñ E given by s0pxq “ 0x P Ex

Remark 7.2. Some operations on vector bundles:

1. If π : E Ñ X is a vector bundle and f : Y Ñ X is a map, then f˚E “

tpy, eq P Y ˆ E | fpyq “ πpequ Ñ Y via py, eq ÞÑ y is a vector bundle with
pf˚Eqy “ Efpyq as vector spaces. This is the pullback of π : E Ñ X along
f .

2. If π : E Ñ X and p : F Ñ X are vector bundles, then E ‘ F “ tpe, fq P

EˆF | πpeq “ ppfqu Ñ X via pe, fq ÞÑ πpeq “ ppfq. This has pE‘F qx “

Ex‘Fx as vector spaces. This is called the Whitney sum of vector bundles

3. Similarly, we can define a tensor product, using common local trivialisa-
tions to give the topology.

4. If π : E Ñ X is a vector bundle and F Ď E is a subspace such that for
each x P X, there is a neighbourhood U and a homeomorphism ϕ : E|U Ñ

U ˆ Rd over U taking F |U to U ˆ Rk. In this case, f is a subbundle of E.

5. We can form E{F Ñ X fibrewise and glue to get a quotient vector bundle.

Example 7.1.

1. Let X “ GrkpRnq, the set of k-dimensional subspaces. We topologise this
as a quotient of GLnpRq Ñ GrkpRnq by action on Rk. We let E “ tpV, vq P

X ˆ Rn | v P V u
π

ÝÑ X “ GrkpRnq. Then π´1ptV uq “ V is a vector space
of dimension k. We write E “ γRk,n. To prove local triviality, we have x¨, ¨y

on Rn. For V P GrkpRnq, let U “ tW P GrkpRnq | W X V K “ 0u, an
open neighbourhood of V . Let ϕ : E|U Ñ U ˆ V be defined by pW,wq ÞÑ

pW,πV pwqq where πV is the orthogonal projection onto V . If W P U then

W ãÑ Rn πV
ÝÝÑ V is an isomorphism, as they have the same dimension,

and the map is linear with kernel W X V K “ 0, so ϕ is a bijection, which
is a homeomorphism.
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2. We can similarly make a complex Grassmanian, in particular γR1,n`1 Ñ

Gr1pRn`1q “ RPn, and γC1,n`1 Ñ Gr1pCn`1q “ CPn

3. If X is a smooth manifold, TX is a vector bundle. If Y k Ď Xn is a
submanifold, then TY Ď i˚TX is a subbundle. The normal bundle of Y
in X is νYĎX “ i˚TX{TY Ñ Y ., and also

Theorem 7.1. (Tubular Neighbourhood Theorem) If Y k Ď Xn is a subman-
ifold, there is an open neighbourhood Y Ď UY in X and a homeomorphism
νYĎX Ñ UY and the zero section corresponds to Y

Proof. No Proof

Proposition 7.1. If X is compact Hausdorff and tUαu is an open cover then
there are functions λα : X Ñ Rě0 with

1. suppλα Ď Uα

2. Each point has a neighbourhood which intersects finitely many of the sup-
ports

3.
ř

λαpxq “ 1 for all x P X

Proof. No Proof

Lemma 7.2. Let π : E Ñ X be a vector bundle on a compact Hausdorff space
X.

1. E admits a continuously varying inner product.

2. There is another vector bundle F
p

ÝÑ X such that E ‘ F “ X ˆ RN

Proof. Let tUαu be a trivialising cover for π : E Ñ X and ϕα be the trivial-
isation. Under this homeomorphism, the inner product on Rn gives an inner
product on each fibre. Let tλαu be a partition of unity subordinate to tUαu

and define xv, wy “
ř

λαpπpvqqxv, wyα for v, w in the same fibre (note that any
undefined terms are annihilated by λα). Axiom 2 of partitions of unity show
this is continuous, and it is positive definite and symmetric as it is a positive
linear combination of inner products.
For the second part it suffices to show that E is a subbundle of some X ˆ RN ,
then take F “ EK (this is a vector bundle by ES3). Let tUαu be a finite trivi-
alising cover of size n. Let fα : E|Uα

Ñ Uα ˆ Rd Ñ Rd giving f : E Ñ X ˆ Rnd
by v ÞÑ pπpvq,

ř

λαpπpvqqfαpvqq. This is a linear injection on each fibre and one
checks this is a subbundle

Example 7.2. Let U “ r0, 1s ˆ R{tp1, xq „ p0,´xqu. This has a map to S1

by projection onto the first coordinate. This is locally trivial (remove any point
from the circle). Suppose there was an isomorphism U Ñ S1 ˆ R over S1 as
vector bundles. The bundle S1 ˆ R has a nowhere zero section t ÞÑ pt, 1q. This
must map to a nowhere-zero section of U . By IVT we get a contradiction, as
this corresponds to a nowhere-zero function from r0, 1s Ñ R with fp1q “ ´fp0q.
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7.1 Orientations and the Thom Isomorphism

Let R be a commutative ring, and π : E Ñ B be a vector bundle. E# is
Ezs0pBq the subspace of non-zero vectors. If π has d-dimensional fibres, then

HipEx, E
#
x ;Rq –

#

0 i ‰ d

Z i “ d
as Ex – Rd

Definition 7.3. A local orientation for E at x P B is a choice εx P HdpEx, E
#
x ;Rq

of R-module generator. An R-orientation of E is a choice of local orientation
tεxuxPB at each point such that for each x P B there is a neighbourhood U such
that for any y P U , under the linear isomorphisms

Ex

E|U U ˆ Rd Rd

Ey

ϕ π

εx, εy correspond to the same element of HdpRd,Rdzt0u;Rq

Lemma 7.3.

1. If R “ F2, then all bundles are F2-oriented

2. If tUαuαPI is a trivialising cover of π : E Ñ B and for each α, β P I the

homomorphism UαXUβˆRd ϕα
ÝÝÑ E|UαXUβ

ϕβ
ÝÝÑ UαXUβˆRd is orientation

preserving on each fibre in the sense of linear algebra, then π : E Ñ B has
an R-orientation for any ring R

Proof.

1. There is only one possible choice of generator for F2.

2. Let u P HdpRd,Rdzt0u;Rq be a generator and for x P Ux Ď B choose εx

to correspond to u under Ex ãÑ E|Uα

ϕα
ÝÝÑ Uα ˆ Rd Ñ Rd. The collection

tεxuxPB is compatible as if x P Uβ , then the analogue of the above iso-
morphism using ϕβ differs by postcomposition with a linear isomorphism
Rd Ñ Rd in GL`

d pRq. Scaling gives a deformation retraction of GL`
d pRq to

SLdpRq, and this group is path-connected, so the isomorphism is isotopic
to the identity, and so it induces the identity on Hd, so we would get the
same εx using ϕβ , but then as all the y P Uα are compatible with each
other and with every other element of the open cover they lie in, we are
done.
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7.2 Thom isomorphism theorem

Theorem 7.4. (Thom isomorphism theorem) Let π : E Ñ B be a d-dimensional
vector bundle, tεxuxPB an R-orientation. Then

1. HipE,E#;Rq “ 0 for i ă d

2. There is a unique uE P HdpE,E#;Rq restricting to εx on each fibre

3. Φ: HipB;Rq
π˚

ÝÝÑ HipE;Rq
¨!uE

ÝÝÝÝÑ Hi`dpE,E#;Rq is an isomorphism

Proof. Suppose for simplicity that there is a finite trivialising cover tUαu for
π : E Ñ B. We proceed by induction on the size of the cover. If the cover has
size 1, then a relative form of the Künneth gives

HipUα;Rq bR H
dpRd,Rdzt0u;Rq Ñ H˚pUα ˆ Rd, Uα ˆ pRdzt0uq;Rq

is an isomorphism so using ϕα, we can get H˚pE|Uα
, E|

#
Uα

;Rq and we can take
uE |Uα

to be the class corresponding to 1 b ud, we get exactly part (iii), which

implies (i), and uniqueness is clear as HdpE|Uα , E|
#
Uα

;Rq – H0pU ;Rq b Rtudu

and 1 P H0pUα;Rq is the unique class restricting to 1 P H0ptxu;Rq for all
x P Uα
For the inductive step, let U, V Ď B and suppose the three claims hold for
E|U , E|V . Then (a relative version of) M-V gives

. . . Hd´1pE|UXV , E|
#
UXV ;Rq HdpE|UYV , E|

#
UYV ;Rq

HdpE|U , E|
#
U ;Rq ‘HdpE|V , E|

#
V ;Rq HdpE|UXV , E|

#
UXV ;Rq . . .

For part (i), the portion in degree ă d shows that HdpE|UYV , E|
#
UYV ;Rq “ 0

for i ă d. For part (ii), pj˚
U ´ j˚

V qpuE |U ´ uE |V q “ 0 by uniqueness on the
intersection. As the first shown term is 0, by exactness there is unique uE |UYV

which maps to uE |U , uE |V . For (iii) consider the map of exact sequences given
by Φ, α ÞÑ π˚α ! uE . It follows from the 5 lemma that it is an isomorphism
on the U Y V term, so we are done.

Remark 7.3. Use transfinite induction for infinite cover (consider the collection
of subspaces for which it’s true for U and all its subspaces - this set is non-empty
closed under union, then Zorn)

Remark 7.4. Why does the square in the long exact sequence involving B

commute?
If ψ is a cocyle, then CipX;Rq Ñ Ci`jpX;Rq cupping on the right with ψ is a
cochain map (as the ˘ term vanishes).
Using this, the MV sequence becomes a module of right H˚pU YV ;Rq modules,
via restriction of scalars, and similarly for the LES for X,Aq

Definition 7.4. We call uE the Thom class of π : E Ñ B, and its image under

HdpE,E#;Rq
q˚

ÝÝÑ HdpE;Rq
s˚
0

ÝÑ HdpB;Rq is epEq P HdpB;Rq, called the Euler
class
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Remark 7.5. If f : A Ñ B is a map, then we have f˚E
π1

ÝÑ A and f̂ : f˚E Ñ E.
This gives isomorphisms pf˚Eqx Ñ Efpxq, and so we can pull back an orientation
on E to an orientation on f˚E. Doing so, we get f˚puEq “ uf˚E by uniqueness.
We deduce that epf˚Eq “ f˚pepEqq.

Theorem 7.5. If there is a section s : B Ñ E which is nowhere-zero, then
epEq “ 0.

Proof. Note s : B Ñ E# Ď E. We look at the long exact sequence for the pair
pE,E#q. This commutes, so epEq “ 0

. . . HdpE,E#;Rq HdpE;Rq HdpE#;Rq . . .

uE 0

HdpB;Rq

epEq

s˚
0 “s˚

s˚

0

Corollary 7.5.1. If epEq ‰ 0 P HdpB;Rq, then any section s : B Ñ E must be
0 somewhere.

Proof. Trivial

Lemma 7.6. If d is odd, then 2epEq “ 0

Proof. There is a bundle isomorphism E Ñ E given by ϕ : v ÞÑ ´v. Then
ϕ˚puEq “ ´uE as ϕ does d reflections on each fibre and d is odd, applying s˚

0

gives epEq “ ´epEq, so the result follows.

7.3 Gysin Sequence

Let π : E Ñ B be an R-oriented vector bundle with d-dimensional fibres. Choose
an inner product on it, supposing B is compact Hausdorff and set SpEq “ te P

E | pe, eq “ 1u
p

ÝÑ B (with p via e ÞÑ πpeq. Now SpEq Ñ E# is a homotopy
equivalence by the usual argument. The long exact sequence for pE,E#q is
(omitting the notation for the coefficients, which are in R)

Hi`dpE,E#q Hi`dpEq Hi`dpE#q Hi`d`1pE,E#q

HipBq Hi`dpBq Hi`dpSpEqq Hi`1pBq

q˚
i˚

s˚
0

B

j˚Φ

¨!epEq

π˚

p˚ p!

Φ
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where the vertical maps are isomorphisms, where we are defining p!, we call it
the Gysin map, and the whole bottom row is the Gysin sequence for π : E Ñ B.
This is a sequence of H˚pBq-modules.

Example 7.3. Let L “ γC1,n`1 Ñ CPn be the tautological bundle. By defini-
tion, this is a subbundle of CPn ˆ Cn`1, so it has a canonical Hermitian inner
product, and

SpLq “ tpV, vq P CPn`1 ˆ Cn`1 | v P V, ||v|| “ 1u

and the map sending pV, vq Ñ v gives a homeomorphism to S2n`1, so the Gysin
sequence is, with y “ epLq,

¨ ¨ ¨ Ñ Hi`1pS2n`1q Ñ HipCPnq Ñ Hi`2pCPnq Ñ HipS2n`1q Ñ . . .

so for 0 ă i ` 1 ă 2n ` 1, the cup product with y is injective, and for 0 ă

i ` 2 ă 2n ` 1 it is surjective, and so ¨ ! y : HipCPnq Ñ Hi`2pCPnq is an
isomorphism for i ď 2n ´ 2, and so H2ipCPnq – Ztyiu for i ď 2n, and then we
must have yn`1 “ 0 as the ring it lands in is 0. So H˚pCPn;Zq “ Zrys{pyn`1q,
and y “ epLq.(We used that C-vector bundles are Z-oriented.
Similarly, H˚pRPn;Z{2Zq “ pZ{2Zqrxs{pxn`1q as any vector bundle is Z{2Z-
orientable, where x has degree 1.

8 Poincaré Duality

We aim to prove that, for a d-dimensional compactR-oriented manifold,HipM ;Rq –

Hd´ipM ;Rq (orientation isn’t defined for manifolds yet, but we will define it).
To do this, we define compactly supported cohomology, which will be equivalent
to cohomology for compact manifolds, so that we can induct on the size of an
open cover.

8.1 Compactly-Supported Cohomology

Definition 8.1. If ϕ P CnpXq, we say it has support in S Ď X if ϕpσq “ 0 for
all σ : ∆n Ñ XzS.

Remark 8.1. If ϕ is supported in S, then so is dϕ.

Definition 8.2. Let C‚
c pXq Ď C‚pXq be the chain complex of those ϕ supported

in some compact set.

Remark 8.2. If ϕ is supported in K and ψ is supported in L, then ϕ ` ψ is
supported in K Y L.
An equivalent view is that C‚

c pXq “
Ť

K compact C
‚pX,XzKq Ď C‚pXq.

Definition 8.3. We call H˚
c pXq “ H˚pC‚

c pXqq the compactly supported coho-
mology of X.
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Definition 8.4. A directed set is a partially ordered set pI,ďq such that for all
a, b P I there is c P I with a, b ď c. A direct system of abelian groups is a set of
abelian groups tGauaPI and homomorphisms ρab : Ga Ñ Gb for a ď b such that
ρaa “ 1Ga

and ρac “ ρbc ˝ ρab for a ď b ď c
The direct limit of a direct system is

lim
ÝÑ
I

Ga “
à

aPI

Ga{xx´ ρabpxq | x P Ga, b ě ay

Remark 8.3. If J Ď I is cofinal (ie if a P I, there is b P J with a ď b) then
lim
ÝÑJ

Ga – lim
ÝÑI

Ga

Remark 8.4. Any element can be represented in a single Ga by pushing to
an upper bound, and elements x, y P Ga are equal in the direct limit if there is
some b ě a such that in Gb, x and y become equal. Using this, one can prove
that taking limits of directed systems is exact

Remark 8.5. For any space X, pKpXq,Ďq, the set of compact subsets of X, is
a directed set, and K ÞÑ CnpX,XzKq, K ÞÑ HnpX,XzKq are directed systems

Lemma 8.1.
Hn
c pXq – lim

ÝÑ
KpXq

HnpX,XzKq

Proof. C‚
c pXq “ lim

ÝÑKpXq
C‚pX,XzKq, and taking homology/cohomology com-

mutes with direct limits (on example sheet)

Lemma 8.2. H˚
c pRnq “

#

Z ˚ “ n

0 else

Proof. A compact K Ď Rn is contained in some BN “ BRp0, Nq, so

H˚
c pRnq “ lim

ÝÑ
KpXq

H˚pRn,RnzKq – lim
ÝÑ
nPN

H˚pRn,RnzBnq

but
HipRn,RnzBnq HipRn,RnzBn`1q

H̃i´1pRnzBnq H̃i´1pRnzBn`1q

B B

commutes, and every map except the vertical one is an isomorphism (as H̃˚pRnq

vanishes, and the bottom map is induced by a homotopy equivalence), so the
direct system is only isomorphisms, so H˚pRn,Rnzt0uq – Hi

cpRnq, and we’ve
computed the former to be what we desire.

Remark 8.6. Compactly supported cohomology is not homotopy invariant, see
the above example, and compute the result for a point in your head. In fact a
general map f : X Ñ Y does not even induce a map on compactly supported
cohomology (but it does work for proper maps - we need the preimage of compact
sets to be compact. Homotopy invariance does hold if everything in sight (both
maps, and the homotopy between them) are proper).
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Remark 8.7. If U Ď X is open and ϕ is a compactly supported cochain on U
with support in K Ď U , then excision gives an isomorphism HnpX,XzKq Ñ

HnpU,UzKq (with some niceness conditions like Hausdorff), so we get a map

Hn
c pUq “ lim

ÝÑ
KpUq

HnpU,UzKq

– lim
ÝÑ
KpUq

HnpX,XzKq

Ñ lim
ÝÑ
KpXq

HnpX,XzKq

“ Hn
c pXq

This is called extension by 0.

Example 8.1. If U Ď Rn is an open ball, then i˚ : H˚
c pUq – H˚

c pRnq

Remark 8.8. For K Ď X we write HnpX | Kq for HnpX,XzKq. By excision
this only depends on a neighbourhood of K. We call this the local cohomology
of K in X.

Proposition 8.1. Suppose K,L Ď X are compact subsets of a Hausdorff space.
Then there is a Mayer-Vietoris sequence

. . . HnpX | K X Lq HnpX | Kq ‘HnpX | Lq

HnpX | K Y Lq Hn`1pX | K X Lq . . .

pi,´jq

i`j

Proof. Cover XzpK X Lq by U “ tXzL,XzKu. We get

0 0 0

0 HompC‚pXq{CU
‚ pXzpK X Lqq,Zq C‚pX,XzKq ‘ C‚pX,XzLq C‚pX,XzpK Y Lqq 0

0 C‚pXq C‚pXq ‘ C‚pXq C‚pXq 0

0 HompCU
‚ pXzpK X Lqq,Zq C‚pXzKq ‘ C‚pXzLq C‚pXzpK Y Lqq 0

0 0 0

pi,´jq i`j

This commutes, and the columns are short exact. The middle and bottom
are short exact by the proof of usual MV. A diagram chase implies the top
row is short exact. The left column and the fact that C‚pXzpK X Lqq Ñ

HompCU
‚ pXzpK X Lqq,Zq is an isomorphisms on H˚, and the 5-lemma implies

that C‚pX,XzpK X Lqq Ñ HompC‚pXq{CU
‚ pXzpK X Lqq,Zq is an isomorphism

on H˚ too, so the long exact sequence for the top row is the claimed M-V
sequence.
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Corollary 8.2.1. Let X be a manifold covered by open sets A,B. Then there
is a Mayer-Vietoris sequence for compactly supported cohomology using A,B

Proof. For K Ď A,L Ď B compact, using that

H˚pX | Kq – H˚pA | Kq

H˚pX | Lq – H˚pB | Lq

H˚pX | K X Lq – H˚pAXB | K X Lq

by excision, the LES from the above proposition gives

. . . HnpAXB | K X Lq HnpA | Kq ‘HnpB | Lq

HnpX | K Y Lq Hn`1pAXB | K X Lq . . .

pi,´jq

i`j

Taking direct limits over pK,Lq P KpAq ˆ KpBq we get the desired sequence,
as taking direct limits is exact.

8.2 (Co)homology of Manifolds

Definition 8.5. If M is a d-dimensional manifold and x P M , then the local
homology is HipM | x;Rq “ HipM,Mztxu;Rq – HipRd,Rdztxu;Rq. A local
R-orientation of M at x is an R-module generator εx P HdpM | x;Rq. An
R-orientation of M is a collection of local orientations tεx | x P Mu such that
if ϕ : Rd Ñ U Ď M and p, q P Dd Ď Rd, then εϕppq, εϕpqq correspond under the
isomorphisms

HdpM | ϕppq;Rq – HdpRd | p;Rq

– HdpRd | Dd;Rq

– HdpRd | q;Rq

– HdpM | ϕppq;Rq

ie there is some εϕpDdq restricting to εϕppq, εϕpqq

Lemma 8.3. 1. For R “ F2, every manifold is F2-oriented

2. If tϕα : Rd Ñ Uα Ď Mu is a cover such that for each x P Uα X Uβ, the
isomorphism

HdpRd | 0q HdpRd | ϕ´1
α pxqq HdpUα | xq HdpM | xq

HdpRd | 0q HdpRd | ϕ´1
β pxqq HdpUβ | xq HdpM | xq

is the identity (every map shown is an isomorphism), thenM is Z-orientable
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Proof. 1. There is only ever one possible generator.

2. If x P Uα. define εαx P HdpM | x;Rq to correspond to the standard
generator of HdpRd | 0q under the top row. If y P Uα as well, εαx , ε

α
y are

clearly compatible. We have defined many local orientations at x (one for
each Uα Q x), and the isomorphism being the identity shows these are the
same.

Theorem 8.4. Let A Ď M be compact, M an R-oriented d-manifold

1. There is a unique εA P HdpM | A;Rq restricting to εx for all x P A

2. HipM | A;Rq “ 0 for i ą d

Proof. We omit R from notation, and say a set is good if it satisfies the conclu-
sion.
Step 1: If A,B,AXB are good, then so is AYB.
Consider the MV sequence

0 HdpM | AYBq HdpM | Aq ‘HdpM | Bq HdpM | AXBq . . .

We have classes εA, εB , εAXB by goodness, and εA,´εB map to εAXB by unique-
ness. So we may pull εA ` εB back to a εAYB which is unique. Further to the
left we get zeros in 2/3 of the groups, so HipM | AYBq “ 0 for i ą d
Step 2: Convex subsets of Rd are good (ie sets which are convex in some chart).
If A Ď Rd is convex, then by radial scaling, RdzA » Rdztpu for all p P A. So we
get HipRd | Aq – HipRd | pq. We have an εp, so we define εA to be the element
corresponding to it. This does not depend on p using p, q P A Ď Dd and the
definition of εp, εq being compatible. This also shows the second part.
Step 3: All subsets of Rd are good
As A is compact, for any open neighbourhood U of A, we can find finitely many
closed balls B1, . . . , Bn such that U Ě B “

Ť

Bi Ě B˝ Ď A. By induction on
n using step 1, 2, all such B are good. This implies the set of good neighbour-
hoods, G of A is non-empty. If B,B1 P G, then there is a good B2 such that
A Ď B2 Ď B˝ X B1˝ Ď B X B1, so G is directed with respect to Ě. We also
have the directed system indexed by this via B ÞÑ HipM | Bq. We claim the
induced map lim

ÝÑG HipM | Bq Ñ HipM | Aq is an isomorphism. To prove it is

surjective, let rrcss P HipM | Aq. Then dc P Ci´1pMzAq, but dc is a finite sum
of simplices, so in fact it lies in some compact K Ď MzA, ie A Ď MzK which is
open, so we can find some good B such that A Ď B˝ Ď B Ď MzK. Therefore
dc P Ci´1pMzBq, so rrcss P HipM | Bq, and so rrcss is in the image. To prove it
is injective is similar and omitted.
The second point is therefore immediate for A. Any of the classes εB map to
some εA, and uniqueness follows from the fact it is an isomorphism.
Step 4: Any compact subset of M is good.
A compact A Ď M can be written as a finite union of Ai which lie in charts of
M . Apply 1.

37



Corollary 8.4.1. If M is a compact R-oriented d-manifold, there is a unique
rM s “ εM P HdpM ;Rq restricting to εx at every point

Proof. Trivial

Definition 8.6. This is the fundamental class of M

Remark 8.9. We take on faith that complex things are orientable

Example 8.2. If we take CPk ãÑ CPn, we get i˚rCPks P H2kpCPn,Zq. We will
see that all the rCPis form a basis of H˚pCPn,Zq

8.3 Poincaré Duality

Theorem 8.5. Let M be a d-dimensional R-oriented manifold. Then there is
an isomorphism D “ DM : Hk

c pM ;Rq Ñ Hd´kpM ;Rq

Proof. Deferred

Definition 8.7. The cap product is ¨ X ¨ : CkpX;Rq ˆ ClpX;Rq Ñ Cl´kpX;Rq

via pϕ, σq ÞÑ σ|rv0...vl´ksϕpσ|rvl´k...vlsq

Lemma 8.6. dpϕX σq “ ϕX dσ ´ p´1ql´kdϕX σ

Proof.

ϕX dσ “ ϕX

l
ÿ

i“0

p´1qiσ|rv0...v̂i...vls

“

l´k
ÿ

i“0

p´1qjσ|rv0...v̂i...vl´ksϕpσ|rvl´k...vlsq

`

l´k
ÿ

i“0

p´1qjσ|rv0...vl´k´1sϕpσ|rvl´k´1...v̂j ...vlsq

“ dpϕX σq ` p´1ql´kpdϕq X σ

Remark 8.10. This ensures that we get a well defined product on passing
to (co)homology. One checks that the same formula gives a map HkpX;Rq ˆ

HlpX,A;Rq Ñ Hl´kpX,A;Rq and alsoHkpX,A;RqˆHlpX,A;Rq Ñ Hl´kpX;Rq

Lemma 8.7. If f : X Ñ Y is a map, x P HkpX;Rq, y P H lpY ;Rq then
f˚ppf˚yq X xq “ y X f˚pxq P H˚pY ;Rq, ie f˚ is a map of H˚pY ;Rq modules

Proof. Let y “ rϕs, x “ r
ř

aσσs. Then

f‚

´

ϕX
ÿ

aσσ
¯

“
ÿ

aσf‚pσ|rv0...vk´lsϕpfσ|rvk´l...vksqq

“
ÿ

aσfσ|rv0...vk´lsϕpfσ|rvk´l...vksq

“ ϕX

´

ÿ

aσf‚σ
¯

“ ϕX f‚x
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IfM is compact, we have rM s “ εM P HdpM ;Rq and the map in the Poincaré
duality theorem is DM “ ¨ XM . In general if K Ď L Ď M are compact and we
have the map i : pM,MzLq Ñ pM,MzKq, we have i˚pεLq “ εK . Then, as in
the lemma, we have

HkpM | K;Rq HkpM | L;Rq

Hd´kpM ;Rq Hd´kpM ;Rq

i˚

¨XεK ¨XεL

id

so the maps ¨ X εK assemble to lim
ÝÑ

KPKpMq

HkpM | K;Rq
DM

ÝÝÑ Hd´kpM ;Rq

Proof. (Of Poincaré duality) We say M is good if it satisfies the conclusion of
Poincaré duality.
Step 1: If M “ U Y V , and U, V, U Y V are all good, then M is good. For this,
we claim the following diagram

. . . Hk
c pU X V q Hk

c pUq ‘Hk
c pV q Hk

c pU Y V q . . .

. . . Hd´kpU X V q Hd´kpUq ‘Hd´kpV q Hd´kpU Y V q . . .

iU`iV

DUXV

jU´jV

DU‘DV DUYV

commutes (almost). The top row is a direct limit forK Ď U,L Ď V , so it suffices
to check it commutes for those. For the left two squares this is immediate, and
the rightmost one commutes up to a sign, then apply the 5-lemma (replacing
the last vertical map with a negative).
Step 2: If U1 Ď U2 Ď ¨ ¨ ¨ Ď

Ť

Ui “ M and all the Ui are open and good, then
M is good. For this, Hk

c pM ;Rq “ lim
ÝÑ
iPN

Hk
c pUi;Rq as any compact set is in some

Uj . The same analysis works for Hd´kpM ;Rq. Then we use that direct limits
preserve isomorphisms.
Step 3: Rd is good. We know that

Hi
cpRd;Rq – HipRd | 0;Rq – HompHipRd | 0;Rq, Rq

by UCT. The map Hd
c pRd;Rq Ñ H0pRd;Rq

ε
ÝÑ R is given by rf s ÞÑ fpε0q, so it

is an isomorphism.
Step 4: Any open subset U Ď Rd is good. This is immediate for a finite union
of balls by 1, 3. Any U is a countable union of balls, and we can write such as
a nested union of finite unions of balls, so we are done by 2.
Step 5: If M has a countable cover by copies of Rd, it is good. The proof is
identical to 4.
Step 6: All M are good. Zorn’s lemma.
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Corollary 8.7.1. If M is a compact d-dimensional R-oriented manifold, then
¨ X rM s : HkpM ;Rq Ñ Hd´kpM ;Rq is an isomorphism.

Proof. Trivial

Corollary 8.7.2. If M is a compact odd dimensional manifold, then χpMq “ 0

Proof. Every manifold is F2 oriented, hence HipM ;F2q – H2n`1´ipM ;F2q –

H2n`1´ipM ;F2q by Poincaré duality and UCT, so

χpMq “

2n`1
ÿ

i“0

p´1qi dimF2
HipM ;F2q

“ 0

For α P Ck`lpX;Rq, ϕ P CkpX;Rq, ψ P ClpX;Rq, we have

ψpϕX σq “ ψpσ|rv0...vlsϕpσ|vl...vk`l
qq “ pψ ! ϕqpσq

and linearity implies the same result for α. Hence we have

CkpX;Rq b CkpX;Rq
¨X¨

ÝÝÑ C0pX;Rq
ε

ÝÑ R

sending pϕ, αq Ñ ϕpαq. This induces the map HkpX;Rq
h

ÝÑ HompHkpX;Rq, Rq

in the UCT. This is an isomorphism if H˚pX;Rq is free. We consider the
following diagram

H lpX;Rq HomRpHlpX;Rq, Rq

Hk`lpX;Rq HomRpHk`lpX;Rq, Rq

h

¨!ϕ pϕX¨q
˚

h

which commutes by the above observations, so in the case of UCT, the cup prod-
uct and cap product determine each other. Poincaré duality puts constraints
on the cup product in this way.
We consider the bilinear form

x¨, ¨y : HkpM ;Rq ˆHd´kpM ;Rq
¨!¨

ÝÝÑ HdpM ;Rq
¨XrMs

ÝÝÝÝÑ H0pM ;Rq
ε

ÝÑ R

Theorem 8.8. If R is a field, or more generally if H˚pM ;Rq is free, this
pairing is non-degenerate. The induced map HkpM ;Rq Ñ Hd´kpM ;Rq˚ is an
isomorphism

Proof. We have

HkpM ;Rq HomRpHkpM ;Rq, Rq HomRpHd´kpM ;Rq, Rq

rϕs prψs ÞÑ prϕs ! rψsqprM sq

h D˚
M

This is the map adjoint to x¨, ¨y, and it is an isomorphism, so we are done.
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Example 8.3. We know H˚pCPn,Zq “

#

Z ˚ even

0 otherwise
by eg. cellular coho-

mology. We know CPn is Z-oriented by example sheets 3, 4. Suppose we know
H˚pCPn´1,Zq “ Zrxs{pxnq with |x| “ 2. As CPn´1 Ñ CPn is the inclusion
of a cellular 2n ´ 2 skeleton, it is an isomorphism on H˚ for ˚ ď 2n ´ 4. Let

x P H2pCPn,Zq
i˚

ÝÑ H2pCPn´1,Zq. This maps to x, so in degrees below 2n´ 2,
H˚pCPn,Zq “ Zrxs{pxn`1q. To conclude we need to know xn P H2npCPn,Zq is
a generator. We use that

H2pCPn,Zq bH2n´2pCPn,Zq Ñ H2npCP,Zq Ñ H0pCPn;Zq Ñ Z

is non-degenerate, so it is p˘1q, ie x ! xn´1 is a generator of H2npCPn;Zq.

Example 8.4. H˚pRPn,Z{2Zq is similar

8.4 Applications

8.4.1 Middle Cohomology

If M is a compact Z-oriented manifold of dimension 2n, then we get

HnpM ;Zq bHnpM ;Zq Ñ H2npM ;Zq Ñ H0pM ;Zq Ñ Z

which is non-degenerate. It satisfies

xα, βy “ pα ! βqprM sq “ p´1qn
2

pβ ! αqprM sq “ p´1qnxβ, αy

This is symmetric if n is even, and skew-symmetric if n is odd.
If n is even, so that the form is symmetric. After tensoring with R we get a
symmetric, hence diagonalisable, matrix representing the form. We define the
signature ofM to be the signature of this symmetric form, and denote it signM .
It is a fact that ifM is the boundary of a compact Z-oriented 2n`1-manifoldW ,
then signM “ 0, and more generally, if the union of M,M 1 form the boundary
of a manifold (they are cobordant), they have the same signature.

Example 8.5. CP2 is 4-dimensional, and has cohomology Zrxs{px2q, so x¨, ¨y is
the matrix 1, so signCP2 “ 1 ‰ 0, so CP2 is not the boundary of any Z-oriented
manifold.
Let CP2 be CP2 with reversed orientation. Then the matrix for its cup product
is ´1, so its sign is ´1. Therefore it is not orientation-preserving diffeomorphic,
and is also not oriented cobordant to CP2

8.4.2 Degree

If f : M Ñ N is a map between compact Z-oriented manifolds of the same
dimension d. Then f˚rM s P HdpN ;Zq “ ZtrN su. We define degpfq by f˚rM s “

pdeg fqrN s.
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Corollary 8.8.1. If F is a field and deg f ‰ 0 P F, then f˚ : H˚pN ;Fq Ñ

H˚pM ;Fq is injective

Proof. Let α P HkpN ;Fq be non-zero. Then there is β P Hd´kpN ;Fq such that
pα ! βqprM sq “ 1.

deg f “ pα ! βqppdeg fqrM sq

“ pα ! βqpf˚rN sq

“ f˚pα ! βqprN sq

“ pf˚pαq ! f˚pβqqrN s

so f˚α ‰ 0 and we are done.

8.4.3 Submanifolds

LetM be a smooth compact R-oriented d-manifold, andN be a smooth compact
R-oriented n-submanifold, and i the inclusion.
We have rN s P HnpN ;Rq, so we can form i˚rN s P HnpM ;Rq. We also call this
rN s. Choosing an inner product on TM , we have i˚TM “ TN ‘ νNĎM . The
tubular neighbourhood theorem gives a neighbourhood U of N homeomorphic
to νNĎM . The R-orientation of M restricts to one on U . So

HipνNĎM , ν
#
NĎM ;Rq – Hi

cpνNĎM ;Rq

– Hi
cpU ;Rq

– Hd´ipU ;Rq

– Hd´ipN ;Rq

Under these isomorphisms, rN s corresponds to a class uνNĎM
P Hd´npνNĎM , ν

#
NĎM ;Rq.

This is a Thom class. Therefore νNĎM is R-oriented.
We also have

HnpN ;Rq – HnpU ;Rq

– Hd´n
c pU ;Rq

Ñ Hd´n
c pM ;Rq

– HnpM ;Rq

and this commutes with the map HnpU ;Rq Ñ HnpM ;Rq. These send rN s Ñ

D´1
M prN sq and also rN s maps to the extension by 0 of the above Thom class.

The Poincaré dual of a submanifold is the extension by 0 of its normal Thom
class.

Definition 8.8. N,W Ď M intersect transversely of for each x P N X W ,
TxM “ TxN ` TxW .

Example 8.6. In the above case, N XW is a submanifold, and pνNXWĎM qx “

pνNĎM qx ‘ pνWĎM qx. This is because the normal bundle for N X W is the
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sum of the pullbacks of those for N,W . We get i˚N puνNĎM
q ! i˚W puνWĎM

q P

H˚puνNXWĎM
, u#νNXWĎM

;Rq and this can be checked to be a Thom class. Using

tubular neighbourhood theorem again, DM pD´1
M prN sq ! D´1

M prW sqq “ rNXW s

(where N XW gets its orientation from the normal bundle discussion above)

We use the above example a couple times.

Example 8.7. Let yk “ rCPks P H2kpCPn,Zq, which are generators. We embed
CPk1 in the first k1 coordinates, and CPk2 in the last k2. Then CPk1 X CPk1 “

CPk1`k2´n, and this is a transverse intersection. All of this is done over C,
so all the orientations are canonical, so we have that the intersection product
satisfies yk1 ¨ yk2 “ yk1`k2´n, which is Poincaré dual to H2n´2k1 b H2n´2k2 Ñ

H4n´2k1´2k2 is an isomorphism when possible.

Example 8.8. We consider the closed surface of genus 2, with homology gen-
erators α1, α2, β1, β2 where αi, βi are the generators of the torus-without-disk
around one of the holes. Then αiXβi “ ˚, so we choose orientations so αi¨βi “ 1,
and α1 ¨α2 “ 0 etc. If we define the Poincaré duals Dpαiq “ ai, Dpβiq “ bi, this
dualises to ai ! bj “ δijrgenerator of H

2s, all other products 0

8.5 The diagonal and the Euler Characteristic

Let M be a compact d-dimensional Z-oriented (hence Q-oriented) manifold.
We have x¨, ¨y : H˚pM ;Qq b H˚pM,Qq Ñ Q via a b b ÞÑ pa ! bqrM s (or 0 if
the sum of degrees of a, b is not d). Let taiuiPI be a homogeneous basis for
H˚pM ;Qq. Let tbiuiPI be the dual basis to taiuiPI . We have the diagonal map
∆: M Ñ M ˆM landing in a compact 2d-dimensional Z-oriented manifold. We
define δ “ D´1∆˚rM s P HdpM ˆM,Qq

Theorem 8.9. δ “
ř

iPIp´1q|ai|ai b bi P
À

j H
jpM ;Qq bHd´jpM ;Qq

Proof. We know δ “
ř

cijai b bj for some cij P Q. Now

ppbk b alq ! δqprM ˆM sq “
ÿ

i,j

cijp´1q|ai||al|ppbk ! aiq b pal ! bjqqrM ˆM s

“
ÿ

i,j

cijp´1q|ai||al|p´1q|ai||bk|ppai ! bkqrM s ¨ pal ! bjqrM sq

“ ck,lp´1q|ak|p|al|`|bk|q

But also

ppbk b alq ! δqprM ˆM sq “ pbk b alqpδ X rM bM sq

“ pbk b alqp∆˚rM sq

“ ∆˚pbk b alqrM s

“ pbk ! alqrM s

“ p´1q|al||bk|δkl
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so
ckl “ δklp´1q|ak|

2

“ δklp´1q|ak|

as desired

Corollary 8.9.1. p∆˚pδqqrM s “ χpMq

Proof. We know

∆˚pδq “
ÿ

iPI

p´1q|ai|pai ! biq

so evaluating on rM s gives
ř

iPIp´1q|ai| “ χpMq

IfM is in addition a smooth manifold, we considerD∆: TM Ñ T pMˆMq “

TM ‘ TM . This is also the diagonal map, so ν∆pMqĎM‘M – TM as TM ‘

TM{∆pTMq – TM . If we take a tubular neighbourhood ∆ Ď U Ď M ˆ M ,
then we can form δU “ D´1

U ∆˚rM s P Hd
c pUq, and its extension by 0 is δ. Under

U – ν∆MĎMˆM , δU P Hd
c pν∆MĎMˆM q – Hdpν∆MĎMˆM , ν

#
∆MĎMˆM q can be

checked to be a Thom class for ν∆MĎMˆM . Thus ∆˚δ “ epν∆MĎMˆM q “

epTMq. Therefore epTMqrM s “ χpMq.

Corollary 8.9.2. If M has a nowhere-zero vector field, then χpMq “ 0

Proof. We saw that if TM – E ‘ R, then epTMq “ 0.

More generally, DM pepTMqq P H0pMq is given by s´1p0q for s : M Ñ TM
transverse to s0 (counted with orientations). We saw that epE ‘ F q “ epEq !

epF q because H˚pE ‘F, pE ‘F q#q Q π˚
1 uE ! π˚

2 uE is a Thom class for E ‘F

Corollary 8.9.3. TS2n Ñ S2n has no proper subbundles

Proof. If E is a subbundle, take an inner product on TS2n and get a comple-
mentary bundle F . Then epTS2nq “ epEq ! epF q, and epEq, epF q “ 0 so
epTS2nq “ 0. But we know χpS2nq ‰ 0, contradiction.

8.6 Lefschetz Fixed Point Theorem

Theorem 8.10. LetM be a compact Z-oriented (hence Q-oriented) d-dimensional
manifold, and suppose f : M Ñ M is a smooth function such that the graph of
f intersects ∆M transversely (hence the intersection is 0 dimensional, so can
be counted). Then

ř

xPFix f sign detpI ´ Dxfq “
ř

p´1qi trpf˚ : HipM ;Qq Ñ

HipM ;Qqq

Proof. The strategy is to calculate εprΓf s ¨ r∆pMqsq in two different ways. Al-
gebraically,

pD´1
MˆM prΓf sq ! D´1

MˆM p∆pMqqqrM ˆM s “ p´1qdpD´1
MˆM p∆pMqq ! D´1

MˆM prΓf sqqrM ˆM s

“ p´1qdpD´1
MˆM p∆pMqqqprΓf sq

“ p´1qdδppidˆfq˚rM sq

“ p´1qdpidˆfq˚pδqrM s
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We know that δ “
ř

p´1q|ai|ai b bi where ai is a basis for cohomology and bi
its dual basis. Therefore

pidˆfq˚pδq “
ÿ

p´1q|ai|ai ! f˚bi

We write f˚bi “
ř

cijbj . Continuing with the above calculation, we get

p´1qdpidˆfq˚pδqrM s “ p´1qd
ÿ

p´1q|ai|cijpai ! bjqrM s

“ p´1qd
ÿ

p´1q|ai|cii

“
ÿ

p´1q|bi|cii

which is the right hand side. Geometrically, Γf and ∆pMq are transverse, with
intersection at the fixed points. The orientation on the intersection is given by
comparing the orientations on DxpidˆfqpTMq ‘ Dxpidˆ idqpTMqTpx,xqpM ˆ

Mq “ TxM b TxM , that is, the sign of

det

ˆ

I I
Dxf I

˙

“

ˆ

I ´Dxf 0
Dxf I

˙

“ detpI ´Dxfq

which gives the left hand side.

Example 8.9. Let f : CP2n Ñ CP2n. We claim this always has a fixed point.
We know f˚pxq “ λx where H2pCP2;Zq “ xxy for some λ P Z, so f˚pxiq “ λixi,
and so

ř

p´1qiTrpHipfqq “ 1 ` λ2 ` ¨ ¨ ¨ ` λ2n. If Fix f “ H, then Γf ,∆ are
transverse, so λ is an integer root of the above polynomial, but no such integer
exists (it would have to be ˘1 by rational root test).

Example 8.10. Let f : Σg Ñ Σg have order p where p is an odd prime. Then
f˚rΣgs “ µrΣgs, so iterating p times, rΣgs “ µprΣgs and µ P Z, so µ “ 1. If
x P Σg is a fixed point, then we have an order p map Dxf : TxΣg Ñ TxΣg is a
linear map of order p, so is a rotation, say by θ. You can check detpI ´Dxfq “

2´ 2 cos θ ą 0 if f ‰ id, so LFPT gives |Fix f | “ 2´TrpH1pfqq. As p is prime,
Fix f “ Fix f2 “ ¨ ¨ ¨ “ Fix fp´1, so if A is the matrix of H1pfq in some basis,
then TrA “ TrA2 “ ¨ ¨ ¨ “ TrAp´1. Now over C we can upper-triangularise A,
and as A has order p, the diagonal is all pth roots of unity and

ř

λi “
ř

λki
for k ď p ´ 1, so λ1, . . . , λ2g “ 1, . . . , 1, pζ, ζ2, . . . , ζp´1q, . . . with m 1s and n
copies of each other root of unity. So TrA “ m´ n, and 2g “ m` pp´ 1qn. So
|Fix f | “ 2 ` n´m, and this is 2 ´ 2g “ χpΣgq mod p

Example 8.11. For g “ 2, we need n,m ě 0 to satisfy 4 “ m ` pp ´ 1qn and
2 ` n ´ m ě 0, so pm,n, p,Fix fq “ p0, 1, 5, 3q, p2, 1, 3, 1q, p0, 2, 3, 4q so Cp does
not act on Σ2 for p ě 7
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