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1 Definition and Examples

1.1 Abstract Definition

Definition 1.1. We recall a couple definitions

1. Let X be a set. Define the Free Group on X to be the set Free(X) of words
in elements of X and their inverses. The group operation is concatenation
and then reduction of words

2. Let G be a group. A Presentation for G is a set X of Generators and
a set R which is a subset of Free(X) of Relations and an isomorphism
Free(X)/⟨⟨R⟩⟩ ∼= G. We write G = ⟨x ∈ X | r = 1,∀r ∈ R⟩ = ⟨X | R⟩

Example 1.1. We have the following example of presentations

1. Z/nZ = ⟨x | xn = 1⟩

2. G = ⟨S | R⟩, H = ⟨Y | S⟩ then

G×H = ⟨X ⊔ Y | R,S, xy = yx∀x ∈ X, y ∈ Y ⟩

3. Free(X) = ⟨X | ∅⟩

4. G is any group, and g1, . . . , gα be generators (not necessarily finitely
many). Let X be in bijection with the gi. There is a surjection Free(X) →
G. If R is the kernel, G = ⟨X | R⟩

Definition 1.2. Let I be a set and X = {xi | i ∈ I}.

1. A Cartan Matrix is a symmetric |I|× |I| matrix M = (mij)i,j∈I such that
mij ∈ N ∪∞ with mii = 1 and mij > 1 for i ̸= j.

2. A Coxeter System is a triple (W, I,M) where M is a Cartan matrix over
I and W has presentation

W = ⟨xi, i ∈ I | (xixj)mij = 1⟩

|I| is the Rank of the system and W is a Coxeter Group

Remark. We have two immediate consequences

1. For i ∈ I, we have mii = 1 so x2i = 1
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2. xi, xj commute if and only ifmij = 2 (if is trivial, only if is not immediate,
but will come later)

Example 1.2. We have a couple examples

1. Let I = {1}. Then M = (1) and W = ⟨x1 | x21 = 1⟩ = Z/2Z

2. Let I be any set and M = (mij) where mij = 1 if i = j and 2 otherwise.
Then W = Z/2Z⊕|I|. These are the only abelian Coxeter groups

1.2 The Coxeter Graph

Fix a Coxeter System (W, I,M).

Definition 1.3. The Coxeter Graph, Γ(W, I,M) or Γ(W ) is the following la-
belled graph. The vertices are the elements of the generating set. Two vertices
are joined by an edge, labelled n, if mij = n > 3, and unlabelled if mij = 2.

1.3 First Examples

Example 1.3. We have the following examples

1. I = {1} then the graph is
•

2. I is any set, mij = 2, W = Z/2Z⊕|I| is the graph without edges on |I|
vertices

3. Let I = {1, 2} and 3 ≤ n ≤ ∞ and M =

(
1 n
n 1

)
. All 2 × 2 Cartan

matrices have this form, and W = ⟨x1, x2 | (x1x2)n⟩ ∼= D2n. For ∞ we
get ⟨x1, x2 | x21 = x22 = 1⟩ ∼= D∞. The Coxeter Graph is

• •n

for n > 3, and the same with no label for n = 3

4. Let X = {1, . . . , n} and Sn = Sym(X). This is generated by all transpo-
sitions. For all i < j− 1, (i, j) = (j, j− 1)(i, j− 1)(jj− 1) so by induction,
Sn is generated by si = (i, i+1) for i < n. sisj = (i, i+2, i+1) if i = j−1,
(j, j + 2, j + 1) if i = j + 1, 1 if i = j and sjsi otherwise. So mij = 1 if
i = j, mij = 3 if |i− j| = 1 and mij = 2 otherwise. The Coxeter Graph is

• . . . •

called An−1 and there is a surjection W → Sn by si → (i, i+ 1)
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5. The signed symmetric group has X = {±1, . . . ,±n} and then
SSn = {p ∈ Sym(X) | p(−i) = −p(i)}. In terms of a presentation,

SSn = ⟨(1,−1), (i, i+ 1)(−i,−i− 1) for i < n⟩

and Γ(SSn) is

• • . . . •4

called Bn

6. The even signed symmetric group is the subgroup of SSn such that
|{i > 0 | p(i) < 0}| is even. In terms of a presentation,

ESSn = ⟨(1,−2)(2,−1), (i, i+ 1)(−i,−i− 1) for i < n⟩

and we have Γ(ESSn) =

•

• . . . •

•

called Dn

2 Reflection Groups

2.1 Isometries and Reflections

We recall the following:
Let V be a finite dimensional R-vector space and let (·, ·) : V × V → R be an
inner product. With such an inner product, V is a complete topological space
metrised by d(u, v) = ||u − v|| where ||u|| =

√
(u, u). With this topology, V is

just classical Euclidean space. For all linear maps T : V → V there is a unique
adjoint map T ∗ : V → V such that for all u, v we have (Tu, v) = (u, T ∗v). If
an n× n matrix A represents T with respect to an orthonormal basis then TT

represents T ∗. We say T is orthogonal if TT ∗ = Id. Let O(V ) ≤ GL(V ) be the
group of orthogonal linear maps.

Definition 2.1. A map α : V → V not necessarily linear is an isometry if for
all u, v ∈ V we have d(α(u), α(v)) = d(u, v)

Remark. If α is an isometry then it is a homeomorphism of topological spaces.
Algebraically, α is an isometry if and only if for all u, v ∈ V , (α(u), α(v)) = (u, v)
by the polarisation identity. In particular if T : V → V is linear, it is an isometry
if and only if it is orthogonal. Geometrically, a map α is an isometry if and only
if α preserves lengths and angles
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Proposition 2.1. An isometry α : V → V is linear if and only if it fixes 0

Proof. Given u, v ∈ V , apply α to the parallelogram 0, u, v, u + v. These map
to the parallelogram 0, α(u), α(v), α(u+ v). But the fourth vertex of the paral-
lelogram with 0, α(u), α(v) is α(u) + α(v) so done.
If 0 ̸= λ ∈ R then as 0, u, λu are colinear, 0, α(u), α(λu) are colinear. We there-
fore have α(λ(u)) = µu. Orthogonality gives (by taking lengths) |λ| = |µ| so
µ = ±λ. By considering the distance from u to λu, if we assume µ = −λ we
similarly get |λ− 1| = |λ+ 1| so λ = 0 and we are done.

Let I(V ) be the set of isometries of V , which is a group under composition.
For each v ∈ V define the translation Tv : V → V by u 7→ u+ v. This is clearly
an isometry, so if T (V ) is the set of translations, V ∼= T (V ) ≤ I(V )

Corollary 2.0.1. I is generated by O(V ) and T (V ) and these have trivial
intersection. An isometry α has a fixed point if and only if α = TβT−1 for
T ∈ T (V ), β ∈ O(V )

Proof. Example sheet 1

Definition 2.2. A hyperplane in V is a linear subspace of V of codimension 1
and an affine hyperplane in V is a subset of the form T (H) for some translation
T and hyperplane H

Definition 2.3. An isometry α is a reflection if Hα = {v ∈ V | α(v) = v} is an
affine hyperplane

2.2 Standard Reflections

Let V be any real vector space and let B : V ×V → R be any symmetric bilinear
form

Definition 2.4. For each subspace U ≤ V define

U⊥ = {v ∈ V | B(u, v) = 0 ∀u ∈ U}

.
We say B is

1. Non-degenerate if V ⊥ = {0}

2. Positive semi-definite if B(u, u) ≥ 0 for all u ∈ V . It is positive definite if
it is positive semi-definite and B(u, u) = 0 if and only if u = 0

Definition 2.5. Given v ∈ V such that B(v, v) ̸= 0 then we define the standard

reflection at v to be the linear map sv : V → V by sα(u) = u− 2B(u,v)
B(v,v) v

Given v ∈ V , a linear map T : V → V is orthogonal with respect to B if
B(Tu, Tv) = B(u, v)

Lemma 2.1. Given v ∈ V with B(v, v) ̸= 0
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1. s2v = Id

2. sv(v) = −v

3. sλv = sv for all λ ̸= 0

4. Hv = {u ∈ V | sv(u) = u} = {u ∈ V | B(v, u) = 0} = ⟨v⟩⊥ is a hyperplane
in V

5. sv is orthogonal with respect to B

6. If T ∈ GL(V ) is orthogonal with respect to B, TsvT
−1 = sTv

Proof. Exercise

From now on, V is finite dimensional and B is an inner product

Proposition 2.2. An isometry α is a reflection if and only if α = TsvT
−1 for

some T ∈ T (V ), v ∈ V

Proof. It suffices to show that if s ∈ O(V ) is a linear reflection then s = sv for
some v ∈ V by the following argument:
If α = TsvT

−1, we want to prove

Hα = {v ∈ V | α(v) = v} = {u ∈ V | sv(Tu) = Tu} = {u ∈ V | Tu ∈ Hv} = T−1(Hv)

If Hα = T (H), let β = T−1αT , then 0 ∈ Hβ = {u ∈ V | β(u) = u} = T−1(Hα).
β is linear by 2.1, so we have shown it suffices.
s is linear so Hs is a hyperplane. Let e1, . . . , en−1 be an orthogonal basis for
Hs and extend it to an orthogonal basis of V . By considering the action, we
only need to prove s(en) = −en. Write s(en) = λ1e1 + · · · + λnen. Now
0 = (ei, en) = (s(ei), s(en)) = λi, so λi = 0 for i < n and λn = ±1. If λn = 1
then s = Id, contradiction so we are done.

2.3 Reflection Groups and Root Systems

Let (V, (·, ·)) be a finite dimensional inner product space

Definition 2.6. A reflection group in V is a subgroup of I(V ) generated by
reflections
A linear reflection group is a subgroup of O(V ) generated by linear reflections
(ie those of form sv for v ∈ V )
A finite reflection group is a linear reflection group that is finite

Example 2.1. We have the following examples of reflection groups

1. O(V ) itself is a linear reflection group and I(V ) is a reflection group but
T (V ) is not a reflection group

2. Let V = R and O(R) = {± Id} ∼= Z/2Z is a finite reflection group. If
S = − Id and t = T1/2 ◦ S ◦ T−1/2, then we get D∞ ∼= ⟨s, t⟩ ≤ I(R)
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3. Let V = R2 and Γ a regular n-gon. Consider the linear L1 passing through
a vertex and L2 passing through the centre of an adjacent side. Let si be
reflection in Li.
We have D2n = ⟨s1, s2⟩ ≤ O(V ) is a finite reflection group, and is
Sym(Γ) = {α ∈ I(V ) | α(Γ) = Γ}

4. Let V = Rn. We define a convex n-polyhedron, Γ, to be the boundary of
the convex bounded intersection of a set of half spaces (the region of V
on one side of an affine hyperplane). Γ is the union of its faces (ie the
intersection of the defining affine hyperplanes with Γ) and the symmetry
group Sym(Γ) = {α ∈ I | α(Γ) = Γ} acts on the set of faces, each of which
is an n − 1 convex polyhedron. We say a convex n polyhedron is regular
if Sym(Γ) acts transitively on the faces

5. If V = R3 then Γ is a regular polyhedron if and only if it satisfies the
following 3 properties

(a) All faces are similar

(b) Each face is a regular polygon

(c) Each vertex meets the same number of faces

There are 5 of these, called the platonic solids These are

(a) The tetrahedron, Γ4 with 4 triangle faces, 6 edges and 4 vertices

(b) The cube, Γ6, with 6 square faces, 12 edges and 8 vertices

(c) The octahedron, Γ8, with 8 triangle faces, 12 edges and 6 vertices

(d) The dodecahedron, Γ12 with 12 pentagon faces, 30 edges and 20 vertices

(e) The icosahedron, Γ20 with 20 triangle faces, 30 edges and 12 vertices

These have the following symmetry group

(a) Γ4 = S4 is generated by linear reflections, so is a finite reflection
group. For a general n-simplex, we get Sym(∆n) = Sn as a finite
reflection group

(b) Γ6
∼= Γ8 = {p ∈ Sym{±1,±2,±3} | p(−i) = −p(i)} = SS3 is gener-

ated by linear reflections, so is a finite reflection group. Taking On

to be the n hypercube, we get Sym(On) = SSn

(c) Γ12
∼= Γ20 called the isocahedronal isometry group is a finite reflection

group

Definition 2.7. A non-empty subset Φ ⊂ V with |Φ| <∞ with 0 /∈ Φ is a root
system if

1. If α ∈ Φ then Φ ∩ Rα = {α,−α}

2. If α, β ∈ Φ then sα(β) ∈ Φ, that is sα(Φ) = Φ
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The elements of Φ are called the roots.

1. Φ is crystallographic if further we have ⟨α, β⟩ = 2(α,β)
(α,α) ∈ Z for α, β ∈ Φ

Definition 2.8. If Φ ⊂ V is a root system, the reflection group of Φ is

W (Φ) = ⟨sα | α ∈ Φ⟩ ≤ O(V )

which is a linear reflection group. This is the Weyl group if Φ is crystallographic

Remark. W (Φ) acts on Φ via w · α = w(α)

Theorem 2.2. 1. For a root system Φ, W (Φ) is a finite reflection groups

2. If W ≤ O(V ) is a finite reflection group, there is a root system Φ such
that W =W (Φ)

Proof. (1): W (Φ) acts on Φ so there is a group homomorphism ϕ : W (Φ) →
Sym(Φ), and the latter is finite. Suppose w0 ∈W (Φ) and that ϕ(w0) = 1, that
is w0(α) = α for all α. Let U = Span(Φ) then w0(u) = u for all u ∈ U .
Decompose V = U⊕U⊥ and if v ∈ U⊥ then for all α ∈ Φ, sα(v) = v−⟨α, v⟩ = v
so w0 = Id and ϕ is injective so W (Φ) is a finite reflection group
(2): Let Φ = {v ∈ V | ||v|| = 1, sv ∈ W}. If 0 ̸= v ∈ V is such that sv ∈ W
then sv = sv/||v||, so

v
||v|| ∈ Φ so Φ is non-empty finite as W is finite. Now

W = ⟨sα | α ∈ Phi⟩ and 0 /∈ Φ by definition. Suppose α ∈ Φ and β ∈ Φ ∩ Rα.
Then ||β|| = 1 and β = λα so |α| = 1 so we have (1) in the definition of a root
system.
Suppose α, β ∈ Φ. Then sα, sβ ∈ W so sαsβsα ∈ W so ssα(β) ∈ W and
||sα(β)|| = ||β|| = 1, so sα(β) ∈ Φ so we have (2) from the definition and we are
done

Example 2.2. We give a couple examples

1. Let V = R,Φ = {±α} for any α ∈ R then W (Φ) = Z/2Z

2. V = R2, α ∈ V, θ = 2π
n and r a reflection by θ. For Φ = {rm(α) | m ∈ Z}

is a root system with W (Φ) = D2n

2.4 Fundamental Systems

Let (V, (·, ·)) be an inner product space, Φ ≤ V a root system and U = Span(Φ)

Definition 2.9. A subset of the root system Φ that we will call ∆ is a funda-
mental system if

1. ∆ is a basis of U

2. Every α ∈ Φ can be written as a linear combination, α =
∑

γ∈∆ cγγ where
cγ ≥ 0 for all γ ∈ ∆ or cγ ≤ 0 for all γ ∈ ∆.

The elements of ∆ are called simple roots
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Fix a basis B = {α1, . . . , αn} ⊂ Φ of U .
Let Π = {α ∈ Φ | α =

∑n
i=N biαi, bN > 0}

Remark. For all α ∈ Φ, α ∈ Π or −α ∈ Φ. That is, Φ = Π ⊔ −Π. Such a Π is
called a positive system

Let ∆ ⊂ Π minimal such that for all β ∈ Π, β =
∑

γ∈∆ cγγ

Lemma 2.3. For all α, β ∈ ∆ with α ̸= β, (α, β) ≤ 0

Proof. Suppose (α, β) > 0. We know that sα(β) ∈ Φ, that is we know that

sα(β) = β − 2(α,β)
(α,α) α. Let c = 2(α,β)

(α,α) > 0. Either β − cα ∈ Π or cα − β ∈ Π.

In either case we have α, β ∈ ∆ with α ̸= β such that aα − bβ ∈ Π for some
a, b > 0. That is, aα− bβ =

∑
γ∈∆ cγγ with cγ ≥ 0 We get two cases

1. cα < a. We get (a−cα)α = bβ+
∑

γ ̸=α cγγ. As all coefficients are positive,
we get α =

∑
γ ̸=α dγγ and hence we get a smaller set, ∆ \ {α} with the

required properties, contradiction

2. cα ≥ a. We get 0 = (cα − a)α+ bβ +
∑

γ ̸=α cγγ =
∑

γ∈∆ dγγ with dγ ≥ 0

for all γ ∈ ∆ and dβ > 0. For each γ ∈ ∆, γ =
∑n

i=Nγ
ai,αα, aNγ ,γ > 0

Let N = min{Nγ | γ ∈ ∆, dγ > 0}.
Then 0 =

∑
γ∈∆,dγ>0 dγγ =

∑
γ∈∆,dγ>0 (

∑n
i=N dγai,γ)αi so by linear

independence
∑n

i=N dγai,γ = 0 for all i. But we know this is positive,
contradiction

Theorem 2.4. ∆ is a fundamental root system in Φ

Proof. Since Φ = Π⊔−Π, clearly every α ∈ Φ can be written as
∑

γ∈∆ cγγ with
cγ all having the same sign. Clearly ∆ spans U , It remains to prove that ∆ is
linearly independent.
Suppose that 0 =

∑
γ∈∆ cγγ where cγ ̸= 0 for some γ. Assumse the number

of the γ such that cγ ̸= 0 is minimal. Let ∆1 = {γ ∈ D | cγ > 0} and
∆2 = {γ ∈ D | cγ < 0} and for each β ∈ ∆2 let dβ = −cβ > 0. Then∑

α∈∆1
cαα =

∑
β∈∆2

dββ = σ.
Then (σ, σ) = (

∑
α∈∆1

cαα,
∑

β∈∆2
dββ) =

∑
α∈∆1,β∈∆2

cαdβ(α, β) ≤ 0. Hence
σ = 0 so

∑
α∈∆1

cαα = 0 and so ∆1 = ∆, ie cγ ≥ 0 for all γ ∈ ∆. For each

γ ∈ ∆ write γ =
∑n

i=Nγ
ai,γαi with aNγ ,γ > 0. Let N = min{Nγ | cγ > 0}.

Write

0 =
∑

γ∈∆,cγ>0

cγγ =
∑

γ∈∆,cγ>0

cγ

n∑
i=N

ai,γαi =

n∑
i=N

 ∑
γ∈∆,cγ>0

cγai,γ

αi

. Hence
∑

γ∈∆,cγ>0 cγai,γ = 0. But this is a sum with positive terms, with one
term strictly positive, contradiction, so ∆ is linearly independent

We have proven
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1. Fundamental systems exist for any Φ

2. For any fundamental system ∆ ⊂ Φ, α ̸= β ∈ Φ, (α, β) ≤ 0

Definition 2.10. For a fundamental system ∆ ⊂ Φ the Dynkin diagram of ∆
is the graph Γ(∆) with multiple edges defined by

1. Vertices: the elements of ∆

2. Edges: If α ̸= β ∈ ∆ and their angle is of the form π − π
n , then we have

n− 2 edges between α, β

Example 2.3. Let α ∈ R2 and r a rotation by π/n and Φ = {rm(α) | m ∈ Z}.
Then ∆ = {α, rn−1α} has Γ(∆) =

α β
n−2

. For n = 3,Φ = {α, α+ β, β,−α,−α− β,−β} and ∆ = {α, β} and Γ(∆) =

α β

2.5 The Reflection Group

Let Φ be a root system, ∆ ⊂ Φ a fundamental system and the positive system
of ∆ is Π = {α ∈ Φ | α =

∑
γ∈∆ cγγ, cγ ≥ 0} so we have Φ = Π ⊔ −Π

Lemma 2.5. For α ∈ ∆, sα(Π \ {α}) = Π \ {α}

Proof. We want to show that for all α ̸= β ∈ Π, sα(β) ∈ Π and sα(β) ̸= α. If
sα(β) = α then β = sα(α) = −α /∈ Π so it remains to prove that sα(β) ∈ Π. So
sα(β) ∈ Φ. Assume sα(β) ∈ −Π that is sα(β) =

∑
γ∈∆ cγγ with cγ ≤ 0. But

β =
∑

γ∈∆ dγγ with dγ ≥ 0 and so sα(β) =
∑

γ∈∆ dγ(γ − 2(α,γ)
(α,α) α) = β + cα

so cγ = 0 for γ ̸= α, ie β = cαα = ±α and hence as β ∈ Π we have β = α,
contradiction

Theorem 2.6. W (Φ) = ⟨sδ | δ ∈ ∆⟩

Proof. Let W ′ = ⟨sδ | δ ∈ ∆⟩ ≤W (Φ). We will prove that for all β ∈ Φ there is
some α ∈ ∆ and w ∈W ′ such that w(α) = β. Thus sβ = sw(α) = wsαw

−1 ∈W ′

then we will be done.
We may assume that β ∈ Π, since sβ = s−β . It remains to prove W ′β ∩∆ ̸= ∅.
Clearly W ′β ∩Π ̸= ∅ as it contains β.
Let m = min{

∑
γ∈∆ cγ |

∑
γ∈∆ cγγ ∈ W ′β ∩ Π} > 0, Choose α ∈ W ′β ∩ Π

such that α =
∑

γ∈∆ cγγ with cγ ≥ 0 and
∑

γ∈∆ cγ = m. Now α ̸= 0 so
0 < (α, α) =

∑
γ∈∆ cγ(γ, α) and therefore (δ, α) > 0 for some δ ∈ ∆. If δ = α

we are done. Assume for contradiction that α ̸= δ. Therefore α ∈ Π\{δ} and so
sδ(α) ∈ Π\{δ} by the preceeding lemma. But also sδ ∈W ′ so sδ(α) ∈W ′β∩Π.

sδ(α) = α− 2(α,δ)
(δ,δ) δ = α− cδ for some c > 0, and hence sδ(α) has a smaller sum

of coefficients that α. Contradiction, so we are done
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From now on, let mα,β be the order of the isometry sαsβ ∈W (Φ) for α, β ∈
∆ and M∆ = (mα,β) which is a Coxeter matrix. Let (W̃ (∆)),∆,M∆) be the

associated Coxeter system. There is clearly a surjection ˜W (∆)) → W (Φ) by
xα 7→ sα.

Proposition 2.3. The Coxeter graph of (W̃ (∆),∆,M∆) is equivalent to the
Dynkin diagram of ∆

Proof. (Sketch - exercise to fill in) sαsβ ’is’ rotation through 2θα,β and we have
θα,β = π − π

n for some n ∈ N and so the equivalence follows.

3 Coxeter Groups and Representations

Fix I an index set, M a Coxeter matrix and W the associated Coxeter group,
so (W, I,M) is a Coxeter system

3.1 Geometric Representation

Definition 3.1. The associated space ofM is the R-vector space denoted VM =
span{ei | i ∈ I}. Define the associated bilinear form to be the bilinear form
(·, ·)M : VM ×VM → R given on the basis by (ei, ej)M = − cos( π

mi,j
) if mi,j <∞

and −1 otherwise. This is a symmetric bilinear form on VM

Remark. The associated bilinear form need not be an inner product, even if I
is finite, it need not be positive definite (or even positive semi-definite).

For α ∈ Vm such that (α, α) ̸= 0, we can still define sα. We know that

1. (ei, ei)M = 1

2. (ei, ej) = 0 if and only if mi,j = 2

3. (ei, ej) = −1 if and only if mi,j = ∞

Definition 3.2. The geometric representation of W is the group homomor-
phism σW : W → GL(VM ) by xi 7→ sei

Define ΦM = {σW (w)(ei) | i ∈ I, w ∈W}

Proposition 3.1. If I is finite, W is finite and (·, ·) is an inner product on
VM . Then ΦM is a root system in VM

Proof. ∅ ≠ ΦM ≤ VM and |ΦM | <∞ as |I|, |W | <∞ and 0 /∈ ΦM .
Given α, β ∈ ΦM , write α = σ(w)(ei), β = σ(w′)(ej).

1. ΦM ∩Rα = {±α}: If β ∈ ΦM ∩Rα, β = λα then σ(w′)(λej) = σ(w)(ei) so
λej = σ(w′−1w)(ei) so by orthogonality, |λ| = 1. −α = σ(w)sei(ei) ∈ ΦM

so we are done
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2. sα(β) ∈ ΦM : sα(β) = sσ(w)(ei)(β) = σ(w)seiσ(w
−1)(β) = σ(wxiw

−1)(β)
and so sα(β) = σ(wxiw

−1w′)(ej) ∈ ΦM (the second equality needs it to
be an inner product)

Choose a fundamental system ∆ ⊂ ΦM . We will prove W̃ (∆) ∼=W ∼=W (Φ)
and so all finite Coxeter groups are finite reflection groups

3.2 The Length Function

Let (W, I,M) be a Coxeter system with generators xi, i ∈ I

Definition 3.3. If w ∈ W , define the length of w, denoted l(w), to be the
smallest integer m ≥ 0 such that there are i1, . . . , im ∈ I with w = xi1 . . . xim

Lemma 3.1. For all w,w′ ∈W and i ∈ I

1. l(w) = 0 if and only if w = 1

2. l(w) = l(w−1)

3. l(ww′) ≤ l(w) + l(w′)

4. l(w)− 1 ≤ l(wxi) ≤ l(w) + 1

Proof. Exercise

It follow from this that we can define a metric onW via d(w,w′) = l(w−1w′)
which gives W the discrete topology as it is integer valued

Proposition 3.2. There is a unique group homomorphism ϵ : W → Z/2Z which
sends each generator xi to 1 mod 2. In fact ϵ(w) = l(w) mod 2

Proof. Uniqueness is trivial, by definition of what a generator is
W ∼= Free{yi | i ∈ I}/N(R) where N(R) = ⟨⟨(yiyj)mij | i, j ∈ I⟩⟩ and under
this isomorphism, xi 7→ yi. Define ϵ0 : Free{yi | i ∈ I} → Z/2Z by yi 7→ 1. This
is a group homomorphism, and ϵ0((yiyj)

mij ) = mij(ϵ0(yi) + ϵ0(yi)) = 2mij and
so the map from W to Z/2Z is well defined and we are done.

Example 3.1. If W = D2n then ker(ϵ) = {rk | 0 ≤ k < n}, and this extends
to ∞. If W = Sn then ker(ϵ) = An

Corollary 3.1.1. If w ∈W, i ∈ I then l(wxi) ∈ {l(w)± 1}

Proof. We know that l(w)− 1 ≤ l(wxi) ≤ l(w) + 1 so we only need prove that
l(wxi) ̸= l(w). Now ϵ(wxi) = ϵ(w) + 1 mod 2 and so l(wxi) = l(w) + 1 mod 2
hence we are done.
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3.3 Faithful Representations

Let VM be the associated space of the Coxeter matrix M and let (·, ·)M be the
associated bilinear form. Let σW = σ : W → GL(VM ) by xi 7→ sei

Example 3.2. If |I| = 2 then VM = R2, M =

(
1 n
n 1

)
for n ≤ 2 ≤ ∞ and

(e1, e2) = − cos(πn ). If n <∞, σ(x1x2) = se1se2 is rotation by 2π
n

Remark. If v ∈ VM we say v > 0 (resp v < 0) if, when v =
∑

i∈I aivi then
ai > 0 (resp ai < 0) for all i ∈ I
For w ∈W, v ∈ VM we write w · v = σ(w)(v)

Theorem 3.2.

1. For all w ∈W, i ∈ I, if l(wxi) > l(w) then w · ei > 0

2. For all w ∈W, i ∈ I, if l(wxi) < l(w) then w · ei < 0

3. The map σ : W → GL(VM ) is a faithful representation

Proof. If |I| ≤ 2, this is an exercise
If |I| ≥ 3. Given i, j ∈ I let Wij = ⟨xi, xj⟩ ≤W and let

W̃ij = ⟨y1, y2 | y2i , y2j , (yiyj)mij ⟩

. (W̃ij , {i, j},
(

1 mij

mij 1

)
) is a Coxeter system and there is a surjective map

π : W̃ij → W by yk 7→ xk for k = i, j and σ
W̃ij

= σW |Wij ◦π and by statement

3, σ
W̃ij

is faithful, so π is injectivehence W̃ij
∼= Wij as a Coxeter group with

length function lij and lij(w) ≥ l(w) for all w ∈Wij .
To prove 3 from 1, 2, suppose there is 1 ̸= w ∈W and σ(w) = Id so that w·v = v
for all v ∈ V . But there is i ∈ I such that l(wxi) < l(w) (like the last element
of a minimal representation of w). Hence by 2, w · ei < 0 so ei = w · ei < 0
contradiction.
To prove 2 from 1, suppose l(wxi) < l(w), so l(wxi) = l(w)− 1. Let w′ = wxi
so w = w′xi and l(w

′xi) = l(w) = l(w′) + 1 hence w′ · ei > 0 so we have that
w · ei = w′xi · ei = w′ · (xi · ei) = −w′(ei) < 0
To prove statement 1, we use induction on n = l(w).
If w = 1, then l(wxi) > l(w) for all i ∈ I and w · ei = ei > 0
Suppose l(w) = n > 0 and l(wxi) > l(w). w ̸= 1 so there is j ∈ I such that
l(wxj) < l(w). Consider again Wij with length function lij .
Define A = {w′ ⊂ W | w′−1w ∈ Wij , l(w) = l(w′) + lij(w

′−1w)}. This is
non-empty as it contains wxj ∈ A. Choose an element w0 ∈ A such that
l(w0) is minimal and thus l(w0) ≤ l(wxj) = l(w) − 1 < l(w) = n. We may
therefore apply the inductive hypothesis. Now v = w−1

0 w ∈ Wij and w = w0v,
l(w) = l(w0) + lij(v) ≥ l(w0) + l(v). We need to prove that all lij(vxi) > lij(v),
l(w0xi) > l(w0) and l(w0xj) > l(w0) are true as it then follows that vei > 0
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by induction and w0ei, w0ej > 0 so vei = αei + βej with α, β ≥ 0 and hence
we know wei = w0vei ≥ 0. First we aim to prove lij(vxi) > lij(v). Assume for
contradiction that lij(vxi) < lij(v). Then

l(wxi) = l(w0vxi) ≤ l(w0) + l(vxi)

≤ l(w0) + lij(vxi)

< l(w0) + lij(v) = l(w)

contradiction by definition of w.
For k = i, j we want to prove l(w0xk) > l(w0). Assume the opposite. Then

l(w) = l(w0v) = l(w0xkxkv) ≤ l(w0xk) + l(xkv) ≤ l(w0xk) + lij(xkv)

= l(w0)− 1 + lij(xkv)

≤ l(w0)− 1 + lij(v) + 1 = l(w)

so we have equality throughout, and hence l(w0xk) + l(xkv) = l(w) but by
definition, xkv = xkw

−1
0 w = (w0xk)

−1w so w0xk ∈ A with lower length than
w0 contradiction.

Corollary 3.2.1. Let V be a finite dimensional inner product space, Φ ⊂ V be a
root system and ∆ a fundamental system in Φ, so thatW (Φ) = ⟨sα | α ∈ Φ⟩. Let
mαβ be the order of the isometry sαsβ where α, β ∈ Φ and M∆ = (mαβ)α,β∈∆.
Then (W (Φ),∆,M∆) is a Coxeter system and so all finite reflection groups are
Coxeter groups

Proof. We know that W (Φ) = ⟨sδ | δ ∈ ∆⟩ and sδ = sδ/||δ||. For each δ ∈ ∆, let

eδ = δ
||δ|| then {eδ | δ ∈ ∆} is a basis for V and the inner product is given by

(eδ, eδ) = 1, (eδ, eγ) = − cos( π
mδ,γ

). Let W̃ (∆) be the Coxeter group ofM∆. We

have that, by definition, VM = Span(eδ | δ ∈ ∆) ∼= V and (eδ, eγ)M∆ = (eδ, eγ).

We know that the geometric representation σ
W̃ (∆)

: W̃ (∆) → GL(V ) is faithful

with image ⟨sδ | δ ∈ V ⟩ = W (Φ) so W̃ (∆) ∼= W (Φ). We know any finite
reflection group has the form W (Φ) for some root system Φ and so we are
done.

Corollary 3.2.2. If |W | <∞ and (·, ·)M is positive definite then W is isomor-
phic to a finite reflection group

Proof. σW : W → GL(VM ) is faithful with image ⟨sα | α ∈ ΦM ⟩. ΦM ⊂ VM is
a root system and so σ(W ) ∼=W (ΦM )

3.4 The Exchange Condition and the Deletion Condition

Given w ∈ W we can write w = xi1 . . . xir for i1, . . . , ir ∈ I. The expression is
reduced if r = l(w)
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Theorem 3.3. Let w = xi1 . . . xir and suppose that k ∈ I and l(wxk) < l(w).
Then there is j ∈ {1, . . . , r} such that wxk = xi1 . . . x̂ij . . . xir . If the expression
for w is reduced, then this j is unique

Proof. Set xj = xij so that w = w1 . . . wr. Since l(wxk) < l(w) we know
wek < 0. But ek > 0 so there is j ∈ {1, . . . , r} such that xj+1 . . . xrek > 0
but xj . . . xrek < 0. Let w′ = xj+1 . . . xr, β = w′ek > 0 and xjβ < 0. Now
β =

∑
i∈I αiei for αi ≥ 0 and

xjβ = σ(xj)(β) = sej (β) = β − 2(β, ej)ej

=
∑
i ̸=j

αiei + (αj − 2(ej , β))ej

< 0

so αj ≤ 0 for all j ̸= i and hence β = αjej and

(β, β)M = (w′ek, w
′ek) = (ek, ek)M = 1

and also (β, β)M = α2
j so αj = 1 as it is positive by assumption so β = ej so

that w′ek = ej . So

σ(w′xk) = σ(w′)σ(ek)σ(w
′−1)σ(w′)

= sσ(w′)ekσ(w
′) = sejσ(w

′)

= σ(xjw
′)

but σ is faithful so w′xk = xjw
′ so xjw

′ = xj . . . xr and

wxk = x1 . . . xrxk

= x1 . . . xj(xj+1 . . . xrxk)

= x1 . . . xj−1xj+1 . . . xr

If l(w) = r, suppose wxk = x1 . . . x̂j . . . xr = x1 . . . x̂m . . . xr with j < m. We
get that xj+1 . . . xm = xj . . . xm−1. Now

w = x1 . . . xr

= x1 . . . xjxj+1 . . . xmxm+1 . . . xr

= x1 . . . xjxj . . . xm−1xm+1 . . . xr

has length at most r − 2 = l(w)− 2, contradiction

Corollary 3.3.1. (Deletion condition)

1. If w = xi1 . . . xir and l(w) < r then there are k < j such that we have
w = xi1 . . . x̂ik . . . x̂ij . . . xir

2. A reduced expression for w can be obtained by removing successive pairs
of generators and so l(w) = r mod 2
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Proof. (2) follows from (1)
To prove (1), for j = 0, . . . , r define wj = xi1 . . . xij so w0 = 1 and wr = w. Let
j ≥ 0 be maximal such that l(wj) = j, so that l(wj+1) < j + 1 and so we know
l(wj+1) = j − 1 as wj+1 = wjxj+1. Therefore wj+1 = wjxj+1 = x1 . . . x̂m . . . xj
for some m ≤ j so

w = x1 . . . xr

= wj+1xj+2 . . . xr

= x1 . . . x̂m . . . ŵj+1 . . . xr

and we are done

3.5 Braid Relations

Given i, j ∈ I, xixj has order mij so xixj · · · = xjxi . . . each side with mij

terms. We call such a relation a braid relation

Example 3.3. If mij = 2 we get xixj = xjxi
If mij = 3 we get xixjxi = xjxixj .
For general even m, we get (xixj)

mij/2 = (xjxi)
mij/2

We say that (i1, . . . , ik) ∼be (j1, . . . , jr) if xi1 . . . xik = xj1 . . . xjr , and there
is a sequence of braid relations connecting the

Example 3.4. Suppose mij = 3,mjk = 2. Then (i, j, i, k) ∼be (j, i, k, j)

Theorem 3.4. (Matsumoto’s Theorem) If l(w) = r, w = xi1 . . . xir = xj1 . . . xjr
then we have that (i1, . . . , ir) ∼be (j1, . . . , jr)

Proof. If r = 0, 1 then w = 1, xi and these are the only reduced expressions, so
we are done.
We induct on r. If ir = jr then w′ = wxir = xi1 . . . xir−1

= xj1 . . . xij−1
so

(i1, . . . , ir−1) ∼be (j1, . . . , jr−1) and we are done.
So assume ir ̸= jr and l(wxir ), l(wxjr ) < l(w) = r. Choose s ≥ 1 maximal such
that w = xm1 . . . xmr−s . . . xixjxi where i ̸= j ∈ {ir, jr}.
l(wxj) < l(w) so using the exchange condition, we either have

1. wxj = x1 . . . x̂k . . . xm−s . . . xixjxi

2. wxj = x1 . . . xm−s . . . xjxixj

3. wxj = x1 . . . xm−s . . . xixjxi (where the one at the beginning has can-
celled)

One in the middle of the last s can’t cancel, as then the length would go down
by at least 3 after canceling.

1. In the first case, we get w = x1 . . . x̂k . . . xm−s . . . xixjxixj , contradicting
the maximality of s
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2. In the second case, wxj = x1 . . . xm−s . . . xixj so we get an expression for
w of length r − 2, namely w = x1 . . . xm−s . . . xixjxi, contradiction

3. In the third case, wxj = x1 . . . xm−s . . . xixjxixj which differs by a braid
relation, as we may divide out by the first m− s terms. We are therefore
done as we can remove the xi after applying a braid relation

Corollary 3.4.1. If Γ(W, I,M) contains a cycle, then W is infinite. So for
finite W , Γ(W ) is a forest

Proof. All subscripts in this proof are taken mod n. Suppose we have a cycle
of minimal length in the Coxeter graph, with vertices i1, . . . , in. Let xj = xij .
If i− j ̸= ±1 mod 2 then mij = 2 so xixj = xjxi. For each 1 ≤ k ≤ n set

w
(k)
0 = 1, w

(k)
1 = xk, w

(k)
2 = xkxk+1, . . . , w

(k)
j = w

(k)
j−1xk+j−1

. Assume for contradiction that W is finite. Then there is j ∈ N which is

minimal such that l(w
(k)
j ) < j for some k. Without loss of generality, k = 1 and

denote wj = w
(1)
j .

We have that l(wj−1) = j − 1, l(wj) = l(wj−1xj) = l(wj−1) − 1 = j − 2 and
we know that l(wj−1xj) = l(wj−1). wj−1 = x1 . . . xj−1 so by the exchange
condition, wj−1xj = x1 . . . x̂k . . . xj−1. If k > 1, we therefore have

w
(k+1)
j−k = xk+1 . . . xj−1 = xk−1 . . . x1wj−1xj

so
w

(k+1)
j−k xj = xk+1 . . . xj−1 = xk+1 . . . xj−1

so l(w
(k+1)
j−k ) < j − r + 1, contradiction.

So k = 1 and wj−1xj = x2 . . . xj−1 = x1wj−1 and wj−1 = x1 . . . xj−1 = x2 . . . xj
are reduced expressions for wj−1. So by Matsumoto’s theorem,

(1, 2, . . . , j − 1) ∼be (2, 3, . . . , j)

. But these don’t contain any braid relations, contradiction so we are done.

4 Inner Products and Finite Coxeter Groups

Let (W, I,M) be a Coxeter system.

Definition 4.1. The system is irreducible if Γ(W ) is connected.

From now on, we assume I is finite, so that I = I1 ⊔ · · · ⊔ Ir where each Ij
is a connected component of the Coxeter graph. If we set Wj = ⟨xi | i ∈ Ij⟩
then Wj is an irreducible Coxeter and W = W1 × · · · ×Wr. Throughout, let
σ : W → GL(VM ) be the geometric representation
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4.1 Subrepresentations of (VM , σ)

Definition 4.2. Let G be a group and ρ : G→ GL(V ) be a representation.

1. We say the representation (V, ρ) is irreducible if it contains no proper
non-zero subrepresentations

2. The representation (V, ρ) is completely reducible if there are irreducible
subrepresentations U1, . . . , Um such that V =

⊕m
i=1 Ui

3. The dual representation of (V, ρ), denoted (V ∗, ρ∗), has the underlying
space V ∗ = HomR(V,R) and representation ρ∗(g)(f)(u) = f(ρ(g−1)u)

Theorem 4.1. (Maschke’s Theorem) If G is a finite group and (V, ρ) is a finite
dimensional representation of G then V is completely reducible

Proof. See II Representation Theory

Let V = VM , σ = σw be the geometric representation, I = I1 ⊔ · · · ⊔ Ir and
Vj = span{ei | i ∈ Ij} and V =

⊕r
i=1 Vr as vector spaces

Lemma 4.2. Each Vj is a subrepresentation of V , and Wk acts trivially on Vj
for k ̸= j, and moreover Vj is the geometric representation of Wj

Proof. If i ∈ I and u ∈ Vj then xiu = u − 2(ei, u)ei so if i /∈ Ij then i ∈ Ik for
some k ̸= i and (ei, em) = 0 for all m ∈ Ij , and so (ei, u) = 0 by linearity, so
xiu = u so wi acts trivially on Vj . If i ∈ Ij then xiu = u − w(ei, u)ei ∈ Vj so
Vj ≤ V is a subrepresentation. CLearly if Vmj

is the geometric representation
of Wj then Vmj

∼= Vj as vector spaces, and by the formula before, the actions
coincide

Lemma 4.3. (V, σ) is completely reducible if and only if each Vj is completely
reducible

Proof. Trivial

Recall that V ⊥ = {v ∈ V | (v, u)M = 0,∀v ∈ V } and (·, ·)M is non-
degenerate if V ⊥ = 0

Proposition 4.1. We have the following facts

1. V ⊥ is a W -subrepresentation of V and V ⊥ = V ⊥
1 ⊕ · · · ⊕ V ⊥

r

2. If W is already irreducible, then any proper subrepresentation of V is
contained in V ⊥

3. V is completely reducible if and only if (·, ·)M is non-degenerate

4. If W is finite then (·, ·)M is non-degenerate

Proof. 1. If v ∈ V ⊥ then xiv = v ∈ V ⊥ so V ⊥ is a subrepresentation. If
v ∈ V ⊥, v = v1+ · · ·+vr with vj ∈ Vj and i ∈ Ij then 0 = (ei, v) = (ei, vj)
so vj ∈ V ⊥

j
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2. As (W, I,M) is irreducible, Γ(W ) is connected. Suppose u ∈ U ≤ V and
i ∈ I. Then xiu ∈ U so −2(ei, u)ei ∈ U and so for all i ∈ I, ei ∈ U or
(ei, u) = 0 for all u ∈ U . If for all i ∈ I, we have ei /∈ U then (ei, u) = 0
for all i ∈ I, u ∈ U so U ⊂ V ⊥. Assume that ei ∈ U for some i ∈ I. Let j
be such that mij > 2. Then (ei, ej) ̸= 0 but xjei = ei − 2(ei, ej)ej and so
ej ∈ U . But Γ(I) is connected, so all ej , j ∈ I are in U , hence U = V

3. V is completely reducible if and only if each Vj is completely reducible, if
and only if every Vj is irreducible (by 2), if and only if each V ⊥

j = 0 if and

only if V ⊥ = 0 if and only if (·, ·)M is non-degenerate

4. If W is finite, V is completely reducible by Maschke, so it follows by 3

Lemma 4.4. IfW is irreducible, ϕ ∈ EndR(V ) and ϕ commutes with everything
in σ(W ), then ϕ = λ IdV for some λ ∈ R

Proof. Since ϕσ(w) = σ(w)ϕ, ϕ(wv) = wϕ(v) and so ϕ is a homomorphism of
W representations. Given i ∈ I,

−ϕ(ei) = ϕ(−ei) = ϕ(seiei) = xiϕ(ei) = seiϕ(ei)

and hence ϕ(ei) is in the −1 eigenspace of sei , and hence ϕ(ei) = λiei. Fix i
and let λ = λi. If we let θ = ϕ− λ Id. Then θ is a W module homomorphism.
Let U = ker θ ≤ V so U = V or U ≤ V ⊥. If U = V then we are done. Assume
U ≤ V ⊥. But ϕ(ei) = λiei so θ(ei) = 0 so ei ∈ U ⊂ V ⊥ so 0 = (ei, ei) = 1
contradiction

Remark. (·, ·)M is W -invariant: (wu,wv)M = (u, v)M for all w ∈W

Proposition 4.2. Suppose W is irreducible and β : V × V → R is symmetric,
non-degenerate, W -invariant and bilinear. Then

1. ϕβ : V → V ∗ by v 7→ β(v, ·) is an isomorphism of W -representations

2. If (·, ·)M is non-degenerate then β = λ(·, ·)M for some 0 ̸= λ ∈ R

Proof. (1 implies 2) Let γ = (·, ·)M . Then ϕγ , ϕβ : V → V ∗ are isomorphisms
so ϕ = ϕ−1

γ ϕβ ∈ End(V ) and ϕ(wv) = wϕ(v) so by lemma 4.4, ϕ = λ Id so
ϕβ = λϕγ so λγ(u, v) = λϕγ(u)(v) = ϕβ(u)(v) = β(u, v)
(1) ϕβ(wv)(u) = β(wv, u) = β(v, w−1u) = (wϕβ(v))(u) so ϕβ is a homo-
morphism of W representations. If ϕβ(v) = 0 then β(v, u) = 0 for all U so
v ∈ V ⊥ = 0 so ϕβ is injective, so it is surjective for dimension reasons

Theorem 4.5. If W is finite then (·, ·)M is positive definite

Proof. Since V = V1 ⊕ · · · ⊕ Vr is an orthogonal decomposition, it suffices to
prove it for each component, and hence we may assume W is irreducible. We
will show that there is a symmetric W -invariant positive definite bilinear form
β : V × V → R. If this holds, by proposition 4.2, because W is finite and hence
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(·, ·)M is non-degenerate, β = λ(·, ·)M for 0 ̸= λ ∈ R. If λ < 0, we get β(ei, ei) =
λ(ei, ei)M = λ < 0 contradiction so λ > 0 and we will be done (as positive scalar
multiples of positive definite forms are easily seen to be positive definite). Let
β0 : V × V → R be the standard bilinear form (ei, ej) 7→ δij . This is symmetric
positive definite. Define β : V × V → R by (u, v) 7→

∑
w∈W β0(wu,wv). This is

W -invariant, symmetric and positive definite so we have proven the claim and
are done.

Corollary 4.5.1. If (W, I,M) is a Coxeter system and W is finite then W is
naturally isomorphic to a finite reflection group via the geometric representation

Proof. Follows from theorem 4.5 and corollary 3.2.2

4.2 Classification of Coxeter Groups of Positive Type

Definition 4.3. We say that (W, I,M) has positive type if (·, ·)M is positive
semi-definite. W is positive if (·, ·)M is positive definite

The classification of graphs Γ(W ) for W a positive Coxeter group can be
given as follows

1. Type An, n ≥ 1 1 2 . . . n− 1 n W = Sn+1

2. Type Bn, n ≥ 2 1 2 . . . n− 1 n4 W = SSn

3. Type Dn, n ≥ 4

1

2 . . . n− 1

−1

W = ESSn

4. Type E6

•

• • • • •

5. Type E7

•

• • • • • •

6. Type E8

•

• • • • • • •

7. Type F4 • • • •4
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8. Type H3 • • •5 W = icosahedronal symmetry group

9. Type H4 • • • •5

10. Type I2(m),m ≥ 3 • •m

Remark. We have I2(3) = A2, I2(4) = B2, I2(5) = H2, I2(6) = G2 where the
latter two are definitions/natural extensions.
The only rank 3 symmetry groups are A3, B3, H3 which are the symmetry groups
of the platonic solids

Remark. Suppose I = {1, . . . , n} so that V = Rn and (·, ·)M is defined on Rn

by (u, v)M = uTAv where A ∈ Mn(R) has Aij = − cos π
mij

. If (W, I,M) is

irreducible then A is indecomposable: there are no J,K ⊂ I such that ajk = 0
for all j ∈ J, k ∈ K

Proposition 4.3. If A ∈ Mn(R) is symmetric, indecomposable, Aij < 0 for
i ̸= j and uTAu ≥ 0 for all u ∈ Rn then N = {v ∈ Rn | Av = 0} is equal to
{v ∈ Rn | vTAv = 0} and either N = 0 or N = ⟨z⟩ such that zi > 0 for all
1 ≤ i ≤ n

Proof. Linear Algebra Exercise

Corollary 4.5.2. If (W, I,M) is irreducible of positive type then for all j ∈
I, if we let Wj = ⟨xi | i ̸= j⟩ then Wj is a positive Coxeter group, that is
W = Wj,1 × · · · ×Wj,m where Wj,i is one of the irreducible positive groups for
all 1 ≤ i ≤ m. In other words, if we remove any vertex from Γ(W ) we get a
disjoint union of An, Bn, Dn, E6, E7, E8, F4, H3, H4, I2(m)

Proof. N = {v ∈ V | (v, v)M = 0} is a subspace of dimension 0, 1 by 4.3 so
N = 0 and (·, ·)M is positive definite or N = ⟨α1e1 + · · · + αnen⟩, αi > 0 so
removing any ei makes N become 0

4.3 The Coxeter Complex

Let (V, (·, ·)) be a finite dimensional inner product space. Let H be a set of affine
hyperplanes in V and let sH ∈ I(V ) be the reflection through the hyperplane
H ∈ H. That is, if H = T (H0) for T = TαH

a translation and the linear
hyperplane H0 = {v ∈ V | (v, uH) = 0} for uH normal to H. Therefore
H = {v ∈ V | (v, uH) = (uH , αH) = λH}. For each H ∈ H we can divide V into
half-spaces A1,H = {v ∈ V | (v, uH) > λH}, A−1,H = {v ∈ V | (v, uH) > λH}
and V = H ⊔A1,H ⊔A−1,H

Remark. We may assume ||uH || = 1 and replacing uH with −uH swaps the
upper and lower half-spaces

Let W (H) = ⟨sH | H ∈ H⟩ ≤ I(V ) be the reflection group of H. If
H′ = {w(H) | w ∈ W (H), H ∈ H} then W (H) = W (H′) as sw(H) = wsHw

−1

so we may assume H is W (H) invariant
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Definition 4.4. We say that H is locally finite if there is some R such that for
all V ∈ V , B(v,R) intersects finitely many H ∈ H.
W ≤ I(V ) is an affine reflection group if W = W (H) for some locally finite
W -invariant set of affine hyperplanes H

Fix W = W (H) an affine reflection group and let X = V \
⋃

H∈HH. We
define an equivalence relation≡ onX by x ≡ y if for allH ∈ H either x, y ∈ A1,H

or x, y ∈ A−1,H .

Definition 4.5. Let C be the set of all equivalence classes of X under ≡. We
call the elements of C chambers and for each chamber C ∈ C and H ∈ H we
say H is a wall of C if C̄ ∩H = Ū for some open subset U of H and we define
wall(C) be the set of all walls of C.
Given chambers C ̸= D ∈ C, we say they are adjacent if there is some hyperplane
H ∈ wall(C)∩wall(C) such that C̄∩H = D̄∩H and we write C ∼ D or C ∼H D.
We call C the Coxeter complex

Example 4.1. If V = R,H = 1
2Z then W (H) = D∞. If C = (−1/2, 0) and

D = (0, 1/2) then C,D are chambers and C ∼0 D
If V = R2 and H is the axes and the lines at 45 degrees to them, then the set
C = {0 < x < y} is a chamber and is adjacent to D = {0 < y < x}

Proposition 4.4. 1. For all C ∈ C, wall(C) is finite and C is an intersec-
tion of half spaces corresponding to hyperplanes in wall(C) and so cham-
bers are open in V

2. For all C ∈ C and H ∈ wall(C) there is a unique D ∈ C such that C ∼H D

3. For all C,D ∈ C there is a gallery C = C0 ∼ C1 ∼ · · · ∼ Cn = D

Proof. 2, 3 are exercises.
For 1, for all C ∈ C and H ∈ H either C ⊂ A1,H or C ⊂ A−1,H as C ∩H = ∅
for all H ∈ H, so define the two sets H±1 = {H ∈ H | C ⊂ A±1,H}. Then
C =

⋂
H∈H1

A1,H ∩
⋂

H∈H−1
A−1,H . Now H1 ⊔ H−1 = H. If H,H ′ ∈ H′ and

uH = uH′ then if λH ≥ λH′ then A1,H ⊂ A1,H′ and similarly the other way
around. Fix H ∈ H1 and let λ(H) = sup{λH′ | H ′ ∈ H1, uH = uH′}. This
is finite as if λ(H) = ∞ then C ⊂

⋂
H′∈H1,uH′=uH

A1,H = ∅ contradiction.

Moreover, λ(H) = λH′ for some H ′ ∈ H1 with uH′ = uH by local finiteness. We
may assume that λH = max{λH′ | uH = uH′} and

⋂
H′∈H,uH′=uH

A1,H′ = A1,H

. Let
H′

1 = {H ∈ H1 | λH = max{λH′ | uH = uH′}}

and
H′

−1 = {H ∈ H−1 | λH = min{λH′ | uH = uH′}}

. Then C =
⋂

H∈H′
1
A1,H ∩

⋂
H∈H′

−1
A−1,H . But {uH | H ∈ H} is a finite set by

local finiteness so H′
1,H′

−1 are finite sets. If H ∈ wall(C)∩H1 then if λH < λH′

for some H ′ ∈ H1 parallel to H with λH′ = λH + ϵ, then C ⊂ A1,H′ and so
(v, uH) = (v, uH′) > λH′ = λH + ϵ so for all v ∈ C̄, (v, uH) ≥ λH + ϵ > λH so
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C̄ ∩H = ∅ and so λH = max{λH′ | uH = uH′ , H ′ ∈ H1} so wall(C) ∩H1 ⊂ H′
1

and symmetrically the same holds for −1 so

C ⊂
⋂

H∈wall(C)∩H′
1

A1,H ∩
⋂

H∈wall(C)∩H′
−1

A−1,H

⊂
⋂

H∈H′
1

A1,H ∩
⋂

H∈H′
−1

A−1.H

= C

.

Remark. By flipping some unit vectors (ie replacing uH with −uH), we may in
fact assume that for some C ∈ C, all the chambers in its intersection are upper
half chambers. We call such a chamber a fundamental chamber

Note that if u, v ∈ X = V \
⋃

H∈HH and u ≡ v, given w ∈ W = W (H),
w(u), w(v) are in the same half space for any given hyperplane as wH = H and
so w(u) ≡ w(v). Thus W ⟳C via w · C = w(C)

Proposition 4.5. Let C0 ∈ C be a fundamental chamber and I = wall(C0). Let
W ′ = ⟨sH | H ∈ I⟩ ≤W

1. W ′ acts transitively on the set of chambers C

2. StabW ′(C) = {1} for all C ∈ C

Proof. 1. For all C ∈ C and H ∈ wallC, we know C ∼H sHC. Therefore if
C = wC0 and H ∈ I, then sHC0 ∩H = C̄0 ∩H = Ū for some non-empty
open U ⊂ H. So we have

wsHC0 ∩ wH = wsHC̄0 ∩ wH
= w(sHC0 ∩H)

= w(C̄0 ∩H)

= wC0 ∩ wH
= C̄ ∩ wH

= w(U)

further we have that

C̄ ∩ wH = wC0 ∩ wH
= wsHC0 ∩ wH
= wU

and so wC0 ∼wH wsHC0 and wH ∈ wall(wC0). Now we know w is an
isomorphism from walls of C0 to walls of wC0, so for all C ∈ C there is a
gallery C0 ∼ C1 ∼ · · · ∼ Cm = C.
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We proceed by induction, with m = 0 clear as Id ∈ W . Assume by
induction Ci = wiC0 for some wi ∈W ′. Now wiC0 = Ci ∼Hi Ci+1 where
Hi ∈ wallwiC0 = wi wallC0 and so Hi = wiH

′ for some H ′ ∈ I. Now
wiC0 ∼wiH′ wisH′C0 so by uniqueness of wiH

′ adjacency, we have that
wisH′C0 = Ci+1 and we are done

2. Suppose w ∈ W ′ and wC0 = C0. It suffices to prove w = Id. Suppose
w = s1 . . . sd with si = sHi

, Hi ∈ I with d minimal and suppose for
contradiction that d ≥ 1. Let wi = s1 . . . si and we have a gallery of the
form C0 ∼ w1C1 ∼ · · · ∼ wdC0 = C0. Now wi+1C0 = wisi+1C0 ∼wiHi+1

wiC0. But if C ∼H D and C ⊂ A−1,H′ then either H = H ′ or D ⊂ A−1,H′

(exercise). Since C0 ⊂ A1,H1
and w1C0 = sH1

C0 ∈ A−1,H we have for
some i > 1, wiHi+1 = H1. Hence sH1

= swiHi+1
= wisHi+1

w−1
i and so

we have s1wi = wisi+1 as s2 . . . si = s1 . . . si+1 and so we can rewrite w
removing s1, si+1 contradition by minimality of d

Theorem 4.6. If C0 is a fundamental chamber and I = wallC0 then W =
W (H) = ⟨sH | H ∈ I⟩

Proof. We will show that for all H ∈ H, that H is the wall of some C ∈ C. We
then have C = wC0 for some w ∈ W ′ = ⟨sH | H ∈ I⟩. Therefore we will have
H = wH ′ for some H ′ ∈ wallC0 = I so sH = swH′ = wsHw

−1 ∈ W ′ so that
W =W ′. Define ≡H on H \

⋃
H′∈H,H′ ̸=H H ′ ∩H by x ≡H y if for all H ′ ̸= H,

x, y ∈ A1,H or x, y ∈ A−1,H . If U is an equivalence class of this relation then
U = A1,H ∩· · ·∩A1,Hr

∩A−1,Hr+1
∩· · ·∩A1,Hm

∩H. So ∅ ≠ U ⊂ H is open. Let
S be the set of all half spaces in V which contain U and let C =

⋂
A∈S A∩A1,H .

We know that U =
⋂

A∈S A ∩H so C̄ ∩H = Ū . If u ̸= v ∈ C then there is H
such that C ̸⊂ A1,H′ , A−1,H′ so both are in S and H ′ ∩ U ̸= ∅ contradiction.
So u ≡ v for all u, v ∈ C and if v ∈ V \

⋃
H′∈HH ′, u ≡ v for some u ∈ C then

{v} ∪ C ⊂ A1,H′ or A−1,H′ for all H ′ ∈ H and hence v ∈
⋂

A∈S A ∩ A1,H = C
so C ∈ C

4.4 Fundamental Domains

Definition 4.6. Let G be a group acting on a set X. We say D ⊆ X is a
fundamental domain for the action of G on X if for all x ∈ X, |OrbG x∩D| = 1

Lemma 4.7. 1. If D is a fundamental domain for the action of G on X
then for all g ∈ G, gD ∩D = {x ∈ D | gx = x}

2. If X = {gD | g ∈ G} then G acts transitively on X and we have that
ker(G ⟳X ) = ker(G ⟳X)

Proof. Trivial

Example 4.2. If W = W (H) for H a locally finite W -invariant set of hyper-
planes, and C is the Coxeter complex with fundamental chamber C0 ∈ C, then
D = C̄0 is a fundamental domain for W ⟳V (proof later)
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Let V be an inner product space. I(V ) can be given a topology with open
subsets C(K,U) = {f ∈ I(V ) | f(K) ≤ U} where K,U ⊆ V are compact and
open respectively. This is the compact-open topology. Under the isomorphism
O(V ) ∼= On(R), the topology on O(V ) ≤ I(V ) induced by d agrees with the
matrix topology.
A subset X ⊆ I(V ) is discrete if for all x ∈ X, there is an ϵ > 0 such that
B(x, ϵ) ∩X = {x}

Proposition 4.6. If G ≤ I(V ) and C ⊆ V is open such that D = C̄ is a
fundamental domain for the action of G on

⋃
g∈G gD, then G is discrete

Proof. For v ∈ C, define θv : I(V ) → V by f 7→ f(v). This is continuous, and
so Cv = θ−1

v (C) is an open subset of I(V ). If g ∈ Cv ∩G, then g(v) ∈ C ∩ gC.
But C ∩ gC ⊆ D ∩ gD = {x ∈ D | gx = x} and so C ∩ gC = {x ∈ C | gx = x}
is an open subset of V , but also S = {x ∈ V | gx = x} is a closed subset of V
and in fact since I(V ) = ⟨O(V ), T (V )⟩, it follows that S is isometric to a linear
subspace, and C ∩ S ⊆ V is open, hence C ≤ S = V and so gx = x for all
x ∈ V and so g is the identity. Hence Cv ∩G = {Id}, but Cv is open and we can
translate it to get such opens for the other points of G and so we are done

4.5 Finite Coxeter Groups

Let (W, I,M) be a Coxeter system with |I| < ∞ such that (·, ·)M = (·, ·) is
positive definite and let σ : W → GL(VM ) be the geometric representation, and
VM = V is a finite dimensional inner product space.
For each i ∈ I, let Hi = {x ∈ V | (v, ei) = 0} and Ai = {v ∈ V | (v, ei) > 0},
so −Ai = {v ∈ V | (v, ei) < 0}. Let C =

⋂
i∈I Ai, which is an open subset of V

and let D = C̄

Lemma 4.8. For all w ∈W, i ∈ I we have

1. If l(xiw) > l(w) then w · C ⊂ Ai

2. If l(xiw) < l(w) then w · C ⊂ −Ai

Proof. 1 implies 2: If l(xiw) < l(w), let w′ = xiw and then l(xiw
′) > l(w) and

so w′C ⊆ Ai and so wC = xiw
′C ⊆ xiAi ⊆ −Ai

1: If l(xiw) > l(w) then l(w−1xi) > l(w−1) and so w−1ei > 0. This means that
w−1ei =

∑
j∈I αjej where αj ≥ 0 for all j ∈ I. So if v ∈ C =

⋂
i∈I Ai then

(ei, v) > 0 for all j ∈ I. We therefore know that

(wv, ei) =

v,∑
j∈I

αjej

 =
∑
i∈J

αj(v, ej) > 0

so v ∈ Ai

Theorem 4.9. D = C̄ is a fundamental domain for W ⟳⋃
w∈W wD
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Proof. First note that D = {v ∈ V | (v, ei) ≥ 0}
If wC = C then wC ⊆ Ai for all i ∈ I and so l(xiw) > l(w) for all i ∈ I.
Therefore w = 1.
Now |OrbW (x) ∩ D| ≥ 1 for all x ∈

⋃
w∈W wD = X by definition. Suppose

y, z ∈ Orbw x∩D for some x ∈ X. Then y, z ∈ D and z = wy for some w ∈W .
We want to show that y = z, and then we are done. Let J,K ⊆ I be defined
as J = {i ∈ I | (y, ei) = 0} and K = {i ∈ I | (z, ei) = 0}. We will prove by
induction on l(w) that J = K and w ∈ WJ = ⟨xi | i ∈ J⟩. It immediately
follows from the definition of how xi acts that wy = y so y = z
If l(w) = 0 then w = 1 so z = wy = y and 1 ∈WJ , J = K trivially.
Assume l(w) > 0. Then there is i ∈ I such that l(xiw) < l(w). We deduce that
wC ⊆ −Ai so wD = wC ⊂ −Ai = −Ai ⊔Hi. But

z = wy ∈ D ∩ wD ⊆ (Ai ⊔Hi) ∩ (−Ai ⊔Hi) ⊆ Hi

and so (z, ei) = 0 and i ∈ K. So xiz = z and z = (xiw)y. By induction, we are
done as (xiw) ∈WJ =WK so w ∈WJ

Corollary 4.9.1. If (W, I,M) is a Coxeter system, |I| <∞ and (·, ·)M positive
definite, then W is finite. So the following are equivalent

1. W is a finite Coxeter group

2. W is a positive Coxeter group

3. W is a finite reflection group

4. W is the reflection group of a root system Φ

5. W is composed of types An, Bn, Dn, E6, E7, E8, F4, H3, H4, I2(m)

Proof. By the previous theorem, D = C̄ is a fundamental domain for the action
W

⟳⋃
w∈W wD and so W ⊂ O(V ) ∼= On(Rn) is discrete. But On(Rn) is

compact, and so W is finite

It also follows that C is a fundamental chamber forW (H) where H = wallC

5 Affine Coxeter Groups

5.1 Affine Weyl Groups

Let V be an inner product space and Φ ⊆ V be a crystallographic root system.
For each α ∈ Φ, k ∈ Z define Hα,k = {v ∈ V | (v, α) = k}. This is an affine
hyperplane, and define Hα = Hα,0, a linear hyperplane. Therefore sα = sHα

.

We also define sα,k = sHα,k
which sends v 7→ v − 2((v,α)−k)

(α,α) α. For each root α,

let α∨ = 2α
(α,α) be the coroot of α. Note that W (Φ) = ⟨sα | α ∈ Φ⟩. If we let

H = ⟨Hα,k | α ∈ Φ, k ∈ Z⟩, then H is locally finite and W (Φ) ⊆W (H)
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Definition 5.1. The coroot lattice of Φ is the subgroup of V defined by

L′(Φ) = SpanZ{α∨ | α ∈ Φ}

Under the isomorphism V → T (V ) the image of L′(Φ) is L(Φ) ≤ T (V ) which
is a discrete subgroup of T (V ).

Moreover, W (Φ) normalises L(Φ) since wTvw
−1 = Twv and if v ∈ L′(Φ)

then v =
∑

γ∈Φ nγγ
∨ so wv =

∑
γ∈Φ nγw(γ

∨) ∈ L′(Φ). Therefore we have that
⟨L(Φ),W (Φ)⟩ = L(Φ)⋊W (Φ) ≤ I(V )

Remark.

1. If Φ is not crystallographic then L′(Φ) is not discrete, and is in fact dense
in V

2. If ∆ is a fundamental system in Φ then ∆∨ = {δ∨ | δ ∈ ∆} is a Z basis
for L′(Φ)

Let W̃ (Φ) =W (H) be the affine reflection group

Proposition 5.1. 1. W = W̃ (Φ) = L(Φ)⋊W (Φ)

2. H is W -invariant and W̃ (Φ) is an affine reflection group

Proof. 1. If α ∈ Φ then given k ∈ Z, consider T k
α∨sα. This sends

v 7→ v − 2(v, α)

(α, α)
α 7→ v − 2(v, α)

(α, α)
+

2k

(α, α)
α = sα,k(v)

and so T k
α∨sα = sα,k ∈ W̃ (Φ) and so T k

α∨ ∈ W̃ (Φ) and so if we have

that v =
∑

γ∈Φ nγγ
∨ then Tv =

∏
γ∈Φ T

nγ

γ∨ ∈ W̃ (Φ) hence L(Φ) ⊆ W̃ (Φ).

Moreover sα,k = T k
α∨sα ∈ L(Φ)⋊W (Φ) and so W̃ (Φ) = L(Φ)⋊W (Φ)

2. For all α ∈ Φ and k ∈ Z we want to show that if w ∈ W (Φ) and β ∈ Φ
then w(Hα,k) ∈ H and Tβ∨(H) ∈ H
If v ∈ Hα,k then (v, α) = k and so (wv,wα) = (v, α) = k. We deduce that
wv ∈ Hw(α),k ∈ H and so w(Hα,k) = Hw(α),k ∈ H
Now for translations, Tβ∨(v) = v + β∨ = v + 2β

(β,β) so that

(Tβ∨(v), α) = (v + β∨, α) = (v, α) +
2(β, α)

(β, β)
= k +

2(β, α)

(β, β)
∈ Z

and so Tβ∨(Hα,k) = H
α,k+

2(α,β)
(β,β)

∈ H
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Example 5.1. If V = R and Φ = { 1
2 ,−

1
2}. Then H = 1

2Z and the affine

reflection group is W̃ (Φ) = D∞ = Z ⋊ C2

Let V = R2,Φ = {α, β, α+ β,−α,−β,−α− β} where the angle between α and

β is 2π
3 . The affine reflection group is W̃ (Φ) = (Zα∨ ⊕ Zβ∨)⋊ S3. This is also

called Ã2 and has fundamental domain a triangle

It is a fact that if ∆ ⊆ Φ is a fundamental system, then there is a chamber
in the Coxeter complex with walls determined by Hδ for δ ∈ ∆ and Tα∨Hα for
some α ∈ Φ. We therefore have that

W̃ (Φ) = ⟨sδ, sTα∨Hα
| δ ∈ ∆⟩

and removing any generator gives a finite group

5.2 Groups of Positive Type

Let (W, I,M) be a Coxeter system, (·, ·)M is a positive semidefinite non positive
definite form and W is irreducible. Then W has one of the following forms

1. Ãn:

1 2

n+ 1 3

. . . . . .

2. B̃n

•

• • . . . •

•

4

3. C̃n

• • . . . • •4 4

4. D̃n

• •

• . . . •

• •
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5. Ẽ6

•

•

• • • • •

6. Ẽ7

•

•

• • • • • •

7. Ẽ8

•

•

• • • • • • •

8. F̃4

• • • • •4

9. G̃2

• • •6

10. I2(∞)

• •∞

If Φ ≤ V is a crystallographic root system of type An, Dn, E6, E7, E8, F4 or G2

then W̃ (Φ) has the corresponding type Ãn, D̃n, Ẽ6, Ẽ7, Ẽ8, F̃4 or G̃2. If Φ has
type Bn then Φ∨ = {α∨ | α ∈ Φ} is a crystallographic root system of type Bn

but W̃ (Φ), W̃ (Φ∨) have type B̃n, C̃n in some order.
In general if the Coxeter system (W, I,M) has positive type then we know that
V ⊥
M = ⟨α1v1 + · · ·+ αnvn⟩ is one dimensional with all αi > 0.

If Vi = Span{ej | i ̸= j}, Wj = ⟨xj | j ̸= i⟩ is finite, let

Φ = {wej | w ∈Wi, j ̸= i}

be a root system in V . We show that W = W̃ (Φ) by the isomorphism xj 7→ Sei
for i ̸= j and xi 7→ sTα∨Hα where α = α1e1 + · · ·+ α̂iei + · · ·+ αnen
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5.3 The Fundamental Domain

Let H be a locally finite W (H)-invariant set of hyperplanes in an inner product
space V and let W =W (H).
Recall that W = ⟨sH | H ∈ wallC0⟩ for C0 ∈ C a fundamental chamber, and
I = wallC0 is finite. For H,H ′ ∈ I, let mH,H′ be the order of sHsH′ . Let

MH = (mH,H′)H,H′∈I be the associated Coxeter matrix. Let (W̃ (H), I,MH)
be the Coxeter system with generators xH , H ∈ I. Clearly there is a surjective

map θ : W̃ (H) →W (H) via xH 7→ sH

Theorem 5.1. For all w ∈ W̃ (H), H ∈ I we have

1. If l(xHw) > l(w), then θ(w)(C0) ⊂ A1,H

2. If l(xHw) < l(w), then θ(w)(C0) ⊂ A−1,H

3. θ is an isomorphism and W (H) ∼= W̃ (H) is a Coxeter group

Proof. • 2 implies 3: If θ(w) = 1 and w ̸= 1 then there is H ∈ I such that
l(xHw) < l(w) and so θ(w)(C0) ⊆ A−1,H ∩A1,H

• 1 implies 2: Same as when proven before

• Proof of 1: First assume |I| = 2 so that wallC0 = {H1, H2}. IfH1∩H2 ̸= ∅
choose x ∈ H1 ∩ H2 and replace H with T−1

x H to assume 0 ∈ H1 ∩ H2

and so H1, H2 are linear hyperplanes, and this is exactly what was proven
before.
If H1∩H2 = ∅ then T = sH1

sH2
is a translation and since l(xH1

w) > l(w),
we know that θ(w) = (sH2

sH1
)k = T k or θ(w) = T ksH2

, but in both cases
the result is clear, and (1) holds when |I| = 2
If |I| > 2 we proceed by induction on l(w). We are done if l(w) = 0. If
l(w) > 0 there is some H ′ ∈ I such that l(xH′w) < l(w). Choose some

w0 ∈ W̃ (H), v ∈ ⟨xH , xH′⟩ such that w = vw0 with l(w) = l(v)+l(w0), and
such that l(w0) < l(w) is minimal such that such a decomposition exists.
We can show as before that l(xHw0), l(xH′w0) > l(w0) and l(xHv) > l(v).
By the case of |I| = 2, θ(v)(A1,H ∩ A1,H′) ⊆ A1,H and by induction
θ(w0)(C0) ⊆ A1,H ∩A1,H′ so that

θ(w)(C0) = θ(v)(θ(w0)(C0)) ⊆ θ(v)(A1,H ∩A1,H′) ⊆ A1,H

Corollary 5.1.1. If D = C̄0, then D is a fundamental domain for the action
of W (H) on V , and so W (H) is a discrete subgroup of I(V )

Proof. Firstly,
⋃

w∈W (H) wD = V as every H ∈ H is the wall of some C ∈ C so

for all x ∈ V , | orbw(x) ∩D ≥ 1.
If y, z ∈ orbw(x) ∩ D then y, z ∈ D and z = wy for some w ∈ W . We induct
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on l(w) to show y = z. If l(w) = 0 we are done. If l(w) > 0 then there is some
H ∈ I such that l(sHw) < l(w) and so w(C0) ⊆ A−1,H . Then we have

wD = wC̄0 = wC0 ⊆ A−1,H = A−1,H ⊔H

We deduce that

z = wy ∈ D ∩ wD ⊆ (A1,H ⊔H) ∩ (A−1,H ⊔H) ⊆ H

Therefore z ∈ H so sHwy = sHz = z and l(sHw) < l(w) so y = z by induction

5.4 Infinite Reflection Groups

Proposition 5.2. If
⋂

H∈wallC0
H ̸= ∅ then W (H) is finite and there is some

translation T ∈ T (V ) such that TW (H)T−1 is a finite reflection group

Proof. Choose x ∈
⋂

H∈wallC0
H and since W (H) = ⟨sH | H ∈ wallC0⟩, we see

that wx = x for all w ∈ W (H) so that sHx = x for all H ∈ H so x ∈
⋂

H∈HH
and H is finite by local finiteness. We deduce that C is finite, and we know that
W (H) acts transitively on C with the stabiliser of any chamber being trivial,
and so W (H) is finite as it embeds into Sym(C). If we let T = Tx and consider
T−1W (H)T , this fixes zero and so is a linear reflection group. By finiteness it
is also a finite reflection group

We will assume that
⋂

H∈wallC0
H = ∅. Now W = ⟨H | H ∈ wallC0⟩ is a

Coxeter group and we aim to prove that

Theorem 5.2. W (H) can be written as W̃ (Φ) for some crystallographic root
system Φ ⊆ V

Proof. The whole rest of this section is the proof

Lemma 5.3. The map p : I(V ) → O(V ) by α 7→ T−1
α(0)α is a surjective group

homomorphism and p2 = p. ker p = T (V ) and thus

I(V ) = T (V )⋊O(V )

Proof. Trivial

From now on, we set W̄ = p(W ) ≤ O(V ), and for all x ∈ V , define the
stabiliser Wx = {w ∈W | wx = x}. Therefore W0 ⊆ W̄ . Let L(H) =W ∩T (V )
and HL = {Linear hyperplanes H ≤ V | H is parallel to some H ′ ∈ H}. The
idea of the proof is to proceed as follows

• W0 = W̄

• L(H) is a lattice in T (V ) ∼= V

• W0 =W (Φ), L(H) = span{α∨ | α ∈ Φ} where Φ is crystallographic
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• W (H) = L(H)⋊W0 = W̃ (Φ)

Lemma 5.4. W̄ is a finite reflection group equal to ⟨sH | H ∈ HL⟩ and if
sv ∈ W̄ for some v ∈ V then Hv ∈ HL

Proof. For each H ∈ H, let uH be a normal vector to H. Then

p(sH) = T−1
sH(0)sH = suH

= sH′

for some H ′ ∈ HL. Then

W̄ = p(W ) = ⟨p(sH) | H ∈ H⟩ = ⟨sH′ | H ′ ∈ HL⟩

is a linear reflection group equal toW (HL). But HL is aW (HL) invariant finite
set as suH

(H ′) = TsH(0)sH(H ′) is a translate of a hyperplane in H. We deduce
that W̄ = W (HL) is a finite reflection group. If sv ∈ W̄ and Hv is the linear
hyperplane orthogonal to v, then sv = p(sH) = T−1

sH(0)sH and so H = TsH(0)Hv

hence Hv ∈ HL

Define
U = span{uH | H ∈ H} = span{uH | H ∈ HL}

. Let {v1, . . . , vn} ⊆ {uH | H ∈ H} be a basis for U such that

W̄ = ⟨svi | 1 ≤ i ≤ m⟩

(ie a fundamental system) and for 1 ≤ i ≤ mchoose Hi ∈ H such that Hi is
orthogonal to vi. Then

⋂m
i=1Hi ̸= ∅ (exercise) so choose x ∈

⋂m
i=1Hi. Then

T−1
x Hi ∈ HL so that

W̄ = ⟨svi | 1 ≤ i ≤ m⟩ = ⟨sT−1
x Hi

| 1 ≤ i ≤ m⟩ = T−1
x ⟨sHi

| 1 ≤ i ≤ m⟩Tx

LettingW ′ = ⟨sHi
| 1 ≤ i ≤ m⟩ ≤W (H), we have T−1

x W ′Tx = W̄ which implies
|W̄ | = |W ′|. Translating H by −x, we may assume that x = 0 so that each Hi is
linear, andW ′ ≤W0 ≤ W̄ which forces equality throughout for size reasons and
W̄ = W0 = W ′. If sv ∈ W̄ = W0 then Hv ∈ HL and Hv ∈ H so that HL ⊆ H.
In other words HL = {H ∈ H | H is linear}. Also

⋂
H∈wallC0

H = ∅ so there is
some H ∈ wallC0 such that 0 /∈ H and some H ′ ∈ HL such that sH′ = p(sH) so
H,H ′ are parallel, so sHsH′ ∈ L(H)\{Id} so L(H), and henceW (H) is infinite.
Note that W → I(U) by restriction is well-defined and injective (as H ∩ U ̸= ∅
for all H ∈ H) so we may assume U = V

Proposition 5.3. L(H) is a Z-lattice in T (V ) ∼= V . L(H) is generated as an
abelian group by {sHsH′ | H ∈ H, H ∈ HL are parallel} and W (H) = L(H)⋊W̄

Proof. L(H) ≤ W (H) by definition and W (H) is a discrete subgroup of I(V ),
so L(H) is a discrete subgroup of T (V ) ∼= V and it is well known that such
subgroups are lattices. Let

L′(H) = ⟨{sHsH′ | H ∈ H, H ∈ HL are parallel}⟩ ≤ L(H)
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If we have H ∈ H, H ′ ∈ HL which are parallel then

p(sHsH′) = p(sH)sH′ = T−1
sH(0)sHsH′ ∈ W̄ ⊆W

so TsH(0) ∈ L(H) and TsH(0) = sHsuH
∈ L′(H). Hence

W = ⟨L′(H),W0⟩ = L′(H)⋊W0 = L(H)⋊W0

as the former is generated by translations

Theorem 5.5. We can realise W (H) = W̃ (Φ) for Φ ⊆ V a crystallographic
root system

Proof. For each H ∈ HL, let λH > 0 be the minimal number such that λHuH
lies in a hyperplane H ′ ∈ H parallel to H (which exists as L(H) is discrete).
Now H ′ /∈ HL and let αH = λHuH . Then sTαH

sH = T2αH
. By the previous

proposition, L(H) = spanZ{ZαH | H ∈ HL}, but W0 = W̄ = W (Φ) where
Φ = {±αH/||αH ||2 | H ∈ HL} by the proof of the original theorem in section 2.
We know that (

αH

||αH ||2

)∨

= 2αH

so L(H) = spanZ{α∨
H | H ∈ H} = L(Φ) and W (H) = L(Φ) ⋊ W (Φ). If

α, β ∈ Φ∨ then sα(β) ∈ Φ∨ ≤ L(Φ) so 2(α,β)
(α,α) α ∈ L(Φ), and hence 2(α,β)

(α,α) ∈ Z
as α is minimal above 0 on Rα ∩L(Φ) so Φ∨ is crystallographic and hence Φ is

and so W (H) = W̃ (Φ)

5.5 The Hyperbolic Case

Definition 5.2. Let (W, I,M) be an irreducible Coxeter system. It is (compact)
hyperbolic if

1. (·, ·)M is non-degenerate

2. If we remove any vertex from the Coxeter graph, we get a graph of
(strictly) positive type

Remark. It is a fact that compact hyperbolic groups only exist in ranks 3, 4, 5:

1. If |I| = 3, we have
•

• •

k n

m

with k,m, n ≥ 3 and not all of them are 3
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2. If |I| = 4, we have

• • • •

• •

• •

• • • •

•

• •

•

k m

k

m

5

5

with k,m ≥ 4

3. If |I| = 5 we have

• • • • •

•

• • •

•

• • •

• •

k m

5

4

for 3 ≤ k,m ≤ 5

For general hyperbolic groups, these only exist in rank less than 11, and we will
not list these.

Let V be a finite dimensional vector space and B a bilinear form on it with
orthogonal group G. G is a real Lie group with a Haar measure, and if B
has signature (n − 1, 1), we can define a model for Hn−1 as those vectors with
B(v, v) = −1. G acts on this space, and if W ≤ G is generated by hyperbolic
reflections, thenW is isomorphic to a hyperbolic Coxeter group, and is compact
if and only if G/W is.
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6 Hecke Algebras and Representation Theory

6.1 Generic Hecke Algebras

Hecke algebras can refer to

• Algebras of Hecke Operators on the space of modular forms of fixed weight

• For G a locally compact topological group with a Haar measure, and K ≤
G a compact and closed subgroup, we define the Hecke algebra of the pair
(G,K) to beH(G,K) = {f : G→ C | f cts compactly supported, f(gk) =
f(g) = f(kg)} with multiplication by convolution, ie

∫
G
f(gh)f ′(h−1)dh.

For all g ∈ G we can define KgK : G→ C via 1KgK .

• If G is any group with subgroup K, the Hecke algebra over k of (G,K)
should be k[K \ G/K] = Span{KgK | g ∈ G}. Let Xk = Span{gK | g ∈
G}, which is a G module, and we take Hk(G,K) = (EndG Xk)

op. If we
have g ∈ G, then we define KgK to be the endomorphism of Xk given by
K 7→

∑
h∈K/K∩gKg−1 hgK if well defined

• If (W, I,M) is a Coxeter system with generators X = {xi | i ∈ I}. Let
{ai | i ∈ I} be a set of parameters where ai = aj if xi and xj are conjugate.
Let A = Z[ai | i ∈ I]

Definition 6.1. We define the generic Hecke algebra of (W,X, {ai | i ∈ I}) is
the A algebra Hgen the unique A algebra with basis {tw | w ∈W} satisfying

1. t1 = 1

2. For w ∈W,x ∈ X, if l(xw) > l(w), then txtw = txw

3. For all x ∈ X, t2x = ax + (ax − 1)tx

Remark. This exists and is unique up to isomorphism. We can deduce the
case of l(xw) < l(w) from 2 and 3 above. If w is written in reduced form, tw is
the product of the tx in the form.

Let k be a commutative ring and θ : A→ k a ring homomorphism. The special-
isation of Hgen with respect to θ is the k-algebra Hθ = H(W, {qi}) = Hgen⊗A k

Example 6.1. If every qi = 1, we get the group algebra. If k = C(ai | i ∈
I), θ : A→ k, then KHgen = Hθ

6.2 BN-pairs

Definition 6.2. Let G be a group. A BN-pair in G is a triple (B,N, S) where
B,N ≤ G, S ⊆ N such that G = ⟨B,N⟩, T = B ∩ N ⊴ N , W = N/T is
generated by the image of S and the following axioms hold:

1. For all s ∈ S,w ∈W , we have BsBwB ⊆ BwB ∪BswB
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2. For all s ∈ S, sBs−1 ̸⊆ B

Remark. We call W the Weyl group of (B,N, S). For all w,w′ ∈ N , BwB ∩
Bw′B ̸= ∅ if and only if wT = w′T (as we can use axiom 1 to ‘commute’
elements of B and N). We also therefore have G =

⊔
w∈W BwB. For all

S′ ⊆ S, if W ′ = ⟨S′⟩ ≤ S, then G′ =
⊔

w∈W ′ BwB is a parabolic subgroup.

Example 6.2. If G = GLn(k), B = Un(k) (upper triangular matrices), T the
diagonal matrices and N the normaliser of T (ie the group generated by T and
all permutation matrices). Take S to be the set of transposition matrices. The
axioms are exercises.

Example 6.3. If G is any connected algebraic group over an algebraically close
field k which is reductive (has no unipotent normal subgroups). Let T be a split
maximal connected torus in G, let B be a Borel subgroup containing T , and N
the normaliser of T . If Φ is the root system of the Lie algebra of G and ∆ a
fundamental system. Then S = {xα | α ∈ ∆}. This is a BN-pair.

Example 6.4. LetW be an affine Coxeter group, let C be the Coxeter complex,
a simplicial complex of dimension the rank of W . More generally let ∆ be
a simplicial complex of dimension d everywhere, which is a union of Coxeter
complexes Aj

∼= C for j ∈ J (called apartments) where for all chambers (d-
simplices) C,D ∈ ∆ there is some j with C,D ∈ Aj and for all j, k ∈ J there is
an isometry Aj → Ak fixing every chamber in Aj ∩Ak. We call such a complex
a building associated to W . Let G be a group acting faithfully and transitively
on the sets of chambers and apartments in ∆. Let C be a chamber in ∆, Aj an
apartment containing C, and B the stabiliser of C in G, and N the stabiliser of
Aj . Then (B,N, S) is a BN-pair for some S, and N/T =W .

Lemma 6.1. If (B,N, S) is a BN pair in G, then for all s ∈ S ⊆W , s2 = 1

Proof. We know sBs−1 ̸⊆ B and BsBs−1B ⊆ Bss−1B ∪ Bs−1B = B ∪
Bs−1B. But BsBs−1B is a union of double cosets, so we have equality. Now
(BsBs−1B)−1 = B ∪BsB, so BsB = Bs−1B and so B ∪BsB = BsBs−1B =
BsBsB ⊆ BsB ∪Bs2B, so B = Bs2B and we are done.

Remark. It follows that for all s ∈ S, B ⊔ BsB is a parabolic subgroup of G.
Also BwBsB = (BsBw−1B)−1 ⊆ (Bsw−1B ∪Bw−1B)−1 = BwB ⊔BwsB.

Proposition 6.1. For all s ∈ S,w ∈W ,

1. If l(sw) ≥ l(w), then BsBwB = BswB

2. If l(sw) ≤ l(w) then BsBwB = BswB ∪BwB

In particular, l(sw) ̸= l(w)

Proof.

36



1. If l(w) = 0 then w = 1 so the result is trivial. We proceed by induction
on l(w). If l(w) = n > 0. Then there is t ∈ S such that l(wt) < n. Let
w′ = wt. If BsBwB ̸= BswB, then BwB ∩ BsBwB ̸= ∅, and hence
sBw ∩BwB ̸= ∅, so sBw′ ∩BwBt ̸= ∅. Now BwBtB ⊆ BwB ∪BwtB =
BwB ∪ Bw′B, so sBw′ ∩ BwB ̸= ∅ or sBw′ ∩ Bw′B ̸= ∅. As l(sw′) =
l(swt) ≥ l(wt) = l(w′), we have BsBw′B = Bsw′B by induction, so
sw′ = w (as we can’t have sw′ = w′), so swt = w, so sw = wt has length
less than w, contradiction.

2. Let w′ = sw and then l(sw′) ≥ l(w), so BsBswB = BsBw′B = Bsw′B =
BwB. Now BsBsB ⊆ B ∪BsB, and we have equality as sBs ̸= B. Now
BsBwB = BsBsBswB = BsBswB ∪ BswB = Bw′B ∪ BsBw′B =
Bw′B ∪Bsw′B = BswB ∪BwB as desired.

Theorem 6.2. W = N/T is a Coxeter group with generators S

Proof. We only need to show that for all w ∈ W , s, t ∈ S and l(sw) = l(wt) =
l(w) + 1 then either l(swt) = l(w) + 2 or swt = w. If l(swt) < l(w) + 2 then
l(swt) = l(w) < l(sw), l(wt), so BsBwtB = BwtB ∪ BswtB and BswBtB =
BswB ∪BswtB, so BsBwBtB = BwtB ∪BswtB = BswB ∪BswtB, so wt =
sw ∈ N/T

6.3 The Building of (B,N)

Definition 6.3. Let G be a group and (B,N, S) a BN pair in G. We define
X = G/B, the set of left cosets, which we call the building of (B,N, S)

Remark. Given x, y ∈ X and s ∈ S we say x, y are s-adjacent, x ∼s y if
x = gB, y = hB and Bg−1hB = BsB or x = y. More generally for any
x = gB, y = hB we let δ(x, y) be the unique element ofW representing Bg−1hB.
We write δ(x) = δ(x,B). G acts on X by left translation, and δ(x, y) is g-
invariant. x ∼s y is a G-invariant equivalence relation, and if x ∼s y and x ̸= y,
and l(δ(x)s) > l(δ(x)) then δ(y) = δ(x)s

Remark. (Geometric realisation) We realise X as a simplicial complex of di-
mension d = |S| where the d simplices are the cosets gB with d− 1 dimensional
faces Ps/B where Ps = B ∪ BsB, and further dimensions are given by k-size
subsets of S.

Proposition 6.2. All subgroups B ≤ P ≤ G can be realised as some PS′

Proof. Exercise. (Use proposition 6.1, and consider Bw−1BwB)

Theorem 6.3. For all w ∈W, s ∈ S such that l(ws) > l(w) there is a bijection
B/(B ∩ wBw−1)×B/(B ∩ sBs) ∼= B/(B ∩ wsBsw−1)
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Proof. The stabiliser of wB is B∩wBw−1 so we will define a bijection from the
orbit of wB times B/(B ∩ sBs) bijects with the orbit of wsB. Let A = {(z, u) |
z ∈ OrbB w, u ̸= z, u ∼s z}. We define ϕ : A → OrbB wsB by (z, u) 7→ u. This
is well defined as if z ∈ OrbB wB with u ∼s z and u ̸= z then z = bwB and
δ(z) = δ(zB) = w. We know l(δ(z)s) > l(δ(z)) so δ(u) = δ(z)s = ws, so u =
bwsB and u ∈ OrbB wsB. To prove ϕ is injective, suppose (z1, u1), (z2, u2) ∈ A
such that ϕ(z1, u1) = ϕ(z2, u2), ie u1 = u2. Then z1 ∼s u1 = u2 ∼s z2, and so
z1 = z2 or δ(z1) = δ(z2)s. The second is equivalent to w = ws, so z1 = z2 and
we are done. To prove surjectivity, if u ∈ OrbB wsB, then u = bwsB and we
let z = bwB ∈ OrbB wB. Then δ(z, u) = s, so z ∼s u and u ̸= z by definitio, so
we have proven ϕ is a bijection.
Finally if z = gB ∈ X ,

{u ∈ X | u ̸= z, u ∼s z} = {u ∈ X | δ(u, z) = s} = {u ∈ X | δ(g−1u) = s}

which is in bijection with {u ∈ X | δ(u) = s} = OrbB sB. We define a bijection
ψ : A→ OrbwB ×Orb sB by the above correspondences, and we are done.

Remark. Geometrically, this states that if we fix a chamber B, then the orbit
of swB corresponds to the orbit of wB around B and the orbit of swB around
wB,

6.4 The Iwahori-Hecke Algebra

For H ≤ G, let XH be the standard module from the start of section 6.1 and
assume for all g ∈ G, H/(H ∩ gHg−1) is finite

Lemma 6.4. Let XH = {x ∈ X | hx = x, h ∈ H}. Then there is an isomor-
phism of vector spaces Hk(G,H) ∼= XH via θ : ϕ 7→ ϕ(H)

Proof. θ is linear and is well defined as hϕ(H) = ϕ(hH) = ϕ(H). Given v ∈ XH ,
we define ϕv : X → X via

∑
αghH =

∑
αggv. Then ϕv ∈ EndG X = Hk(G,H)

and θ(ϕv) = v. The other composition is also the identity, so we are done.

If v ∈ XH , then v =
∑
αggH = hv so for all h ∈ H, αh−1g = αg, so for

all g ∈ G, let vg =
∑

h∈H/(H∩gHg−1) hgH ∈ XH . Then for all x ∈ XH , v =∑
g∈H\G/H αgvg for some αg ∈ k. Thus Hk(G,H) has a basis {HgH | g ∈ G}

where HgH ∈ Hk(G,H) is defined by H 7→ vg. Let (B,N, S) be a BN pair
for G, and further assume that B/(B ∩ wBw−1) is finite for w ∈ N . We write
X = XB and use this to define Hk(G,B) ∼= XB with k-basis {Tw | w ∈ W}
where Tw(H) = vw. We call this Hk(G,B) the Iwahori alegbra of the BN pair.

Theorem 6.5. The basis Tw satisfies the following properties

1. T1 = Id

2. If w ∈W, s ∈ S and l(sw) > l(w) then Tsw = TsTw

3. If s ∈ S then T 2
s = qs + (qs − 1)Ts where qs = |B/(B ∩ sBs)| ∈ k
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Proof.

1. T1(B) = B so we are done.

2. We only need to show TsTw(B) = Tsw(B). Now TsTw(B) = Tw(Ts(B)) =
Tsw(B) so we are done (as bsb′w ∈ BsBwB = BswB by the length
condition, and |O(sw)| = |O(s)||O(w)| where O(w) = B/(B ∩ wBw−1)).

3. We can write BsBsB = B ∪ BsB, so T 2
s (B) = Ts(

∑
b∈B∩sBs bsB) =∑

b′∈B/(B∩sBs)

∑
b∈B/(B∩sBs) bsb

′sB. Note bsb′sB = B if and only if

b′ ∈ B ∩ sBs, so the trivial coset is represented qs times, and considering
the rest,

∑
b′ ̸=1 bsb

′sB which is a sum of qs(qs − 1) cosets in BsB. If sB
appears n times, then by g-invariance, so does every other coset in BsB,
so the result follows as there are qs many cosets.

Remark. The remaining property to prove this is a specialisation of the generic
Hecke algebra is an exercise. In particular if w =

∏
si is a reduced expression,

Tw =
∏
Tsi and the generators satisfy the braid relations.

Corollary 6.5.1. qs = qt if s, t are conjugate in W . Hence the Iwahori algebra
is a specialisation of the generic Hecke algebra.

Proof. Exercise.
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