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1 Introduction and Preliminaries

In this essay, we will introduce and describe a nice topological space on which Out(F,,), the outer
automorphism group of the free group, acts. We will define the space in two different ways, prove
that it is contractible, describe a nice subspace on which Out(F},) acts with finite stabilisers and finite
quotient, and use this to deduce some cohomological information about Out(F;,). We will largely follow
[7] and [4] in this part. After this, we will proceed to follow [7, 9, 10] in proving that the ith homology
groups of Out(F},) are isomorphic after a certain value of n, streamlining many duplicated arguments
across the 3 papers, and uniting the many errata of [7] in one place. We will then use some of the
3-manifold topology developed to discuss Whitehead’s algorithm for detecting when two elements of a
free group can be mapped to each other under some automorphism, following [16, 6]. At the end of the
essay, we will indicate some other views that may be taken on outer space that we did not have space
to mention in this essay.

1.1 Group Automorphisms
We begin by defining Out(F},). For completeness, we give the following definitions first.

Definition 1.1. The automorphism group of a group G, denoted Aut(G), is the group of automor-
phisms of G under composition. An automorphism is called inner if it is of the form ¢4: v — grg~!

for some g € G. We denote the set of inner automorphisms by Inn(G).

Remark 1.1. The set Inn(G) is a normal subgroup of Aut(G). We have that ¢p¢4(z) = h(gzg=t)h™! =
(hg)z(hg)™" = ¢ng(x), ;' = dpg—1 and Ydg1h~! () = Gy (g (2). Therefore we further see that the map
g — ¢4 has image Inn(G) and kernel Z(G), so Inn(G) = G/Z(G).

From the above remark if we understand G well, then we understand the inner automorphisms well.
It is therefore useful, if we wish to study the automorphisms of a group, to study the following group:

Definition 1.2. The quotient Aut(G)/Inn(G) is called the outer automorphism group, and is
denoted Out(G).

Example 1. It is well known that

e n =2
Aut(Sn) = Sﬁ -2 n=6
Sn n#2,6

where Sg - 2 is a certain group which contains Sg as an index 2 subgroup. It follows (as Z(S,) = e,
unless n = 2), that Inn(S,,) = S, (unless n = 2) and so

CQ n==~06
e n # 6.

Out(S,) = {

We make one final definition which will be needed for our discussion on cohomology.

Definition 1.3. A group is virtually P for a property P if it has a finite index subgroup with property
P.



1.2 Group Cohomology

There will be no proofs in this section, as the purpose of this section is to collect those results we need
from [2] to prove the facts mentioned in the introduction about cohomology. We note that we may
dualise everything to get homology as usual. We make no further comment on this, and expect the
reader to understand how to do so.

We begin by defining group cohomology. As usual, we will try to define it as the derived functor of
the hom-functor.

We fix a group G and a projective resolution

P —>P >P—>7Z—0
of the trivial ZG-module Z as a ZG-module.

Definition 1.4. We define the group cohomology of G with coefficients in M to be the cohomology
of the cochain complex

0 — Homgg(Py, M) — Homyg (P, M) — Homyg(Pe, M) — ...
Remark 1.2. By standard abstract nonsense, this is independent of choice of projective resolution.
Definition 1.5. We define the cohomological dimension of a group G to be
cd(G) = min{n | H*(G, M) = 0 for all k > n and all M}

Theorem 1.1. For every exact sequence of ZG-modules 0 — M’ — M — M" there is a natural exact
Mayer-Vietoris sequence

0— H(G,M") - H(G,M) - H(G,M") - H'(G,M') — ...

Proof. Brown, Proposition II1.6.1(ii’). O]
Corollary 1.1. The cohomological dimension of G is exactly the minimal length of a projective reso-
lution

> P> P - PFPy—>7Z—0.
Proof. Brown, Proposition VIIL.2.1. Ul

Corollary 1.2. If the cohomological dimension of G is finite, it is exactly the minimal n such that
H*(G,ZG) = 0 for all k > n.

Proof. Brown, Proposition 111.6.2. O
Proposition 1.1. If H < G, then cd H < cdG.
Proof. Brown, Proposition VIII.2.4. Ul

Proposition 1.2. If the cohomological dimension of G is finite, H < G and [G: H] < o then cd G =
cd H.

Proof. Brown, Proposition VIIL.2.4. OJ
Proposition 1.3. ¢dZ/nZ = « for every n # 0.
Proof. Brown, II1.1 Example 2. O



We may use the above three propositions to note an interesting phenomenon. Suppose G is virtually
torsion-free, but is not itself torsion-free. Then by Propositions 1.1 and 1.3, cd G = . However if
H < @G is finite index and torsion free, then cd H may be finite, and by Proposition 1.2, this number
does not depend on the choice of torsion-free finite index subgroup. We therefore make the following
definition:

Definition 1.6. The virtual cohomological dimension of a virtually torsion-free group G is the
(common) cohomological dimension of its torsion free finite index subgroups.

We now relate our above definitions to the topology of certain complexes related to the group G.

Definition 1.7. A K(G,1) for a group G is a cell complex X such that 71(X) = G and the universal
cover of X is contractible.

Remark 1.3. It is a fact of homotopy theory that the condition that the universal cover be contractible
is equivalent to all higher homotopy groups being trivial, and (separately)to all higher homology groups
being trivial.

Example 2. The torus is a K(Z?,1), as its universal cover is R2.
This matters in the context of cohomology for the following reason:

Proposition 1.4. Let X be a contractible cell complex on which G acts freely. Then Cy(X) is a free
resolution of Z over ZG.

Proof. Brown, Proposition I11.4.1. O

Corollary 1.3. The cohomological dimension of G is bounded above by the minimal dimension of a

K(G,1).
Proof. Brown, Proposition VIII.2.2. O

Remark 1.4. In fact, this is known to be an equality if the cohomological dimension is not equal
to 2, as stated in Chapter VIII of [2]. It is also known that there is a K (G, 1) of dimension 3 for G
of cohomological dimension 2, and there is no case where the above corollary is known to not be an
equality.

We now wish to translate the above discussion to a topological interpretation of virtual cohomolog-
ical dimension for virtually torsion-free groups.

Definition 1.8. An action G Q X of a group G on a cell complex X is proper if the stabiliser of any
cell is finite.

Remark 1.5. This agrees with the more general definition of a proper action for general topological
space X, but we shall not need that definition.

Proposition 1.5. Suppose we have a contractible complex X of dimension n on which a group G acts
properly. Then ved(G) < n.

Proof. Brown, Proposition VIII.2.2. Ul
There is one further finiteness property we wish to discuss.

Definition 1.9. A group G is of type F'L if there is a finite length free resolution of 7. as a ZG-module
such that every module in the resolution is of finite rank.



Definition 1.10. A group G is of type V. F'L if there is a finite index subgroup of type F'L.

Corollary 1.4. In the situation of Proposition 1.5, if X /G has finitely many cells, then G is of type
VFL.

Proof. Brown, Proposition VIII.11.1. O
We now finally state the precise theorem we will prove about Out(F,,).
Theorem 1.2. Out(F},) is of type VFL and ved(Out(F,)) = 2n — 3.

Remark 1.6. It is true that Out(F,) and Aut(F),) have torsion-free groups of finite index, due to
Culler et al. in [5], however the proof is beyond the scope of this essay. We will also prove a similar
result for Aut(F),), as it requires little more effort than the Out(F},) case.

Proof. We will prove that ved(Out(F,)) = 2n—3 by presenting a subgroup of cohomological dimension
2n — 3, following [4]. The remainder of the proof is deferred to later. We note that (S!)?"~3 is a
K(Z?=3,1), so cd(Z**=3) = 2n — 3. Now there is a subgroup of Out(F},) which is free abelian of rank
2n — 3, generated by «; given as x; — z1x; (and the identity on all other generators) and f3; given as
x; — x;x1 (and the identity on all other generators) for ¢ > 1, so by Proposition 1.1 we are done. [

To conclude this subsection, we state a theorem about homology relating homology of submodules
to that of the group which will be needed for homological stability. We assume knowledge of induced
modules.

Proposition 1.6. (Shapiro’s Lemma) If H < G and M is a H module, then H(G,Ind% M)
H.(H,M).
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Proof. Brown, Proposition 111.6.2. Ul

1.3 Graphs

By a graph, we mean a connected 1-dimensional cell complex. In particular, we allow edges from a
node to itself, and we allow multiple edges between two vertices.

A metric graph is a graph with a non-zero length assigned to each edge. For finite graphs, this
naturally forms a metric space with d(x,y) being the infimum of the lengths of paths between z and y
(for infinite graphs, a nice necessary, but not sufficient, condition for this pseudometric to be a metric
is that the lengths be bounded below by a uniform positive constant).

For a finite metric graph X, we define the volume of X to be the sum of all the lengths of the
edges. This will be used once later to provide a normalisation for Culler and Vogtmann’s construction
of outer space.

A separating edge of a graph X = (V| E) is some e € E such that X\{e} is disconnected.

We provide an example of the latter two definitions. The label of each edge denotes its length.



Example 3. The following is a metric graph:

This has volume 17. Note that the distance between two vertices need not be the length of the edge
between them (eg. d(a,b) = 2) and the only separating edge is the one between ¢ and d. Note that
graphs need not have a separating edge, for example the triangle.

1.4 Cutting and Pasting

In 3-manifold topology, as in much of maths, a lot can be proven by ‘cutting’ our spaces into smaller and
simpler components. In this section we will explore this process, mostly via analogy to the 2-dimensional
case.

We first define the operation under which we may join our spaces back together, as this will provide
motivation for some of our later definitions. Much of the material in this section can be found in [13].

Definition 1.11. Given two oriented n-manifolds with n < 3, M and N we define the connected
sum N#M to be the manifold obtained when we remove n-balls B, B’ from M and N respectively, and
then glue along the boundaries via an orientation reversing diffeomorphism 0B — 0B'.

Remark 1.7. This definition is well-defined, and the proof can be found in [13].

Remark 1.8. This definition can be made in the unoriented case, and for n > 4, however in those
cases the map S™ — S™ which we paste along does matter, and therefore we restrict to the cases of
interest, in which the choice of map does not matter as they produce manifolds diffeomorphic to each
other.

Example 4. If S; denotes the genus g surface, then Sy#Sy = Syqp-

Example 5. If M is an n-manifold and D is the n-dimensional ball, then M#D ~ M.

Proposition 1.7. If n > 3, then mi(M#N) = m (M) = 71 (N).

Proof. Seifert van Kampen. O

We see that cutting along the S"~! along which we glued, and then attaching a ball on both sides
of the cut returns us to our original manifolds. We therefore wish to study which S"~! we may cut
along for this process. Before moving to a formal definition, we examine this process for surfaces. For
the sake of brevity, we will consider Ss.



Example 6. We cut S5 along the indicated red line

After some consideration, it is clear we get two manifolds homeomorphic to the tori with holes on
the right. If we further cut these tori, say along their top sides, we get a decomposition of S into
‘irreducible’ surfaces, and it is clear how this generalises to any S,.

This motivates the following definition:
Definition 1.12. The 3-manifold M is irreducible if every sphere in its interior bounds a ball.

It is clear that every irreducible manifold is not the connect sum of two manifolds. The converse
only has one counterexample: S? x S' the proof of which we refer to [13].

We will later find it convenient to not need to re-glue a ball back in after cutting, and we will
therefore call a manifold with boundary irreducible if it is irreducible after capping off any spherical
boundary components.

Example 7. An important case of the latter comment: the 3-sphere with k balls removed is irreducible.

We make one final definition in this section, which will later allow us to define the action of Out(F},)
on a set of spheres realising part of a decomposition into irreducible manifolds.

Definition 1.13. A Dehn twist along a 2-sphere S S M inside a 3-manifold is given by choosing
an azis | cutting out a tubular neighbourhood of S which we denote S x [0,1], sending S x {t} to the
rotation of S by 2wt radians around [, and then gluing the neighbourhood back in.

1.5 Surgery Theory

We will describe the process of surgery, and demonstrate that it may be used ‘within’ a manifold to
modify submanifolds. This process will be a key part of our definition of the deformation retraction
exhibiting the contractibility of outer space, as it will allow us to modify our sphere systems until they
are a subset of a fixed sphere system. Much of the detail in this section may also be found in [13].

We make the observation that for a manifold X x Y the boundary is (X xY) = 0X xY u X x Y.
In particular for X = DP)Y = DY we have o(DP x DY) = SP~1 x D9 U DP x S971. We use this
observation to modify a given manifold M.

Definition 1.14. If we have a manifold M of dimension n = p+q with p < n and an embedding ¢: SP x
D9 — M, then we may remove the interior of im(¢) and glue DPT' x D4 to M along the first part of its
boundary to get a manifold (after smoothing out the corners created) M’ = (M\ Int(Im ¢))

DPFL % 8971 We call this process surgery.

U¢|spxsq—1



Remark 1.9. In future sections, we will want to use surgery to modify submanifolds S of a fixed man-
ifold M. In this setting, the process is the same, except that our DP*! U DY is a tubular neighbourhood
of an embedding of DP*! with boundary ¢(SP x {t}). In the case that p+ 1 = ¢, the resulting subspace
is (after smoothing corners) a new submanifold of M, and so we have performed the desired surgery
within M.

We provide some examples of surgery.

Example 8. If we perform surgery on a S!, then we must have p = 0 (as p < 1), and the result is two
copies of S', see the diagram below, where the blue lines are our Sy x Dy, and the red lines are the
other part of the boundary of a Dy x Djy:

Example 9. We will primarily perform surgery on copies of S? in what follows, so we examine what
happens in this case. We must have p < 2.

We first examine the case of p = 0. Then the embedding of S° x D? is two disjoint disks in S?, so
the result of removing them and replacing them with a S' x D! is a torus.

If p = 1, then S' x D! is a cylinder, which we take to be around the equator. Removing this and
replacing with a S° x D?, we get two copies of S2. It is this latter surgery that will primarily interest
us, as it turns spheres into different spheres, disjoint from the equator of the original sphere.

We now provide an example on the torus of performing surgery on submanifolds to obtain new
submanifolds:

Example 10. Consider the submanifold of 72 which is isomorphic to S* given by the blue line. We
conduct surgery on the S° given by the intersections of the red and blue lines. We embed a D' between
them via the red line, and take the tubular neighbourhood within the green lines. The resulting
submanifolds are given on the left, and, after smoothing, are truly submanifolds

1.6 Homotopy Theory and Spectral Sequences
1.6.1 Homotopy Theory

During our proofs of homological stability, we shall need to prove that certain homology groups of
spaces are trivial. The way we shall do so is given by homotopy theory, and we shall give the basic



definitions and theorems we shall need here. All results we give can be found in [1]. We assume all
spaces under consideration are CW-complexes (in fact, we will only need these results for unions of
open simplices of simplicial complexes)

Definition 1.15. The nth homotopy group of a space X with basepoint xo, denoted m,(X,xo), is
the set of homotopy classes of maps D,, — X such that 0D,, maps to xo, with all homotopies relative
to 0D,,. We say a path-connected space is n-connected if m;(X,z9) = e for 0 <i < n.

Example 11. A contractible space is n-connected for every n > 1. As with fundamental groups, if X
is path connected, m, (X, zo) = 7,(X, z1) for all xg, x1 € X, but the isomorphism is not canonical.

Theorem 1.3. If X is n-connected, then H;(X) =0 for 0 <i < n.
Proof. See [1], Proposition 2.4.19. O

Definition 1.16. The join of topological spaces X andY is
X*Y =X xY x I/{(z,y,0) ~ (z,v',0), (z,y,1) ~ (2, y,1)}.

We will need the following two theorems later to prove connectivity /contractibility results for certain
complexes of interest.

Theorem 1.4. If X is n-connected and Y is m-connected, then X =Y is (p + q + 2)-connected.
Proof. See [1], Proposition 6.2.11. O
Theorem 1.5. If a CW complex X is n-connected for every n = 1, then it is contractible.

Proof. See [1], Proposition 2.4.7. O

Finally, for one of our connectivity arguments, we will need to appeal to a certain long exact
sequence in homotopy, for which we give the relevant definition and theorem statement.

Definition 1.17. A map of based spaces p: E — B is a fibration if for every map of based spaces
f+Z — E and every homotopy g: Z x I — B such that g(-,0) = po f(-), there is a homotopy
h: Z x I — E such that po h = g, and h(-,0) = f(-). The fibre of this fibration is the space
F = p~(zg), where zg is the basepoint of B.

Theorem 1.6. Given a fibration E — B with fibre F, there is a long exact sequence of homotopy
groups
T (F) — m(F) > m(B) — m(F) — mo(E) — mo(B).

(This sequence continues to the left, but this is all we shall need).

Proof. See [1], Proposition 4.2.19. O

1.6.2 Spectral Sequences

The arguments for homological stability in [7, 9, 10] are largely based on spectral sequences. We
give here the bare minimum to understand these arguments, however we strongly recommend that the
interested reader read Chapter VII of [2], from which most of the content in this subsection derives.

Definition 1.18. A (homological) spectral sequence is a sequence Eq . of bigraded abelian groups

forr =1 with maps dy, - B} — Ey_ .. such that d"od” = 0 and E} ' = ker(dy, ,)/im(d), . . i1)-



We care about these for the following reason. Suppose we have a double complex C, o (ie, a chain
complex of chain complexes such that the vertical and horizontal differentials commute). We can
obtain from this the total chain complex T'(C). with T(C), = @D, ,—,, Cp,q with differential given
by d° + (—=1)Pd" where d° is the differential of C, in the first coordinate, and d' in the second.

We may filter T'(C) in two ways, with Fj,(T(C)n) = B;, Cin—i and with G(T(C)n) = @, <), Cn—iyi-
In these case we get a spectral sequence by setting E) = Hy(Cp.) (resp. E), = Hy(C,p). The
differential of E;, in these cases are the maps induced by the differential C, , — Cs 1 (vesp. Cpo —
Cp-1,), and so E,QV. can be described as taking the homology in the first coordinate, and then the
second (resp. second coordinate, and then the first).

It is a fact (see [2], Chapter VII) that E}  ‘converges to’ (in some sense that will be clear in the
cases we care about, as in those cases we will have that d" is eventually 0, and hence E,, , = Eg:gk for
all k > 0. We define this limit to be E° ) FpHy1(TC) (vesp. GpHpi4(TC)) and hence EX,
is the same in both cases. This is the main fact about spectral sequences that we will use.

In the case where our double complex is the tensor product of a ZG resolution of Z and the chain
complex related to a simplicial complex X, we may compute via this technique (see [2], Proposition
VIL5.6) that E> = H,(G, Hy(X)), and that E, = F,H, ,(X/G). Most of our arguments (phrased in
the original sources as proving the local coefficient system is trivial, or untwisted) consist of proving
that we may apply this proposition. Intuitively, this consists of proving that all the induced maps
Cp(X) — Cp_1(X) are ‘compatible’ isomorphisms.

ptq=n

2 Culler-Vogtmann Outer Space and the Sphere Complex

2.1 Culler-Vogtmann Outer Space

We fix an n, and following [4] we wish to construct a nice space on which Out(F},) acts. We will do
this by constructing a space on which Aut(F,,) acts, where Inn(F},) acts trivially.

Definition 2.1. A (n-petal) rose is the topological space R, = \/1-, S'.

Remark 2.1. The n-petal rose will be used as our ‘prototypical’ graph with fundamental group F), to
allow us to ‘label’ the edges of any other such graph.

Definition 2.2. A marking on a metric graph G with fundamental group 7 (G) = F,, is a homotopy
equivalence R, — G. A metric graph G with a marking g: R, — G is called a marked graph, and
two marked graphs (G1,g1) and (G, g2) are equivalent if there is an isometry i: G1 — Gy such that

G1

Ga

commautes.

Example 12. Consider the following graph, where every edge has length 1:

ClD

10



By contracting the middle edge to a point, we see this is homotopy equivalent to Ro, where we label
the generators of 71 (R2) as shown:

O

b

We choose a marking given by sending the a loop around the middle then left edges, and the b loop
around the middle then right edges. We may represent this marking by labelling the non-collapsed
edges with where they are mapped to under the homotopy inverse to the marking given by contracting

the middle edge:
Gl

Note that we could choose a different homotopy inverse (for example, contracting the right edge) and
we would get a different (but equivalent) labelling:

i

Remark 2.2. Similarly to the above example, we can get infinitely many different (but equivalent)
graphs. An important case is that we can conjugate the labelling by w € F,, (by choosing the homotopy
inverse sending an edge labelled w’ to ww'w™1).

We are now in a position to define our outer space:

Definition 2.3. We define the Culler- Vogtmann outer space for F,, denoted X,, to be the space
of all equivalence classes of conmected marked graphs with fundamental group F,,, volume 1 and no 2
or 1-valent vertices.

We wish to topologise the space above. As we have a metric on our marked graphs, and our
equivalence relation is defined using isometries between them, a natural choice of topology is induced
on X,, by considering the lengths of words in F}, defined as follows:

Definition 2.4. For a marked graph (G,g) we define the associated length function lg: F,, — R by
sending w € Fy, to the length of the associated path in G.

Remark 2.3. If marked graphs (G,g) and (H,h) are equivalent via an isometry i: G — H, then
lg = lg. This is because if ¢’ is a homotopy inverse to g, then 10 g ~ h, so i ~ ho g, but both h
and ¢’ send the representative of the word w in Ry and G to a representative of the word in H and Ry
respectively, and hence [g(w) = lg(w). We therefore get a map I: X,, — P(F},) (the projective space
on functions from F, to R) via (G, g) — (I(w))weF,, and we may pull back the topology, allowing us
to topologise X,,.

Remark 2.4. X,, topologised as such is a disjoint union of open simplices, where each simplex contains
points which are isomorphic as graphs (but not necessarily as metric graphs), where we just vary the
metric while retaining the same graph structure. Each face is given by setting the length of a given set
of edges equal to 0 (and hence removing it). The resulting space is not a simplicial complex as upon
removing edges, we may find that the graph is either not connected, or no longer has fundamental
group F,, and is hence not in X,,.

11



We define an action of Aut(F,) on X,, as follows. The automorphism ¢: Aut(F,) — Aut(F,) is
the map induced on the fundamental group by the map ¢: R, — R, sending the edge e of R, labelled
by a generator x; of F,, to the path labelled by ¢(x;). Given ¢ € Aut(F,,), we can therefore send the
marked graph (G, g) to a different marked graph (G, go). This respects equivalence of marked graphs
as that is defined by post-composition, and our action is defined by precomposition, so they commute.
This descends to an action of Out(F,,) on X,,, as by Remark 2.2, conjugation by an element of F,, sends
every marked graph to an equivalent marked graph, and hence Inn(F},) acts trivially on F),.

2.2 The Sphere Complex

We now describe a different construction of a related topological space, first defined in [7], which we
will use to prove that X, is contractible. We wish to use theory from low dimensional topology to
prove this, and so we choose a different model of space with fundamental group Fi,.

We define the manifold M, s to be the n-fold connected sum of 5?2 x 8! with n punctures. If
we consider the mapping class group of M, 1, we get a map from Mod(M, 1) — Aut(F;,) via the
action on the fundamental group of M, o based at the puncture (as the puncture must be fixed by any
representative of an element of the mapping class group, and hence the basepoint is fixed). As the
basepoint need not be fixed for Mod(M,, o), by choosing fixed paths from some basepoint zg € M to
x for all © € M, o, we get an action on the fundamental group which is defined up to conjugacy, and
hence a map Mod(M,, o) — Out(F,).

The space we wish to define is motivated by the cut and paste constructions of Section 1.4:

Definition 2.5. We define a system of 2-spheres in M, s to be a collection of disjointly embedded
smooth 2-spheres in M,, s such that no sphere bounds a 3-ball or is isotopic to a boundary component of
M, s, and no two spheres are isotopic to each other. We define the sphere complex, denoted S(M,, ),
to be the simplicial complex with k-simplices given by isotopy classes of systems of 2-spheres of size
k + 1, with faces given by taking subsystems (up to isotopy).

Remark 2.5. A system of spheres is exactly the data of a partial decomposition of M, ; into manifolds,
and example 6 can be easily turned into (the equivalent one dimension down of) a system of spheres.

Remark 2.6. To show this is a simplicial complex, we need to know that systems are determined
by the isotopy classes of their individual spheres. This is a theorem of Laudenbach [12] that states
that homotopic systems of spheres are isotopic, as we can easily find a homotopy between any two
sphere systems which are sphere-wise isotopic, namely by isotoping isotopic spheres to each other, not
worrying about intersections of different spheres.

Remark 2.7. Both of the above described maps Mod(M,, 1) — Aut(F;,) and Mod(M,, o) — Out(Fy,)
are surjective as all of the Nielsen generators of Aut(F),) can be realised as orientation preserving
diffeomorphisms of M,, o and of M, ;, and by Laudenbach [12], the kernels are generated by Dehn
twists. Dehn twists act trivially on the sphere complex, as proven in 3.3. Hence we get a left action of
Aut(Fy,) (resp. Out(F,)) on S(My, 1) (resp. S(Myp)) as the mapping class group gives a well-defined
map between sphere systems. For consistency with the action on X,,, we will use the corresponding
right action (where S - ¢ = ¢~ 1(S)) for the rest of this essay.

Remark 2.8. The maximal simplices of the sphere complex all have dimension 3n + s —4. We may see
this in the following way. The graph with vertices corresponding to M,, s\S and one for each puncture,
and edges between adjacent components has fundamental group F,, (as it is a deformation retract of
M, o via capping off the punctures), is trivalent (except at boundary components) as the components
of M, s\S are 3-punctured spheres, and so if we have v + s vertices, then we have n+v+s—1 edges. As
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3v+s =2n+2v+2s—2 (because each of the non-boundary vertices are trivalent), we have 3n + 2s—3
edges and hence we have 3n + s — 3 separating spheres, as the edges to boundary components don’t
contribute a sphere. Therefore the dimension of maximal simplices is 3n + s — 4.

We will prove a link, originally proven in [7], between the sphere complex for M, o and Culler and
Vogtmann’s construction of outer space in section 5.

3 Normal Form

3.1 Definition and Existence of Normal Forms

We now consider a maximal sphere system, that is, a sphere system which is contained in no other such
system. Throughout this section we such fix a system which we denote by ¥ = Uj Y, where ¥; are the
disjoint spheres of the system. By cutting along this system, we produce a collection of 3-punctured
spheres which we call P.

Definition 3.1. A sphere system S = |J; S; is said to be in normal form with respect to ¥ if for
each S, either S; is isotopic to some X;, or ¥ meets S; transversely in a (necessarily non-empty, by
maximality) collection of circles splitting S; into pieces such that the following hold for each punctured
sphere Py:

1. Each piece of S; in Py, meets each boundary component of Py, in at most one circle;
2. No piece in Py is a disk isotopic, fixing its boundary, to a disk in O0Pj.

Remark 3.1. As Py is a 3-punctured sphere, it follows from (1) that each piece is a sphere, cut in
at most 3 disjoint circles, and hence is a disk, cylinder or pair of pants (corresponding respectively to
having a boundary on one, two or three components of the boundary of Py). In the first case, the disk
must separate the other two boundary components, by (2).

We illustrate the first two cases of this remark with the situation in 2 dimensions (with the last
not being possible in dimension 2). If we call the boundary components of a 3-punctured 2-sphere
By, By, B3, then by cutting along disjoint paths from B; to By and B; to Bs, we get that the 3-
punctured 2-sphere is a decagon with identifications shown below. The two labelled paths are examples
of the cases described.

The coloured edges denote those edges which respectively make up Bj, Be, Bs.
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Condition 1 of this normal form allows us to perform surgery on ¥ with respect to .S, which will
later be vital in our construction of a contraction of S(M,, ;). Condition 2 states that every intersection
is ‘fundamental’, in that it provides meaningful information about the topology of our embedding.

The following proofs are due to Hatcher in [7].

Proposition 3.1. Fvery system S S M can be isotoped into normal form with respect to 3.

Proof. We may assume that S has been isotoped so that a maximal number of S; correspond with
some Y;, and so that every intersection between S and X is transverse.

We may ensure that condition (2) is satisfied by isotoping any such pieces (starting with the inner-
most) through the ; which they intersect.

If S is now not in normal form, we aim to decrease the number of circle components of this inter-
section. We may conduct surgery along spheres S; which meet ¥ along the circles where they meet
(starting with the inner-most ones) to produce a collection of disjoint spheres S;,, which do not intersect
>.. The inverse operation of this involves cutting holes in these S;,, and attaching tubes S7 x I, so now
all our intersections with ¥ are contained within these tubes.

If S is not in normal form, some S;,, has two tubes leading from it which pass through the same
component of 0P. Denote these by T7 and T3, and we may assume 77 is not contained in any larger
tube. We pull 77 (and any tubes contained within it) along the surface of S;;,, until it intersects at the
same circle as To. We then pull 77 (and any tubes inside it) down along 75 until it passes through ¥
again. We now have two intersections of T7 with ¥ (its original intersection and the extra intersection
made to go through ¥ so as to create the intersection at T5) and 3 for any tube contained within it
(the same two as 77, and the intersection that lies within 75). The first and last of these, however, can
be isotoped through X as they form a cylinder with both boundaries on the same component of 0P,
and so in total we have reduced the number of intersections by 1 (as 77 and 75 share an intersection).

By induction. we can therefore put S into normal form. O

3.2 Equivalence of Normal Form Systems

Definition 3.2. Two sphere systems S, S’ in normal form with respect to 3 are said to be equivalent
if there is a homotopy hy: S — M from S to S’ such that:

1. hy is the identity on S; if S; = ¥; for some i;

2. On all other S, hi(S;) is always transverse to X, with the intersection varying via isotopy, and
i particular remain disjoint.

Remark 3.2. Systems isotopic through normal form systems are equivalent, however equivalence also
allows us to unknot pieces within each Pj. It is clear that equivalent systems are isotopic, as they are
homotopic. We prove that if the systems are in normal form, this is in fact an equivalence.

Proposition 3.2. Isotopic sphere systems in normal form are equivalent.

Proof. We look at the universal cover, where oriented spheres give well-defined elements of ma (M),
which is isomorphic to Ho(M) by Hurewicz (as m (M) = 0).

We take the preimage ¥ of ¥ in M, and associate to this a graph, T, with vertices corresponding
to lifts of P as k ranges over every punctured sphere, and to the lifts of the boundary spheres, with
edges between two vertices if one is a boundary sphere of the other.

Since M is simply connected, each component o of ¥ separates M (as otherwise we could form
a loop intersecting o exactly once, and the intersection form yields that such a loop is non-trivial in
homology, and hence in the fundamental group), and hence T is a tree.
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Now suppose S is a sphere in normal form with ¥ and choose a lift S to M. For each Py, S n P,
has at most one component. This is trivial if S is a component of ¥. Otherwise, we can form a graph
similar to 7', but using S instead of all of M, which we call T'(S). The inclusion S — M induces a map
T(S) — T, which is locally injective by normal form, and hence globally injective. Therefore T'(S) is a
tree and so S N P, has at most one component.

We may now view T'(S) as a subtree of T', and it is convenient to enlarge it to contain all the vertices
corresponding to any P, (and its boundary spheres) which meets S. A disk piece of S corresponds to
a part of the tree of the following form

N, -

where dots correspond to the attachment to the rest of the tree. A cylinder corresponds to a

" B

and a pair of pants component to

. (3.3)

In particular, T'(S) can’t consist of only a single instance of one of these. For completeness, if S
corresponds to a component of ¥, we use T(S) to denote the corresponding vertex.

We choose a transverse orientation for S. If T'(S) is not a point, each end vertex of T(S) can be
labelled as to whether it lies on the positive or negative side of S. By the same argument as before,
S separates M, so these sides are well-defined. For terminal vertices in a component of form 3.1, by
condition (2) for normal form, the two vertices have opposite sign. The sign in 3.2 can be either sign.

Let S be the union of spheres with positive sign, and S_ those with negative sign. We get induced
orientations of these so that S is homologous to each of them separately. As each extremal Y is of the
form 3.1 having both a + and a — sign, S, determines 7'(S) (and identically so does S_), by taking
the smallest connected subset of T containing all the S, , such that if the vertex corresponding to P,
is included, so is all of its boundary spheres. In this way, S, also determines S_.

The homology class of S determines S, uniquely. Suppose that S is homologous to S’ (as happens
when they are isotopic through normal forms, by lifting the isotopy). If T'(S) # T'(S’), then there is
a component of 3 separating M into My, which (without loss of generality) contains all but a single
vertex of T(S), and contains all of T'(S’). Then S and S’ are different in Hy(M, My), contradiction so
T(S)=T(5).

If the choice of sign S and S’ induce on some component of ¥ are different, again by separating off
such a component, we get a contradiction in relative homology.
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We may now deduce that S, S’ are isotopic transverse to 3. As the trees T(S),T(S’) are equal,
the combinatorial data of the pattern of pieces are the same for each, so there is an isotopy of (M, )
mapping the intersections with S, S’ onto each other, and we can hence isotope S, S’ onto each other,
as there is one piece in each Py (and hence no knotting issues), and the signs of the boundaries (along
with which boundaries S, S’ intersect) uniquely identify them up to isotopy.

We now consider isotopic normal form systems S,.S’, and we choose transverse orientations on them
that are equal under the isotopy. We have a bijective correspondence between pieces of S and of S’ by
the preceeding arguments and we assert that if s,, s, are pieces of S in P}, and sp, q ' the corresponding

pieces of S’, then sp is on the same side relative to sq as sp is relative to s4. To see this, we consider

a lift Py, of By to M. Denoting the lifts to this piece of everything we have considered using tildes, we

may isotope S; to S’ containing s,. sp as we have argued for the single sphere case, and hence, as the

isotopy is an isotopy of the pair (M , E), we may assume they are equal. If the assertion were false, then

S], S containing g, sq would be on opposite sides of S;. Now as we have argued before, the trees of

Sj, S]- are equal and lie on opposite sides of S;, and hence T(S;) = T(S;) = T(Sg), as 9; lies in between
S; and S’ and therefore must pass through the same components in the same manner, so S; = S;. We
therefore have a deck transformation taking S; to S which preserves T'(S;), but this is impossible as a
deck transformation can’t fix a finite subtree by considering its barycentre.

We therefore have an orientation preserving bijection between circles of ¥ n .S and those of ¥ N S,
so we may isotope these to each other, and then as before we may isotope within P to get the desired
equivalence homotopy. O

Remark 3.3. We prove Dehn twists act trivially on the sphere complex. Take a sphere system S. If
the sphere ¥ we are twisting around is in S, then trivially the Dehn twist preserve S. Otherwise, by
the above proposition, we may assume our sphere system intersects > transversely in tubes. It is then
clear that S is homotopic to its Dehn twist, as the induced knotting does not matter for homotopy,
and so it is isotopic to its Dehn twist by Laudenbach [12].

4 Contractibility of Sphere Complex

We now wish to prove that the sphere complex is contractible, so we can get cohomological information
about Out(F},) from it, as in Section 1.2. The following proof is due to [7].

Theorem 4.1. S(M,, ;) is contractible if n > 0.

Proof. We prove only the case of primary interest to us, namely s < 1. The result is true for s > 1,
however the proof is similar, and not any more enlightening. In the case s < 1, we will construct a
piecewise linear deformation retraction onto the maximal simplex corresponding to a maximal system
Y. We consider a sphere system .S, and by Proposition 3.1, we may assume that S is in normal form
with respect to ¥. We take a point with coordinates (¢;) in the simplex corresponding to S, and we
will construct the path from this point to the simplex corresponding to .

We think of the number ¢; as the ‘weight’ corresponding to S;, and it will be convenient to thicken
S; (while keeping all the S; disjoint), and think of the width of this slice as being t;. If the weight is
0, we remove the sphere from the simplex. Of course, we may also split this ¢; into different slices of
positive width summing to ¢;, and we still consider this system as representing the same point.

For each sphere ¥; of ¥ which S meets transversely, we form a metric tree T; similarly to the proof
of Proposition 3.2, with vertices the components of ¥;\S and edges between neighbouring vertices.
We metrise the edge e € ¥; n S; by giving it length ¢;. This is a finite tree, so there is a canonical
deformation retraction to a point by iteratively shrinking the extremal edges to 0 length at constant
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speed. We aim to surger S so that the deformation induced on the trees T; is this deformation. We
will therefore obtain a sphere system disjoint from ¥, which must be in the simplex given by ¥ as ¥ is
maximal.

We consider the extremal vertices in 7. These correspond to the disks D, < ¥; such that D, n S =
0D, (ie, those disks bounded by intersections of ¥; with S which contain no other intersection). We
can therefore use these disks to perform surgery on S, surgering through the relevant widened S; (of
width ¢;) at constant speed, moving the weight to the new families constructed by the surgery. These
families may be taken to be disjoint to .S, so we may view the surgery in this way. We delete families
when they disappear as described above. There is no problem if surgery is being conducted from both
sides of S; simultaneously - the width just decreases twice as fast.

We consider a single component Py, of M, ;\X and consider what this surgery does in P. Surgery on
a disk piece produces a sphere isotopic to a component of 0P (and hence to some ¥; or a puncture by
definition). Surgery on one side of a cylinder C' produces a disk piece D. Any sphere of S intersecting
the other end of C' must be contained in Pi\C’, where C’ is C surgered along D. Therefore C” either
separates two boundary components, or there is no sphere on one side of C’, and hence we are performing
surgery on both sides, and therefore get a sphere contained in Py, hence bounding a ball. If we form a
pair of pants, surgery on one end produces a cylinder, and we are in the case described above. We can
remove any trivial spheres bounding a ball or puncture, as they are not involved in further surgery, and
therefore the result of surgery is still normal with respect to X. We have at least two disk pieces (ie,
vertices which are extremal in the graph with vertices the components of S;\X), and as we only have
one puncture, the result is a non-trivial system as only one of these two pieces can be homotopic to a
puncture, and hence be removed.

As the paths S(t) corresponding to S will always conduct the same surgeries depending only on the
spheres in existence at any given time, and will conduct those surgeries for a time given as a piecewise
linear function of the weights, the paths are continuous, and even piecewise linear, within a simplex
(including at the faces), and so we are done for s < 1. O

5 Relation to Culler-Vogtmann Outer Space

We earlier provided two constructions of an outer space. We now prove that these constructions are
closely related following [7], before moving on next section to prove some cohomological finiteness facts
about Out(F},) which follow from the existence of these spaces.

It is clear, from the fact that S = S(M,, o) is a simplicial complex and X, is not, that we will need
to remove some points from the former. It turns out that our deformation retraction constructed in
the previous section avoids these points, as long as we don’t start at them, and therefore we will have
provided a proof that X,, is contractible.

The proof of this will rely heavily on a dual graph, G(S), constructed similarly to Proposition
3.2. More explicitly, G(S) has vertices the components of M, (o\S with edges between neighbouring
components. G(S) will be the point of outer space corresponding to S, and we will need to determine
which G(S) do not lie in X,,. We may embed G(S) into M, o by choosing a vertex in each component,
and sending edges to paths between the corresponding vertices. This can also be seen as a quotient of
M, 0, by thickening every sphere of S to S x [0, 1], then projecting onto the second component, and
sending every point of M,, o\(S x [0, 1]) to the vertex in the same component.

We know that the fundamental group of M, o is F},, and that for G(S) to be in X, its fundamental
group must be Fj,. Further, by Seifert van Kampen, the fundamental group of M,, o is the fundamental
group of the graph of groups corresponding to cutting along S. This graph of groups has G, = 1 for
every edge e, and hence by [15] 1.5.1 Example 1, the fundamental group of G(.5) is a free factor of M,, ¢.
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We hence need the other factor, which is given by the free product of the fundamental groups of the
components of M, o\S, to be trivial. Hence the points we wish to remove are those with some non-
simply-connected complementary component. We denote this set So;. We now need to define a marking
on G(S). If S € S\Sg, then we know G(S) — M, ¢ is an isomorphism on fundamental groups, and so
is M, 0 — G(S) as we defined above. We therefore fix Sy € S\S,. Then G(Sy) — M, 0 — G(S5) is a
homotopy equivalence, and hence is a marking. The map ¢: S\Se, — X, given by S — (G(Sp) — G(S))
is linear on open simplices and continuous on faces, and hence continuous everywhere. It is also Out(F},)
equivariant (noting that Out(F,,) acts on S via pullback). We wish to prove the following theorem.

Theorem 5.1. ¢: S\Sy, — X, is a homeomorphism.

Proof. We construct an inverse. Let f: R, — X be a point of X,,. We build a manifold M (X) = M,
by taking a k-punctured sphere for each k-valence vertex of X, relating each puncture to an edge, and
gluing the two punctures which correspond to a given edge.

We have a natural sphere system S(X) given by the spheres along which we glued, weighted by the
lengths of the corresponding edges.

The corresponding graph is easily seen to be isometric to X, and if we choose a diffeomorphism
M, o = M(X), then the pullback of S(X) is a weighted system S with ®(S) = (X, g) for some homotopy
equivalence g.

Since every homotopy equivalence Ry — Ry is realised by a diffeomorphism of M o, we may rechoose
our diffeomorphism so g = f.

The isotopy class of S doesn’t depend on the choice of diffeomorphism, as every choice induces the
same isomorphism on fundamental groups, and hence by [12] is a composition of Dehn twists, which
act trivially on S.

Any isometry X — X' gives a diffeomorphism M (X) — M (X’) which takes S(X) to S(X’), and
hence our inverse is well-defined, and clearly an inverse to ¢. O

Remark 5.1. The deformation retraction of S that we constructed maps S\Sy, to itself, as each surgery
removes a disk from one complementary component of S € S\S,, and adds a 2-handle to another, and
the only other operations we need to do are adding or merging parallel spheres, and throwing away
trivial ones. All of these operations preserve simple connectivity, and so we are done.

We now describe a nice subcomplex, both in S and in X,,, which has dimension 2n — 3, and on
which Out(F},) acts with finite stabilisers and finite quotient. This will complete our proof of Theorem
1.2 as promised. The description in X, comes from [4] and is as follows.

Proof. We define the subcomplex Y,, of X, to be the subcomplex of graphs with no separating edges. We
denote the simplicial complex containing X,, (ie, the complex of all connected marked graphs with no 1
or 2 valent vertices with fundamental group of rank at most n) by X, and we denote the subcomplex
containing Y, by Y *.

We take the barycentric subdivision of Y,* and denote it Y,', and we let K, be the full subcomplex
of Y, which is disjoint from 0Y;,, so that K, is the full subcomplex of Y} with a vertex for every simplex
of Y,. We can define an Out(F),)-equivariant deformation retraction of ¥, onto K, by sending each
face of Y, onto the face it has in K,, (note that K, is full so this is well-defined).

A vertex of K, is a face of Y}, so to determine the dimension of K, it suffices to determine the
minimal dimension of a face of Y,,. This is easily seen to be n — 1, so that the dimension of K is
3n—4—(n—1)=2n-3.

As K, is homotopy equivalent to Y,,, and Y,, is homotopy equivalent to X, (as separating edges can
be uniformly reduced in length to 0, providing a deformation retraction), we see that K, is contractible.
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We note that the stabiliser of any point of K is a subgroup of the isometry group of any graph
represented by that point, and hence is finite, and that the quotient is finite (as any two bases of F,
can be mapped to each other by an automorphism, and so any two points with the same underlying
combinatorial graph are in the same Out(F,,) orbit). We have therefore completed the proof of Theorem
1.2 in the X,, construction.

We wish to translate the above discussion into the sphere complex now. Our replacement for K,
shall be Sy with vertices the systems such that M\S is simply connected, and with k-simplices those
k-simplices of the barycentric subdivision of Sq.

It is immediately clear from our discussions above that this is the subcomplex of S corresponding
to K,,, and the same argument gives the same dimension. The graph theoretic argument that we
should have finite stabilisers and finite quotient becomes the geometric topology fact that our sphere
complex is determined by how many punctures each complementary sphere has (which corresponds to
the valence of a vertex in the graph), and how those punctures are attached, and any automorphisms
of the system are (up to isotopy) given by choosing a different gluing in this manner. O

Remark 5.2. The above argument, in the sphere complex case, also works for M,, 1, where we can
deduce, in an identical manner, that ved(Aut,(F,)) = 2n — 2.

6 Outline of Homological Stability

In [7], after proving the contractibility of the sphere complex (and hence of outer space), the main aim
of the paper is to gain more information about the relationships of certain groups’ homology, including
as previously outlined, Out(F,,) and Aut(F,). We shall explain the broad proof strategy, as it is not
clear, being split across 4 papers, before giving greater details in the next few sections.

We state all theorems for general M, ; as s = 2 is needed in the proof, making it simpler to state
for all s, and indicate where the corrections from [9, 10, 11] are needed as appropriate. For the main
theorem, [9] gives a stronger lower bound than [7], and so we shall state it as given there. We first
define several relevant maps, as defined in [7, 9, 10] (we use the naming system of [9, 10], which it is
important to note is not the same as [7]!). We denote I';, ; = Mod(M,, s)/T, where T' is the normal
subgroup generated by Dehn twists. As we have discussed, for s = 0,1 this is just Out(F,) (resp.
Aut(F)).

Definition 6.1.

o B3: 'y s42 = I'ny1s where s = 0 is defined as the map induced by gluing a tube between two
punctures of My, ;.

o 1: 1y o = I'y g1 where s > 1 is defined as the map induced by gluing a 3-punctured 3-sphere to
one of the punctures of M, s.

o a: s — Tpy1s where s > 1 is defined by Bu’.
o v:I'y 1 — 'y is given by capping off the boundary component.

o n:I'y s — I'pny1s-1 where s > 2 is defined as the map induced by gluing a 3-punctured 3-sphere
to two of the punctures of My, s.

Theorem 6.1. «, 3, are isomorphisms from H;(I'y ) to their respective images for n = 2i + 2 if
s> 0. For B, if s = 0 then it is an isomorphism for n = 2i + 3. ~ is an isomorphism for n = 2i + 4.
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We briefly indicate the path that the proof of this theorem takes, as with it left across 4 different
papers, it is hard to trace the critical path, and which theorems are not proven correctly, in the
literature. The proofs and definitions given in Sections 2, 3 and 4 of this essay cover the first two
sections of [7], and so we shall pick up from there.

The next steps involve defining a further nice subcomplex of S(M,, 5), called Y. Y is closely related
to the concept of a sphere basis, consisting of those systems which are either sphere bases, or may be
extended to a sphere basis.

It is then proven that Y is n — 2 connected which is a generalisation of simply connected to higher
homotopy groups. We may thus deduce the homotopy type of Y. The proof of this given in [7] is
wrong, and a correct proof is given as Proposition 3.2 of [11].

An ordered version of Y is then defined, and it is then proven that X /T, s is contractible, and that
the stabilisers of the action are I',_j, 5405 for some ¢ < s. This brings us to the end of section 3 of [7]
(having omitted the information about the subcomplex Z defined in [7], as it is not used in any correct
argument for the theorem).

Section 4 of [7] is replaced in its entirety by [9], and so we shall now follow that paper.

We define another complex, W, s with k simplices being the systems of size k£ + 1, together with
an enveloping sphere separating them from the rest of the sphere. The same sorts of connectivity and
stabilisation information about W is proven, and then it is proven that a induces an isomorphism on
homology through an argument based on a spectral sequence related to W.

There is then an error in proving 8 is an isomorphism on homology for s > 1, which is corrected in
[10], so we will temporarily defer the discussion of this proof. It is then proven that 3 is an isomorphism
on homology for s = 0. This is proven in a very similar way to the theorem for «, but this time using
X, however in absence of the enveloping spheres that we have in W, we must choose them arbitrarily,
and then prove the choice does not matter.

We now return to the proof for s = 1. Now following [10], we wish to prove that p induces an
isomorphism. It is easy to show that u is injective, and has the same stable range as «, so it remains
to show that p is eventually surjective on homology. This is the purpose for which [10] introduces 7.

As before, we introduce another complex U, s and wish to prove properties about its connectivity
and stabilisers, finishing with a spectral sequence argument.

We have a = un, and the proof proceeds by proving that nu is an isomorphism which commutes
with «, so we can pass to the direct limit and consider Uy s = lim U, 5. The next step of the proof is to
consider the action of I'y, s = l'i)nfn, s on Uy 5. From the results on W), , we may deduce the quotient
is contractible, and another spectral sequence argument using Uy s proves pun, and hence p induces an
isomorphism on homology.

As 1 and « are isomorphisms, we deduce that 3 is too, and hence that ~ is, from ya = Bu, and so
we are done.

7 Connectivity of Subcomplexes Part I

Having achieved the first goal of the essay, we now look towards proving a homological stability re-

sult for the group homology of Mod(M,, s). We define the 5 subcomplexes of S(M,, s) which we called

Y5, Xnss Whns,Uns and Z, s, and prove the relevant results about their connectivity and point sta-

bilisers. We will then proceed with the spectral sequence arguments described in the previous section.
We begin with Y7, ;.

Definition 7.1. We define Y, s to be the subcomplex of S(My,s) consisting of all those simplices where
My, \S is connected. We define Ynifs to be the complex with simplices consisting of those sphere systems
such that M\S is connected, together with an orientation of each component.
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Remark 7.1. We have dimY,, ; = dim YnJ—fS =n-—1.

The following theorem is stated, but proven incorrectly in [7] (Proposition 3.1). The proof that
follows is from [11], Proposition 3.2, however we have written it in the notation of [7] as we shall use
that notation for Y in this essay.

Theorem 7.1. Y, ; and Y, are (n — 2)-connected.

Proof. The result is vacuous for n = 0, so we assume n > 0.

We consider a map f: S™ — Y, ; where m < n — 2. Since we know S(M,, 5) is contractible, this
extends to a map F': D™ — S(M,, ).

Let o be a p-dimensional simplex in D" whose image is a ¢g-dimensional simplex 7 of S(M,, 5) such
that every sphere in the system representing 7 separates the complement of all other spheres in the
system.

Let the system representing 7 be So U --- U S;. Then let L, be the subcomplex of D™ consisting
of the simplices v such that v U ¢ is a simplex, and v N o = J. We call this the link of o.

This is mapped to the link of v, but this is just the join of all Y (M), ..., Y (My), where M; are the
components of the complement of Sy u --- U S,.

By induction on (n, s), Y/(M;) is (n; —2)-connected, so the join of all Y/ (M), ..., Y (My) is (3 ni)—
2)-connected. Now this is larger than n — ¢ —2 > m — p as n — 2 > m, so we can extend the map
S™=P = Link(c) — Link(7) to the disc D™ P!, We use this to change F on the inside of Link(o),
and after finitely many such modifications, we have a map into Y}, s, so Y}, s is (n — 2)-connected.

For Yn+s, we may perform an identical procedure, but this time with a simplex mapping into a
maximal number of negatively oriented components (with respect to a fixed positive orientation on all
spheres), to obtain the same result. O

Now it is not trivial to obtain a nice description of stabilisers for Y;, 5, as given a simplex o represented
by a sphere system S, we would like to say the stabiliser of ¢ is just I'(My  \S) = 'y s+2,. This
however is not true, as any of the last 2k punctures can be permuted while still obtaining an element
of the stabiliser. To remedy this issue, we must work with a version of YnJ—fS with ordered vertices.

Definition 7.2. We define X,, s to be the complex with k-simplices the simplicial maps AF Yn%s
where AF is the standard k-simplex.

Remark 7.2. This complex is infinite dimensional, as spheres may be repeated, but it is a classical
fact in algebraic topology that it has the same simplicial homology as Yn+s, and hence the same singular
homology.

The action of Fn,s on YJr gives an action on X, . If the image of the simplex o € X,, 5 is k-
dimensional in Yn 5, then we may expect that the stabiliser of o, denoted I'y, is now I',,_j 542k, and
this is indeed the case due to the following lemma from [7].

Lemma 7.1. The natural surjection I'y,_j, s1op — I's given by acting on My, \Im(o), and then gluing
M’ back up into M, s is an isomorphism.

Proof. Let Mg = M, s\S and suppose g: Mg — Mg is a diffeomorphism which is isotopic to the
identity as a map M — M.

Let S” be a sphere system in Mg whose complement is connected and simply connected. Then
f(S") is isotopic to S’ in M, and hence by passing to the universal cover of M, homotopic in Mg. By
Laudenbach [12], S" and f(S’) are isotopic in Mg, and so g may be isotoped to leave S’ invariant.

We must preserve orientation as otherwise f would act non-trivially on Hy(M). Splitting Mg along
S’ gives a punctured S2, and g is isotopic to the identity on this S® as it preserves all the punctures.
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Therefore g is isotopic to a product of twists around S’ in Mod(Mg), and so is 0 in I'(Mg) and so we
are done. O

We now wish to prove something about the connectivity of the quotient X/I',, 5. The following
lemma (as every theorem in this section so far) is from [7].

Lemma 7.2. X/T', 5 is (n — 2)-connected.

Proof. By a simple argument via cutting along the relevant sphere systems, I',, s acts transitively on
YnJ—fS, so every k-simplex is equivalent to a subsimplex of a fixed oriented system of size n which we
denote S = S; U --- U S,. All permutations of S can be realised via diffecomorphisms of M, s, and so
X /T can be identified with the quotient of K, the complex with k-simplices the lists of numbers below
n (possibly with repeats), under the action of the symmetric group S,,.

Now K,_1 € K, descends to an inclusion K,,_1/S,-1 € K,/S,, with the (n—2)-skeleton completely
contained in the former, so it suffices to show that K, _1/S,—1 is contractible in K,/S,. This is
immediate, as adding n to the end of every k-simplex in the former gives us a cone over K,,_1/S,—1 in

Ky /Sh. 0

8 Connectivity of Subcomplexes Part 11

We now define W, s and give a result on its connectivity. This is by far the most involved of the
5 complexes to give this result for, and so we give it its own section. The main observation is a
generalisation of the results in section 5 allowing us to relate W, ; to similar complexes of graphs, and
deduce the results for those graphs using the degree theorem of [§].

We give a formal definition of W), .

Definition 8.1. The complex W, s is defined by having k-simplices be ordered, oriented collections of
sphere systems of size k + 1 with connected complement, together with an enveloping sphere S which
separates those spheres, along with a fixed boundary component 0y, from the rest of the manifold. By
this, we mean that the component of M, s\S which contains dy has boundary consisting only of S and
0o, and is simply connected after removing the sphere system.

Remark 8.1. The enveloping sphere is unique up to isotopy if the sphere system has size n, but is
genuinely meaningful extra data if that is not the case.

Remark 8.2. In a similar way to before, this has a natural action by I', ;. We also define V;, ¢ (resp.
VnJ—fs) to be the version of W, s without ordering or orientation (resp. without ordering). Since I',, 5 acts
transitively on VT:—; and all reorderings of vertices are realisable by Iy, 5, we see that W,, ;/I';, s = K, /Sy,
and hence is (n — 1)-connected.

To motivate our following discussion, we look back at Section 5, and in particular the discussion for
Aut(F),). We note that we needed to add in a seemingly ad-hoc exception for one vertex of valence 1
in order to account for the boundary component. This was the s = 1 case, and , following [9], we will
define thorned roses as an analogue of the n-petaled roses of Culler-Vogtmann outer space to account
for the existence of boundary components. We will then deduce the connectivity of W,, s in a similar
way to the quotient maps of Section 5.

Definition 8.2. An s-thorned metric graph is a based metric graph of volume 1 with s distinguished
points vy, ...,vs—1 (which may be equal), where vy is the basepoint. We fix a positive length x and
attach edges of length x to each of the vi,...,vs_1, and these are called the thorns of the graph. We
call the other endpoints of the thorns w;.

22



Definition 8.3. The thorned rose R, s is the graph with s vertices vy, ...,vs—1, with edges (vg,v;) for
1<i<s—1, and n edges from vg to itself.

Remark 8.3. The thorned roses are our analogue of R,, from Culler-Vogtmann outer space in this
more general situation, in that they are what will be used to define a ‘marking’ on s-thorned graphs
with fundamental group Fj,.

Example 13. The thorned rose R34 is depicted below:

CeD
)

Definition 8.4. A marking of an s-thorned graph I' is a homotopy equivalence g: Ry, s — I' such that
g(vi) = w; for 1 <i<s—1. Markings g: R, s — T' and ¢': R, s — I" are equivalent if there is an
isometry h: T' — T" sending w; to w} which commutes with the markings in the same sense as the s = 0
case of Section 2.

In an identical manner to how we defined X, in Section 2, we define A, s for this definition of
marking, and it is immediate that X, = A, 0.

We note that in the situation of Section 5, we had a bijection between X,, and those simplices of
S(M,,,0) with every complement simply connected. This motivates the following definition:

Definition 8.5. A sphere system S is simple if every component of My s\S is simply connected.

Remark 8.4. We denote the subspace of simple sphere systems as SS(M,, s), which is a union of open
simplices, but not a subcomplex of S(M,, s).

We define ®: SS(M,, s) — Ay, s in the same way as in Section 5, except we also take a neighbourhood
of the boundary spheres except for dy (in addition to those elements of the sphere system), which gives
us our thorns. We get a marking in an identical way to in Section 5, by fixing a sphere system Sy
with graph isomorphic (as thorned graphs) to R, s, and marking using the graph corresponding to it.
The requirement for Sy to have such a graph is that the complement be connected, and clearly such a
system does exist.

The result we desire (that SS(M,, s) is homeomorphic to A4, s) will immediately follow just like
Theorem 5.1 if we can prove that G, s (the group of homotopy self-equivalences of R;, s which fix the
marked points) is isomorphic to I', 5 (ie, when we prove a higher dimensional equivalent of Out(F),) =
Iy 0 from [12]).

We define the homomorphism ¢: I', s — G, s which will be the isomorphism we desire in the only
way possible: Mod(M,, s) acts on M,, s, and so we induce a map R,, s to itself by including it into M, q,
applying f € I'), s to M, s, and then applying the quotient. Since Dehn twists have no effect on the
class of f o1, this is well defined, and for it to be a homomorphism we need the following two maps to
be homotopic, where ¢g: M,, s — R,, s is the quotient map analogous to that of Section 5.

RuMLMLREMS ML R
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Now 4 o r is not necessarily homotopic to the identity, but f o4 can be homotoped to have image in
i(R) so that i or is the identity on its image, as i(R) has the same fundamental group as M, ;.
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Proposition 8.1. The above homomorphism is an isomorphism.

Proof. As remarked before, for s < 1 this is a theorem in [12]. We induct on s for the general case.

We use the group of diffeomorphisms of M,, o fixing s distinguished points vy, . . ., vs—1 and we denote
this group by Diff,, ;. We use this in place of Diff (M, ), noting that m Diff,, ; = Mod(M,, 5)/G where
G is the subgroup generated by Dehn twists around the boundary components. We do this as we wish
to be able to evaluate at the boundaries.

Evaluation at the sth distinguished point gives a fibration Diff,, ; — Diff,, 1 — M, o\{vo, ..., vs—2}.
Similarly, we get a fibration for the homotopy equivalences of R,, s and the homotopy equivalences where
we view the metric graph R, s as an (s — 1)-thorned graph by forgetting the last distinguished point.
The LES for these fibrations yield the top and bottom rows of the following respectively:

F, —— m Dift,, y —— moDiff,, s —— 1

S

Fn Gn,s Gn s—1 > 1

)

where ); is the composition mg Diff,, ; — I';,; — G, ;. The second row extends to a short exact sequence,
as if two maps R, s — R, s are homotopic, they must send the sth thorn to homotopic loops in R, ,
and a € F, is sent to a map which sends the sth thorn to a. Therefore as the diagram commutes,
the top row extends to a short exact sequence. The snake lemma shows that the kernels of 1, and
1p—1 are isomorphic, and so by induction both are generated by all the Dehn twists. The induced map
I'y,s — G s is therefore an isomorphism. O

In view of the fact (cf Section 5) that SS(M) is contractible, the preceeding proposition yields that
A, s is contractible (at least for n > 1, which is the case we are interested in).

8.1 The Degree Theorem

In the discussion of the connectivity properties of Y;, 5, the key insight was to notice that we could
inductively reduce how ‘far’ a homotopy lying in our total space (which was contractible) was from
lying in the subspace we were interested in. We wish to acquire a similar tool for A,, s, however this
shall turn out to be more technical than it was for Y, ;. The primary tool needed will be a variation of
the degree theorem of [8], as stated in [9]. In the former paper, the degree of a basepointed graph was
defined to be 2n — |vg| where |v| is the valence of v. The degree theorem then stated that a k-parameter
family of graphs in A, ; (such as a D¥-indexed family of graphs) can be deformed into the subspace
of graphs of degree at most k via a deformation during which the degree is non-increasing. This then
immediately implies that the subspace of degree k graphs in A, ; is (kK — 1)-connected. We make the
following definition, with the aim of generalising this theorem to thorned graphs.

Definition 8.6. The degree of an s-thorned graph T' is 2n + s — 1 — |vg|. We denote the set of those
graphs of degree at most k by Ags.

Remark 8.5. The degree of R, s is 0, and the degree of a graph in A,, ; agrees with that as defined in
[8].

The version of the degree theorem we shall need is that stated in [9]. As the proof of this would
take us too far a field into Morse theory, the author shall content themselves by directing the reader to
[8] (for the full details) and [9] (for the minor modification needed in the case of thorned graphs).

Theorem 8.1. A map fo: DX — A, s is homotopic to a map f1: D¥ — Aﬁjs by a homotopy during
which the degree decreases monotonically.
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The following lemma from [9] shall be needed to prove that a homotopy we shall use later will be
well defined:

Lemma 8.1. If k < n/2 then a degree k thorned graph of rank n has at least one loop at the basepoint
(which we require has no thorns in its interior)

Proof. Suppose I' has rank n and degree k with basepoint vg. By definition k¥ = 2n + s — 1 — |vg|.
By performing the operation below (called blowing up, see [4] for more details - this is essentially the
operation of moving from a face to an open simplex containing it. The operation turns the vertex
labelled 1 into those labelled 2 and 3), we may assume every vertex other than vy is trivalent or
univalent.

. 1/: —_ :j\2 :
o/ o/

For such a graph, the degree equals the number of trivalent vertices, as collapsing such a vertex back
down into vy reduces the degree by 1, and eventually ends up at Rz, 5. Let I'y be the subgraph spanned
by all vertices other than the basepoint. If I" has no loops at the basepoint, then E(I") = E(I'1) + |vg]
where E is the number of edges. We therefore calculate the Euler characteristic as

1—n=x(I)
= V() - ET)
=1+ V(') = (E(T'1) + |vol)
=1+k+s—-1)—(ET)+2n+s—1—k))

Son =2k — E(I'1), and so n < 2k. This was all under the assumption that we have no loops at the
basepoint, so we are done. O

We finish our combinatorial diversion by proving the connectivity of the subcomplex of A,, ; which
we will compare V,, s to. This subspace is L, s, the subspace of all graphs with at least one loop at
the basepoint, and no separating edges other than thorns. Note that this is not a subcomplex, only a
union of open simplices.

Theorem 8.2. L, ¢ is (n — 3)/2-connected.

Proof. As in [4], the condition on separating edges is trivial to work around, by uniformly shrinking
their lengths to 0, and so we shall ignore it.

Now suppose k < n/2 and take a map of S*~! into Ly, s. As before, we get an extension fj: DF —
Ay s, which, by the degree theorem, is homotopic to a map fi: DF — Aﬁy ¢ Via a homotopy monotonically
reducing the degree. By the preceeding lemma, every graph in Alfhs is in Ly s, so fi maps into Ly, .

The proof of the degree theorem yields a homotopy which can only ever increase the number of
loops at the basepoint, and so the image of S¥~1 stays in L, s for all time, and is filled in at ¢t = 1,
and hence the image of S¥~1 x [0,1] U D¥ x {1} =~ D* fills in S*~! x {0}, and lies in L, s, so we are
done. O
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8.2 Proof of Connectivity

Once again taking a degree of inspiration from Section 5, we wish to produce a nice subspace of L, ,
which is both a simplicial complex (after barycentric subdivision) and a deformation retraction of L, .
We construct SL, s, called the spine of L, s from L, , in exactly the same manner as we constructed
K, from Y,, in Section 5.

We wish to translate this into the language of sphere systems, as some structure is lost when we
take the quotient down to graphs. It is fairly immediate to see that L, s corresponds to those sphere
systems such that:

e The system is simple;

e No sphere in the system is separating;

e The component of the complement containing dy also contains both sides of at least one sphere.
Theorem 8.3. V), ; is (n — 3)/2-connected for s > 0.

Proof. We define a map f: SL,, — V, , as follows: for a sphere system S we define My to be the
component of M, ;\S containing dp, and we send the sphere system S to the subsystem T" consisting of
those spheres with both sides contained in My, with enveloping sphere the unique such sphere contained
in Mo.

We claim this is an order reversing poset map, for the posets defined by inclusion of faces. Suppose
S’ is a face of S in SLy, ;. Then it must contain all the spheres with both sides in My, as otherwise the
system would not be simple. Therefore M(, the component of M,, ;\S" containing dp, is (not necessarily
strictly) larger than My, so the enveloping sphere can be taken to be either the same as, or disjoint
from, that of T'.

To prove that this is a homotopy equivalence, we will invoke Quillen’s Poset Lemma [14]. To do so,
we need to prove that for any 7 = (T, T¢) € V;, 5, the fibre fo; = {S € SL, s | f(S) = 7} is contractible.

We let k be the number of spheres in 7. If k = n, then f>; is a single point since all spheres in SL,, ¢
are non-separating. Now suppose k < n. Then f<. is the set of all simple systems of non-separating
spheres which contain 7" and are disjoint from 7. Now T, splits M, s into two parts, one of which is
homeomorphic to M,,_j s (and the other of which is already simply connected, so contains no sphere of
any element of f>, except for those already in T'). This is the space A,,_j, s, after contracting separating
edges as described before, and so is contractible. Hence we may apply Quillen’s Poset Lemma, and so
f is a homotopy equivalence and we are done. O

Remark 8.6. In an identical manner to how we proved that Y, has the same connectivity as Y, s in
the previous section, V%, is also (n — 3)/2-connected.

9 Connectivity of Subcomplexes Part III

We now aim to define U, s from [10], and prove that the limit Uy s = li_r)nUn,s has nice connectivity
and stabiliser properties.

Definition 9.1. We define the complex Z, s for s = 2 as follows. The vertices are equivalence classes
of pairs (S, a) where S is a non-separating sphere and a is an arc from the first boundary component of
M, s to the last such that |S na| = 1 with transverse intersection, up to isotopy. A set of k+1 vertices
(S1,a1), ..., (Sk+1, ap+1) give a k-simplex if all the sets S; U a; are pairwise disjoint and the spheres S;
form a sphere system in Yy, .
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As we wish to take a limit of these, we need define an inclusion Z, s — Z,41s. We define this via
an inclusion of M,, s — M,, 11 s such that every curve ending on the final boundary component of the
former can be isotoped to end on the final boundary component of the latter. We do this by gluing
half the boundary of an M ; to half of the final boundary component of M, ;. It is immediate that
this gives a map as desired. This map is injective by uniqueness of normal forms (see Section 2), and
we denote the limit by Z .

Theorem 9.1. Zy , is contractible.

Proof. As it is a CW-complex, it suffices to prove that every homotopy group is trivial. We therefore
start with a map ¢: ¥~ ! — Zw,s, which we may assume is simplicial, and wish to extend it to DF.
As the triangulation of S*~! has finitely many simplices, its image lands in some Zn,s- We consider
M, € My41 € - € My1141, the inclusions described above which induce «, and choose non-separating
spheres T; in M, 4i41\Mp+i.

We triangulate D¥ by coning off the triangulation of S*~! to a new vertex v, and define g(v) to be
(T, by), where b, is any valid arc.

We extend this over the other simplices of D* by induction on the dimension of the simplex as follows:
For a simplex ¢ of dimension i not contained in S¥~!, ¢ is the coning off of a (i — 1)-dimensional simplex
which is mapped to {(So, ag), ..., (Si—1,a;—1)} in Z,. The rest of the boundary of o is formed by lower
dimensional simplices in D* not contained in S*~!, which are mapped to a subcomplex with vertices
{(S0,a0), ..., (Si—1,ai-1), (T},br)} where 0 < j <14, and 7 < 0. We send the barycentre of ¢ to a valid
(T}, bs), which exists as the complement of the already chosen spheres is connected, and we extend g
linearly. As we have now extended ¢, we are done. O

We note that the following diagram commutes, and so 'y s = li_r)n]fms acts on Zuy s

(z,7)—>z
Zn,s X Pn,s Zn,s

o) |

Zn+1,s X FnJrl,s Zn+1,s

(z:7)—y2

This action is transitive on k-simplices for any k. As usual we consider the ordered version of Zy 4,
which we call Uy s, and we have the following:

1. Uy,s has trivial homology, as Zy s does;

2. Ups/Tons = li_r)nUms/Fn,s ~ h_I)nWms/Fn’s, so it is contractible as it has arbitrarily high connec-
tivity;

3. The vertex stabilisers in U,, are copies of I',,_1 s called F;z—l, s, with inclusion given by un. This

commutes with o, so the vertex stabilisers in T'e; s are T, ; (and the inclusions of higher dimen-

sional stabilisers are (un)").

10 Spectral Sequence Arguments

10.1 Stabilisation of «

We will use the spectral sequence associated to the action of I',,11 s on W41 s to prove the following
result from [9]:
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Theorem 10.1. For s > 1, the map o : Hy(I'ys) = Hyx(Tpy1,s) s an isomorphism for n = 2i+2 and
a surjection for n = 2i + 1.

Proof. Let C, be the chain complex associated to W, augmented with a Z in degree —1, and let ET,
be a free resolution of Z. We have a double complex W, ® ET, and so we get two spectral sequences
associated to the horizontal and vertical filtrations, which converge to the same thing. First taking
homology with respect to the vertical maps (the ET, factor), we get

E,,=HyI;Cp) = P Hy(I'+;Z)

where the sum is taken over the I'-orbits of p-simplices, and the isomorphism is by Shapiro’s lemma.
The coefficient module Z is trivial as every stabiliser fixes the simplex pointwise, so we will drop it from
here on. We note that like before, I';1_f s = I';.

If we take homology in the horizontal direction first, we get that for this spectral sequence, E;q =0
for p < m. We therefore get that in the vertical sequence, ngq = 0 for p + ¢ < m, as the sum of all
these terms is 0 for the horizontal sequence, and the sums for the horizontal and vertical sequences are
the same. We proceed by induction on 3.

We first show that ay is a surjection in the desired range. Now this oy is the differential d' : E&i -
Ell,i’ so it sufficies to show that Eiol,i = (0 and E§7i—p
element of Eil,i is the image of a differential in some page, and the latter ensures that all differentials

= 0 for all p > 0. The former ensures that every

into Eﬁlﬂ- for k > 1 are coming from 0.

Now if ¢ —1 < (n — 2)/2, we have already proven above that E* ; = 0, as (n —2)/2 is a lower
bound on the connectivity of W. For the second part, in the gth row, using the description of d' from
[2] VIL.3, we see that these differentials compute the homology of W/I' with coefficients in Hy(I';). If
7" < 7 and ¢ + p,q < i, then by induction we know Hy(T';) — Hy(I';/) is an isomorphism, and the
maps from the p + ¢ = i+ 1 terms to the p + ¢ = ¢ terms are surjective, so for p + ¢ < ¢, we are taking
homology with locally constant coefficients. As permuting faces is induced by a diffeomorphism which
acts trivially on the part of M, ; which is cut away by the enveloping sphere, and I'; only acts on the
part of M, ¢ which is cut away, these are in fact constant coefficients. As W/T'" is (n — 1)-connected,
the desired result holds for i <n — 1.

To show that d' is injective, we need to show that ES?Z- =0 and EEH,Fp
that d': EllZ — Eé’i is 0. The former two are identical to the previous argument, with connectivity
condition n > 2i + 2. For the final part, the are two orbits of 1-cells, one of which is degenerate and
the other of which isn’t. The coefficient system is trivially untwisted for the former, and is untwisted
for the latter by the above argument. There is only one zero cell in W/T', so it immediately follows
that the differential is 0. O

= ( for all p > 0, and also

We note that nu = «, so from the above result, u is injective on homology.

10.2 Stabilisation of u

We wish to prove that p is an isomorphism on homology for n = 2i + 2. We note that it now suffices to
prove that p is surjective on homology. To do this, we will prove (un), is surjective. As this commutes
with a, it suffices to prove that it is surjective on lim H;(T'y, ) = Hi(T ), as we can then use that « is
an isomorphism above 2i 4 2 to see that H;(I'x s) = H;(I'2i42,5). The previous discussion and following
theorem are due to [10].

Theorem 10.2. For s > 1, the map (un)«: Hy(T' ) — Hs+(Tos) is an isomorphism for s = 2.
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Proof. We only need to argue it is surjective, by the comments above. To do this, we follow the same
proof as for a. The only part which does not immediately translate to our new situation is the proof
that the local coefficient system H;(Stab(op)) is trivial. We know that each face of o), is of the form
ho,—1 for some h € Ty 5, and therefore that the differential d! is induced by conjugation by h. By
induction on i, we may assume that the vertical maps in

Hj(Stab(ap)) — Hj(Stab(ap_l))

g J»

H;(Tw,s) — H;(Tws)
are isomorphisms. We know the lower h, is the identity, as it is an inner automorphism, so the upper
hy is also trivial and we are done. O

10.3 Stabilisation of g for Small s

For s > 2, we know the result on the stabilisation of 8, as 3 = au ™2, but this identity does not work
for s = 2, and hence we need a different argument from [10]. We give it here.

Theorem 10.3. 3: 'y, 2 — I'y10 @s an isomorphism on homology for n = 2i + 3 and a surjection for
n=2+2.

Proof. Once again, we only concern ourselves with the local triviality of the coefficient system.

The problem, compared to the case of «, is the lack of enveloping spheres. We solve this by
choosing them arbitrarily, and we see that the choice does not affect the map on homology. After
cutting M, 11, into two along the enveloping sphere, we see that the coefficients will be untwisted if
the map Hy(I'p41-%,1) = Hg(T'nt1—k,2k given by u%*l is surjective, so that we can take any element of
the latter (which is H,(I';)) to be supported on the far side of the enveloping sphere (ie, in the former).
In the proof of surjectivity for «, the highest value n + 1 — k will take is n — 2 (as the differential
has domain Eii_l, whence the relevant simplices contain 3 spheres), so we have proven surjectivity for
n—2>2(i—1)+2, that is, n > 2i + 2. For injectivity, the worst case is for the differential Elll — E&i,
giving n > 21 + 3. O

This immediately gives the following corollary:

Corollary 10.1. The map Aut(F,) — Out(F,,) is an isomorphism on H; for n = 2i+4 and a surjection
for n = 2i + 3.

11 Whitehead’s Algorithm

We now change focus to look at another application of the 3-manifold topology we have developed,
using it to determine when two finite lists of elements a = (aq,...,a,) and b = (by,...,b,) of F,, are
equivalent under Aut(F,,), ie when there is ¢ € Aut(F,,) such that ¢(a;) = b; for all 1 < ¢ < n. Our
exposition will largely follow [6].

We will treat these words as strings in a;,a; *, reserving the term ‘element’ for the strings seen as
elements of F;,, and ‘cyclic word’ when we do not care about the start or end point of the words, and
read them in a cycle.

We define several types of transformation of words which will help us reduce a into a normal form
that we may compare with that of b. We will assume that F;, is generated by some fixed generators
Ty ey Ty

1
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11.1 Transformations and Sphere Bases

Definition 11.1. An elementary transformation of a word a is the insertion or removal of subwords
of the form wixi_l or x;lxi. Two words which may be taken to each other by such transformations
are said to be equivalent. An element with no subwords of the forms xi:c;1 or x;lxi s said to be
(elementary) reduced.

Definition 11.2. Two sets of words a,b are equivalent if there is an automorphism ¢ € Aut(F,)
such that ¢(a) = b.

We will ordinarily work with elements.
Definition 11.3. For a set of reduced words a, we denote by L(a) the sum of their lengths.

Definition 11.4. A simple transformation of a set of words a is any one of the following:

1. A transformation which fizes x,fl for k # i and sends a;iil — (:L’Z-:z:j)il;

2. A transformation which fizes a:,fl for k # i and sends a:iil — (m?wi)il;

3. A transformation which fizes :U,‘;H for k # i and sends :U;ﬂ — xfl;

4. A transformation that swaps two elements of the basis,
where € is a choice of sign.

Definition 11.5. A T-transformation is a composition of simple transformations of type 1 and
2, each performed on a different x;, where j and € are constant for all of the simple transformations
performed (note that we may perform both a type 1 and 2 transformation on the same x;, whence we get
z; > x; ;x5 ). If every word in a is elementary reduced, and L(Ta) < L(a) for some T-transformation
T, we say T is a T-reduction, and if L(Ta) = L(a) we say T is a level transformation. We also
call simple transformation of type 3 level transformations. If no T-reductions can be performed to

a, we say it is minimal.

Remark 11.1. There are a finite number of T-transformations that can be applied to any set of words,
and we can determine which are reductions or level transformations, and hence we can algorithmically
reduce a set of words to a minimal set. We aim to prove that any two minimal sets for a can be taken
to each other via level transformations, and this will provide an algorithm to determine if a and b
are equivalent as described, as there are finitely many lists of words of a given length, and so we may
enumerate all of those equivalent to a minimal form of a.

The next few propositions and lemmas (until otherwise stated) are due to [6]. We begin by relating
certain sphere systems to bases of F},. For each of the copies of S? x S which make up M, = M, 0,
we choose a sphere S; = S2 x {t} which is disjoint from any disks removed to form the connect sum.
We know that 7 (M,,) = F,. If we remove these spheres we get an n-punctured S*, and a version of
Seifert van Kampen for gluing a space to itself proves:

Proposition 11.1. 71(M,) = F(x1,...,x,) where, if the spheres (in order, counted with repetition)
that a representative y of the element [y] passes through are S;,...,S;,, then [v] — x;, ... x;

n

An automorphism of F,, may therefore be seen as a change of choice of the spheres S;.

Definition 11.6. We call any image of the spheres S; under a homeomorphism h: M, — M, a sphere
basis.
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Definition 11.7. Two sphere bases ¥ and £0 are equivalent if they represent the same basis of F), .
Proposition 11.2. For any automorphism ¢ of F,, there is a sphere basis ¥ such that ¢([v]) = v=.

Proof. We let ¥ = h(S) where h~! induces ¢ on m;. The result then follows from the fact that
every automorphism is a product of Nielsen generators, and every Nielsen generator is induced by a
diffeomorphism. O

11.2 Recognising and Modifying Sphere Bases

While we have largely worked with M,, up to this point, we will find it useful to work with the space
obtained after cutting along all the S;. This is a sphere S? with 2n punctures, where we call the two
removed open balls corresponding to S;, D; and D}. We denote this space by R,. We have a natural
quotient map m: R, — M,, which identifies each pair D; and Dj.

We will also call the preimage of any sphere basis under 7 a sphere basis.

We now imagine another set of spheres ¥1,...,3,. A natural question arises as to when this set
of spheres is also a sphere basis. We note that, when viewed as a subset of S2, one side of each of the
spheres 0D;, &D; contains no other sphere. We call this canonical position, and attempt to put the
>; into this position. This process will also prove our assertion earlier that every Nielsen automorphism
can be realised by a diffeomorphism of M,,, as we may then take ¥; containing S; and X; containing
S; and S;, and every other ¥;, = S;,. These will satisfy the conditions of our below theorem, so we will
then have the result.

The following result is the key observation that allows us to modify sphere bases:

Lemma 11.1. If S is a sphere basis in M, in canonical position and 1 s a sphere disjoint from
any sphere of m—1(S) such that the two components of 7~1(S1) are on opposite sides of X1, then
{m(21),S2,...,5n} is a sphere basis in M,,.

Proof. We remove the component of R inside Y1 containing the positive side of S7. This component is a
k-punctured sphere for some k > 2 (as we have punctures corresponding to ¥, and S; inside the sphere).
We can therefore glue the puncture corresponding to S; to the puncture outside ¥; which corresponds
to Sp. This gives us a new 2n-punctured sphere where the spheres are in canonical position. O

Proposition 11.3. Let X be a family of n disjoint 2-spheres in M,,. Then the following are equivalent:
1. No finite subset of ¥ bounds a submanifold of My;
2. 3 is a sphere basis;
3. M,\¥ ~ R;
4. M,\X is connected.

Proof. (2) implies (3) implies (4) implies (1) are all easy. As we did in section 3, we wish to use the
above lemma with ¥ to modify S until they are the same, while preserving the property of being a
sphere basis. We divide our proof into 3 cases.

1. If § and ¥ differ only in orientation, we are done.

2. Suppose every 3; is either in S, or disjoint from S. Reordering and reorienting, we may assume
¥1,...,2,_1 are the first k — 1 elements of .S, and that all remaining spheres in 3 are disjoint
from S. If ¥}, does not separate some .S; and S}, then X; and all the spheres of ¥ inside it (except
for those corresponding to elements of S) bound a submanifold, contradiction, so by the lemma
we may inductively replace S with 3 to get a sphere basis.
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3. If ¥ and S are not disjoint, then without loss of generality, S; n 31 # ¢J. We take an inner-most
intersection C' which bounds D on ¥; and E on S chosen so that D u E separates S; and S|
after a minor perturbation. Then {D U E, Ss,...,S,} is a sphere basis with one less intersection
with ¥ so we are done by induction.

O

11.3 Normal Forms of Sphere Bases

The following proposition is original, although inspired by [6], and is needed so that we may strengthen
3.1 to say that the resulting normal form system is equivalent (in the sense of 11.7).

Lemma 11.2. If sphere bases S and S’ are isotopic, then they are equivalent in the sense of 11.7.

Proof. Translating our problem into R, we see that the set of spheres corresponding to .S is isotopic to
the set of spheres corresponding to S’. We may extend this to an isotopy H; on all of R as it is clear
we may do so for some finite interval of time, and then compactness yields the isotopy desired. If we
have a path v representing the element g € F,,, then Hy(y) yields an isotopy between ~, and a path
7" which must therefore represent the same element in F,. But then v5 = 75 = 79/, with the first
equality holding as 7/ = H(v) and S = H;(S’), and the second as v ~ 7. O

We therefore deduce the following proposition from Goldstein and Turner:

Proposition 11.4. For a pair of sphere bases S, Y there are equivalent bases S’ Y which are in normal
form relative to each other.

Proof. 3.1, combined with the above lemma. O

We have one final theorem from [6] before we prove Whitehead’s algorithm, which is useful in that
it tells us that we may reduce a word with respect to two bases simultaneously.

Theorem 11.1. Suppose that S and X are sphere bases in normal form.

1. If v is a path on S; between points not in S N X, then v is homotopic relative to its endpoints to
a path v such that %, is reduced.

2. If v is a path starting and ending in M\(S U X) then ~ is homotopic relative to its endpoints to
a path +" such that v5 and 5, are both reduced.

Proof.

1. Suppose 75 is not reduced, so that vy = 'ylxixi_lvg. The normal form ensures that the points
where v meets 3; lie on the same circle of intersection in S N X, so then we can homotope v back
through this circle, so that it no longer meets ;.

2. After a small homotopy, we may assume that v does not meet S 3. Assume v, = 71 xix;lfyg and
let 42 be defined to be the part of the path in the middle. We may homotope 72 to lie completely
in ¥;, and then by (1) we may reduce the resulting path so that we get some " ~ 75 with 7§
reduced. We then may homotope 4 slightly below X;, which preserves intersections with S by
transversality, and we have removed xw;l while not increasing the number of such pairs in g,
so we are done by induction.

O

32



We are finally ready to prove the main theorem we need to show that Whitehead’s algorithm works.
The proof largely mirrors that of Proposition 11.3, and is originally due to [16], although we have taken
inspiration from [6] in our exposition of the proof.

Theorem 11.2. Any two equivalent minimal sets a,b of elements can be taken to each other via level
transformations.

Proof. As the inverse of a level transformation is a level transformation, it suffices to show one direction.

By Theorem 11.1 and Proposition 11.1, we may assume that a, b are reduced and represented by
the same set of paths w relative to sphere bases S, 3 respectively, and we assume that every path in w
passes through a fixed common basepoint.

We first consider the case where S and ¥ only meet in complete spheres. We assume that 3,...,3
are disjoint from S, and g1 = Ski1,. .-, 20 = Sn-

If £ = 0 then we are done, as S and X differ only in orientation, and the required transformation is
a level transformation.

In Hy(Mp;Z/2Z), we have bases given by X, S and hence ; = 377, r4;S; in Hy(R;Z/2Z) for some
rij € /27 where 1 < 14,j < n.

As the elements of S are independent in Hs(M,;Z/27Z) by Proposition 11.3, we must have that
det(rij)i<ij<k = 1, and hence (after reordering S) we may assume that r; = 1 for all 1 < i < k.
It therefore follows that m—!(3;) separates the two components of 771(S;) by considering the map
Hy(m;Z)27): Ho(R;Z)27) — Ha(My; Z/2Z).

It therefore follows from Lemma 11.1 that we may replace S; with 3; in S and get a new sphere
basis. By minimality, it follows that this can only increase or maintain the total length of the words
that a represents.

After performing this replacement for all 1 < i < k we arrive at b, and so none of the steps increased
the length of the words w represents.

We now note that each substitution is equivalent to performing a T-transformation on the elements
represented by w as, up to isotopy, we may take ¥; to be a small shell around the spheres S; which it
contains, along with thin tubes not intersecting w between them, and this representative of X; clearly
has the effect of a T-transformation.

The result is therefore proven in this case, as the transformation is a level transformation since we
have already remarked that it does not increase the length of w.

We now consider the general case, where S and ¥ are in normal form (which we may do as the
process of normalising only decreases the number of components of intersection) but may intersect in
some curves. We induct on the number of components in the intersection as in Proposition 11.3.

We work in R = M,\S, defining 7 as before, and fix a ;. If this has no intersection with S (or is
contained within S), then we are done with this ¥;. Else we take an inner-most intersection curve ¢ of
>; with S, say on the component 5.

As the intersection is inner-most, one of the two parts into which ¢ divides ¥; has no intersection
with S. We label this part A. Now label the two parts that ¢ divides S; into as E and E’. Either
AU E or Au E’ separates one preimage of S; from the other preimage of S; under 7. Without loss of
generality, it is A U E. By Lemma 11.1, we may therefore use a T-transformation to replace S; with
E U A. If this is a level transformation, we are done by induction.

Suppose it is not a level transformation, so that w has strictly more intersections with £ U A than
with S;. Now let 3 be the preimage under M,, — »\2 incident with E. We wish to prove more than
half of the intersections of w with X; lie in A. If so, then the same process with an inner-most curve
on the other side of ¢ must give a level transformation, so we are done by induction. As S; = Eu E’,
that w has strictly more intersections with £ U A than with S; is equivalent to saying it has more
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intersections with A than with E’, and therefore by choice of E, has more intersections with A than
A€, so we are done. O

Remark 11.2. We will not provide an example of the algorithm here, and will instead give an idea of
the time complexity to indicate why.

We assume that computation of the lengths of words takes negligible time compared to generating
and performing the T-transformations, as indeed is true if one performs it by hand. Under this as-
sumption, there are n!-2" - 4n(n — 1) different T transformations. The n! comes from reordering the
basis, the 2" from the possible choices of orientation of the spheres, and the 4n(n — 1) for the number
of transformations of ways to apply simple transformations of types 1 and 2.

Even for n = 2, we see that one step would require computing 64 different T-transformations. Using
this, we immediately see that if it takes k steps to show that a and b are equivalent, then this requires
the application of (n!- 2" - 4n(n — 1))* different transformations.

It is immediately clear that the presentation of any non-trivial examples in this essay would therefore
involve an unreasonable amount of computing power and space.

12 Conclusion

In this conclusion, we will briefly note other possible views on Outer Space, other than that seen through
3-manifold theory. In [4], a much more combinatorial view is taken, following arguments closely related
to those touched on in our discussion of the degree theorem, and in Section 5. In [3] an alternate,
more geometric view on Out(F;,) largely obtained from taking the universal cover of the graphs in X,
is taken, and this generalises more easily to other groups, by considering trees on which those groups
act. The spaces constructed are not in general nice to work with, however when they are, they may
allow us to generalise some of our results from this essay.
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