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1 Introduction

Differential geometry provides a language for calculus on functions defined on
manifolds. It tells you how to interpret B and

ş

on manifolds, allowing you to
study PDEs on manifolds. Another motivation is the generalisation of the study
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of curves and surfaces in R3, permitting us to study them (and hypersurfaces)
in a more intrinsic manner. If we wish to study symmetry, sets of continuous
symmetries frequently form a Lie group (a manifold with a group structure such
that multiplication and inversion are smooth), for example matrix groups. It
can also permit us to related local and global topology, via eg the Gauss-Bonnet
theorem, which states that the integral of the curvature is 2π times the Euler
characteristic.

2 Smooth Manifolds

We wish to set up the minimal topological structure that allows us to take
derivatives and integrals.

Remark 2.1. We use the Einstein summation convention, where xixi “
řn

i“1 x
ixi,

and we always sum over exactly two indices, which are always one up and one
down.

Definition 2.1. An n-dimensional smooth manifold M is a Hausdorff sec-
ond countable topological space equipped with a collection of coordinate charts
ϕα : M Ě Uα Ñ Vα Ď Rn where Uα, Vα are open such that

1. The open subsets Uα cover M

2. The maps ϕα are homeomorphisms

3. For any α, β with Uα, Uβ ‰, the transition function ϕβ ˝ ϕ´1
α : ϕαpUα X

Uβq Ñ ϕβpUα XUβq is a smooth map (which is defined as the domain and
codomain are subsets of Rn

Remark 2.2.

1. If we relax smooth to continuous, we get a topological manifold

2. If we require the Jacobian of the transition functions satisfy det
´

Bx̃i

Bxj

¯

ą 0

(where xi and x̃j are two different choices of coordinates), we have an
oriented manifold

3. If you replace Rn by Cn and smooth by holomorphic.

Definition 2.2. A continuous map F : M Ñ N is called a smooth map if
for every pair of charts pU, ϕq Ď M and pV, ψq Ď N containing p and F ppq

respectively, the composition ψ ˝ F ˝ ϕ´1 is smooth where defined

Remark 2.3.

1. Smooth functions f : M Ñ R form a vector space C8pMq

2. If F : M Ñ N has a smooth inverse F´1 : N Ñ M then F is a diffeomor-
phism
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Example 2.1.

1. Rn is a manifold, with charts the inclusions of open subsets, as is any open
subset of it

2. The torus Rn{Zn is a manifold. As the quotient map is a covering map,
we can endow sufficently small opens with charts from Rn

3. If f is a smooth function on Rn and ∇f ‰ 0 at all points, then M “ tf “

0u is a smooth manifold by implicit function theorem (eg. Sn “ t|x|2 “ 1u)

4. GLpn,Rq Ď EndpRnq is open (defined by non-vanishing of a polynomial,
the determinant) and hence a manifold

5. SLnpRnq “ tA P GLnpRnq | detA “ 1u is a manifold by 3 as the partials
of the determinant are pn ´ 1q ˆ pn ´ 1q minors of the matrix, which are
non-zero as the matrix is full rank

6. Opnq “ tA P GLnpRnq | ATA “ Iu is a manifold, as the derivative
of A Ñ AAT P Sym2

pRnq is surjective (consider DF pAY q), so done by
implicit function theorem

7. Similarly, Upnq “ tA P GLnpCnq | A:A “ Iu is a manifold

8. Complex projective space, CPn “ pCn`1zt0uq{C˚ where the latter acts by
scalar multiplication. This is the space of lines through 0. We define
homogeneous coordinates rz0 : . . . zns by the coordinates on Cn`1, and we

get local charts by taking
´

z0
zi
, . . . , zi´1

zi
, zi`1

zi
, . . . , znzi

¯

on the open subset

of points Ui “ trz0 : . . . : zns | zi ‰ 0u (which is well defined). The
transition function ϕij is multiplication by zi

zj
, which is smooth (and in

fact holomorphic) so defines a complex manifold.

9. An elliptic curve is a genus 1 complex manifold of dimension 1. Concretely,
these are the zero loci of degree 3 homogeneous polynomials,

trz0 : z1 : z2s P CP2 | pz1 ´ λ1z0qpz2 ´ λ2z0qpz2 ´ λ3z1q “ z0z
2
1u Ď CP2

2.1 Tangent and Cotangent Vectors

LetM be a smooth manifold of dimension n. Consider a smooth curve γ : p´1, 1q Ñ

M such that γp0q “ p P M . The velocity at time 0 should be a tangent vec-
tor. Let txiu, tx̃iu be local coordinates around p P M . Then the curve γ is
locally given by xipγptqq (resp. x̃ipγptqq), and the velocity is represented by
B
Btx

ipγptqq (resp. B
Bt x̃

ipγptqq. These are related by the chain rule, B
Btx

ipγptqq “
ř

j
Bxi

Bx̃j
B
Bt x̃

jpγptqq.

Definition 2.3. A tangent vector v at a given point p is a collection of vectors
pviq P Rn associated to each coordinate chart txiu containing p such that they

satisfy the coordinate transformation rule ṽi “
ř

j
Bx̃i

Bxj v
j . In particular, all the
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tangent vectors at a given point p form a vector space isomorphic to Rn, denoted
TpM

A more abstract (and better) definition can be given based on the notion of
a directional derivative. If γ : p´1, 1q Ñ M is a curve and f is a smooth function

in a neighbourhood of p, we can compute f ÞÑ B
Bt |t“0fpγptqq “

ř

Bf
Bxi

Bxi

Bt . This
is a derivation on smooth functions near p, depending only on the germ at p
(equivalence class of functions modulo agreement on a neighbourhood of p).

Definition 2.4. A derivation v at a point p P M is a linear map on the
space of germs of smooth functions, such that the Leibniz rule holds, vpfgq “

fppqvpgq ` vpfqgppq

Lemma 2.1. Let txiu be a coordinate system around p P M . The derivations
at p form an n-dimensional real vector space spanned by the basis B

Bxi

Proof. B
Bxi : f ÞÑ

Bf
Bxi is a derivation, and derivation also clearly form a vector

space. Conversely, if v is a derivation at p, we want to show vpfq “
ř

vi Bf
Bxi

.
By the Leibniz rule and linearity, vp1q “ vp1 ¨ 1q “ vp1q ` vp1q so vp1q “ 0. Let
vi “ vpxiq. Again by the Leibniz rule, for any affine linear function f , vpfq “
ř

vi Bf
Bxi , and inductively this holds for polynomials. It suffices to prove that if f

is a smooth local function such that fppq “ 0 and Bf
Bxi “ 0 then vpfq “ 0. This

follows from the Hadamard lemma, by substituting in, as gipxq “ 0 then.

Lemma 2.2. (Hadamard lemma) Let Ω Ď Rn be a convex open subset around

the origin, and f : Ω Ñ R. Then fpxq “ fp0q`
ř

xigipxq for gipxq “
ş1

0
Bf
Bxi ptxqdt.

Proof. Trivial

Now there is a canonical isomorphism between tangent vectors and derivations
via v “ vi B

Bxi ÞÑ pviq P TpM . By the chain rule this is well defined and injective,
and is surjective for dimension reasons.

Definition 2.5. If we have a smooth map F : M Ñ N , we get a pushforward
F˚ “ DF : TpM Ñ TF ppqN , defined on coordinates txiu on M and tyiu on N

via
ř

vi B
Bxi ÞÑ

ř

vi BF j

Bxi
B

Byj

Definition 2.6. The dual space of TpM is the cotangent space at p, denoted
T˚
p M . Elements of T˚

p M are called cotangent vectors.

Remark 2.4. A smooth function f induces a linear map df : TpM Ñ R via
v ÞÑ vpfq (with v seen as a derivation) called the differential of f .
Suppose we have a coordinate system txiu near p and take f “ xi, v “ B

Bxi
.

Then xdxi, B
Bxj y “ Bxi

Bxj “ δij . In particular dxi is the dual basis of
␣

B
Bxi

(

.

Exercise 2.1. dpfgq “ gpdfq ` fpdgq, and df “
ř

Bf
Bxi dx

i

Remark 2.5. Tangent and cotangent vectors have different transformation

rules. Given coordinates txiu, tx̃iu and a “
ř

aidx
i, then ãj “

ř

Bxi

Bx̃j ai
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Definition 2.7. Under a smooth map F : M Ñ N , we have pullback, F˚ on
cotangent vectors. In local coordinates, txiu on M and tyiu on N ,

ř

ajdy
j ÞÑ

ř

aj
BF j

Bxi dx
i is the dual map to F˚

Definition 2.8. Using multivariable linear algebra, we can construct tensors
as an element of the tensor product TpM b ¨ ¨ ¨ b TpM b T˚

PM b ¨ ¨ ¨ b T˚
PM .

Example 2.2. Elements of T˚
p M bT˚

p M correspond to bilinear forms on TpM ,
for example Riemannian metrics.

3 Submanifolds

Definition 3.1. A smooth map ι : M Ñ N is an immersed submanifold if dιp
is injective for any p P M .If ι is furthermore a homeomorphism onto its image,
then it is an embedded submanifold

Remark 3.1. These roughly correspond to parameterised submanifolds vs man-
ifolds obtained as the zeros of an equation, considering two typical simple meth-
ods to get submanifold. Without qualification, ‘submanifold’ means embedded.

Example 3.1. Curves and surfaces in R3. An immersed curve in R3 is a smooth
map γ : p0, 1q Ñ R3 so that γ1ptq ‰ 0. A regularly parameterised surface, xpu, vq

such that Bx
Bu ˆ Bx

Bv ‰ 0 is an immersed surface.

Remark 3.2. For immersed submanifolds, ιmay not be injective, eg psin t, cos 3tq,
and in fact need not even be ‘tamely’ non-injective, ie psin t, cosπtq.
Inclusion of an open subset is an embedded submanifold, as is Rm Ñ Rn. Em-
bedded submanifolds have nice local structure, and we usually identify ι with
its image.
For embedded submanifolds, since dιp is injective we can use the inverse func-
tion theorem to find local coordinates y1, . . . , ym in a neighbourhood U so that
im ιX U “ tpyiq | y1, . . . , yn “ 0u.

Definition 3.2. Given a smooth map F : M Ñ M 1 Q q, we say q is regular
value for F if for any p P M such that F ppq “ q, the map dF |p is surjective. If
F´1pqq “ H, then q is regular.

Theorem 3.1. Let F : M Ñ M 1 Q q be a smooth map. Then if q is a regular
value, F´1pqq is an embedded submanifold of dimension dimM ´ dimM 1.

Proof. Let n “ dimM,m “ dimM 1 and let tyiu be a local coordinate sys-
tem around q P M 1 and txiu local coordinates on U Ď M such that there is
p P U X F´1pqq.
Since q is a regular value, dF : TpM Ñ TqM

1 is surjective, we note n ě m,
and F˚ : T˚

q M
1 Ñ T˚

p M is injective, so dy1, . . . , dym are linearly independent

in T˚
p M . After reordering the xi, we may assume dy1, . . . , dym, dxm`1, . . . , dxn

is a basis of T˚
p M . We compute det

´

Bpy1,...,ym,xm`1,...,xn
q

Bpx1,...,xnq

¯

‰ 0 at p. By implicit
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function theorem, possibly after shrinking U , we can regard y1, . . . , ym, xm`1, . . . , xn

as the local coordinates, and x1, . . . , xn as smooth functions of them. In the new
coordinates on U , F´1pqq X U “ ty1, . . . , ym “ 0u X U . We regard F´1pqq X U
as a local chart for F´1pqq. Suppose we have overlapping charts txiu, tx̃iu onM
inducing overlapping charts on F´1pqq. Because the x̃i are smooth functions of
the xi, they are also smooth functions of the y1, . . . , ym, xm`1, . . . . Restricting
to yi “ 0, we get that the transition function on F´1pqq is smooth and the
result is proven.

Definition 3.3. Suppose F : M Ñ M 1 is a smooth map and dimM ě dimM 1.
We say p P M is a critical point if dFp : TpM Ñ TF ppqM

1 has rank less than
dimM 1. The image of the set of critical points in M 1 is the set of critical values

Remark 3.3. The set of critical values is the complement of the set of regular
values

Theorem 3.2. (Sard’s Theorem, non-examinable) The set of critical values is
a zero measure (intersection with every chart has zero measure) subset of M 1

Proof. No Proof

So the implicit function theorem applies almost everywhere

Theorem 3.3. (Whitney embedding theorem, non-examinable) Any n-dimensional
smooth manifold M can be embedded as a submanifold of R2n

Proof. No Proof

Remark 3.4. The dimension 2n cannot be improved (Algebraic topology)

Theorem 3.4. (Nash embedding theorem, non-examinable) If pM, gq is a Rie-
mannian manifold, then M can be isometrically embedded into some RN (and
N can be taken to be a quadratic in n)

Proof. No Proof

4 Vector Bundles

(Co)Tangent vectors fit into a global object called the (co)tangent bundle

Definition 4.1. The (co)tangent bundle of a manifold M is, as a set, TM “
Ť

pPM TpM (resp. T˚M “
Ť

pPM T˚
p M).

Remark 4.1. These have maps toM given by projecting the p coordinate to p,
and with these we wish to define smooth vector fields over M which are locally
a cartesian product.

Definition 4.2. A vector bundle of rank r over a manifold M is a smooth map
π : E Ñ M such that
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1. There is an r-dimensional vector space V , called the typical fibre of E such
that for any p P M , Ep “ π´1ppq is linearly isomorphic to V

2. For any point p P M , there is a neighbourhood U such that there is a local
trivialisation ΦU such that

π´1pUq U ˆ V

U

ΦU

commutes.

3. ΦU restricts to a linear isomorphism of vector spaces on π´1ppq

Remark 4.2. On the intersection of overlapping trivialising neighbourhoods,
Φβ˝Φ´1

α px, vq “ px, ψβαpxqpvqq where ψβα is a smooth map UαXUβ Ñ GLpr,Rq,
called the transition function
It is immediate that ψαα “ idV , ψβα ˝ ψpαβq “ idV and ψαβψβγψγα “ idV
identically where defined.

For TM, T˚M , the transition functions will be given by some Jacobean
matrices.

Remark 4.3. Vector bundles in general are not global products of the under-
lying space with the fibres.

Example 4.1. T˚S2 and TS2 will turn out to be not the same as S2 ˆ R2

(algebraic topology, consider the Euler class)

Definition 4.3. Any smooth map s : M Ñ E such that π ˝ s “ idM is called a
section of E

Definition 4.4. Smooth sections of TM (resp. T˚M) are called vector fields
(resp. 1-forms)

Remark 4.4. We have a Lie bracket on the space of vector fields and an exterior
differential on the space of 1-forms

We define the Lie bracket on vector fields X,Y defined in a neighbourhood of
a point p. If f is a local smooth function, then rX,Y sf “ XpY pfqq ´ Y pXpfqq.
In coordinates, if X “

ř

vi B
Bxi , Y “

ř

wi B
Bxi then (example sheet) rX,Y s “

ř

pvi Bwj

Bxi ´ wi Bvj

Bxi q B
Bxj

.

4.1 Exterior Algebra

Definition 4.5. We first define the tensor product of two vector spaces V,W .
Concretely, if V has basis v1, . . . , vn and W has basis w1, . . . , wm, then V bW
has basis vibwj . Problem: proving this is independent of basis. We can instead
define it abstractly as the vector space such that any bilinear f : V ˆ W Ñ V 1
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factors uniquely through a fixed bilinear map V ˆ W Ñ V b W . By usual
abstract nonsense, V bW is unique up to unique isomorphism.
We define the tensor algebra T pV q “ R ‘ V ‘ V b V ‘ . . . with multiplication
by ‘concatenation’

Definition 4.6. We say the elements in the V bk factor of T pV q are the degree
k elements.

Definition 4.7. The exterior algebra of V , ΛpV q, is T pV q{xv b v | v P V y.

Remark 4.5. The motivation for this definition is that it is the universal graded
skew-commutative algebra for the vector space V . We want it to be skew com-
mutative because for, eg, differential forms, flipping the components is the same
as a change of orientation.
We denote the kth degree component of ΛpV q as ΛkpV q

Exercise 4.1. Show that given a linear f : V Ñ W , there is a canonical homo-
morphism Λpfq : ΛpV q Ñ ΛpW q

Remark 4.6. Properties of ΛpV q (fairly easy exercises)

1. ΛpV q is an associative algebra generated by elements in degrees 0, 1, V –

Λ1pV q and ΛkpV q is generated by elements of the form v1 ^ ¨ ¨ ¨ ^vk where
vi P V

2. ^ : ΛapV qˆΛbpV q Ñ Λa`bpV q is graded commutative, so α^β “ p´1qabβ^

α

3. If v1, . . . , vn is a basis of V , then the set of vi1 ^ ¨ ¨ ¨ ^ vik for ik strictly
increasing is a basis of ΛkpV q

4. If X P V ˚, there is a linear map ιX : ΛkpV q Ñ Λk´1pV q by v1 ^ ¨ ¨ ¨ ^vk Ñ
ř

p´1qi´1v1 ^ . . . xvi, Xyvi`1 ^ ¨ ¨ ¨ ^ vk. This satisfies a graded Leibniz
rule ιXpα ^ βq “ pιXαq ^ β ` p´1qaα ^ pιXβq

Our main application of exterior algebras will be for V “ T˚
p M . As we vary

p P M , we get a vector bundle ΛkT˚M “
Ť

Λk
pT

˚M . Smooth sections of this

are k-forms, and the space of k forms is denoted ΩkpMq, and we have a product
^ : ΩapMq ˆ ΩbpMq Ñ Ωa`bpMq. In local coordinates we can expand a k-form
α in the basis dxI “ dxi1 ^ ¨ ¨ ¨ ^ dxik as α “

ř

αIdx
I , and we say degα “ k.

Given a vector field X we can define ιXα P Ωk´1pMq.
If F is a smooth map from M to N the pullback T˚

F ppq
N Ñ T˚

p M induces a

map ΛT˚
F ppq

N Ñ ΛT˚
p M which respects the wedge product. For submanifolds,

the pullback is called restriction.

Exercise 4.2. Prove that if X P TpM , then ιXιX “ 0, and ιXιY ` ιY ιX “ 0

We define αpX1, . . . , Xkq “ ιXk
. . . ιX1

α

Example 4.2. Locally Λ0 is a number, and globally it is a smooth global
function. Locally Λ1 is a vector, and globally it is a smooth 1-form. Λk is the
space of antisymmetric k-linear forms
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4.2 Exterior Differential

Theorem 4.1. There is a unique R-linear operator d : ΩkU Ñ Ωk`1U for any
open U Ď M with the following properties

1. (Locality) On any given open V Ď M , if α “ α1 on V , then dα “ dα1 on
V

2. If f is a smooth local function, then df is the differential of f

3. (Graded Leibniz Rule) dpα ^ βq “ dα ^ β ` p´1qdegαα ^ dβ

4. d2α “ 0

Proof. (Uniqueness) In any local coordinate chart on U , dpfdxIq “ df ^ dxI by
(3), so by linearity, we can compute dα for any k-form α
(Existence) Within each chart we define d as above. This satisfies (1) and
(2). For (3), this follows from dpfgq “ gdf ` fdg with the minus signs from
commuting terms in exterior product. We want to prove d2 “ 0. On functions,

d2f “ d
´

ř

Bf
Bxi dx

i
¯

“
ř

d
´

Bf
Bxi

¯

dxi “
ř

B
2f

BxiBxj dx
i ^ dxj “ 0 as second partial

derivatives commute, and wedge products anticommute. For general α, it follows
from the graded Leibniz rule and linearity. Finally check the definitions in
different charts agree on the overlap (see uniqueness).

Example 4.3. The exterior derivative generalises the curl and 3d divergence
from vector calculus

Exercise 4.3. If F : M Ñ N is a smooth map then we have F˚ : ΩkN Ñ ΩkN .
Show F˚ commutes with d.
If α is a 1-form, X and Y are vector fields, then dαpX,Y q “ XpαpY qq ´

Y pαpXqq ´ αprX,Y sq

5 Integration

M will be a smooth oriented n-dimensional manifold. Let ω P ΩnM be a top
degree form with support in a compact subset of M . Special case: suppose
suppω Ď pU, ϕq a chart with coordinates txiu (ordered compatibly with orien-
tation. on ϕpUq Ď Rn there is a smooth function with ω “ fpxqdx1 ^ ¨ ¨ ¨ ^ dxn.
Then

ş

M
fpxqdx1 ^ ¨ ¨ ¨ ^ dxn is defined as

ş

ϕpUq
fpxqdx1 ^ ¨ ¨ ¨ ^ dxn. This is

independent of choice of coordinates (exercise).
Now let ω be an n-form with compact support. We will integrate this with
partitions of unity

Proposition 5.1. (Partition of unity) For any open cover M “
Ť

aPA Ua, there
is a countable collection of functions ρi : M Ñ R such that

1. For all i, supppρiq is compact and contained in some Ua (the ρi are sub-
ordinate to the open cover)
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2. The collection is locally finite (at any point, there is a neighbourhood where
only finitely many ρi are non-zero)

3. ρi ě 0 and
ř8

i“0 ρipxq “ 1

Proof. No Proof

Definition 5.1. Let ω be a compactly supported n-form on an oriented mani-
foldM . Given an oriented system of charts pUα, ϕαq coveringM and a partition
of unity subordinate to tpUα, ϕαqu, we define

ż

M

ω “
ÿ

i

ż

Uαi

ρiω

This is independent of the choice of ρi, Uα

Remark 5.1. The integral of n-forms depends on the orientation of M

5.1 Stokes Theorem

Theorem 5.1. Suppose ω P Ωn´1pMq with compact support on a manifold
without boundary. Then

ş

M
Bω “ 0

Proof. (1) Using a partition of unity, we reduce to the case where ω is supported
in a coordinate chart.
(2) By linearity, we reduce to ω “ fdx1 ^ ¨ ¨ ¨ ^ xdxi ^ ¨ ¨ ¨ ^ dxn. By permuting
coordinates, i “ 1, and we already have f compactly supported.
In this special case, Stokes comes down to computing

ş

Rn
Bf

Bx1 dx
1 ^ ¨ ¨ ¨ ^ dxn “

ş

Rn´1

´

ş

R
Bf

Bx1 dx
1
¯

dx2 ^ ¨ ¨ ¨ ^ dxn “ 0

Corollary 5.1.1. Suppose α, β are compactly supported differential forms on
M and degα ` deg β “ dimM ´ 1. Then

ş

α ^ dβ “ p´1q1`degα
ş

pdαq ^ β

Proof. Apply Stokes to α ^ β.

The full version of Stokes treats oriented manifolds with boundary,
ş

M
dω “

ş

BM
ω, by a near identical (but slightly messier) proof.

Definition 5.2. A form α is closed if dα “ 0 and exact if there is some β such
that α “ dβ

Remark 5.2. It is immediate that exact forms are closed as d2 “ 0. The
converse does not necessarily hold.

Definition 5.3. The kth de Rham cohomology isHk
dR “ tclosed k-formsu{texact k-formsu.

We call H˚
dRpMq “

Àn
k“0H

k
dRpMq the total de Rham cohomology

Lemma 5.2. Given a smooth map f : M Ñ N , the pullback f˚ : ΩkpNq Ñ

ΩkpMq descends to a map on cohomology Hk
dRpNq Ñ Hk

dRpMq.

10



Proof. As d and f˚ commute.

Remark 5.3. The chain rule implies pf ˝gq˚ “ g˚ ˝f˚ on cohomology too, as it
holds on the level of forms. In particular, diffeomorphic spaces have isomorphic
de Rham cohomology

Remark 5.4. The wedge product induces a ring structure on H˚
dRpMq, as

the graded Leibniz rule ensures that the product of closed forms is closed, and
if either factor is exact, then α ^ β is exact. As pullbacks respect the wedge
product (f˚pα^βq “ f˚α^f˚β), the pullback is a graded ring homomorphism,
so H˚

dRpMq is a diffeomorphism invariant as a graded ring.

Remark 5.5. Let M “ C˚ and let α “ Rep 1
2πi

dz
z q, a closed 1-form. Show that

along the unit circle, the integral of α is 1 and conclude that rαs P H1
dRpC˚q is

non-trivial by Stokes

Remark 5.6. (Non-examinable) In fact H˚
dRpMq is canonically isomorphic as

a graded ring to the singular cohomology, so the de Rham cohomology depends
only on the homeomorphism type of M . (Morally, k forms can be integrated
along k singular chains giving a pairing between Hk

dRpMq and HkpM,Rq)

6 Flows, Lie Derivatives and Cartan’s Formula

6.1 Flows

Suppose X is a compactly supported vector field on a manifold M . Consider
the system of ODEs for xptq P M :

Bx

Bt
“ Xpxptqq

In local coordinates this reads as Bxi

Bt “ Xipxptqq where X “
ř

Xi B
Bxi . If we

fix initial condition xp0q “ x P M , then there is a unique solution to the ODE,
xptq “ ϕtpxq for t P p´ε, εq depending on x, t smoothly. By compactness, we
can expand this to be defined on all R, not just p´ε, εq. For fixed t, we may
view ϕt as a map M Ñ M . It is easy to check that by uniqueness ϕtϕs “ ϕt`s,
and so ϕt is a one parameter family of maps M Ñ M . As ϕtϕ´t “ 1M , it is a
family of diffeomorphisms.

Definition 6.1. We call ϕt the flow generated by the vector field X.

6.2 Lie Derivatives

We can differentiate functions, vector fields, forms, tensors etc along a given
vector field X. The directional derivative along a vector in Rn is given by
comparing fpxq, fpx ` tXq. In the case of a manifold, we replace x ` tX with
ϕtpxq. Caveat: for vectors, use pϕ´tq˚ to push everything to the same point
(and for forms, use pϕtq

˚)
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Definition 6.2. If X is a compactly supported vector field and x P M is a
given point

1. If f is a smooth function, LXfpxq “ B
Bt |t“0ϕ

˚
t fpxq.

2. If Y is a vector field, LXY pxq “ B
Bt |t“0ppϕ´tqY qpxq

3. If α is a k-form, LXαpxq “ B
Bt |t“0ϕ

˚
t αpxq

Lemma 6.1. (Leibniz rule for Lie derivative)

1. If f is a smooth function, LXf “ Xpfq “ dfpXq

2. If Y is a vector field and f is a smooth function, LXpY fq “ Y pLXfq `

LXpY qpfq

3. If Y is a vector field and α is a 1-form, then LXpαpY qq “ LXpαqpY q `

αpLXpY qq

4. If α, β are differential forms, LXpα ^ βq “ LXα ^ β ` α ^ LXβ

Proof. Trivial

Corollary 6.1.1. (Lie Bracket and Cartan’s magic formula)

1. If V is a vector field, then LXY “ rX,Y s

2. If α is a k-form, then LXα “ pdιX ` ιXdqα

Proof. By (1) and (2) of the above lemma, pLXY qf “ LXpY fq ´ Y pLXfq “

XY f ´ Y Xf as desired.
Suppose α is a 1-form. By (3), pLXαqY “ LxpαpY qq ´ αLXpY q “ XpαpY qq ´

αprX,Y sq. Recalling that dαpX,Y q “ XpαpY qq ´ Y pαpXqq ´ αprX,Y sq, the
above becomes pLXαqY “ pιXdαqpY q ` dpαpXqqpY q as desired for 1-forms. To
extend this to k-forms, let α “ α1 ^ . . . ^ αk and verify the Leibniz rule for
dιX ` ιXd

Example 6.1. Let M be a smooth manifold of dimension 2n and ω be a
closed 2-form such that X ÞÑ ιXω is an isomorphism between the tangent
and cotangent spaces. We call pM,ωq a symplectic manifold. Suppose H is
a smooth function on M with compact support. Then we can define a vec-
tor field XH such that ιXH

ω “ dH. Let ϕt be the one parameter family of
diffeomorphisms generated by XH (Hamiltonian flow). By Cartan’s formula,
B
Bt |t“0ϕ

˚
t ω “ ιXH

dω ` dpιXH
ωq “ ddH “ 0. By time translation, B

Bt pϕ˚
t ωq “ 0,

so ϕ˚
t ω “ ω, ie Hamiltonian flow preserves the symplectic structure ω. The

volume form ωn is also preserved (Liouville’s theorem)
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7 Riemannian Geometry

On curves and surfaces, we have a first fundamental form given by (where the
surface is parameterised by pu, vq) g “ guudu

2 ` 2guvdudv ` gvvdv
2, where

gab “ x⃗a ¨ x⃗b. This is an intrinsic quantity (doesn’t depend on the embedding).
We generalise this with the following notion

Definition 7.1. Let M be a smooth manifold. A Riemannian metric g on M
is a positive definite symmetric bilinear form g : TpM ˆTpM Ñ R for all p P M
which varies smoothly with p (ie for any smooth vector fields X,Y , the function
gpX,Y q is smooth)

Remark 7.1. In local coordinates, gij “ gpBi, Bjq (where Bi “ B
Bxi

) gives a

matrix for the inner product. We write g “ gijdx
i b dxj . g is a section of

T˚M b T˚M Ñ M

Definition 7.2. A diffeomorphism of Riemannian manifolds f : M Ñ N is an
isometry if F˚gN “ gM

Example 7.1.

1. Rn with the standard Euclidean metric gEuc “
ř

i dx
i b dxi is a Rieman-

nian manifold. This also descends to a Riemannian metric on Tn “ Rn{Zn

as translation by Zn preserves the metric.

2. The unit sphere ι : Sn Ď Rn`1 has a canonical round metric gSn “ ι˚gEuc

3. If Γ ď Opnq is a finite group which acts freely (and trivially acting properly
discontinuously) on Sn, we get a quotient manifold Sn{Γ which inherits a
round metric (eg RP2 “ S2{t˘1u)

4. (Hyperbolic space) Consider the Riemannian manifold with underlying
manifold the open unit ball in Rn, called Bn and hyperbolic Riemannian
metric ghyp “ 4

p1´|x⃗|2q2

ř

dxi bdxi. In the n “ 2 case, this is the Poincaré

disk model.

5. If Γ is a discrete subgroup of IsompHq which acts freely and properly
discontinuously. ThenM “ H{Γ inherits ghyp. These are called hyperbolic
manifolds

There are many things a Riemannian metric allows us to construct

1. The pointwise inner product induces an isomorphism TpM – T pM which
in index notation we write v “ viBi ÞÑ vjdx

j where vj “ gijv
i with inverse

vi “ gijvj where pgijq is the inverse matrix to pgijq. This is sometimes
called the musical isomorphism, as sometimes 7 and 5 are used to denote
it.

2. Suppose we have a smooth function f on M . Then we have df which is a
1-form. Under the musical isomorphism this corresponds to a vector field
∇f , which we call the gradient vector field. The flow generated by ∇f is
called the gradient flow.
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3. Suppose we have a submanifold ι : N Ñ M . Then g pulls back to a Rie-
mannian metric on N (and this even works for immersed submanifolds).
Check that for surfaces in R3, this is the first fundamental form.

4. Given a smooth curve γ : r0, 1s Ñ M and 9γ “
Bγ
Bt , the length of the curve

is Lpγq “
ş1

0

a

gp 9γ, 9γqdt (the square root makes it invariant under trans-

formation). The energy is Epγq “ 1
2

ş1

0
gp 9γ, 9γqdt. The distance between

p, p1 P M is given by the infimum of lengths of paths between them. This
induces a metric structure.

5. The volume element dvolg “
a

detpgijqdx1 . . . dxn. This is independent
of coordinate system. If M is oriented, then dvolg can be regarded as an
n-form. More generally, this defines a measure and this can be regarded as
a measure density regardless of orientability. IfM is compact then we can
define VolM “

ş

M
dvol. This depends on pM, gq but not on the choice of

coordinates. More generally for compact immersed submanifolds we have
the pullback metric and we can take the volume with respect to this. This
is sometimes called the area of N .

6. Suppose we have a smooth function f on M with compact support. Then
the Dirichlet energy of f is Epfq “ 1

2

ş

M
p∇f,∇fqgdvolg

7. The inner product on TpM induces an inner product on T˚
p M , either via

the musical isomorphism or by gij in coordinates (they induce the same

inner product). More generally we get an inner product on
Źk

T˚
p M

characterised in the following way. Given an orthonormal basis ei of T
˚
p M ,

ei1 ^ . . .^ eik is a basis of
Źk

T˚
p M which we declare to be orthonormal.

You can check that this does not depend on basis.

8. Suppose M is oriented so dvolg makes sense as an n-form. We can define

the hodge * isomorphism ˚ :
Źk

T˚
p M Ñ

Źn´k
T˚
p M , given by α^ ˚β “

pα, βqgdvolg for all k-forms α, β. In coordinates, ˚pei1 ^ . . . ^ eikq “

˘ej1 ^ . . .^ ejn´k
(exercise: compute the sign) where tj1, . . . , jn´ku is the

complement of ti1, . . . , iku. You can check that ˚2α “ p´1qkpn´kqα on
k-forms α. On R3, we let e1, e2, e3 be an orthonormal basis of cotangent
vectors. Then ˚e1 “ e2 ^ e3, ˚e2 “ e3 ^ e1, ˚e3 “ e1 ^ e2.

Definition 7.3. A smooth immersed curve γ : r0, 1s Ñ M is called a geodesic
if it is a critical point of the energy Epγq.

Remark 7.2. Length minimising curves are geodesics under arclength param-
eterisation. Conversely geodesics do not need to be length minimising by our
definition (eg the longer path around a great circle).

Proposition 7.1. The curve γ : r0, 1s Ñ M is a geodesic if and only if it
satisfies the geodesic equation, which reads as follows in local coordinates

B2xi

Bt2
` Γi

jk

Bxj

Bt

Bxk

Bt
“ 0
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where Γi
jk “ Γi

kj “ 1
2g

is
´

Bgsj
Bxk `

Bgsk
Bxj ´

Bgjk
Bxs

¯

, the Christoffel symbol

Proof. The proof proceeds using the calculus of variations.
We focus on one coordinate chart by cutting up the curve.

Epγq “
1

2

ż 1

0

gijpxq
Bxi

Bt

Bxj

Bt
dt

We take a first order perturbation γ “ xiptq ÞÑ xiptq ` δxiptq. Then

δEpγq “
1

2

ż 1

0

Bsgij
Bxi

Bt

Bxj

Bt
δxsptq ` gij

Bxi

Bt

Bδxj

Bt
` gij

Bδxi

Bt

Bxj

Bt
dt

As the end points are fixed, if we integrate by parts (to move the derivatives
away from the first variation term) and relabelling indices, we get

δEpγq “
1

2

ż 1

0

ˆ

1

2
Bsgkj

Bxk

Bt

Bxj

Bt
´

B

Bt

ˆ

gks
Bxk

Bt

˙˙

δxsptqdt

“

ż 1

0

ˆ

1

2
Bsgkj

Bxk

Bt

Bxj

Bt
´ Bjgks

Bxj

Bt

Bxk

Bt
´ gks

B2xk

Bt2

˙

δxsptqdt

“

ż 1

0

ˆ

1

2
Bsgkj

Bxk

Bt

Bxj

Bt
´

1

2
Bjgks

Bxk

Bt

Bxj

Bt
´

1

2
Bkgjs

Bxk

Bt

Bxj

Bt
´ gis

B2xi

Bt2

˙

δxsptqdt

“ ´

ż 1

0

gis

ˆ

B2xi

Bt2
` Γi

jk

Bxk

Bt

Bxj

Bt

˙

Bxsptqdt “ 0

So the term in brackets must identically vanish, and we are done (as the converse
holds by the same computation)

Remark 7.3. The geodesic equation is second order, so we need an initial
point and direction of the geodesic to solve it, and the solution is unique for
sufficiently short timescales. The Hopf-Rinow theorem states that the following
are equivalent:

1. The metric space induced by pM, gq is complete

2. For every p P M, v P TpM , the geodesic equation can be solved for all time

Given v P TpM , we define expppvq “ γp1q for γ the geodesic starting at p in
direction v. This is called the exponential map, and gives geodesic coordinates
on a neighbourhood of p, but such coordinates may not be unique.
(Note-taker’s remark: Hopf-Rinow generalises to length spaces, where we can
state that every complete locally compact length space is a proper geodesic
space. I will not define these terms.)

Important caveat: Γi
jk is not a tensor. Instead, it is a Levi-Civita connection

Lemma 7.1. (Geodesic coordinate trick) Around a given p P M there are local
coordinates txiu such that gijppq “ δij and Bkgijppq “ 0. In this situation,
Γi
jk “ 0.
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Proof. We transform coordinates to tx̃iu. Then g̃ab “ gij
Bxi

Bx̃a
Bxj

Bx̃b . By a linear
change of coordinates, we can make gij “ δij . Now we perform the non-linear
transformation xi “ x̃i ` 1

2c
i
jkx̃

j x̃k for some cijk “ cikj to be determined.

Bgab
Bx̃k

p0q “
Bgij
Bxk

δiaδjb ` δijδjbc
i
ak ` cjbkδijδia “

Bgab
Bxk

` cbak ` cabk

To set this equal to 0, we have n 1
2npn ` 1q equations in 1

2n
2pn ` 1q variables,

and the homogeneous related equation has only the 0 solution, so this has a
unique solution.

Remark 7.4. We use these as we wish to have local coordinates where gij “

δij ` Op|x|2q. In general we can’t remove the higher order term (because of
curvature)

8 Connections and Curvature

8.1 Connections

A connection is a device to take derivatives of sections of vector bundles Nota-
tion: In this section E Ñ M is a vector bundle of rank r. E b

Źk
T˚M Ñ E

is a vector bundle with fibres Ep b
Źk

T˚
p M and global sections ΩkpM,Eq

Definition 8.1. A connection on E is an operator D : Ω0pU,Eq Ñ Ω1pU,Eq

for open U Ď M satisfying

1. (Locality) If two sections s, s1 agree on a given open subset V , then Ds “

Ds1 on V

2. (Leibniz rule) Dpfsq “ df b s` fDs for any local smooth function f

Equivalent view: For any vector field X, we can contract X with the T˚M
factor of Ds to get DXs P Ω0pU,Eq, called the covariant derivative and the
Leibniz rule for all such X is equivalent to the Leibniz rule above

Remark 8.1. (Alternative definition) There is an alternative definition via
#

Horizontal Distributions

Connections on Principal bundles
see Kovalev’s notes.

In local coordinates, if we take a trivialising basis of sections teau : E Ñ U ,
so for a section s, s “

ř

sapxqea. Then

Ds “
ÿ

a

dsa b ea ` saDea

by the Leibniz rule, or in the covariant terms,

DXs “
ÿ

dsapXq b ea ` saDXea
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We use the shorthand Di “ DBi . We define the matrix of local 1-forms, Dea “
ř

Ab
aeb where Ab

a are local 1-forms, Ab
a “

ř

Ab
akdx

k. Then Ab
ak are functions.

Now Dkea “
ř

bA
b
akeb. Then we have a concrete expression

Ds “
ÿ

a

dsa b ea `
ÿ

b

sb bDeb “
ÿ

a,b

pdsa `Aa
bs

bq b ea

We can therefore write

Dks “
ÿ

a,b

pBks
a `Aa

bks
bqea

The Ab
ak are called the connection coefficients

8.2 Curvature

Curvature measures in some sense the non-commutativity of the covariant deriva-
tive.

Lemma 8.1. pDiDj ´DjDiqs “
ř

a,b F
a
bijs

bea where

F a
bij “ BiA

a
bj ´ BjA

a
bi `Aa

ciA
c
bj ´Aa

cjA
c
bi

Proof. We compute

DiDjs “ Di

˜

ÿ

a,b

pBjs
a `Aa

bjsbqea

¸

“
ÿ

a

˜

Bi

˜

Bjs
a `

ÿ

b

Aa
bjs

b

¸¸

`
ÿ

c

Aa
ci

`

Bjs
c `Ac

bjs
b
˘

ea

Likewise we swap the indices to get DjDis. Taking the difference we get the
result.

Remark 8.2. Notation: F a
b “ 1

2

ř

i,j F
a
bijdx

i ^ dxj . This is a matrix-valued
2-form with matrix indices a, b. It is called the curvature matrix.
You can view Aa

b as a matrix of 1-forms. With this notation, we have F a
b “

dAa
b `Aa

c ^Ac
b. More memorably, F “ dA`A^A

Exercise 8.1. (On example sheet 2) For more general vector fields X,Y we
have

pDXDY ´DYDX ´DrX,Y sqs “
ÿ

a,b

F a
b pX,Y qsbea

and so the curvature is independent of the coordinates.

We give a more ‘elegant’ approach. We have a connection operatorD : Ω0pM,Eq Ñ

Ω1pM,Eq and want to extend this to D : Ω0pM,Eq Ñ Ω1pM,Eq. We have the
Leibniz rule Dpωbsq “ dωbs` p´1qdegωωbDs and this gives us an extension
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for k-forms. This is subject to a ‘consistency check’ Dpfω b sq
?
“ Dpω b fsq.

We compute

Dpfω b sq “ dpfωq b s` p´1qdegωf bDs

“ dω b fs` pdf ^ ωq b ω ` p´1qdegωfω bDs

“ dω b fs` p´1qdegωω ^Dpfsq

so it works. Next we define F “ D2 : Ω0pU,Eq Ñ Ω2pU,Eq. Then

F pfsq “ DDpfsq

“ Dpdf b s` fDsq

“ dpdfq b s´ df ^Ds` df ^Ds` fD2s

“ fD2s

as d2 “ 0. Therefore F is a differential operator of order at most 2 with
F pfsq “ fF psq, and hence F is 0th order, which therefore acts independently
at each point of M . Therefore F is represented by a section in Ω2pEndpEqq.
The curvature matrix F a

b is simply the coefficient of F with respect to the basis
teau

Remark 8.3. Curvature is a local obstruction to the existence of a basis of
parallel sections (sections with Ds “ 0). Suppose there is a local basis of
parallel sections teiu. Then D2ei “ 0, so F “ 0. Conversely if D2 “ 0, then
(using some ODE theory) on any contracible open U there is a basis of parallel
sections

8.3 Levi-Civita Connection

Let E “ TM Ñ M . Then in a coordinate chart suppose we have a connection
∇ on TM with coefficients Γi

jk (not necessarily the Christoffel symbols) defined
by

∇kBj “
ÿ

i

Γi
jkBi

On TM we have a Lie bracket, and this structure allows us to define the torsion

Definition 8.2. The torsion of ∇ is T pX,Y q “ ∇XY ´ ∇YX ´ rX,Y s

Exercise 8.2. In local coordinates, T pX,Y q “ pΓi
jk´Γi

kjqXkY j , so∇ is torsion

free if and only if Γi
jk “ Γi

kj

Theorem 8.2. On any Riemannian manifold pM, gq there is a unique torsion
free connection ∇ which is compatible with the metric in the sense that we have
a “Leibniz rule”

ZpgpX,Y qq “ gp∇ZX,Y q ` gpX,∇ZY q
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Proof. (Uniqueness) We wish to determine Γi
jk. Let X “ Bi, Y “ Bj , Z “ Bk.

Then metric compatibility reads

Bkgij “ Γp
ikgpj ` Γp

jkgip

Permuting i, j, k cyclically, we get another two similar equations. We recall that
pgiqq is the inverse matrix to pgiqq so Γp

jkgqpg
iq “ Γi

jk. Adding the first two
equations and subtracting the third from before, we get

Γp
jkgip “

1

2
pBkgij ` Bjgki ´ Bigjkq

and multiplying with the inverse matrix gives

Γi
jk “

1

2
giq pBkgij ` Bjgki ´ Bigjkq

, and in fact this is exactly the Christoffel symbol (justifying our use of Γ for
them).
For existence, we use the formula above to define the coefficients, and verify
that this is a well-defined (ie coordinate independent - by uniqueness on the
overlaps) torsion-free connection compatible with g.

Definition 8.3. The ∇ above is called the Levi-Civita connection.

Remark 8.4. Intuitively, using the geodesic coordinates, Γi
jkppq “ 0, and ∇ “

d, ∇i “ Bi. ∇ on TM also induces a connection on T˚M via the Leibniz rule
∇ipω,Xq “ p∇iω,Xq ` pω,∇iXq, so we can apply this to dxi, Bj to define it,

and this turns out to be ∇kdx
j “ ´Γj

kidx
i.

Suppose T is a tensor, eg T “ Tijdx
i b dxj valued in E “ T˚M b T˚M ,

this can also be denoted Tij . ∇k∇lTij is valued in pT˚Mqb4

Remark 8.5. ∇g “ 0. g “ gijdx
i b dxj , so ∇ZpgpX,Y qq “ p∇ZgqpX,Y q `

gp∇ZX,Y q ` gpX,∇ZY q, but then metric compatibility says ∇ZpgpX,Y qq “

gp∇ZX,Y q ` gpX,∇ZY q, so we are done.

Example 8.1. (Divergence operator on a vector field) Let X be a vector field
on M . The divergence of X is divX “

ř

dxip∇iXq, a function independent of
local coordinates. SupposeM is oriented. Then divpXqdvolg “ dpιXdvolgq (use
geodesic coordinates to assume gij “ δij ` Op|x|2q, then p∇iXqppq “ pBiXqppq

and divpXq “ BiX
i)

This trick is quite general - if you want to prove first order identities you can
pretend g is Euclidean

Remark 8.6. Submanifold connection: If ι : M Ñ N is an embedded subman-
ifold and ḡ is a Riemannian metric on N with g “ ι˚ḡ on M , at any point on
M we let π be the orthogonal projection of TpN onto TpM . Let X,Y be local
vector fields on M (which extend smoothly to a local vector field on N). Let
∇̄ be the Levi-Civita connection on N . Then the vector field on M defined by
∇XY “ πp∇̄XY q and you can check this is a connection on M . You can fur-
ther check that it is compatible with g and torsion free, so ∇ is the Levi-Civita
connection on M
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8.4 Riemannian, Ricci, and Scalar curvature

Definition 8.4. The curvature 2-form is

RpX,Y q “ ∇X∇Y ´ ∇Y ∇X ´ ∇rX,Y s

Remark 8.7. In coordinate form, this is

Ra
bij “ BiΓ

a
bj ´ BjΓ

a
bi ` Γa

ciΓ
c
bj ´ Γa

cjΓ
c
bi

After lowering indices, we get the Riemannian Curvature

Rklij “ gkaR
a
lij

, ie RmpZ,W,X, Y q “ gpRpX,Y qW,Zq

Remark 8.8. In geodesic coordinates around p, Bigjk “ 0 so Γk
ij “ 0, and

Rklij “ 1
2 pBiBlgkj ´ BiBkgjl ´ BjBlgki ` BjBkgilq, so if Rm doesn’t vanish at a

point, you can’t eliminate second order terms in the geodesic coords

Corollary 8.2.1.

1. Rijkl “ ´Rijlk (and same in the first two indices)

2. Rijkl `Riklj `Riljk “ 0 (Bianchi identity)

3. Rijkl “ Rklij

Proof. This is coordinate independent, so do it in geodesic coords

Remark 8.9. So the Riemmanian curvature is a symmetric bilinear form on
Ź2

TpM .

Definition 8.5. If X,Y are linearly independent, they span a plane corre-
sponding to X ^ Y , called Π. The sectional curvature along the 2-plane Π is

secpΠq “
RmpX,Y,X,Y q

|X^Y |g
“

RmpX,Y,X,Y q

gpX,XqgpY,Y q´gpX,Y q2

Remark 8.10. This is invariant under change of choice of X,Y

Definition 8.6. The Ricci curvature is a symmetric bilinear form on TpM
defined by RicpX,Y q “

ř

i Rmpei, X, ei, Y q for a basis ei. The scalar curvature
is scalg “

ř

i Ricpei, eiq

Exercise 8.3. Compute the Riemannian curvature of Sn,Rn,Hn.

Remark 8.11. Symmetric bilinear forms on TpM have a partial order by their
induced “norm”, so we can talk about Ric ě Λg
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9 Hodge Theory and Harmonic Representative

Let pM, gq be an n dimensional compact orientable Riemannian manifold. For

k “ 0, 1, . . . , n, the vector bundle E “
Źk

T˚M Ñ M has a fibrewise inner
product structure and so we can define an inner product for k-forms as

pα, βqL2 “

ż

M

pα, βqgdvolg

Likewise
Źk

T˚M b T˚M Ñ M has a fibrewise inner product inducing the L2

inner product on ΩkpM,T˚Mq.
First order differential operators look like D “

ř

|α|ďk aαpxqBα for k “ 1. The

formal adjoint is the operator D˚ so pDα, βq “ pα,D˚βq. In our context we
know of the differential operators d,∇. The formal adjoints are d˚ : Ωk`1pMq Ñ

ΩkpMq, and ∇˚ : ΩkpM,T˚Mq Ñ ΩkpMq so that pdα, βq “ pα, d˚βq for any k-
form α and k ` 1 form β and similar for ∇. These have simple formulae:

dα “
ÿ

i

dxi ^ ∇iα

d˚α “ ´gijιBip∇jαq

∇α “
ÿ

i

dxi b ∇iα

∇˚α “ gijιBi∇jα

where the ι means interior multiplication for d˚, and contraction with the
T˚M factor for ∇˚. That these are adjoints can be checked by Stokes for-
mula/integration by parts.

Remark 9.1. (d˚ vs ˚) d˚ can be expressed as d˚ “ p´1qnpk`1q`1 ˚ ˝d ˝ ˚

The Laplacian is a second order differnetial operator on pM, gq.

Definition 9.1. The Hodge Laplacian on k-forms is ∆Hodgα “ pdd˚ ` d˚dqα.
The rough Laplacian is ∆α “ ∇˚∇α

Remark 9.2. On R2, both of these agree and are the usual Laplacian

Lemma 9.1. Suppose α is a smooth k-form on compact oriented M . Then

p∆Hodgα, αq “ pdα, dαq ` pd˚α, d˚αq “ ||dα||2 ` ||d˚α||2 ě 0

with equality if and only if dα “ d˚α “ 0, ie ∆Hodgα “ 0

Proof. Trivial

Definition 9.2. Such α P ΩkpMq are called harmonic, and form a vector space
Hk
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Example 9.1. If M “ Tn and g “
ř

dxi b dxi, the k-form α can be written
as a Fourier series α “

ř

αIdx
I , αI “

ř

ωPZn αI,ωe
2πiωx and the L2 norm is

(by Parseval)
ř

I

ř

ωPZn |αI,ω|2, and dα “
ř

dxi ^ Biα, d
˚α “ ´

ř

ιBi
Biα, so

∆ “ ∆Hodg “ ´
ř

i B2
i and p∆α, αq “

ř

I

ř

ωPZn |2πω|2|αI,ω|2 ě 0 with equality
if and only if αI,ω “ 0 for any non-zero ω, so Hk “ spantdxIu

Example 9.2. If k “ 0, ∆ “ ∆Hodg,

ż

M

p∆fqhdvolg “ pdf, dhq “

ż

M

gijpBigqpBjhqp
a

det gqdx1 . . . dxn

as d˚f “ 0 for degree reasons. Integrating by parts we get

´

ż

M

hBjpgijBif
a

det gqdx1 . . . dxn

As these hold for any h, we must have

∆f “
1

?
det g

BjpgijBif
a

det g

Example 9.3. If k “ 1, then ∆Hodgα “ ∆α ` Ricij α
jdxi

Now ∆,∆Hodg are 2nd order differential operators, and their difference is
0th order. (In general, the difference depends on the Riemannian curvature,
and for degree 1 it only depends on the Ricci curvature)

Theorem 9.2. (Harmonic Representation) On any smooth compact oriented
Riemannian manifold pM, gq, each de Rham cohomology class has a unique har-
monic representative. EQuivalently there is a well defined map from harmonic
k-forms to de Rham classes which is an isomorphism.

Proof. No Proof

(The heuristic idea is to minimise L2 norm within the class - messy PDE
theory stuff)
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