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1 Introduction

Remark. Notation: G @ X for G acts on X from the left. No proofs will be
given in this section.

Definition 1.1. G Q X is paradoxical if there are A;,..., 4, C X and
G1s---yGn, h1,..., hy € G such that

X=AU---UA,UBU---UB,
:glAlu"'UgnAn
=hBiU---Uh,B,

The data of these A;, B;, g;, h; are called a paradoxical decomposition
Theorem 1.1. (Hausdorff) SO(3) Q S? is paradozical
Theorem 1.2. (Banach) SO(2) @ S! is not paradozical

To understand this, von Neumann introduced the following

Definition 1.2. G () X is amenable if there is a G-invariant finitely additive
probability measure on P(X)



Remark. If G @ X is amenable then the paradox gives you u(paradox) which
shows 1 = 141 so amenable groups are not paradoxical. Therefore the action of
SO(3) on S? isn’t paradoxical. This is because of the existence of non-lebesgue
measurable sets

Theorem 1.3. (Von Neumann, 1929). All actions of abelian groups are amenable.
In particular, SO(2) ) St is amenable

Remark. But SO(3) contains a free groups so we will see it isn’t amenable

Theorem 1.4. (Tarski, 1938) An action is amenable if and only if it is not
paradozical

Definition 1.3. G @ X has almost invariant sets if for all finite subsets
S C G and for every € > 0, there is a finite A C X such that [sA A A| < ¢|A|
forallse S

Theorem 1.5. (1955) Having an almost invariant set is equivalent to amenabil-
ity

Theorem 1.6. (Day, 1957) G Q X is amenable if and only if given a affine
action of G on a conver compact subset K with a G-map X — K there is a
fized point in K of the G map

Definition 1.4. If G ¢ G by left translation is amenable, then we say G is
amenable

Remark. A couple remarks on the limits of the course are in order
1. We will only talk about discrete groups here

2. There are other notions of an amenable action

1.1 Rigidity Properties
We look at rigidity properties of amenable groups
1. All actions on the circle are ”essentially” actions by rotations (Mangulis)

2. Having a geometric action of G on a CAT(0) space forces every amenable
subgroup to be virtually abelian (Adams-Bellman)

3. Every uniformly bounded representation on a hilbert space is conjugate
to a unitary representation. Anything that is ”almost unitary” is close to
a unitary representation (Dixmier, Ulam)

This makes amenable groups central to dynamical group theory



1.2 Vanishing Properties

The following invariants vanish for amenable groups
1. Bounded Cohomology (Johnson)
2. (almost) I°° cohomology (Gersten)
3. 12 Betti numbers (Cheegev, Gromov)
4. rank gradient (Leckenby)
This gives us a lot of homological information for homological invariants

Theorem 1.7. Finite and Abelian groups are amenable. Subgroups, Quotients,
Ezxtensions and Directed Unions of amenable groups are amenable. In particular
virtually solvable groups are amenable

Definition 1.5. Groups obtained this way are elementary amenable
Corollary 1.7.1. Groups with non-abelian free subgroups are not amenable
Remark. Two obvious problems arise from this
1. Von-Neumann-Day problem: Does every non-amenable G contain F5
2. Is every amenable G elementary?

Neither of these are true. (Olshansky, Grigorchuk, 1980). They are true in some
special cases, like linear groups (The Tits alternative)

2 Definition and Basics

Definition 2.1. A finitely additive probability measure on X is a map
p: P(X) — [0,1] such that

L uX)=1
2. p(AUB) = p(A) + u(B)

Example 2.1. The following are examples of finitely additive probability mea-
sures

1. Dirac mass, 0x (A) = 1y

2. a € IM(X)ie a: X — R and Y |a;| < oo such that a, € [0,1] and
> a, = 1. We get a measure by a(A) = > ., a,. These are called
probability distributions

3. Convex combinations of finitely additive probability measures are also
finitely additive probability measures



Definition 2.2. Given f: X — Y and p is a finitely additive probability
measure on X, we can define such a measure on Y, f.u the pushforward by

fen(A) = p(f~1(A))

Definition 2.3. If G Q X then G () finitely additive probability measures on
X by pushforward, ie g.u(A) = u(g=1(A)). p is G invariant if g,u = u for all
g € G. If such a measure exists, G @ X is amenable

Example 2.2. G Q X, Y C X is a finite G invariant set then the action is

o . YNA
amenable, with invariant measure p(A) = % = ﬁ > ey Oy

Exercise 2.1. If G @ X has all orbits infinite, then every invariant p gives
measure 0 to finite sets.
G Q IM(X) by (9a)y = ay-1, has no non-zero fixed point so there is no invariant
probability distribution

Definition 2.4. If G @ G by left translation is amenable, then G is amenable
Example 2.3. Finite groups are amenable.

Proposition 2.1. If G Q X,Y is amenable on X and we have f: X — Y
which is G-equivariant then G Q Y 1is also amenable

Proof. Suppose p on X is invariant. f.p is invariant on Y as f.u(gA)
w(f~HgA)) = wlgf~H(A)) = u(f~H(A)) = fun(A)

Corollary 2.0.1. A group is amenable if and only if each of its actions is

o

Proof. We get a map G — X by g — gz if G Q X, and the result follows from
above. O

Corollary 2.0.2. Quotients of amenable groups are amenable
Proof. As every action of G/N is also an action of G O

Exercise 2.2. This is all equivalent for working with the right action

2.1 Free groups

The free group of rank 2, F, has basis {a, b} and elements are reduced words on
{a,a=1,b,b=1} with concatenation. We can similarly define F,, F,,, where oo is
countable by default. We have the following universal property that every map
{a,b} — G extends uniquely to a homomorphism Fy — G and similarly for F,

Corollary 2.0.3. Every group is a quotient of a free group
Proof. Trivial O

Theorem 2.1. (Nielsen-Schrier) Subgroups of free groups are free and all ranks
can happen (eg Fig < F3)

Proof. No Proof O



Remark. Rank 1 is just Z and is very different (and will be forgotten).
Theorem 2.2. F5 is not amenable

Proof. Suppose y is a measure on Fy. Decompose Fy = {1}UaxUa ™! xLbxLIb~ 1%
where each term is "words starting with”.

Now a~tax = {1} UaxUbxUb~1x as words can’t start aa~!. Applying measures,
as it is finitely additive and F, invariant, we get u({1}) + u(b*) + u(b=1%) =0
so each term is 0. Similarly p(ax), u(a=tx) = 0 so u(Fy) = 0 contradiction O

Later on, free subgroups will be important.

Exercise 2.3. SOs3 has an F» subgroup (Use ping-pong). This will be used for
the Hausdorff-Banach-Tarski paradox

3 Means

3.1 Some Functional Analysis

Nets are a trick to pretend every space is first countable

Definition 3.1. A net is a map X,: I — X where [ is a directed set and X is
a space

Example 3.1. I = set of neighbourhoods of x € X with reverse inclusion
I = N is a sequence

Definition 3.2. We have notions of

1. Convergence: xg — z if for all neighbourhoods U > z there is an i such
that for all i > ig,x; € U

2. Accumulation: z is an accumulation point of (z;);cs if for all neigh-
bourhoods U > x and for all ig € I there is ¢ > iy such that x; € U

Theorem 3.1. f: X — Y is continuous if and only if f(x;) — f(x) whenever
Ty —> T

There is a tricky notion of subnet

Definition 3.3. A net (s,)qca is a subnet of a net (z;);cy if there is a cofinal,
order preserving map h: A — X such that s, = xj(q)

Theorem 3.2. z is an accumulation point of (z;):cr if there is a subnet (s4)
of (x;) such that sq — x.
A space is compact if and only if every net has an accumulation point.

More, similar characterisations of topological properties in terms of nets can
be found elsewhere, and may be used in these notes



3.2 Normed Vector Spaces

Definition 3.4. A normed vector space, (V,|| -||) is a vector space V with
a norm || - || which satisfies

1. |lv]] = 0 if and only if v =0
2. if « € R,v € V then ||av|| = |a]||v]|
3. v+ w|| < vl + [|w]] for v,w eV

This induces a metric by d(z,y) = ||z —y|| and if it is complete with this metric,
V' is Banach

Example 3.2. Let p € [1,00) and X a set.

Let IP(X) = {f: X 5 R[[|fll, = (C|f[")"/* < oo} (I(X), |- ],) is Banach.
Further I°°(X) = {f: X = R [ [[fllcc = sup,ex |f(2)| < oo} has (I°°(2), || ||o)
banach

Theorem 3.3. For V,W normed vector spaces, T: V. — W is continuous if
and only if it is bounded ie there is C' such that ||f(v)|lw < C||v||v forv e V.
We can define a norm on the space L(V,W) called the operator norm via

[[Top = supyjy)j<1 [[T'(v)]]
m
Proof. No Proof O

Definition 3.5. L(V,R) is called the dual of V, denoted V*. Elements of V*
are called functionals

Exercise 3.1. There is a pairing (-,-): [°°(X) x [}(X) — R such that

(F.f) = (@ D Fla)f(z))
zeX
which induces maps [°°(X) — [1(X)*, I}(X) — [°°(X)* where the first is an
isomorphism

Remark. We have V' 2 V** in general, but there is a map ev: V. — V**
where ev,(\) = A(v). The map [*(X) — [°°(X)* of the preceding exercise is an
instance

3.3 Weak-* Topology

Definition 3.6. The Weak-* topology (aka pointwise topology) on V* is
the coarsest topology such that all evaluation maps e,: V* — R for v € V are
continuous. In terms of nets, A\; = A (converges in the weak-* topology)
if and only if A; — A(v) for all v € V.



Exercise 3.2. V* — [], ., R by A= (A(v))vev is a homeomorphism onto its
image, for the weak-* topology

Remark. The weak-* topology is therefore (from the exercise) Hausdorff so
limits of nets are unique.

From the exercise and Tychenoff’s theorem we get

Theorem 3.4. (Banach-Alaoglu) The unit ball in V*, {\ € V* | ||A|lop < 1},
is weak-* compact

If G QV (always meaning linearly and isometrically), we get an induced
G Q V* by (gN)(v) = Mg~ ")

3.4 Means

Definition 3.7. A mean on [°°(X) is an element m € {°°(X)* such that
1. m(1x) =1 (hence constants map to themselves)
2. |Imllop =1 (Im()] < [|fllsc)
3. If f>0thenm >0

We should think of this as an ”averaging operator”

Example 3.3. f € [}(X) +— [°°(X)* maps to a mean if and only if f > 0 and

EmEX f(l') =1L
Compare this to probability distributions.

Exercise 3.3. 1. Any two of the properties defining a mean imply the third
2. Means are weak-* closed (if m; = m and m,; are means, then m is a mean)
3. We can strengthen |f| < [|f]lco to m(f) € [inf f,sup f]
Recall that we have

Theorem 3.5. (Riesz Representation theorem) If K is a compact hausdorff
space and I € C(K)* is a mean on C(K), we get a Radon probability measure
on K, and the correspondence is bijective. The reverse direction is defined by

pe 10) = [ fan

Proof. No Proof O

Proposition 3.1. Similarly, there is a bijection between means on 1°°(X) and
finitely additive probability measures on X



Proof. m +— pu where p(A) =m(14) is the forward direction

Fix p. Define D C [*°(X) =spanof 14, A C X = {f € I°°(X) | im(f) is finite}.
Then D is dense in [*°(X) so we can define, for f € D written uniquely as
f =>"cila, for disjoint A;, and ¢; distinct non-zero, so we can define a mean
by m(f) = > ciu(A;) and extend uniquely by continuity to define a mean on
all {*°(X)* as it is 1-lipschitz O

Exercise 3.4. Guided meditation on {*°(K)* vs C(K)*.

Denote by M(X) the space of means with the weak-* topology, which is iso-
morphic to the space of finitely additive probability measures with the weak-*
topology.

For means, m; — m if and only if m;(f) — m(f) for all f € 1°(X)

For measures, j1; — g if and only if y1;(A) — p(A) for all A C X (as D is dense
in 1°°(X)

Proposition 3.2. M(X) is conver and compact

Proof. For convexity, this was previously proven
M C 1°(X)* is closed (previous exercise) and contained in the unit ball, so it
is compact U

If G Q X then G ) finitely additive probability measures on X by push-
forward, and on [°°(X) by (gf)(z) = f(g~'x) hence on [°°(X)* which preserves
M(X).

You can check these actions are the same
Corollary 3.5.1. G Q X is amenable if there is a G invariant mean m €

M(X)

3.5 Amenability of Z

Theorem 3.6. Z is amenable

Proof. Let Z = (t) © {...,—1,0,1,...} = Z and take n > 1. Consider the
finitely additive probability measure p, = %Z?:l d;. Then we consider and
compute ||t ptn = pin|| = || (61— 0ns1]] < 2. S0 [tupin(f) —pa ()] < 2| flloc = 0

for all f € 1°°(X) and hence t, i, — fin, — 0.
Let p be an accumulation point of (un)nen. Let (u;)icr be a subnet such that

i — . Then typ; — i — 0 and so top — o= 0 hence t,pu = U

4 Fixed Point Theorems

4.1 Some more functional analysis

Definition 4.1. A locally convex vector space is a (Hausdorfl) topological
vector space such that 0 has a neighbourhood basis of compact convex sets



Definition 4.2. A seminorm on V is a map p: V — R such that the triangle
inequality, p(v + w) < p(v) + p(w), holds and p(av) = |a|p(v) for all v,w € W
and a € R

Theorem 4.1. V is locally convex if and only if the topology is induced by a
family of seminorms

Proof. No Proof O
Example 4.1. We have two major examples

1. Normed vector spaces are locally convex (with the family of seminorms
being just the norm)

2. V* with the weak-* topology (with family of seminorms A — |A(v)|)

Theorem 4.2. (Hyperplane separation theorem) Let A, B C R™ be disjoint con-
vex compact sets. Then there is a functional X € (R™)* such that max,ca Aa) <
minge g A(b)

Proof. Trivial U

Theorem 4.3. (Hahn-Banach) Let V' be locally conver and A, B C 'V disjoint
which are conver and compact. Then there is A € V* such that max,ea A(a) <
minbeB )\(b)

Proof. No proof. O

Corollary 4.3.1. V* separates points in V, ie if x # y € V then there is
A € V* with A(x) # Ay)

Proof. Trivial O

Remark. In this course, a convex compact set = A convex compact subset of
a locally convex vector space. If K is such a set and G Q K we assume it acts
by affine homeomorphisms. In this case, K is a compact convex G-set.

Example 4.2. If G Q X, then M(X) is a convex compact G-set

4.2 The Barycentre Theorem

Theorem 4.4. Let K be a convex compact set and let m € M(K). Then there
1s a unique © € K, called the barycentre such that for every continuous affine
A K — R, A(z) = m(N). It suffices to prove it for means I on C(K) as every
[>° mean restricts to one

Proof. Uniqueness: Hahn-Banach corollary, as A(z) = A(y) for any barycentres

z,y
Existence: If we have A: K — R continuous and affine, we let the set K be
defined by Ky = {z € K | A\(x) = m(\)}. We need to show that () K # 0. The

sets K is closed as A is continuous, hence it is also compact. So it is enough to

10



show that given A1,..., A, iy Kx, # 0. In other words, define A: K — R”
by x — (A (z),..., A\n(x)). We need A(K) 3y = (m(A1),...,m(\,)). Suppose
that y ¢ A(K). Then as A(K) is convex and compact, we may apply the Hyper-
plane Separation theorem to get ¢ € (R™)* such that ¢(y) > max,ex ¢(A(z)).
Write ¢ = (¢1,...,dy) in the dual basis. We have

= . ) = i\;) = <
m}z{quﬁoA < ¢(y) ;@(m(/\l)) m(z oiNi) =m(poA) < m}z{xxgboA
with the second equality following as m is linear, hence contradiction. O

4.3 The Fixed Point Theorem

Theorem 4.5. G O X is amenable if and only if all compact convex G-sets K
with a G-map X — K have a fized point

Proof. Exercise. O

Corollary 4.5.1. G is amenable if and only if every compact convex G set K
has a fized point

Proof. Reverse direction: Apply the theorem to G Q M(G)
Forwards direction: Let G @ K and let m € M(K) be G-invariant. Then
x = bar(m) (the barycentre) is fixed by g. O

4.4 Dynamical Criterion

Theorem 4.6. G is amenable if and only if for every action of G Q'Y where
K is a compact hausdorff space and G acts by homeomorphisms, there exists an
invariant Radon probability measure on K

Proof. Exercise: formulate for G @ X for sets X.

The second condition is equivalent to ”For every G ) Y which is compact and
hausdorff there is a G-invariant mean on C(Y).” We claim this is equivalent to
"Every G Q K convex compact has a fixed point”.

In the backwards direction, we apply it to G  means on C(Y).

In the forwards direction, suppose G Q) K convex compact so there is a G-
invariant mean I on C(K). Then bar(]) is a G-fixed point.

Indeed, g(bar(I)) = bar(g.I) = bar(I) as

Mgbar(I)) = (97" N)(bar(1)) = I(g7'\) = g.I(\)
so gbar([) fits the definition of bar(g.I) O

5 The Class of Amenable Groups

5.1 From Amenable Actions to Amenable Groups

Proposition 5.1. Suppose G ) X is an amenable action with amenable sta-
bilisers. Then G is amenable

11



Proof. We use the fixed point criterion for G Q X and G Q G, G, for z € X.
Let G Q K be convex compact. Let R C X be a set of orbit representatives.
For r € R, there is a point f(r) € K which is fixed by G,. If = gr then set
f(x) = gf(r). This is well defined as if gr = hr then h = g- g, for some g, € G,
so hf(r) = gg.f(r) = gf(r). So we define f: X — K which is G-equivariant in
this way. By the amenability of G @ X there is a G-fixed point in K. O

5.2 Permanence Properties for Groups

We have seen that amenability passes to quotients.

Corollary 5.0.1. Subgroups of amenable groups are amenable

Proof. Apply the previous proposition to H Q G O
Corollary 5.0.2. If F5 < G then G is not amenable

Proof. Trivial O
Example 5.1. SLy(Z),SO(3) are non-amenable

Corollary 5.0.3. Eztensions of amenable groups are amenable

Proof. Let N < G be normal such that N,G/N are amenable. Then G is
amenable by the proposition on G ) G/N O

Exercise 5.1. Virtually amenable groups are amenable
If G is amenable then G has a bi-invariant measure

Definition 5.1. Let (H;);es be subgroups of G. G is the directed union of
the H; if G =J; H; and for all i, j there is a k such that H; U H; C Hy,

Corollary 5.0.4. A directed union of amenable groups is amenable

Proof. Let G Q) K be convex compact. Let K; = {z € K fixed by H;} #
as H; is amenable. It is also closed. To finish, we need to show ﬂie[ K; # 0.
It suffices to show the finite intersection property by compactness. As it is a
directed union, the finite union of the corresponding H;, is in some H; and
hence the intersection contains K; so is non-empty O

Exercise 5.2. Locally amenable groups are amenable (A group is locally P if
every finitely generated subgroup is P)
Direct sums of amenable groups are amenable

Corollary 5.0.5. Abelian groups are amenable

Corollary 5.0.6. As Z,Z/nZ are amenable (as the latter are finite), so are all
finitely generated abelian groups. Hence every abelian group is locally amenable,
hence amemable

Exercise 5.3. SO(2) © S* is not paradoxical

12



5.3 Von Neumann-Day Problem

We have proven the backwards direction of each of these, so the following ques-
tions arise:

1. If a group is non-amenable, do we necessarily have G > F5?

2. G is elementary amenable if it can be obtained from abelian and fi-
nite groups via extensions and directed unions. Is every amenable group
elementary amenable?

5.4 An Embedding Theorem

The goal of this subsection is to prove that every countable amenable group
embeds in a 2-generated amenable group. There is

Theorem 5.1. (Higman-Neumann-Neumann) Every countable group embeds
in a 2-generated group

but this is useless as the original construction doesn’t preserve amenability,
so we won’t be concerned by it.

Definition 5.2. We define the wreath product of groups G, H by the semidi-
rect product GV H = G x H where H acts by left multiplication on the indexing
set of the factors

We prove the theorem above with a much more useful construction

Proof. Let G = {g1,92,...} and let Z = (z) = Z and define P = G Z.
Define f;: Z — G by 2t +— g; if t > 0 and eq otherwise. Now f; € GZ < P.
Consider ¢; = fizf; 'zt = fi- (zfi ). Now zof; H(2Y) = £ (1) = g °
for t > 1 and eg otherwise and so ¢;(z!) = g; for t = 0, and eg otherwise.
Now define D = (d) = Z. Denote by d; the element d> ~'. If i # j then
did; # dy,ep forall i # j€Z and k € Z. Let @ = P! D and let ¢: D — P by
q(ep) = zand g(d; ') = f; or the identity otherwise. Let k; = [(d;).q,q] € {g,d).
Now k;(ep) = ¢, ki(djfl) = ep and k;(z) = ep for all other . Therefore
(d,q)y > (ki |1 €ZY={c; |1 €LY =G O

Theorem 5.2. FEvery countable amenable group embeds in a 2-generated group

Proof. With the same notation as before, we want to show that if G is amenable,
then so is H = {(q,d). Let N = ({¢)) < H. Then H/N = Z is amenable so it
suffices to show that N is amenable. Write N = ((d;)«q | |i| < k). N is the
directed union of the N so it suffices to prove that N, are all amenable. In fact
it suffices to prove that [Ny, Ni| is amenable as abelian groups are amenable
and so are extensions of amenable groups. Now ¢(d") = ep unless n = 1 — 2°
for some i > 0, similarly diq(d,) = q(d"7) = 1p unless n = j + 1 — 2%
Suppose that (dlq)(d") # ep # (dllq)(d”). Then j+1—2" = 5/ +1—2" so
2 — 2% = j/ — j < 2k and so |n| < 5k+1. So for |n| > 5k + 1, no two generators

13



of Nj have non-trivial coordinate at n and so [Ny, Ni] has coordinate ep for
such n and so [Ng, Ni] — Hln‘g%Jrl P with image only including f;,z € P.
By extensions and subgroups, it suffices to show that (f;,z | i € Z) < P is
amenable. Now again by extensions, it suffices to show that ((f; | i € Z)) is
amenable. This is f € GZ such that f is eventually constant to the right and
identity to the left. This has a tail map into G and G is amenable, so it suffices
to show that the kernel is amenable, but this sits in a direct sum of copies of G
so we are done O

5.5 Elementary Amenability
Everything here is an exercise.

1. Every countable elementary amenable group embeds in a 2-generated el-
ementary amenable group

2. There is a notion of elementary amenability class, which is an ordinal
defining the number of steps it takes to get to the group

Theorem 5.3. (Olskanski-Osm) The ordinals arising as elementary amenabil-
ity classes are precisely {a +1 | o < w1} U {0}

6 Almost Invariance

In this section we will introduce the Fglner and Reiter R; properties and we
will prove that the Fglner property implies the Reiter R; property which implies
amenability

Remark. A Cy B means A is a finite subset of B

6.1 Almost invariant sets

Definition 6.1. Let G Q X, S Cy G and ¢ > 0. Wesay A Cy X is (S,¢€)-
invariant if for every s € S, |sA A A| < €|A4|.

We say G @ X has almost invariant sets/Fglner’s property if there are
(S, €)-invariant sets for all S Cy G,e >0

Exercise 6.1. The Fglner property is equivalent to the following:
For all S Cy G,e > 0, there is A Cy X such that |SA| < (1 +¢)|A|

Exercise 6.2. 1. Z™ ¢ Z™ is Fglner
2. Fy () Fy is not Fglner

Exercise 6.3. If G = (Sp) for Sy finite, it suffices to find (Sp, €)-invariant sets
To claify the negation,

Proposition 6.1. G Q X is non-Folner if and only if there is S C¢ G such
that for all A Cy X, |SA| > 2|A|
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Proof. Non-Fglner is equivalent to the existence of S Cy G, ¢ > 0 such that for
all Ac; X, |SA| > (1+¢)|A|l. Now

|STA| = |SS" Al > (14 €)|S"TTAl > - > (14 €)"|A]
. Taking n sufficiently large, the result follows with § = S™ 0

6.2 Subexponential Growth

Definition 6.2. G has subexponential growth if lim,, ., |S"|'/" = 1 for all
S Cr G

Exercise 6.4. 1. This limit exists and is at least 1

2. If G is finitely generated, it suffices to check for a finite generating set

Exercise 6.5. If (a,, ) ey is a positive sequence, then lim inf ~%2— < lim inf(a,,)*/"

an—1 —
Proposition 6.2. If G has subexponential growth then G QQ G is Folner
Proof. Let S Cy G. Now 1 < liminf% < liminf\S"\l/" = 1 so for all
€ > 0 there is some n € N such that [S"| = [SS" 1 < |S™71|(1 +¢€) so S"Lis
(S, €)-invariant O

Exercise 6.6. There are amenable groups of exponential growth

6.3 Almost Invariant Vectors

Definition 6.3. Let V be a normed vector space and G Q V' with § C; G,
e > 0. v eVis (S e-invariant if ||s-v — v|| < €|[v|| for all s € S. The
strict inequality forces v # 0. G  V has almost invariant vectors if for all
S Cj G, e > 0 there is some v € V which is (5, €)-invariant.

Definition 6.4. G () X has Reiter’s property R; if G O ['(X) has almost
invariant vectors

Exercise 6.7. If we have Reiter’s property R; we can choose v € [*(X) to be
a probability distribution, ie v > 0 and ||v||; =1

Lemma 6.1. If G Q X is Fglner then it is Ry

Proof. Let S C¢ G and € > 0. Then there is A Cy X which is (5, €)-invariant.
Then 14 € I}(X) is (S, €)-invariant O

Proposition 6.3. If G Q X is Ry then it is amenable

Proof. By exercise 6.7, for all S C; X, e > 0 there is some mg . C M(X)NI'(X)
which is (S, €)-invariant. Define (S,¢) < (S’,¢') if S C S’ and € > € then this is
a directed set. In this case (5, € )-invariant implies (S, €)-invariant. Therefore
mg,e is a net, so as M(X) is compact we have an accumulation point, call it
m € M(X). We claim g.m = m for all g € G. For all g € G we eventually
have ||gsms.e — mg.|| < €, as soon as g € S S0 gMg,e — Mg,e % 0 and hence
gem—m =20 U
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We have proven that Subexponential implies Fglner implies Reiter R implies
amenable.

6.4 All the Reiter Properties
Definition 6.5. G O X has R, is G ¢ I[P(X) has almost invariant vectors

Exercise 6.8. Understand R. (not interesting)

We will focus on 1 < p < 0co. p = 2 is an important case (as we act on a
Hilbert space)

Definition 6.6. If we have an inner product space (V,(+,+)), we can define a
norm ||v||? = (v,v) and if V is Banach with this norm, it is a Hilbert space

Some special properties are:

1. Parallelogram law: (V|| -]|) is an inner product space if and only if for all
vw eV, [[v+wl? + |l —wl[* = 2([wl|* + []v]|*)

2. Cauchy-Schwartz: For all v,w € V, |(v,w)| < [|[v]] - ||w]]

Example 6.1. [>(X) with the inner product (f,g) = Y.cx f(2)g(z) is a
Hilbert space. [P(X) is a Hilbert space if and only if p = 2. In [?(X), Cauchy

Schwartz takes the form
1/2 1/2

Y f@)g(@)

zeX

<

> )

reX

> gla)?

rzeX

Theorem 6.2. All R, for 1 < p < oo are equivalent
Proof. We need the following exercise
Exercise 6.9. For all a,b > 0,t > 1 we have |a — b|* < |a® — bf|

We will show R, = R, for ¢ > p and that Ry, = R,. We are then
done.

1. R, = Ry forq>p: Let GQ X be R, and fix S Cy G,e > 0. Set
t= % > 0. There is some v € [P(X) such that |[sv — v||, < €'[|v]], for all

s € 8. Set w = |v|P/? coordinate-. Note that [[v[[5 = [Jw|[Z so w € 19(X).
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We will show that w is (S, €)-invariant.

lsw —wlf =Y Jw(s™z) —w(@)|

reX

= > (llo(s™ )P — Jo(a) P/ )P

reX

< (s )| = [v()]P

rzeX

< lo(s™e) — (@)l

rzeX
= |[sv — o[} < €0l

= e?||wl[d
So we are done

2. Ry, = R, Suppose G Q X is Ryp and fix € > 0,5 Cy G. There is
v € I?P(X) such tat |[sv — v||zp < §|[v]|2p for all s € S. Define w = v?
and note that Hv\gg = |[w][} so w € IP(X). We will show that w is (S, ¢)-

invariant.
5w —w|[f =D [w(s™ ) = w(@)
rxeX
=3 o(s7'z) — o(@)l?
rzeX
<Y (lo(s™'z) — v(@)||o(s™ ) + o(@)])P
’ 1/2 1/2
< (Z fo(s™ ) - v<x>2p> (Z [u(s 1) +v<x>|2p>
reX reX

= [[sv = v[[5,[lsv + [,
< (5 llellzp)” (21follzp)
= ePljwl[}
where between the 3rd and 4th lines we use Cauchy Schwartz

So we are done. O

6.5 Kazhdan’s Property (T)

Definition 6.7. A group G has property (T) if every action of G on a Hilbert
space with almost invariant vectors has a non-zero invariant vector

Proposition 6.4. Suppose G has (T). Then every amenable action has finite
orbit. In particular, if G has (T) and is amenable then G is finite
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Proof. Assume that amenable implies Ro (which we will prove later), let G Q@ X
be amenable. Then G () [?(X) has almost invariant vectors. Then G ¢ I2(X)
has a non-zero invariant vector f. There is some z such that f(z) # 0, so
|G - x| < oo as otherwise we would have an infinite sum of f(z), which is not
square summable. O

Theorem 6.3. (Kazhdan) If G has (T) then G is finitely generated

Proof. Consider X = |_|Sch G/(S). Then every S C; G has a fixed point in X,
so in particular, G @ X is Fglner and hence is Rs. By the proposition, G Q X
has a finite orbit and so there is some S Cy G such that G/(S) is finite, and
choosing coset representatives, along with S, we are done. O

Other applications of the proposition are:

Theorem 6.4. (Margulis) If G is a high rank simple Lie group andT < G is a
lattice then any non-trivial normal subgroup of T' is finite or finite index

Proof. No Proof O

Theorem 6.5. (Arzhantseva) If all hyperbolic groups are residually amenable,
then all hyperbolic groups are residually finite

Proof. No Proof O

7 Paradoxes

We recall from the introduction,

Definition 7.1. G () X is paradoxical if there are A{,...,4, C X and
Jis---y9n,h1,..., hy, € G such that

X=AU---UA,UB, U---UB,
:glAll—l"'u.gnAn
=hBiU---Uh,B,

The data of these A;, By, g;, h; are called a paradoxical decomposition
Lemma 7.1. Paradozxical implies non-amenable

Proof. Suppose A;, Bj, g;, h; is a paradoxical decomposition and p is a G in-
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variant finitely additive probability measure. But then
1= p(X)
=u(J]4: ] By
=> pu(A)+> u(Bi)
= ugiA) + > pu(h;By)
= u([J9i40) + (] ] hsB))

= p(X) + p(X)
=2

O

So we have Fglner implies Reiter Ry (which is equivalent to Reiter R, for
1 < p < 00) implies amenable imples non-paradoxical

Theorem 7.2. Non-Fyglner implies paradoxical, and so all the above properties
are equivalent

Proof. Deferred O

7.1 Piecewise-G maps

Throughout, fix G Q X

Definition 7.2. If A,B C X, amap f: A — B is piecewise-G if A =[] 4;
and there are g; € G such that f(a) = g;a for a € A;

Remark. G Q X is paradoxical if and only if X = A Ll B and there are
piecewise-G bijections A — X and B — X

Proposition 7.1. f: A — B is piecewise-G if and only if there is S Cy G such
that f(a) € S-a foralla € A

Proof. In the forward direction, f(a) = g;a for a € A; soset S = {g1,...,9n}
In the backwards direction let S = {¢1,...,¢,} and define

A; = aGA\OAi f(a) = gi(a)

=1

Proposition 7.2. Properties of piecewise-G maps:
1. If f+ A — B is piecewise-G, and C C A, then F|c¢ is piecewise G

2. A composition of piecewise-G maps is piecewise G
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3. If f: A— B is a piecewise-G bijection then f~! is piecewise G
4. A disjoint union of piecewise-G maps is piecewise-G
5. If there is a piecewise-G surjection from A — B then there is a piecewise-G
injection B — A
Proof. Trivial O

Proposition 7.3. If there are piecewise-G injections A 2 B A then there
is a piecewise-G bijection A — B
Proof. Let

= Jwo)y(A\ v(B))

i=1

. We claim z € ¢(C) if and only if ¢(z) € C. If we assume the claim then
¢: C — ¢(C) is a piecewise-G bijection and ¢: B\ ¢(C) — A\ C is a piecewise-
G bijection and so we are done.
Suppose x € ¢(C). Then for some n > 0, x € ¢(p)" (A \ Y(B)) so

() € (¥o)" (AN ¥(B)) C C

In the other direction if ¢)(x) € C then for some n > 0,

() € (V)" (A\ ¥(B))
V(@) € po((¥9)" (A\ ¢(B))) C ¥e(C)

so the result follows as v is injective O

Corollary 7.2.1. G Q X is paradozical if and only if there are piecewise-G
injections o+ : X — X with disjoint image

Proof. Recall that G is paradoxical if and only if there are oy as above with
X =0_(X)Uo(X) =X so the forwards direction is trivial. In the backwards
direction let A=0_(X),B=X\AD 04(X). Now o_: X — A is a piecewise-
G bijection and X 2% B < X so there is a piecewise-G bijection X — B and
X=AUB O

Definition 7.3. A ~g B are equidecomposable if there is a piecewise-G
bijection A — B and A <g B is subequidecomposable if there is a piecewise-
G injection A — B

So the proposition says A <g B <g A implies A ~g B, so <¢ is a preorder
and ~¢ is the induced equivalence relation

Definition 7.4. A QG B if there is an equidecomposition into k£ pieces, with k
minimal.

The Tarski number of GG is the minimal k such that G mlzG AG kr:lg B and
AU B C G. This is denoted by ¢,

Exercise 7.1. t,(G) > 4 with equality if and only if Fy < G
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7.2 Matchings

We wish to have tools to build piecewise-G injections. These will come from
graph theory

Definition 7.5. If X, Y are sets, a matching problem is amap ¥: X — P(Y)
and a matching for ¥ is an injective map o: X — Y such that o(z) € X(z)

Theorem 7.3. (Hall’s Marriage Lemma)
Let X,Y be finite and ¥: X — P(Y) a matching problem. Then a matching
exists if and only if for all A C X,|3(A)| > |A|

Proof. The forwards direction is clear as ¢ is an injection from A < ¥(A). For
the backwards direction, we use induction. It is clear for |X| = 1. Suppose
|X| > 1. There are two cases

1. For all proper subsets, § # Z C Z, 3(Z) > |Z|. Choose some zg € X
and define o (o) arbitrarily. Now consider Y| x\ (4,3 and we are done by
induction

2. There is some proper } # Z C X such that |X(Z)| = |Z|. By induction
there is a matching o: Z — X(Z). Now consider £: X \ Z — Y \ 0(2)
and apply induction.

O

Theorem 7.4. (Infinitary marriage lemma) Let X,Y be possibly infinite sets
and ¥: X — P(Y') be a matching problem where Py(Y') is the finite subsets of
Y. Then there is a matching if and only if for all A C; X, |E(A4)| > |A]

Proof. The forward direction is as before. For the backwards direction, let
K = Jl,ex 2(x) C YX with the prodiscrete topology. By Tychonoff, K is
compact. We need to show there is some injective ¢ € K. Note that o is
injective if and only if o4 is injective for all A C; X, so if we denote the set
Ky = {0 € K| 0|a is injective}. This is closed, and we want to show that
N Ac; K4 # (. By compactness it suffices to show that finite intersections are
non-empty, but (K, D K|ja, so we just need to show that K, # () for all
A Cy X, and we are done by the Hall marriage lemma, extending the o4 we
get to X arbitrarily O

Exercise 7.2. Show that this fails if X(z) is not necessarily finite

Corollary 7.4.1. (Infinitary bigamist lemma) Let £: X — Pr(Y') be a match-
ing problem. Then there are two matchings with disjoint image if and only if

forall ACy X, |E(A)] > 2|4|

Proof. The forwards direction is clear. For the other direction, set X = X x {£}
and define ¥: X — P;(Y) by X(z,+) = X(z), This satisfies the hypothesis of
the infinitary marriage lemma, so we are done, by matching x with the elements
matched with (z,+) O
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7.3 Proof of Tarski’s Theorem
Theorem 7.5. If G Q X is non-Fglner, then it is paradozical

Proof. Recall that G ) X is non-Fglner if and only if there is an .S Cy G such
that for all A Cy X, [SA| > 2|A|. Define a matching problem by ¥: X — X
such that ¥(x) = S - x. The bigamist lemma applies by the definition of non-
Fglner, so there are matchings o4,0_: X — X with disjoint images. We know
o+(z) € X(x) = S -z, and hence these are piecewise-G injections O

7.4 The Classical Paradoxes
Corollary 7.5.1. (Hausdorff) SO(3) & S? is paradozical

Proof. We need to show that SO(3) ) S? is non-amenable. Note that SO(3) is
non-amenable as a group as it contains a free subgroup, and all the stabilisers
of the actions are isomorphic to SO(2) which is abelian and hence amenable.
Therefore if SO(3)  S? were amenable, SO(3) would be amenable, contradic-
tion O

Theorem 7.6. (Banach-Tarski) f A,C C R? are bounded with non-empty in-
terior, then A ~g C for G =Isom™ (R?) = R? x SO(3).

Proof. Let B = B(0,1)\ {0} C R®. Note that SO(3) O B is paradoxical. The
theorem follows from

Proposition 7.4. If A C R?, G = Isom+(R3). If A is bounded then A <g B
and if the interior of A is not empty, then B <g A

Proof. For the first claim, let SO(3) @ B. We can decompose B = X 'Y such
that X ~g B ~¢ Y. Also B ~G B+ for all v € R3. So if we pick w € R? such
that ||w|| > 2, then B ~¢ BU(B+w). By induction, if ||w; —w;|| > 2 for i # j
then B ~g [[/,(B + w;). Let A C R® be bounded. Then there are vy, ..., v,
such that A ¢ I, (B + v;). Choose wy,...,w, such that |[w; — w;|| > 2.
Then there is a piecewise-G surjection ]_L (B +w) — U (B +v). So
A <a Uz IB+vl <c Hz 1(B+w1) ~G B

Note that we never used the radius of B so A <g B(0,€) for all € > 0

For the second claim, suppose v € int(A) and let € be such that v + eB C A.
Now B <¢ €B ~c v+ eB < A so we are done O

O

Exercise 7.3. If A ~¢ B then A must be bounded but need not have non-
empty interior

Definition 7.6. For k, 1 >1, kA=A x {1,...,k} = Hle A and [B is defined
similarly. A map f: kA — [B is piecewise-G if there is S C; G such that
fla,i) € S-ax{l,...,l}. We can then define kA < IB and then kA ~¢ B

Theorem 7.7. If kA <g kB then A <g B
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Proof. Suppose f: kA — kB is a piecewise-G injection. For a € A there are k
elements in kA corresponding to a, and their images have labels ¥(a) C B and
[X(a)] < k. ¥: A — P;(B) is a matching problem. We are left to show that
|S(F)| > |F| for all F Cy A, then conclude by Hall. Every a € A is adjacent to
k edges and every b € B is adjacent to at most k edges. Now consider the graph
restricted to F, X(F) and call its edges E. We know that k|F| = |E| < k|Z(F)]
and so the result follows O

Theorem 7.8. If A C S? with non-empty interior, then A ~S0(3) 52

Proof. Tt suffices to show that S? < so@) Aas A <g 52 trivially. Because
A° £ () and S? is compact, finitely many translates of A cover S2. Hence
5? <so(3) kA for some k. By the Hausdorff paradox, 5 ~go(3) 252 so by
induction, S% ~ kS? and so kS? < so3) kA. The result follows from the previous
theorem O

Exercise 7.4. Generalise this theorem to all higher dimensions

7.5 The Banach-Ruziewicz Problem

It is fairly easy to show

Proposition 7.5. The Lebesgue measure X on S™~' is the unique countably
additive SO(n)-invariant measure defined on Lebesgue sets L£(S™1)

Proof. Trivial O

The Banach Ruziewicz problem is ”is it the only finitely-additive one?”.
Banach proved that it is no for n = 2 (as SO(2) is amenable). Margulis-Sullivan
proved the problem for n > 5 (using property (T')) and Drinfield proved it for
n =34

Proposition 7.6. Let u be as in the problem for n > 3. Then p is absolutely
continuous with respect to X (ie A(A) = 0 implies u(A) =0

Remark. The problem becomes ”is the lebesgue integral the only mean on
loo(sn—l)w

Proof. Let D C S"~! be a disk and suppose there are g1, ..., g, € SO(3) such
that g;(D) are disjoint. Then p(D) < L by finite additivity. So if diam D; — 0
then p(D;) — 0. We know that S~ ~gp(,) D;. Take A with A(A) = 0.
There is A; C D; such that A ~go(n) A;. Hence as every set of measure 0
is measurable, we can apply u to get u(A) = u(A;) < p(D;) — 0 and we are
done. O
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8 Random Walks

In this section I' will be a connected d-regular graph with an origin e, and G
will be a group. (I2(V(T)),|| - ||2) will be abbreviated as (1*(T), || -||). We will
also use || - || for the operator norm of H: I*(T') — I2(T'). we write x ~ y for x
is a neighbour of y

8.1 Definitions and Basics

Definition 8.1. The (simple) random walk on I' is the stochastic process
with random variables X, X1, X5, ... where Xy = e and X, is a vertex chosen
uniformly among the d neighbours of X;

Definition 8.2. We define the return probability, r,, = P[X,, = ¢] € [0, 1]
Exercise 8.1. If I is a tree, then r,, = 0 for all odd n

Definition 8.3. We define the Markov operator to be M: I?(I') — [*(T)
given by Mf(z) = 332, ., f(y)
Lemma 8.1. 1. |[|M]|| <1

2. M is positive

Proof. 1. Colour the edges of I" with colours 1,...,d so that no vertex is
adjacent to two edges of the same colour. Define M;: I*(T') — I*(T) by
M, f(z) = f(y) for y ~ x with colour i. Now ||M;|| = 1 as it is induced
from a permutation, and M = ézl M; so the result follows from the
triangle inequality

2. Trivial by definition
O

Definition 8.4. Let V be a Hilbert space. M:V — V is self-adjoint if
(Mv,w) = (v, Mw)

Exercise 8.2. On I?, ||[M|| = sup), <, (Mv,v) for self-adjoint M
Lemma 8.2. The Markov operator is self adjoint

Proof. Let f,g € I>(T) and let a,, be the indicator of the adjacency relation.

(f,Mg)y= > fla
zeV(T)
- Y e (1 > g<y>)
d
zeV(T) Yy~
1
z,yeV (D)
. But the same holds for (M F, g), so the result follows O
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8.2 The Norm of the Markov Operator
We consider p~! = limsup,,_, . (r,)"/™ < 1. This is strictly smaller than 1 if

and only if r,, decays exponentially

Lemma 8.3. p is the radius of convergence of the return generating function
R(Z) = ZTLZO 2"

Proof. See TA analysis O
Theorem 8.4. ||[M|| = p~!

Proof. Denote by d,. € [2(T) the dirac delta, and we know (d,, f) = f(x).
Claim 1: The probability that X,, = z is (05, M"™d.) = M™d.(z). Hence in
particular r, = (0., M"d.)

Proof. We prove the claim by induction on n. If n = 0 the inner product is
(0, 0¢) = de.
For the inductive step,

1
P[Xp1=a] =) P[Xp=1] -
Yy~T
=3 2ums(y)
d
Yy~T
= M"5,(z)
and we are done O
We know
T = (0e, M™6,)
< H(se” ’ ||Mn66‘|
< |[[M™]
< [[M"
and so || M]|| > r&/™, and taking the lim sup, we have [|M]| > p~t.
Now we need a subsequence of 7/ " which converges to ||M||. We will show that
k
ri/* works.

2k

Claim 2: If f € [3(T), ||f|| <1 then
M| < ||M2FIV2 < oe < M2 V2
Proof. If H is self adjoint then

IHfI? = (Hf Hf) = (f,Hf) <|[H*]

and so ||[Hf|| < ||[H?f||'/? and we are done by induction O
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Now

Ton = <6e7 M2n55>
= (M"5,, M™8,)

= ||M™|?
So
(rg)? " = |IM2 52"
k —k
< [|M2 6|
= (rge1)?

and so (Tgk)Tk — p < ||M]]. We want to show p > ||M]|. Take x € V(T'). As
I is connected, there is some n, € N such that P[X,, = z] = 8, > 0. Also we
know Br = <5r; Mn15€>

Claim 3: || M2"5,|| < B u2"

Proof. Note that 0 < 6, < 3,1 M"=§,. At x we get 1 on both sides. At y # z
we get 0 < some probability times a non-negative number.
As M is positive, we get 0 < M2k(5x < ﬁ;lek“‘"w dc. Applying the ls norm,
we get
k _ k _ k _ _ k
[1M2 6, || < B HIMI™=||M26e ]| < B IM? 6| = By /rawes < By a®
O

Now let f € [?(T) have ||f|| < 1. We need to show ||M f|| < pu. By density,
we may assume f has finite support S. Therefore f =3 ¢ a0, @, € R. Let

B = minges B > 0. Then for all z € S, we know ||M2"5,]| < 8~142" and so
k —k
IMfI| < (|2 fI]?
=11 M5, |2

z€eS

2
< (Z Iam|ﬁ1u2k>

reS

= p (5‘1 > |%|>2'°

zeS

—k

—
O

Our aim now is to show that G Q X is amenable if and only if || Mg|| = 1,
where Mg is the Markov operator associated with the random walk on the graph

26



we will associate with G ¢ X.

We recall that G ) X has the Ry property if G ) [?(X) has almost invariant
vectors, ie for all S Cf G,e > 0 there is f € I2(X) such that ||sf — f|| < €[|f]]
for all s € §

8.3 Cayley Graphs and Schreier Graphs

We assume S C; G is symmetric (ie if s € S then s~ € )

Definition 8.5. Let S C;y G. The Cayley graph of G with respect to S is
I'(G, S) having vertices corresponding to the elements of G and edges between
g and sg for all s € S, g € G. This is non-directed as S is symmetric, and is |S|
regular

For a Cayley graph, we have

fle) \S|Zf |S|Z*1f |S|Zsf

ses

Example 8.1. If we take G = Z? and S = {(£1,0), (0,41)}. This has Cayley
graph the 2d grid with integer coordinates

If G = F,S = {a*!,b*!}, the Cayley graph is the 4-regular tree

If G =7Zx7/27 = (a) * (1), S = {a*!,1}, we get the 3-regular tree

Definition 8.6. Let G Q) X. We define the Schreier graph, I'(G @ X, 5) to
have vertices corresponding to points of X and edges between z, sz for every
reX,seS

sf by the same methods

We again have M f = ﬁ D ses

8.4 Kesten’s Characterisation

Theorem 8.5. Given S C¢ G which is symmetric and Mg the Markov operator
associated to the simple random walk on the graph T'(G Q) X,S) starting at
xg € X then G Q X is amenable if and only if ||Mg|| =1 for every such S

Proof. We prove that G Q X has the Ry property if and only if ||[Mg|| = 1 for
every symmetric S Cy G.

We may consider S symmetric on the left hand side as if S = S U S~ then
(S, €)-invariance implies (S, €)-invariance

In the forwards direction, assume G () X satisfies R, and let € > 0. Then there
is f € [?(X) that is (S, e)-invariant, ie ||sf — f|| < €||f|| for all s € S. By

summing, we see

1Y sf=sll <D llsf = fll < ISle- Il

ses SES
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The first term is equal to

(S1F =D sHIF = LS| =11 s/

seS sES

=S|I = [IMs fl])
We have
ISLALFIL = 1Sle - LAl < ST [[Ms f]

and so get (1 — e)||f]| < ||Msf||. As e was arbitrary, ||[Mg|| > 1. We already
know ||Mg|| <1, and so ||Mg|| =1

In the backwards direction, assume that ||[Mg|| = 1, € > 0 and we want to show
that there is some f € [?(X) that is (S, €)-invariant.
We know that [[Ms|| = supy ¢ =1 (Msf, f). We set § = ‘ We know there is

some f € [2(X) such that

1 -6 <(Msf, f) |S|Zsff

ses

Recall that for inner products we have
o —wl[* = (v — w,v —w) = [[o]* + [Jw|* - 2(v, w)
If we take v = sf,w = f then
Isf = fII> = 2 = 2(sf, f)
We deduce that (sf, f) =1— M Therefore

|S|Z (sf. ) S|Z< llsf — f||2>

seS sesS
||3f fI1?
IREE Z

We know that )
s |S|Z|sf il

and hence Isf f||2
s
> 7] 2 Z

and so by the definition of ¢,
> llsf — fIP?
ses
2

So in particular, €2 > ||sf — f||? for all S, and taking square roots we are
done O
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Exercise 8.3. Show that G () X is amenable if and only if ||Mg|| = 1 for a
generating set S

Exercise 8.4. ||Mg|| = 1 if and only if, for all € > 0, there is some f € [?(X)

such that
> sf

seS

> [S[(1 =€) - Il

8.5 Random Walks on Trees

We consider the ‘opposite’ case to amenability: trees. Recall that trees are the
Cayley graphs of free groups, which are intuitively as far as possible from being
amenable. It would stand to reason that these are also the ones furthest from
having a Markov operator of norm 1. This also makes sense in the interpretation
of ||M]|| as the rate of exponential decay of r,, as the d-regular tree has the
smallest probability of returning to the origin, as it has no loops. More precisely:

Lemma 8.6. Let I' be a connected d-regular graph and T the d-regular tree,
with Markov operators Mr, M. Then ||[Mr|| < ||Mr]||

Proof. T is the unique simply connected d-regular graph, so is the universal
covering space of I'. Denote the covering map by w: T — I' which maps to
origins to each other. Then m maps the simple random walk on T" to that on T,
so rI < rL. This means that

[|Mrl|| = limsup(r%)l/" < limsup(rr)l/" = ||Mr||
O

Theorem 8.7. Let d > 3 and suppose T is the d-regular tree with Markov

operator M. Then
2v/d -1
d

(and actually this characterises trees, but we will not prove this)

[|M]] =

Proof. Let R(z) = >, r,2" and let p be its radius of convergence. We know
[|M]| = p~! so we need to show p = 2\/%. We define g,, to be the probability
of returning to e for the first time, at time n, and set ¢y = 0.

Let Q(2) = Y o0 qnz™. Now rp, = > 1 qirn—i s0 R(z) =1+ Q(z)R(z), or in

other words 1
C1-Q(2)
Fix y ~ e and let t,, be the probability that the simple random walk starting at

y arrives at e for the first time after n steps. Now ¢, = é ZyNE tn—1 =1tn_1 SO
if we set T'(z) =Y >, then Q(z) = zT'(z) and so

R(z)

1

RE) =120
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Define T(z) with some ¢y’ a distance 2 away from e. Then
(t2)n = Y tit
i+j=n

so Ty(z) = T(z)?. By considering the neighbourhood of distance 2,

1 d-1 .,
T(z) = 22T 2T(2)
and so
dt P Ad 1)
T(2) = 2(d— 1)z

The denominator is 0 if and only if z is, and so this makes sense if z # 0 and
we are in the domain of convergence of T. We consider the sign. For z € (0, 1],
T(z) is the probability that Y,, = e for some n, where Y,, is the non-simple
random walk where at each step, you move to a neighbour with probability z,
and stop with probability 1 — z, so T'(z) € [0,1]. But the positive sign gives a
value larger than 1, so it is the negative sign, and

T = 4= VA= Ad—1)22

2(d—1)z

We know z = 0 is a zero of the denominator of order 1, and of the numerator
of order 2, so setting T(0) = 0 (ie tx = 0), this converges on an open around 0.
We also know this is analytic outside where the value in the square root is 0, so
the radius of convergence is VT But

1

R(z) = 1-2T(2)

so as this is analytic where both 1 — 2T'(2) # 0, and T'(z) is analytic, we deduce
that

1=2T(2)
Va2 —-4d-1)z=2-d
22 =1

so this never happens in the range of convergence of T', and so R has the correct
radius of convergence U

9 Tilings and the Rank Gradient

9.1 Tiles on Groups

Remark. Wesay A; ... Ak L Bif every b € B is uniquely writable in the form
ai...ay for a; € A;
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Example 9.1. If H < G and L is a left transversal, then G ZLH
Definition 9.1. T' C; G is a tile of G if there is some X C G such that

G+ XT
G is monotileable if every S Cy G is contained in a tile

Example 9.2. {1,...,n}? C Z9 is a tile, so Z? is monotileable
A question arises: Is every group monotileable?
Theorem 9.1. The class of monotileable groups is closed under

1. Extensions
2. Directed unions

3. Fully-Residually (ie G such that for all S C; G, there is a map m: G — Q
such that |g is injective and Q is monotileable)
Proof. If S Cy G and m: G — Q is as above, let Sg = 7(S) and Ty be a tile of
Q containing So. Then Q = XTq. Lift X¢ to X € G and Ty to T C G. Then
G+ (NX)T for N =kerm, so T is a tile. The other two cases are easy O

Corollary 9.1.1. Elementary amenable groups are monotileable

Proof. Trivial O

Corollary 9.1.2. Residually finite implies monotileable
Proof. Trivial O

9.2 Folner tiles

We have the following fundamental result in Ergodic theory

Theorem 9.2. (Rokhlin Lemma) Take X a probability space and let T: X —
X be an aperiodic measure preserving. Then for every n > 1, > 0 there is
S C X such that S,TS,T?S,...,T"S (a Rokhlin tower) are disjoint and
their complement has measure at most €

Proof. No Proof O

Ornstein-Weiss realised that the key is that 1,...,n is a tile of Z which is
almost invariant

Definition 9.2. Let G be an amenable group. We say G has Fglner tiles if
for all S C; G and € > 0 there is a tile T C; G which is (5, €) invariant

Do all (monotilable) amenable groups have Fglner tiles? This is still open.
Ornstein Weiss get around this by introducing e-quasitiles

Theorem 9.3. Directed unions (or extensions) of groups with Falner tiles have
Fglner tiles
Hence elementary amenable groups have Fglner tiles

Proof. Trivial U
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9.3 Residually Finite Amenable Groups

Theorem 9.4. (Weiss) Countable residually finite amenable groups have Falner
tiles. More precisely, let S Cy G and € > 0 and G = Gy > G1 > ... be a
residual chain of G (ie Gy, is normal in G of finite index with (G, = {1}).
Then for all sufficiently large n, there is a set of transversals T,, for G, that are
(S, €)-invariant

Proof. (Sketch) We need to show that if @ is a ‘large enough’ finite quotient of
G, then there is an (.5, €)-invariant transversal.

Choose § very small and n such that (1 — §/2)" < ¢/100. Further choose
S C Fy C¢ G such that Fy is (S-S~ 6)-invariant and inductively choose F; such
that F;_; C F; C G which is (Fj_1 - F;_ll, 0)-invariant for ¢ < n. There is some
m: G — @ where @ is finite such that 7|p, is injective. Now {7 (F,)q | ¢ € Q}
is an even covering, so we can find a subcollection {m(F,)u | w € U} which is
d-disjoint (ie the intersections are at most size § of each 7(F},)) and cover a
§/2 portion of Q. Now put these F, 7 1(u) in the transversal. Cover the rest
similarly with F,,_; and repeat for all F;.

Repeating this, we get 1 — (1 — §/2)" < €¢/100 of Q is covered. Complete the
set of transversals arbitrarily. Each of the balls F; is almost invariant under S,
and so the transversal is (as €/100 is small) O

9.4 The Rank Gradient

Definition 9.3. The rank of G is rk G, the minimal size of a generating set.
We define rk1 =0

Example 9.3. tkZ" =n
rkI' > rk A if T surjects onto A (and hence rk F,, = n)

Definition 9.4. Let G be a finitely generated residually finite group and let
G = (G =Gy > Gy > ...) aresidual chain. The rank gradient is

k(Gp) —1
rg(G,g) = lim. r[(Gé?n]

Proposition 9.1. (Nielsen Schreier) If H < G has finite indezx, then
rk(H) —1 < [G: H|(tk(G) — 1)
with equality if G is free
Proof. Trivial U
Corollary 9.4.1. rg(F,,G) =n — 1 for all residual chains G
Proof. Trivial U

Remark. It is open in general if rg(G, G) depends on G
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Lemma 9.5. Let S C G be a generating set and H < G finite index with

transversal T inclduing 1. Then if s € S,t € T, st L Tsthst where hgy € H, 7o €
T. We have H = (hgt | s € S,t € T)

Proof. Let h € H and write h = s51...5,. Now s, = s, -1 = 75,1hs,1, 5O
h =81...8,-1Ts,1hs, 1. Repeating, we get h = Thy ... h,, with h; in the given
generating set. But then 7 € H, so 7 = 1 and we are done O

Theorem 9.6. (Lackenby) Let G be finitely generated and residually finite.
Then rg(G,G) = 0 for all normal residual chains G

Proof. Fix S C¢ G a generating set of size tkG. For sufficiently large n, by
Weiss, there is a transversal T for G,, such that |ST| < (1+¢)|T|. Assume that
1e€T. Then |ST\T| < €|T|. If st € T then hy = 1,74 = st so st contributes
a non-identity element to {hs | s € S,t € T} only if st € ST\ T. So

tk(Gn) < [{het | s € S,t € TY| < ST\ T| < €T

Hence
tk(Gr)  rk(Gp) ]
[G: G,] VA —
and we are done by taking limits. O

Definition 9.5. If p is a prime, we define rk,(G) = dimp, H(G;F,) =tk G/[G, G]|GP.

We also define
tk, (G

. n) 1

re,(G,9) = hm[a-c):]

Remark. Note that kG > 1k, (G), so rg(G, G) > 1g,(G,G)

Corollary 9.6.1. With the assumptions of the theorem above, rg,(G,G) =0

Proof. Trivial U

10 Non-Amenable Groups with no Free Sub-
groups
Fix a prime p throughout

Theorem 10.1. There is a finitely generated residually finite p-torsion non-
amenable group
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10.1 p-Power Deficiency

Definition 10.1. Let f € F(X). Define v,(f) = maxn > 0{n | f = ¢g*" }.
Let (X | V) be a presentation with X finite. Its p-power deficiency is

def, (X | R) = |X[—1-=) p»™
reR

The p-power deficiency of a group is def,(G) = supdef,(X | R) where the
supremum is taken over G = (X | R)

Proposition 10.1. There is a finitely generated p-torsion group G with defi-
ciency def, G > 0

Proof. Suppose |X| > 2. Then enumerate F(X) as fi, fa,... and choose
ki, kg, --- €N. Let R={f""|ie N} Note v,(f7"") > k;. Now def,)X | R) =
IX|—1=3,crp M >1— Zi21p_ki > 0 for large k;. Then if G = (X | R),
g € G is the image of some f; € F(X), and hence g is p-torsion as ff’kl eR O

10.2  def, vs rg,
Lemma 10.2. For a group G, def, G <1k,(G) — 1

Proof. Suppose G = (X | R). If Ry C R is the set of relations with v, = 0.
Then
tk, G = 1k, (X | B) = 1k, (X | Ro) > |X| — |Rol

where the last inequality follows from linear algebra over F,,. Therefore def,(X |
R) <|X|—-1-|Ry| <1k, G — 1. Taking the supremum over all presentations,
we are done O

Theorem 10.3. Let H < G be normal of p-power index. Then
def, H > [G: H|def, G

Proof. Tt is enough to prove it for H with index p by induction. We want to
show that def, H > p - def, G in this case. Write G = (X | R). We have

N <L F

|

H*5 @
By Nielsen Schreier, there is some Y C F' generating N such that
Y[-1=p-(IX]-1)
We need some S C F such that ((S))y = ((R))r and

def, (Y | ) > p-def, (X | R)
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If f € F, denote by V f its N-conjugates and F f its F conjugates.
Let v, y(f) =max{n | f = g*",g € N}. Now

vp.r(f) > vpN(f) > vpr —1

as if g € F' then g? € N.
We claim that if f € N, one of the following holds:

L Nf=Ff

2. There are f1,...fp € Ff such that ¥'f = Hle N f;, and in this case we
have v, N (fi) = vp,r(f)

Proof. Let N  ¥f. Then either N has 1 or p orbits as F acts transitively.
Everything except the very last claim is trivial. Having p orbits is equivalent to
Cr(f) < N, which implies that f = ¢g?", then g commutes with f so g € N so
the last claim follows O

We build S as follows. For r € RC N
1 IfNr=Fr addr to S
2. Else, fr =T0_, ¥r; so add all the r; to S
Then
L vpn(r) 2 vpp(r) =1, 50 p~» () < popirr()

2. v, (ri) = vp,p(r) s0 Yo7 pm N ) = p e ()

Now
defp(Y ‘ S> = |Y| 1= Zp—l/p,zv(s)
seS
>p (|X| -1- Zp—vp,zvm)
reR
= p-def, (X | R)
So the result follows N

Corollary 10.3.1. Let G be a finitely generated group and Q its largest resid-
ually finite quotient (ie the quotient by the intersection of all finite index sub-
groups). Let Q be a normal residual chain of Q such that every subgroup in Q
has p-power index. Then rg,(Q, Q) > def, G

Proof. We have a short exact sequence

1-N->G—-Q—1
andwesay @ = (Q = Qo > Q1 > ...)andlift thistoG = (G =Gy > Gy > ...).
Note that [G: G;] = [Q: Qi]. Now ker(G; — H1(G,F,)) has finite index in G,
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so N is contained in it. Therefore G; — H1(G;,F)p) factors through @Q;. We see
that rk, G; = rk, Q;, and so

Q-1 Gi—1 _ dety(G)
ol =G a2 ora) 2@

O

Proof. (Of theorem 10.1) Let G be a finitely generated p-torsion group with
def, G > 0 and let @) be its maximal residually finite quotient. Then @ is also
p-torsion, and so every finite index subgroup has p-power index. So for every
normal residual chain Q, rg,(Q, Q@) > def, G > 0 so @ is non-amenable. O

Exercise 10.1. Any G with positive def, G has a quotient @) as above, and so
is non-amenable
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