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1 Review of Measure Theory

1. Consider a measure space (E, E , µ). E is a set. E is a σ-field (-algebra) of
subsets of E, and µ : E → [0,∞] a measure

2. If A is a collection of subsets if E then the σ-field σ(A) =
⋂

E⊃A,E a σ field E
is the σ-algebra generated by A.
If E is a topological space, A = {A ⊂ E,A open} generates the Borel
σ-field B(E) = σ(A).
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If E = Rn with the product topology, we write B = B(Rn).
On B there is a unique measure µ = dx such that

µ((a1, b1)× · · · × (an, bn) = (b1 − a1) . . . (bn − an)

for all ai < bi. The volume of A ∈ B is denoted by |A|.
Note µ is translation invariant, ie µ(A+ z) = µ(A) for all A ∈ B, z ∈ Rn.
Moreover µ is inner regular, ie µ(A) = sup{µ(K) | K ⊂ A,K compact}.
Further recall that µ extends to the µ completion of B which is defined
by Mµ = {B ∪ A | B ∈ B, A ⊂ N,µ(N) = 0}. These are the lebesgue
measurable sets

3. Let (E, E), (F,F) be measure spaces.
f : E → F is measurable if f−1(A) ∈ E for all A ∈ F .
If (F,F) = (R,B) or (F,F) = (C,B) then we say f is borel and this
extends to maps possibly taking values ±∞ if f−1({±∞}) ∈ E .
If such f takes values in [0,∞], we write f ≥ 0

4. A function f : (E, E , µ) → R is simple if it is of the form f =
∑N
i=1 ai1Ai

for ai ∈ R, Ai ∈ E , N ∈ N.
For such f we define µ(f) =

∫
E
fdµ =

∑N
i=1 aiµ(Ai). For f ≥ 0 measur-

able we define its µ-integral as µ(f) = sup{µ(g) | 0 ≤ g ≤ f simple}. This
may be ∞.
For general f : E → Rmeasurable, f is integrable if µ(|f |) =

∫
E
|f |dµ <∞

in which case we define
∫
E
fdµ =

∫
E
f+dµ+

∫
E
f−dµ

Theorem 1.1. (MCT) Let fn ≥ 0 measurable monotonically converging to f
almost everywhere then

∫
E
fndµ converges monotonically to

∫
E
fdµ

Proof. See Probability and Measure

Theorem 1.2. (DCT) Let fn measurable such that fn converges almost ev-
erywhere to f and such that |fn| ≤ g almost everywhere for some integrable g.
Then f is integrable and

∫
E
fndµ→

∫
E
fdµ

Proof. See Probability and Measure

1.1 Lp-spaces and their approximation

For f : (E, E , µ) → R measurable we define ||f ||Lp =
(∫
E
|f |pdµ

)1/p
, 1 ≤ p ≤ ∞

and ||f ||L∞ = ess. sup |f | = inf{λ > 0 | |f | ≤ λ a.e}.
Lp(E,µ) = {f : E → R measurable | ||f ||Lp <∞}
We write Lp for Lp(Rn,dx) or when no confusion will arise.

Theorem 1.3. (Riesz-Fischer) Identifying f ∼ g for f = g almost everywhere,
the spaces Lp, 1 ≤ p ≤ ∞ are Banach spaces

Proof. See Probability and Measure
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Recall the spaces Ck(Rn) consisting of all functions on Rn with continuous
partial derivatives of all orders up to k and C∞ =

⋂
k>0 C

k(Rn)
Further denote by Cc(Rn), Ckc (Rn), C∞

c (Rn) the linear subspaces of compactly
supported functions. These spaces consist of bounded integrable functions.

Remark. C∞
c (Rn) is non-empty by ψ = e

−1

1−|x|2 for |x| < 1 and 0 otherwise

Theorem 1.4. The space C∞
c (Rn) is dense in Lp(Rn,dx) for 1 ≤ p <∞

Proof. Proof deferred

Remark. False for p = ∞

We admit the following lemma from Probability and Measure

Lemma 1.5. Cc(Rn) is dense in Lp for 1 ≤ p <∞

Proof. See Probability and Measure

We recall that the convolution of f, g (when defined) is given by

f ∗ g(x) =
∫
Rn

g(x− y)f(y)dy, for x ∈ Rn

Basic properties from probability and measure include

Lemma 1.6. Let f, g, h ∈ Cc(Rn), then

1. f ∗ g = g ∗ f

2. (f ∗ g) ∗ h = f ∗ (g ∗ h)

3.
∫
Rn f ∗ g(x)dx =

∫
Rn f(x)dx ·

∫
Rn g(x)dx

Proof. See Probability and Measure

Recall that a multi-index α ∈ Zn+ is written α = (α1, . . . , αn) with order
|α| = α1 + · · ·+ αn and we set α! = α1! . . . αn!.
For x ∈ Rn, we write xα = xα1

1 . . . xαn
n so that we get partial differential opera-

tors Dα = ∂|α|

∂xα = ∂|α|

dx
α1
1 ...dxαn

n
. Di is still defined as usual.

Theorem 1.7. Let f ∈ L1
loc (ie f1K ∈ L1 for any K ⊂ Rn compact) and

g ∈ Ckc (Rn). Then f ∗ g ∈ Ck(Rn) and ∀0 ≤ |α| ≤ k we have

Dα(f ∗ g) = f ∗ (Dαg)

Proof. Recall the translation operator τz(h) = h(· − z) for z ∈ Rn.
Then for u ∈ Rn,

τu(f ∗ g) =
∫
Rn

g(x− u− y)f(y)dy
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Now τu(g(x − y)) ≤ ||g||∞1K for all |u| ≤ 1 where K is compact and depends
on x, g but not u, so that ||g||∞1K |f | gives an integrable upper bound for the
integrand. Since g(x−u−y) → g(x−y) as u→ 0 for all y, by DCT, we conclude
τu(f ∗ g) → f ∗ g(x) so f ∗ g is continuous (k = 0 is true).
For k = 1, we define difference operators for all basis vectors ei and let h ∈ R1.

∆i
hg(x) =

g(z + hei)− g(z)

h
→ Dig(z)

as g ∈ C1. We can write ∆1
h(f ∗ g)(x) =

∫
Rn(∆

i
hg(x − y))f(y)dy. Now we

have the pointwise limit of the inside of the integral. We use the mean value
theorem along the line segment connecting x − y and x − y + hei so we can
bound |∆i

hg(x − y)| ≤ ||Dig||∞1K for some compact K ⊂ Rn depending only
on x, y for |h| ≤ 1. Thus as before the k = 1 result follows, with the expression
being continuous by k = 0. The total result follows by trivial induction

Proposition 1.1. (Continuity of Translation in Lp). Let 1 ≤ p <∞ and τz as
before. Then ||τzf − f ||Lp → 0 as z → 0 for any f ∈ Lp

Proof. The result holds for g ∈ Cc(Rn) since

||τzg − g||pLp =

∫
Rn

|g(x− z)− g(x)|pdx

and this is bounded by |2g|p∞1K for some compact K depending only on g for
z ≤ 1 so we can apply DCT
Since Cc(Rn) is dense in Lp, we can choose for any f ∈ Lp, ϵ > 0 some f ∈ Cc
such that ||f − g||Lp < ϵ/3.
Now ||τzf − τzg||Lp = ||τz(f − g)||Lp = ||f − g||Lp < ϵ/3 so we are done as

||τzf − f ||Lp ≤ ||τzf − τzg||Lp + ||τzg − g||Lp + ||f − g||Lp < ϵ

for sufficiently small z, so we are done

Theorem 1.8. (Minkowski’s inequality for integrals) Let F : Rn × Rn → R
measurable and either non-negative or dx⊗ dx integrable. Then

||
∫
Rn

F (x, ·)dx||Lp ≤
∫
Rn

||F (x, ·)||Lpdx

Proof. Example sheet

Theorem 1.9. (Mollification/Approximate identity) Let ϕ ∈ C∞
c (Rn) be non-

negative with
∫
Rn ϕ(x)dx = 1 and define πϵ = ϵ−nϕ( ·ϵ ), ϵ > 0.

Then for 1 ≤ p <∞ and f ∈ Lp, we have

||f − ϕϵ ∗ f ||Lp → 0

as ϵ→ 0
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Proof. |ϕϵ ∗ f(x)− f(x)| = |
∫
Rn f(x− y)ϵ−nϕ(yϵ )dy− f(x)| = |

∫
Rn(f(x− ϵu)−

f(x))ϕ(u)du| ≤
∫
Rn |(f(x− ϵu)− f(x))|ϕ(u)du.

Applying Minkowski’s inequality for integrals, we get

||ϕϵ ∗ f − f ||Lp ≤
∫
Rn

||τϵuf − f ||Lpϕ(u)du

. By dominated convergence (Using 2||f ||Lp) we are done.

In particular, since Cc(Rn) is dense in Lp and since {ϕϵ ∗ f | f ∈ Cc(Rn)} ⊂
C∞
c (Rn), we have proven 1.4.

1.2 Lebesgue’s Differentiation Theorem

We recall the fundamental theorem of calculus. For f : R → R continuous,

limh→0
1
h

∫ x+h
x

(f(y)− f(x))dy = 0 for all x ∈ R.
In the Lebesgue theory, we have:

Theorem 1.10. Let f ∈ L1(Rn), Br(x) = {y ∈ Rn | |y − x| < r} then

lim
r→0

1

|Br(x)|

∫
Br(x)

|f(y)− f(x)|dy = 0

for almost all x ∈ Rn

Remark. The set of points A = {x | Lebesgue Differentiation holds} are called
Lebesgue points of f and µ(Ac) = 0

For the proof we introduce

Definition 1.1. For f ∈ L1, x ∈ Rn, set Mf(x), the Hardy-Littlewood
maximal function to be Mf(x) = supr>0

1
|Br(x)|

∫
Br(x)

|f(y)|dy

Lemma 1.11. For f ∈ L1,Mf maps Rn → R, is borel and

|{x |Mf(x) > λ}| ≤ 3n

λ
||f ||L1

for all λ > 0

Proof. Define Aλ = {x | Mf(x) > λ}. If x ∈ Aλ, there is rx such that
1

|Brx (x)|
∫
Brx (x)

|f(y)|dy > λ. If xn ∈ Acλ has xn → x in Rn then we have
1

|Brx (xm)|
∫
Brx (xm)

|f(y)|dy ≤ λ by definition.

The left hand side is 1
|Br(x)|

∫
Rn 1Br(xm)|f(y)|dy

DCT−−−→ 1
|Br(x)|

∫
Rn 1Br(x)|f(y)|dy

contradiction, so Aλ is open for all λ, so Mf is measurable
To prove the bound on Mf we use inner regularity of the lebesgue measure and
take an arbitrary K ⊂ Aλ compact (if there is no such set, µ(Aλ) = 0 so done).
K admits the open cover {Brx(x) | x ∈ Aλ} so by compactness we get a finite
subcover B1, . . . , Bn of such balls. By Wiener’s covering lemma (Example sheet
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1), we can find a further subcollection of disjoint such B1, . . . , Bk such that

|K| ≤ 3n
∑k
i=1 |Bi| = 3n

λ

∑k
i=1 λ|Bi| ≤ 3n

λ

∑k
i=1

∫
Bi

|f(y)|dy ≤ 3n

λ ||f(y)||L1 .
Taking limits over compact K, we are done by inner regularity.
Finally {x | Mf(x) = ∞} ⊂ {x | Mf(x) > λ} for all lambda, so it as 0
measure

Proof. Proof of 1.10.
Consider Aλ = {x | limr→0

1
|Br(x)|

∫
Br(x)

|f(y)− f(x)|dy > 2λ}.
For ϵ > 0 arbitrary, take g ∈ Cc(Rn) such that ||f − g||L1 < ϵ. Then

1

|Br(x)|

∫
Br(x)

|f(y)− f(x)|dy

≤ 1

|Br(x)|

∫
Br(x)

|f(y)− g(y)|dy + 1

|Br(x)|

∫
Br(x)

|g(y)− g(x)|dy + |g(x)− f(x)|

= a+ b+ c

For b, since g is uniformly continuous, |g(y) − g(x)| < ϵ′ for ϵ′ arbitrary if r is
small enough, so limr→0b = 0 hence if x ∈ Aλ we must have a > λ or c > λ.
For c, by Markov’s inequality,

|{x | |f(x)− g(x)| > λ}| ≤ ||f − g||L1

λ
≤ ϵ

λ

For a we have, from the Hardy-Littlewood maximal inequality, that

|{x | a > λ}| ≤ |{x |M [f − g](x) > λ} ≤ 3n

λ
||f − g||L1 ≤ 3n

λ
ϵ

Hence |Aλ| ≤ 3n+2
λ ϵ hence is 0 as ϵ arbitrary.

The set where the Lebesgue Differentiation Principle doesn’t hold is contained
in the countable union of the A1/n hence has measure 0.

Remark. In particular, for f ∈ L1(R), limh→0
1
h

∫ x+h
x

f(y)dy = f(x) almost
everywhere

Theorem 1.12. (Egorov) Let E ∈ B(Rn), |E| < ∞. Suppose fj : E → R
measurable such that fj → f almost everywhere on E. Then for all ϵ > 0 there
is Aϵ such that |E \Aϵ| < ϵ and fj → f uniformly on Aϵ

Proof. By discarding a set of measure 0, we may assume fj → f pointwise on
E. Define

Emk =

{
x | |fj(x)− f(x)| < 1

m
,∀j > k

}
Clearly Emk is increasing in k, so monotonically converges to

⋃∞
k=1E

m
k = E

since |fj(x)− f(x)| < 1
m eventually by hypotehsis.

Thus |E \ Emk | → 0 as k → ∞ by countable additivity. We pick a subsequence
km = km(ϵ) such that |E \ Emkm | ≤ ϵ2−m. Then on Aϵ =

⋂∞
m=1E

m
km

we have

|fj(x)− f(x)| < 1
m for all j > km and hence fj → f uniformly on Aϵ. Comput-

ing, we have |E \Aϵ| = |
⋃∞
m=1E \ Emkm | ≤ ϵ

∑∞
m=1 2

−m = ϵ
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Theorem 1.13. (Lusin) Let |E| < ∞, f : E → R (or C) a borel function.
Then for all ϵ > 0, there is Fϵ such that |E \ Fϵ| < ϵ and f : Fϵ → R (or C) is
continuous

Remark. Note however that f is not necessarily continuous on Fϵ regarded as
a map defined on E

Proof. First let f =
∑m
i=1 ai1Ai be simple and without loss of generality, assume

the Ai are disjoint and E =
⋃m
i=1Ai. Since µ is inner regular we can find

compact Kk ⊂ Ak such that |Ak\Kk| < ϵ
m so that on the compact set

⋃m
k=1Kk,

the function f is locally constant, and as the distance between Ki,Kj is strictly
positive for i ̸= j (as they are compact), f is continuous.
Moreover, |E \

⋃m
k=1Kk| ≤ |

⋃m
k=1Ak \Kk| ≤ m ϵ

m = ϵ.
For general f , take fm simple such that fm → f on E and take Aϵ such that
|E \ Aϵ| < ϵ

2 and fm → f uniformly on Aϵ by Egorov. Moreover take Cm
compact such that |E \ Cm| < ϵ

2s
−m such that fm is continuous on Cm.

Then on Fϵ = Aϵ∩ (
⋂∞
m=1 Cm), f is the uniform limit of the continuous fm and

hence is continuous.
A brief calculation shows |E \ Fϵ| < ϵ and we are done

1.3 L2 as a Hilbert space

Recall that L2(E, E , µ) is a Hilbert space for the inner product

(f, g)L2 =

∫
E

f(x)g(x)dµ

and norm (f, f) = ||f ||2L2 . A collection (uj | j ∈ J) ⊂ L2 is orthogonal if
(ui, uj)L2 = 0 for i ̸= j, is orthonormal if further (ui, ui) = 1 for all i ∈ J .

It is called an orthonormal basis if Span(uj | j ∈ J) = L2, in which case any
f ∈ L2 equals f =

∑
j∈J(f, uj)L2uj with convergence in L2

Example 1.1. We have examples of orthonormal bases

1. For E = [0, 1] with µ = dx we can take un = e2πin(·)

2. E = R, µ = dx we can take {ψnk = 2n/2ψ(2n(·) − k) | k, n ∈ Z} where
ψ = 1[0,1/2) − 1[1/2,1) called the Haar basis

Recall the following result from Linear Analysis

Theorem 1.14. (Riesz representation theorem in Hilbert spaces) Let Λ: H → R
(or C) be a bounded linear functional on a real (complex) Hilbert space H then
there is g ∈ H such that Λ(h) = ⟨h, g⟩ for h ∈ H

Proof. See II Linear Analysis

Definition 1.2. Consider two measures µ, ν on a measurable space (E, E). We
say that ν is absolutely continuous with respect to µ if µ(A) = 0 implies
ν(A) = 0 for any A ∈ E . We denote this ν ≪ µ and if also µ ≪ ν we
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say µ, ν are mutually absolutely continuous. If there is B ∈ E such that
0 = µ(B) = ν(Bc) then we say µ, ν are mutually singular. We denote this
µ ⊥ ν

Theorem 1.15. (Radon-Nikodym) Let µ, ν be finite measures on (E, E) such
that ν ≪ µ. Then there is a function w ∈ L1(µ) with w ≥ 0 such that for all
A ∈ E, ν(A) =

∫
A
dν =

∫
A
wdµ

Remark. w is unique.
We will in fact show

∫
E
hdν =

∫
E
hwdµ for all non-negative measurable h.

In particular w = dν
dµ (in Leibniz notation) is called the Radon-Nikodym

derivative, or density of ν with respect to µ
The result extends to the case where µ, ν are σ-finite

Proof. (von Neumann) Define new measure α = µ + 2ν and β = 2µ + ν and
on L2(α) consider the linear map Λ(f) =

∫
E
fdβ which is bounded as we have

|Λ(f)| ≤
∫
E
|f |dβ = 2

∫
E
|f |dµ +

∫
E
|f |dν ≤ 2

∫
E
|f |dα. By applying Cauchy

Schwartz with f, 1 we get 2
∫
E
|f |dα ≤ 2

√
α(E)||f ||L2(α).

Therefore by the Riesz representation theorem, we can write Λ(f) =
∫
E
gfdα

hence
∫
E
f(2dµ+ dν) =

∫
E
gf(dµ+ 2dν) so∫

E

f(2− g)dµ =

∫
E

f(2g − 1)dν

for all f ∈ L2(α). We can extract information by testing f = 1Aj
for the

measurable sets Aj = {x | g(x) ≤ 1
2 −

1
j } for j ∈ N. Thus on the right hand side

of the displayed equation,
∫
E
f(2g − 1)dν ≤ −2

j

∫
Aj

dν = −2
j ν(Aj) and on the

left hand side,
∫
E
f(2− g)dµ ≥ 3

2µ(Aj) so we have, as we have that a negative

quantity is larger than a positive one, µ(Aj) = ν(Aj) = 0 and g ≥ 1
2 almost

everywhere for µ, ν. Similarly, considering A′
j = {x ∈ E | g(x) ≥ 2 + 1

j } we see
that g ≤ 2, µ and ν almost everywhere
Since L2(α), for α a finite measure, contains all simple functions and since for
f ≥ 0 the integrands of the displayed equation are non-negative, we can use the
monotone convergence theorem to extend it to∫

E

f(2− g)dµ =

∫
E

f(2g − 1)dν

for all f ≥ 0 measurable. Now consider f = 1{x|g(x)= 1
2}
. Then the left-hand

side is 3
2µ({x | g(x) = 1

2}) and the right hand side is 0, so µ({x | g(x) = 1
2}) = 0

and hence ν({x | g(x) = 1
2}) = 0 (This will give the singular part on example

sheet 1). Now let h ≥ 0 be measurable and define f = h
2g−1 and w = 2−g

2g−1 and

0 where they aren’t defined (which is a null set under µ and ν) and furthermore,
the set where f ≤ 0 is a null set (as proven before). We now have∫

E

hdν =

∫
E

hwdµ
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for all measurable h ≥ 0 and the result is done, since w ≥ 0 and w is integrable
as ||w||L1(µ) =

∫
E
wdµ = ν(E) <∞ by considering the indicator of an arbitrary

measurable set

Remark. If P is a probability measure on B such that P ≪ dx then dP
dx = p(x)

is the (Lebesgue) probability density of P. Moreover in general, there is a
unique decomposition P = Pac + P⊥ such that Pac ≪ dx, P⊥ ⊥ dx. Note that
P⊥ is not necessarily discrete

2 Dual Spaces

Definition 2.1. Let X be a topological vector space. Then the topological
dual space is X ′ = {Λ: X → R( or C) | Λ is linear and continuous}. If X is
normal with norm || · ||X , then continuous is equivalent to bounded, and X ′ has
the norm ||Λ||X′ = supX′ |Λ(x)|

Definition 2.2. For any dual spaceX ′ we have a further dual spaceX ′′ = (X ′)′

called the bidual space. For Λ ∈ X ′ the point evaluation Λ 7→ Λ(x) at x ∈ X
is a linear functional on X ′ that is continuous since |Λ(x)| ≤ ||Λ||X′ ||x||X ≤
c||Λ||X′ . Identifying x with this map, we can regard X ⊂ X ′′ (we will address
injectivity later via Hahn Banach). If X ′′ = X, we say X is reflexive

Remark. By the Riesz Representation Theorem, for a Hilbert spaceH, H ′ = H
and hence H ′′ = H so H is reflexive

Let us study now the dual space of Lp = Lp(Rn,dx) for 1 ≤ p ≤ ∞. The
remark above shows that (L2)′ = L2. For general p we consider the conjugate
index, q such that 1

p +
1
q = 1. Note that any g ∈ Lq defines a linear functional

on Lp via Λg(f) =
∫
Rn f(x)g(x)dx for f ∈ Lp which is clearly linear, and is

continuous by Holder, and ||Λg||(Lp)′ = ||g||Lq (on Example Sheet 1). Identifying
g with Λg, we say Lq ⊂ (Lp)′

Theorem 2.1. For 1 ≤ p < ∞, we have (Lp)′ = Lq isometrically, and for
1 < p <∞ Lp is therefore reflexive

Remark. This is false for p = ∞. In particular, L1 is not reflexive

Proof. Note first that (Example sheet 2) any Λ ∈ (Lp)′ can be uniquely decom-
posed as Λ = Λ+ − Λ− where Λ± are positive linear functionals (ie Λ±(h) ≥ 0
for all h ≥ 0 almost everywhere). Since we already proved Lq ⊂ (Lp)′, we only
need to prove the following lemma

Lemma 2.2. Let U ∈ (Lp)′ be positive. Then there is g ∈ Lq which is pos-
itive almost everywhere such that U(f) =

∫
Rn f(x)g(x)dx for all f ∈ Lp and

||U ||(Lp)′ = ||g||Lq

Proof. On Rn consider the finite measure µ with density dµ(x) = e−|x|2dx.

Further define, for A ∈ B(Rn) the set function ν(A) = U(e−
|x|2
p 1A) ≥ 0. We
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have ν(Rn) ≤ ||U ||(Lp)′ ||e−
|x|2
p ||Lp < ∞. To show that ν is countably additive,

consider Am ∈ B decreasing monotonically to ∅. To prove their measure goes

to 0, note that ν(Am) = U(e−
|x|2
p 1Am

) ≤ ||U ||(Lp)′ ||e−
|x|2
p 1Am

||Lp → 0 by
Dominated Convergence. Hence ν is a finite measure on B that is also absolutely
continuous with respect to µ since for A such that µ(A) = 0, we have that

ν(A) ≤ ||U ||(Lp)′ ||e−
|x|2
p 1A||Lp = ||U ||(Lp)′µ(A)

1/p = 0 as p < ∞. Hence the
Radon-Nikodym theorem implies there is some G ≥ 0 such that ν(A) =

∫
A
Gdµ

where G ∈ L1(µ). Then for F =
∑n
i=1 ai1Ai

set f = e−
|x|2
p F , we can write the

functional’s value,

U(f) =

n∑
i=1

aiU(e−
|x|2
p 1Ai

)

=

∫
Rn

n∑
i=1

ai1Ai
Ge−|x|2dx =

∫
Rn

e
−|x|2

p

n∑
i=1

(ai1Ai
)Ge−

|x|2
q dx

=

∫
Rn

f(x)g(x)dx

where g = Ge
|x|2
q ≥ 0.

Since the set of all such f is dense in Lp ∩ {f ≥ 0} and since fg ∈ L1 as∫
Rn |f(x)g(x)|dx =

∫
Rn |f(x)|g(x)dx = U(|f |) ≤ ||U ||(Lp)′ ||f ||Lp < ∞. Decom-

posing fg = f+g − f−g and taking limits, the identity extends to show that
U(f) =

∫
Rn f(x)g(x)dx for all f ∈ Lp(Rn). From the example sheet, for all g

||g||Lq = sup

{∫
Rn

|fg| : ||f ||Lp ≤ 1

}
= U(|f |) ≤ ||U ||(Lp)′ <∞

. Also ||U ||(Lp)′ = sup||f ||Lp≤1 |
∫
fg| ≤ ||g||Lq by Holder so the result follows

We can characterise duals of subspaces of L∞. For instance any finite mea-
sure µ on B defines a linear functional on Cc(R)′ via f 7→

∫
Rn fdµ. Call a

measure regular on Rn if for all ϵ > 0 and A ∈ B there are closed C, open O
such that C ⊂ A ⊂ O and µ(O \ C) < ϵ

Theorem 2.3. (Riesz) Let Λ ∈ (Cc(Rn))′ be positive. Then there is a σ-field
M ⊃ B and a regular measure µ on M such that Λ(f) =

∫
Rn fdµ

Proof. No Proof

3 Weak and Weak-* Topologies

On a Banach space X and its dual space X ′, we have ’strong’ topologies induced
by the norms || · ||X , || · ||X′ . But the unit balls of these spaces are only compact
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when they are finite dimensional. To consider ’weaker’ topologies, we make the
following definition

Definition 3.1. A semi-norm, p, on a vector space X is a functional called
p : X → R≥0 such that

1. p(x+ y) ≤ p(x) + p(y) for x, y ∈ X

2. p(λx) = |λ|p(x) for all x ∈ X,λ ∈ R (or C)

Remark. Note that we do not require the third condition to be a norm, that
x = 0 if and only if p(x) = 0

A collection P of seminorms p induces a ’locally convex’ topology τP by
declaring the sets Vx(p, n) = {y ∈ X | p(y − x) < 1

n} to be open for all
x ∈ X, p ∈ P, n ∈ N.
The family P is said to separate points if for any 0 ̸= x ∈ X there is p ∈ P
such that p(x) ̸= 0. Therefore (example sheet 2) a sequence (xn)n∈N → x for
τP if and only if p(x− xn) → 0 for all p ∈ P.
This topology is not generally metrisable unless P is countable in which case

a metric is given by dP(x, y) =
∑∞
i=1 2

−i pi(x−y)
1+pi(x−y) where (pi | i ∈ I) is an

enumeration of P (use dominated convergence for the counting measure to prove
this).

Definition 3.2. We call (X, τP) a locally convex topological vector space,
and if it is complete we call it a Frechet space

Definition 3.3. Returning to the normed space X, we can consider semi-norms
given by pΛ(x) = |Λ(x)| and the topology τP induced by the familiy of semi-
norms called P = {pΛ | Λ ∈ X ′} is called the weak topology, τw such that
xn → x weakly in X, or xn ⇀ x if Λ(xn) → Λ(x) for all Λ ∈ X ′. It is not yet
clear that τw separates points, but will be proven later.

Definition 3.4. When X ′ is a dual space, we can consider the weak-* topol-
ogy, τw∗ induced by the familiy of seminorms P = {px(Λ) = |Λ(x)| | x ∈ X}
so Λn → Λ weak-*, or Λn ⇀∗ Λ if Λn(x) → Λ(x) for all x ∈ X (pointwise
convergence). In particular, τw, τw∗ always separate points, so are hausdorff

Example 3.1. We have a few examples

1. For Lp = Lp(Rn,dx), 1 ≤ p < ∞, we have dual space Lq for q conjugate
to p, so fm → f weakly in Lp if∫

Rn

fm(x)g(x)dx→
∫
Rn

f(x)g(x)dx

for all g ∈ Lq. Similarly as Lp = (Lq)′ for 1 < p ≤ ∞, Λfn → Λf weak-*
(or fn → f weak-*) if and only if that same limit holds. In particular
for 1 < p < ∞ these notions of convergence coincide and this holds more
generally for any reflexive space

11



2. Consider a Borel probability measure on a metric space D and let Cb(D)
denote the Banach space of bounded continuous functions on D. Then
µ(f) =

∫
D
fdµ defines an element of Cb(D)′ since |µ(f)| ≤ ||f ||∞ as

µ(D) = 1 and a sequence of probability measures µn converges to µ for
τw∗ on Cb(D)′ if ∫

D

fdµn →
∫
D

fdµ

for all f ∈ Cb(D) (This is weak convergence of laws µn → µ from proba-
bility theory)

3.1 Compact Sets in Banach Spaces

Recall from Linear Analysis

Theorem 3.1. (Ascoli-Arzela) Let I = [0, 1] (or any compact metric space)
and let fk be a sequence in C(I) such that ||fk||∞ ≤M for all k ∈ N and for all
ϵ > 0 there is a δ such that |x− y| < δ implies |fk(x)− fk(y)| < ϵ for all k ∈ N.
Then there is some f ∈ C(I) such that for some sequence ni ∈ N, fni

→ f
uniformly on I

Proof. See Linear Analysis

A sufficient criterion for such equicontinuity arises from Holder continuity

defined by norms of the form ||f ||C0,γ = ||f ||∞+supx ̸=y
|f(x)−f(y)|

|x−y|γ for 0 < γ < 1

and we can also define

||f ||Cm,γ =
∑

0≤|α|≤m

||Dαf ||∞ + max
|α|=m

sup
x ̸=y

|Dαf(x)−Dαf(y)|
|x− y|γ

for all 0 < γ < 1,m ∈ N. Then {f | ||f ||C0,γ ≤ 1} is compact in C(I) by
Ascoli-Arzela if γ > 0
The other approach to compactness is via the following theorem

Theorem 3.2. (Banach-Alaoglu) If X is a normed space. Then the unit ball,
B′

1 = {Λ ∈ X ′ | ||Λ||X′ ≤ 1} of X ′ is compact for the weak-* topology

Remark. In Cb(D)′, any sequence of probability measures has a weak-* con-
vergent subsequence

Proof. (Separable case). Let us first show the following lemma, of independent
interest

Lemma 3.3. For a countable dense subset D = {x1, x2, . . . } of X, consider the
seminorms P̃ = {pxk

(Λ) = |Λ(xk)| | k ∈ N} with topology τP̃ . Then τP̃ = τw∗

as (trace-)topologies on B′
1 = {Λ ∈ X ′ | ||Λ||X′ ≤ 1} and are metrised by

dP̃(Λ,Λ
′) =

∑∞
k=1 2

−k |Λ(xk)−Λ′(xk)|
1+|Λ(xk)−Λ′(xk)|

12



Proof. The open sets for the τP̃ topology are generated by the following open
sets, V (xk,m) = {Λ | |Λ(xk)| < 1

m}, indexed by k,m ∈ N and these are elements
of τw∗ so to prove τP̃ = τw∗ it suffices to show that V (x, n) contain some V (xk, n)
for any x ∈ X,n ∈ N. To show this, let x ∈ X \D and take xk ∈ D such that
||x−xk||X < ϵ and for Λ ∈ V (xk,m), |Λ(x)| ≤ |Λ(xk −x)|+ |Λ(xk)| ≤ ϵ+ 1

m as
Λ ∈ B′

1, hence we have shown what we wanted. That the metric is as written
was previously proven

Since the topology τw∗ on D′
1 is metric, it suffices to show

Theorem 3.4. Let Λj ∈ B′
1 for j ∈ N then there is Λ ∈ B′

1 such that Λjk → Λ
weak-* along a subsequence

Proof. Again, let D = {x1, x2, . . . } be a countable dense subset of X. Then
|Λj(x1)| ≤ ||x1||X < ∞ so we may apply Bolzano-Weirstrass theorem, we may
extract a subsequence Λjk such that Λjk(x1) → Λ(x1) ∈ R so that we have
Λ(x1) ≤ ||x1||X . Call the sequence Λ1,j . Repeating this argument for further
coordinates, we define Λl,j for all l, j ∈ N with Λl,j(xk) converging to the number
Λ(xk) with |Λ(xk)| ≤ ||xk||X for all k ≤ l as j goes to infinity. Taking the
diagonal sequence Λj,j , we have Λj,j(xk) → Λ(xk) and |Λ(k)| ≤ ||xk||X for all
k ∈ N. To show that Λ in fact defines an element of B′

1, first note that Λ is
uniformly continuous on D since for x, y ∈ D with ||x − y|| < ϵ

2 and j is large
enough that |Λjj(x)− Λ(x)|+ |Λjj(y)− Λ(y)| < ϵ

2 then |Λ(x)− Λ(y)| < ϵ by a
usual triangle inequality argument. We may now extend Λ as a (not necessarily
linear) function to all of D = X by a usual topological argument. To check that
Λ is linear, let x, y ∈ X and set z = x+ay for a ∈ R (or C) and pick x′, y′, z′ ∈ D
such that ||x−x′||X+|a|||y−y′||X+||z−z′||X < ϵ

4 and decompose, for sufficiently
large j,

|Λ(z)− Λ(x)− aΛ(y)| ≤ |Λ(z)− Λ(z′)|+ |Λ(x)− Λ(x′)|+ |a||Λ(y)− Λ(y′)|
+ |Λ(z′)− Λjj(z

′)|+ |Λ(x′)− Λjj(x
′)|+ |a||Λ(y′)− Λjj(y

′)|
+ |Λjj(z′)− Λjj(x

′)− aΛjj(y
′)|

≤ ϵ

4
+
ϵ

4
+ c < ϵ

since

c ≤ |Λjj(z)− aΛjj(y)− Λjj(x)|
+ |Λjj(x− x′)|+ |a||Λjj(y − y′)|+ |Λjj(z − z′)| → 0

Next |Λ(x)| ≤ |Λ(x′ − x)|+ |Λ(x′)| < ϵ+ ||x′||X ≤ 2ϵ+ ||x||X so |Λ(x)| ≤ ||x||X ,
where we can bound Λ(x′ − x) by uniform continuity, so Λ is bounded with
operator norm at most 1.
Finally |Λjj(x)− Λ(x)| ≤ |Λjj(x′)− Λ(x′)|+ |Λjj(x− x′)|+ |Λ(x− x′)| → 0 so
we are done
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4 The Hahn Banach Theorem and its Conse-
quences

Definition 4.1. A functional p : X → R on a real vector space is called sub-
linear if

1. p(x+ y) ≤ p(x) + p(y) for all x, y ∈ X

2. p(tx) = tp(x) for t ≥ 0, x ∈ X

Example 4.1. Clearly any linear functional l : X → R is sublinear and so is
any semi-norm, but the converse isn’t true

If p is a seminorm and l : X → R is linear such that l(x) ≤ p(x) for all x ∈ X,
then in fact we have |l(x)| ≤ p(x) since −l(x) = l(−x) ≤ p(−x) = p(x), and so
’dominated by p’ is equivalent to p-continuity

Lemma 4.1. (Bounded Extension Lemma) Let X be a real vector space and
p : X → R be sub-linear. Let M ⊂ X be a vector subspace and x /∈M and define
M̃ = Span(M,x). Then let l : M → R be linear such that l(x) ≤ p(x) for all

x ∈ M . Then there is some l̃ : M̃ → R which is linear such that l̃ |M= l and

l̃(x) ≤ p(x) for all x ∈ M̃

Proof. Let y1, y2 ∈M be arbitrary. Then

l(y1) + l(y2) = l(y1 + y2) ≤ p(y1 + y2) ≤ p(y1 − x) + p(y2 + x),∀x ∈ X \M

Now l(y1) − p(y1 − x) ≤ p(y2 + x) − l(y2). Taking the supremum over y1 and
infimum over y2, we get

sup{l(y)− p(y − x) | y ∈M} ≤ a ≤ inf{p(x+ y)− l(y) | y ∈M}

for some a ∈ R. If z ∈ M̃ , it has a unique decomposition as z = y + λx for
some λ ∈ R, y ∈ M . Define l̃(z) = l̃(y + λx) = l(y) + λa which is linear on M̃

by definition, and restricts to l on M . To see that l̃ ≤ p on M̃ , take first λ > 0
and note that l̃(y+ λx) = λ(l( yλ ) + a) ≤ λ(l( yλ ) + p( yλ + x)− l( yλ )) = p(y+ λx).
In the other direction, for λ < 0, set µ = −λ and we similarly get the inequality
l̃(y+λx) = l̃(y−µx) = µ(l( yµ )−a) ≤ µ(l( yµ )− l(

y
µ )+p(

y
µ −x)) = p(y+λx)

To extend l to all of X, for X separable we could apply this inductively
to Mn = Span(M,x1, . . . , xn) where x1, . . . , xn, . . . is a countable dense subset
and take limits (messy). Instead we use transfinite induction via Zorn’s lemma.

Theorem 4.2. (Hahn Banach) Let X be a real vector space and p : X → R a
sublinear functional. For M ⊂ X a vector subspace, let l : M → R be a linear
functional such that l(x) ≤ p(x) for all x ∈ M . Then there is a linear map
l̃ : X → R such that l̃(x) ≤ p(x) for all x ∈ X
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Proof. Consider

S = {(N, l̃) |M < N ≤ X, l̃ : N → R is linear, l̃ |M= l, l̃ ≤ p on N}

. We declare (N1, l̃1) ≤ (N2, l̃2) if N1 ⊂ N2 and l̃2 |N1
= l̃1. Let T ⊂ S be totally

ordered and define NT =
⋃

(N,l̃)∈T N with lT : NT → R equal to l̃ on N which is

an upper bound for T . Thus by Zorn’s lemma there is a maximal (N , L) which
is a maximal element of S. Now N = X as otherwise we could apply bounded
extension again and so we are done.

Remark. Note the following

1. l̃ is not necessarily unique

2. If X is non-separable then this depends on the axiom of choice

Corollary 4.2.1. (Norming functionals) For X a normed linear space and
x ∈ X there is a continuous Λ = Λx ∈ X ′ such that ||Λ||X′ = 1 such that
|Λ(x)| = ||x||X . In particular, if Λ(x− y) = 0 for all Λ ∈ X ′ then x = y

Proof. Fix x ∈ X. Define M = {cx | c ∈ R} ≤ X and the linear functional
l(cx) = c||x||X , which is dominated by the sublinear functional p = || · ||X . Thus
by Hahn Banach, there is a Λ = Λx : X → R such that |Λx(y)| ≤ ||y||X so
Λ ∈ X ′ and ||Λ||X′ ≤ 1. Note that ||Λ||X′ ≥ supx∈M∩{||y||X≤1} |l(x)| = ||x||X
and so |Λ(x)| = |l(x)| = ||x||X

So the weak topology induced by all Λ: X → R which are bounded, linear
does separate points

Corollary 4.2.2. The canonical injection i : X ↪→ X ′ given by x 7→ (Λ 7→ Λ(x))
is an isometry

Proof. First ||i(x)||X′′ = sup||Λ||X′≤1 |Λ(x)| ≤ 1 · ||x||X , and taking a norming
functional, the last supremum is larger that |Λx(x)| = ||x||X so we are done

We further deduce that if X = X ′′, then X is isometric to X ′′ and hence is
complete. Hence reflexive normed linear spaces are Banach spaces. If X is not
reflexive, then X ′′ provides (up to isomorphism) the completion of X for || · ||X .
In particular if X is reflexive, then the weak topology coincides with the weak-*
topology on X ′′, and so by Banach Alagolu, the unit ball B1 is compact in the
weak topology

Theorem 4.3. (Hyperplane Separation Theorem) Let A,B be disjoint non-
empty convex sets in a Banach space X

1. If A is open, there is Λ ∈ X ′ and some real γ such that Λ(a) < γ ≤ Λ(b)
for a ∈ A, b ∈ B

2. If instead A is compact and B is closed then there is Λ ∈ X ′ and reals
γ1, γ2 such that Λ(a) < γ1 < γ2 < Λ(b)
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Proof. Let a0 ∈ A, b0 ∈ B and x0 = b0 − a0 ∈ X. Define

C = A−B + x0 = {a− b+ x0 | a ∈ A, b ∈ B}

which is again convex containing 0 but not x0, as if x0 ∈ C then there is
a ∈ A ∩ B. C is also open since A is open, so we can consider its Minkowski
functional PC(x) = inf{t | x ∈ tC} < ∞. We can show (example sheet) that
PC is sublinear on X and there is a constant k > 0 such that PC(x) ≤ k||x||X
and PC(x) < 1 for x ∈ C and PC(x0) ≥ 1. Now take the vector subspace
M = {tx0 | t ∈ R} and consider the linear functional l : M → R by l(tx0) = t.
Then l is dominated by PC so we can apply Hahn Banach. THere is therefore
some Λ: X → R such that −k||x||X ≤ −PC(−x) ≤ Λ(x) ≤ PC(x) ≤ k||x||X
where the outer inequalities come from linearity and so |Λ(x)| ≤ k||x||X hence
Λ ∈ X ′. Now pick a ∈ A, b ∈ B and note

Λ(a)− Λ(b) + 1 = Λ(a− b+ x0) ≤ PC(a− b+ x0) < 1

. Then Λ(a) < Λ(b) for such a, b. Now if A is open, so is Λ(A) by open mapping
theorem and so Λ(a) < sup(Λ(A)) ≤ Λ(b) with strict inequality if B is open,
proving 1. For 2, note that Λ(A) is now compact in R and if d = ||A−B||X > 0
then Ã = A + Bd/2 where Bd/2 is the open ball of radius d/2, then applying 1
to this, we are done

5 Generalised Functions and Distributions

Consider a topological vector space X ⊂
⋂
q≥1 L

q where Lq = Lq(Ω,dx) for Ω
an open subset of Rn. Suppose X contains C∞

c (Ω) and let f ∈ Lp then we
obtain a linear functional Λf (g) =

∫
Ω
fgdx, g ∈ X. If the embedding X ↪→ Lq

for q conjugate to p is continuous, then Λf ∈ X ′. Since X contains g = ϕϵ(·−y)
for all sufficiently small y ∈ Ω, we can use the mollification theorem to see that if
Λf = 0 inX ′ then f = 0 almost everywhere. We can therefore identify Λf with f
and study the weak-∗ topology of X ′ on Lp. Choosing X as ’small as possible’
obtains the ’weakest possible topologies’ on functions and the completion of
(Lp, τw∗) contains objects that aren’t functions anymore.
First define C∞(Ω) = {ϕ : Ω → R(or C) | ϕ is infinitely differentiable} and
consider the seminorms pN (ϕ) = max0≤|α|≤N supx∈KN

|Dαϕ(x)| where we have
Ki ⊂ Ki+1 a sequence of compact sets such that

⋃∞
i=1Ki = Ω. We define the

Frechet space E(Ω) = (C∞(Ω), τP) where P = {pN | N ∈ N}. Note that E(Ω)
may contain non-integrable functions, such as ϕ(x) = x2025

To obtain a similar topology on C∞
c (Ω) is more delicate, but we can prove

Theorem 5.1. There is a topology on C∞
c (Ω) such that

1. The vector space operations are continuous

2. ϕj → 0 for τ as j → ∞ if and only if there is compact K ⊂ Ω such
that supp(ϕj) ⊂ K for all j ∈ N and Dαϕj → 0 uniformly on K for all
0 ≤ |α| <∞
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3. If T : C∞
c (Ω) → R (or C) is linear, then it is continuous if and only if

T (ϕj) → 0 for all ϕj → 0

We define D = D(Ω) = (C∞
c (Ω), τ) is called the space of test functions

Example 5.1. Take e−jϕ( ·
j ) for ϕ ∈ C∞

c . This converges to 0 in τ , but

j−2025ϕ( ·
j ) doesn’t converge to 0 for τ

Also on Ω = R, e−jϕ(·− j) ̸→ 0 in τ since there is no common K on which they
are all supported

For Ω = Rn, there is a third space

Definition 5.1. Call ϕ ∈ C∞(Rn) rapidly decreasing if

sup
x∈Rn

(1 + |x|)n|Dαϕ(x)| <∞

for all 0 ≤ |α| <∞, N ∈ N

Example 5.2. e−|x|2 is rapidly decreasing, but (1 + |x|)−2025 is not

Define the seminorms P̃ = {p̃N | N ∈ N} with

p̃N = max
0≤|α|<N

sup
x∈Rn

(1 + |x|)N |Dαϕ(x)|

and define the Frechet space S(Rn) = ({ϕ rapidly decreasing}, τP̃) which is

metrisable as P̃ is countable, and this is often called the Schwartz class.
Clearly D(Ω) ⊂ E(Ω) and D(Rn) ⊂ S(Rn) ⊂ E(Rn) are continuous embeddings
and strict inclusions (example sheet).
We can now define

D′(Ω) = {T : D(Ω) → R | T is linear and continuous}

, called the space of Schwartz distributions. We also define the space of
’compactly supported’ Schwartz distributions,

E ′(Ω) = {T : E(Ω) → R | T is linear and continuous}

. For Ω = Rn, we define the space of tempered distributions

S′(Rn) = {T : S(Rn) → R | T is linear and continuous}

. We can use C instead of R throughout. These are equipped with their weak-∗
topologies. We have the reverse continuous embeddings E ′(Ω) ⊂ D′(Ω) and
E ′(Rn) ⊂ S′(Rn) ⊂ D′(Rn)

Example 5.3. Consider δx(ϕ) = ϕ(x), x ∈ Ω. If ϕj → 0 in D, E , S then
δx(ϕj) = ϕj(x) → ∞ as j → ∞ so δx ∈ E ′, D′, S′
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Let f ∈ L1
loc(Ω). Then Tf (ϕ) =

∫
Ω
fϕdx for ϕ ∈ D(Ω) and Tf ∈ D′(Ω) since

for ϕj → 0 in D(Ω), we have Tf (ϕ) → 0 by Dominated Convergence Theorem
with dominating function supj∈N ||ϕj ||∞1K |f | ∈ L1 for some compact K on
which all ϕj are . Also if Tf = 0 on D(Ω) we still get f = 0 almost everywhere
by applying mollification on f1B where B is any ball in Ω containing x ∈ Ω.
Therefore L1

loc ⊂ D′(Ω)
Also if ϕϵ = ϵ−1ϕ( ·ϵ ) for ϕ ∈ C∞

c (Rn),
∫
Rn ϕdx = 1 where ϕ is even, then for

g ∈ D(Rn),

Tϕϵ
(g) =

∫
Rn

g(x)ϕϵ(x)dx

=

∫
Rn

g(0− x)ϕϵ(x)dx

= g ∗ ϕϵ(0)
→ g(0) = δ0(g)

So Tϕϵ
→ δ0 in D′(Rn)

5.1 Generalised (distributional) Derivatives in D′(Ω)

Let f ∈ C1(Ω), Dif = ∂
∂xi

f ∈ L1
loc. Then

TDif (ϕ) =

∫
Ω

(
∂

∂xi
f

)
ϕdx = −

∫
Ω

f
∂

∂xi
ϕdx = −Tf (Diϕ)

This motivates us to define, for any multi-index α,

Definition 5.2. The distributional derivative of any T ∈ D′(Ω) is

(DαT )(ϕ) = (−1)|α|T (Dαϕ)

for ϕ ∈ D(Ω). So DαT ∈ D′(Ω) as well. If T = Tf and DαT = Tg for some
f, g ∈ L1

loc then we call g = Dα
wf the weak partial derivative of f

Example 5.4. Consider Tf ∈ D′(R) where f(x) = 0 for x ≤ 0 and f(x) = x
otherwise. Then

DTf (ϕ) = −Tf (ϕ′) = −
∫ ∞

0

xϕ′(x) =

∫ ∞

0

ϕ(x)dx =

∫
R
Hϕdx = TH(ϕ)

where H is the Heaviside step function. So Dwf = H
Computing the second derivative, we see

D2Tf (ϕ) = DTH(ϕ) = −TH(ϕ′) = −
∫ ∞

0

ϕ′(x)dx = ϕ(0) = δ0(ϕ)

This is not a weak derivative, but is a distributional derivative. So in some sense
we can write δ0 = H ′

Finally, similarly, D3Tf = −ϕ′(0) which is a Schwartz distribution but not a
measure
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If f ∈ L1
loc(Ω) and a ∈ C∞(Ω) then

Taf (ϕ) =

∫
Ω

afϕ =

∫
Ω

f(aϕ) = Tf (aϕ)

which motivates the following definition

Definition 5.3. If T ∈ D1(Ω), a ∈ C∞(Ω), we define (aT )(ϕ) = T (aϕ)

5.2 Compactly Supported Distributions

Proposition 5.1. A linear map T : E(Ω) → R (or C) is continuous if and only
if there are K ⊂ Ω compact and N ∈ N, c > 0 such that

|T (ϕ)| ≤ c max
0≤|α|≤N

sup
x∈K

|Dαϕ(x)|

for all ϕ ∈ E(Ω)

Proof. Suppose the inequality holds and let ϕj → 0 in E(Ω). Then by definition
of the topology on E(Ω), for some j large enough in the definition of the topology,
K ⊂ Kj and the right hand side of the inequality for ϕ = ϕj converges to 0 and
so T (ϕj) → 0 so T ∈ E ′(Ω)
Conversely assume T is continuous but that the inequality doesn’t hold. Hence
ifKj ⊂ Kj+1 is any exhaustion of compact sets of Ω we get a sequence ϕj ∈ E(Ω)
such that

|T (ϕj)| ≥ j max
1≤|α|≤j

sup
x∈K

|Dα(ϕj)|

for j ∈ N. Define ψj =
ϕ(j)

|T (ϕj)| where the denominator is not zero as it is lower

bounded as above and note that for x ∈ Kj and |β| ≤ j,

|Dβψj(x)| ≤
1

j

|Dβϕj(x)|
max0≤|α|≤j supx∈Kj

|Dαϕj(x)|
≤ 1

j
→ 0

so ψj → 0 in E(Ω) but T (ψj) = 1 ̸→ 0 contradiction.

Definition 5.4. T ∈ D′(Ω) has support in a closed set K ⊂ Ω if T (ϕ) = 0 for
ϕ ∈ C∞

c (Ω \ K). The last proposition implies that T ∈ E(Ω) is supported in
some compact subset of Ω

Example 5.5. If f ∈ L1
loc is such that f = 0 outside a compact set K then Tf

is compactly supported
δx for x ∈ Ω is also compactly supported, in K = {x}
If T ∈ D1(Ω) is compactly supported then so is DαT for any multi-index α

Proposition 5.2. Any T ∈ E ′(Ω) restricts to a T ∈ D′(Ω) of compact support,
and and T ∈ D′(Ω) which is compactly supported extends to T̃ ∈ E ′(Ω)

Proof. The first claim follows from the proceeding proposition. Conversely, let
T be supported in the compact set K. Then we take ξ ∈ C∞

c such that ξ = 1 on
K and define T̃ (ϕ) = T (ξϕ) for ϕ ∈ E(Ω), which defines an element of E ′(Ω)
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5.3 Convolutions of Distributions

Recall that for f, g ∈ Cc(Rn), their convolution is f ∗ g(x) =
∫
Rn g(x− y)f(y)dy

which is x almost everywhere defined whenever f ∈ Lp, g ∈ L1 for 1 ≤ p < ∞
in view of Minkowski’s inequality for integrals. To extend this definition to
distributions, we need some notation

Remark. Recall that τxg = g(· − x), set ǧ = g(−·) and }τxg = g(x− ·). In this
notation, f ∗g(x) = Tf [}τxg]. Since g ∈ C∞

c (Rn), we have }τxg ∈ C∞
c (Rn), we can

define for T ∈ D′(Rn) and ϕ ∈ D(Rn) the convolution x 7→ T ∗ ϕ(x) = T (}τxϕ)

Theorem 5.2. Let T ∈ D′(Rn), ϕ ∈ D(Rn) and α be a multi-index. Then
T ∗ ϕ ∈ C∞(Rn) and Dα(T ∗ ϕ) = (DαT ) ∗ ϕ = T ∗ (Dαϕ)

Proof. Take ei ∈ Rn a basis vector and h→ 0 ∈ R. Write

1

h
[T ∗ ϕ(x+ hei)− T ∗ ϕ(x)] = T

[
ϕ(x+ hei − ·)− ϕ(x− ·)

h

]
→ T (Diϕ(x− ·))

= T [­τxDiϕ]

= T ∗ (Diϕ)

where the convergence (where the internal term converges in D(Rn)) is from
the example sheet. By induction, we get that T ∗ ϕ is C∞ and the two outside
terms of the theorem are equal.
To prove the first equality, note

Dα(}τxϕ) = Dαϕ(x− ·) = (−1)|α|(Dαϕ)(x− ·) = (−1)|α| ­τxDαϕ

Thus

(DαT ) ∗ ϕ(x) = DαT [}τxϕ] = (−1)|α|T [Dα(~τxϕ)] = T [ ­τxDαϕ] = T ∗ (Dαϕ)

so we are done

We notice that if T ∈ E ′(Rn), supported in K and if Kx is the shifted

compact support of }τxϕ = ϕ(x − ·), ϕ ∈ C∞
c (Rn), then for |x| sufficiently large

K ∩Kx = ∅ and T ∗ ϕ ∈ D(Rn)

Definition 5.5. Let T1 ∈ D′(Rn) and T2 ∈ E ′(Rn) then we define their convo-
lution by the action (T1 ∗ T2) ∗ ϕ = T1 ∗ (T2 ∗ ϕ) for ϕ ∈ D(Rn)

Remark. This defines a distribution as ((T1 ∗ T2) ∗ ϕ)(0) = (T1 ∗ T2)ϕ̌ for
ϕ ∈ D(Rn)

Remark. Note that δ0 has compact support and δ0 ∗ ϕ = δ0[ϕ(x− ·)] = ϕ and
so for any T1 ∈ D′(Rn), we see that (T1 ∗δ0)∗ϕ = T1 ∗ϕ, so δ0 is a right identity
for convolution on D′(Rn)
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Theorem 5.3. Let T1 ∈ D′(Rn), T 2 ∈ E ′(Rn) and α any multi-index. Then
Dα(T1 ∗ T2) = (DαT1) ∗ T2 = T1 ∗ (DαT2)

Proof. Using the previous theorem and the definitions, for any ϕ ∈ D(Rn),

Dα(T1 ∗ T2) ∗ ϕ = (T1 ∗ T2) ∗Dαϕ

= T1 ∗ (T2 ∗Dαϕ)

= T1 ∗ (DαT2 ∗ ϕ)
= (T1 ∗DαT2) ∗ ϕ

and so Dα(T1 ∗ T2) = T1 ∗ (DαT2) and the other identity is similar

5.4 Fundamental Solutions of Linear PDEs

Consider the partial differential operator L =
∑

|α|≤k aαD
α with the coefficients

aα ∈ C∞(Rn), k ∈ N. The PDE Lu = u0 for u, u0 ∈ D′(Rn) can be interpreted
in D′(Rn) and a ’weak solution’ u is one such that (Lu)(ϕ) = u0(ϕ) for all
ϕ ∈ D(Rn). An element G ∈ D′(Rn) is called a fundamental solution for L
if LG = δ0 in D′(Rn) and if G = Tg for g ∈ L1

loc(Rn) then we call g the Green
kernel of G

Theorem 5.4. Suppose that L has constant coefficients, aα ∈ R (or C) and
that G ∈ D′(Rn) is its fundamental solution. If u0 ∈ E ′(Rn), a solution to
Lu = u0 is given by u = G ∗ u0

Proof. Because L is linear and using the previous theorem,

Lu =
∑
|α|≤k

aαD
α(G ∗ u0) =

∑
|α|≤k

(DαG ∗ u0) = (LG) ∗ u0 = δ0 ∗ u0 = u0

since
(δ0 ∗ u) ∗ ϕ = δ0 ∗ (u0 ∗ ϕ) = u0 ∗ ϕ(x) = u0 ∗ ϕ

Remark. If u0 ∈ D then G ∗ u0 ∈ C∞(Rn) and the equation Lu = u0 holds
pointwise on Rn by testing ϕϵ(· − x) for ϵ > 0 and an appropriate ϕϵ

For example if L = −∆ = −
∑3
i=1

∂2

∂x2
i
we can show that the fundamental

solution is G = Tg for the Green kernel g(x) = 1
4π|x| . Thus for f ∈ D(Rn), the

solutions to the Laplace equation −∆u = f on R3 are given by

Tg ∗ f =
1

4π

∫
R3

f(y)
1

|x− y|
dy
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5.5 Fourier Transforms of Distributions

Recall that for f ∈ L1(Rn), the Fourier transform is the map f̂ : Rn → C given
by

f̂(u) =

∫
Rn

e−ix·uf(x)dx, u ∈ Rn

where x ·u = ⟨x, u⟩Rn . We sometimes write Ff = F [f ] = f̂ . Since f̂ ∈ L1
loc(Rn),

we can consider

Tf̂ (ϕ) =

∫
Rn

f̂(u)ϕ(u)du =

∫
Rn

∫
Rn

f(x)e−ix·uϕ(u)dudx = Tf (ϕ̂)

for ϕ ∈ D, but we have a problem as ϕ̂ is not necessarily in D, so this definition
does not necessarily extend to D′. We therefore work in S(Rn) and S′(Rn)
instead

Lemma 5.5. (Riemann Lebesgue Lemma) Let f ∈ L1(Rn). Then

f̂ ∈ C0(Rn) = {h : Rn → C | h continuous, lim
|u|→∞

|h(u)| = 0}

and ||f ||∞ ≤ ||f ||L1

Proof. Clearly for any uj → u in Rn we have e−ix·ujf(x) → e−ix·uf(x) and

|e−ix·ujf(x)| ≤ |f(x)| ∈ L1 and so by DCT, f̂(uj) → f̂(u) for f̂ is continuous

and ||f̂ ||∞ ≤
∫
Rn |f(x)|dx = ||f ||L1 .

Finally for f ∈ L1 take a sequence fk ∈ C∞
c (Rn) such that fk → f in L1

so that also ||f̂k − f̂ ||∞ ≤ ||fn − f ||L1 → 0 so f̂k → f̂ uniformly on Rn and

f̂k ∈ C0(Rn) since |uj ||f̂k(u)| = |D̂jfk(u)| ≤ ||Djf ||L1 < ∞ therefore since

C0(Rn) is complete, f̂ ∈ C0(Rn)

Remark. Note that F does not map L1 onto C0(Rn)

Lemma 5.6. Let f ∈ L1(Rn)

1. If fλ = λ−nf( ·
λ ) for λ > 0 then f̂λ(u) = f̂(λu) for all u ∈ Rn

2. τ̂xf(u) = e−ix·uf̂(u) and ̂ei⟨y,·,⟩f = τy f̂

3. If g ∈ L1 then f ∗ g ∈ L1 and f̂ ∗ g = f̂ · ĝ

Proof. Fubini and substitution

Theorem 5.7. 1. Let f ∈ C1(Rn) be such that f,Djf ∈ L1 for j = 1, . . . , n.

Then D̂jf(u) = iuj f̂(u) for all u ∈ Rn

2. If f ∈ L1(Rn) such that
∫
Rn(1+|x|)|f(x)|dx <∞ then for any j = 1, . . . , n

and u ∈ Rn then Dj f̂(u) = −ix̂jf(x). In particular, f̂ ∈ C1(Rn)

22



Proof. 1. For any ϵ > 0 we can pick a function fϵ ∈ C∞
c (Rn) such that

||fϵ − f ||L1 + ||Djfϵ − Djf ||L1 (we can restrict to compact support by
multiplying by a smooth cut off function, then approximate by ϕϵ ∗ f as
the derivative also converges to Djf). For such fϵ we see that

D̂jfϵ(u) =

∫
Rn

e−ix·uDjfϵ(x)dx

= −
∫
Rn

(Die
−x·u)fϵ(x)dx

=

∫
Rn

iuje
−ix·ufϵ(x)

= iuj f̂ϵ(u)

Now

|D̂jf(u)− iuj f̂(u)| ≤ |D̂jf(u)− D̂jfϵ(u)|+ |iuj(f̂ϵ − f̂(u))|
≤ ||Djf −Djfϵ||L1

+ |uj |||fϵ − f ||L1

≤ (1 + |uj |)ϵ

so we are done

2. By the Riemann Lebesgue lemma, it suffices to prove the identity. Take
ej the jth basis vector in Rn and h→ 0. Then

1

h
(f̂(u+ hej)− f̂(u)) =

∫
Rn

1

h
(ei·(u+hej) − eix·u)f(x)dx

=

∫
Rn

eix·u
(
eix·hej − 1

h

)
f(x)dx

→ −i
∫
Rn

eix·uxjf(x)dx

= −ix̂jf(x)(u)

We can apply DCT as the middle term is bounded by |xj | by MVT, which
is |f |dx integrable by hypothesis

Recall from Probability and Measure

Theorem 5.8. (Fourier Inversion) Let f ∈ L1 and f̂ ∈ L1. Then for almost
all x ∈ Rn,

f(x) =
1

(2π)n

∫
Rn

eix·uf̂(u)dx = F−1[f̂ ](x)

and for the unique continuous representative f ∈ [f ] = {g | g = f a.e} the
formula holds everywhere in Rn

Proof. See Probability and Measure
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Remark. F−1[Fϕ] = 1
(2π)nF [Fϕ](−·) so F−1 is itself a Fourier transform itself

Recall that S(Rn) = {ϕ | supx∈Rn(1 + |x|n)|Dα(x)| < ∞,∀α, n} with semi-
norms pN

Theorem 5.9. F is a continuous homeomorphism of the S(Rn) into itself

Proof. Clearly f ∈ L1 since∫
Rn

|f(x)|dx ≤ sup
x∈Rn

(1 + |x|)n+1|f(x)|
∫
Rn

1

|x+ 1|n+1
dx <∞

To see that f̂ ∈ S(Rn) as well, let α, β be multiindices. Then

|uα||Dβ f̂(u)| = | ̂Dα(xβf)|(u)
≤ ||Dα(xβf)||L1

≤ pN (f)

for sufficiently large N , with the last inequality as before. Similarly if ϕj → 0 in

S(Rn) the previous inequality implies pN (ϕ̂j) → 0 so F is continuous. Moreover
if Fϕ = 0 for ϕ ∈ S(Rn) ⊂ L1, then by Fourier inversion, ϕ = F−1(0) = 0 so
F is injective. Moreover any ϕ ∈ S(Rn) is F−1F (ϕ) = 1

(2π)nFFϕ̌, which is the

Fourier transform of some ϕ, hence F : S(Rn) → S(Rn) is surjective and we are
done

We can therefore make the following definition

Definition 5.6. For T ∈ S′(Rn), we define its distributional Fourier trans-

form T̂ (ϕ) = T (ϕ̂) for all ϕ ∈ S(Rn)
Remark. Clearly by the previous theorem, T̂ ∈ S′(Rn), using sequential con-

tinuity. Also if f ∈ L1 then Tf̂ (ϕ) = Tf (ϕ̂) as at the start of this section.

Definition 5.7. Call ϕ slowly increasing if supx∈Rn(1 + |x|)−N |ϕ(x)| < ∞
for some N ∈ N.
Remark. If ϕ is slowly increasing, Tϕ ∈ S′(Rn). In this case, even if T̂ϕ is given

by some Tg, g ∈ L1
loc, we can’t conclude that ϕ̂ makes sense pointwise

Note further that for Tj , T ∈ S′(Rn), if Tj → T in S′(Rn) weak-*, then we

have T̂j(ϕ) = Tj(ϕ̂) → T (ϕ̂) = T̂ (ϕ) so F : S′(Rn) → S′(Rn) is sequentially
continuous (and turns out to be continuous). One can further show that if
T̂ = 0 in S′(Rn) then T = 0 in S′(Rn) so F : S′(Rn) → S′(Rn) is injective. If we
define F−1T via F−1T (ϕ) = T (F−1ϕ) for all ϕ ∈ S(Rn), then F−1T ∈ S′(Rn)
as F−1 = 1

(2π) F̌ and moreover

F−1[FT ](ϕ) = FT [F−1ϕ] = T [FF−1ϕ]

= T [F
1

(2π)n
F̌−1ϕ] = T [F−1Fϕ]

= Tϕ

for all ϕ ∈ S(Rn) and so we have proven
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Theorem 5.10. The Fourier transform F defines a continuous homeomorphism
of S′(Rn) with inverse F−1

Example 5.6. Take δz the Dirac measure in Rn which is in E ′(Rn) ⊂ S′(Rn).
Then

δ̂z(ϕ) = δz(ϕ̂) = ϕ̂(z)

=

∫
Rn

e−ix·zϕ(x)dx

= Te−i⟨·z⟩(ϕ) ∈ S′(Rn)

for all ϕ ∈ S(Rn) as e−i⟨·z⟩ is slowly increasing. Similarly

êi⟨·z⟩(ϕ) = T̂ei⟨·z⟩(ϕ) = Tei⟨·z⟩(ϕ̂)

=

∫
Rn

eiz·uϕ̂(u)du

= (2π)nϕ(z)

= (2π)nδz(ϕ)

for all ϕ ∈ S(Rn) (But note that when z = 0, T̂1 = (2π)nδ0, but
∫
Rn e

ix·udu ̸= δ0
as a Lebesgue integral)

Remark. (Relationship to other Fourier transforms)

1. Recall from P&M that for f, g ∈ L1 ∩ L2, f̂ , ĝ ∈ L2 and Plancherel’s
theorem gives that (f, g)L2(Rn) = 1

(2π)n (f̂ , ĝ)L2(Rn). Thus F extends by

uniform continuity to an isometry 1
(2π)n/2 F̄ of L2 = L1 ∩ L2

L2

. Thus if

we define F̄ T (ϕ) = T (F̄ ϕ) = T (ϕ̂) = T̂ (ϕ) for all ϕ ∈ S(Rn) ⊂ L1 ∩ L2 so
F̄ = F on S′(Rn)

2. For any finite measire µ on B(Rn) we can define µ̂(u) =
∫
Rn e

−ix·udµ(x)
for u ∈ Rn. Then

T̂µ(ϕ) = Tmu(ϕ̂)

=

∫
Rn

∫
Rn

e−ix·uϕ(u)dudµ(x)

= Tµ̂(ϕ) by Fubini

so FTµ = Tµ̂ in S′(Rn)

3. For T ∈ E ′(Rn) we can define T̄ (u) = T (ei⟨·,u⟩) for u ∈ Rn and one may
show that T̂ = TT̄ (with T̄ slowly increasing) in S′(Rn)

To derive further results, note that if a ∈ C∞(Rn) is slowly increasing and
ϕ ∈ S(Rn), we have aϕ ∈ S(Rn) and therefore we can define, for T ∈ S′(Rn),
the product aT ∈ S′(Rn) by (aT )(ϕ) = T (aϕ) where ϕ ∈ S(Rn). Also for any
T ∈ D′(Rn) we can define τuT by (τuT )(ϕ) = T (τ−uϕ) for u ∈ Rn
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Lemma 5.11. Let T ∈ S′(Rn), y ∈ Rn and α a multi-index

1. τ̂yT = e−i⟨y,·⟩T̂ and êi⟨y,·⟩T = τyT

2. D̂αT = i|α|uαT̂ and DαT̂ = (−i)|α|x̂αT

Proof. For instance for all ϕ ∈ S,

êi⟨y,·⟩T = ei⟨y,·⟩T (ϕ̂) = T (ei⟨y,·⟩ϕ̂) = T (τ̂−yϕ) = τyT̂ (ϕ)

and the others are similar

Remark. Since Dαδ0 ∈ E ′(Rn) ⊂ S′(Rn) so D̂αδ0 = i|α|uα so the Fourier
transforms of the partial derivatives of the Dirac measure δ0 span the space of
polynomials

5.6 Periodic Distributions

Definition 5.8. Call T ∈ D′(Rn) periodic if τkT = T for all k ∈ Zn

Example 5.7. If f ∈ L1
loc is such that f(· − k) = f for all k ∈ Zn then Tf is

periodic as τkTf =
∫
Rn f(x)ϕ(x+ k)dx =

∫
Rn f(x− k)ϕ(x)dx = Tf

For T ∈ E ′(Rn), its periodisation, Tper =
∑
k∈Zn τkT which is a finite sum at

each point is trivially periodic as τnTper =
∑
k∈Zn τn+kT =

∑
k∈Zn τkT

THe indicator 1q for q = {x ∈ Rn | − 1
2 ≤ xi <

1
2 , 1 ≤ i ≤ n}, the fun-

damental cell of the lattice (since
∑
k∈Zn 1q(x+ k) = 1) is not in C∞(Rn).

Instead we require the following

Lemma 5.12. There is some ψ ∈ C∞
c (Rn) such that

1. ψ ≥ 0

2. suppψ ∈ Qo for Q = {x ∈ Rn | −1 ≤ xi ≤ 1, 1 ≤ i ≤ n}

3.
∑
k∈Zn ψ(x− k) = 1 for all x ∈ Rn

We call this a periodic partition of unity and if ψ′ is another periodic par-
tition of unity and T is a periodic distribution, then T (ψ) = T (ψ′)

Proof. Start with ψ0 ∈ C∞
c (Rn) such that ψ0 ≥ 0 is supported in Qo and ψ0 = 1

on q. Define S(x) =
∑
k∈Zn ψ0(x − k) which is a finite sum for fixed x as ψ0

has compact support. This is non-negative and in fact at least 1 since ψ0 ≥ 1q.

Therefore we can normalise ψ(x) = ψ0(x)
S(x) which clearly satisfies 1 and 2, and 3
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is easy by the definition of S(x). Finally for T periodic,

T (ψ) = T (1ψ)

= T

(
ψ
∑
k∈Zn

(τkψ
′)

)
=
∑
k∈Zn

τkT ((τkψ
′)ψ) by periodicity

=
∑
k∈Zn

T (ψ′(τkψ))

= T

(
ψ′
∑
k∈Zn

τkψ

)
= T (ψ′)

In the previous proof we can take ψ0,j → 1q pointwise but such that we have
supj ||ψ0,j ||∞ < ∞. In particlar since

∑
n τn1q = 1 we obtain a sequence of

periodic partition of unitys ψj → 1q pointwise such that supj ||ψj ||∞ <∞. Now

for f ∈ L1
loc periodic, Tf (ψj) = Tf (ψj+i) =

∫
Rn f(x)ψj(x)dx

DCT−−−→
∫
q
f(x)dx

which is the mean of f . We hence can define, for general T ∈ D′(Rn) which are
periodic, the mean of T , M(T ) = T (ψ) where ψ is any periodic partition of
unity.

Theorem 5.13. Let T ∈ E ′(Rn). Then Tper =
∑
k∈Zn τk(T ) converges in

S′(Rn). Also if T ∈ D′(Rn) is periodic, there is some V ∈ E ′(Rn) such that
T =

∑
k∈Zn τkV in D′(Rn)

Proof. Recall from earlier that for T ∈ E ′(Rn) we have a compact set K ⊂ BR
(some ball of radius R) and N,C > 0 with N ∈ Z such that we have that
|T (ϕ)| ≤ C supx∈K,|α|≤n |Dαϕ(x)| for all ϕ ∈ E ′(Rn). Now for x ∈ K, we have

1 + |g| ≤ 1 + |g + x|+ |x|
≤ 1 + |g + x|+R

≤ (1 +R)(1 + |g + x|)

which gives

1 ≤ (1 +R)M (1 + |g + x|)M

(1 + |g|)M

Therefore for all ϕ ∈ S(Rn) ⊂ E(Rn),

|T (ϕ)| ≤ C
(1 +R)M

(1 + |g|)M
sup

x∈K,|α|≤N
(1 + |g + x|)M |Dαϕ(x)|
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This applies as well to τgϕ ∈ S so

|τgT (ϕ)| ≤ C
(1 +R)M

(1 + |g|)M
sup

x∈K,|α|≤N
(1 + |g + x|)M |Dαϕ(x+ g)|

≤ C
(1 +R)M

(1 + |g|)M
sup

y∈Rn,|α|≤N
(1 + |y|)M |Dαϕ(y)|

So since if M = n+ 1, we have
∑
g∈Zn

1
(1+|g|)n+1 <∞, we deduce∣∣∣∣∣∑

k∈Zn

τkT (ϕ)

∣∣∣∣∣ ≤ C ′ sup
y∈Rn,|α|≤N

(1 + |y|)n+1|Dαϕ(y)|

which shows that
∑
k∈Zn τkT (ϕ) ∈ S′(Rn) by example sheet 3. For the converse

let T be periodic and ϕ ∈ D(Rn), then if ψ is a periodic partition of unity we
have

T (ϕ) = T

∑
g∈Zn

τgψ

ϕ


=
∑
g∈Zn

τgT ((τgψ)ϕ)

=
∑
g∈Zn

T (ψ(τ−gϕ))

=
∑
g∈Zn

(ψT )(τ−gϕ)

=
∑
g∈Zn

τg(ψT )(ϕ)

so we define V = ψT ∈ E ′(Rn) as ψ ∈ C∞
c (Rn)

Theorem 5.14. (Convergence of Fourier Series in S1) Let U ∈ D′(Rn) be pe-
riodic. Then U =

∑
g∈Zn ugTe2πg

in S′(Rn) where e2πk = ei⟨2πk,·⟩ with Fourier
coefficients ug =M(e−2πku)

Proof. The idea is to use the Fourier transform on S′(Rn). We get the result
̂τk(U)− U = (e−k − 1)Û = 0 for all k

Lemma 5.15. If T ∈ S′(Rn) such that (e−k − 1)T = 0 for all k ∈ Zn. Then

T =
∑
g∈Zn

cgδ2πg

in S′(Rn). In particular, cg ∈ C and |cg| ≤ c(1 + |g|)N for some N, c > 0
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Proof. Denote by Λ∗ = {2πg | g ∈ Zn} the set of zeros of e−k − 1 and take
ϕ ∈ D(Rn) such that suppϕ ∩ Λ∗ = ∅. Therefore (e−k − 1)−1ϕ ∈ D and so
T (ϕ) = (e−k−1)T ((e−k−1)−1ϕ) = 0 and so T is also supported in Λ∗. Now take
a periodic partition of unity ψ and rescale it to ψ̃ = ψ( ·

2π ) so that supp ψ̃ ⊂ {x ∈
Rn | −2π < xi < 2π} and

∑
g∈Zn τ2πgψ̃ = 1 on Rn. Now define Tg = (τ2πgψ̃)T ,

which is supported in {2πg} and we have
∑
g∈Zn Tg = 1 in D′(Rn) as ψ̃ is a

periodic partition of unity and (e−k − 1)Tg = (τ2πgψ̃)(e−k − 1)T = 0. Choose
k = (0, . . . , 0, 1, 0, . . . , 0) with 1 in the jth position, so

0 = (e−k − 1)Tg

= (e−ixj − 1)Tg

= (ei(xj−2πg) − 1)Tg

= (xi − 2πg)K(xj)Tg

Where the Taylor polynomial K doesn’t vanish near suppTg = {2πg}, implying
(xj − 2πg)Tg = 0. Next take ϕ ∈ S(Rn) and apply Taylor’s theorem again to
see

ϕ(x) = ϕ(2πg) +

n∑
j=1

(xj − 2πg)ϕj(x)

for some ϕj ∈ S(Rn). Applying Tg we get

Tg(ϕ) = Tg(ϕ(2πg)) +

n∑
j=1

(xj − 2πg)T (ϕj(x))

= δ2πg(ϕ)Tg(1)

Next |cg| =
∣∣∣Tg (∑g′∈Zn τ2πg′ ψ̃

)∣∣∣ = |Tg(τ2πgψ̃)|, which, since we know that

Tg ∈ E ′(Rn) ⊂ S′(Rn), by the characteristation of S′(Rn) from example sheet
3, is at most

c0 sup
x∈Rn,|α|≤N

(1 + |x|)N |Dαψ̃(x− 2πg)|

for some N ∈ N, c0 > 0. This is at most

c0(1 + |g|)N sup
y∈Rn,|α|≤N

(1 + |y|)N |Dαψ̃(y)| ≤ c(1 + |g|)N

where the supremum is finite as ψ̃ is compactly supported. Therefore T =∑
g∈Zn cgδ2πg in S′(Rn)

Now we apply the lemma to U (which is in S′(Rn) by theorem 5.13) to
see Û = (2π)n

∑
g∈Zn ugδ2πg where ug ∈ cg

(2π)g . Taking the inverse Fourier

transform, U =
∑
g∈Zn ugTe2πk

in S′(Rn). To find ug notice that T 7→ M(T )
is continuous on S′(Rn) and so M(e−2πkU) =

∑
g∈Zn ugM(e−2πkTe2πk

). Each

term is equal to
∫
q
e2πi⟨g−k,x⟩dx which is 1 if g = k and 0 otherwise and so the

result follows.
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If we apply this to U =
∑
k∈Zn δk ∈ S′(Rn) as it is the periodisation of δ0, we

get Fourier coefficients, with periodic partition of unity ψ such that ψ(0) = 1,
are

M(e−2πgU) = U(e−2πgψ) =
∑
k∈Zn

δk(e−2πgψ) = 1

So by the theorem,
∑
k∈Zn δk =

∑
k∈Zn Te2πk

in S′(Rn) (Poisson summation
formula). Testing ϕ(x− ·) for ϕ ∈ S(Rn), x ∈ Rn, we get∑

k∈Zn

ϕ(x− k) =
∑
k∈Zn

Te2πk
ϕ(x− ·) =

∑
k∈Zn

ei2πk·xϕ̂(2πk)

For x = 0 we get ∑
k∈Zn

ϕ(k) =
∑
k∈Zn

ϕ̂(2πk)

6 Sobolev Spaces and Introduction to Elliptic
PDEs

We now will construct solutions to PDEs such as Laplace’s equation,

∆u = f on Ω ⊂ Rn

subject to boundary conditions on ∂Ω and for f a source function. For this we
require certain function spaces over open Ω. From now on we denote by Ck(Ω)
the normed space {f : Ω → R | Dα exists for all 0 ≤ |α| ≤ k, ||f ||Ck <∞} with
||f ||Ck =

∑
0≤|α|≤k ||Dαf ||∞. Similarly, for k ∈ N, 0 < η < 1 we define Holder

spaces Ck,η(Ω) = {f ∈ Ck(Ω) | ||f ||Ck,η <∞} where

||f ||Ck,η = ||f ||Ck +
∑
|α|=k

sup
x ̸=y

|Dαf(x)−Dαf(y)|
|x− y|η

. The spaces Ck, Ck,η are Banach spaces for these norms. We can replace
|| · ||∞, Dα by || · ||Lp , 1 ≤ p ≤ ∞ and the weak derivative Dα (denoted the same
as the normal derivative). We get

Definition 6.1. Let k ∈ N ∪ {0}, 1 ≤ p ≤ ∞. Then f ∈ W k,p(Ω) if Dαf ∈ Lp

for all 0 ≤ |α| ≤ k. The norm on W k,p(Ω) is given by

||f ||Wk,p =

 ∑
0≤|α|≤k

||Dαf ||pLp

1/p

for p <∞ and
||f ||Wk,p = max

0≤|α|≤k
||Dαf ||L∞

for p = ∞. We call W k,p a Sobolev space
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Remark. One shows thatW k,p(Ω) is a Banach space and considering the weak
derivative instead of the normal derivative is essential for this

When Ω = Rn, p = 2 we have

Definition 6.2. Let s ∈ R. Then Hs(Rn) consists of f ∈ S′(Rn) such that

f̂ ∈ L2
loc(Rn) and

||f ||2Hs =

∫
Rn

|f̂(u)|2(1 + |u|2)sdu <∞

Remark. Note that Hs(Rn) is a Hilbert space for the inner product

(f, g)Hs =

∫
Rn

f̂(u)ĝ(u)(1 + |u|2)sdu

which is an L2 space for an appropriate measure.
By Plancherel’s theorem, for s > 0, Hs(Rn) ⊆ L2(Rn,dx)

In fact we have

Proposition 6.1. For s ≥ 0 we have Hs(Rn) = W s,2(Rn) with equivalent
norms

Proof. We have Plancherel’s theorem,∫
Rn

|f(x)|2dx+

∫
Rn

|Dαf(x)|2dx =
1

(2π)n

∫
Rn

|f̂(u)|(1 + |u||α|)2du

from which the result follows by standard inequalities for |u||α|

Remark. (Exampe sheet) One shows

1. Hs ⊆ Ht fot s ≥ t

2. S(Rn) s dense in Hs(Rn) (but this is not true for D(Ω) ⊆W s,2(Ω)

3. δx ∈ H−s for s > n/2

4. (Hs)′ = H−s

Theorem 6.1. (Sobolev Embedding Theorem) Let s > n
2 + k for k ∈ N and

suppose f ∈ Hs(Rn). Then there is f∗ ∈ Ck(RnO) such that f∗ = f almost
everywhere and ||f∗||Ck ≤ Cs,n,k||f ||Hs . In particular, identifying f and f∗, we
have the embedding Hs(Rn) ↪→ Ck(Rn)

Proof. First take f ∈ S(Rn) and note

|Dαf(x)| = |F−1[uαf̂ ]|(x)

≤ 1

(2π)n

∫
Rn

|u||α||f̂(u)| (1 + |u|2)s/2

(1 + |u|2)s/2
dx By Riemann-Lebesgue

C−S
≤ 1

(2π)n

(∫
Rn

|u|2|α|

(1 + |u|2)s
du

)1/2(∫
Rn

|f̂(u)|2(1 + |u|2)sdu
)1/2
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which proves the Sobolev inequality for f ∈ S(Rn). For f ∈ Hs(Rn), take
fk ∈ S(Rn) such that fk → f in Hs(Rn). Take a subsequence converging
almost everywhere, as Hs(Rn) convergence implies L2(Rn) convergence, implies
an almost everywhere converging subsequence. This sequence is Cauchy in
Hs(Rn) and by the inequality, also in Ck, hence it has a limit in Ck and so
fn → f∗ in Ck. Hence by uniqueness of almost everywhere limits, f = f∗

almost everywhere, and taking limits in the inequality gives the result.

Remark. 1. This upgrades to Hs ⊆ Ck,η if s > n
2 + k + η (example sheet)

Consider the PDE
−∆v + v = f (†)

where f ∈ Hs(Rn) for some s ∈ R is given, and v ∈ S′(Rn) and ∆ =
∑n
i=1

∂2

(∂xi)2
.

∆ has Fourier transform

∆̂ = i2
n∑
j=1

u2j = −|u|2

Theorem 6.2. There is a unique solution v ∈ Hs+2(Rn) to (†) and we have
the elliptic regularity estimate ||v||Hs+2(Rn) ≤ ||f ||Hs(Rn)

Proof. Fourier transform (†) to obtain (1 + |u|2)v̂ = f̂ in S′(Rn) which for

f̂ ∈ L1
loc has the unique solution

v̂(u) =
f̂(u)

1 + |u|2
, u ∈ Rn

in S′(Rn). So v = F−1v̂ solves the equation (†) and

||v||2Hs+2(Rn) =

∫
Rn

(1 + |u|2)s+2 |f̂(u)|2

(1 + |u|2)2
du

= ||f ||2Hs

so we are done (note that the elliptic regularity estimate is stated as an inequality
as in the more general situation, it is an inequality, and not an equality as in
this case)

To study equations such as (†) restricted to open sets Ω ⊆ Rn with boundary
∂Ω we need to define the restriction of f ∈ Hs(Rn) to ∂Ω. If f ∈ Hs(Rn) for
s > n/2 then by Sobolev embedding f ∈ Cϵ for ϵ > 0 and the boundary trace
f |∂Ω exists by uniform continuity. For general s > 1/2 we have

Theorem 6.3. (Trace Theorem) There exists a bounded linear operator of the
form T : Hs(Rn) → Hs−1/2(Rn−1) such that for all f ∈ S(Rn), we have Tf =
f |Rn−1×{0}

Proof. Example sheet
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We call T = TΣ with Σ = Rn−1×{0}, the boundary trace of f ∈ Hs(Rn). By
a change of coordinates, the operator extends to T∂Ω for sufficiently regular Ω (eg
any ball in Rn), and in particular we have T∂Ω : H1Rn(↪→ H1/2(∂Ω)) → L2(∂Ω)
(where the middle term won’t be defined in this course) which is bounded and
linear

6.1 The H1
0 (Ω) Spaces

Any f ∈ C∞
c (Ω) for Ω ⊆ Rn open with sufficiently regular boundary extends by

0 to an element in H1Rn (and in fact in Hs(Rn) for any s). The Hilbert norm
for such f is

||f ||2H1(Rn) =

∫
Rn

(1 + |u|2)|f̂(u)|2du

= (2π)n
∫
Ω

(|f(x)|2 + |Df(x)|2)dx

whereDf = ∇f is the gradient vector. We defineH1
0 = C∞

c (Ω)
||·||H1

inH1(Rn).
This space is not equal to W 1,2(Ω), as 1 ∈W 1,2(Ω), in view of

Proposition 6.2. Let f ∈ H1
0 (Ω). Then f(x) = 0 for almost every x ∈ Ωc and

if ∂Ω is sufficiently regular then T∂Ω(f) = 0

Proof. Take ϕ ∈ C∞
c (intΩc) and take fn ∈ C∞

c (Ω) such that fn → f in H1(Rn).
Then, since Λϕ(h) =

∫
Rn ϕh, we have Λϕ ∈ (L2)′ ⊆ (H1)′. Then

0 =

∫
Rn

ϕfndx = Λϕ(fn) → Λ(f) =

∫
Rn

ϕfdx

and so
∫
Rn ϕfdx = 0 hence f is supported in Ω. Similarly

0 = T∂Ω(fn) → T∂Ω(f)

and so f = 0 on ∂Ω

Now consider the boundary value problem

−∆+ v = f on Ω (∗)
v = 0 on ∂Ω

We therefore have, for ϕ ∈ C∞
c (Ω),∫

Ω

(−∆v + v)ϕdx =

∫
Ω

∇v · ∇ϕdx+

∫
Ω

vϕ

=

∫
Ω

fϕdx

where the first equality is from integration by parts. We interpret this with
f ∈ L2(Ω), v ∈ H1

0 (Ω).
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The last equality is just ⟨v, ϕ⟩H1 = ⟨f, ϕ⟩L2 . We call this theweak formulation
of (∗). Since C∞

c (Ω) is dense in H1
0 and L2, this is equivalent to solving

⟨v, ϕ⟩H1 = ⟨f, ϕ⟩L2 ,∀ϕ ∈ H1
0 (Ω) (†’)

Theorem 6.4. For every f ∈ L2(Ω) there is a unique v ∈ H1
0 (Ω) such that

(†’) holds and ||v||H1 ≤ ||f ||L2 . Moreover the solution map S : f 7→ v = vf is a
bounded linear map from L2(Ω) → H1

0 (Ω) which is self adjoint for L2(Ω)

Proof. Define Λf (ϕ) =
∫
Ω
fϕdx so that Λf ∈ H1

0 (Ω)
′ as

|Λf (ϕ)| ≤ ||f ||L2 ||ϕ||L2 ≤ ||f ||L2 ||ϕ||H1 (◦)

Hence by the Riesz representation theorem on H1
0 (Ω), there is some unique

v ∈ H1
0 (Ω) such that

⟨v, ϕ⟩H1 = ⟨f, ϕ⟩L2

for all ϕ ∈ H1
0 (Ω) as required. Now take f1, f2 ∈ L2(Ω) and a ∈ R, and take

vi = S(fi) for i = 1, 2. Define v = v1 + αv2. Then

⟨v, ϕ⟩H1 = ⟨v1 + αv2, ϕ⟩H1

= ⟨v1, ϕ⟩H1 + α⟨v2, ϕ⟩H1

= ⟨f1, ϕ⟩L2 + ⟨αf2, ϕ⟩L2

= ⟨f1 + αf2, ϕ⟩L2

and so S(f1) + αS(f2) = v = S(f1 + αf2), hence S is linear. It is also bounded
as

||S(f)||H1 = ||vf ||H1

Riesz
= ||Λf ||H1→L2

(◦)
≤ ||f ||L2

Finally for g ∈ L2(Ω) we have

⟨S(f), g⟩L2 = ⟨g, S(f)⟩L2

(†’)
= ⟨S(g), S(f)⟩H1

= ⟨S(f), S(g)⟩H1

= ⟨f, S(g)⟩L2

and so S is self adjoint

To study further regularity properties of v, we introduce

Definition 6.3. We define

Hs
loc(Ω) = {f ∈ L2

loc | f · ζ ∈ Hs(Rn),∀ζ ∈ C∞
c (Ω)}

34



Proposition 6.3. If f ∈ Hs
loc(Ω) for s > k+n/2, k, n ∈ N then f ∈ Ck(U) for

any U open such that Ū ⊆ Ω

Proof. Given U choose ζ ∈ C∞
c (Ω) such that ζ = 1 on Ū and note that f · ζ ∈

Hs(Rn) ⊆ Ck(Rn) so as f = f · ζ on U , the result follows

Corollary 6.4.1.
⋂
s>0H

s
loc(Ω) ⊆ C∞(Ω)

Proof. Trivial

Note that f ∈ C∞(Ω) may still be unbounded at ∂Ω, but we have

Theorem 6.5. (Interior regularity) Let f ∈ L2(Ω) and suppose v ∈ H1
0 (Ω)

solves (†’). Then v ∈ H2
loc(Ω) and if f ∈ L2(Ω) ∩Hk

loc(Ω), then v ∈ Hk+2
loc (Ω)

Proof. Let K ⊆ Ω be any compact set and take χ ∈ C∞
c (Ω) such that χ = 1 on

K. Take φ ∈ S(Rn) and set ϕ = χφ ∈ H1
0 (Ω). Then (†’) implies∫

Ω

(Dv ·D(φχ) + vφχ)dx =

∫
Ω

fφχdx, ∀φ ∈ S(Rn)

Using the chain rule and integration by parts, this rearranges to∫
Ω

(D(vχ) ·Dφ+ vχφ)dx =

∫
Ω

gφdx, ∀φ ∈ S(Rn)

where g = −Dv ·Dχ−v∆χ+fχ ∈ L2(Rn) by extending by 0, as χ ∈ C∞
c (Ω). By

another application of integration by parts, we see that vχ solves the equation

−∆(vχ) + vχ = g

in S′(Rn). Hence by the elliptic regularity estimate,

||vχ||H2 ≤ ||g||L2 <∞

Now to prove that v ∈ H2
loc(Ω), take ζ ∈ C∞

c and K = supp ζ such that
vζ = vχζ. Then

||vζ||H2 = ||vχζ||H2 ≤ Cn||vχ||H2 ||ζ||C2

(proved just as ||fg||L2 ≤ ||f ||L2 ||g||L∞ plus chain rule). We recognise that in
fact g ∈ H1

loc(Ω) whenever f ∈ H1
loc(Ω) and so repeating the preceding argument

gives v ∈ H3
loc(Ω). Bootstrapping this and using the multiplier inequality

||f · g||Hs ≤ Cn,s||f ||Hs ||g||Cs

(which is easy to prove), we are finished

Corollary 6.5.1. If f ∈ C∞(Ω) ∩ L2(Ω) then v ∈ H1
0 (Ω) ∩ C∞(Ω) solves

−∆v + v = f

pointwise on Ω
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Proof. Trivial

Theorem 6.6. (Rellich Kondrashov) Let Ω ⊆ Rn be open and bounded. Let
uj ∈ H1

0 (Ω) such that ||uj ||H1 ≤ K for all j ∈ N and some K > 0. Then there
is u ∈ H1

0 (Ω) such that ujk → u in L2(Ω) along a subsequence

Proof. By Banach-Alaoglu, in the (reflexive) Hilbert space H1
0 (Ω) we obtain

some subsequence such that ujk ⇀ u in H1
0 (Ω), and so it converges weakly in

L2. Also ujk , u vanish almost everywhere on Ωc so

||ujk − u||2L2(Ω) = ||ujk − u||2L2(Rn)

=
1

(2π)n
||ûjk − û||2L2(Rn)

=
1

(2π)n

(∫
|z|>R

|ûjk − û|2dz +
∫
|z|≤R

|ûjk − û|2dz

)

Given ϵ > 0 arbitrary,∫
|z|>R

|ûjk − û|2dz ≤ 2

∫
|z|>R

1 + |z|2

1 + |z|2
(|ûjk |2 + |û|2)dz

≤ 2

1 +R2
(||ujk ||2H1 + ||u||2H1)

≤ 4K2

1 +R2

< ϵ

and also, for z ∈ Rn fixed, we compute

ûjk(z) =

∫
Rn

e−ix·zujk(x)dx =

∫
Ω

e−ix·zujk(x)dx = ⟨e−i⟨·,z⟩, ujk⟩L2(Ω)

By weak convergence this converges to ⟨e−i⟨·,z⟩, u⟩L2(Ω) = û(z). Also

|ûjk(z)|+ |û(z)| ≤ ||ujk ||L1(Ω) + ||u||L1(Ω)

C−S
≤ CΩ(||ujk ||L2(Ω) + ||u||L2(Ω))

≤ 2CΩK

, which is integrable on {z | |z| ≤ R} as the domain is bounded, so the result
follows by dominated convergence

Corollary 6.6.1. The solution operator S from (†’) is a compact linear self
adjoint operator on L2(Ω)

Proof. Use that S maps L2(Ω) into H1
0 (Ω) in a bounded way, and the previous

theorem
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Thus the spectral theorem from linear analysis implies there is an orthonor-
mal basis of L2(Ω), {ωk | k ∈ N} with real eigenvalues µk ↓ 0 approaching 0
such that

Sωk = µkωk (S)

in L2(Ω). Therefore ωk ∈ H1
0 (Ω) and for all ϕ ∈ H1

0 (Ω),

⟨ωk, ϕ⟩L2(Ω)
(†’)
= ⟨Sωk, ϕ⟩H1(Ω)

(S)
= µk⟨ωk, ϕ⟩H1(Ω)

Taking ϕ = ωk we see that 1 = µk||ωk||2H1 so µk > 0 for all k ∈ N. Thus in
D′(Ω),

(−∆+ Id)ωk = (−∆+ Id)
µk
µk
ωk =

1

µk
(−∆+ Id)Sωk =

ωk
µk

and so

−∆ωk = (
1

µk
− 1)ωk = λkωk

with λk =
(

1
µk

− 1
)
↑ ∞ are the eigenvalues of −∆. Note that the weak form

is
⟨Dωk, Dϕ⟩L2 = λk⟨ωk, ϕ⟩L2 (□)

for all k ∈ N, ϕ ∈ D(Ω), and in fact for ϕ ∈ H1
0 (Ω).

Note that ωk = f in (†’) and in H1
0 (Ω) and so iterating interior regularity, we

get ωk ∈ C∞(Ω). Thus −∆ωk = λkωk holds pointwise on Ω pointwise

Theorem 6.7. (Poincare Inequality) For all u ∈ H1
0 (Ω),

⟨Du,Du⟩L2

⟨u, u⟩L2

≥ λ1 > 0

Proof. Example sheet

We can now solve the Dirichlet problem for the Laplace equation, which is
to find v such that

−∆v = f on Ω

v = 0 on ∂Ω

for given f ∈ L2(Ω). In the weak form this is to find some v ∈ H1
0 (Ω) such that

⟨Dv,Dϕ⟩L2 = ⟨f, ϕ⟩L2 (⋆)

Theorem 6.8. There is a unique solution v ∈ H1
0 (Ω) to (⋆), for any f ∈ L2(Ω)

and in fact

v =

∞∑
k=1

1

λk
⟨ωk, f⟩L2ωk
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Proof. Take partial sums vj =
∑j
k=1 λ

−1
k m⟨ωk, f⟩L2ωk for j ∈ N. Then

||vj − vj′ ||2H1 = ⟨vj − vj′ , vj − vj′⟩L2 + ⟨D(vj − vj′), D(vj − vj′)⟩L2

=

j∑
k=j′+1

λ−2
k ⟨ωk, f⟩2L2

+

j∑
k,k′=j′+1

λ−1
k λ−1

k′ ⟨f, ωk⟩L2⟨f, ωk′⟩L2⟨Dωk, Dωk′⟩L2

(□)
=

j∑
k=j′+1

λ−2
k ⟨ωk, f⟩2L2 +

j∑
k=j′+1

λ−1
k ⟨f, ωk⟩2L2

≤
∞∑

k=j′+1

(λ−2
k + λ−1

k )⟨ωk, f⟩2L2

≤ C(λ1)

∞∑
k=j′+1

⟨ωk, f⟩2L2

→ 0

So vj is Cauchy in H1
0 (Ω), hence also v ∈ H1

0 (Ω). v solves (⋆) since

⟨Dv,Dϕ⟩L2 = ⟨v,−∆ϕ⟩L2

=

∞∑
k=1

λ−1
k ⟨v, ωk⟩L2⟨ωk,−∆ϕ⟩L2

(□)
=

∞∑
k=1

⟨v, ωk⟩L2⟨ωk, ϕ⟩L2

= ⟨v, ϕ⟩L2

so we have proven existence. To prove uniqueness, suppose v′ ∈ H1
0 (Ω) also

solves (⋆) and let w = v − v′ ∈ H1
0 (Ω) where

⟨Dw,Dϕ⟩L2 = ⟨f − f, ϕ⟩L2 = 0

for all ϕ ∈ H1
0 (Ω). Now

||w||2H1 = ⟨w,w⟩L2 + ⟨Dw,Dw⟩L2

≤
(

1

λ1
+ 1

)
⟨Dw,Dw⟩L2 By Poincaré

= 0

So w = v − v′ = 0 almost anywhere, hence v = v′

Remark. Similarly to before, we can show interior regularity estimates to de-
duce that if f ∈ C∞(Ω) ∩ L2(Ω) then v ∈ C∞(Ω)
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6.2 Variational Problems

Consider minimising a functional

F (u) = ||u||2H1 − 2⟨f, u⟩L2

where f ∈ L2(Ω) is fixed, over H1
0 (Ω).

Theorem 6.9. Let f ∈ L2(Ω) be fixed. Then

inf{F (u) | u ∈ H1
0 (Ω)} ≥ σ > −∞

and there is a unique w ∈ H1
0 (Ω) such that F (w) = σ, and w solves (†’)

Proof. We use the inequality ab ≤ a2

2 + b2

2 for a, b ≥ 0. By Cauchy Schwartz,

F (u) = ||u||2H1 − 2⟨f, u⟩L2

≥ ||u||2H1 − 2||f ||L2 ||u||L2

≥ ||u||2H1 − 2||f ||2L2 −
1

2
||u||2L2

≥ 1

2
||u||2H1 − 2||f ||2L2

≥ −2||f ||L2

> −∞

Then taking uk ∈ H1
0 (Ω) such that F (uk) → σ. Without loss of generality we

may assume |F (uk)| ≤ F̄ <∞. Thus

||uk||2H1 = F (uk) + 2⟨f, uk⟩L2

≤ F̄ + 2||f ||L2 ||uk||L2

≤ F̄ + 2||f ||2L2 +
1

2
||uk||2H1

and so for all k,
||uk||2H1 ≤ 2F̄ + 4||f ||2L2

so uk is bounded in H1
0 (Ω). By Banach Alaoglu theorem, there is some subse-

quence ukj ⇀ w in H1
0 (Ω) and L

2(Ω) to some w ∈ H1
0 (Ω). By example sheet 2,

we know that
||w||2H1 ≤ lim inf

j→∞
||ukj ||2H1

and
lim
j→∞

⟨f, ukj ⟩L2 = ⟨f, w⟩L2

Thus

F (w) = ||w||2H1 − 2⟨f, w⟩L2

≤ lim inf
j→∞

(||ukj ||2H1 − 2⟨f, ukj ⟩L2)

= lim inf
j→∞

F (ukj ) = σ
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By definition of σ we have σ ≤ F (w), so F (w) = σ. To prove uniqueness, it
suffices to show that w solves (†’). Then for all v ∈ H1

0 (Ω) and t ∈ R we have
F (w) ≤ F (w + tv) and d

dtF (w + tv)|t=0 = 0. Then

F (w + tv) = ⟨w + tv, w + tv⟩H1 − 2⟨f, w + tv⟩L2

= ||w||2H1 + t2||v||2H1 + 2t⟨w, v⟩H1 − 2t⟨f, v⟩L2 − 2⟨f, w⟩L2

Differentiating this we get

d

dt
F (w + tv) = 2t||v||2H1 + 2(⟨w, v⟩H1 − ⟨f, v⟩L2)

so at t = 0 we have
⟨w, v⟩H1 = ⟨f, v⟩L2

for all v ∈ H1
0 (Ω), so w solves (†’)
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