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1 Hahn-Banach Extension Theorems

Definition 1.1. Let X be a normed space over R or C. The dual space of X,
denoted X*, is the space of all bounded linear functionals on X.

Remark 1.1. This is a Banach space in the operator norm || f|| = sup{|f(z)] |
x € Bx}, where Bx is the closed unit ball of X. We also denote by Sx the unit
sphere

Example 1.1.
1. l;‘,‘;lqwhere%—k%:l,1<p<oo,andc(’)“gl1

2. If H is a Hilbert space, then H* >~ H (this map is conjugate linear in the
complex case)

Remark 1.2.

1. X ~ Y means the normed spaces X and Y are isomorphic - there is a linear
bijection between them which is continuous with continuous inverse.

2. X =~ Y means X and Y are isometrically isomorphic, ie there is a bijective
linear isometry between X and Y.

3. For z € X and f € X*, we write {z, f) = f(x). Note that |(z, f)| =
[f @) < (1] ]l



Definition 1.2. Let X be a real vector space. A functional p: X — R is
positive homogeneuous if p(tx) = tp(z) for all z € X and t = 0. It is subadditive
if p(z + y) < p(z) + p(y) for all z,y e X

We recall:

Definition 1.3. Let (P, <) be a poset. We say « € P is an upper bound for
Ac Pifa<zforallae A. For A< P, it is a chain if it is linearly ordered by
<. x € P is mazimal if for all y € P, x < y implies x =y

Proposition 1.1. (Zorn’s lemma) If P # & is a poset such that every non-
empty chain has an upper bound, then P has a mazximal element

Proof. See your favourite logic course O

Theorem 1.1. (Hahn-Banach) Let p be a positive homogeneous subadditive
functional on the real vector space X and g: Y — R be a linear functional such
that for ally e Y, g(y) < p(y). Then there is a linear f: X — R which restricts
to g onY and for all z € X, f(z) < p(x)

Proof. Let P = {(Z,h) | Z < X,h: Z — Ris linear, h|ly = ¢g,Vz € Z.h(z) <
p(2)}. (Z1,h1) < (Za,he) if Z1 < Zy and hy extends hy. The conditions of
Zorn are satisfied, so we get a maximal element (Xo, fo). If Xo = X, we are
done. Otherwise, fix z; € X\ X, and set X1 = Xy + Rzy. Fix a € R and define
fi: X > R by fi(z + Az1) = fo(x) + Aa. Then f; is linear, extends fy,. We
wish to find and « so f; < p, and the result follows as (Xo, fo) < (X1, f1). We
want « € R such that
fo(x) + Aa < p(x + Azq)

This is equivalent to

folx) + a < p(x + x7)
and

folz) —a < p(z — x1)
by positive homogeneity. This happens if and only if

Jo(y) —p(y —21) < a < p(r+x1) — fo()

which can be done if and only if the outer terms satisfy that inequality for all
x,y (as then we set a to be the supremum of the left hand side). This follows
as

fo(@) + foly) = fo(z +y) < p(z +y) <pl@+21) +p(y — 21)
O
Definition 1.4. Let X be a real or complex vector space. A seminorm on X

is a functional p: X — R such that p(z) = 0 for all z € X, p(Az) = |A|z for all
scalar A and z € X, and p(z + y) < p(z) + p(y)

Remark 1.3. All norms are seminorms, and all seminorms are positive homo-
geneous and subadditive



Theorem 1.2. (Hahn-Banach 2) Let p be a seminorm on X and g: Y — scalars
be a linear functional such that for all y € Y, |9(y)| < p(y). Then there is a
linear f: X — scalars which restricts to g on'Y and for all x € X, |f(z)| < p(x)

Proof. In the real case, this is just a special case of the first Hahn-Banach
theorem, as f(z) < p(z) and —f{z) = f(—z) < p(—z) = p(z), 50 | f(z)] < p(z).
In the complex case, let g1 = Reg: Y — R. This is dominated by p, so by the
real case there is a real-linear extension f;: X — R which is dominated by p.
Let f: X — C be the unique complex linear functional whose real part is fi.
Uniqueness shows that f extends g. Fix x € X. We need |f(z)| < p(z). Choose
A of modulus 1 such that |f(x)| = Af(x). Then

|f(z)| = f(Az) = fi(Az) < p(Az) = p(x)
so we are done. O

Corollary 1.2.1. Let X,p as in the above theorem. Let xqg € X. Then there is
a linear functional f on X such that |f(z)| < p(x) and f(zo) = p(xo)

Proof. Define g: span(zg) — scalars by g(Azg) = Ap(zp). Then apply the above
theorem. O

Theorem 1.3. (Hahn-Banach, again) Let X be a normed space.

1. Gwen' Y < X and g € Y* there is f € X* such that fly = g and
A1 = Tlgll-

2. Let kg € X\{0}. There is f € Sx= such that f(xo) = ||xo]|.

Proof. 1. Let p(x) = ||g|| - ||z||]- This is a seminorm which bounds g by
definition of ||g||. By theorem 2, there is a linear functional f on X such
that fly = g and |f(z)| < p(x) = |lg|| - ||=||, ie f is a bounded linear
functional of norm at most ||g||, with equality as f|y = g.

2. Let p(z) = ||z||. By the above corollary, there is a linear functional f on
X such that f(zg) = ||zo]| and for all x € X, ||f(x)|| < ||z||. Hence f has
norm 1.

O
Remark 1.4.

1. (1) of the above is a linear version of Tietze’s extension theorem.

2. (2) of the above is analogous to Urysohn’s lemma, as it gives an f that
separates points (by considering x — y).

3. The f of part (2) is called a norming functional at xg, it tells you ||zo|| =
max{|g(zo)| | g € Bx=}. It is also called a support functional at xg, as if
llzo|| = 1 and X is real, then Bx < {z € X | f(z) < 1}. The hyperplane
{z e X | f(z) =1} is tangent to Bx at xo.



1.1 Bidual

Definition 1.5. Let X be a normed space. Then X** = (X*)* is the bidual
(or second dual) of X

For z € X, define &: X* — scalars via f — f(x). Then & is linear and bounded,
as [2(f)] = |f(@)] < ||f|]-]|z|] for all f € X*, with norm at most ||z||, so & € X**.

Theorem 1.4. The map x — & from X — X** called the canonical embedding
18 an tsometric linear map.

Proof. Remark 1.4(3) shows it is isometric, and it is trivially linear, so we are
done. O

Remark 1.5.

L (f2) =, )= f(z) forze X, feX*
2. X > {@|xe X} =X < X** and X is closed if and only if X is complete

3. X (the closure in X**) is a Banach space containing a dense isometric
copy of X (a completion)

Definition 1.6. A normed space X is reflexive if the canonical embedding
X — X** is surjective.

Example 1.2.

1. l,,1 <p < oo, L,(n),1 < p < oo, Hilbert spaces and finite dimensional
spaces are reflexive

2. co,l1, L0, 1] are not reflexive

Remark 1.6. If X is reflexive, then X =~ X**, so X is complete, but there
exist Banach spaces with X =~ X** and X not reflexive.

1.2 Dual Operators

Let X,Y be normed space and recall that B(X,Y") is the set of bounded linear
maps from X to Y. This is a normed space in the operator norm, ||T|| =
sup{||Tz|| | x € Bx}. If Y is complete then B(X,Y) is too.

Definition 1.7. For T € B(X,Y), its dual operator is T*: Y* — X* by
T*(g) =goT.



T* is linear and bounded.

IT*|| = sup [|T*(g)]l

gEBy %

sup sup |{z,T*g)|

gEBY* reBx

= sup sup [T'z,g)]|

zeBx gEBY*

sup [|Tx|]

IEBX

1T

Remark 1.7. If X, Y are Hilbert spaces, T* is the adjoint of T’
Example 1.3. Let R: [P — [P be the right shift. R*: [9 — [? is the left shift.
Remark 1.8. We list some properties of dual operators

1. Idx = Id%

2. (NS + uT)* = \S* + uT*

3. (ST)* =T*S5*

4. T T*: B(X,Y) — B(Y*,X*) is a linear isometry

5. The following diagram commutes

x T vy

L.

XORE TH® Yok
Remark 1.9. By the above properties, if X ~ Y then X* ~ Y'*

1.3 Quotient Spaces

Definition 1.8. Let X be a normed space and Y be a closed subspace of X.
The quotient space, X /Y is a normed space in the quotient norm, ie

|lz + Y| = inf ||z +y|| = d(z,Y)
yey

It is easy to check that this is a norm (we need Y closed for positivity)

Definition 1.9. The quotient map q: X — X /Y by q(z) = ©+Y is a surjective
linear map which is norm-decreasing (and hence ||g|| < 1)

Remark 1.10. The quotient map maps the open unit ball Dx onto Dy y.
Mapping into is immediate from norm decreasing, and if z € Dx )y then z = ¢(x)
for some x € X, and ||z|| = ||z + Y| < 1, so there is y € Y with ||z +y|| < 1 and
q(x +y) = z,s0||g|]| =1 provided X # Y. It follows that ¢ is an open map, by
translating and dilating Dx



Let X, Z be normed spaces, Y < X a closed subspace and T' € B(X, Z) such
that Y < ker T. Then there is a unique map T: X/Y — Z such that

x T .z

NI

XY

commutes. This map is linear (automatically) and bounded with 1T = ||T]],
as T(Dx)y) = T(q(Dx)) = T(Dx).

Theorem 1.5. Let X be a normed space. If X* is separable, then so is X.

Proof. Fix a countable dense subset {z? | n € N} of Sx«. For all n, choose
z, € By such that z¥(z,) > 1. Let Y = span{z,, | n € N}. Assume Y # X.
Then choose z* € Sx# such that *|y = 0 by Hahn-Banach on X /Y. Choose
¥ such that |[2* —2}|| < &5. Then § < a}(2,) = (z — %) (@n) + 2% (25) < 15
contradiction. O

Remark 1.11. The converse is false, eg I*.
Theorem 1.6. Every separable normed space X embeds isometrically into 1.

Proof. Let {z, | n € N} be a countable dense subset of X and let z¥ be a
norming functional for z,,. We define T': X — [® by x — (z(x)). This is easily
seen to be well defined, linear and bounded with norm at most one. For z,,

llznll = |Tzn]| = |2%(x0)| = ||zn||, so by density, it is isometric everywhere O

Remark 1.12. 1. We say [ is isometrically universal for the class SB of
separable Banach spaces. Later we will show there is a separable Banach
space Z with this property.

2. There is a dual version of theorem 7 that states every separable Banach
space is isometrically isomorphic to a quotient of .

Theorem 1.7. (Vector-valued Liouville’s theorem) Let X be a complex Banach
space and f: C — X be holomorphic and bounded. Then f is constant.
fw)—f(2)

Proof. f being holomorphic means that for every z € C, lim,,—,, = —

ists. Fix z* € X*. Then lim,,_,. % = a*f'(2) as * is linear and
continuous. Also |z* f(2)| < ||z*|] - | f(2)| < M]||z*|| so by usual Liouville, z* f
is constant. Now fix z € C. We know x* f(z) = * f(0). As x* separates points

(varying over X*), f(z) = f(0), so we are done. O

ex-

Definition 1.10. A locally convez space (LCS) is a pair (X, P) where X is a
vector space, and P is a family of seminorms on X that separates points of X
in the sense that for all  # 0 in X, there is p € P such that p(z) # 0. Such
a family P defines a topology on X. U € X is open if for all x € U there are
P1y--spn€Pand e >0 with {ye X | pr(y —2) <e,1<k<n}cU



Remark 1.13. We give some properties of LCSs
1. Addition and scalar multiplication are constant
2. The topology is hausdorff as P separates points
3. zp, — z in X if and only if p(z, — x) — 0 for every pe P

4. Let Y € X be a subspace and Py be the set of restrictions of pe P to Y.
Then (Y, Py) is a LCS with the subspace topology induced from X

5. Let P, Q be two families of seminorms on X which both separate points, we
say they are equivalent, denoted P ~ Q if they induce the same topology.
In fact it is the case that (X,P) is metrisable if and only if there is a
countable Q equivalent to P

Definition 1.11. A Fréchet space is a complete metrisable LCS
Example 1.4.
1. Any normed space is a locally convex space with P = {|| - ||}

2. Fix a non-empty open set U € C and let O(U) be the set of holomorphic
functions from U to C. For a compact K < U, let ||f||x = sup{|f(2)] |
ze K}. Let P ={|| |lx | K € U compact}. Then (O(U),P) is a
locally convex space, with the topology of locally uniform convergence.
As there is an increasing sequence of compact set which exhausts U, ie
U =JK,,such that K,, < int K, 11, {||-||x,, | n € N} ~ Pso (OU),P) is
metrisable, and in fact a Fréchet space. In fact it is not normable (provable
via Montel’s theorem: given f,, € O(U) such that for all compact K < U,
the sequence f, |k is bounded in C(K), then f, has a locally uniformly
convergent subsequence. If it were normable, then this would say it had
compact unit ball, but the space is infinite dimensional.)

3. Fix d e Nand & # Q < R% Then we have C*(Q), the smooth real
valued functions on 2. For a multiindex a = (ay,...,aq) € (Zx0)?, let

a o\ o\
Do = () (52) " Let palf) = (Daf)lklle and let P
{pK.o | K compact, @ a multi index}. (C*(2),P) is a LCS and in fact a
Fréchet space, but isn’t normable

Lemma 1.8. Let (X,P),(Y,Q) be LCSs and let T: X — Y be linear. The
following are equivalent

1. T s continuous
2. T 1s continuous at 0

8. For all g € Q there isn € N,p1,...,pn € P and C = 0 such that for all
ze X, q(Tz) < Cmaxi<p<n Pr(T)



Proof. 1 and 2 are equivalent as translation is a homeomorphism.

2 implies 3: Fixage Qandlet V = {y e Y | ¢(y) < 1}. This is a neighbourhood
of 0 in Y, so there is a neighbourhood U of 0 in X mapping into V. Without loss
of generality, U = {x € X | pp(z) < e,1 < k < n}. Put p(xr) = maxi<p<n pr(x).

Fix 2 € X. We want to show ¢(Tz) < Ip(z). If p(z) # 0 then 2y € U so

T (ps(i)) eV,s0q(Tx) < %p(x) If p(z) = 0, then Az € U for all scalars \, so

q(T(M\x)) <1, s0 q(Tz) = 0.

3 implies 2: Let V be a neighbourhood of 0 in Y. Without loss of generality,
V ={y €l x(y) < e,1 <k < m} for some q,...,¢n € Q,¢ > 0. For each
1 <k <m, thereis ny € N and py1,...,prn, and Cp = 0 such that for every
€ X, qp(Tz) < Cpmaxigjcn, Pr,j(2). Let U={2 € X | pp; < 57,1 <J <
ng, 1 <k < m}. Then U is a neighbourhood of 0 € X with image in V' so we
are done. O

Definition 1.12. Let (X,P) be a LCS. The dual space, X*, of X is the set of
linear functionals f: X — R that are continuous with respect to P

By the above lemma, a linear functional f on X is continuous if and only
if there is m € N and py,...p, € P,C > 0 such that for all z € X, |f(z)| <
C maxi<k<n Pk ().

Lemma 1.9. Let f be a linear functional on a LCS X. Then f € X* if and
only if ker f is closed.

Proof. The forwards direction is easy.

In the backwards direction, without loss of generality f # 0 and fix g €
X\ker f. Take a neighbourhood U of 0 € X such that (zg + U) nker f = .
Without loss of generality, U = {x € X | pr(x) < e,1 < k < n} for some n € N
and p1,...p, € P,e = 0. Then U is convex and balanced (if € U,|A| = 1
then \x € U) and 0 ¢ f(xzo + U). So f(U) is not all the scalar field. Since
f is linear f(U) is convex and balanced, so it is bounded, say by M. Then

£

f(57U) € {A | |A| < &}, so we are done as we have shown it is continuous at

0. O

Theorem 1.10. (Hahn Banach for LCS) Let X be a LCS
1. GivenY < X and g € Y* there is f € X* such that f|ly =g.

2. Given closed Y < X and x¢ € X\Y there is f € X* such that f(Y) =0
and f(xo) # 0

Proof. (1): By lemma 1.8, thereisn € N, p;,...,p, € P and C = 0 such that for
all z € X, |g(y)| < Cmaxi<p<n Pr(z). Let p(x) = Cmaxigp<n pr(z). This is a
seminorm on X. By Theorem 1.2, there is a linear functional f on X restricting
to g dominated by p(z), so by Lemma 1.8, f € X*

(2): Let Z = Span(Y U {xo}) and define g: Z — scalars by g(y + A\xg) = A.
This is linear with kernel Y, so is continuous by Lemma 1.9. By part (1) we
can extend this to the whole space, so are done. O

Remark 1.14. (2) shows that X™* separates points of X



1.4 The Dual Space of L,

Fix a measure space (Q, F, ). Fix 1 < p < o0 and let ¢ be the conjugate index,
L4+ 1 =1 Given g € L, define ¢¢: L, — scalars by ¢¢(f) = §, fgdu. This
is well defined by Holder, is linear and |¢y(f)| < [[fl[pllgllq, S0 ¢g € L with

llogll < llgllq- We have a map ¢: L, — L% by g — ¢, which is linear and
bounded with ||¢|| <1

Theorem 1.11. Let p,q be conjugate indices with p < 00 and ¢ be as above.
1. If 1 < p < o then ¢ is isometric and surjective, so L;’j =L,
2. If p=1 and p is o-finite, then ¢ is isometric and surjective, so L¥ =~ Ly,

Proof. Surjectivity will be proven later. We prove ¢ is isometric.
First assume 1 < p < w. Fix g € Ly. We need to show ||¢g|| = ||g|4. Let

Fw) = {|g<w>q/g<w> if g(w) # 0

. . Then f is measurable with {|f|Pdp =
0 otherwise

§1gl9dp, so f € L, and || f|, = [|g][¢*. Hence

bq(f) = Jlglqdu = llgllg = llgllq - lgllg™" = llgllg - 1111,

so ||¢gl| = |l9]|q and we are done.

Now if p = 1, without loss of generality ||g||lsoc > 0 and fix 0 < s < ||g||w, SO
{we Q||g(w) > s} has non-zero measure. By o-finiteness, this set is a countable
union of finite measure sets, at least one of which has positive measure. Call

l9(z)|/g9(x) veA

it A, this has finite non-zero measure. Let f = . Then
0 ré¢ A

f€Lyand ||[f|ly = u(A). Then ¢y(f) = §lgldu > su(A) = s||f1]], so [|dgl| = s

as ||f|l1 = u(A) > 0, so the result follows. O

Remark 1.15. One approach to the surjectivity is via the Radon-Nikodym
theorem

1.5 C(K) spaces
Definition 1.13. 1. Let Q be a set and F a o-field on Q. A complex measure
on (2, F) is a countably additive set function v: F — C

2. The total variation measure |v| of v is defined by |v|(A) = sup{>;_; [V(A4x)]|
where A = [J;_, Ak is a measurable partition}. (ie Ay are all measurable
and disjoint). Then |v|: F — [0,00] is a (positive) measure. In fact,
[v](©2) < oo (no proof). The total variation ||v||1 of v is |v|().

3. A signed measure is a countably additive set function v: F — R.



Theorem 1.12. (proof non-examinable) For a signed measure v, there are
unique finite positive measures v, v~ such that v = vt —v™ and [v| = vt +v~.
This is called the Jordan decomposition of v

Proof. No Proof O

Remark 1.16. If v is a complex measure, then Re(v),Im(v) are signed mea-
sures, so have Jordan decompositions v1 — vy and v3 — vy respectively. It fol-
lows that v = vy — vy + ivg — iy, the Jordan decomposition of v. We have
v < |v| < vp + ve + v + vy Tt follows that |v| is finite

Definition 1.14. Let v be a complex measure on F. A measureable function
f:Q — Cis said to be v-integrable if {,|f|d|v| < oo. For such functions we

define
deu: ffdl/l —ffdl/z +ijfdl/3—ijfd1/4

Remark 1.17. 1. {,14dv =v(A) forall Ae F
2. The integral is linear

3. Dominated convergence. If f,, is a sequence of complex valued measurable
functions and f is also complex valued measurable functions, and g is
measurable non-negative real valued. If g € Ly (|v|), | fn] < |g], and f,, — f
almost everywhere. Then f,, f are v-integrable and § f,dv — § fdv

4. |§ fdu| < §|f|d|v| (Do for simple functions, then use dominated conver-
gence.)

Proof. Trivial U

Now K is a compact Hausdorff space, and C(K) is the space of contin-
uous complex valued functions. We denote the space of continuous real val-
ued functions by C®(K), and the positive functions by C*(K). We write
M(K) = C(K)*, M®(K) is the set of ¢ € M(K) such that ¢(f) € R for
all f € C®(K). The latter is a closed real-linear subspace of M(K), and is iso-
metrically isomorphic to the dual of C®(K) by restriction. M*(K) is the set of
linear not-necessarily-continuous functions from C(K) to C such that ¢(f) = 0
for f e CT(K).

Remark 1.18. It is a fact that M (K) = {¢p € M(K) | ||¢|| = ¢(1Kk)}

Definition 1.15. Let X be a topological space and G the set of all open subsets
of X. Let B = 0(G). These are the Borel sets. A Borel meaasure is a positive
measure p on B. This is reqular if

1. u(E) < oo for all compact E
2. p(A) =inf{u(U) | AcUeG} forall Ac B
3. u(U) =sup{u(E) | E < U is closed} for all U € G

10



A complex Borel measure is regular if |v| is regular.

Remark 1.19. If X is compact, then a Borel measure g on X is regular if
and only if 4(X) < oo and (2) in the definition of regularity holds, which is
equivalent to u(X) < oo and (3) holding for all Borel sets.

Example 1.5. The lebesgue measure on R is a regular measure.

Now let v be a complex borel measure on K. For f e C(K), . |f|d|v| <
| f]loo|¥|(K) so f is v-integrable. We define ¢: C(K) — C by ¢(f) = § fdv.
This is linear and bounded with ||¢|| < ||v||1, so ¢ € M(K). If v is a signed
measure, ¢ € M®(K). If v is a positive measure then ¢ € M+ (K)

Theorem 1.13. (Riesz Representation Theorem) Let ¢ € M(K). Then there
s a unique reqular complex borel measure v on K that represents ¢ in the above
way. Moreover ||¢|| = ||v||1. If ¢ € MR(K) then v is a signed measure and if
¢ € MT(K) then v is a posilive measure.

Proof. No Proof O

Corollary 1.13.1. The space of reqular complex Borel measures on K is a
complex Banach space in || - ||1, and is isometrically isomorphic to M (K). The
same holds for signed measures being a real banach space isomorphic to M*®(K)

2  Weak Topologies

Definition 2.1. Let X be a set and F be a family of functions where each f € F
where each f € F is a function f: X — Yy where Y is a topological space. The
weak topology o(X,F) on X generated by F is the smallest topology on X such
that each f € F is continuous

Remark 2.1.

1. S={fY(U)| feF,UCcY;Uopen} is a subbase of (X, F), so the
collection of all finite intersections of elements of S is a base.

2. If Sy is a subbase for the topology of Y; for all f € F, then {f~'(U) | f €
F,U € Sy} is a subbase of o(X, F)

3. If F separates the points of X and each Y is Hausdorff, then o(X,F) is
Hausdorff

4. Let Y < X and Fy = {fly | f € F}. Then o(X, F)ly = o(Y, Fy)

5. Let Z be a topological space and g: Z — X a function. g is continuous
with respect to the o(X, F) topology if every Z — X — Y} is continuous.

Example 2.1.

1. fF = {t: Y — X} is the inclusion, then (Y, F) is the subspace topology.

11



2. Given a set I' and a I'-indexed set of topological spaces X,. Let X =
Hyer X,. We write z, for the v component of x. We define maps
my: X — X, by x — x,. The product topology on X is the weak topology
o(X,{my [veTl})

Proposition 2.1. Let X be a set and for each n € N, let (Y,,d,) be a metric
space and let f,: X =Y, be a function. If F = {f, | n € N} separates points
of X. Then o(X,F) is metrisable.

Proof. Define
d(z,y) = Y} 27" min(dn(fu (@), fu(y)), 1)
n=1

Each f, is uniformly continuous with respect to d so o(X,F) S 74, and by
the Weierstrass M test, d is continuous with respect to the product o(X,F)
topology, so done. O

Theorem 2.1. (Tychonoff’s Theorem) If X, is a compact topological space for

each v then X = nyel" X, is compact in the product topology.

Proof. Let F be a non-empty family of closed subsets of X with the finite
intersection property. We need to show (| F # . By Zorn there is a maximal
family A of subsets of X with the finite intersection property such that F <
A. Tt suffices to prove (), A/_l # . From maximality, A is closed under
intersection, and if A meets every member of A then A € A (from closure under
intersection). For v € I', the set m(.A) has finite intersection property, so the
intersection of the A is non-empty. Take z., in it and set z = (x,) € X. We show
T € (aca A. Let V be a neighbourhood of z € X. Without loss of generality
V' is an intersection of sets of the form 7 1(V,) where V,, is a neighbourhood
of z,. Now V; nmy(A) # Jforall Ae A, soVnA+# forall Ae A, so
x e A. O

We now consider a real or complex vector space E and let F' be a vector
space of linear functionals on F that separates the points of E. We consider the
weak topology o(F, F) on E
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