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1 Introduction (Groj style)

We can define matrix groups, such as SLn, SOn, Sp2n, which are simple in some
sense. If we take these with complex entries, these are in fact differential mani-
folds as well, and are furthermore Lie groups (ie multiplication and inversion are
smooth maps). These have maximal compact subgroups (such as SUn Ď SLn),
and it turns out that over the complex numbers, these have the same represen-
tations (and SUn is homotopic to SLn). This is all complicated. We wish to see
how much of these we can study by considering the tangent space at the origin,
g “ TeG, as this reduces to linear algebra.

Definition 1.1. Linear algebraic groups are subgroups of GLn defined by poly-
nomial equations in the matrix coefficients
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All the groups we mentioned above are linear algebraic.

We want to compute the tangent space at 1 of SL2 “

"ˆ

a b
c d

˙
ˇ

ˇ

ˇ

ˇ

ad ´ bc “ 1

*

.

If we write g “

ˆ

1 0
0 1

˙

` ε

ˆ

a b
c d

˙

` . . . . We have 1 “ det g “ p1 ` εaqp1 `

εdq ´ ε2bc, hence g P SL2 is equivalent to a ` d “ 0, ie Trpgq “ 0. To do
this formally, we consider a linear algebraic group G over E “ Crεs{pε2q. If we
consider the map E Ñ C by ε ÞÑ 0 gives a projection π : GpEq Ñ GpCq, we can
define g “ π´1pIq, and this formalises the calculation done above.

Exercise 1.1. Prove that this is equivalent to the tangent space in algebraic
geometry/differential geometry, and GpEq is the tangent bundle.

Example 1.1.

1. G “ GLn. GpEq “ tÃ P MatnpEq | Ã´1 existsu “ tA ` Bε | A´1 existsu,
as pA ` BεqpA´1 ´ A´1BA´1εq “ I. Therefore g “ gln “ Matn

2. G “ SLn.

Exercise 1.2. Show that detpI ` εXq “ 1 ` εTrpXq

Hence g “ sln “ tX P Matn | TrpXq “ 0u

3. G “ OnC “ tAAT “ Iu. One can compute g “ tX | X ` XT “ 0u.
Note X ` XT “ 0 implies 2TrpXq “ 0. As 2 ‰ 0, TrpXq “ 0. So the
Lie algebra of the orthogonal group is the same as that of the special
orthogonal group, hence T1OnpCq “ T1SOnpCq. This is a demonstration
that Lie algebras only care about the connected component of I

What does g remember about the multiplication in G? It does not get a
multiplication (as pI ` AεqpI ` Bεq “ I ` pA ` Bqε which does not see the
multiplication of the group)
Consider G ˆ G Ñ G via pP,Qq ÞÑ PQP´1Q´1. This sends p1, 1q to 1, so we
get a map g ˆ g Ñ g, but what we want is a bilinear map, not a linear one.
So we do this in two stages. Fixing P , we get a map fP : Q ÞÑ PQP´1Q´1,
we differentiate this to get dfp : g Ñ g which is a map G Ñ Endpgq, and we
differentiate this.
If G Ď MatnpCq, writing P “ I ` Aε and Q “ I ` Bδ, where ε2 “ δ2 “ 0, and
εδ “ δε and expanding out, PQP´1Q´1 “ I ` pAB ´ BAqεδ. Hence we can
define rA,Bs “ AB ´ BA for A,B P g Ď Matn

Exercise 1.3. Show directly from the definition (as the derivative of the com-
mutator) that rX,Y s “ ´rY,Xs (as PQP´1Q´1 “ pQPQ´1P´1q´1

Further show that the Jacobi Identity, rrX,Y s, Zs`rrY, Zs, Xs`rrZ,Xs, Y s “ 0
by (1) explicit computation for gln or (2) define px, y, zq “ y´1ppx, y´1q, zqy and
see it by differentiating the identity px, y, zqpy, z, xqpz, x, yq “ 1 or (3) deduce it
from associativity of multiplication of G
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Definition 1.2. A Lie algebra is a vector space g with a bracket operation
r¨, ¨s : g ˆ g Ñ g which is bilinear, satisfies rx, ys “ ´ry, xs for all x, y P g, and
satisfies the Jacobi identity rrx, ys, zs ` rry, zs, xs ` rrz, xs, ys “ 0

Example 1.2.

1. For any vector space V , if the bracket is always 0, we get a Lie algebra
(called an abelian Lie algebra)

2. gln “ Matn with the bracket rA,Bs “ AB ´ BA

3. son “ tA P gln | A ` AT “ 0u

4. sln “ tA P gln | trA “ 0u

5. sp2n “ tA P gl2n | JATJ´1`A “ 0u where J is

¨

˚

˚

˚

˚

˚

˚

˝

´1
. . .

´1
1

. . .
1

˛

‹

‹

‹

‹

‹

‹

‚

6. b “ tupper triangular matrices in slnu

7. n “ tstrictly upper triangular matrices in slnu

Exercise 1.4.

1. Check gln is a Lie algebra

2. Check that all the non-abelian Lie algebras above are Lie subalgebras of
gln, ie they are closed under rA,Bs “ AB ´ BA

3. Show that

"ˆ

˚ ˚

˚ 0

˙*

is not a Lie subalgebra of gl2

4. Find algebraic groups whose Lie algebras are those above

5. Classify all 3 dimensional Lie algebras over C

Definition 1.3. If g, h are Lie algebras, a linear map f : g Ñ h is aLie algebra
homomorphism if for all x, y P g, we have fprx, ysq “ rfpxq, fpyqs.

Definition 1.4. A representation of a Lie algebra g on a vector space V is a
Lie algebra homomorphism ρ : g Ñ glpV q. We say g acts on V . It is faithful if
fpxq “ 0 implies x “ 0.

The Lie algebra g acts on itself via adx : g Ñ g by y ÞÑ rx, ys

Lemma 1.1. ad: g Ñ End g is a Lie algebra homomorphism
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Proof. We must show adrx, ys “ adx ad y ´ ad y adx
Now adrx, yspzq “ rrx, ys, zs, and the right hand side is rx, ry, zss ´ ry, rx, zss,
and the equality of these is the Jacobi identity after a couple applications of
antisymmetry

Definition 1.5. The centre of a Lie algebra g is tx P g | rx, ys “ 0,@y P gu.

Remark 1.1. This is the kernel of ad, and so if g has no centre, then ad is
an injection, hence g admits a faithful finite dimensional representation in this
case.

Example 1.3.

ˆ

0 ˚

0 0

˙

Ď gl2 has a faithful representation (in fact, we just gave

it), but is abelian, so the above result is not an equivalence

Theorem 1.2. (Ado’s theorem) Every finite dimensional Lie algebra has a
faithful finite dimensional representation

Proof. No Proof

We use sl2 as an extended (very important) example.

This has basis e “

ˆ

0 1
0 0

˙

, f “

ˆ

0 0
1 0

˙

, h “

ˆ

1 0
0 ´1

˙

Exercise 1.5. ref s “ h, rhes “ 2e, rhf s “ ´2f

So a representation of sl2 on an n-dimensional vector space is a triple E,F,H P

Matnpkq satisfying EF ´ FE “ H, rH,Es “ 2E, rH,F s “ ´2F . Where can we
find these? We will get them as tangent spaces to representations of SL2

Definition 1.6. If G is an algebraic group, an algebraic representation of G on
a vector space V is a group homomorphism G Ñ GLV defined by polynomial
equations in the matrix coefficients of G

So we get maps

GpEq GLV pEq

G GLV
ρ

where E “ krεs{pε2q. So ρpIq “ I and ρpI ` Aεq “ I ` εMpAq where MpAq is
a matrix which is a function of A. We call the function M by dρ : g Ñ glV

Exercise 1.6. Check ρ is a group homomorphism implies dρ is a Lie algebra
homomorphism

Example 1.4. Let G “ SLn and Lpnq the space of homogeneous polynomials
in x, y of 2 variables. GL2

œLpnq by change of basis, ie

ρn

ˆˆ

a b
c d

˙˙

pfqpx, yq “ fpax ` cy, bx ` dyq
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So ρ0 is the trivial representation, ρ1 is the standard representation, and

ρ2

ˆˆ

a b
c d

˙˙

“

¨

˝

a2 ab b2

2ac ad ` bc 2bd
c2 cd d2

˛

‚

We restrict this to an action of SL2. Now we differentiate.
For e, ρpI ` eεq ¨ xiyj “ xipεx ` yqj “ xiyj ` εjxi`1yj´1.
Hence dρpeq ¨ xiyj “ jxi`1yj´1.

Exercise 1.7. Show the action of sl2 is given by e : xiyj ÞÑ jxi`1yj´1, f : xiyj ÞÑ

ixi´1yj`1, h : xiyj ÞÑ pi ´ jqxiyj , and check directly that this is a representa-
tion. Further show that Lp2q and the adjoint representation are isomorphic.
Also show that e “ x B

By , f “ y B
Bx , h “ e “ x B

Bx ´ y B
By defines a representation of

sl2 on krx, ys.
Suppose char k “ 0. Show Lpnq is irreducible

We have a map from representations of an algebraic group G to representations
of its Lie algebra g by differentiation. For “most” Lie groups, this map is
complicated

Example 1.5. Let g “ C with the zero bracket. A representation of g is
uniquely determined by a linear map into V , as ρp1q determines the represen-
tation. W ď V is a submodule if it is preserved by ρp1q. The representa-
tions given by A and A1 are isomorphic if and only if they are conjugate as
matrices, so isomorphism classes of representations are given by Jordan nor-

mal forms. For example if we take A “

¨

˚

˚

˝

0 1
0 1

0 1
0

˛

‹

‹

‚

(or indeed, for n di-

mensions) this is indecomposable but not irreducible, it has only submodules
xe1y, xe1, e2y, xe1, e2, e3y, xe1, e2, e3, e4y

Contrast representations of G “ GL1 “ C˚ as an algebraic group. It is a
theorem that

Theorem 1.3. Every representation of GL1 is a direct sum of irreducible rep-
resentations, and irreducibles are given by z ÞÑ zn, n P Z

Proof. No Proof

We get dρn “ n P C, so we don’t even get all the irreducible representations
of the Lie algebra
pC,`q is an algebraic group with Lie algebra C, so the map from algebraic
groups to Lie algebras is not injective

Theorem 1.4. (Lie) RepG Ñ Rep g by ρ ÞÑ dρ is an equivalence if G is a
simply connected connected simple (algebraic, Lie) group

Proof. No Proof
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Definition 1.7. A simple (algebraic/Lie) group is one whose Lie algebra is
simple.

Remark 1.2. This does not line up with the group theoretic definition, eg SLn

is simple, but µn “ tλI | λn “ 1u is normal in SLn, however PSLn “ SLn{µn

has the same Lie algebra. This holds in general for finite central subgroups
Z Ď G, ie LiepG{Zq “ LiepGq

Remark 1.3. The map from algebraic groups to Lie algebras is not injective
as we’ve seen, and is also not surjective. In gln, any element decomposes as
S ` N where S is diagonalisable, N is nilpotent, and S,N commute (Jordan-
Chevalley decomposition), and any Lie algebra of an algebraic group also has
such a decomposition, but you can find Lie algebras that don’t.

2 Representations of sl2

From now on, k “ C. We know sl2 has basis e “

ˆ

0 1
0 0

˙

, f “

ˆ

0 0
1 0

˙

, h “

ˆ

1 0
0 ´1

˙

and ref s “ h, rhes “ 2e, rhf s “ ´2f .

Theorem 2.1. 1. For every integer n ě 0, there is a unique irreducible
representation of sl2 of dimension n ` 1

2. Every finite dimensional representation is a direct sum of such represen-
tations.

Proof. deferred

Definition 2.1. Let V be a representation of sl2. We define the λ-weight space
of V to be Vλ “ tv P V | hv “ λvu

Example 2.1. Lpnqλ “ Cxiyj if i ´ j “ λ

Let v P Vλ. Consider ev. Then hev “ phe´ eh` ehqv “ 2ev`λev “ pλ`2qv so
v P Vλ implies ev P Vλ`2, and the converse holds if ev ‰ 0. Similarly fv P Vλ´2.
Therefore we have

Vλ`2

Vλ

Vλ´2

f e

f e

Definition 2.2. If 0 ‰ v P Vλ X ker e, we say v is a highest weight vector with
weight λ

Lemma 2.2. Let V be a representation of sl2 and v P V a highest weight vector
of weight λ, then W “ xv, fv, f2v, . . . y is a sl2-invariant subspace.
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Proof. We need to show fW ď W,hW ď W, eW ď W . The first holds by
construction. As v P Vλ, f iv P Vλ´2i, so hW ď W . Finally, ev “ 0, and
ef iv “ pef i ` fef i´1 ´ fef i´1qv “ hf i´1v ´ fpef i´1vq P W by induction. A
more explicit induction shows (exercise) efnv “ npλ ´ n ` 1qfn´1v.

Lemma 2.3. Let V be a finite dimensional representation of sl2 and v a highest
weight vector of weight λ. Then λ P Zě0.

Proof. tfkv | k P Zě0u lie in different eigenspaces of h if they are non-zero, hence
are linearly independent. But V is finite dimensional, so only finitely many of
the fkv are non-zero. Hence there exists some k such that fkv ‰ 0, fk`1 “ 0,
so pk ` 1qpλ ´ kqfkv “ efk`1v “ 0, hence λ “ k as k ` 1 ‰ 0.

Proposition 2.1. If V is a finite dimensional representation of sl2 it has a
highest weight vector

Proof. As V is finite dimensional, it has some eigenvector v of h. Consider
v, ev, e2v, . . . . These are all eigenvectors of h of different eigenvalues, so are
linearly independent, so some ek`1v “ 0 with ekv ‰ 0, so ekv is a highest
weight vector

Corollary 2.3.1. If V is an irreducible representation of sl2 then dimV “ n`1
and V has a basis v0, . . . , vn`1 where hvi “ pn´2iqvi, fvi “ vi`1, evi “ ipn´i`
1qvi´1. In particular there is a unique irreducible n dimensional representation
which is isomorphic to Lpnq.

Proof. Trivial

Exercise 2.1. Check that this defines a representation of sl2, so existence is
part of what we’ve proven. Write down the isomorphism with Lpnq explicitly

Let V be a representation of sl2.

Definition 2.3. Define Ω “ ef ` fe` 1
2h

2 P EndV . This is called the Casimir
element of sl2

Proposition 2.2. Ω commutes with sl2 as endomorphisms of V

Exercise 2.2. Provide the proof.

Exercise 2.3. Recall Crx, ys “
À

ně0 Lpnq as a representation of sl2 where sl2
acts as differential operators as given before defines a representation of sl2 on
xλyµCrx, ys for any λ, µ P C and describe the submodule structure. Ω acts on
this representation as a second order differential operator. Write it out explicitly.

Ω “ ef ´ fe ` 2fe ` 1
2h

2 “ 2fe ` p 1
2h

2 ` hq

Corollary 2.3.2. If V is a finite dimensional irreducible representation of sl2
then ω acts as a scalar

Proof. Schur’s lemma.
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Lemma 2.4. Ω acts on Lpnq by 1
2n

2 ` n

Proof. It suffices to find Ωv for v a highest weight vector, but in this case

p2fe `
1

2
h2 ` hqv “ p

1

2
h2 ` hqv “ p

1

2
n2 ` nqv

(note we don’t even need Schur’s lemma as f iv span Lpnq, and Ωf iv “ f iΩv)

Note n ÞÑ 1
2n

2 ` n is strictly increasing if n ě 0 so n ‰ m if and only if
Lpnq fl Lpmq if and only if 1

2n
2 ` n ‰ 1

2m
2 ` m

Definition 2.4. If V is a representation of sl2, write V λ “ tv P V | pΩ ´

λqdimV v “ 0u, je the generalised eigenspace for Ω with eigenvalue λ.

Remark 2.1. Observe V λ is a representation of sl2 as if x P sl2, v P V λ then
pΩ ´ λqdimV xv “ xpΩ ´ λqdimV v “ 0, so xv P V λ.

Corollary 2.4.1. V “
À

λ V
λ as representations of sl2

Proof. Trivial

Vague claim: If V λ ‰ 0 then λ “ 1
2n

2 ` n and V λ is ‘glued together’ from
copies of Lpnq

Definition 2.5. Let W be a representation of a Lie algebra g. A composition
series for W is a sequence 0 “ W0 ă W1 ă ¨ ¨ ¨ ă Wr “ W such that Wi{Wi´1

is irreducible.

Example 2.2.

1. If g “ C and W “ Cr with g acting by the Jordan block of eigenvalue
0 and size n, then there is a unique composition series for W , xe1y ă

xe1, e2y ă ¨ ¨ ¨ ă W

2. If g “ C,W “ Cr, g acts by 0, then any chain W0 ă W1 ă . . .Wn such
that dimWi “ i is a composition series

Lemma 2.5. If W is finite dimensional, then composition series always exist.

Proof. Induct on dimW . Take an irreducible submodule W1 ď W . Then
W {W1 has lower dimension than W , so induction gives a series 0 ď W1 ď

rpreimage of composition series of W {W1s.

Proposition 2.3. V λ has a composition series with every subquotient Wi{Wi´1 –

Lpnq, where λ “ 1
2n

2 ` n.

Proof. Take an irreducible submodule of V pλq. This is Lpnq for some n. So λ “
1
2n

2 ` n, and we can quotient by the irreducible submodule, and Ω œV λ{Lpnq

with the same generalised eigenvalue λ, so we are done by induction.

We now wish to show every V λ is a direct sum of Lpnq. This is harder.
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Proposition 2.4. h acts on V λ with generalised eigenvalues in the set n, n ´

2, . . . , 2 ´ n,´n where λ “ 1
2n

2 ` n

Proof. This is just a general fact about composition series. If h œW , and
W 1 ď W with hW 1 ď W 1, then generalised eigenvalues of h on W are the
union of generalised eigenvalues of h œW 1 and h œW {W 1 (make h an upper
triangular matrix). So as V λ has a composition series with subquotients only
Lpnq and h has eigenvalues n, . . . ,´n on Lpnq, the proposition follows

Lemma 2.6. h acts on kerpe : V λ Ñ V λq and the only generalised eigenvalue
of h is n

Proof. Same proof, but for composition series of V λ, intersected with ker e

Lemma 2.7. 1. hfk “ fkph ´ 2kq

2. efn`1 “ fn`1e ` pn ` 1qfnph ´ nq

Proof. p1q was an exercise last time, p2q is an exercise this time. Consistency!

Proposition 2.5. h acts diagonally on kerpe : V λ Ñ V λq by multiplication by
n, and all vectors on which h acts by multiplication by n are in ker e

Proof. If hx “ nx then ex P V λ
n`2 “ 0. Conversely if x P ker e then ph ´

nqdimV λ

x “ 0. Now ph´n` 2kqdimV λ

fkx “ fkph´nqdimV λ

x “ 0, so fkx is in
the n´2k generalised eigenspace for x. We claim for any 0 ‰ y P ker e, fny ‰ 0.
It holds for Lpnq. Let 0 “ W0 ă W1 ă ¨ ¨ ¨ ă Wr “ V λ be a composition series,
which therefore has quotients Lpnq. Let i be minimal such that y P Wi, then
ȳ ‰ 0 in Wi{Wi´1. So ȳ is a highest weight vector for Wi{Wi´1, so fnȳ ‰ 0,
so fny ‰ 0. We know fn`1y has generalised h-eigenvalue ´n ´ 2, so is 0. So
0 “ efn`1x “ pn ` 1qfnph ´ nqx ` fn`1ex and hence pn ` 1qfnph ´ nqx “ 0.
But y “ ph ´ nqx P ker e, so if y “ ph ´ nqx ‰ 0 then fny ‰ 0 by the claim,
contradiction as pn ` 1qfny “ 0. So hx “ nx, and h is diagonalisable.

Proof. (Of complete reducibility of finite dimensional representations of sl2).
Choose a basis w1, . . . , wr of kerpe : V λ Ñ V λq. Consider xwi, fwi, . . . , f

nwiy.

Exercise 2.4. Prove this is a direct sum decomposition of V λ

In particular, h acts diagonally on all of V .

Exercise 2.5. Everything here is false in characteristic p. Let k “ F̄p.

1. Show Lpnq need not be irreducible (take n ě p).

2. Show not every representation is a direct sum of representations.

3. (Hard exercise) Show there are irreducible representations of sl2 which are
not highest weight. (hint: show that ep, fp, hp ´h all commute with e, f, h
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Let g be a Lie algebra and V,W representations of g

Proposition 2.6. The map g Ñ EndpV b W q by x ÞÑ x b 1 ` 1 b x is a
representation

Exercise 2.6. Prove this

Recall that if V,W are representations of a group G, then so is V b W with
g acting by g ÞÑ g b g, and the above map is its derivative.
In general if A is an associative algebra and V,W are representations of A, then
V b W isn’t a representation of A, it is a representation of A b A. So to make
it a representation of A, we need an algebra homomorphism A Ñ A b A. Such
an algebra A is called a bialgebra.

Example 2.3. If A “ kG, then there is an algebra homomorphism g ÞÑ g b g
from A to A b A

Now let g “ sl2 and consider LpnqbLpmq. This can be written as
À

kě0 akLpkq

for some ak P Zě0. What are the multiplicities ak?
One way to decompose Lpnq b Lpmq is to find all the highest weight vectors.

Exercise 2.7. Do the above for Lp1q b Lpnq. Then do it for Lp2q b Lpnq.

Remark 2.2. Let vn be the highest weight vector of Lpnq. Then vn b vm is a
highest weight vector of Lpnq b Lpmq. hpvn b vmq “ hvn b vm ` vn b hvm “

pn ` mqvn b vm and epvn b vmq “ evn b vm ` vn b evm “ 0. However there is
a lot of other stuff, as dimLpnq b Lpmq “ pn ` 1qpm ` 1q ąą n ` m ` 1

You can write down explicit formulae for the highest weight vectors, but we
don’t need to.

Definition 2.6. The character of V is chpV q “
ř

pdimVaqza P Nrz, z´1s where
Va is the a-eigenspace of h

Remark 2.3. 1. chpV qp1q “ dimV as h is diagonalisable

2. chpLpnq “ zn ` zn´2 ¨ ¨ ¨ ` z´n “ zn`1
´z´pn`1q

z´z´1 “ rn ` 1sz

3. chV “ chW if and only if V – W , as chpLpnqq form a basis for Nrz, z´1sev,
ie those polynomials with fpzq “ fpz´1q. On the other hand complete
reducibility implies V and L are direct sums of copies of the Lpnq repre-
sentations, and they are isomorphic if and only if each factor has the same
multiplicity, and the character of V 1 ‘ V 2 is chV 1 ` chV 2.

4. chpV b W q “ chpV q ¨ chpW q (Proof: exercise. Show Vn b Wm Ď pV b

W qn`m. Hence pV b W qa “
ř

n`m“a Vn b Wm, but this is exactly how
you multiply polynomials.)

Example 2.4. We can now compute Lp1q b Lp3q. chLp1q ¨ chLp3q “ pz `

z´1qpz3 ` z ` z´1 ` z´3q “ chLp4q ` chLp2q

So Lp1q b Lp3q “ Lp2q ‘ Lp4q.
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Proposition 2.7. This implies the Clebsch-Gordon rule,

Lpnq b Lpmq “

n`m
à

k“|n´m|,2|n´m´k

Lk

Proof. Basically identical to the example

Remark 2.4. We get a diagram that looks like this (for n “ 2,m “ 3)

‚ ‚ ‚

‚ ‚ ‚ ‚

‚ ‚ ‚ ‚

3 Structure and Classification of Simple Lie Al-
gebras

Via 3 theorems of Linear Algebra

Definition 3.1. An ideal of a Lie algebra g is a subalgebra h such that rg, hs Ď h

Definition 3.2. A Lie algebra g is simple if the only ideals of g are g and 0
and dim g ą 1
It is semisimple if it is a direct sum of simple Lie algebras

Definition 3.3. The derived subalgebra of g denoted by rg, gs is the k-span of
rx, ys, x, y P g

Exercise 3.1. rg, gs is an ideal, and g{rg, gs is abelian

Definition 3.4. The central series of g is given by g0 “ g, gn “ rgn´1, gs

Definition 3.5. The derived series of g is given by gp0q “ g, gpnq “ rgpn´1q, gpn´1qs

Remark 3.1. These series are decreasing, and gpnq ď gn

Definition 3.6. g is nilpotent if gn “ 0 for some n and solvable if gpnq “ 0 for
some n

Remark 3.2. Nilpotent Lie algebras are solvable

Exercise 3.2. Show that the two dimensional Lie algebra with basis x, y and
rx, ys “ x is solvable but not nilpotent. Show that the set of strictly upper
triangular matrices in gln is nilpotent, that the set of upper triangular matrices
is solvable, and compute the central and derived series of each. Compute their
centres.
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Definition 3.7. A vector space V with a non-degenerate alternating bilinear
form x¨, ¨y : V ˆ V Ñ k is called symplectic

Example 3.1. Let L be a finite dimensional vector space, V “ L˚ ‘ L, and
define xL,Ly “ 0 “ xL˚, L˚y and xv, v˚y “ v˚pvq for v˚ P L˚, v P L. This is
symplectic.
In fact if V is any finite dimensional vector space, tL ď V | pL,Lq “ 0, dimL maximalu
is non-empty and dimL “ dimV {2 and SppV q (the automorphisms of V pre-
serving the form) acts transitively on the set of such spaces. Spaces with
pL,Lq “ 0 are called isotropic, and isotropic spaces of maximal dimension are
called Lagrangian. Any complement L1 to L identifies V with L ‘ L˚.
By induction, we can also do this by taking v, w with xv, wy “ 1, then V “

ktv, wu ‘ V 1 where V 1 is the orthogonal complement of ktv, wu

We write V “ L`L˚ a symplectic vector space. The Heisenberg Lie algebra of
V , hV “ V ‘ k has rv, v1s “ xv, v1yc if v, v1 P V , rc, hV s “ 0

Exercise 3.3. Show:

1. hV is a Lie algebra

2. Show it is nilpotent

3. Show SppV q acts on hV via Lie algebra homomorphisms

Example 3.2. If L “ C then hV is a 3-dimensional Lie algebra with basis
p, q, c such that rpqs “ c and every commutator with c is 0. Show that this has
a representation on Crxs by p ÞÑ B

Bx , q ÞÑ x, c ÞÑ 1

Remark 3.3. The following are true (and easy to prove):

1. Quotients and subalgebras of solvable (resp nilpotent) Lie algebras are
solvable (resp nilpotent)

2. If g is a Lie algebra and h ď g is an ideal, g is solvable if and only if both
h, g{h are. Therefore solvable Lie algebras are “built out of” abelian Lie
algebras (as the final term in the derived series is always abelian, quotient
out and induct)

3. g is nilpotent if and only if the centre of g is non-zero (look at the final
term of the central series) and g{Zpgq is nilpotent

4. g is nilpotent if and only if ad g is nilpotent. (Note that ad g – g{Zpgq)

Theorem 3.1. (Lie’s theorem) Let g Ď glpV q be a solvable Lie algebra, V a
vector space over k “ k̄, char k “ 0. Then there exists a basis v1, . . . , vn of
V such that with respect to the basis, g consists of upper triangular matrices.
Equivalently, there is a linear function λ : g Ñ k and an element v P V such
that for all x P g, xv “ λpxqv, ie V has a 1d subrepresentation defined by λ

Proof. No Proof
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Exercise 3.4. Prove the conclusions of the above theorem are equivalent

Exercise 3.5. Show this is false if k ‰ k̄. Show it is false for non-zero charac-
teristic (hint: consider L “ k in Example 3.2 for the later)

Corollary 3.1.1. If k is characteristic 0 and g is a solvable finite dimensional
Lie algebra, then rg, gs is nilpotent.

Proof. Apply Lie’s theorem to the adjoint representation. With respect to some
basis of g, ad g is upper triangular, but the derived subalgebra of the Lie al-
gebra of upper triangular matrices is contained in the strictly upper triangular
matrices, and is therefore nilpotent. So rad g, ad gs is nilpotent, so adrg, gs is
nilpotent, and hence rg, gs is by Remark 3.3(4)

Exercise 3.6. Complete the above proof by showing we can assume g is over
an algebraically closed field (by showing g is solvable if and only if g bk k̄ is)

Theorem 3.2. (Engel’s Theorem) If g is a Lie algebra and k is a field, then g
is nilpotent if and only if ad g consists of nilpotent endomorphisms of g. Equiv-
alently, if V is a finite dimensional representation, and all elements of g act by
nilpotent linear maps, then there is v ‰ 0, v P V with xv “ 0 for all x P g (ie
V contains the trivial representation). Equivalently, if g Ď EndpV q there is a
basis of V where g consists of upper triangular matrices

Proof. No Proof

Exercise 3.7. Prove the conclusions of the above theorem are equivalent

Remark 3.4. This states that if g acts by nilpotent matrices, then g is nilpo-
tent. The converse is false, take diagonal matrices. This is abelian, hence
nilpotent, but has non-trivial irreducible representations. The correct converse
is that g being nilpotent implies g{Zpgq acts by nilpotent matrices

Definition 3.8. A symmetric bilinear form p¨, ¨q : g ˆ g Ñ k is invariant if
prxys, zq “ px, ryzsq

Exercise 3.8. If a Ĳ g is an ideal and p¨, ¨q is an invariant form, show aK “

tx P g | px, aq “ 0u is an ideal

Definition 3.9. Let V be a finite dimensional representation of g. The trace
form of V is px, yqV “ trpρpxqρpyqq.

Exercise 3.9. Show the trace form is symmetric bilinear and invariant

Remark 3.5. For the adjoint representation, this is called the killing form.

Theorem 3.3. (Cartan’s Criteria) Let g Ď glpV q with V finite dimensional,
charpkq “ 0. Then g is solvable if and only if for all x P g, y P rg, gs, px, yqV “ 0

Proof. No Proof
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Remark 3.6. We know one direction from Lie’s theorem as if g is solvable,
we can take x to be triangular and y to be upper triangular (as we can upper
triangularise g), so xy has zeros on the diagonal, so its trace is 0. Therefore the
main content is the converse

Corollary 3.3.1. Let char k “ 0. Then g is solvable if and only if pg, rg, gsqad “

0

Proof. The forward direction is by Lie’s theorem as above. Conversely, apply
Cartan’s theorem to ad g to get ad g is solvable, so then g{Zpgq, Zpgq are solvable,
so g is

Exercise 3.10. Not every invariant form is a trace form. Let h̃ “ Ctp, q, c, du

with rp, qs “ c, rc, h̃s “ 0, rd, ps “ p, rd, qs “ ´q. Show h̃ is solvable and con-
struct a non-degenerate invariant bilinear form with ph̃, rh̃, h̃sq ‰ 0. Extend the
representation of h on Crxs to a representation of h̃.

Definition 3.10. If g is a Lie algebra, the radical of g, Rpgq, is the maximal
solvable ideal in g

Exercise 3.11. Show that a sum of solvable ideals is solvable, and hence Rpgq

is well defined. Also show Rpg{Rpgqq “ 0.

Theorem 3.4. In characteristic 0 the following are equivalent

1. g is semisimple

2. Rpgq “ 0

3. (Killing criterion) The Killing form is non-degenerate

Proof. Claim: Rpgq “ 0 if and only if g has no non-zero abelian ideals. Proof:
An abelian ideal is solvable, so if there is one, Rpgq ‰ 0. If Rpgq ‰ 0, the last
term in its derived series is abelian.
For the rest of the proof, p¨, ¨q “ p¨, ¨qad.
3 implies 2: We want to show that if a is an abelian ideal, then a Ď gK, then
we are done by the above claim. Choose a vector space complement to a, so

g “ a ` h. Then if x P a, ad a has the matrix

ˆ

0 ˚

0 0

˙

. On the other hand for

any x P g, adx has matrix

ˆ

˚ ˚

0 ˚

˙

but then trpad a adxq “ 0 so pa, gq “ 0

For 2 implies 3, let r Ď gK be an ideal and suppose r ‰ 0. Then Rpgq “ 0
implies the centre of g is 0 implies g ãÑ glg by ad. But px, yq “ 0 for all x, y P r
as r Ď gK and then Cartan’s criteria implies r is solvable.
We prove 2, 3 imply 1. Suppose p¨, ¨qad is non-degenerate and let s Ĳ g be
minimal non-zero ideal. We claim p¨, ¨qad|s is either non-degenerate or zero, as
the kernel on fixing one argument is an ideal. But then Cartan’s criteria implies
that if it is 0, the s is solvable, but Rpgq “ 0 contradiction. So g “ s ‘ sK.
Note s is not abelian as Rpgq “ 0, so s is a simple Lie algebra. Ideals of sK

are ideals of g, so Rpgq “ 0 implies RpsKq “ 0, so we are done by induction on
dimension.

14



Exercise 3.12. Show that if g is semisimple, it is uniquely a sum of minimal
non-zero ideals. Conclude (1) implies (2) and we are done.

Exercise 3.13. Show Rpgq Ě gK Ě rRpgq, Rpgqs in general.

Remark 3.7. If g is Lie algebra, 0 Ñ Rpgq Ñ g Ñ g{Rpgq

Theorem 3.5. (Levi’s Theorem) The above short exact sequence splits

Exercise 3.14. If g is the Lie algebra of pn,mq two block block upper triangular
matrices. Find Rpgq and a subalgebra isomorphic to g{Rpgq

Exercise 3.15. Show Levi’s theorem fails in characteristic p as follows. Let
g “ slp, k “ F̄p. Show Rg “ kI, but there is no subalgebra complement

Definition 3.11. A derivation D : g Ñ g is a linear map with Drx, ys “

rDx, ys ` rx,Dys

Example 3.3. adx is a derivation for x P g, and such derivations are called
inner. Der g{inner derivations “ H1pg, gq

(Even in lectures that don’t teach [group/Lie algebra] cohomology, you can’t
avoid this being taught)

Proposition 3.1. If g is semisimple then every derivation D : g Ñ g is inner

Proof. Let g be semisimple and D : g Ñ g a derivation. Consider a linear
function l : g Ñ k by x ÞÑ trpD ¨ adxq. As g is semisimple, g˚ – g by the
killing form, so there is y P g with lpxq “ py, xqad. Let E “ D ´ ad y, so
trpE adxq “ 0. We want E “ 0. This is equivalent to pEx, zqad “ 0 for all
x, z P g, but adpExqpzq “ rEx, zs “ Erx, zs ´ rx,Ezs as E is a derivation,
so adpExq “ Epadxq ´ padxqE “ rE, adxs, so pEx, zqad “ trpadpExq ad zq “

trprE, adxs ad zq “ trpE, adrx, zsq “ 0

Example 3.4. 1. Show that nilpotent Lie algebras have non-inner deriva-
tions

2. Show g “ kxa, by, rabs “ b has only inner derivations. So this condition
does not characterise semisimple Lie algebras

3. Let g be a simple Lie algebra and suppose p¨, ¨q1, p¨, ¨q2 are non-degenerate
invariant bilinear forms, Show they are multiples of each other.

4. Let g “ slnC. Assume it is simple. We have the killing form, and pA,Bq “

trpABq. Compute the multiple.

4 Structure of Simple Lie Algebras

Definition 4.1. A torus t Ď g is an abelian Lie algebra such that for all t P t,
ad t is a diagonalisable linear map. It is maximal if it is not contained inside a
bigger torus.
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Exercise 4.1. If g “ sln or g “ gln, then the diagonal matrices form a maximal

torus, and

ˆ

0 ˚

0 0

˙

is not a torus in sl2

Let V be a vector space and t1, . . . , tn : V Ñ V be pairwise commuting
diagonalisable maps. Let λ “ pλ1, . . . , λnq P Cn and let Vλ “ tv P V | tiv “ λivu

be the simultaneous eigenspace. Then V “
À

λPCn Vλ, by induction on n and
the fact that commuting maps preserve each others eigenspaces.
Let t be the n dimensional abelian Lie algebra with basis t1, . . . , tn. If V is
a representation of t in which each t P t acts diagonalisably, then the lemma
says V is a direct sum of 1d representations, λ : t Ñ C is a linear map sending
ti ÞÑ λi and 1d representations of t are the same as λ P t˚, and Vλ “ tv P V |

tv “ λptqv,@t P tu. We call this the λ-weight space of t on V . V “
À

Vλ is
called the weight space decomposition of V

Exercise 4.2. Show that every irreducible representation of an abelian Lie
algebra t is some Cλ where t acts via λ P t˚

Let g be a Lie algebra and t be a maximal torus. We get a weight space
decomposition g “ g0 ‘

À

0‰λPt˚ gλ for the adjoint representation.

Definition 4.2. The roots of g are the non-zero weights in this decomposition.

Example 4.1. g “ sln and t is diagonal matrices. If Eij is the matrix with a 1
in the ij position and 0 elsewhere, and let t “ diagpt1, . . . , tnq. Then rt, Eijs “

pti ´ tjqEij . If we let εptq “ ti, then Eij P gεi´εj , so R “ tεi ´εj | i ‰ ju, g0 “ t
and gεi´εj “ CEij

Exercise 4.3. Do the same for so2n, so2n`1, spn. Take t to be diagonal matrices
and son “ tA P Matn | JA ` ATJ “ 0u for J the anti-diagonal matrix

Proposition 4.1. sln is a simple Lie algebra

Proof. We know sln “ t `
À

αPR gα where R “ tεi ´ εj | i ‰ ju and gεi´εj “

CEij . Now suppose r is a non-zero ideal and let r P r such that r “ t `
ř

αPR eα, eα P gα with a minimal number of non-zero terms. Suppose t ‰ 0.
Then there is t0 P t with distinct eigenvalues and αpt0q ‰ 0 for all α P R. So
rt0.rs “

ř

αPR αpt0qeα P r as r is an ideal. But this has fewer non-zero terms,
so must be 0, so every eα “ 0, so r “ t P t. As t ‰ 0, αptq ‰ 0 for some α P R,
so α “ εi ´ εj , so rt, Eijs “ αptqEij ‰ 0 so Eij P r. rEij , Ejks “ Eik P r and
similarly we get Eab P r and rEi,i`1, Ei`1,is “ Eii ´ Ei`1,i`1 so sln “ r.
If t “ 0, then if r “ cEij we are done as above, otherwise r “ eα ` eβ `
ř

γPRztα,βu eγ . Take t P t with αptq ‰ βptq, so some linear combination of rt0, rs

and r has fewer terms contradiction.

Recall that if g is a semisimple Lie algebra and t a maximal torus, g “

g0 `
À

λPR gλ, R Ď t˚

Proposition 4.2. Let g be a semisimple Lie algebra over C. Then maximal
tori exist, and if t is a maximal torus, g0 “ tx P g | rt, xs “ 0u “ t
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Proof. No Proof

So we know g “ t `
À

αPR gα

Theorem 4.1. (Structure theorem for semisimple Lie algebras, Part I) Let g
be a semisimple Lie algebra, t a maximal torus and g “ t `

À

αPR gα. Then

1. The roots span t˚

2. dim gα “ 1 for α P R

3. If α, β P R and α` β P R, then rgα, gβs “ gα,β. If α` β R R and α ‰ ´β
then rgα, gβs “ 0

4. rgα, g´αs is one dimensional, and gα ` g´α ` rgα, g´αs is isomorphic to
sl2. In particular, α P R implies ´α P R

Proof. Suppose the roots don’t span t˚, and there is t P t with αptq “ 0 for all
α P R. Then rt, gαs “ 0 for all α P R, rt, ts “ 0 and so rt, gs “ 0 so Ct is an
abelian ideal in g, but g is semisimple, so has no abelian ideals.
Now we show some nice statements building towards the other 3 statements.
(a) We claim rgλ, gµs Ď gλ`µ if λ, µ P t˚. This is because if x P gλ, y P gµ and
t P t, then rt, rxyss “ rrtxsys ` rxrtyss “ pλptq ` µptqqrxys so one direction of (3)
is done, rgα, gβs “ 0 if α ` β R R Y t0u and rgα, g´αs Ď t.
(b) pgλ, gµqad “ 0 if λ ‰ ´µ and moreover gλ ` g´λ has non-degenerate Killing
form. Proof: If x P gλ, y P gµ then we know px, yqad “ trpadx ad yq. We will
show this is 0 for λ`µ ‰ 0 by showing adx ad y is nilpotent. But for all α P t˚,
padx ad yqNgγ Ď gγ`Npλ`µq. By finite dimensionality, this is 0 for sufficiently
large N if λ ` µ ‰ 0, so we have proven nilpotence. On the other hand, the
Killing form is non-degenerate on g “

À

pgλ ` g´λq which we have just shown
is an orthogonal direct sum, so the whole claim follows.
(c) In particular, the Killing form is non-degenerate on g0 “ t (Warning: p¨, ¨qad|t

is not p¨, ¨qad t), and hence p¨, ¨qad gives an isomorphism ν : t Ñ t˚ by νptqpt1q “

pt, t1qad, and defines a bilinear form p¨, ¨q on t˚ by pγ, γ1q “ pν´1pγq, ν´1pγ1qqad.
All is immediate.
(d) If α P R, then p¨, ¨qad is non-degenerate on gα ` g´α, but degenerate on gα,
so g´α ‰ 0, so ´α P R and gα – g˚

´α by the Killing form.
(e) If x P gα, y P g´α then rx, ys “ px, yqadν

´1pαq. Proof: pt, rx, ysqad “

prt, xss, yqad “ αptqpx, yqad so it follows.
(f) Let eα P gα be non-zero and pick e´α P g´α with peα, e´αqad ‰ 0. We
have reα, e´αs “ peα, e´αqadν

´1pαq and we want eα, reα, e´αs, e´α to form an
sl2. We compute rν´1pαq, eαs “ αpν´1pαqqeα “ pα, αqeα. If pα, αq ‰ 0 define
hα “ 2

pα,αq
ν´1pαq and rescale e´α so peα, e´αqad “ 2

pα,αq
. Exercise: pe, h, fq ÞÑ

peα, hα, e´αq defines an isomorphism sl2 – mα “ xeα, hα, e´αy

Proposition 4.3. pα, αq ‰ 0 for all α P R

Proof. Suppose otherwise and letmα “ xeα, e´α, ν
´1pαqy. Then rν´1pαq, e˘αs “

0 so rmα,mαs “ Cν´1pαq and mα is solvable. But then by Lie’s theorem,
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adrmα,mαs acts by nilpotents on g, ie ν´1pαq acts by nilpotent elements on g,
but ν´1pαq P t, so is semisimple and hence is 0, so α “ 0 contradiction.

We claim dim g´α “ 1 for all α P R. This proves (2) as ´α P R if and only
if α P R. Suppose otherwise. Then ad eα : g´α Ñ Cν´1pαq “ rgα, g´αs must
have a non-trivial kernel. If x P ker ad eα then as x P g´α, adhα ¨ x “ rhα, xs “

´αphαqx “ ´2x. Also ad eα ¨x “ 0, so x is a highest weight vector for mα with
highest weight ´2, inside the finite dimensional representation g, contradiction
as ´2 ă 0, so x “ 0 and dim gα “ 1.

Theorem 4.2. (Structure theorem part II)

1. For all α, β P R, 2pα,βq

pα,αq
P Z

2. If α P R, kα P R then k “ ˘1

3. The module
À

kPZ gβ`kα is irreducible for mα. In particular the set of all
β`kα which are roots is of the form β´pα, β´pp´1qα, . . . , β`qα where

p ´ q “
2pα,βq

pβ,βq
and this is called the α string through β

Proof. Let q “ maxtk | β ` kα P Ru and let v P gβ`qα. As this is maximal,

ad eα ¨ v P gβ`pq`1qα “ 0 and adhα ¨ v “ pβ ` qαqphαqv “

´

2pβ,αq

pα,αq
` 2q

¯

v. As

highest weights are in Z, we have done (1).

For (3), sl2 module structure tells us that pad eαqrv ‰ 0 for 0 ď e ď
2pα,βq

pα,αq
`2q “

N , so the corresponding weight spaces are non-zero, and hence are in R Y t0u.
We need to show these are all. We do the same thing, starting at the bottom.
Let p “ maxtk | β ´ kα P R Y t0uu and let w P gβ´pα with w ‰ 0. adhα ¨ w “
´

2pα,βq

pα,αq
´ 2p

¯

w, so w is a least weight vector, and applying eα repeatedly we get

an irreducible sl2 module with weights β´pα, β´pp´1qα, . . . , β`

´

p ´
2pα,βq

pα,αq

¯

α.

By construction, p ´
2pα,βq

pα,αq
ď q and q `

2pα,βq

pα,αq
ď p, so p ´ q “

2pα,βq

pα,αq
and the

two submodules coincide.
For (2), observe mα Ď g is an irreducible representation of sl2 with weights
´α, 0, α and p3q shows this is the only α string through α.

Remark 4.1. (1) implies k “ ˘1,˘2 as 2pα,kαq

pkα,kαq
“ 2

k P Z and similarly if we

flip the roles of α, kα

Finally rgα, gβs “ gα`β if α, β, α ` β P R as
À

gβ`kα is an irreducible
representation of sl2 so ad eα is an isomorphism from gβ`kα to gβ`pk`1qα is an
isomorphism if k ă q and as q ě 1 here, we’re done.

If α P R define sα : t
˚ Ñ t˚ by v ÞÑ v ´

2pα,vq

pα,αq
v, the reflection along α.

Remark 4.2. (3) implies sαβ is a root whenever α, β are roots, as if r “
2pα,βq

pα,αq

and r ą 0, then p “ q ` r ě r otherwise if r ď 0, q “ p ´ r ě ´r and in either
case β ´ rα is in the α string through β
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Proposition 4.4. 1. If α, β P R, then pα, βq P Q

2. If we take a basis β1, . . . , βr of t˚ with each βi a root, then β P R expands
as

ř

qiβi with qi P Q, equivalently dimQR “ dimC t˚

3. p¨, ¨q is positive definite on QR

Proof. (1) by structure theorem II(1), it suffices to show every pβ, βq P Q for
all β P R. Now g “ t ‘

À

gα. If h, h1 P t then ph, h1qad “ trpadh adh1q “
ř

αPR αphqαph1q and so for λ, µ P t˚,

pλ, µq “ pν´1pλq, ν´1pµqqad

“
ÿ

αPR

αpν´1λqαpν´1µq

“
ÿ

αPR

pλ, αqpµ, αq

In particular, if λ “ µ “ β, pβ, βq “
ř

αPRpα, βq2, so multiplying by 4
pβ,βq2

we

get 4
pβ,βq

“
ř

αPR

´

2pα,βq

pβ,βq

¯2

P Z, so pβ, βq P Z
(2) Let B “ ppβi, βjqqij be the Gram matrix of the form. As p¨, ¨q is non-
degenerate, B is invertible. Let β “

ř

ciβi for β P R. Then pβ, βiq “
ř

cipβi, βjq, so inverting the matrix B, we get the ci in terms of the pβ, βiq

as Bij P Q by (1), ci P Q also.
(3) Let λ P QR, so λ “

ř

ciβi with ci P Q and pλ, αq P Q for all α P R, so
pλ, λq “

ř

αPRpλ, αq2 ě 0 with equality if and only if every pλ, αq “ 0, so λ “ 0
as R spans t˚ and p¨, ¨q is non-degenerate.

5 Root Systems

Let V be a vector space over R and let p¨, ¨q be a positive definite symmetric
bilinear form. If 0 ‰ α P V , we write α_ “ 2α

pα,αq
, so pα, α_q “ 2. We define

sα : V Ñ V to be v ÞÑ v ´ xv, α_yα.

Lemma 5.1. sα is the reflection in the hyperplane orthogonal to α. sα has one
eigenvalue ´1 with eigenvector α and all other eigenvalues are 1 and sα P OpV q.
Hence s2α “ 1.

Proof. Easy as V “ Rα ‘ αK, sα “ ´α and sαv “ v if v P αK

Definition 5.1. A root system R in V is a finite set R Ď V such that

1. 0 R R and RR “ V

2. For all α, β P R, pα, β_q P Z

3. For all α P R, sαR Ď R. In particular sαα “ ´α P R if α P R

We say R is reduced if α, kα P R implies k “ ˘1

19



Example 5.1. For semisimple Lie algebra g, g “ t `
À

αPR gα, R Ď RR is a
reduced root system.

Definition 5.2. Let W Ď GLV be the group generated by the reflections sα
for α P R. This is called the Weyl group of R

Proposition 5.1. The Weyl group W of a root system is finite

Proof. W acts on R faithfully by permutations as R spans V , so W ď S|R|.

Definition 5.3. If pR, V q, pR1, V 1q are root systems, they are isomorphic if
there is a linear bijection ϕ : V Ñ V 1 such that ϕpRq “ R1. Note that ϕ need
not preserve the inner product

Definition 5.4. If pR, V q and pR1, V 1q are root systems, their direct sum is
pR \ R1, V ‘ V 1q. A root system which is not isomorphic to a non-trivial direct
sum is irreducible. The rank of pR, V q is dimV

Example 5.2.

1. In rank 1, V “ R, px, yq “ xy, R “ tα,´αu where α ‰ 0 and W “ Z{2Z.
We call this A1

2. In rank 2, we take V “ R2 with the usual inner product. We have the
following examples

(a) R “ tp0, 1q, p0,´1q, p1, 0q, p´1, 0qu, which is A1ˆA1 is not irreducible
has W “ Z{2Z ‘ Z{2Z

(b) R is the vertices of a regular hexagon chosen so α “ α_, β “ β_.
Then pα, β_q “ ´1 and W “ S3. This is the root system of sl3

(c) R is the vertices and midpoints of a square, spanned by α “ p1, 0q, β “

p´1, 1q. We have short roots α, α ` β and long roots β, 2α ` β.
W “ D8. This is the root system of sp4 and so5

(d) Let R be the vertices and intersections of two regular triangles, one
facing up and one facing down. Then W “ D12, and this is the root
system of G2

Exercise 5.1. Verify that these are all reduced root systems, and we have listed
all the rank 2 root systems. Find the non-reduced rank 2 root system.

Lemma 5.2. If R is a root system, so is R_ “ tα_ | α P Ru

Proof. Trivial

Definition 5.5. R is simply laced if all the roots have the same length

Exercise 5.2. If R is simply laced, pR, V q – pR1, V 1q where pα, αq “ 2 for
all α P R1, ie α “ α_. (Hint: If R is irreducible, rescale the inner product,
otherwise break up as a direct sum and do the same)
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Definition 5.6. A lattice L is a finitely generated free abelian group with a
bilinear form L ˆ L Ñ Z such that pL b R, p¨, ¨qq is an inner product. A root of
L is any α P L with pα, αq “ 2, and RL “ tα P L | pα, αq “ 2u. Observe that
for α P RL, sαL Ď L

Lemma 5.3. RL is a root system in RRL

Proof. Finiteness is the only part that isn’t clear. But RL is the intersection of
the compact set tv P RRL | pv, vq “ 2u with the discrete set L, so is finite.

Definition 5.7. L is generated by roots if ZRL “ L. This implies L is an even
lattive, ie pl, lq P 2Z for all l P L

Example 5.3. Let L “ Zα and pα, αq “ λ. If λ “ 2, RL “ t˘αu and L “ ZRL

and if k2λ{2 ‰ 1 for all k P Z, then RL “ H

We now list all the simply laced root systems by giving lattices for which
they are RL. We consider Zn “

À

Zei with pei, ejq “ δij , the square lattice.

1. An: L “ tl P Zn`1 | pl, e1 ` ¨ ¨ ¨ ` en`1q “ 0u – Zn, with roots RL “

tei ´ ej | i ‰ ju. |RL| “ npn ` 1q and ZRL “ L. If α “ ei ´ ej then sα
swaps the i, j coordinates, so W “ Sn`1. This is the root system of sln`1.

2. Dn: Now RZn “ t˘ei ˘ ej | i ‰ ju. Let L “ ZRZn Ĺ Zn. Then
sei´ej swaps the i, j coordinates, sei`ej flips the sign of the i, j coordinate.
|RL| “ 2npn ´ 1q and W “ pZ{2Zqn´1 ¸ Sn. This is the root system of
so2n

3. E8: Let Γn “ tpk1, . . . , knq | k P Z Y pZ ` 1
2 q.

ř

ki P 2Zu. Consider
α “

`

1
2 , . . . ,

1
2

˘

P Γn. Then pα, αq “ n
4 so if Γn is an even lattice, 8 | n.

For Γ8, the root system is E8

4. If we take α “ 1
2 p1, . . . , 1q and β “ e7 ` e8 P E8, then αK has type E7,

and βK in E7 has type E6

Exercise 5.3. Check RD3
“ RA3

, RD2
“ RA1ˆA1

Exercise 5.4.

1. Γ8n is a lattice

2. For n ą 1, Γ8n has type Dn

3. The roots of Γ8 are those of the form ˘ei˘ej for i ‰ j and 1
2 p˘e1˘¨ ¨ ¨˘e8q

with an even number of ´ signs. The number of such roots is 240 (and
the dimension of the Lie algebra is 248, with 8 extra dimensions from the
8d space for the torus)

Exercise 5.5. If R is a root system and α P R, then αK X R is also a root
system.

Theorem 5.4.
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1. (ADE classification) The complete list of simply laced irreducible root sys-
tems is An “ sln`1, n ě 1, Dn “ so2n, n ě 4 and E6, E7, E8 and no two
of those root systems are isomorphic

2. The remaining reduced root systems are B2 “ C2, Bn “ so2n`1, Cn “

sp2n, n ě 3, F4 and G2 where RBn “ t˘ei,˘ei ˘ ej , i ‰ ju Ď Zn,
RCn

“ t˘2ei,˘ei ˘ ej , i ‰ ju Ď Zn (so R_
Bn

“ RCn
, and WBn

“

WCn
“ pZ{2Zqn ¸ Sn) and we define F4 by setting Q “ tpk1, . . . , k4q |

ki P Z Y pZ ` 1
2 qu and RF4

“ tα P Q | pα, αq P t1, 2uu, which is
t˘ei,˘ei ˘ ej , i ‰ j, 1

2 p˘e1 ˘ ¨ ¨ ¨ ˘ e4qu

Proof. Deferred

Given a root system pR, V q, choose f : V Ñ R such that fpαq ‰ 0 for all α P R

Definition 5.8. A root α P R is positive if fpαq ą 0 and negative if fpαq ă 0.
It is simple if it is positive and not the sum of 2 positive roots. We write Π for
the simple roots.

Example 5.4.

1. If we take An, with R “ t˘pei ´ ejq, i ‰ ju. Choose fpe1q “ n `

1, . . . , fpen`1q “ 1. Then R` “ tei ´ ej , i ă ju. As fpRq Ď Z, if fpαq “ 1
then α is simple, so Π Ě te1 ´ e2, . . . , en ´ en`1u, and these span ZR
so we have equality. We draw a graph with nodes the simple roots, and
pαi, α

_
j qpαj , α

_
i q-many edges between αi, αj with an arrow towards the

short root if we have more than one length (this is the Dynkin diagram)
For An this is

‚ ‚ . . . ‚ ‚

2. For Bn our roots are t˘ei,˘ei˘ej , i ‰ ju Ď Zn. We take fpejq “ n`1´j.
Then R` “ tei ˘ ej , i ă j, eiu and Π “ te1 ´ e2, . . . , en´1 ´ en, enu. The
Dynkin diagram is

‚ ‚ . . . ‚ ‚

3. For Cn our roots are t˘2ei,˘ei˘ej , i ‰ ju Ď Zn. We take fpejq “ n`1´j.
Then R` “ tei ˘ ej , i ă j, 2eiu and Π “ te1 ´ e2, . . . , en´1 ´ en, 2enu. The
Dynkin diagram is

‚ ‚ . . . ‚ ‚

4. For Dn, Π “ te1 ´ e2, . . . , en´1 ´ en, en´1 ` enu, and the diagram is

‚

‚ ‚ . . . ‚

‚
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5. For E8 set fpe1q “ 28 “ 1 ` ¨ ¨ ¨ ` 7 and fpeiq “ 9 ´ i for 2 ď i ď 8.
Then R` “ tei ˘ ej , i ă j, 1

2 pe1 ˘ ¨ ¨ ¨ ˘ e8q, even number of signsu. Then
Π “ te2 ´ e3, . . . , e7 ´ e8,

1
2 pe1 ` e8 ´ e2 ´ ¨ ¨ ¨ ´ e7q, e7 ` e8u. The Dynkin

diagram is

‚ ‚ ‚ ‚ ‚ ‚ ‚

‚

6. For E7 the Dynkin diagram is

‚ ‚ ‚ ‚ ‚ ‚ ‚

‚

7. For E6 the Dynkin diagram is

‚ ‚ ‚ ‚ ‚

‚

8. For F4 the Dynkin diagram is

‚ ‚ ‚ ‚

9. For G2 the Dynkin diagram is

‚ ‚

Exercise 5.6. Check all the above and do it for the ones not listed

Proposition 5.2.

1. If α, β are simple roots, then α ´ β is not a root

2. If α, β are simple roots, α ‰ β then pα, β_q ď 0

3. Every α P R` can be written as
ř

kiαi with αi P Π and ki P Zě0, so
simple roots integrally span V

4. Simple roots are linearly independent

5. If α P R`zΠ then there is αi P Π such that α ´ αi P R`

6. R is irreducible if and only if Π is indecomposable if and only if the Dynkin
diagram is connected (can’t be written as a union of two sets with 0 inner
product)

Exercise 5.7. Prove these.
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Definition 5.9. Let I1,N “ ZN`1 with basis e0, . . . , eN and pei, ejq “ 0 if
i ‰ j, pe0, e0q “ ´1 and pei, eiq “ 1 for i ě 1. This is the unimodular lattice
of signature pN, 1q. Let k “ p´3, 1, . . . , 1q. k ¨ k “ N ´ 9. The EN -lattice is
L “ KK

Exercise 5.8. Let N ě 3. Show α1 “ e0 ´ e1 ´ e2 ´ e3, αi “ ei´1 ´ ei, i ě 2
form a basis of L and are simple roots, with Dynkin diagram

2 3 4 5 . . . N

1

Describe the positive roots for N ď 8, and show that for N ě 8, there are
infinitely many positive roots. Conclude that for 6 ď N ď 8 this is the En

lattice, and for N ď 5 we get D5, A4, A2 ˆ A1, A1 ˆ A1, A1

Definition 5.10. Given a set of simple roots tα1, . . . , αlu for a root system
R, we define aij “ xα_

i , αjy, set A “ paijq, the Cartan matrix. In the Dynkin
diagram, there are aijaji lines between i, j towards the shorter of j, i

Proposition 5.3. For the Cartan matrix, aii “ 2, aij ď 0 otherwise, aij P Z.
aij “ 0 if and only if aji “ 0, detA ą 0 and all principal subminors have
positive determinant

Proof. Everything except the determinant theorems have already been proven.
Now

A “ diag

ˆ

2

pαi, αiq

˙

ppαi, αjqqij

where the first is a diagonal matrix of positive coefficients, and the latter is
the Gram matrix of an inner product, hence has positve determinant. The last
comment holds as the subminors come from a span of the subset of the roots.

If pR, V q is a root system and R` is a choice of positive roots

Exercise 5.9. If pR, V q is irreducible, there is a unique root θ P R` such that
for all α P Π, θ ` α R R. We call this the highest root. (For the moment, see
this case by case)

Example 5.5. For An, this is e1 ´ en`1

Definition 5.11. We define an extended Cartan matric Ã by settomg α0 “ ´θ
and A “ ppα_

i , αjqq as before. The related Dynkin diagram is the affine Dynkin
diagram

Example 5.6. A1 “ p2q and Ã1 “

ˆ

2 ´2
´2 2

˙

. Ã satisfies the non-determinant

properties of Proposition 5.3, but has detA “ 0, and every principal subminor
has positive determinant.
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Exercise 5.10. Draw the associated affine Dynkin diagram for the reduced
ones.

Exercise 5.11. Show that the Dynkin diagram of AT is the Dynkin diagram
of A with arrows reversed.

Remark 5.1. There is an extra Dynkin diagram not already described (includ-
ing exercises):

‚ ‚ . . . ‚ ‚

called Ã
p2q
n

Theorem 5.5. An irreducible Dynkin diagram is one of the An, Bn, . . . , G2

Proof. We first classify the rank 2 diagrams. The Cartan matrices are of the
form

ˆ

2 ´a
´b 2

˙

As the determinant is positive, pa, bq “ p0, 0q, p1, 1q, p2, 1q, p1, 2q, p3, 1q, p1, 3q

which are A1 ˆ A1, A2, B2 “ C2, G2

Any subdiagram of a Dynkin diagram is a Dynkin diagram (trivially) so the
number of arrows between two vertices is 1, 2, 3 by above. As the affine diagrams
have determinant 0, they are not subdiagrams of Dynkin diagrams. A Dynkin
diagram has no cycles. Let α1, . . . , αn be distinct simple roots and consider

x “
ř αi?

pαi,αiq
. Then 0 ă px, xq “ n`

ř

iăj
2pαi,αjq?

pαi,αiqpαj ,αjq
“ n´

ř

iăj

?
aijaji

and so
ř

iăj

?
aijaji ă n but a cycle on n roots needs n`1 edges, contradiction.

If the diagram is simply laced, suppose it is not of type A. Since D̃4, which is

‚ ‚

‚

‚ ‚

is not a subdiagram, branching is at most 3-way. Since D̃n is not a subdiagram,
there is at most one branching, and hence exactly 1 as we are not type A,
so the diagram is Tp,q,r with a branch point, and p, q, r nodes on each branch

respectively. To fix notation, E8 “ P5,3,2. Now Ẽ6, Ẽ7, Ẽ8 are not subdiagrams,
so we are done in the simply laced case. (Alternative: show detTp,q,r “ pq `

pr ` qr ´ pqr and conclude similarly). For the non-simply laced case:

Exercise 5.12. If there is a triple bond, it must be G2 (need to show 2 triple
bonds, and double and triple can’t happen, as G2 deals with the single bond
case)

If there is a double bond, then by C̃n, Ã
p2q
n and their transpose there can

only be one. By B̃n the diagram does not branch, and by F̃4, we can have at
most one vertex on each side. So we are done.
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Exercise 5.13. Compute the determinant of all the Cartan matrices eg. detAn “

n ` 1

Remark 5.2. In general for a simply connected Lie group with Lie algebra g,
the size of the centre has order detA

5.1 Independence of Choice Theorems

Theorem 5.6. All maximal tori of a semisimple Lie algebra over k, k “ k̄ and
char k “ 0 are conjugate

Proof. No Proof

Theorem 5.7. All choices of positive roots are conjugate by the Weyl group

Proof. No Proof

These theorems imply that the Cartan matrix depends only on the Lie al-
gebra.

5.2 Existence and Uniqueness Theorems

Theorem 5.8. Let gi be semisimple Lie algebras with maximal tori Ai, roots
Ri, positive roots R`

i , simple roots Πi and Cartan matrices Ai, and suppose Ai

are equal after reordering indices. Then there is an isomorphism of Lie algebras
sending all the data to each other

Proof. No Proof

Theorem 5.9. Let A be a Cartan matrix. Then there is a semisimple Lie
algebra with A as its Cartan matrix

Proof. No Proof

Let g be a semisimple Lie algebra, g “ t `
À

αPR gα, and choose R`,Π. We
choose Ei P gα, and Fi P gα forming an sl2, and set Hi “ ν´1pα_

i q as usual. We
observe rHi, Hjs “ 0, rHi, Ejs “ αjpHiqEj “ aijEj , rHi, Fjs “ ´aijFj , and

rEi, Fjs “

#

0 i ‰ j

Hi i “ j

. We define η` “
À

αPR` gα and η´ “
À

αPR` g´α, so g “ η` ‘ t ‘ η´. We
claim the Ei generate η`, Fi generate η´ and hence Ei, Fi generate g as Lie
algebras. Proof: for α P R`, α “

ř

kiαi with ki ě 0, k P Zě0, we prove Eα

is generated by E1, . . . , El by induction on the height,
ř

ki. If this is 1, we
are done by assumption. If this is larger than 1, there is a simple root αi with
α ´ αi “ β P R`, so β is generated by the Ei. But Eα P rgαi

, gβs so Eα is also.
We flip our choice of positive roots to get the statement for Fi. As rEi, Fis “ Hi,
and the Hi are a basis of t we’re done.
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Corollary 5.9.1. The Cartan matrix determines g

Proof. Let A be a generalised Cartan matrix (ie aii “ 2, aij ď 0, αij “ 0 imples
aji “ 0). Define a Lie algebra g̃ with the relations described above. If A is the
Cartan matrix of g, then by above g̃ surjects onto g. Let J be the ideal generated
by the relations padEiq

1´aijEj “ 0 (and the same for F ). It is a theorem that
if A is indecomposable, then g̃ has a unique maximal ideal, generated by the
relations above, and the quotient ḡ is a simple Lie algebra. Hence if g is simple,
the map ḡ is surjective with no kernel, so is an isomorphism. (The theorem is
easy)

Remark 5.3. This implies uniqueness, and implies existence if and only if the
following holds: ḡ is finite dimensional if and only if A is a Cartan matrix. For
arbitrary A, ḡ is called a Kac-Moody algebra. If detA “ 0 and every subdiagram
is a Cartan matrix, then gA is called an affine Kac-Moody algebra

Theorem 5.10. Write si “ sαi
for αi P Π. Then W “ xs1, . . . , sn | s2i , psisjqmij y

where

mij “

$

’

’

’

&

’

’

’

%

2 if aijaji “ 0

3 if aijaji “ 1

4 if aijaji “ 2

6 if aijaji “ 3

Proof. No Proof

6 Representations

We write g “ t ‘ n` ‘ n´ as before for a finite dimensional semisimple Lie
algebra over C called g.

Proposition 6.1. Let V be a finite dimensional representation of g

1. V “
À

λPt˚ Vλ where Vλ “ tv P V | tv “ λptqvu

2. If Vλ ‰ 0 then λphαq P Z for all α P R

Proof. Since g is a finite dimensional g module, it is a finite dimensional psl2qα

module, hence hα acts diagonalisably with λphαq P Z and the result follows as
the α_ span t.

Definition 6.1. Q “ ZR Ď t˚ is the lattice of roots, and

P “ tγ P QR | pγ, α_q P Z,@α P Ru

“ tγ P QR | pγ, α_q P Z,@α P Πu

is the lattice of weights

Remark 6.1. V being finite dimensional implies V “
À

λPP Vλ, also Q Ď P ,
and |P {Q| “ detA for A the Cartan matrix, and WP Ď P (exercise)
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Example 6.1. For sl2, R “ t˘αu, Q “ Zα, pα, αq “ 2, P “ α
2Z and |P {Q| “

2 “ det 2

Definition 6.2. If V is a finite dimensional representation with a weight space
decomposition, we define

chV “
ÿ

dimVλ ¨ eλ P ZrPs

the formal character of V

Example 6.2. For sl2, let z “ eα{2, then chLpnq “ zn ` ¨ ¨ ¨ ` z´n as before

Example 6.3. If g “ sl3 and V “ g is the adjoint rep, then chV “ 2e0 ` eα `

eβ ` eα`β ` e´α ` e´β ` e´α´β . We can decorate the weight lattice with the
multiplicities, and it is rotationally symmetric, with the outer most shell being
0s, the next shell being 1s, and the 0 shell being 2

Proposition 6.2. If V is a finite dimensional representation of g then dimVλ “

dimVwλ for λ P P,w P W , so chV P ZrP sW

Proof. (Proof sketch 1) If G is an algebraic group with Lie algebra g, then it is
a theorem that W “ NGpT q{T . Suppose also G œV (if G is simply connected
this is automatic). Then if 9w P wT , then t 9wv “ 9w 9w´1t 9wv “ 9wλp 9w´1t 9wqv, so
9wVλ Ď Vwλ.
(Proof sketch 2) Mimic the above argument in g. We have

ˆ

0 ´1
1 0

˙

“

ˆ

1 0
1 1

˙ ˆ

1 ´1
0 1

˙ ˆ

1 0
1 1

˙

Each of these is unipotent, so we can rewrite this as exp f expp´eq exp f and
define 9sα “ expFα exp´Eα expFα and (exercise) if V is a finite dimensional
representation of g, each Eα, Fα act nilpotently on V , so 9sα is a well defined
finite sum, and 9sα “ εα : Vλ Ñ Vλ with ε2α “ 1, εα a constant (to be determined
in terms of λ. Further 9s2αpVλq “ V 9sαλ.
(Proof 3) Consider V as an psl2qα ˆ t representation. It splits as a direct sum
of irreducible representations µ, µ ´ α, . . . , µ ´ nα where m “ xµ, hαy. Such a
string is psl2qα-invariant

Definition 6.3. x : V Ñ V is locally nilpotent if for all v P V , there is an n
such that xnv “ 0

Remark 6.2. This is what made the above work, and eα, fα are locally nilpo-
tent on V if V is a sum of finite dimensional psl2qα-representations. Such a V
is called integrable

Definition 6.4. If λ, µ P t˚, we write µ ď λ to mean λ ´ µ “
ř

αiPΠ kiαi with
ki ě 0. The set of all µ such that µ ď λ are lattice points in an obtuse cone
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Definition 6.5. If V is a rep of g, µ is a highest weight of V if Vµ ‰ 0 and
if Vλ ‰ 0 then λ ď µ. A non-zero element of such a weight space is a highest
weight vector. v P Vλ is a singular vector if v ‰ 0 and cαv “ 0 for all α P R`. µ
is an extremal weight if wµ is a highest weight for some w P W . Let P` “ tλ P

P | xλ, α_y ě 0u for all α P R` (where it suffices to check the inner product
only for simple roots) is the cone of dominant weights

Remark 6.3. If λ is a highest weight, all 0 ‰ v P Vλ are singular

Theorem 6.1. (The Theorem of the Highest Weight)

1. (Complete reducibility) If V is a finite dimensional representation of g, it
is a direct sub of irreducibles

2. Let V be a finite dimensional representation of g, V irreducible and v P Vλ

a singular vector. Then dimVλ “ 1, if Vµ ‰ 0 then µ ď λ , and λphiq “

xλ, α_
i y P Zě0 for all simple roots αi, so λ P P`. Moreover if V 1 is also

finite dimensional ireducible with highest weight λ then there is a unique
isomorphism V 1 Ñ V mapping given highest weight vectors to each other

3. Given λ P P`, there is a finite dimensional irreducible representation with
highest weight λ, Lpλq

4. There is a nice formula for the character of Lpλq called the Weyl character
formula

Proof. Proof deferred

Corollary 6.1.1. chLpλq “ eλ `
ř

µăλ aµλ P ZrP s, so the characters of dif-
ferent Lpλq are linearly independent. The character is Weyl group invariant,
and WP` “ P , and P`

Q is a fundamental domain for the action of W . If

mλ “
ř

µPWλ e
µ, then mλ for λ P P` is a basis for ZrP sW , so the characters

are also so.

Proof. Trivial

Corollary 6.1.2. If V,W are finite dimensional representations, V “ W if and
only if their characters are equal

Proof. Trivial

Definition 6.6. Let ωi be the dual basis to the simple coroots α_
j .

Remark 6.4. These are a basis of P`

Exercise 6.1. Compute everything for everything you care to.

Example 6.4. Lp0q “ trivial and if g is simple, the the adjoint representation
is, with highest weight θ P R with θ ` α not a root for all positive roots α`, so
θ is the highest root, ie g “ Lpθq
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Exercise 6.2. Compute the expansion of θ in terms of the ωi for each Lie
algebra. For sln you have θ “ e1 ´ en, and θ “ ω1 ` ωn´1

Example 6.5. If g “ sln and Cn is the standard represetnation with basis
v1, . . . , vn and weights e1, . . . , en. The sum of the en is 0, and P is the direct
sum of n copies of Z modulo their sum, so e1 is the highest weight and ZrP s “

Zrz1, . . . , zns{z1 . . . zn and the character is their sum.

Example 6.6. If V,W are representations, so is the tensor product, exterior
power and symmetric power.

Źs Cn is a representation of sln with the usual
basis, with weights given by the sum of the usual weights of Cn with no dupli-
cates. Ejpvq “ 0 if and only if v “ v1 ^ ¨ ¨ ¨ ^ vs, so

Źs Cn is irreducible with
highest weight ωs, so for n ´ 1, Lpωn´1q “ Lpω1q˚.
For the symmetric power SmCn, with the usual basis, with weights given by the
sum of the usual weights of Cn with duplicates. Ejpvq is 0 for all 1 ď j ď n if
and only if v “ v1 . . . v1. S

mLpω1q “ Lpmω1q

Exercise 6.3. If V,W are g-modules and V is finite dimensional, then V ˚bW –

HompV,W q. If g “ sln and V “ Cn, then V b V ˚ “ C ‘ sln

Exercise 6.4. Let g “ son or sp2l, n “ 2l and V “ Cn, show V is irreducible
and compute its highest weight. Show V – V ˚ as representations of g via the
form defining g. Hence V b V has at least 3 components n ě 3 (as the trivial

representation is a factor, and V b V “ S2V ‘
Ź2

V ). Show it has exactly 3
and find the highest weights

We now start to prove the theorem of the highest weight.

Definition 6.7. Let g be any Lie algebra with a non-degenerate invariant bi-
linear form p¨, ¨q. Let x1, . . . , xn be a basis of g, and x1, . . . , xn be the dual basis.
The Casimir of g is Ω “

ř

xix
i (this is a well defined endomorphism of any

finite dimensional representation of g)

Lemma 6.2. For all x P g, rΩ, xs “ 0

Proof. (v1): In coordinates, rΩ, xs “ r
ř

xix
i, xs “

ř

rxi, xsxi `
ř

xirx
i, xs.

Writing rxi, xs “
ř

aijx
j and rxi, xs “

ř

bijxj . Then aij “ prxi, xs, xjq “

prxj , x
is, xq by invariance of the form, and bij “ prxj , xis, xq “ ´aji. Then

expand everything and you get 0.
(v2) The map 1 Ñ Endpgq via λ ¨ 1 ÞÑ λ1g – g b g˚ – g b g via the invariant
form. The overall map is just 1 ÞÑ

ř

xi b xi. g acts on V and so g b g acts
on V b V , so we get g b g Ñ EndpV q b EndpV q Ñ EndpV q. This map in total
sends 1 Ñ Ω, and is a map of g-modules, so rΩ, xs “ 0 for all x P g.

Where does the Casimir live? Let g be a Lie algebra over k for k a field

Definition 6.8. The universal enveloping algebra of g, Ug is the associative
algebra with 1 over k generated by g with the relations xy ´ yx “ rxys for all
x, y P g. (More formally, the tensor algebra on g modulo those relations)
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Remark 6.5. So Ω P Ug

Exercise 6.5. An enveloping algebra for g is an associative algebra A and a
linear map g Ñ A such that xy ´ yx “ rx, ys. Show that any such algebra
factors through Ug

Example 6.7. In particular, any representation factors as Ug Ñ End g

Ug is filtered as the relation is in degree below 2. We define pUgqďn to be
the products of ď n elements of g in Ug “ U and write Un “ pUgqďn. Now
Un Ď Um for n ď m, and UnUm Ď Un`m so we have a filtration of algebras.

Exercise 6.6. If x P Un, y P Um, then rx, ys P Un`m´1

We can form the associated graded algebra of the filtration
À

ně0 Fn{Fn´1 “

grV .

Theorem 6.3. (Poincare-Birkhoff-Witt) grUg – Sg. Equivalently, if x1, . . . , xn

is a basis of g, then txa1
1 . . . xan

n | ai P Zě0u is a basis for Ug, and in particular
g Ñ Ug is an injection

Proof. No Proof

Exercise 6.7. Show the previous exercise implies there is a well defined sur-
jective map Sg Ñ grUg

Exercise 6.8. For v P V , pUgqv is the subrepresentation spanned by v.

Remark 6.6. If g is semisimple, and p¨, ¨qad is our invariant form, we write Ω
as

If V is a highest weight module and v is a highest weight vector, by the easy
direction of PBW, V “ Uη´v, as the basis of η` map v to 0, and monomials in
t give scalar multiples of v.

Remark 6.7. If V is irreducible and finite dimensional, it is a highest weight
module (as it has a singular vector, and the submodule it spans must be all of
V )

Proposition 6.3. Let V be a highest weight module for g with VΛ a highest
weight vector of weight Λ P t˚, V not necessarily finite dimensional. Then

1. t acts diagonalisably on V , so V “
À

λPDpΛq Vλ where DpΛq “ tΛ ´
ř

kiαi | ki P Zě0u (ie the weights less than Λ)

2. VΛ “ CvΛ, and all other weight spaces are finite dimensional

3. V is irreducible if and only if the only singular vectors are in VΛ

4. V contains a unique maximal proper submodule I, which admits a weight
space decomposition I “

À

λPDpΛq I X Vλ, and I is the sum of all proper
submodules of V

31



5. Ω acts on VΛ as multiplication by |Λ ` ρ|2 ´ |ρ|2 where ρ “ 1
2

ř

αPR` α

6. If vλ is a singular vector then |λ ` ρ|2 “ |Λ ` ρ|2

7. If Λ P RR, then there are only finitely many λ such that Vλ contains a
singular vector

Proof. (1) + (2): As V “ UgvΛ, expressions p
ś

i e´βi
q vΛ span V with e´β P g´β

for β P R`, and the weight of this is Λ ´
ř

i βi which implies 1 and 2, as there
are only finitely many ways to arrange the eβi

to get into Vβi
.

(3): If vλ P Vλ is singular, then Ugvλ is a submodule of V , so is equal to V with
weights all at most λ, so we have λ ď Λ ď λ, so they are equal. Conversely, if
N ă V is a proper submodule, tN Ď N , so t grades N , and the weights lie in
DpΛq. Let λ “ Λ ´

ř

kiαi be a weight in N with
ř

i ki minimal. As N ‰ V ,
λ ‰ Λ so the sum is larger than 0, and any v P Nλz0 is a singular vector, as
eαi

v would otherwise have smaller
ř

ki for some αi P R`.
(4) is immediate, as any proper submodule of V is t-graded, and does not contain
VΛ, hence the sum of all such submodules is still proper.
(5) + (6): Choose a basis u1, . . . , ul of t and xα P gα for α P R. We get
dual bases u1, . . . , ul P t and xα P gα with respect to the adjoint Killing form.
Normalise xα so pxα, x´αqad “ 1. Then x´α “ x´α, and rxa, x´αs “ ν´1pαq.
Now

Ω “
ÿ

uiu
i `

ÿ

αPR`

pxαx´α ` x´αxαq

“
ÿ

uiu
i ` 2

ÿ

αPR`

px´αxαq `
ÿ

αPR`

ν´1pαq

“
ÿ

uiu
i ` 2

ÿ

αPR`

px´αxαq ` ν´1pρq

So Ωv “ pλp2ν´1pρqq `
ř

λpuiqλpuiqqvλ “ ppλ, λq ` 2pρ, λqqvλ as desired for Vλ,
but then it acts on all V by this scalar, so it holds for all of V , and 6 holds as
we only needed λ to be singular.
(7): If Vλ contains a singular vector, |λ`ρ|2 “ |Λ`ρ|2, but then λ is in a sphere
in RR and in DpΛq, which is therefore discrete and bounded, hence finite.

Remark 6.8. (7) is true for all Λ P t˚, but the proof is harder.

Definition 6.9. Let Λ P t˚, then a Verma module MpΛq is the universal highest
weight module with highest weight Λ and highest weight vector vΛ: If pW,wq is
another such pair with highest weight Λ, there is a unique map pV, vΛq Ñ pW,wq

Proposition 6.4. Verma modules exist and are unique. There is therefore a
unique irreducible highest weight module of weight Λ for Λ P t˚ which we denote
LpΛq

Proof. Uniqueness is clear by abstract nonsense. For existence, we defineMpΛq “

UgbUpη``tq CΛ. We define b “ η` ` t, and CΛ the module where η` acts by 0,
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and t acts by Λ. MpΛq is the free g module where the action is what we desire.
Let W be any other highest weight module with highest weight Λ. Then usual
universal property nonsense does what we desire, so we are done with (1). An
irreducible highest weight module must be a quotient of MpΛq by a maximal
proper submodule, but there is only one such, so (2) is done.

Proposition 6.5. Let R` “ tβ1, . . . , βru. Then p
ś

i e´βi
q vΛ is a basis of MΛ

Proof. PBW (the hard part)

Example 6.8. We’ve seen this for g “ sl2, it just has basis vΛ, FvΛ, . . .

Exercise 6.9. For sl2, show MpΛq “ LpΛq unless Λ P Zě0. If Λ P Zě0,
show MpΛq has a unique proper submodule FΛ`1vΛ, . . . which is itself a Verma
module.

Exercise 6.10. Let g be a semisimple Lie algebra, Λ P t˚, Λphiq P Zě0 and

Λ P P`. Show F
Λphiq`1
i vΛ is a singular vector for MpΛq

Exercise 6.11. Compute the character of MpΛq

We now know that if V is a finite dimensional irreducible representation of
g then V “ LpΛq for a unique Λ P P`. We want to show the converse, that if
Λ P P`, then LpΛq is finite dimensional.

Exercise 6.12.

1. akb “
ř

`

k
i

˘

ppad aqibqak´i

2. Using (1) and the Serre relations, show that FN
i p

ś

e´βi
qvΛ “ 0 if N is

sufficently large

Proposition 6.6. If Λ P P`, LpΛq is integrable (ie Ei, Fi act locally nilpotently)

Proof. This is trivial for any highest weight module V in the Ei case. We must

show the result for Fi on LpΛq (this is not true for MpΛq). We know F
Λphiq`1
i vΛ

is a singular vector of LpΛq by the above, but LpΛq is irreducible, so the only
singular vectors have weight Λ, so it is 0, and the above exercise finishes the
proof

Corollary 6.3.1. ChLpΛq is W -invariant.

Theorem 6.4. (Cartan’s theorem) If g is a finite dimensional semisimple Lie
algebra over C and Λ P P`, then LpΛq is finite dimensional.

Proof. Let α P R`. We want to show e´α acts locally nilpotently on LpΛq. Let
n “ pΛ, α_q. en´αvΛ P LpΛqλ´nα, which is 0 as if it is not, then sαpΛ ´ nαq “

sαpΛq ` α “ Λ ` α is non-zero, contradiction, so by the same argument as
above, e´α acts locally nilpotently on LpΛq, so LpΛq “ Uη´vΛ which is finite
dimensional.
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So we have given the complete list of irreducible finite dimensional represen-
tations. We aim for complete reducibility next.

Lemma 6.5. sipR
`ztαiuq “ R`ztαiu for αi simple.

Proof. Let α “
ř

kiαi. If α ‰ αi then some j ‰ i has kj ‰ 0. But sipαjq “

αj ` mαi, so we have the same kj ą 0 coefficient for αj . As all the kn have the
same sign, we are done.

Recall that ρ “ 1
2

ř

αPR` α.

Lemma 6.6. ρ “ ω1 ` ¨ ¨ ¨ ` ωl, ie ρphiq “ 1 for all i

Proof. Now sipρq “ si

´

1
2αi ` 1

2

ř

αPR`ztαiu α
¯

“ ´ 1
2αi ` 1

2

ř

αPR`ztαiu α “

ρ ´ α, but using the usual formula for si, we see pρ, α_
i q “ 1

Exercise 6.13. Compute ρ for every simple Lie algebra

Lemma 6.7. Let Λ P P` and µ ` ρ P P` for µ ď Λ. If |Λ ` ρ| “ |µ ` ρ| then
µ “ Λ

Proof.

0 “ pΛ ` ρ,Λ ` ρq ´ pµ ` ρ, µ ` ρq

“ ppΛ ` ρq ´ pµ ` ρq, pΛ ` ρq ` pµ ` ρqq

“ pΛ ´ µ,Λ ` pµ ` ρq ` ρq

which is larger than 0 if Λ ‰ µ

Theorem 6.8. (Weyl’s complete reducibility) If g is semisimple over C then
every finite dimensional g-module V is a direct sum of irreducibles.

Proof. As V is completely irreducible as an psl2qα, V “
À

Vλ is a weight space
decomposition. Consider V η` “ tv P V | η`v “ 0u. This is non-zero by Engel.
rt, η`s Ď η`, so t acts on V η` , so V η` “

À

µPP V
η`
µ . We claim that for any

vµ P V
η`
µ , the module L “ Ugvµ is irreducible. We know L is a highest weight

module with highest weight µ. We must show there are no other singular vectors.
But if λ is the weight of a singular vector w P L, then λ ď µ and |λ`ρ| “ |µ`ρ|

as the Casimir acts identically, but V is finite dimensional so λ, µ P P`. So by
the lemma, λ “ µ and the claim is proven. Hence V 1 “ UgV η`

is completely
reducible, and if v1 . . . vr is a basis of highest weight vectors of V η`

in weight
spaces corresponding to λ1, . . . , λr, then V 1 “

À

Lpλiq. We show V {V 1 “ 0, at
which point we are finished. If N ‰ 0, then it has highest weight vectors. Let
vλ be one of weight λ P P` and let ṽλ P Vλ project to vλ. As vλ ‰ 0 in N , we
must have that some Eiṽλ is non-zero, but Eivλ “ 0 so Eiṽλ P V 1, so Ω acts
on Eiṽλ by |λ̃ ` ρ|2 ´ |ρ|2 for some λ̃ P tλ1, . . . , λru. On the other hand, the
Casimir acts by |λ`ρ|2 ´|ρ|2, so |λ`ρ| “ |λ̃`ρ|, but λ̃`αi is a weight of Lpλq,
so λ̃ ď λ ` αi ă λ, but then the previous lemma gives a contradiction.
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Lemma 6.9. If Λ P t˚, MpΛq the Verma module, then chMpΛq “ eΛ{ p
ś

αPR` p1 ´ e´αqq

Proof. If R` “ tβ1, . . . , βNu then PBW gives a basis of MpΛq of the form
p
ś

eki

´βi
qvΛ, and the weight of this is Λ´

ř

kiβi, so dimMpΛqΛ´β is the number
of ways of writing β “

ř

kiβi, and this is exactly the claimed formula

Remark 6.9. We are just saying S˚rxs “ 1
1´eβ

if x has weight β, that S˚pV `

W q “ S˚V b S˚W , that the character of the tensor product is the sum of the
characters, and ChUg “ ChS˚g for any g.

We write ∆ “
ś

αPR` p1 ´ e´αq, so ChMpΛq “ eΛ{∆. For sl2 we know
ChLpnq “ ChMpnq ´ ChMp´n ´ 2q. We want to do this in general

Lemma 6.10. Let Λ P P`. If w P W , then wpeρ∆q “ detpwqeρ∆, where detw
is the determinant as a linear map from t˚ to itself

Proof. As W is generated by simple reflections, it suffices to check sipe
ρ∆q “

´eρ∆ for si simple.
But

sipe
ρ∆q “ sipe

ρp1 ´ e´αiq
ź

αi‰αPR`

p1 ´ e´αqq

“ eρ´αip1 ´ eαiq
ź

αi‰αPR`

p1 ´ e´αqq

“ ´eρ∆

Lemma 6.11.

1. For any highest weight module V pΛq with highest weight Λ, there are coeffi-
cients aλ P Zě0 for λ ď Λ such that ChpV pΛq “

ř

λďΛ,|λ`ρ|“|Λ`ρ| aλ ChLpλq

and moreover aΛ “ 1

2. There are coefficients bλ P Z with bΛ “ 1 such that ChLpΛq “
ř

λďΛ,|λ`ρ|“|Λ`ρ| bλ ChV pλq.

Proof. We write BpΛq for the set we are summing over. Recall that we showed
this is finite if Λ P RR.
(1) implies (2): Extend the order of BpΛq to a total order. Apply (1) with
V pΛq “ MpΛq to get an upper triangular system of equations relating ChMpΛq

and ChLpλq with 1s on the diagonal, so we can invert it and get (2) (warning:
bΛ P Z not necessarily non-negative)
For (1) we induct on

ř

µPBpΛq dimV pΛqµ, which is finite as weight spaces are

finite dimensional and BpΛq is finite. If V pΛq is irreducible, the result is imme-
diate. Otherwise there is µ P BpΛq with a singular vector vµ P V pΛqµ. Choose
µ to be such that htpΛ ´ µq is maximal. Then Ugvµ is a submodule with no

singular vectors other than vµ, so it is Lpµq. Set V pΛq “ V pΛq{Lpµq. This is a
highest weight module with highest weight Λ with smaller sum of dimensions,
so the result holds there, and ChV pΛq “ ChV pΛq `ChLpµq so we are done by
induction.
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We know ChLpΛq “
ř

λPBpΛq bλ ChMpλq “
ř

λPBpΛq bλe
λ{∆. We also know

that wChpLpΛqq “ ChLpΛq and wpeρ∆q “ detpwqeρ∆, so eρ∆ChpLpΛqq is W
anti-invariant. But

ř

λPBpΛq bλe
λ`ρ “

ř

W -orbits on BpΛq`ρ bλ
ř

wPW detpwqewpλ`ρq

Now fix Λ P P`, so BpΛq Ď RR, then W pλ ` ρq intersects P`
R “ tx P RR |

px, α_
i q ě 0u in exactly one point, as the latter is a fundamental domain for the

action of W . So we can take dominant weights as orbit representatives, but we
know there is only one dominant weight in BpΛq by Lemma 6.7, which is Λ, so
there is only one term in the sum, bΛ “ 1.

Theorem 6.12. (Weyl Character Formula) If Λ P P`,

ChLpΛq “

ř

wPW detpwqewpΛ`ρq

eρ
ś

αPR` p1 ´ e´αq
“

ÿ

detwChMpwpλ ` ρq ´ ρq

Proof. We just proved it

Example 6.9. If g “ sl2, z “ eα{2, then ZrP s “ Zrz, z´1s and ρ “ z, so

ChLpmα
2 q “ zm`1

´z´m´1

z´z´1 as before

Corollary 6.12.1. (Weyl denominator formula) eρ
ś

αPR` p1´e´αq “
ř

detpwqewρ

Proof. As Lp0q “ C, ChLp0q “ 1

Exercise 6.14. For g “ sln show the Weyl denominator is equivalent to the
Vandemonde determinant

Remark 6.10. If w “ si1 . . . sir with sik simple reflections and r minimal, we
call this a reduced decomposition of w, and call r its length, denoted lpwq. Note
detw “ p´1qlpwq

Exercise 6.15. R` X p´wR`q “ tα1, si1α1, . . . , si1 . . . sir´1αiru, so lpwq “

|R` X p´wR`q| “ lpw´1q

Lemma 6.13. P 0`
R “ tµ P RR | xµ, α_

i y ą 0,@αi P Πu has closure a funda-
mental domain for W on RR

Proof. If µ P P 0`
R , we must show wµ R P 0`

R . But wµ P P 0`
R if and only if

xwµ, αy ą 0 for all w P R`, which is true if and only if w´1α P R` for all
α P R`, which holds if and only if lpwq “ 0.
If λ P RR, pick µ “ wλ P Wλ maximal within this set with respect to the
ordering. Then siµ “ µ ´ xµ, α_

i y ­ą µ by choice of µ, so xµ, α_
i y ě 0 and

µ P P 0`
R

Corollary 6.13.1. (Weyl Dimension Forumla) dimLpΛq “
ś

αPR`

pα,Λ`ρq

pα,ρq

Proof. We know ChLpΛq “
ř

dimLpΛqλe
λ, so we want to set eλ ÞÑ 1 and

all others to 0, but this gives 0{0 in the character formula. We get around
this in the following way. We define a homomorphism Fµ : CrP s Ñ Cpqq by
eλ ÞÑ q´pλ,µq for each µ. We want F0pChpLpΛqqq. Applying Fµ to the Weyl
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denominator formula, we get qpρ,µq
ś

αPR` p1 ´ qpα,µqq “
ř

pdetwqq´pwρ,µq “
ř

pdetwqq´pρ,w´1µq as the inner product is W -invariant. Apply Fµ to the Weyl
character formula. We get

FµpChpΛqq “

ř

wPW pdetwqq´pwpΛ`ρq,µq

q´pρ,µq
ś

αPR` p1 ´ qpα,µqq

which is defined if pα, µq ‰ 0 for all α P R`. We take µ “ ρ, as pρ, α_
i q “ 1

for all αi “ 1, hence pρ, αq ą 0 for all α P R`. Then by the Weyl denominator
identity,

FρpChLpΛqq “
ÿ

pdimLpΛqλqq´pλ,ρq

“
ÿ

q´pρ,Λ`ρq

ś

αPR` p1 ´ qpα,Λ`ρqq

q´pρ,ρq
ś

αPR` p1 ´ qα,ρq

Now set q “ 1 and use l’Hopital, and the result follows.

Example 6.10. g “ sl3, R “ tα, β, α ` βu then ρ “ ω1 ` ω2. If Λ “ m1ω1 `

m2ω2, then we get
α β α ` β

p¨,Λ ` ρq m1 ` 1 m2 ` 1 m1 ` m2 ` 2
p¨, ρq 1 1 2

so dimLpΛq “ 1
2 pm1 ` 1qpm2 `

1qpm1 ` m2 ` 2q

Exercise 6.16. Compute the dimension of the irreducible representations for
B2, G2

We can now use characters to understand representations as we did for sl2.
We define ct : ZrP s Ñ Z to be the coefficient of 1, and we define to send eλ ÞÑ

e´λ. Define ∆ “
ś

αPR` p1 ´ e´αq, and define an inner product p¨, ¨q : ZrP s ˆ

ZrP s Ñ Z by pf, gq “ 1
|W |

ctpfḡ∆∆̄q. Let χλ “ ChLpΛq. We claim pχλ, χµq “
#

1 λ “ µ

0 λ ‰ µ
. To prove this,

pχλ, χµq “
1

|W |
ct

˜

ÿ

x,wPW

ewpλ`ρq´ρewpµ`ρq´ρ detw detx

¸

by Weyl character formula. But the constant term of this exists exactly when
x “ w, λ “ µ as λ`ρ, µ`ρ P P` which is the interior of a fundamental domain.
We can now decompose Lpλq b Lpµq “

ř

mν
λµLpνq with mν

λµ “ xχµχλ, χνy

Exercise 6.17. Compute ChLpnρq for n P Zě0
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7 Principal sl2

We define a new character ρL P t˚ by pρL, αiq “ 1 for all αi P Π. (contrast with
pρ, α_

i q “ 1 for ρ)

Exercise 7.1. Show that this is the ρ of the dual system, so if R is simply
laced, then ρ “ ρL.

Now pρL, αq “ htα.

Exercise 7.2. Show that FρL “ q´pΛ,ρL
q

ś

αPR`

p1´qpΛ`ρ,α_q
q

1´qpρ,α_q by applying the

Weyl denominator formula to the Lie algebra with root system R_. Note
pλ`ρ,α_

q

pρ,α_q
“

pλ`ρ,αq

pρ,αq
. This is called the q-dimension of LpΛq,dimq LpΛq P Nrq, q´1s

Proposition 7.1. dimq LpΛq is a unimodal polynomial (increasing coefficients,
then decreasing coefficients. In fact it is the character of an sl2 module where
all the strings have the same parity

Proof. Set H “ 2ν´1pρLq. Now dimq LpΛq is the weight space decomposition
of H. Set E “

ř

αiPΠ Ei. Now write H “
ř

cihi as a sum where hi “ α_
i , and

define F “
ř

ciFi. The proposition follows from the following exercise.

Exercise 7.3. H,F,E above are an sl2, called the principal sl2, and if Λ´ γ is
a weight of LpΛq then pΛ ´ γ, 2ρLq “ pΛ, 2ρLq mod 2

Exercise 7.4. Let rns “
qn´1
q´1 and rns! “ rnsrn ´ 1s . . . r1s. Show that

„

n
m

ȷ

“

rns!
rms!rn´ms! is unimodal, and show the same of p1 ` qqp1 ` q2q . . . p1 “ qnq by

applying the above to g “ sln, V “ SkCn,
Źk Cn and the spin representation

of so2n`1.

Remark 7.1. When is LpΛq – LpΛq˚? The lowest weight of LpΛq is w0Λ
where w0 is the unique element of maximal length in W , and the lowest weight
of LpΛq˚ is ´Λ, so it happens when ´Λ “ w0Λ.

8 Crystals

Let g be a semisimple Lie algebra over C with simple roots α1, . . . , αl and P
the weight lattice

Definition 8.1. A crystal is a set B not including 0 and functions wt: B Ñ P ,
ẽi : B Ñ B Y t0u, f̃i : B Ñ B Y t0u such that

1. If ẽib ‰ 0 then wtpẽibq “ wt b`αi and if f̃ib ‰ 0 then wtpf̃ibq “ wt b´αi.

2. If b, b1 P B, ẽib “ b1 is equivalent to b “ f̃ib
1
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3. We draw a graph with vertices B and edges labelled i from b to ẽib for
all i, called the crystal graph. We define εipbq “ maxtn | ẽni b ‰ 0u and
ϕipbq “ maxtn | f̃n

i b ‰ 0u and require

ϕipbq ´ εipbq “ xwt b, α_
i y

Define Bµ “ tb P B | wtpbq “ µu.

Example 8.1. For sl2 we get n Ð n ´ 2 Ð n ´ 4 Ð ¨ ¨ ¨ Ð ´n is a crystal
with wt a “ aα

2 . In this case ϕipbq ` εipbq “ n if the string is that of highest
weight representation Lpnq, and wtpbq “ n´ 2εpbq “ 2ϕpbq ´n, so ϕpbq ´ εpbq “

xwt b, α_y

Definition 8.2. If B1, B2 are crystals, we define B1bB2 to be B1ˆB2, wtpb1b

b2q “ wtpb1q ` wtpb2q. We define ẽipb1 b b2q “

#

ẽipb1q b b2 ϕipb1q ě εipb2q

b1 b ẽipb2q ϕipb1q ă εipb2q
,

f̃ipb1 b b2q “

#

f̃ipb1q b b2 ϕipb1q ą εipb2q

b1 b f̃ipb2q ϕipb1q ď εipb2q

Exercise 8.1. Check this is a crystal, and tensor products are associative (it
is not commutative)

Definition 8.3. B_ (the dual of B) is B with arrows reversed.

Exercise 8.2. Tensor product and duals commute

Theorem 8.1. (Kashiwara) Let Lpλq be an irreducible highest weight represen-
tation with highest weight λ P P`. Then

1. There is a crystal Bpλq whose elements are in bijection with a basis of
Lpλq, with Bpλqµ parameterising a basis of Lpλqµ, so chLpλq “

ř

bPBpλq e
wt b

2. For any simple αi P Π, the decomposition of Lpλq as an psl2qi-module is
given by the i-coloured strings

3. Bpλq b Bpµq is the crystal for Lpλq b Lpµq

In particular, as every element of Lpλq is obtained by acting on V pλq by various
fi, the graph Bpλq is connected ignoring the colours.

Proof. No Proof

Example 8.2. If V is a representation of g with 1d weight spaces, it is obvious
what the crystal graph looks like. Take g “ sl3 and V “ Lpω1q. This has crystal
graph

ω1 ω1 ´ α1 ω1 ´ α1 ´ α2
e1 e2
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We take the tensor product of this with itself. We get

‚ ‚ ‚

‚ ‚ ‚ ‚

‚ ‚ ‚ ‚

‚ ‚ ‚ ‚

where colours indicate labels. The colours make more sense if we consider them
one at a time, for the black arrows:

‚ ‚ ‚

‚ ‚ ‚ ‚

‚ ‚ ‚ ‚

‚ ‚ ‚ ‚

the standard product for sl2.

Warning: there is no basis of Lpλq with this properties for ei, fi instead of
ẽi, f̃i. Instead we replace Ug with a quantum group over Crq, q´1s.

Definition 8.4. A crystal is integrable if it is the crystal of a highest weight
module.

Remark 8.1. Tensor products of integrable crystals are commutative, and
there is an extra axiom which characterises integrability (due to Stembridge)

We work in g “ sln, Lpω1q “ Cn with crystal

ω1

ω1 ´ α1

. . .

en

1

2

n´1

We will use this to construct the crystal of every representation. Let λ P P`, λ “
ř

kiωi for ki ě 0. This means Lpλq is a summand of Lpω1qbk1 b ¨ ¨ ¨ bLpωnqbkn

as it contains a highest weight vector of highest weight λ. But Lpωiq “
Źi Cn,

and this is a summand of pCnqbi, so every Lpλq for sln occurs as a summand
of some pCnqbN . So the crystal of Lpω1q determines all the crystals of sln. We
write 1 2 . . . n

1 2 n´1
for Bpω1q, and for i ă n, let bi “ 1b2b¨ ¨ ¨bi P

Bpωiq
bi. This will correspond to e1 ^ ¨ ¨ ¨ ^ ei P

Źi Cn.
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Exercise 8.3. Show that bi is a highest weight vector in Bpω1qbi with weight

ωi “
ři

j“1 εj , so the connected component of the crystal Bpω1qbi containing bi
is Bpωiq

The connected component of Bpωiq consists precisely of a1ba2b¨ ¨ ¨bai with

the ai strictly increasing. We write this element as

a1
...
ai

Now let λ “
ř

kiωi and

embed Bpλq ãÑ Bpω1qbk1 b ¨ ¨ ¨ b Bpωn´1qbkn´1 by b ÞÑ bbk1
1 b ¨ ¨ ¨ b bbkn

n . We
can represent elements of the right hand side as a sequence of column vectors,
where entries strictly increase down the colums

Definition 8.5. A semi-standard Young tableux is such a sequence of column
vectors with non-strictly decreasing rows

Exercise 8.4. The semi-standard Young tableux are precisely the connected
component of Bpλq

Describe the action of ẽi, f̃i explicitly in terms of Young tableux

We do similar for the other classical Lie algebras. We start with the standard
representations
For Bn, the Lie algebra is so2n`1 and representation C2n`1 we have crystal

1 2 . . . n 0 n̄ . . . 2̄ 1̄1 2 n´1 n n n´1 2 1

For Dn “ so2n, we have

n

1 2 . . . . . . 2̄ 1̄

n̄

n´1 n

1 2

n

2 1

n´1

and for Cn “ sp2n we have

1 2 . . . n n̄ . . . 2̄ 1̄1 2 n´1 n n´1 2 1

Exercise 8.5. Check that these are the crystals of the standard representa-
tion. What subcategory of the (monoidal) category of representations do these
generate?

We should not expect everything to be generated: If a group G is sim-
ply connected, the only representations we can get from V this way are those
whose centre acts by powers of the character of V on the centre. In terms of
Lie algebras, if G is simply connected, then ZpGq “ P {Q and |P {Q| “ detC
where C is the Cartan matrix. If λ is the highest weight of the standard rep-
resentation, λ defines some λ̄ P P {Q. We claim any irreducible summand of
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V bn
λ has highest weight in xλ̄y. So if P {Q is not cyclic, we don’t get every-

thing.
Bn Cn D2n D2n`1

P/Q Z{2Z Z{2Z Z{2Z ˆ Z{2Z Z{4Z Show this, and in each

case compute the image of the standard representation. Write down a combi-
natorial set that gives the crystals generated by the standard representations.
For type Bn, we have fundamental weights ω1, . . . , ωn. The representation
Lpωnq is called the spin representation. Using the Weyl dimension formula,
dimLpωnq “ 2n. If we let B “ tpi1, . . . , inq | ij “ ˘1u and set wtpi1, . . . , inq “

1
2

ř

ijej P P , ẽjpi1, . . . , inq “

#

pi1, . . . , ij´1, 1,´1, . . . , inq pij , ij`1q “ p´1, 1q

0 otherwise

for j ă n, and ẽnpi1, . . . , inq “

#

pi1, . . . , in´1, 1q in “ ´1

0 otherwise

Exercise 8.6. Check this is a crystal

We claim this is the crystal of Lpωnq. We know gln ãÑ so2n`1 by diagpA, 0,´JATJ´1q.
Now Lpωnq|gln “

Ź˚ Cn. Check that Bpωnq|gln is the right crystal.
For Dn, the representation decomposes into half-spin representations instead of
being irreducible.

9 Littlemann Paths

Set PR “ P bZ R.

Definition 9.1. A path in PR is a piecewise linear map π : r0.1s Ñ PR up to
piecewise linear reparameterisation. We denote P “ tpaths π : r0, 1s Ñ PR |

πp0q “ 0, πp1q P P u and define a crystal structure on P. We set wtπ “ πp1q, we
define ẽipπq as follows: hi “ minZ X txπptq, α_

i y | 0 ď t ď 1u ď 0. If hi ă 0, let
t1 be the first time hi is achieved, and t0 the last time before that that it hits
hi `1. We reflect this part of the path through the hyperplane xx, α_

i y “ hi `1,
and continuing via the translation of the rest of the path. We define ẽipπq to
be the resulting path. If hi “ 0, then ẽipπq “ 0. If π is a path, let π_ be the
reverse path. Then f̃ipπq “ pẽipπ

_qq_.

Exercise 9.1. Show that this is a crystal, and εipπq “ ´hi

Example 9.1. If g “ sl2, and π is the linear path 0 Ñ ´αi

2 , then ẽipπq “

0 Ñ αi

2 . If we take the path 0 Ñ ´αi, the resulting path is the one from
0 Ñ ´αi

2 Ñ 0

Define P` to be those paths staying wholly within P`. It is clear that such
paths have ẽipπq “ 0. If π P P`, we let Bπ be the subcrystal of P generated by
π

Theorem 9.1. (Littlemann)

1. If π, π1 P P`, then Bπ “ Bπ1 if and only if πp1q “ π1p1q
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2. Let λ “ πp1q. Then Bπ “ Bpλq up to unique isomorphism sending π Ñ

bπp1q

3. For the path πptq “ λt, there is a combinatorial description of the paths
in Bpπq

Proof. No Proof

Example 9.2. Compute the adjoint representation crystal for sl3

Definition 9.2. If π1, π2 P P, denote by π1 ˚ π2 be their concatenation.

Exercise 9.2. Concatenation of paths induces a morphism of crystals

Implicit in Littlewood’s theorem is that we can apply the Weyl character
formula to Bπ. This is a purely combinatorial statement, and has a purely
combinatorial proof: The idea is to build up Bpλq and the character of Bpλq

inductively. (Demazure character formula) For λ P P`, define Lwpλq for w P W
to be the η` submodule of Lpλq generated by wvλ.

Theorem 9.2. ChLwpλq “ Dwpeλq where Dw “ Dsi1
. . . Dsin

(where w “

si1 . . . sin where Dsipfq “
f´e´αisipfq

1´e´αi

Proof. No Proof

This is easy, and implies what we want.
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