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1 Review of Measure Theory

1. Consider a measure space (F,E,u). E is a set. £ is a o-field (-algebra) of
subsets of E, and p: € — [0, 00] a measure

2. If Ais a collection of subsets if E' then the o-field 0(A) = (Nes4.£ 4 o fiela €
is the o-algebra generated by A.

If E is a topological space, A = {A C E, A open} generates the Borel
o-field B(E) = o(A).



If E = R"™ with the product topology, we write B = B(R™).
On B there is a unique measure y = dx such that

w((ar,b1) X -+ X (an,bp) = (b1 —a1)...(bn —an)

for all a; < b;. The volume of A € B is denoted by |A].

Note p is translation invariant, ie (A + z) = u(A) for all A € B,z € R™.
Moreover p is inner regular, ie p(A) = sup{u(K) | K C A, K compact}.
Further recall that u extends to the p completion of B which is defined
by M, ={BUA | B € B,AC N,u(N) = 0}. These are the lebesgue
measurable sets

3. Let (E,€&), (F,F) be measure spaces.
f: E — F is measurable if f71(A) € £ for all A € F.
If (F,F) = (R,B) or (F,F) = (C,B) then we say f is borel and this
extends to maps possibly taking values 4-o0c if f~1({£o0}) € &.
If such f takes values in [0, 00], we write f >0

4. A function f: (E,&, n) — R is simple if it is of the form f = 21111 a;lay,
fora; e R,A; € E,N € N.
For such f we define pu(f) = [, fdu = Zil a;ip(4;). For f > 0 measur-
able we define its p-integral as p(f) = sup{p(g) | 0 < g < f simple}. This
may be co.
For general f: E — R measurable, f is integrable if u(|f|) = fE |fldp < oo
in which case we define [, fdu= [, ffdu+ [, f~du

Theorem 1.1. (MCT) Let f, > 0 measurable monotonically converging to f
almost everywhere then fE fndp converges monotonically to fE fdu

Proof. See Probability and Measure O

Theorem 1.2. (DCT) Let f,, measurable such that f, converges almost ev-
erywhere to f and such that |f,| < g almost everywhere for some integrable g.
Then f is integrable and [, fndp — [, fdu

Proof. See Probability and Measure O

1.1 LP-spaces and their approximation

For f: (E,€, ) — R measurable we define || f||z» = ([} |f\pdu)1/p,1 <p<o
and ||f]|pe = ess.sup |f| =inf{A > 0] |f| < X a.e}.

LP(E, pu) ={f: E — R measurable | ||f]|rr < oo}

We write L? for LP(R™, dz) or when no confusion will arise.

Theorem 1.3. (Riesz-Fischer) Identifying f ~ g for f = g almost everywhere,
the spaces LP,1 < p < 0o are Banach spaces

Proof. See Probability and Measure O



Recall the spaces C*(R™) consisting of all functions on R with continuous
partial derivatives of all orders up to k and C* =1, , C*(R™)
Further denote by C.(R"),C¥(R"), C>°(R") the linear subspaces of compactly
supported functions. These spaces consist of bounded integrable functions.

Remark. C2°(R™) is non-empty by ¢ = T for |z| < 1 and 0 otherwise
Theorem 1.4. The space C°(R™) is dense in LP(R™,dx) for 1 < p < o0
Proof. Proof deferred O
Remark. False for p = oo

We admit the following lemma from Probability and Measure
Lemma 1.5. C.(R") is dense in LP for 1 <p < oo
Proof. See Probability and Measure O

We recall that the convolution of f, g (when defined) is given by

frg(x) = / g(x —y)f(y)dy, for z € R"

Basic properties from probability and measure include
Lemma 1.6. Let f,g,h € C.(R™), then
1. fxg=gxf
2. (fxg)xh=fx(g*h)
3. Jan frglx)da = [o, f(x)dz - [, g(x)dx
Proof. See Probability and Measure O

Recall that a multi-index a € Z7} is written o = (v, .., ) with order
la] = a1 + -+ o, and we set al = ag!...ayl.

For z € R", we write 2* = 7" ... 2% so that we get partial differential opera-

[o] || . .
tors D¢ = g - = 2= . D; is still defined as usual.
T dz, *...dxy

Theorem 1.7. Let f € L} (ie flg € L' for any K C R™ compact) and

loc

g € CHR™). Then f* g€ CH(R™) and V0 < |a| < k we have
D(f*g) = f+(D%)

Proof. Recall the translation operator 7,(h) = h(- — z) for z € R™.
Then for u € R”,

Tu(f*g) = /n gz —u—y)fly)dy



Now 7,.(9(z — v)) < ||g]|eolx for all |u] < 1 where K is compact and depends
on z, g but not u, so that ||g||.c1x]|f| gives an integrable upper bound for the
integrand. Since g(x —u—1y) — g(x—y) as u — 0 for all y, by DCT, we conclude
Tu(f *g) = [ *xg(x) so f * g is continuous (k = 0 is true).

For k = 1, we define difference operators for all basis vectors e; and let h € R!.
as g € C'. We can write A} (f * g)(z) = [. (AL g(x —y))f(y)dy. Now we
have the pointwise limit of the inside of the integral. We use the mean value
theorem along the line segment connecting z — y and « — y + he; so we can
bound |Afg(x — y)| < ||Digllcclx for some compact K C R" depending only
on z,y for |h| < 1. Thus as before the k = 1 result follows, with the expression
being continuous by k = 0. The total result follows by trivial induction O

Proposition 1.1. (Continuity of Translation in LP). Let 1 < p < co and 7, as
before. Then ||T.f — fllLr — 0 as z — 0 for any f € LP

Proof. The result holds for g € C.(R™) since

Hng—ﬂ&r:A|ﬁx—@—9@WH$

and this is bounded by |2¢|2 1k for some compact K depending only on g for
z <1 so we can apply DCT

Since C.(R™) is dense in LP, we can choose for any f € LP, e > 0 some f € C,
such that ||f — g||L» < €/3.

Now ||7.f — 729llee = |7 (f — @)l = ||f — gllzr < €/3 so we are done as

r=f = fllee <7 f = 7egllee + 1729 — gllee + 1f — gllLr <€
for sufficiently small z, so we are done O
Theorem 1.8. (Minkowski’s inequality for integrals) Let F: R™ x R® — R

measurable and either non-negative or de ® dx integrable. Then

| [ Fdsller < [ PG oo
R R
Proof. Example sheet O

Theorem 1.9. (Mollification/Approzimate identity) Let ¢ € C°(R™) be non-
negative with [, ¢(x)dx =1 and define 7 = e "¢(<),e > 0.
Then for 1 <p < oo and f € LP, we have

lf = e * fllLr =0

as e — 0



Proof. |¢6*f( ‘_|fRn n¢( )dy f |_|f]Rn x—eu
f(2))o(u)dul SfRn f(z —eu) — ( ))|¢( )du

Applying Minkowski’s inequality for integrals, we get

e s = Al < [ et = vl

. By dominated convergence (Using 2||f||r») we are done. O

In particular, since C.(R™) is dense in LP and since {¢e * [ | f € C.(R™)} C
C2°(R™), we have proven 1.4.

1.2 Lebesgue’s Differentiation Theorem

We recall the fundamental theorem of calculus. For f: R — R continuous,
limp, 0 3 f$+h (f(y) — f(z))dy =0 for all z € R.
In the Lebesgue theory, we have:

Theorem 1.10. Let f € LY(R"), B, () = {y € R" | |y — z| < r} then

1

}HO |B,(z)| . (I)|f(y)_f($)‘dy:0

for almost all x € R™

Remark. The set of points A = {z | Lebesgue Differentiation holds} are called
Lebesgue points of f and p(A¢) =0

For the proof we introduce

Definition 1.1. For f € L',x € R", set Mf(z), the Hardy-Littlewood
maximal function to be M f(z) = sup,~ m I @) |f(y)|dy

Lemma 1.11. For f € L', M f maps R™ — R, is borel and

o | M) > A} < Sl

for all A >0

Proof. Define Ay = {& | Mf(x) > A}. If x € A,, there is r, such that
m fBr @) |f(y)|dy > A. If z,, € A has x,, — z in R™ then we have

m fBrz () 1f (W)|dy < A by definition.
) DCT

The left hand side is m S 1B, (o)l f (W) |dy — |B,,.1(z)\ Jen 1B, @) f(w)|dy
contradiction, so Ay is open for all A\, so M f is measurable

To prove the bound on M f we use inner regularity of the lebesgue measure and
take an arbitrary K C Ay compact (if there is no such set, u(Ay) = 0 so done).
K admits the open cover {B,_ (z) | x € Ax} so by compactness we get a finite
subcover By, ..., B, of such balls. By Wiener’s covering lemma (Example sheet



1), we can find a further subcollection of disjoint such By, ..., By such that

n ok "k 37—k
(K| < 3" X0 |1Bil = 5 X ABil < 550 [, 1F@)ldy < 51 fW)l]ee-
Taking limits over compact K, we are done by inner regularity.
Finally {x | Mf(z) = oo} C {x | Mf(z) > A} for all lambda, so it as 0
measure O

Proof. Proof of 1.10.
Consider Ay = {z | 1imrﬁo‘BT71(z)| fBr(m) If(y) — f(z)|dy > 2A}.
For € > 0 arbitrary, take g € C.(R™) such that ||f — g||z1 < €. Then

1
W (@) |f(y) — f(=)|dy

1 1
S B S0y W)~ W+ gy [ o) = 9(@)ldy o) — f )
=a+b+c

For b, since g is uniformly continuous, |g(y) — g(z)| < € for € arbitrary if r is
small enough, so lim,_,ob = 0 hence if x € A we must have a > A or ¢ > \.
For ¢, by Markov’s inequality,

Ilf —gllr _ e
o | 1f(@) - (@) > | < LI < S
For a we have, from the Hardy-Littlewood maximal inequality, that

ol o> A < o | MU = gl@) > A} < STI7 gl < e

Hence |A,| < L/\He hence is 0 as € arbitrary.
The set where the Lebesgue Differentiation Principle doesn’t hold is contained
in the countable union of the A;/,, hence has measure 0.

O

Remark. In particular, for f € L'(R), limy,_ % f;+h fly)dy = f(x) almost
everywhere

Theorem 1.12. (Egorov) Let E € B(R™), |E| < co. Suppose f;j: E — R
measurable such that f; — f almost everywhere on E. Then for all € > 0 there
is Ac such that |E\ Ac| < € and f; — f uniformly on A

Proof. By discarding a set of measure 0, we may assume f; — f pointwise on
E. Define

£y = {o 1 15@) - o) < =.vi > &}

Clearly EJ" is increasing in k, so monotonically converges to | J;—, Ef* = E
since | f;(z) — f(z)| < X eventually by hypotehsis.

Thus |E\ EJ*| — 0 as k — oo by countable additivity. We pick a subsequence
km = km(€) such that |E\ E;* | < e27™. Then on Ac = (_; E;* we have
|fi(x) = f(z)] < & for all j > ky, and hence f; — f uniformly on A.. Comput-
ing, we have |[E\ Ac| = [Up_ E\EJ' | <ed v 27 =¢ O



Theorem 1.13. (Lusin) Let |E| < oo, f: E — R (or C) a borel function.
Then for all € > 0, there is F. such that |E\ F| < € and f: F. = R (or C) is
continuous

Remark. Note however that f is not necessarily continuous on F, regarded as
a map defined on F

Proof. Firstlet f =" | a;14, be simple and without loss of generality, assume
the A; are disjoint and £ = |J*, 4;. Since p is inner regular we can find
compact K C Ay such that |4\ Kx| < % so that on the compact set UZL:1 K,
the function f is locally constant, and as the distance between K;, K is strictly
positive for i # j (as they are compact), f is continuous.

Moreover, |[E\ ;2 Ki| < |Ujey Ak \ K| <mS =e.

For general f, take f,, simple such that f,, — f on E and take A. such that
|E\ Ac| < § and f,, — f uniformly on A, by Egorov. Moreover take Cp,
compact such that |E'\ Cy,| < §57"™ such that f,, is continuous on Cy,.

Then on F. = AN (N _; Cn), f is the uniform limit of the continuous f,, and
hence is continuous.

A Drief calculation shows |E \ F¢| < € and we are done O

1.3 L? as a Hilbert space
Recall that L2(E, &, 1) is a Hilbert space for the inner product

(f.9)r2 z/lﬂf(w)mdu

and norm (f, f) = ||f||2.. A collection (u; | j € J) C L? is orthogonal if
(us,u;j)p2 = 0 for ¢ # j, is orthonormal if further (u;,u;) =1 for all ¢ € J.
It is called an orthonormal basis if Span(u; | j € J) = L?, in which case any
f € L?equals f = > jes(fiuj)p2u; with convergence in L?

Example 1.1. We have examples of orthonormal bases
1. For E = [0, 1] with z = dz we can take u, = ¢>™"()

2. E = R, = dz we can take {¢x = 2"/%¢(2"(-) — k) | k,n € Z} where
¥ =10,1/2) — 1[1/2,1) called the Haar basis

Recall the following result from Linear Analysis

Theorem 1.14. (Riesz representation theorem in Hilbert spaces) Let A: H — R
(or C) be a bounded linear functional on a real (complex) Hilbert space H then
there is g € H such that A(h) = (h,g) for h€ H

Proof. See 11 Linear Analysis O

Definition 1.2. Consider two measures p, v on a measurable space (F,E). We
say that v is absolutely continuous with respect to p if u(A) = 0 implies
v(A) = 0 for any A € £ We denote this ¥ < p and if also p < v we



say u,v are mutually absolutely continuous. If there is B € £ such that
0 = u(B) = v(B°) then we say p,v are mutually singular. We denote this
wlv

Theorem 1.15. (Radon-Nikodym) Let u,v be finite measures on (E,&) such
that v < p. Then there is a function w € L*(p) with w > 0 such that for all
Ac& v(A) = [,dv= [, wdn

Remark. w is unique.

We will in fact show [ phdy = / g hwdp for all non-negative measurable h.
In particular w = $% (in Leibniz notation) is called the Radon-Nikodym
derivative, or density of v with respect to u

The result extends to the case where u, v are o-finite

Proof. (von Neumann) Define new measure o« = p+ 2v and 8 = 2u + v and
on L?(a) consider the linear map A(f) = [}, fd8 which is bounded as we have
IAH| < [ If1dB =2 [, |fldp + [ |fldv < 2 [ |f|de. By applying Cauchy
Schwartz with f, 1 we get 2 [ |f|lda < 2v/a(E)||f]|12(a)-

Therefore by the Riesz representation theorem, we can write A(f) = f g 9fda
hence [, f(2dpu+ dv) = [, gf(du+ 2dv) so

/Ef(2—g)du=/Ef(29—1)dV

for all f € L?(a). We can extract information by testing f = 14, for the
measurable sets 4; = {z | g(z) < 1 — %} for j € N. Thus on the right hand side
of the displayed equation, [}, f(2g — 1)dv < _72 IA,- dv = _721/(Aj) and on the
left hand side, [, f(2— g)dp > 311(A;) so we have, as we have that a negative
quantity is larger than a positive one, p(A4;) = v(4;) = 0 and g > 3 almost
everywhere for u,v. Similarly, considering A} = {z € E'| g(x) > 2+ %} we see
that ¢ <2, p and v almost everywhere

Since L%(a), for a a finite measure, contains all simple functions and since for
f > 0 the integrands of the displayed equation are non-negative, we can use the
monotone convergence theorem to extend it to

/E 72— g)du = /E 729 — )dv

for all f > 0 measurable. Now consider f = 1(,,)=1y. Then the left-hand

side is 2pu({z | g(z) = 1}) and the right hand side is 0, so u({z | g(z) = 3}) =0

and hence v({z | g(z) = 4}) = 0 (This will give the singular part on example

sheet 1). Now let h > 0 be measurable and define f = % and w = % and
0 where they aren’t defined (which is a null set under 1 and v) and furthermore,

the set where f < 0 is a null set (as proven before). We now have

/hduz/ hwdp
E E



for all measurable h > 0 and the result is done, since w > 0 and w is integrable
as ||w||p1(uy = [ wdp = v(E) < co by considering the indicator of an arbitrary
measurable set ]

Remark. If P is a probability measure on B such that P < dz then g—f = p(x)
is the (Lebesgue) probability density of P. Moreover in general, there is a
unique decomposition P = P,. + P, such that P,. <« dx, P, | dz. Note that
P, is not necessarily discrete

2 Dual Spaces

Definition 2.1. Let X be a topological vector space. Then the topological
dual space is X' = {A: X — R( or C) | A is linear and continuous}. If X is
normal with norm ||-||x, then continuous is equivalent to bounded, and X’ has
the norm ||A||x: = supy/ |[A(x)]

Definition 2.2. For any dual space X’ we have a further dual space X" = (X')’
called the bidual space. For A € X' the point evaluation A — A(z) atz € X
is a linear functional on X’ that is continuous since |A(z)| < ||Allx/||z||lx <
c||Al|xs. Identifying x with this map, we can regard X C X" (we will address
injectivity later via Hahn Banach). If X" = X, we say X is reflexive

Remark. By the Riesz Representation Theorem, for a Hilbert space H, H' = H
and hence H” = H so H is reflexive

Let us study now the dual space of LP = LP(R"™,dzx) for 1 < p < oo. The
remark above shows that (L?)" = L2. For general p we consider the conjugate
index, ¢ such that % + % = 1. Note that any g € L? defines a linear functional
on LP via Ay(f) = [pn f(x)g(x)dx for f € LP which is clearly linear, and is
continuous by Holder, and ||Ay||(zr) = ||g]|rs (on Example Sheet 1). Identifying
g with Ay, we say L9 C (LP)

Theorem 2.1. For 1 < p < oo, we have (LP)" = LY isometrically, and for
1 < p<oo LP is therefore reflexive

Remark. This is false for p = co. In particular, L' is not reflexive

Proof. Note first that (Example sheet 2) any A € (LP)" can be uniquely decom-
posed as A = AT — A~ where A* are positive linear functionals (ie A*(h) > 0
for all A > 0 almost everywhere). Since we already proved LY C (LP)’, we only
need to prove the following lemma

Lemma 2.2. Let U € (LP) be positive. Then there is g € LY which is pos-
itive almost everywhere such that U(f) = [;. f(x)g(x)dz for all f € LP and
Ul zey = llgllza

Proof. On R™ consider the finite measure p with density du(z) = el dz.
2|2
Further define, for A € B(R™) the set function v(A) = U(ef%lA) > 0. We



||
have v(R™) < ||U||(Lry|le” 7 ||zr < co. To show that v is countably additive,
consider A,, € B decreasing monotonically to ). To prove their measure goes
p ‘2

|| \
to 0, note that v(A,,) = U(e” 7 1a,,) < [|U||zrylle” 7 1a,,[lr — 0 by
Dominated Convergence. Hence v is a finite measure on B that is also absolutely
continuous with respect to p since for A such that pu(A) = 0, we have that
=2
v(A) < |U||zeylle” # Lallee = ||U||(zryp(A)/P = 0 as p < co. Hence the
Radon-Nikodym theorem implies there is some G > 0 such that v(A) = fA Gdu
|z|?
where G € L'(p). Then for F ="  a;14, set f =€ » F, we can write the
functional’s value,

||

»1y,)

U(f) = Z a;U(e”

:/RZ

n 4
=1

= | [f@)g(z)dz
R

ailAiGe_‘xlzdx:/ e v Z(ailAi)Gedex

n

=2

where g = Ge « > 0.

Since the set of all such f is dense in LP N {f > 0} and since fg € L' as
S L@ g(@)lde = [ 1F@)g(2)dz = U(]) < Ullzoyllfllir < 0c. Decom-
posing fg = ftg — f~ g and taking limits, the identity extends to show that
U(f) = [gn [(x)g(x)dx for all f e LP(R™). From the example sheet, for all g

lalls =sup{ [ 170: 17l < 1} =007 < [0l)aey < o6

- Also [|U[l(zey = supy gy, <1 | [ fgl < |g||re by Holder so the result follows [
O

We can characterise duals of subspaces of L>°. For instance any finite mea-
sure 1 on B defines a linear functional on C.(R)" via f — [, fdu. Call a
measure regular on R™ if for all € > 0 and A € B there are closed C, open O
such that C C A C O and p(O\ C) < ¢

Theorem 2.3. (Riesz) Let A € (C.(R™)) be positive. Then there is a o-field
M D B and a regular measure p on M such that A(f) = [, fdu

Proof. No Proof O

3 Weak and Weak-* Topologies

On a Banach space X and its dual space X', we have ’strong’ topologies induced
by the norms || - ||x, || - ||x+. But the unit balls of these spaces are only compact

10



when they are finite dimensional. To consider 'weaker’ topologies, we make the
following definition

Definition 3.1. A semi-norm, p, on a vector space X is a functional called
p: X = R>q such that

L. plx+y) <plx)+ply) for z,y € X
2. p(Az) = |Ap(z) for all z € X, A € R (or C)

Remark. Note that we do not require the third condition to be a norm, that
xz =0 if and only if p(z) =0

A collection P of seminorms p induces a ’locally convex’ topology 7p by
declaring the sets V,(p,n) = {y € X | p(y — ) < %} to be open for all
reX,peP,neN.

The family P is said to separate points if for any 0 # x € X there is p € P
such that p(z) # 0. Therefore (example sheet 2) a sequence (z,)nen — 2 for
7p if and only if p(z — z,) — 0 for all p € P.

This topology is not generally metrisable unless P is countable in which case
a metric is given by dp(z,y) = > o, 2_1'%;2]) where (p; | i € I) is an
enumeration of P (use dominated convergence for the counting measure to prove
this).

Definition 3.2. We call (X, 7p) a locally convex topological vector space,
and if it is complete we call it a Frechet space

Definition 3.3. Returning to the normed space X, we can consider semi-norms
given by pa(z) = |A(z)| and the topology 7p induced by the familiy of semi-
norms called P = {pp | A € X'} is called the weak topology, 7, such that
T, — x weakly in X, or z,, — x if A(z,) — A(x) for all A € X'. Tt is not yet
clear that 7, separates points, but will be proven later.

Definition 3.4. When X’ is a dual space, we can consider the weak-* topol-
08y, Tws induced by the familiy of seminorms P = {p,(A) = |A(x)| | z € X}
so A, — A weak-*, or A, =* Aif A,(x) — A(x) for all z € X (pointwise
convergence). In particular, 7, 7,,+ always separate points, so are hausdorff

Example 3.1. We have a few examples

1. For L? = LP(R™,dz),1 < p < oo, we have dual space L? for ¢ conjugate
to p, so fr, = f weakly in L, if

fm(@)g(x)dz — [ f(x)g(x)dx
Rﬂ, Rﬂ,
for all g € L9. Similarly as L? = (L?)" for 1 < p < oo, Ay, — Ay weak-*
(or fn, — f weak-*) if and only if that same limit holds. In particular
for 1 < p < oo these notions of convergence coincide and this holds more
generally for any reflexive space

11



2. Consider a Borel probability measure on a metric space D and let Cy(D)
denote the Banach space of bounded continuous functions on D. Then
pw(f) = [, fdu defines an element of Cy(D)" since |[u(f)| < [|f]lo as
w(D) = 1 and a sequence of probability measures u,, converges to u for

Tw= on Cp(D)" if
/ Fdjin — / fdu
D D

for all f € Cp(D) (This is weak convergence of laws p,, — p from proba-
bility theory)

3.1 Compact Sets in Banach Spaces

Recall from Linear Analysis

Theorem 3.1. (Ascoli-Arzela) Let I = [0,1] (or any compact metric space)
and let fi, be a sequence in C(I) such that ||fi|leo < M for all k € N and for all
€ > 0 there is a 0 such that |z —y| < § implies | fr(x) — fi(y)| < € for all k € N.
Then there is some f € C(I) such that for some sequence n; € N, fn, — f
uniformly on I

Proof. See Linear Analysis O

A sufficient criterion for such equicontinuity arises from Holder continuity
defined by norms of the form || f||co.r = || f]]oc +5UD,, W for0 <y <1
and we can also define

[D*f(z) = D*f(y)|

|z —y[

1fllema =D [ID*fllos +

max sup
al=m
0<|al<m o#Y

lee|=
for all 0 < v < 1,m € N. Then {f | ||fllco~ < 1} is compact in C(I) by

Ascoli-Arzela if v > 0 -
The other approach to compactness is via the following theorem

Theorem 3.2. (Banach-Alaoglu) If X is a normed space. Then the unit ball,
Bl ={A e X' |||Allx <1} of X' is compact for the weak-* topology

Remark. In Cy(D)’, any sequence of probability measures has a weak-* con-
vergent, subsequence

Proof. (Separable case). Let us first show the following lemma, of independent
interest

Lemma 3.3. For a countable dense subset D = {x1,x2,...} of X, consider the
seminorms P = {pg, (A) = |[A(xy)| | k € N} with topology 75. Then Tp = Ty-
as (trace-)topologies on Bf = {A € X' | ||Allxx < 1} and are metrised by

o ok A ()]
dp(AA) =202, 2 km
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Proof. The open sets for the 75 topology are generated by the following open
sets, V(zy,m) = {A | [A(z)| < L}, indexed by k,m € N and these are elements
of 7+ s0 to prove 75 = 7« it suffices to show that V'(x,n) contain some V' (x, n)
for any x € X,n € N. To show this, let x € X \ D and take x; € D such that
||z — 2x||x < eand for A € V(zg,m), |[A(z)| < |Alzy — )|+ |A(zr)] < e+ L as
A € Bf, hence we have shown what we wanted. That the metric is as written
was previously proven O

Since the topology 7,,« on Dj is metric, it suffices to show

Theorem 3.4. Let Aj € B} for j € N then there is A € By such that A;, — A
weak-* along a subsequence

Proof. Again, let D = {x1,x9,...} be a countable dense subset of X. Then
[Aj(z1)] < ||z1]|x < oo so we may apply Bolzano-Weirstrass theorem, we may
extract a subsequence Aj, such that Aj (x1) = A(z1) € R so that we have
A(z1) < ||lz1||x. Call the sequence A, ;. Repeating this argument for further
coordinates, we define A; ; for all{, j € N with A; ; () converging to the number
A(zy) with [A(xg)] < ||zk||x for all & < [ as j goes to infinity. Taking the
diagonal sequence A; ;, we have A; ;(xr) — A(xy) and |[A(k)| < ||zk||x for all
k € N. To show that A in fact defines an element of Bj, first note that A is
uniformly continuous on D since for z,y € D with ||z —y[| < § and j is large
enough that |Aj;(z) — A(x)| + |Aj;(y) — Aly)| < § then [A(x) — A(y)| < e by a
usual triangle inequality argument. We may now extend A as a (not necessarily
linear) function to all of D = X by a usual topological argument. To check that
Ais linear, let x,y € X and set z = z+ay for a € R (or C) and pick z’,y', 2’ € D
such that ||z —z'||x +la||ly—y'||x +||]z—2'||x < § and decompose, for sufficiently
large j,

[A(2) = A(@) — aA(y)] < |A(2) = A(Z)] + [A(z) — A@)| + |allA(y) — A(Y)

ol
A = Ay ()] + [A@) = Ay ()] + lallA(Y) — Ays(¥)

+[A55(2") = Ayj(@") — adj;(y")|

<S4l4c<
-+ -+c
=171 ¢

since
¢ < [Ajj(2) = alyi(y) — Ay (@)
+ Ay (= 2| + lal| Ay (y — y)| + 1445 (= — ) = 0
Next [A(z)] < [A(z" —2)| 4 [A(2')] < e+ [[2"]|x < 2e+[[][x so [A(z)] < |[|z]|x,
where we can bound A(z’ — z) by uniform continuity, so A is bounded with
operator norm at most 1.

Finally [Aj;(2) — A(z)| < [Ay;(2") — A@@")| + [Aj;(x — 2")[ + [A(z — 2")| = 0 s0
we are done O

O
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4 The Hahn Banach Theorem and its Conse-
quences

Definition 4.1. A functional p: X — R on a real vector space is called sub-
linear if

L. plx+y) <plx)+p(y) for all z,y € X
2. p(tx) =tp(z) for t > 0,z € X

Example 4.1. Clearly any linear functional [: X — R is sublinear and so is
any semi-norm, but the converse isn’t true

If p is a seminorm and {: X — R is linear such that {(z) < p(z) for all z € X,
then in fact we have |I(z)| < p(x) since —I(z) = I(—z) < p(—z) = p(z), and so
’”dominated by p’ is equivalent to p-continuity

Lemma 4.1. (Bounded Extension Lemma) Let X be a real vector space and
p: X — R be sub-linear. Let M C X be a vector subspace and x ¢ M and define
M = Span(M,z). Then let I: M — R be linear such that l(z) < p(x) for all

x € M. Then there is some I: M — R which is linear such that | |m=1 and
I(z) < p(x) for allz € M

Proof. Let y1,y2 € M be arbitrary. Then

Wy) +Uy2) = Uy +y2) < p(yr +y2) < plyr — x) +p(y2 + x), Vo € X \ M

Now I(y1) — p(y1 — x) < p(y2 + x) — l(y2). Taking the supremum over y; and
infimum over yy, we get

sup{l(y) —ply —z) |y € M} <a<inf{p(x+y) —Il(y) |y € M}

for some a € R. If z € ]\A/f, it has a unique decomposition as z = y + Az for
some A € R,y € M. Define I(z) = I(y + Az) = I(y) + Aa which is linear on M
by definition, and restricts to [ on M. To see that 1< p on ]\7, take first A > 0
and note that I[(y + Az) = AU(¥) +a) < AUL) +p(¥ +2) — (L)) = ply + \v).
In the other direction, for A < 0, set u = —\ and we similarly get the inequality

l(y+Xa) =y —pa) = p((E) —a) < p(U(L) = UL +p(% —2)) = p(y+Az) O

To extend [ to all of X, for X separable we could apply this inductively
to M,, = Span(M, x1,...,x,) where z1,...,Z,,... is a countable dense subset
and take limits (messy). Instead we use transfinite induction via Zorn’s lemma.

Theorem 4.2. (Hahn Banach) Let X be a real vector space and p: X — R a
sublinear functional. For M C X a vector subspace, let [: M — R be a linear

functional such that I(x) < p(x) for all x € M. Then there is a linear map
I: X = R such that l(z) < p(z) for allz € X

14



Proof. Consider
S={(N,))| M < N<X,I: N Ris linear, |yy=1,l <pon N}

. We declare (Nl,[l) < (Ng,l}) if N, C Ny and I [N, = ;. Let T C S be totally
ordered and define Ny = U(N,Z)eT N with I7: N7 — R equal to [ on N which is
an upper bound for 7. Thus by Zorn’s lemma there is a maximal (N, L) which
is a maximal element of S. Now N = X as otherwise we could apply bounded
extension again and so we are done. O

Remark. Note the following
1. [is not necessarily unique
2. If X is non-separable then this depends on the axiom of choice

Corollary 4.2.1. (Norming functionals) For X a normed linear space and
x € X there is a continuous A = A, € X' such that ||Al|x» = 1 such that
|[A(z)] = ||z||x. In particular, if A(x —y) =0 for all A € X' thenx =y

Proof. Fix © € X. Define M = {cx | ¢ € R} < X and the linear functional

I(cz) = c||z||x, which is dominated by the sublinear functional p = ||-||x. Thus
by Hahn Banach, there is a A = A;: X — R such that [A,(y)| < ||lyl|lx so
A € X’ and ||A]|x» < 1. Note that ||A||x > SUPge M {|lyl|x <1} [1(x)] = ||=||x
and so [A(z)| = [I(z)| = [|=[|x O

So the weak topology induced by all A: X — R which are bounded, linear
does separate points

Corollary 4.2.2. The canonical injection i: X < X' given by x — (A — A(z))
18 an isometry

Proof. First ||i(z)|[x» = supa||,, <1 [A(@)] < 1-[lz[|x, and taking a norming
functional, the last supremum is larger that |A,(x)| = ||z||x so we are done O

We further deduce that if X = X”, then X is isometric to X" and hence is
complete. Hence reflexive normed linear spaces are Banach spaces. If X is not
reflexive, then X" provides (up to isomorphism) the completion of X for ||-||x.
In particular if X is reflexive, then the weak topology coincides with the weak-*
topology on X", and so by Banach Alagolu, the unit ball B; is compact in the
weak topology

Theorem 4.3. (Hyperplane Separation Theorem) Let A, B be disjoint non-
empty convex sets in a Banach space X

1. If A is open, there is A € X' and some real v such that A(a) < v < A(b)
forae A,be B

2. If instead A 1is compact and B is closed then there is A € X' and reals
Y1,v2 such that Ala) <1 < v2 < A(D)

15



Proof. Let ag € A,byg € B and xyp = by — ag € X. Define
C=A—-B+zy={a—b+z9|acAbe B}

which is again convex containing 0 but not zg, as if xyp € C then there is
a € AN B. C is also open since A is open, so we can consider its Minkowski
functional Px(x) = inf{t | x € tC} < co. We can show (example sheet) that
P¢ is sublinear on X and there is a constant k& > 0 such that Po(x) < kl|z||x
and Po(z) < 1 for € C and Po(x9) > 1. Now take the vector subspace
M = {tzo | t € R} and consider the linear functional I: M — R by I(txg) = t.
Then [ is dominated by Pc so we can apply Hahn Banach. THere is therefore
some A: X — R such that —k||z||x < —Po(—2z) < Alz) < Po(z) < k||z||x
where the outer inequalities come from linearity and so |A(x)| < k||z||x hence
A € X’'. Now pick a € A,b € B and note

Ala) —A(B)+1=Ala—b+z9) < Pola—b+x0) <1

. Then A(a) < A(b) for such a,b. Now if A is open, so is A(A4) by open mapping
theorem and so A(a) < sup(A(A4)) < A(b) with strict inequality if B is open,
proving 1. For 2, note that A(A) is now compact in R and if d = ||A— B||x >0
then A = A + Bg/o where Bg/; is the open ball of radius d/2, then applying 1
to this, we are done O

5 Generalised Functions and Distributions

Consider a topological vector space X C ﬂq>1 L? where L7 = L1(Q,dz) for
an open subset of R™. Suppose X contains C°(2) and let f € LP then we
obtain a linear functional Af(g) = [, fgdz,g € X. If the embedding X — L?
for ¢ conjugate to p is continuous, then Ay € X’. Since X contains g = ¢(-—y)
for all sufficiently small y € €2, we can use the mollification theorem to see that if
Ay =0in X' then f = 0 almost everywhere. We can therefore identify Ay with f
and study the weak-x topology of X’ on LP. Choosing X as ’small as possible’
obtains the ’weakest possible topologies’ on functions and the completion of
(LP, Ty«) contains objects that aren’t functions anymore.

First define C°(Q) = {¢: Q@ — R(or C) | ¢ is infinitely differentiable} and
consider the seminorms py(¢) = maXo<|q|<nN SUP,c i,y [D¥P()| where we have
K; C K;;1 a sequence of compact sets such that U;’il K; = Q. We define the
Frechet space £(Q) = (C*°(Q2),7p) where P = {py | N € N}. Note that £(Q)
may contain non-integrable functions, such as ¢(z) = 292

To obtain a similar topology on C2°() is more delicate, but we can prove

Theorem 5.1. There is a topology on C°(Q) such that
1. The vector space operations are continuous

2. ¢;j = 0 for 7 as j — oo if and only if there is compact K C Q such
that supp(¢;) C K for all j € N and D*¢; — 0 uniformly on K for all
0<|al < oo
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3. If T: C*(2) — R (or C) is linear, then it is continuous if and only if
T(¢j) = 0 for all p; — 0

We define D = D(Q2) = (C°(2), 1) is called the space of test functions

Example 5.1. Take e_jqé(;) for ¢ € C°. This converges to 0 in 7, but
§7292°¢(5) doesn’t converge to 0 for 7

Alsoon Q =R, e 7¢(- —j) /4 0 in 7 since there is no common K on which they
are all supported

For 2 = R"™, there is a third space

Definition 5.1. Call ¢ € C*°(R") rapidly decreasing if

suRp (1+ |z|)"|DYp(x)| < o0
reR™

forall 0 < |a] < oo, N €N
Example 5.2. e~ |*I” is rapidly decreasing, but (1 + |2|)~2%5 is not
Define the seminorms P = {px | N € N} with

py = max sup (1+ |z|)N|D*¢(x)]
0<[a|<N geRn

and define the Frechet space S(R™) = ({¢ rapidly decreasing}, 7z) which is
metrisable as P is countable, and this is often called the Schwartz class.
Clearly D(Q2) C £(22) and D(R™) C S(R™) C £(R™) are continuous embeddings
and strict inclusions (example sheet).

We can now define

D'(Q) ={T: D(Q) — R | T is linear and continuous}

, called the space of Schwartz distributions. We also define the space of
’compactly supported’ Schwartz distributions,

E'Q)={T: £(Q) = R | T is linear and continuous}
. For Q = R"™, we define the space of tempered distributions
S'(R™) ={T: S(R") — R | T is linear and continuous}

. We can use C instead of R throughout. These are equipped with their weak-*
topologies. We have the reverse continuous embeddings &'(2) € D’(€2) and
E'(R™) ¢ S'(R™) c D'(R™)

Example 5.3. Consider d,(¢) = ¢(z),z € Q. If ¢; — 0 in D,E,S then
02(¢j) = ¢j(x) > 00 as j - o0 sod, €&E,D, S
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Let f € L},.(Q). Then T¢(¢) = [, foda for ¢ € D(Q) and Ty € D'(12) since
for ¢; — 0 in D(Q), we have T¢(¢) — 0 by Dominated Convergence Theorem
with dominating function sup;cy ||¢;llec1x|f| € L' for some compact K on
which all ¢; are . Also if Ty = 0 on D(Q) we still get f = 0 almost everywhere
by applying mollification on flp where B is any ball in 2 containing x € €.
Therefore L}, . C D'(Q)

Also if ¢ = e 1p(2) for ¢ € C(R™), [pn ¢dz = 1 where ¢ is even, then for
g € DR"),

T(9) = [ ola)é.(o)is

= /n 9(0 — )¢ (z)dz
=g ¢(0)
—9(0) = do(9)

So Ty, — dp in D'(R™)

5.1 Generalised (distributional) Derivatives in D'({2)
Let f € CY (), D;f = 52 f € L}, Then

loc*

0 0
Tp, = dax = — dae = —T¢(D;
n6)= [ (pf) oao == [ 150 = ~T3(Dio)
This motivates us to define, for any multi-index «,
Definition 5.2. The distributional derivative of any T' € D'(Q) is
(DT)(¢) = (~1)*IT(D"¢)

for ¢ € D(Q). So DT € D'(Q) as well. If T = Ty and D,T = T, for some
fyg € L}, then we call g = D2 f the weak partial derivative of f

Example 5.4. Consider Ty € D'(R) where f(z) =0 for < 0 and f(z) =«
otherwise. Then

DTy(9) = ~T5(&) = — / g () = / " pla)dz = JEE

where H is the Heaviside step function. So D, f = H
Computing the second derivative, we see

DT (6) = DT (6) = ~Tu(¢') = — / ¢ (@)de = 9(0) = bo(6)

This is not a weak derivative, but is a distributional derivative. So in some sense
we can write g = H’

Finally, similarly, D37y = —¢/(0) which is a Schwartz distribution but not a
measure
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If feLl.(Q)and a € C>(9) then

/aﬂb /faszs Ty(ag)

which motivates the following definition

Definition 5.3. If T € D'(Q),a € C>~(Q), we define (aT)(¢) = T(ag)

5.2 Compactly Supported Distributions

Proposition 5.1. A linear map T: £() — R (or C) is continuous if and only
if there are K C Q compact and N € N,c > 0 such that

< ¢ max sup |D®
7(0)] < c, max_sup [D0(a)

for all ¢ € E(Q)

Proof. Suppose the inequality holds and let ¢; — 0 in £(€2). Then by definition
of the topology on £(2), for some j large enough in the definition of the topology,
K C K; and the right hand side of the inequality for ¢ = ¢; converges to 0 and
so T'(¢;) = 0s0o T € &£'(Q)

Conversely assume 7T is continuous but that the inequality doesn’t hold. Hence
if K; C Kj41 is any exhaustion of compact sets of Q we get a sequence ¢, € £(12)
such that

IT(65)] > max_sup |D*(e,)]

1<la|<j zeK

for j € N. Define ¢; = T (;))' where the denominator is not zero as it is lower
bounded as above and note that for € K; and |3 < j,
1 DF 1
|Dﬂ¢j( ) <= | QI)J( )| <Z 50
J MaXo<|a|<j SUPzek; |Dagj(x)| ~ j
so ¥; = 01in £(Q) but T'(¢»;) = 1 4 0 contradiction. O

Definition 5.4. T € D’(Q) has support in a closed set K C Q if T(¢) = 0 for
¢ € C°(Q\ K). The last proposition implies that T € £(Q) is supported in
some compact subset of 2

Example 5.5. If f € L}
is compactly supported
0, for x € Q is also compactly supported, in K = {z}

If T € D(Q) is compactly supported then so is D*T for any multi-index «

is such that f = 0 outside a compact set K then 7%

loc

Proposition 5.2. Any T € £'(Q) restricts to a T € D'(Q) of compact support,
and and T € D'(Q) which is compactly supported extends to T € E'(§2)

Proof. The first claim follows from the proceeding proposition. Conversely, let
T be supported in the compact set K. Then we take £ € C2° such that £ =1 on
K and define T'(¢) = T'(£9) for ¢ € £(Q), which defines an element of £'(Q2) O
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5.3 Convolutions of Distributions

Recall that for f, g € C.(R™), their convolution is f* g(z) = [;. g(z —y)f(y)dy
which is = almost everywhere defined whenever f € LP,g € L! for 1 < p < o0
in view of Minkowski’s inequality for integrals. To extend this definition to
distributions, we need some notation

Remark. Recall that 7,9 = g(- — x), set § = g(—-) and 7,9 = g(z — -). In this
notation, fxg(x) = T¢[7,g]. Since g € C2°(R™), we have 7,9 € C°(R"™), we can
define for T € D’(R™) and ¢ € D(R™) the convolution z — T  ¢(z) = T (1,¢)

Theorem 5.2. Let T € D'(R"),¢ € D(R™) and « be a multi-index. Then
Tx¢pe C®R™) and D*(T x ¢) = (D*T)x ¢ =T * (D*¢)
Proof. Take e; € R™ a basis vector and h — 0 € R. Write

Pp(x +he; —-) — ¢z — )

1 .

hT*¢(x+hei)—T*¢(a:)]:T

= T(Dip(z —-))

=T (D;¢)

where the convergence (where the internal term converges in D(R™)) is from
the example sheet. By induction, we get that T % ¢ is C'"*° and the two outside
terms of the theorem are equal.
To prove the first equality, note

D*(7,0) = D(z — ) = (-1)°l(D¢)(z — ) = (~1)l*l7, D¢
Thus
(D°T) % ¢(x) = D°T[rpg] = (~1)*IT[D*(7,9)] = T[r, D*¢| = T % (D)
so we are done O

We notice that if T € &£'(R™), supported in K and if K, is the shifted
compact support of 7,¢ = ¢(x — ), ¢ € C°(R™), then for |z| sufficiently large
KNK,=0and T ¢ DR")

Definition 5.5. Let T} € D'(R") and T € £'(R™) then we define their convo-
lution by the action (T} * To) * ¢ = T} * (T x ¢) for ¢ € D(R™)

Remark. This defines a distribution as (T} * T3) * ¢)(0) = (T} * T»)¢ for
¢ € DR")

Remark. Note that g has compact support and dp * ¢ = dp[p(z — )] = ¢ and
so for any T7 € D’(R™), we see that (T} ) x ¢ = T x ¢, so dy is a right identity
for convolution on D'(R"™)
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Theorem 5.3. Let T4 € D'(R"),T? € & (R") and o any multi-index. Then
Da(Tl * Tg) = (DaTl) * T2 = T1 * (DQTQ)

Proof. Using the previous theorem and the definitions, for any ¢ € D(R"),

DTy« To) * ¢ = (Th % Ta) x D%
=T, * (Ty * DY9)
=T % (DYTy * )
= (T, * D“Ty) * ¢

and so D*(Ty * Ty) = T * (D*T5,) and the other identity is similar O

5.4 Fundamental Solutions of Linear PDEs

Consider the partial differential operator L = Z|a\ < 8o D with the coefficients
4o € C®°(R™),k € N. The PDE Lu = ug for u,up € D'(R") can be interpreted
in D'(R™) and a ’weak solution’ u is one such that (Lu)(¢) = ug(¢p) for all
¢ € D(R™). An element G € D'(R") is called a fundamental solution for L
if LG =y in D'(R™) and if G = T, for g € L,.(R") then we call g the Green
kernel of G

Theorem 5.4. Suppose that L has constant coefficients, a, € R (or C) and
that G € D'(R™) is its fundamental solution. If ug € E'(R™), a solution to
Lu = uyg is given by u = G * ug

Proof. Because L is linear and using the previous theorem,
LU*Zaa (G*xug) = Z(DO‘G*UO):(LG)*u0:50*u0:u0
la|<k || <k

since
(G0 * u) x ¢ = 0o * (ug * ) = ug * P(x) = ug * ¢
O

Remark. If ug € D then G *x ug € C°(R™) and the equation Lu = ug holds
pointwise on R” by testing ¢.(- — x) for e > 0 and an appropriate ¢,

2 we can show that the fundamental
o |T| Thus for f € D(R™), the
solutions to the Laplace equation —Au = f on R? are given by

1 1

For example if L = —A = — Zl 1 8T
solution is G = T, for the Green kernel g( ) =
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5.5 Fourier Transforms of Distributions

Recall that for f € L*(R™), the Fourier transform is the map f: R” — C given
by

flu) = / e f(2)dr,u € R™

where z-u = (, u)gn. We sometimes write F'f = F[f] = f. Since f € L}, _(R"),
we can consider

70) = [ fwotdu= [ [ s otupduds = 7(9)
Rn n Rn

for ¢ € D, but we have a problem as QAS is not necessarily in D, so this definition
does not necessarily extend to D’. We therefore work in S(R") and S'(R")
instead

Lemma 5.5. (Riemann Lebesgue Lemma) Let f € LY(R™). Then

feCy(R") = {h: R" — C | h continuous, lim |h(u)| =0}

|u|—o0

and || fllco < [If]lz2

Proof. Clearly for any u; — u in R™ we have e " f(z) — e "% f(x) and
le~t@wi f(x)| < |f(z)] € L' and so by DCT, f(uj) — f(u) for f is continuous

and ||flloc < fgn |f(2)]dz = [|f]]L2.
Finally for f € L' take a sequence f;, € C°(R") such that fr — f in L!

so that also |[fx — fllee < Ilfn — fllzr — 0 so fx — f uniformly on R" and
fr € Co(R™) since |uj||fx(uw)| = |D;fe(u)| < ||Djf|lrr < oo therefore since
Co(R™) is complete, f € Co(R™) O

Remark. Note that F' does not map L' onto Co(R™)
Lemma 5.6. Let f € L'(R")
1 If = A""f(5) for A > 0 then fr(u) = f(\u) for all u € R"
2. a?(u) = e @ f(y) and emf =1,f
3. Ifge L' then fxge L' andm:fﬁ
Proof. Fubini and substitution O

Theorem 5.7. 1. Let f € C*(R") be such that f,D;f € L' forj=1,...,n.
Then D; f(u) = iu; f(u) for all u € R"

2. If f € LY(R™) such that [,, (1+|z])|f(2)|dz < oo then foranyj=1,...,n
and u € R" then Djf(u) = —ix; f(x). In particular, feCYR™)
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Proof. 1. For any € > 0 we can pick a function f. € C2°(R™) such that
|| fe = fllzr + ||Djfe — Djfllrr (we can restrict to compact support by
multiplying by a smooth cut off function, then approximate by ¢ * f as
the derivative also converges to D, f). For such f. we see that

—

D fe(u) = / e D fe(x)da
_ / (Die™ ) fe(w)da

= /n iuje” " fo(x)
= iujfé(u)
Now
|D; f(w) — iu f(w)| < |Djf(u) = Djfe(u)| + liw (fo — f(u))]

<|IDjf = Djfellr, + lujll[fe = fllz,
< (1 Jug)e

so we are done

2. By the Riemann Lebesgue lemma, it suffices to prove the identity. Take
e; the jth basis vector in R" and h — 0. Then

1

p(Ft ey = fw) = [ e s

= /n RERT (eirh: 1> f(x)dx

— —i/ ey f(x)da

= —ix; f(z)(u)

We can apply DCT as the middle term is bounded by |z;| by MVT, which
is |f|dz integrable by hypothesis
O

Recall from Probability and Measure

Theorem 5.8. (Fourier Inversion) Let f € L' and f € L'. Then for almost
all x € R™,

1 iTou £ _ =17 g
1@) = e [ @ e = P )e)
and for the unique continuous representative f € [f] = {g | g = f a.e} the

formula holds everywhere in R™

Proof. See Probability and Measure O

23



Remark. F~1[F¢] = (2;)" F[F¢](—-) so F~! is itself a Fourier transform itself

Recall that S(R") = {¢ | sup,epn (1 + |2]")|D*(x)| < 00, Va,n} with semi-
norms py

Theorem 5.9. F is a continuous homeomorphism of the S(R™) into itself
Proof. Clearly f € L' since

1
n+1
[ If@dr < sup (14 [al)"*15@)] [ prrde < o0

To see that f € S(R™) as well, let o, 8 be multiindices. Then

|| D? f(w)] = [ D (27 )| (u)
< ||D* (2 )|
<pn(f)

for sufficiently large N, with the last inequality as before. Similarly if ¢; — 0 in
S(R™) the previous inequality implies pN(q‘;j) — 0 so Fis continuous. Moreover
if F¢p = 0 for ¢ € S(R™) C L, then by Fourier inversion, ¢ = F~(0) = 0 so
F is injective. Moreover any ¢ € S(R") is F~1F(¢) = ﬁFFé, which is the
Fourier transform of some ¢, hence F': S(R™) — S(R™) is surjective and we are
done O

We can therefore make the following definition

Definition 5.6. For T' € S’(R™), we define its distributional Fourier trans-
form T'(¢) = T(¢) for all ¢ € S(R™)

Remark. Clearly by the previous theorem, 7' € S’(R™), using sequential con-
tinuity. Also if f € L' then T(¢) = Ty(¢) as at the start of this section.

Definition 5.7. Call ¢ slowly increasing if sup,cpn (1 + |2]) "V |¢(2)] < oo
for some N € N.

Remark. If ¢ is slowly increasing, Ty € S'(R™). In this case, even if T¢ is given

1
loc?

Note further that for 7;,7 € S’(R"), if T; — T in S’(R"™) weak-*, then we
have Tj(¢) = T;(9) — T(¢) = T(¢) so F: S'(R") — S'(R™) is sequentially
continuous (and turns out to be continuous). Omne can further show that if
T =0in §(R") then T = 0 in §'(R™) so F: §'(R") — S'(R™) is injective. If we
define 1T via F71T(¢) = T(F~1¢) for all ¢ € S(R"), then F~!T € S'(R")

as F~l = ﬁF and moreover

by some Ty, g € L;,,, we can’t conclude that (]3 makes sense pointwise

FYFT|(¢) = FT[F~'¢] = T[FF~'¢]
1

=T gy

Fl¢] = T[F'Fo

=T¢

for all ¢ € S(R™) and so we have proven
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Theorem 5.10. The Fourier transform F defines a continuous homeomorphism
of S'(R™) with inverse F~*

Example 5.6. Take ¢, the Dirac measure in R” which is in &'(R™) C S’(R"™).
Then

6-(¢) = 6:() = $(2)
= /n e g (x)da
=T, () € S/(Rn)

for all ¢ € S(R") as e~} is slowly increasing. Similarly

— N

elD) () = Toscmy (6) = Thic) ()
/n e U (u)du

= (2m)"p(2)

= (2m)"6. ()

for all ¢ € S(R™) (But note that when z = 0, ) = (27)"8y, but Jan €7 du # 8o
as a Lebesgue integral)

Remark. (Relationship to other Fourier transforms)

1. Recall from P&M that for f,g € L' N @27 f,g € L? and Plancherel’s
theorem gives that (f,g)r2@n) = (2;)71 (f,9)r2@ny. Thus F extends by
_ 72
uniform continuity to an isometry WF of L2 = TTALZ . Thus if
we define FT(¢) = T(F¢) = T(¢) = T(¢) for all ¢ € S(R") C L' N L? so
F =F on S'(R")

2. For any finite measire 1 on B(R™) we can define fi(u) = [, e~ “du(x)
for u € R™. Then

e g (u)dudu(x)

n

= Ti(¢) by Fubini

=
=

so FT,, =T}, in §'(R")
3. For T € &'(R") we can define T'(u) = T(e'¢*)) for u € R"™ and one may
show that T' = T (with T slowly increasing) in S’(R™)

To derive further results, note that if a € C*°(R"™) is slowly increasing and
¢ € S(R™), we have a¢ € S(R™) and therefore we can define, for T € S’(R"),
the product aT € S'(R™) by (aT)(¢) = T(a¢) where ¢ € S(R™). Also for any
T € D'(R™) we can define 7,T by (7,T)(¢) = T(7—y,¢) for u € R™
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Lemma 5.11. Let T € S'(R"), y € R and o a multi-index

—

1. ﬁ:e_“y“)f’ and e“y")T:TyT
2. DT = il*lueT and DT = (—i)‘o‘|ac/a\T

Proof. For instance for all ¢ € S,

—

em = ei<y7'>T((£) = T(ei<y">é) =T(1-y9) = TUT(¢)
and the others are similar O

Remark. Since D%%y € &'(R™) C S’'(R™) so D@8y = il°lu® so the Fourier
transforms of the partial derivatives of the Dirac measure §; span the space of
polynomials

5.6 Periodic Distributions
Definition 5.8. Call T € D'(R") periodic if 7,7 =T for all k € Z"

Example 5.7. If f € Lj,_ is such that f(- — k) = f for all k € Z" then Ty is

periodic as 7.7y = [o, f(@)o(x + k)dx = [;. f(z — k)p(z)dx = Ty
For T € £'(R"), its periodisation, Tpe, = D, y» 7T which is a finite sum at
each point is trivially periodic as 7, Tper = > czn Tnsk T = D pegn kT

THe indicator 1, for ¢ = {x € R™ | —% <z < %,1 < i < n}, the fun-

damental cell of the lattice (since ), ;. 14(z + k) = 1) is not in C*°(R").
Instead we require the following
Lemma 5.12. There is some ¢ € C°(R™) such that

1.4>0

2. suppyp € Q° forQ={zeR" | -1<z;<1,1<i<n}

8. Y peyn W(x —k) =1 for all x € R"

We call this a periodic partition of unity and if ¢’ is another periodic par-
tition of unity and T is a periodic distribution, then T(v) = T(¢')

Proof. Start with ¢y € C°(R™) such that 19 > 0 is supported in Q° and ¢y = 1
on q. Define S(x) = Y, cyn %o(x — k) which is a finite sum for fixed  as g
has compact support. This is non-negative and in fact at least 1 since 1o > 1.

Therefore we can normalise ¥ (z) = %0(—(5)) which clearly satisfies 1 and 2, and 3
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is easy by the definition of S(x). Finally for T periodic,

T(p) =T(1y)

=T <¢ > (w//))

kezn

= Z T (e )2) by periodicity
kezZm

> T (k)

kezm
=T (W > w)
kezn

=T(¥")
O

In the previous proof we can take 1y ; — 1, pointwise but such that we have
sup; |[1o,jl|lcc < o0. In particlar since » 7,1, = 1 we obtain a sequence of
periodic partition of unitys 1; — 1, pointwise such that supj [1%]]co < 00. Now
for f € L}, periodic, Tt(¢;) = T§(¥j1:) = [zn f( x)dz bet, f flz
which is the mean of f. We hence can define, for general T € D'(R™) Wthh are
periodic, the mean of T', M(T) = T () where 1 is any periodic partition of
unity.

Theorem 5.13. Let T € &'(R"). Then Tper = Y cpn Tk(T) converges in
S'(R™). Also if T € D'(R™) is periodic, there is some V € &' (R™) such that
T =3 yezn TV in D'(R™)

Proof. Recall from earlier that for T' € £'(R™) we have a compact set K C Bg

(some ball of radius R) and N,C > 0 with N € Z such that we have that
IT(¢)] < Csup,ek, jaj<n [D¥¢(x)] for all ¢ € E'(R™). Now for z € K, we have

L+ lgl <149+ o[ + ||
<1+lg+z[+R
<(I+R)(1+ g+ 2]
which gives
R g+ a])
- (1+[gh™
Therefore for all ¢ € S(R™) C E(R™),

M
WX p (14 1lg+2)™|D(x)

T C———
T@ON < COTg™ 2
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This applies as well to 7,¢ € S so

(1 + R)M M @
ITgT(¢)] < OW IGETS‘SNQ +1g+z))" | D%p(x + g)|
M
<o 1 )M D))

(1 +1gDM yern jaj<n

So since if M =n + 1, we have dezn W < 00, we deduce

Z 7T(¢)

kezn

<C' sup (14 [y)"THDY(y)|
yER",le‘SN

which shows that  , ;. 7T (¢) € S'(R™) by example sheet 3. For the converse
let T be periodic and ¢ € D(R™), then if 9 is a periodic partition of unity we
have

T(p)=T Z TV | ¢

geEL™

= > 7T ((r40)9)

geLN

= > T()(r—49))

geEL™

= Z (WT)(7-g0)

geEL™

=Y 7WT)(9)

geZ™
so we define V =¢T € &'(R") as ¢y € CF(R") O

Theorem 5.14. (Convergence of Fourier Series in S*) Let U € D'(R™) be pe-
riodic. Then U =3_ 70 ugTe,,, in S'(R") where esrp = e 27k with Fourier
coefficients ug = M (e_arit)

Proof. The idea is to use the Fourier transform on S’(R™). We get the result

7 (U)—U = (e_, — 1)U =0 for all k
Lemma 5.15. If T € S'(R"™) such that (e_, — 1)T =0 for all k € Z™. Then

T = Z Cgégﬂ—g

gez™

in S'(R™). In particular, c, € C and |cg| < c(1+|g|)N for some N,c >0
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Proof. Denote by A* = {2rg | g € Z™} the set of zeros of e_; — 1 and take
¢ € D(R™) such that supp¢ N A* = (. Therefore (e_j, — 1)"1¢ € D and so
T(¢) = (e_r,—1)T((e_r—1)"1¢) = 0 and so T is also supported in A*. Now take
a periodic partition of unity 1 and rescale it to 1) = Y(5-) so that supp v C {z €
R™ | =27 <z; <2r} and 3 7n Tong® = 1 on R™. Now define T, = (Tory0)T,
gezn Ty = 1 in D'(R") as ¥ is a
periodic partition of unity and (e_j, — 1)Ty = (Targ¥)(e_x — 1)T = 0. Choose
k=1(0,...,0,1,0,...,0) with 1 in the jth position, so

which is supported in {27g} and we have )

(
= (e — DT,
(ei(xj—Zﬂ-g) _ 1)T.q

= (i — 2mg) K (x5)T,

Where the Taylor polynomial K doesn’t vanish near supp T, = {2mg}, implying
(xj —2mg)Ty = 0. Next take ¢ € S(R™) and apply Taylor’s theorem again to
see

$(x) = $(2mg) + Y _(x; — 2mg)¢;(x)
j=1

for some ¢; € S(R™). Applying T, we get

-

Ty(9) = Ty(d(2mg)) + ) _(x; — 2mg)T(;(x))

1

J

= 52779(¢)T<7(1)

Next |¢q| = ‘Tg (Ey’GZ” Tgﬁgfz/;)‘ = |T,(T2ng®)|, which, since we know that

T, € &' (R™) C S'(R™), by the characteristation of S’(R™) from example sheet
3, is at most

co  sup  (1+[z)N|D%)(x - 2mg)|
LERM,|a| <N

for some N € N, ¢g > 0. This is at most

col+1g)N  sup  (L+ [y)V[D*U(y)| < (1 + |g))N
yER",‘odSN

where the supremum is finite as JJ is compactly supported. Therefore T' =

dezn Cgd2rg in S’ (R™) O
Now we apply the lemma to U (which is in S’(R™) by theorem 5.13) to
see U = (2m)" 32 czn UgOarg where u, € (;Tg)g Taking the inverse Fourier

transform, U = Z/gGZ” ugTe,,, in S'(R™). To find uy notice that T +— M(T)
is continuous on S'(R") and so M(e_2xxU) = >° czn ugM(e—2nTe,,,). Each

term is equal to fq e2™9=k:2) dz which is 1 if ¢ = k and 0 otherwise and so the
result follows. O
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If we apply thisto U = 3, ;n 0 € S’(R™) as it is the periodisation of do, we
get Fourier coefficients, with periodic partition of unity v such that ¢ (0) = 1,
are

M(e—27gU) = U(e-2xg7) = Z Or(e—2rgh) =1

kezn

So by the theorem, >, /. 0x = > pcyn Tey,, in S'(R™) (Poisson summation
formula). Testing ¢(x — -) for ¢ € S(R™),z € R", we get

Doda—k) = T, dla—-) =Y ¢*g(2rk)

kezn kezn kezn

> olk) = b(2rk)

kezn kezn

For x = 0 we get

6 Sobolev Spaces and Introduction to Elliptic
PDEs

We now will construct solutions to PDEs such as Laplace’s equation,
Au=fon QCR"

subject to boundary conditions on 92 and for f a source function. For this we
require certain function spaces over open 2. From now on we denote by C*(£2)
the normed space {f: Q@ — R | D* exists for all 0 < || < k,||f||cr < oo} with
[fller = 20<|a1<k 1DV flloo- Similarly, for k € N,0 <7 < 1 we define Holder

spaces CF"(Q) = {f € C*(Q) | || f|lckn < oo} where
D f(x) = D*f(y)|

|z — y["

|
[ fllckn = || fllex + Z sup

|| =k TEY

The spaces C*,C*" are Banach spaces for these norms. We can replace
[|“1locs D% by || ]|zr, 1 < p < 00 and the weak derivative D (denoted the same
as the normal derivative). We get

Definition 6.1. Let k € NU{0},1 < p < co. Then f € WkP(Q) if D*f € LP
for all 0 < |a| < k. The norm on W*»(Q) is given by

1/p

fllwes = | S 11D,

0<a|<k

for p < co and
wers = max ||D® oo
Hf” k.p 0§|a\§k” f||L

for p = co. We call Wk? a Sobolev space
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Remark. One shows that W*?(Q) is a Banach space and considering the weak
derivative instead of the normal derivative is essential for this

When Q = R",p = 2 we have
Definition 6.2. Let s € R. Then H*(R™) consists of f € S/(R™) such that

fer? (R") and

loc

111G = [ 1F@PQ+ fuP)du < o0

Remark. Note that H*(R™) is a Hilbert space for the inner product
(F,9)ne = | F)g(w) (1 + |uf)*du

which is an L? space for an appropriate measure.
By Plancherel’s theorem, for s > 0, H*(R") C L?(R", dz)

In fact we have

Proposition 6.1. For s > 0 we have H*(R™) = W*2(R") with equivalent
norms

Proof. We have Plancherel’s theorem,

[ @ [ Dt s@Pas = g [l e

from which the result follows by standard inequalities for |u|l®! O
Remark. (Exampe sheet) One shows

1. HS C Ht fot s >t

2. S(R™) s dense in H*(R") (but this is not true for D(Q) C W*2(2)

3. 8, € H* for s >n/2

4. (H®) =H*

Theorem 6.1. (Sobolev Embedding Theorem) Let s > 5 + k for k € N and
suppose f € H*(R™). Then there is f* € C*(R"O) such that f* = f almost
everywhere and || f*||cx < Csn.illflla=- In particular, identifying f and f*, we
have the embedding H*(R™) — C*(R™)

Proof. First take f € S(R™) and note
D% f(2)] = |F~ [u” f]] (2)

1 al 7oy A [uf?)*/ ,
< 2 /Rn |u |‘f(U)|WdI By Riemann-Lebesgue

= </ Ozm%sd“)m (/ P |U|2)5dU>1/2
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which proves the Sobolev inequality for f € S(R™). For f € H*(R"), take
fr € S(R™) such that fr — f in H*(R™). Take a subsequence converging
almost everywhere, as H*(R") convergence implies L?(R™) convergence, implies
an almost everywhere converging subsequence. This sequence is Cauchy in
H?*(R™) and by the inequality, also in C*, hence it has a limit in C* and so
fn — f*in C*. Hence by uniqueness of almost everywhere limits, f = f*
almost everywhere, and taking limits in the inequality gives the result. O

Remark. 1. This upgrades to H* C C*" if s > 2 + k + n (example sheet)

Consider the PDE
—Av+ov=f (1)

where f € H*(R") for some s € Ris given, and v € S'(R") and A = >, %
A has Fourier transform

Theorem 6.2. There is a unique solution v € H*T2(R") to (f) and we have
the elliptic regularity estimate ||v]|gs+2@ny < ||f]| e @n)

Proof. Fourier transform (1) to obtain (1 + |u[?)6 = f in S’(R™) which for

f € LlloC has the unique solution

(u) = %,u eR"

in S’(R™). So v = F~19 solves the equation (1) and
¢ 2
2 _ stz /(W)
st2(Rn) = 1 ———ed
lolfesageny = [ () g s
= 1113
so we are done (note that the elliptic regularity estimate is stated as an inequality

as in the more general situation, it is an inequality, and not an equality as in
this case) O

To study equations such as (}) restricted to open sets Q C R™ with boundary
0f) we need to define the restriction of f € H*(R™) to 9Q. If f € H*(R") for
s > n/2 then by Sobolev embedding f € C€ for € > 0 and the boundary trace
flaq exists by uniform continuity. For general s > 1/2 we have

Theorem 6.3. (Trace Theorem) There exists a bounded linear operator of the
form T: H*(R") — H*~Y2(R"1) such that for all f € S(R™), we have Tf =
flrr—15x 10y

Proof. Example sheet O
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We call T = T with ¥ = R"~1x {0}, the boundary trace of f € H*(R"). By
a change of coordinates, the operator extends to Tyq, for sufficiently regular €2 (eg
any ball in R"), and in particular we have Tho: H'R"(— HY?(0Q)) — L*(99)
(where the middle term won’t be defined in this course) which is bounded and
linear

6.1 The H}(Q)) Spaces

Any f € C°(Q) for Q C R™ open with sufficiently regular boundary extends by
0 to an element in H'R" (and in fact in H*(R") for any s). The Hilbert norm
for such f is

1By = [ (0 Pl
= (n)" [ (@ +1Ds(@))as
where Df = V£ is the gradient vector. We define H} = C’é’O(Q)H'HH1 in H'(R").

This space is not equal to W12(Q2), as 1 € W12(Q), in view of

Proposition 6.2. Let f € H}(2). Then f(x) = 0 for almost every x € Q° and
if O is sufficiently regular then Too(f) =0

Proof. Take ¢ € C2°(int 2¢) and take f,, € C°(£2) such that f,, — f in H'(R").
Then, since Ag(h) =[5, ¢h, we have Ay € (L?) C (H')". Then

0= [ ¢fudz=Ay(fn) = A(f) = - ¢fdx

Rn
and so fRn ¢fdx = 0 hence f is supported in €. Similarly
0= Toa(fn) = Toa(f)
and so f =0 on 9N O
Now consider the boundary value problem

—A+v=f on (2 ()
v=20 on 0f)

We therefore have, for ¢ € C°(Q),

/Q(—Av—&—v)qﬁdx:/QVqubdx—i—/ﬂvqﬁ

- /Q foda

where the first equality is from integration by parts. We interpret this with
feL?(Q),ve HYD).
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The last equality is just (v, ¢) g1 = (f, &) 2. We call this the weak formulation
of (x). Since C2°(€2) is dense in H§ and L2, this is equivalent to solving

<Ua¢>H1 = <fv ¢>L27v¢ € H&(Q) (T’)

Theorem 6.4. For every f € L*(Q) there is a unique v € H}(Q) such that
(1) holds and ||v||gr < ||fllL2. Moreover the solution map S: f+— v =v; is a
bounded linear map from L*(Q) — H(Q) which is self adjoint for L?(€2)

Proof. Define A¢(¢) = [, fodx so that Ay € H(Q) as

(A < [[fl2[10llz < NI Fllz2 Il e (o)

Hence by the Riesz representation theorem on H{(f2), there is some unique
v € H}(Q) such that

<’U, ¢>H1 = <f7 ¢>L2

for all ¢ € H}(Q) as required. Now take fi, fo € L?(2) and a € R, and take
v; = S(f;) for i = 1,2. Define v = v; + awe. Then

(v, &),

= (v1 + aua, @) 1

= (v1,®) g + (v, §)
= (f1, )12 + (af2, D) 12
= (fi+afsd)re

and so S(f1) + aS(f2) = v = S(f1 + afs), hence S is linear. It is also bounded
as

SO = loglle

Riesz
= [IAsllm -2
(o)
< Ifllz>
Finally for g € L*(Q2) we have

(S(f),9)L> = {9, 5(f)) >

and so S is self adjoint O
To study further regularity properties of v, we introduce

Definition 6.3. We define

Hioo(Q) = {f € Lipe | f-C € H*(R"),Y¢ € C(Q)}
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Proposition 6.3. If f € H}, () for s > k+n/2, k,n € N then f € Ck(U) for
any U open such that U C

Proof. Given U choose ¢ € C°(€) such that ¢ = 1 on U and note that f-( €
H*(R") C C*(R") so as f = f - ¢ on U, the result follows O

Corollary 6.4.1. (), H},.(2) € C>*(Q)
Proof. Trivial O
Note that f € C°°(Q2) may still be unbounded at 92, but we have

Theorem 6.5. (Interior regularity) Let f € L*(Q) and suppose v € HE(Q)
solves (1)). Then v € HY (Q) and if f € L*(Q) N HE (), then v € HIT2(Q)

loc loc

Proof. Let K C Q be any compact set and take x € C2°(Q) such that y =1 on
K. Take ¢ € S(R™) and set ¢ = xp € H}(Q). Then (1) implies

/(Dv - D(px) +vpx)dr = / fexdz, Vo € S(R™)
Q Q

Using the chain rule and integration by parts, this rearranges to
/(D(vx) - Do + vxp)dr = / geda, Vo € S(R™)
Q Q

where g = —Dv-Dx—vAx+fx € L?(R") by extending by 0, as x € C2°(). By
another application of integration by parts, we see that vy solves the equation
—A(vx) +ox =g

in S’(R™). Hence by the elliptic regularity estimate,

||UX||H2 < Hg||L2 < 00

Now to prove that v € H?2 (), take ¢ € C® and K = supp( such that

loc
v( = vx(. Then

[vClli2 = [[ox¢llaz < Cullox][u2[[Clc2

(proved just as ||fg|lr2 < ||f]lz2llgllz= plus chain rule). We recognise that in
fact g € H), () whenever f € H} (Q) and so repeating the preceding argument

loc

gives v € H} (). Bootstrapping this and using the multiplier inequality

S - gllas < Cosll fl] e lg]

(which is easy to prove), we are finished O

C's

Corollary 6.5.1. If f € C*°(Q) N L3(2) then v € HL(Q) N C>®(Q) solves
—Av4v=f

pointwise on §2
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Proof. Trivial O

Theorem 6.6. (Rellich Kondrashov) Let Q@ C R™ be open and bounded. Let
u; € HY(Q) such that ||uj||gn < K for all j € N and some K > 0. Then there
is u € H} () such that uj, — u in L*(Q) along a subsequence

Proof. By Banach-Alaoglu, in the (reflexive) Hilbert space H{(Q2) we obtain
some subsequence such that uj, — w in HJ(£2), and so it converges weakly in
L?. Also u;, , v vanish almost everywhere on Q¢ so

||, — u||2L2(Q) = [|uj, — uH%?(Rn)
1 N "
= (271')”’ Hujk - u||iQ(R")

1 / . 12 / N .12
= w;, — ul*dz + w;, — ul“dz
T ( it [l

Given € > 0 arbitrary,

1 2
[ ta—apaz<e [ (o faps
21> R 1> 1+ 2|

2
1+ R?
4K?
1+ R?
<€

< (gl + llull3)

<

and also, for z € R" fixed, we compute
i) = [ e e = [ e @ = (@0 i

By weak convergence this converges to (e=*"*) u)r2q) = (). Also
[, ()] + |a(2)] < [Jwjp |l @) + L@

c-s
< Ca(llujllz2) + llullr2 ()
< 20K

, which is integrable on {z | |z] < R} as the domain is bounded, so the result
follows by dominated convergence O

Corollary 6.6.1. The solution operator S from (1’) is a compact linear self
adjoint operator on L?(12)

Proof. Use that S maps L?(Q) into H}(Q) in a bounded way, and the previous
theorem 0
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Thus the spectral theorem from linear analysis implies there is an orthonor-
mal basis of L?(Q), {wy | k¥ € N} with real eigenvalues py | 0 approaching 0
such that

Swi, = prwr (S)

in L2(Q). Therefore wy € H}(2) and for all ¢ € H} (1),

P s
(Wiy D) L2(0) o (Swi, &) 1 () = Wk s @) 51 ()

Taking ¢ = wy, we see that 1 = puy|jwy||%: so ur > 0 for all k € N. Thus in
D'(Q),

1

(A + 1wy = (A + 1) 2wy, = — (—A +1d)Swy, = <&

Kk HE Mk

and so

1
wak = (7 — 1)wk = )\kwk
Pk

with A\ = (;le — 1) 1 oo are the eigenvalues of —A. Note that the weak form

1S

(Dwi, Dp) 2 = A (wr, @) 1,2 (=)

for all k € N, ¢ € D(Q2), and in fact for ¢ € H}(Q).
Note that wy, = f in (") and in H{(2) and so iterating interior regularity, we
get w, € C(Q). Thus —Awy = Agwi holds pointwise on € pointwise

Theorem 6.7. (Poincare Inequality) For all u € Hg (),

(Du, Du) 2

>
(u,u) 2 Z >0

Proof. Example sheet O

We can now solve the Dirichlet problem for the Laplace equation, which is
to find v such that

—Av=Ff on{
v=0 on 9N

for given f € L*(Q). In the weak form this is to find some v € HE(Q) such that
<DU5D¢>L2 = <fa ¢>L2 (*)
Theorem 6.8. There is a unique solution v € HE(Q) to (x), for any f € L*(Q)
and in fact
v=>

k=1

(Wi, fr2ws

|-



Proof. Take partial sums v; = Zk 1 A\ m(wr, f) 2w for j € N. Then

lv; — v |3 = (vj — vy, 05 — Vi) 2 + (D(vj — vj), D(vj — vjr)) 2

J
> AP wn £)3a

k=j'+

—

J
+ Y AN wi) g2 (F, wie) 2 (Dwye, Dy ) 12

kk'=j'+1
J
Z)\kav L2+ ZA fvwk
k=j'+1 k=j'+1
=j'+
C(M) Z (W, )12
k=j’'+1

—0
So v; is Cauchy in H}(2), hence also v € H} (). v solves (x) since
(Dv, D)2 = (v, —Ad) 2
Z (v, W) L2 (Wey —AP) 2
=1

= <”ank>L2 (Wi ) 12
=1

= (U, ¢>L2

so we have proven existence. To prove uniqueness, suppose v' € H(Q) also
solves () and let w = v —v' € H}(Q) where

(Dw, D)2 = (f — f.d)12 =
for all ¢ € H(2). Now

(
1 . .
< ( + 1) (Dw, Dw) 2 By Poincaré

So w = v —v' = 0 almost anywhere, hence v = v’ O

Remark. Similarly to before, we can show interior regularity estimates to de-
duce that if f € C°°(Q2) N L?(Q) then v € C=(Q)
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6.2 Variational Problems
Consider minimising a functional
F(u) = [[ullf —2(f, u)r2
where f € L%(Q) is fixed, over HZ ().
Theorem 6.9. Let f € L*(Q) be fized. Then
inf{F(u) |uec H}(Q)} >0 > —o0
and there is a unique w € H}(Q) such that F(w) = o, and w solves (1)
Proof. We use the inequality ab < %2 + % for a,b > 0. By Cauchy Schwartz,
Fu) = [[ulld - 2(f. 0o

> [full[f = 21f Il lul| 2

> [JullF = 2[1f]172 — §Hu||%z
1

> §IIUH?{1 — 2|/ 1|72

> =2|[fl|z>

> —00

Then taking uy € Hj(Q) such that F(ug) — o. Without loss of generality we
may assume |F'(ug)| < F' < co. Thus

||uk||§11 = F'(ur) +2(f, u) L2
< F+2[|f|[z2|luk|| L2

_ 1
< P+ 201f1B + 3l

and so for all k,

llur|lF: < 2F + 4[| f][72
so uy is bounded in HE (). By Banach Alaoglu theorem, there is some subse-
quence uy, — w in H{ () and L*(Q) to some w € Hj(Q). By example sheet 2,
we know that

ol < i [,

and

<f7 uk]‘>L2 = <f7 U)>L2

im
j—o0
Thus

F(w) = [|w] |3 = 2(f, w) L2
< tim inf([fug, 51 — 20, i, )12)
j—o0
= liminf F'(uy,) = o

Jj—o0
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By definition of o we have ¢ < F(w), so F(w) = . To prove uniqueness, it
suffices to show that w solves (7). Then for all v € H}(Q) and t € R we have
F(w) < F(w+ tv) and £ F(w + tv)[;—o = 0. Then
F(w+tv) = (w+tv,w + toy g — 2(f,w + tv) 2
= ||wl[fp + [[ollF + 2t(w, v) 1 — 26(f, v) 12 — 2(f, w) 2

Differentiating this we get

SR+ 1) = 240l + 2((w, o) ~ (f0)2)

so at t = 0 we have
(w,v)gr = (f,v)2
for all v € H}(Q2), so w solves (1) O
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