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We can define matrix groups, such as SL,,, SO,,, Spa,, which are simple in some
sense. If we take these with complex entries, these are in fact differential mani-
folds as well, and are furthermore Lie groups (ie multiplication and inversion are
smooth maps). These have maximal compact subgroups (such as SU,, < SL,),
and it turns out that over the complex numbers, these have the same represen-
tations (and SU,, is homotopic to SL,). This is all complicated. We wish to see
how much of these we can study by considering the tangent space at the origin,
g = T.G, as this reduces to linear algebra.

Definition 1.1. Linear algebraic groups are subgroups of GL,, defined by poly-
nomial equations in the matrix coefficients



All the groups we mentioned above are linear algebraic.

We want to compute the tangent space at 1 of SLy = { <i Z) ad — bc = 1}.
. 1 0 a b
If we write g = 0 1) ¢l 4 +.... Wehave 1 =detg = (1+¢ea)(1 +

ed) — €2bc, hence g € SLy is equivalent to a +d = 0, ie Tr(g) = 0. To do
this formally, we consider a linear algebraic group G over E = C[e]/(g2). If we
consider the map E — C by € — 0 gives a projection 7: G(E) — G(C), we can
define g = m~1(I), and this formalises the calculation done above.

Exercise 1.1. Prove that this is equivalent to the tangent space in algebraic
geometry/differential geometry, and G(F) is the tangent bundle.

Example 1.1.

1. G =GL,. G(E) = {A e Mat,(FE) | A=! exists} = {A + Be | A" exists},
as (A + Be)(A™! — A71BA~'¢) = I. Therefore g = gl, = Mat,,

2. G =SL,,.

Exercise 1.2. Show that det(I +eX) =1+ ¢ Tr(X)

Hence g = sl,, = {X € Mat, | Tr(X) = 0}

3. G = 0,C = {AAT = TI}. One can compute g = {X | X + XT = 0}.
Note X + XT = 0 implies 2Tr(X) = 0. As 2 # 0, Tr(X) = 0. So the
Lie algebra of the orthogonal group is the same as that of the special
orthogonal group, hence T10,,(C) = T150,,(C). This is a demonstration
that Lie algebras only care about the connected component of I

What does g remember about the multiplication in G? It does not get a
multiplication (as (I + Ae)(I + Be) = I + (A + B)e which does not see the
multiplication of the group)

Consider G x G — G via (P,Q) — PQP~'Q~!. This sends (1,1) to 1, so we
get a map g x g — g, but what we want is a bilinear map, not a linear one.
So we do this in two stages. Fixing P, we get a map fp: Q — PQP Q7 !,
we differentiate this to get df,: g — g which is a map G — End(g), and we
differentiate this.

If G < Mat,(C), writing P = I + Ae and Q = I + B6, where 2 = §% = 0, and
e6 = de and expanding out, PQP'Q~! = I + (AB — BA)sé. Hence we can
define [A, B] = AB — BA for A, B € g € Mat,

Exercise 1.3. Show directly from the definition (as the derivative of the com-
mutator) that [X,Y] = —[Y, X] (as PQP!Q~ ! = (QPQ~ 1P 1)1

Further show that the Jacobi Identity, [[X, Y], Z]+[[Y, Z], X]+[[Z,X], Y] =0
by (1) explicit computation for gl,, or (2) define (z,y, 2) = y~'((z,y 1), 2)y and
see it by differentiating the identity (z,y, 2)(y, 2, 2)(z, z,y) = 1 or (3) deduce it
from associativity of multiplication of G



Definition 1.2. A Lie algebra is a vector space g with a bracket operation
[,-]: g x g — g which is bilinear, satisfies [z,y] = —[y, «] for all z,y € g, and
satisfies the Jacobi identity [[x,y], 2] + [[¥, ], =] + [[#,z],y] = 0

Example 1.2.

1. For any vector space V, if the bracket is always 0, we get a Lie algebra
(called an abelian Lie algebra)

2. gl = Mat,, with the bracket [A, B] = AB — BA
3. 50, ={Aegl, | A+ AT =0}
4. sl, ={Aegl, |trA=0}

5. 8py, = {A€gly, | JATJ 1+ A = 0} where J is

6. b = {upper triangular matrices in sl,}
7. n = {strictly upper triangular matrices in sl }
Exercise 1.4.
1. Check gl,, is a Lie algebra
2. Check that all the non-abelian Lie algebras above are Lie subalgebras of
gl,,, ie they are closed under [A, B] = AB — BA
3. Show that { <: ;) } is not a Lie subalgebra of gl

4. Find algebraic groups whose Lie algebras are those above
5. Classify all 3 dimensional Lie algebras over C

Definition 1.3. If g, are Lie algebras, a linear map f: g — b is aLie algebra
homomorphism if for all z,y € g, we have f([z,y]) = [f(z), f(v)].

Definition 1.4. A representation of a Lie algebra g on a vector space V is a
Lie algebra homomorphism p: g — gl(V). We say g acts on V. It is faithful if
f(x) = 0 implies x = 0.

The Lie algebra g acts on itself via adz: g — g by y — [, y]

Lemma 1.1. ad: g — End g is a Lie algebra homomorphism



Proof. We must show ad[z,y] = adzady —adyadx

Now ad[z,y](z) = [[z,y], 2], and the right hand side is [z, [y, z]] — [y, [, 2]],
and the equality of these is the Jacobi identity after a couple applications of
antisymmetry O

Definition 1.5. The centre of a Lie algebra g is {z € g | [x,y] = 0,Vy € g}.

Remark 1.1. This is the kernel of ad, and so if g has no centre, then ad is
an injection, hence g admits a faithful finite dimensional representation in this
case.

Example 1.3. (8 S) C gl, has a faithful representation (in fact, we just gave

it), but is abelian, so the above result is not an equivalence

Theorem 1.2. (Ado’s theorem) Every finite dimensional Lie algebra has a
faithful finite dimensional representation

Proof. No Proof O
We use sly as an extended (very important) example.
This has basis e = 01 f= 00 h = 10
~\o o/ {1 0)" \0 -1
Exercise 1.5. [ef] = h, [he] = 2e,[hf] = —2f

So a representation of sl; on an n-dimensional vector space is a triple £, F, H €
Mat,, (k) satisfying EF — FE = H,|H,E]| = 2E,[H,F| = —2F. Where can we
find these? We will get them as tangent spaces to representations of S Lo

Definition 1.6. If GG is an algebraic group, an algebraic representation of G on
a vector space V is a group homomorphism G — G Ly defined by polynomial
equations in the matrix coefficients of G

So we get maps
G(E) —— GLy(E)

| l

G —" L GLy

where E = k[e]/(2). So p(I) = I and p(I + Ae) = I + eM(A) where M(A) is
a matrix which is a function of A. We call the function M by dp: g — gly

Exercise 1.6. Check p is a group homomorphism implies dp is a Lie algebra
homomorphism

Example 1.4. Let G = SL,, and L(n) the space of homogeneous polynomials
in z,y of 2 variables. GLy Q L(n) by change of basis, ie

o (&) D) = flaa + b+

c
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So po is the trivial representation, p; is the standard representation, and

a b a? ab b2
P2 << d)) = | 2ac ad+bc 2bd
¢ c? cd d?

We restrict this to an action of SLy. Now we differentiate.

For e, p(I + eg) - 'yl = x'(ex + y)? = 2yl + ejaiTlyi—L.

Hence dp(e) - xiy’ = jat+lyi—L.

Exercise 1.7. Show the action of sl, is given by e: xiy/ s jaitlyi =1 f: piyl
ixtTlyI T b 2yl — (i — j)a'y?, and check directly that this is a representa-
tion. Further show that L(2) and the adjoint representation are isomorphic.
Also show that e = :c%, f= y%, h=e= x% — y% defines a representation of
sly on K[z, y].

Suppose char k = 0. Show L(n) is irreducible

We have a map from representations of an algebraic group G to representations
of its Lie algebra g by differentiation. For “most” Lie groups, this map is
complicated

Example 1.5. Let g = C with the zero bracket. A representation of g is
uniquely determined by a linear map into V', as p(1) determines the represen-
tation. W < V is a submodule if it is preserved by p(1). The representa-
tions given by A and A’ are isomorphic if and only if they are conjugate as

matrices, so isomorphism classes of representations are given by Jordan nor-

0 1

. 0 1 . .

mal forms. For example if we take A = 01 (or indeed, for n di-

0

mensions) this is indecomposable but not irreducible, it has only submodules
<el>a <el7 62>7 <617 €2, 63>, <617 €2, €3, €4>

Contrast representations of G = GL; = C* as an algebraic group. It is a
theorem that

Theorem 1.3. Every representation of GL1 is a direct sum of irreducible rep-
resentations, and irreducibles are given by z — 2", neZ

Proof. No Proof O

We get dp,, = n € C, so we don’t even get all the irreducible representations
of the Lie algebra
(C,+) is an algebraic group with Lie algebra C, so the map from algebraic
groups to Lie algebras is not injective

Theorem 1.4. (Lie) RepG — Repg by p — dp is an equivalence if G is a
simply connected connected simple (algebraic, Lie) group

Proof. No Proof O



Definition 1.7. A simple (algebraic/Lie) group is one whose Lie algebra is
simple.

Remark 1.2. This does not line up with the group theoretic definition, eg SL,,
is simple, but p,, = {AI | A = 1} is normal in SL,,, however PSL,, = SL,/un
has the same Lie algebra. This holds in general for finite central subgroups

Z < @G, ie Lie(G/Z) = Lie(GQ)

Remark 1.3. The map from algebraic groups to Lie algebras is not injective
as we've seen, and is also not surjective. In gl,, any element decomposes as
S + N where S is diagonalisable, N is nilpotent, and S, N commute (Jordan-
Chevalley decomposition), and any Lie algebra of an algebraic group also has
such a decomposition, but you can find Lie algebras that don’t.

2 Representations of sl

From now on, k = C. We know sly has basis e = (8 (1)) S f = <(1) 8) Jh =

(é _01> and [ef] = h, [he] = 2¢, [hf] = —2.
Theorem 2.1. 1. For every integer n = 0, there is a unique irreducible
representation of sla of dimension n + 1

2. FEvery finite dimensional representation is a direct sum of such represen-
tations.

Proof. deferred O

Definition 2.1. Let V be a representation of sl;. We define the A\-weight space
of Vtobe Vi ={veV|hv= v}

Example 2.1. L(n)) = Czly? if i —j = A

Let v € V). Consider ev. Then hev = (he —eh + eh)v = 2ev+ Aev = (A +2)v so
v € V) implies ev € V12, and the converse holds if ev # 0. Similarly fv e Vy_s.

Therefore we have
Vaie

fJ‘Je
o

Definition 2.2. If 0 # v € V), n kere, we say v is a highest weight vector with
weight A

Lemma 2.2. Let V be a representation of sly and v € V' a highest weight vector
of weight X, then W = (v, fv, f?v,...) is a sly-invariant subspace.



Proof. We need to show fW < W AW < W,eW < W. The first holds by
construction. As v € Vi, fiv € Va_a;, so AW < W. Finally, ev = 0, and
efiv = (eft + feft=! — fefi-)v = hfi=tv — f(efi~tv) € W by induction. A
more explicit induction shows (exercise) ef™v = n(A —n + 1) " tv. O

Lemma 2.3. LetV be a finite dimensional representation of sly and v a highest
weight vector of weight \. Then \ € Z=g.

Proof. {f*v | k € Zx¢} lie in different eigenspaces of h if they are non-zero, hence
are linearly independent. But V is finite dimensional, so only finitely many of
the f*v are non-zero. Hence there exists some k such that ffv # 0, fF+1 = 0,
so (k+1)(A—k)ffv =eff*lv =0, hence A = k as k+ 1 # 0. O

Proposition 2.1. If V is a finite dimensional representation of sls it has a
highest weight vector

Proof. As V is finite dimensional, it has some eigenvector v of h. Consider

v,ev,ev,.... These are all eigenvectors of h of different eigenvalues, so are
linearly independent, so some e**lv = 0 with e*v # 0, so efv is a highest
weight vector O

Corollary 2.3.1. IfV is an irreducible representation of sla then dimV = n+1
and V' has a basis vy, . .., V1 where hv; = (n—2i)v;, fu; = viy1,ev; = i(n—i+
1)v;_1. In particular there is a unique irreducible n dimensional representation
which is isomorphic to L(n).

Proof. Trivial U

Exercise 2.1. Check that this defines a representation of sly, so existence is
part of what we’ve proven. Write down the isomorphism with L(n) explicitly

Let V be a representation of sls.

Definition 2.3. Define Q =ef + fe+ %hQ € End V. This is called the Casimir
element of sly

Proposition 2.2. Q commutes with sly as endomorphisms of V
Exercise 2.2. Provide the proof.

Exercise 2.3. Recall C[z,y] = D,,~( L(n) as a representation of sly where sly
acts as differential operators as given before defines a representation of sly on
2 y*C|z,y] for any A\, € C and describe the submodule structure. 2 acts on
this representation as a second order differential operator. Write it out explicitly.

Q=ef - fe+2fe+ 1h* =2fe+ (3h* + h)

Corollary 2.3.2. If V is a finite dimensional irreducible representation of sls
then w acts as a scalar

Proof. Schur’s lemma. O



Lemma 2.4. Q acts on L(n) by sn® +n

Proof. Tt suffices to find Qv for v a highest weight vector, but in this case

1 1 1
(2fe+ §h2 + h)v = (§h2 +h)v = (§n2 +n)v

(note we don’t even need Schur’s lemma as fiv span L(n), and Qfiv = fiQu) O

Note n — %nz + n is strictly increasing if n > 0 so n # m if and only if
L(n) # L(m) if and only if $n* + n # im? + m

Definition 2.4. If V is a representation of sly, write V} = {v e V | (Q —
A)dim Ve = 0}, je the generalised eigenspace for 2 with eigenvalue \.

Remark 2.1. Observe V? is a representation of sly as if z € sly,v € V* then
(Q = N4 Vgy = 2(Q — \)4mVy =0, so zv e V.

Corollary 2.4.1. V = @, VA as representations of sly
Proof. Trivial O

Vague claim: If V* # 0 then \ = %nQ +n and V? is ‘glued together’ from
copies of L(n)

Definition 2.5. Let W be a representation of a Lie algebra g. A composition
series for W is a sequence 0 = Wy < Wy < -+ < W,. = W such that W;/W;_4

is irreducible.
Example 2.2.

1. If g = C and W = C” with g acting by the Jordan block of eigenvalue
0 and size n, then there is a unique composition series for W, {(e;) <
<€1,62>< < W

2. If g=C,W = C", g acts by 0, then any chain Wy < Wy < ...W, such
that dim W; = ¢ is a composition series

Lemma 2.5. If W is finite dimensional, then composition series always exist.

Proof. Induct on dimW. Take an irreducible submodule W7 < W. Then
W /W7 has lower dimension than W, so induction gives a series 0 < Wy <
[preimage of composition series of W /W1]. O

Proposition 2.3. V* has a composition series with every subquotient W; /W;_, =
L(n), where A = in? + n.

Proof. Take an irreducible submodule of V' (\). This is L(n) for some n. So A =
3n% +n, and we can quotient by the irreducible submodule, and Q Q V*/L(n)
with the same generalised eigenvalue A, so we are done by induction. O

We now wish to show every V* is a direct sum of L(n). This is harder.



Proposition 2.4. h acts on V> with generalised eigenvalues in the set n,n —
2,...,2—=n,—n where \ = %nQ—&-n

Proof. This is just a general fact about composition series. If h Q W, and
W' < W with hW’ < W', then generalised eigenvalues of h on W are the
union of generalised eigenvalues of h Q W’ and h Q W /W'’ (make h an upper
triangular matrix). So as V* has a composition series with subquotients only
L(n) and h has eigenvalues n, ..., —n on L(n), the proposition follows O

Lemma 2.6. h acts on ker(e: VA — V) and the only generalised eigenvalue
of h isn

Proof. Same proof, but for composition series of V*, intersected with kere [J
Lemma 2.7. 1. hf* = f*(h — 2k)
2. efrtl = fntle 4 (n 4+ 1) f"(h —n)

Proof. (1) was an exercise last time, (2) is an exercise this time. Consistency!
O

Proposition 2.5. h acts diagonally on ker(e: VX — V) by multiplication by
n, and all vectors on which h acts by multiplication by n are in kere

Proof. If hx = nx then ex € Vn)‘+2 = 0. Conversely if x € kere then (h —
n)dimvxx =0. Now (h—n+ Qk)dimvxfka? = fk(h— n)dimvxx =0,s0 ffrisin
the n— 2k generalised eigenspace for . We claim for any 0 # y € kere, f™y # 0.
It holds for L(n). Let 0 = Wy < W < --- < W, = V> be a composition series,
which therefore has quotients L(n). Let ¢ be minimal such that y € W;, then
g # 0in W;/W;_1. So ¢ is a highest weight vector for W;/W;_1, so f"y # 0,
so f"y # 0. We know f"*ly has generalised h-eigenvalue —n — 2, so is 0. So
0=ecfrloz=(n+1)f"(h—n)z + f*ex and hence (n + 1)f*(h — n)z = 0.
But y = (h —n)z € kere, so if y = (h — n)z # 0 then f"y # 0 by the claim,
contradiction as (n + 1) f"y = 0. So hx = nz, and h is diagonalisable. O

Proof. (Of complete reducibility of finite dimensional representations of sl ).
Choose a basis w1, ..., w, of ker(e: V* — V). Consider (w;, fw;, ..., fhw;).

Exercise 2.4. Prove this is a direct sum decomposition of V*

In particular, h acts diagonally on all of V. O
Exercise 2.5. Everything here is false in characteristic p. Let k = IF‘p.

1. Show L(n) need not be irreducible (take n = p).

2. Show not every representation is a direct sum of representations.

3. (Hard exercise) Show there are irreducible representations of sly which are
not highest weight. (hint: show that eP, fP, h? —h all commute with e, f, h



Let g be a Lie algebra and V, W representations of g

Proposition 2.6. The map g > End(V@W) byzr — 2®@1+1®x is a
representation

Exercise 2.6. Prove this

Recall that if V, W are representations of a group G, then so is V® W with
g acting by g — g ® g, and the above map is its derivative.
In general if A is an associative algebra and V, W are representations of A, then
V ® W isn’t a representation of A, it is a representation of A ® A. So to make
it a representation of A, we need an algebra homomorphism A - A® A. Such
an algebra A is called a bialgebra.

Example 2.3. If A = kG, then there is an algebra homomorphism g — g ® g
from Ato A® A

Now let g = sly and consider L(n)®L(m). This can be written as @, arL(k)
for some ay € Z=q. What are the multiplicities a?
One way to decompose L(n) ® L(m) is to find all the highest weight vectors.

Exercise 2.7. Do the above for L(1) ® L(n). Then do it for L(2) ® L(n).

Remark 2.2. Let v, be the highest weight vector of L(n). Then v, ® v, is a
highest weight vector of L(n) ® L(m). h(vy, ® vm) = hv, ® Uy + U ® hoy, =
(n + m)v, ® vy and e(v, ® Vi) = ety ® Uy + Uy, ® ev,, = 0. However there is
a lot of other stuff, as dim L(n) @ L(m) = (n + 1)(m+ 1) >>n+m+1

You can write down explicit formulae for the highest weight vectors, but we
don’t need to.

Definition 2.6. The character of V is ch(V) = >)(dim V)2 € N[z, 2] where
V, is the a-eigenspace of h

Remark 2.3. 1. ch(V)(1) = dimV as h is diagonalisable

nHl_—(n+1)

2. ch(L(n)=z2"+2""2... 42 "=2""2 " —[n+1],

z—z~1

3. chV =chWifand only if V =~ W, as ch(L(n)) form a basis for N[z, 27 ].,,
ie those polynomials with f(z) = f(z7!). On the other hand complete
reducibility implies V' and L are direct sums of copies of the L(n) repre-
sentations, and they are isomorphic if and only if each factor has the same
multiplicity, and the character of V' @® V" is ch V' + ch V.

4. ch(V@® W) = ch(V) - ch(W) (Proof: exercise. Show V, @ W, < (V®
W)ntm- Hence (VW) = >, ., _, Vo ® Wy, but this is exactly how
you multiply polynomials.)

Example 2.4. We can now compute L(1) ® L(3). chL(1)-chL(3) = (z +
2P+ 242 +273) =ch L(4) + ch L(2)
So L(1) ® L(3) = L(2) ® L(4).

10



Proposition 2.7. This implies the Clebsch-Gordon rule,
n+m
L(n)® L(m) = @ Ly
k=|n—m|,2ln—m—k

Proof. Basically identical to the example O

Remark 2.4. We get a diagram that looks like this (for n = 2,m = 3)

3 Structure and Classification of Simple Lie Al-
gebras

Via 3 theorems of Linear Algebra

Definition 3.1. An ideal of a Lie algebra g is a subalgebra §j such that [g,h] < b

Definition 3.2. A Lie algebra g is simple if the only ideals of g are g and 0
and dimg > 1
It is semisimple if it is a direct sum of simple Lie algebras

Definition 3.3. The derived subalgebra of g denoted by [g, g] is the k-span of
[z, 9], 2,y € g

Exercise 3.1. [g,g] is an ideal, and g/[g, g] is abelian

Definition 3.4. The central series of g is given by g° = g, g" = [¢" ', g]
Definition 3.5. The derived series of g is given by g(® = g, g = [g(»=1D, g(»=1)]
Remark 3.1. These series are decreasing, and g(™ < g”

Definition 3.6. g is nilpotent if g" = 0 for some n and solvable if g = 0 for
some n

Remark 3.2. Nilpotent Lie algebras are solvable

Exercise 3.2. Show that the two dimensional Lie algebra with basis z,y and
[z,y] = « is solvable but not nilpotent. Show that the set of strictly upper
triangular matrices in gl,, is nilpotent, that the set of upper triangular matrices
is solvable, and compute the central and derived series of each. Compute their
centres.

11



Definition 3.7. A vector space V with a non-degenerate alternating bilinear
form (-,-): V x V — k is called symplectic

Example 3.1. Let L be a finite dimensional vector space, V = L* @ L, and
define (L, L) = 0 = (L*, L*) and {(v,v*) = v*(v) for v* € L* v € L. This is
symplectic.

In fact if V' is any finite dimensional vector space, {L < V | (L, L) = 0, dim L maximal}
is non-empty and dim L = dim V' /2 and Sp(V) (the automorphisms of V pre-
serving the form) acts transitively on the set of such spaces. Spaces with
(L,L) = 0 are called isotropic, and isotropic spaces of maximal dimension are
called Lagrangian. Any complement L’ to L identifies V with L & L*.

By induction, we can also do this by taking v,w with {v,w) = 1, then V =
k{v,w} ® V' where V' is the orthogonal complement of k{v, w}

We write V = L + L* a symplectic vector space. The Heisenberg Lie algebra of
V, by =V @k has [v,0] = u,v")cif v,0' €V, [¢,hy] =0

Exercise 3.3. Show:
1. by is a Lie algebra
2. Show it is nilpotent
3. Show Sp(V) acts on hy via Lie algebra homomorphisms

Example 3.2. If L = C then by is a 3-dimensional Lie algebra with basis
D, q, ¢ such that [pq] = ¢ and every commutator with ¢ is 0. Show that this has
a representation on C[z] by p — +-,q¢ — z,c— 1

Remark 3.3. The following are true (and easy to prove):

1. Quotients and subalgebras of solvable (resp nilpotent) Lie algebras are
solvable (resp nilpotent)

2. If g is a Lie algebra and h < g is an ideal, g is solvable if and only if both
b,g/h are. Therefore solvable Lie algebras are “built out of” abelian Lie
algebras (as the final term in the derived series is always abelian, quotient
out and induct)

3. g is nilpotent if and only if the centre of g is non-zero (look at the final
term of the central series) and g/Z(g) is nilpotent

4. g is nilpotent if and only if ad g is nilpotent. (Note that adg = g/Z(g))

Theorem 3.1. (Lie’s theorem) Let g < gl(V') be a solvable Lie algebra, V a
vector space over k = k, chark = 0. Then there erists a basis v, ..., v, of
V' such that with respect to the basis, g consists of upper triangular matrices.
Equivalently, there is a linear function \: g — k and an element v € V such
that for all x € g, xv = MNx)v, ie V has a 1d subrepresentation defined by

Proof. No Proof O

12



Exercise 3.4. Prove the conclusions of the above theorem are equivalent

Exercise 3.5. Show this is false if k % k. Show it is false for non-zero charac-
teristic (hint: consider L = k in Example 3.2 for the later)

Corollary 3.1.1. If k is characteristic 0 and g is a solvable finite dimensional
Lie algebra, then [g,g] is nilpotent.

Proof. Apply Lie’s theorem to the adjoint representation. With respect to some
basis of g, ad g is upper triangular, but the derived subalgebra of the Lie al-
gebra of upper triangular matrices is contained in the strictly upper triangular
matrices, and is therefore nilpotent. So [ad g, ad g] is nilpotent, so ad[g, g] is
nilpotent, and hence [g, g] is by Remark 3.3(4) O

Exercise 3.6. Complete the above proof by showing we can assume g is over
an algebraically closed field (by showing g is solvable if and only if g ®j, k is)

Theorem 3.2. (Engel’s Theorem) If g is a Lie algebra and k is a field, then g
1s nilpotent if and only if ad g consists of nilpotent endomorphisms of g. Equiv-
alently, if V is a finite dimensional representation, and all elements of g act by
nilpotent linear maps, then there is v # 0,v € V with xv = 0 for all x € g (ie
V' contains the trivial representation). Equivalently, if g € End(V') there is a
basis of V. where g consists of upper triangular matrices

Proof. No Proof O
Exercise 3.7. Prove the conclusions of the above theorem are equivalent

Remark 3.4. This states that if g acts by nilpotent matrices, then g is nilpo-
tent. The converse is false, take diagonal matrices. This is abelian, hence
nilpotent, but has non-trivial irreducible representations. The correct converse
is that g being nilpotent implies g/Z(g) acts by nilpotent matrices

Definition 3.8. A symmetric bilinear form (-,-): g x g — k is invariant if
([zy], 2) = (x,[y=])
L

Exercise 3.8. If a < g is an ideal and (-,-) is an invariant form, show a- =
{reg] (z,a)=0}is an ideal

Definition 3.9. Let V be a finite dimensional representation of g. The trace
form of V is (z,y)v = tr(p(x)p(y)).

Exercise 3.9. Show the trace form is symmetric bilinear and invariant
Remark 3.5. For the adjoint representation, this is called the killing form.

Theorem 3.3. (Cartan’s Criteria) Let g < gl(V) with V' finite dimensional,
char(k) = 0. Then g is solvable if and only if for all x € g,y € [g,9], (z,y)v =0

Proof. No Proof O
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Remark 3.6. We know one direction from Lie’s theorem as if g is solvable,
we can take z to be triangular and y to be upper triangular (as we can upper
triangularise g), so xy has zeros on the diagonal, so its trace is 0. Therefore the
main content is the converse

Corollary 3.3.1. Let chark = 0. Then g is solvable if and only if (g[8, 9])ad =
0

Proof. The forward direction is by Lie’s theorem as above. Conversely, apply
Cartan’s theorem to ad g to get ad g is solvable, so then g/Z(g), Z(g) are solvable,
S0 g is O

Exercise 3.10. Not every invariant form is a trace form. Let h= C{p, q,c,d}
with [p,q] = ¢, [¢,h] = 0,[d,p] = p,[d,q] = —¢. Show b is solvable and con-
struct a non-degenerate invariant bilinear form with (5, [6, 6]) # 0. Extend the
representation of i on C[z] to a representation of .

Definition 3.10. If g is a Lie algebra, the radical of g, R(g), is the maximal
solvable ideal in g

Exercise 3.11. Show that a sum of solvable ideals is solvable, and hence R(g)
is well defined. Also show R(g/R(g)) = 0.

Theorem 3.4. In characteristic 0 the following are equivalent
1. g is semisimple
2. R(g)=0
3. (Killing criterion) The Killing form is non-degenerate

Proof. Claim: R(g) = 0 if and only if g has no non-zero abelian ideals. Proof:
An abelian ideal is solvable, so if there is one, R(g) # 0. If R(g) # 0, the last
term in its derived series is abelian.

For the rest of the proof, (-,-) = (-, )ad-

3 implies 2: We want to show that if a is an abelian ideal, then a g, then
we are done by the above claim. Choose a vector space complement to a, so

g=a+ 0. Then if z € a, ad a has the matrix (8 ;) On the other hand for

any x € g, ad z has matrix <* :) but then tr(adaadz) = 0so (a,g) =0

0
For 2 implies 3, let t < g be an ideal and suppose vt # 0. Then R(g) = 0
implies the centre of g is 0 implies g < glg by ad. But (x,y) =0 for all z,y € ¢
as t € g+ and then Cartan’s criteria implies t is solvable.

We prove 2, 3 imply 1. Suppose (-,)aq is non-degenerate and let s < g be
minimal non-zero ideal. We claim (-, )aq|s is either non-degenerate or zero, as
the kernel on fixing one argument is an ideal. But then Cartan’s criteria implies
that if it is 0, the s is solvable, but R(g) = 0 contradiction. So g = s ® s*.
Note s is not abelian as R(g) = 0, so s is a simple Lie algebra. Ideals of s*
are ideals of g, so R(g) = 0 implies R(s®) = 0, so we are done by induction on
dimension. U
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Exercise 3.12. Show that if g is semisimple, it is uniquely a sum of minimal
non-zero ideals. Conclude (1) implies (2) and we are done.

Exercise 3.13. Show R(g) 2 g+ 2 [R(g), R(g)] in general.
Remark 3.7. If g is Lie algebra, 0 — R(g) — g — g/R(g)
Theorem 3.5. (Levi’s Theorem) The above short exact sequence splits

Exercise 3.14. If g is the Lie algebra of (n, m) two block block upper triangular
matrices. Find R(g) and a subalgebra isomorphic to g/R(g)

Exercise 3.15. Show Levi’s theorem fails in characteristic p as follows. Let
g = sly, k = F,. Show Rg = kI, but there is no subalgebra complement

Definition 3.11. A derivation D: g — g is a linear map with D[z,y] =
[Dz,y] + [, Dy]

Example 3.3. adx is a derivation for = € g, and such derivations are called
inner. Der g/inner derivations = H'(g, g)

(Even in lectures that don’t teach [group/Lie algebra] cohomology, you can’t
avoid this being taught)

Proposition 3.1. If g is semisimple then every derivation D: g — g is inner

Proof. Let g be semisimple and D: g — g a derivation. Consider a linear
function I: g — k by  — tr(D - adx). As g is semisimple, g* =~ g by the
killing form, so there is y € g with I(z) = (y,2)aq. Let E = D — ady, so
tr(Fadz) = 0. We want £ = 0. This is equivalent to (Ex,2)aq = 0 for all
x,z € g, but ad(Ez)(z) = [Ex,z] = E[z,z] — [z, Ez] as E is a derivation,
so ad(Ex) = E(adz) — (adx)E = [E,adz], so (Ex,2)aq = tr(ad(Ex)adz) =

tr([E,adz]ad z) = tr(E,ad[z,z]) =0 O
Example 3.4. 1. Show that nilpotent Lie algebras have non-inner deriva-
tions

2. Show g = k{a,b), [ab] = b has only inner derivations. So this condition
does not characterise semisimple Lie algebras

3. Let g be a simple Lie algebra and suppose (-, )1, (, )2 are non-degenerate
invariant bilinear forms, Show they are multiples of each other.

4. Let g = s,,C. Assume it is simple. We have the killing form, and (4, B) =
tr(AB). Compute the multiple.
4 Structure of Simple Lie Algebras
Definition 4.1. A torus t £ g is an abelian Lie algebra such that for all ¢ € ¢,

adt is a diagonalisable linear map. It is maximal if it is not contained inside a
bigger torus.
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Exercise 4.1. If g = sl,, or g = gl,,, then the diagonal matrices form a maximal

torus, and (8 ;) is not a torus in sly

Let V be a vector space and t1,...,t,: V — V be pairwise commuting
diagonalisable maps. Let A = (A1,...,\,) € C" and let V) = {v e V | t,v = A\v}
be the simultaneous eigenspace. Then V = @, _c» Vi, by induction on n and
the fact that commuting maps preserve each others eigenspaces.
Let t be the n dimensional abelian Lie algebra with basis t1,...,t,. If V is
a representation of t in which each ¢ € t acts diagonalisably, then the lemma
says V is a direct sum of 1d representations, A\: t — C is a linear map sending
t; — \; and 1d representations of t are the same as A € t*, and V), = {v e V|
tv = A(t)v,Vt € t}. We call this the A-weight space of ton V. V = PV, is
called the weight space decomposition of V

Exercise 4.2. Show that every irreducible representation of an abelian Lie
algebra t is some Cy where t acts via A € t*

Let g be a Lie algebra and t be a maximal torus. We get a weight space
decomposition g = go ® P, xeex O for the adjoint representation.

Definition 4.2. The roots of g are the non-zero weights in this decomposition.

Example 4.1. g = sl,, and t is diagonal matrices. If F;; is the matrix with a 1
in the ij position and 0 elsewhere, and let ¢ = diag(t1,...,t,). Then [¢, E;;] =
(ti _tj)Eij~ If we let €(t) = ti, then Eij € ggifej, so R = {Ei —&j | © F# j}, do = t
and ge, ., = CEj;

Exercise 4.3. Do the same for so9,,, $02,+1,5p,,. Take t to be diagonal matrices
and so,, = {A € Mat,, | JA + ATJ = 0} for J the anti-diagonal matrix

Proposition 4.1. sl,, is a simple Lie algebra

Proof. We know sl,, = t + @ cp 0o Where R = {e; —¢; | i # j} and g., ., =
CE;;. Now suppose t is a non-zero ideal and let » € v such that r = ¢ +
Yok €as€a € 9o With a minimal number of non-zero terms. Suppose ¢t # 0.
Then there is to € t with distinct eigenvalues and «(tg) # 0 for all @ € R. So
[to-r] = Dner @(to)eq € ¢ as v is an ideal. But this has fewer non-zero terms,
so must be 0, so every e, = 0,80 71 =t e t. Ast # 0,a(t) # 0 for some a € R,
SO o = g; — €5, 8O [t,Eij] = a(t)Eij # 0 so Eij (S [Eij,Ejk] = F;, € v and
similarly we get F, € v and [Ei,'i+la E’H—l,i] = FE;; — Eit1,i41 so sl, =t

If t = 0, then if r = cF;; we are done as above, otherwise r = e, + eg +
2eR\(a,p) Ev- Take t € t with a(t) # B(t), so some linear combination of [to, r]
and r has fewer terms contradiction. O

Recall that if g is a semisimple Lie algebra and t a maximal torus, g =
go + @)\eRg)ﬂ Rct*

Proposition 4.2. Let g be a semisimple Lie algebra over C. Then mazimal
tori exist, and if t is a mazimal torus, go = {reg|[t,z] =0} =t
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Proof. No Proof O
So we know g = t + @ g 9o

Theorem 4.1. (Structure theorem for semisimple Lie algebras, Part I) Let g
be a semisimple Lie algebra, t a mazimal torus and g = t+ @ . p 9a- Then

1. The roots span t*
2. dimgy, =1 forae R

3. Ifa,fe R and o+ S € R, then [ga,08] = 9ap- Ifa+ B¢ R and o # —f3
then [ga, 8] =0

4. [8as8-a] is one dimensional, and go + 9—a + [Gas 9—a] s iSomorphic to
sly. In particular, a € R implies —a € R

Proof. Suppose the roots don’t span t*, and there is ¢ € t with «(¢) = 0 for all
a € R. Then [t,g,] = 0 for all @ € R, [t,t] = 0 and so [t,g] = 0 so Ct is an
abelian ideal in g, but g is semisimple, so has no abelian ideals.

Now we show some nice statements building towards the other 3 statements.
(a) We claim [gx, 8,] S gatp if A, p € t*. This is because if z € gx,y € g, and
t € t, then [t, [zy]] = [[tz]y] + [z[ty]] = (A(t) + p(t))[xy] so one direction of (3)
is done, [ga,05] =0if o+ ¢ RuU {0} and [ga,8-a] St

(b) (gx,8u)aa = 0 if A # —p and moreover gy + g—» has non-degenerate Killing
form. Proof: If x € g,y € g, then we know (z,y)aa = tr(adzady). We will
show this is 0 for A + u # 0 by showing ad x ad y is nilpotent. But for all « € t¥*,
(adzady)Vgy S g4+ N(4+p)- By finite dimensionality, this is 0 for sufficiently
large N if A + p # 0, so we have proven nilpotence. On the other hand, the
Killing form is non-degenerate on g = @(gx + g—») which we have just shown
is an orthogonal direct sum, so the whole claim follows.

(¢) In particular, the Killing form is non-degenerate on go = t (Warning: (-, -)adlt
is not (-, )adt), and hence (-, -)aq gives an isomorphism v: t — t* by v(t)(¢ ) =
(t,t')aq, and defines a bilinear form (-,-) on t* by (7,7') = (v"1(7), v 1(7'))aa
All is immediate.

(d) If @ € R, then (-, )aq is non-degenerate on g, + g—n, but degenerate on g,
SO g—o # 0,50 —a € R and g, = g*, by the Killing form.

(e) If x € g,y € g-q then [z,y] = (z,y)aav (). Proof: (¢, [z,y])aa =
[ty 2]], ¥)ad = a(t)(z,Y)aa so it follows.

(f) Let eq € go be non-zero and pick e_, € g_, with (en,€—0)aa # 0. We
have [eq, € o] = (€ase_a)aaV  (a) and we want e, [€q, € o], e_q to form an
sly. We compute [v7 (), eq] = a(v™1{(a))ea = (a,a)eq. If (a, ) # 0 define
he = (a?a) v~(a) and rescale e_4 50 (€, €_a)ad = J—a) Exercise: (e, h, f) —
(e Py €—o) defines an isomorphism sly = my, = (eq, ha,y—qa)

Proposition 4.3. (a,«a) #0 for allae R

Proof. Suppose otherwise and let m,, = {eq,€_qo, v (a)). Then [v71(a),e4q] =
0 so0 [Mma,ma] = Cv~1(a) and m, is solvable. But then by Lie’s theorem,
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ad[mq, ma] acts by nilpotents on g, ie v~ () acts by nilpotent elements on g,
but v~ 1(a) € t, so is semisimple and hence is 0, so & = 0 contradiction. O

We claim dimg_, = 1 for all @ € R. This proves (2) as —a € R if and only
if & € R. Suppose otherwise. Then ade,: g_o — Cv1(a) = [ga, §—o] must
have a non-trivial kernel. If x € kerad e,, then as x € g_,, adhy - = [hq, z] =
—a(hy)z = —2z. Also ade, -z = 0, so z is a highest weight vector for m, with
highest weight —2, inside the finite dimensional representation g, contradiction
as —2 < 0,s0 z =0 and dimg, = 1.

Theorem 4.2. (Structure theorem part II)

1. Foralla,BeR, 228 ¢ 7

(e,@)

2. Ifae Rykae R then k = £1

3. The module @,y 98+ka is irreducible for me. In particular the set of all

B+ ka which are roots is of the form f—pa, f—(p—1)a, ..., B+ qa where

p—q= 2((;’;)) and this is called the a string through 8

Proof. Let ¢ = max{k | § + ka € R} and let v € ggyqo. As this is maximal,
ades - v € ggy(gr1)a = 0 and ad hy - v = (B + qa)(ha)v = (2(ﬁ’a) + 2q) v. As

(@)

highest weights are in Z, we have done (1).

For (3), sl module structure tells us that (ad e,)"v # 0 for 0 < e < Q(S‘f)) +2q =
N, so the corresponding weight spaces are non-zero, and hence are in Ru {0}.
We need to show these are all. We do the same thing, starting at the bottom.
Let p = max{k | 5 —ka e Ru {0}} and let w € gg_po with w # 0. adhy - w =

(Z(O"ﬁ ) 2p) w, so w is a least weight vector, and applying e,, repeatedly we get

(o)
an irreducible sl; module with weights 5—pa, —(p—1)a, ..., B+ (p — %) a.
By construction, p — % < qand g + % <p,sop—q= % and the

two submodules coincide.
For (2), observe m, < g is an irreducible representation of sly with weights
—a, 0, and (3) shows this is the only « string through «. O

Remark 4.1. (1) implies k = +1,42 as (22323 = 2 ¢ 7 and similarly if we

flip the roles of «, ka

Finally [ga,88] = Gatp if @, 8,0 + 5 € R as @ gg4ka is an irreducible
representation of sly so ad e, is an isomorphism from ggyra t0 @51 (k41)a 1S an
isomorphism if £ < g and as ¢ = 1 here, we're done.

If a € R define s4: t* — t* by v+ v — Z(Sz’cf))v, the reflection along c.
Remark 4.2. (3) implies 5,0 is a root whenever «, 8 are roots, as if r = %

and r > 0, then p = ¢+ r = r otherwise if r <0, ¢ = p —r = —r and in either
case B — ra is in the « string through 8

18



Proposition 4.4. 1. Ifa,f € R, then (a,8) € Q

2. If we take a basis B1,. .., 05, of t* with each B; a root, then B € R expands
as >, qiB; with ¢; € Q, equivalently dim QR = dimc t*

3. (+,-) is positive definite on QR

Proof. (1) by structure theorem II(1), it suffices to show every (3,8) € Q for
all 5 € R. Now g = t® @Pga- If b,/ € t then (h,h)aq = tr(adhadh’) =
Daer @(h)a(h’) and so for A, p € t*,

A\ ) = (7 N, v (1)aa
= Z a ™' Na(v™pw)

aeR

= Z ()‘7 Ol) (u’ a)

aeR
In particular, if A = p = 8, (8,8) = X .cr(a, 8)?, so multiplying by ﬁ we

2

get (5;;3) = ZaeR (2(%’i’ﬁ/6)))) €Z,so0 (B,B) €L

(2) Let B = ((Bi,5;))i; be the Gram matrix of the form. As (-,-) is non-
degenerate, B is invertible. Let 8 = > ¢;8; for § € R. Then (8,5;) =
> ¢i(Bi, Bj), so inverting the matrix B, we get the ¢; in terms of the (8, 5;)
as B;; € Q by (1), ¢; € Q also.

(3) Let A € QR, so A = >, ¢;8; with ¢; € Q and (A, @) € Q for all @« € R, so
(A A) =D cr(X @)? = 0 with equality if and only if every (A, a) =0, so A =0
as R spans t* and (-, -) is non-degenerate. O

5 Root Systems

Let V be a vector space over R and let (-,-) be a positive definite symmetric

bilinear form. If 0 # « € V, we write oV = ((30&), 50 (a,a¥) = 2. We define

S$a: V>V tobev—v—{v,a")a.

Lemma 5.1. s, is the reflection in the hyperplane orthogonal to o.. sq has one
eigenvalue —1 with eigenvector o and all other eigenvalues are 1 and s, € O(V).
Hence 52 = 1.

Proof. Basy as V = Ra@®a™t, sq = —a and sqv = v if v € at- O
Definition 5.1. A root system R in V is a finite set R € V such that

1. 0¢ Rand RR=V

2. For all o, € R, (a,8Y) € Z

3. For all « € R, s, R < R. In particular s, = —a€ Rifa e R

We say R is reduced if o, ka € R implies k = +1
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Example 5.1. For semisimple Lie algebra g, g = t + @ cp 0a; R S RR is a
reduced root system.

Definition 5.2. Let W < GLy be the group generated by the reflections s,
for a € R. This is called the Weyl group of R

Proposition 5.1. The Weyl group W of a root system is finite
Proof. W acts on R faithfully by permutations as R spans V', so W < S|g|. 0O

Definition 5.3. If (R,V),(R/,V’) are root systems, they are isomorphic if
there is a linear bijection ¢: V' — V' such that ¢(R) = R’. Note that ¢ need
not preserve the inner product

Definition 5.4. If (R,V) and (R’,V’) are root systems, their direct sum is
(RuUR,V@®V’). A root system which is not isomorphic to a non-trivial direct
sum is érreducible. The rank of (R,V) is dim V'

Example 5.2.

1. Inrank 1, V =R, (z,y) = 2y, R = {a, —a} where a # 0 and W = Z/2Z.
We call this A

2. In rank 2, we take V = R? with the usual inner product. We have the
following examples

(a) R=1{(0,1),(0,-1),(1,0),(—1,0)}, which is A; x A; is not irreducible
has W = Z/2Z ® Z/27

(b) R is the vertices of a regular hexagon chosen so a = av, = 8.
Then (o, 8Y) = —1 and W = S3. This is the root system of sl3

(c) Risthe vertices and midpoints of a square, spanned by « = (1,0), 5 =
(—1,1). We have short roots a,a + 8 and long roots 3,2« + 3.
W = Dg. This is the root system of sp, and so;

(d) Let R be the vertices and intersections of two regular triangles, one
facing up and one facing down. Then W = Dj5, and this is the root
system of Go

Exercise 5.1. Verify that these are all reduced root systems, and we have listed
all the rank 2 root systems. Find the non-reduced rank 2 root system.

Lemma 5.2. If R is a root system, so is R¥ = {a" | a € R}
Proof. Trivial O
Definition 5.5. R is simply laced if all the roots have the same length

Exercise 5.2. If R is simply laced, (R,V) =~ (R',V’) where (a,a) = 2 for
all « € R, ie @« = «¥. (Hint: If R is irreducible, rescale the inner product,
otherwise break up as a direct sum and do the same)
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Definition 5.6. A lattice L is a finitely generated free abelian group with a
bilinear form L x L — Z such that (L®R, (+,-)) is an inner product. A root of
L is any a € L with (a,a) = 2, and Ry, = {a € L | (o, @) = 2}. Observe that
forae Ry, so LS L

Lemma 5.3. Ry is a root system in RRy,

Proof. Finiteness is the only part that isn’t clear. But Ry, is the intersection of
the compact set {v € RRy, | (v,v) = 2} with the discrete set L, so is finite. [

Definition 5.7. L is generated by roots if ZRy = L. This implies L is an even
lattive, ie (I,1) € 2Z for all l € L

Example 5.3. Let L = Za and (o, ) = A. If A =2, Ry, = {+a} and L = ZR,,
and if k2\/2 # 1 for all k € Z, then Ry, = &

We now list all the simply laced root systems by giving lattices for which
they are Ry. We consider Z™ = @ Ze,; with (e;,e;) = d;;, the square lattice.

LAy L={leZ™ | (les +  + eps1) = 0} = Z", with roots Ry, =
{e; —e;j |i# j}. |[Rp| =n(n+1)and ZRy = L. If a = e; — e; then s,
swaps the 7, j coordinates, so W = S,,1. This is the root system of sl,, 1.

Se;—e; swaps the 7, j coordinates, s, y., flips the sign of the 7, j coordinate.
|Rr| = 2n(n — 1) and W = (Z/2Z)"! x S,,. This is the root system of
500,

2. D,: Now Ryn = {+e; te; | i # j}. Let L = ZRyn < Z". Then

3. Bg: Let I'yy = {(k1,...,kn) | k€ Z U (Z+ %).> ki € 2Z}. Consider

a = (%, c %) € I'. Then (a,a) = % so if 'y, is an even lattice, 8 | n.

For I'g, the root system is Eg

4. If we take o = %(1, ...,1) and 8 = e; + eg € Es, then a* has type E,

and Bt in E7 has type Eg
Exercise 5.3. Check Rp, = Ra,, Rp, = Ra, x4,
Exercise 5.4.
1. T's,, is a lattice
2. For n > 1, Iy, has type D,

3. The roots of I's are those of the form +e;+e; for i # j and %(iel t---teg)
with an even number of — signs. The number of such roots is 240 (and
the dimension of the Lie algebra is 248, with 8 extra dimensions from the
8d space for the torus)

Exercise 5.5. If R is a root system and a € R, then a’ n R is also a root
system.

Theorem 5.4.
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1. (ADE classification) The complete list of simply laced irreducible root sys-
tems is A, = slpy1,n =1, D, = s09,,n = 4 and Fg, E7, Es and no two
of those root systems are isomorphic

2. The remaining reduced root systems are By = Cs, B, = §02,41,Cp, =
sPpo,,n = 3, Fy and Gy where Rp, = {*e;, te; £ e;,i # j} < Z",
Rc, = {+2e;,te; £ej,i # j} S Z" (so R} = Rg,, and Wp, =
We, = (Z/2Z)" x S,,) and we define Fy by setting Q = {(ki1,...,kq4) |
ki€ Zu(Z+ 3)} and Rp, = {a € Q | (w,a) € {1,2}}, which is
{iei, +e; + ej,i # 7, %(iﬁ +--+ 64)}

Proof. Deferred O
Given a root system (R, V'), choose f: V — R such that f(a) # 0 for all « € R

Definition 5.8. A root a € R is positive if f(«) > 0 and negative if f(a) < 0.
It is simple if it is positive and not the sum of 2 positive roots. We write II for
the simple roots.

Example 5.4.

1. If we take A,, with R = {*(e; —¢;),¢ # j}. Choose f(e1) = n +
L,..., f(en41) = 1. Then R* = {e; —ej;,i < j}. As f(R) S Z, if f(a) =1
then « is simple, so II 2 {e; — e9,...,€, — €pt1}, and these span ZR
so we have equality. We draw a graph with nodes the simple roots, and
(viy ) )(@j, ;) )-many edges between a;,a; with an arrow towards the
short root if we have more than one length (this is the Dynkin diagram)
For A,, this is

2. For B,, our roots are {+e;, e;+e;,i # j} € Z". Wetake f(e;) = n+1—j.
Then R = {e; £ ej,i < j,e;} and I = {e1 —ea,...,€5_1 — €n,e,}. The
Dynkin diagram is

o o [ JE— ]

3. For C), our roots are {+2e;, fe,+e;,i # j} < Z™. We take f(e;) = n+1—j.
Then RT = {e; tej,i < j,2¢;} and II = {e1 —e2,...,€,-1 —€y,2e,}. The
Dynkin diagram is

o o [ eam— ]

4. For D,,, I ={ey —ea,...,en_1 —€pn,€n_1 + €5}, and the diagram is

o J o/
N
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For Eg set f(e1) =28 =1+ ---+ 7 and f(e;) = 9—¢ for 2 < i < 8.
Then Rt = {e; + €;,i < j,5(ex + -+ + es), even number of signs}. Then
II = {62—63,...,67—68,%(61+€8—€2—"~—€7),67+68}. The Dynkin
diagram is

For E; the Dynkin diagram is

For FEg the Dynkin diagram is

For F, the Dynkin diagram is

For G5 the Dynkin diagram is

e ——=o

Exercise 5.6. Check all the above and do it for the ones not listed

Proposition 5.2.

1.
2.

If o, B are simple roots, then o — 8 is not a root
If a, B are simple roots, a # 8 then (a, ) <0

Every a € Rt can be written as > kja; with «; € 11 and k; € Zsg, so
simple roots integrally span V

. Simple roots are linearly independent

If o € RT\II then there is o; € II such that o — a; € RT

R is irreducible if and only if I1 is indecomposable if and only if the Dynkin
diagram is connected (can’t be written as a union of two sets with 0 inner
product)

Exercise 5.7. Prove these.
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Definition 5.9. Let I) y = ZN*1 with basis e, ...,exy and (ei,ej) = 0 if
i # j, (eo,e0) = —1 and (e;,e;) = 1 for ¢ > 1. This is the unimodular lattice
of signature (N,1). Let k = (-=3,1,...,1). k-k = N —9. The Eyn-lattice is
L=K*"

Exercise 5.8. Let N > 3. Show a1 = ey —e1 —ea —e3,q; = €;_1 — €;,1 = 2
form a basis of L and are simple roots, with Dynkin diagram

2 3 4 5 N

1

Describe the positive roots for N < 8, and show that for N > 8, there are
infinitely many positive roots. Conclude that for 6 < N < 8 this is the E,
lattice, and for N < 5 we get Dy, Ay, Ao x A1, A1 X Ay, Ay

Definition 5.10. Given a set of simple roots {a1,...,q;} for a root system
R, we define a;; = {a),a;), set A = (a;j), the Cartan matriz. In the Dynkin
diagram, there are a;ja;; lines between i, j towards the shorter of j,4

Proposition 5.3. For the Cartan matriz, a; = 2,a;; < 0 otherwise, a;; € Z.
ai; = 0 if and only if aj; = 0, det A > 0 and all principal subminors have
positive determinant

Proof. Everything except the determinant theorems have already been proven.
Now

A=diag | —— Qi 0))id

() Canans
where the first is a diagonal matrix of positive coefficients, and the latter is
the Gram matrix of an inner product, hence has positve determinant. The last

comment holds as the subminors come from a span of the subset of the roots. [J
If (R,V) is a root system and R is a choice of positive roots

Exercise 5.9. If (R, V) is irreducible, there is a unique root # € R such that
for all @ € I1, 0 + « ¢ R. We call this the highest root. (For the moment, see
this case by case)

Example 5.5. For A, thisis e; —e,11

Definition 5.11. We define an eztended Cartan matric A by settomg ag = —6
and A = ((o), j)) as before. The related Dynkin diagram is the affine Dynkin
diagram

2 =2
-2 2
properties of Proposition 5.3, but has det A = 0, and every principal subminor
has positive determinant.

Example 5.6. A, = (2) and A; = . A satisfies the non-determinant
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Exercise 5.10. Draw the associated affine Dynkin diagram for the reduced
ones.

Exercise 5.11. Show that the Dynkin diagram of AT is the Dynkin diagram
of A with arrows reversed.

Remark 5.1. There is an extra Dynkin diagram not already described (includ-
ing exercises):
e e

P 3 )
called /1%2)

Theorem 5.5. An irreducible Dynkin diagram is one of the A,, By, ...,Gs
Proof. We first classify the rank 2 diagrams. The Cartan matrices are of the

form
2 —a
(& )
As the determinant is positive, (a,b) = (0,0),(1,1),(2,1),(1,2),(3,1),(1,3)
which are A1 x A1, A, By = Cy,Go
Any subdiagram of a Dynkin diagram is a Dynkin diagram (trivially) so the
number of arrows between two vertices is 1, 2, 3 by above. As the affine diagrams

have determinant 0, they are not subdiagrams of Dynkin diagrams. A Dynkin
diagram has no cycles. Let aq,...,a, be distinct simple roots and consider

a; _ 204,‘,,017‘ _
T :Z\/ﬁ Then 0 < (z,z) =n+3,_; (7)%) =N /aijaj

(visei) (e,
and 80 X, _; 1/@;;aj; < n but a cycle on n roots needs n+1 edges, contradiction.

If the diagram is simply laced, suppose it is not of type A. Since D, which is
[ ] [ ]
[ ]
[ ] / \ [ ]

is not a subdiagram, branching is at most 3-way. Since D,, is not a subdiagram,
there is at most one branching, and hence exactly 1 as we are not type A,
so the diagram is T}, , ,» with a branch point, and p, g, nodes on each branch
respectively. To fix notation, Fg = P532. Now Eﬁ, E7, F are not subdiagrams,
so we are done in the simply laced case. (Alternative: show detT, ,, = pq +
pr + qr — pgr and conclude similarly). For the non-simply laced case:

Exercise 5.12. If there is a triple bond, it must be G2 (need to show 2 triple
bonds, and double and triple can’t happen, as G2 deals with the single bond
case)

If there is a dguble bond, then by én, [15? ) and their transpose there can
only be one. By B,, the diagram does not branch, and by Fj, we can have at
most one vertex on each side. So we are done. O
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Exercise 5.13. Compute the determinant of all the Cartan matrices eg. det A,, =
n+1

Remark 5.2. In general for a simply connected Lie group with Lie algebra g,
the size of the centre has order det A

5.1 Independence of Choice Theorems

Theorem 5.6. All mazimal tori of a semisimple Lie algebra over k,k = k and
char k = 0 are conjugate

Proof. No Proof O
Theorem 5.7. All choices of positive roots are conjugate by the Weyl group
Proof. No Proof O

These theorems imply that the Cartan matrix depends only on the Lie al-
gebra.

5.2 [Existence and Uniqueness Theorems

Theorem 5.8. Let g; be semisimple Lie algebras with maximal tori A;, roots
R;, positive roots R}, simple roots I1; and Cartan matrices A;, and suppose A;

are equal after reordering indices. Then there is an isomorphism of Lie algebras
sending all the data to each other

Proof. No Proof O

Theorem 5.9. Let A be a Cartan matriz. Then there is a semisimple Lie
algebra with A as its Cartan matrix

Proof. No Proof O

Let g be a semisimple Lie algebra, g = t + @, 8o, and choose R*,II. We
choose F; € g, and F; € g, forming an sly, and set H; = V’l(aiv) as usual. We
observe [Hi,Hj] = 0, [Hi,Ej] = aj(HZ-)Ej = aijEj, [H“Fj] = —aiij7 and

sl {1

i =]
. We define n* = @ cp+ 8o and 17 = P cp+ §—a- 50 g =nt @tdn~. We
claim the F; generate n*, F; generate n~ and hence FE;, F; generate g as Lie
algebras. Proof: for a € RT, o = Y k;; with k; = 0,k € Zsg, we prove E,
is generated by FEj,..., E; by induction on the height, Y k;. If this is 1, we
are done by assumption. If this is larger than 1, there is a simple root «; with
a—a; = B € RT, so fis generated by the E;. But E, € [ga,, 93] so E, is also.
We flip our choice of positive roots to get the statement for F;. As [E;, F;] = H;
and the H; are a basis of t we’re done.
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Corollary 5.9.1. The Cartan matriz determines g

Proof. Let A be a generalised Cartan matrix (ie a; = 2, a;; < 0, ;5 = 0 imples
a;j; = 0). Define a Lie algebra g with the relations described above. If A is the
Cartan matrix of g, then by above g surjects onto g. Let J be the ideal generated
by the relations (ad E;)! =7 E; = 0 (and the same for F). It is a theorem that
if A is indecomposable, then g has a unique maximal ideal, generated by the
relations above, and the quotient g is a simple Lie algebra. Hence if g is simple,
the map g is surjective with no kernel, so is an isomorphism. (The theorem is
easy) O

Remark 5.3. This implies uniqueness, and implies existence if and only if the
following holds: g is finite dimensional if and only if A is a Cartan matrix. For
arbitrary A, g is called a Kac-Moody algebra. If det A = 0 and every subdiagram
is a Cartan matrix, then g4 is called an affine Kac-Moody algebra

Theorem 5.10. Write s; = so, fora; € II. Then W = (s1,...,8, | 57, (s:8;)™4)
where
2 Zf aijaji = 0

3 Zf ;A5 = 1
4 ifaijaj; =2
6 Zf aijaji =3

Proof. No Proof O

6 Representations

We write g = t@®nt @ n~ as before for a finite dimensional semisimple Lie
algebra over C called g.

Proposition 6.1. Let V' be a finite dimensional representation of g
1. V=@ Va where Vy = {veV |tv= At)v}
2. If V\ # 0 then AM(hy) €Z for alla € R

Proof. Since g is a finite dimensional g module, it is a finite dimensional (sl3),
module, hence h, acts diagonalisably with A(h,) € Z and the result follows as
the a¥ span t. O

Definition 6.1. QQ = ZR < t* is the lattice of roots, and

P={veQR|(y,a")€eZ,Ya e R}
={7eQR| (yv,a")eZVaell}

is the lattice of weights

Remark 6.1. V being finite dimensional implies V' = @,_p Vi, also Q < P,
and |P/Q| = det A for A the Cartan matrix, and WP < P (exercise)
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Example 6.1. For sly, R = {+a},Q = Zo, (a,a) = 2, P = §Z and |P/Q| =
2 =det2

Definition 6.2. If V is a finite dimensional representation with a weight space
decomposition, we define

chV = > dim V), - e* € Z[P]
the formal character of V
Example 6.2. For sly, let z = ¢*/2 then ch L(n) =2z"+---+ 2™ as before

Example 6.3. If g = sl3 and V = g is the adjoint rep, then ch V = 2e0 4 e +
el +etB e 4 e 4 e B We can decorate the weight lattice with the
multiplicities, and it is rotationally symmetric, with the outer most shell being
0s, the next shell being 1s, and the 0 shell being 2

Proposition 6.2. IfV is a finite dimensional representation of g then dim V) =
dim V,,\ for Ae P,we W, so chV e Z[P]V

Proof. (Proof sketch 1) If G is an algebraic group with Lie algebra g, then it is
a theorem that W = Ng(T)/T. Suppose also G Q V (if G is simply connected
this is automatic). Then if w € wT, then twv = ww ™ tiw = WwA(w ™ )v, so
wVy S Vipa-

(Proof sketch 2) Mimic the above argument in g. We have

0 -1\ (1 0 1 -1 1 0
G )-GN6 N6

Each of these is unipotent, so we can rewrite this as exp fexp(—e)exp f and
define $, = exp F,, exp—E, exp F,, and (exercise) if V is a finite dimensional
representation of g, each E,, F, act nilpotently on V', so s, is a well defined
finite sum, and $, = g4: Vi — Vi with €2 = 1,¢, a constant (to be determined
in terms of \. Further §2(Vy) = Vi .

(Proof 3) Consider V' as an (slz), x t representation. It splits as a direct sum
of irreducible representations p, p — «, ..., u — na where m = {u, hyy. Such a
string is (slz),-invariant O

Definition 6.3. z: V. — V is locally nilpotent if for all v € V, there is an n
such that 2"v =0

Remark 6.2. This is what made the above work, and e,, f, are locally nilpo-
tent on V if V is a sum of finite dimensional (sly),-representations. Such a V
is called integrable

Definition 6.4. If A, u € t*, we write p < A to mean A — = >, i ki with
k; = 0. The set of all y such that p < A are lattice points in an obtuse cone
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Definition 6.5. If V is a rep of g, u is a highest weight of V if V,, # 0 and
if V) # 0 then A < u. A non-zero element of such a weight space is a highest
weight vector. v € Vy, is a singular vector if v # 0 and cov =0 for all . € RT. p
is an extremal weight if wy is a highest weight for some w € W. Let Pt = {\ €
P | yaY)y = 0} for all @ € Rt (where it suffices to check the inner product
only for simple roots) is the cone of dominant weights

Remark 6.3. If ) is a highest weight, all 0 # v € V), are singular
Theorem 6.1. (The Theorem of the Highest Weight)

1. (Complete reducibility) If V is a finite dimensional representation of g, it
is a direct sub of irreducibles

2. Let'V be a finite dimensional representation of g, V irreducible and v € V)
a singular vector. Then dimVy =1, if V,, # 0 then p < X, and A(h;) =
N @) € Zsg for all simple roots o, so A € PT. Moreover if V' is also
finite dimensional ireducible with highest weight X then there is a unique
isomorphism V' — V' mapping given highest weight vectors to each other

3. Given A € P, there is a finite dimensional irreducible representation with
highest weight \, L(X)

4. There is a nice formula for the character of L(\) called the Weyl character
formula

Proof. Proof deferred O

Corollary 6.1.1. chL(\) = e* + 2 Gux € Z[P], so the characters of dif-
ferent L(\) are linearly independent. The character is Weyl group invariant,
and WP* = P, and Pé{ is a fundamental domain for the action of W. If
my = X ewy €y then my for X € PT is a basis for Z[P]V, so the characters
are also so.

Proof. Trivial U

Corollary 6.1.2. If V. W are finite dimensional representations, V.= W if and
only if their characters are equal

Proof. Trivial U
Definition 6.6. Let w; be the dual basis to the simple coroots a.

Remark 6.4. These are a basis of P*

Exercise 6.1. Compute everything for everything you care to.

Example 6.4. L(0) = trivial and if g is simple, the the adjoint representation
is, with highest weight 6 € R with 6 + « not a root for all positive roots a™, so
0 is the highest root, ie g = L(0)
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Exercise 6.2. Compute the expansion of € in terms of the w; for each Lie
algebra. For sl, you have § = e; —e,, and 0 = wy + wy_1

Example 6.5. If g = sl, and C" is the standard represetnation with basis

v1,...,U, and weights eq,...,e,. The sum of the e, is 0, and P is the direct
sum of n copies of Z modulo their sum, so e; is the highest weight and Z[P] =
Z|z1,...,2n]/71 ... 2, and the character is their sum.

Example 6.6. If V, W are representations, so is the tensor product, exterior
power and symmetric power. /A°C" is a representation of sl,, with the usual
basis, with weights given by the sum of the usual weights of C™ with no dupli-
cates. E;(v) = 0 if and only if v = v3 A -+ A vs, s0o A C" is irreducible with
highest weight wg, so for n — 1, L(wy,—1) = L(w1)*.

For the symmetric power S™C", with the usual basis, with weights given by the
sum of the usual weights of C™ with duplicates. E;(v) is 0 for all 1 < j < n if
and only if v = vy ...v;. S™L(w1) = L(mwy)

Exercise 6.3. If V, W are g-modules and V is finite dimensional, then V*QW =~
Hom(V,W). If g = sl,, and V = C", then VQ V* = CPsl,

Exercise 6.4. Let g = so,, or spy;, n = 2l and V = C”, show V is irreducible
and compute its highest weight. Show V' = V* as representations of g via the
form defining g. Hence V ® V has at least 3 components n > 3 (as the trivial
representation is a factor, and V@V = S?V @ /\2 V). Show it has exactly 3
and find the highest weights

We now start to prove the theorem of the highest weight.

Definition 6.7. Let g be any Lie algebra with a non-degenerate invariant bi-
linear form (-,-). Let z1,...,x, be a basis of g, and x!, ..., 2" be the dual basis.
The Casimir of g is Q = . z;2° (this is a well defined endomorphism of any
finite dimensional representation of g)

Lemma 6.2. Forallzeg, [Qz]=0

Proof. (v1): In coordinates, [Q,2] = [Yzi2t,z] = Y[ai, x]z® + X a2, z].
Writing [2,2] = Y a;;27 and [z;,2] = Y bjzj. Then a;; = ([2%,2],2;) =
([z;,z%],x) by invariance of the form, and b;; = ([27,;],2) = —aj;. Then
expand everything and you get 0.

(v2) The map 1 — End(g) via A- 1 — Al = g® ¢g* =~ g ® g via the invariant
form. The overall map is just 1 — >.2° @ z;. g acts on V and so g ® g acts
on VRV, soweget g®g — End(V) ® End(V) — End(V). This map in total
sends 1 — Q, and is a map of g-modules, so [Q, 2] = 0 for all z € g. O

Where does the Casimir live? Let g be a Lie algebra over k for k a field

Definition 6.8. The universal enveloping algebra of g, Ug is the associative
algebra with 1 over k generated by g with the relations xy — yax = [zy] for all
x,y € g. (More formally, the tensor algebra on g modulo those relations)
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Remark 6.5. So Q2 € Ug

Exercise 6.5. An enveloping algebra for g is an associative algebra A and a
linear map g — A such that zy — yx = [z,y]. Show that any such algebra
factors through Ug

Example 6.7. In particular, any representation factors as Yg — End g

Ug is filtered as the relation is in degree below 2. We define (Ug)<, to be
the products of < n elements of g in Ug = U and write U,, = (Ug)<n. Now
U, < U,, for n < m, and U,U,, < Up+m so we have a filtration of algebras.

Exercise 6.6. If x € U,,,y € Uy, then [z, y] € Up1m—1

We can form the associated graded algebra of the filtration C—BnZO F,/F,1 =
grV.

Theorem 6.3. (Poincare-Birkhoff-Witt) grUg =~ Sg. Equivalently, if x1,...,x,
is a basis of g, then {x7* ...x% | a; € Zso} is a basis for Ug, and in particular
g — Ug is an injection

Proof. No Proof U

Exercise 6.7. Show the previous exercise implies there is a well defined sur-
jective map Sg — grlifg

Exercise 6.8. For v e V, (Ug)v is the subrepresentation spanned by v.

Remark 6.6. If g is semisimple, and (-, -)aq is our invariant form, we write
as

If V is a highest weight module and v is a highest weight vector, by the easy
direction of PBW, V' = Un~ v, as the basis of n* map v to 0, and monomials in
t give scalar multiples of v.

Remark 6.7. If V is irreducible and finite dimensional, it is a highest weight
module (as it has a singular vector, and the submodule it spans must be all of

V)

Proposition 6.3. Let V' be a highest weight module for g with V) a highest
weight vector of weight A € t*, V' not necessarily finite dimensional. Then

1. t acts diagonalisably on V, so V = (—BAeD(A) Va where D(A) = {A —
S ki | ki € Zso} (ie the weights less than A)

2. Vo = Cup, and all other weight spaces are finite dimensional
8. V is irreducible if and only if the only singular vectors are in Vy

4.V contains a unique maximal proper submodule I, which admits a weight
space decomposition I = G—))&D(A) I nVy, and I is the sum of all proper
submodules of V
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5. Q acts on Vy as multiplication by |A + p|* — |p|*> where p= > pi @
6. If vy is a singular vector then |\ + p|? = |A + p|?

7. If A € RR, then there are only finitely many A such that Vy contains a
singular vector

Proof. (1) + (2): AsV = Uguax, expressions ([ [, e_g,) va span V withe_g € g_p
for B € RT, and the weight of this is A — >}, 8; which implies 1 and 2, as there
are only finitely many ways to arrange the eg, to get into Vj,.

(3): If vy € V, is singular, then Ugv, is a submodule of V, so is equal to V' with
weights all at most A, so we have A < A < A, so they are equal. Conversely, if
N < V is a proper submodule, tN < N, so t grades N, and the weights lie in
D(A). Let X = A — > k;o; be a weight in N with ], k; minimal. As N # V,
A # A so the sum is larger than 0, and any v € N)\0 is a singular vector, as
€q,v would otherwise have smaller ) k; for some «; € RT.

(4) is immediate, as any proper submodule of V' is t-graded, and does not contain
V, hence the sum of all such submodules is still proper.

(5) + (6): Choose a basis uj,...,u; of t and z, € g, for @ € R. We get
dual bases u!,...,u! € t and 2® € g, with respect to the adjoint Killing form.
Normalise Zo 50 (To,T_o)ad = 1. Then 27 = x_,, and [z4,7_o] = v ().
Now

Q= Zum2 + Z (TaT—o + T_aTa)

aeRT

~Nu' 42 Y (@aza) + Y v (@)

aeR* aeR*

= Zuzul +2 Z (T_aTa) + v (p)

aeR*

So Qu = (A2v71(p)) + 2 A(ui) A\ (uh))vx = (A, A) +2(p, A))vy as desired for Vj,
but then it acts on all V' by this scalar, so it holds for all of V', and 6 holds as
we only needed A to be singular.

(7): If V), contains a singular vector, |\ +p|? = |A+p|?, but then X is in a sphere
in RR and in D(A), which is therefore discrete and bounded, hence finite. O

Remark 6.8. (7) is true for all A € t*, but the proof is harder.

Definition 6.9. Let A € t*, then a Verma module M (A) is the universal highest
weight module with highest weight A and highest weight vector vp: If (W, w) is
another such pair with highest weight A, there is a unique map (V,vy) — (W, w)

Proposition 6.4. Verma modules exist and are unique. There is therefore a

unique irreducible highest weight module of weight A for A € t* which we denote
L(A)

Proof. Uniqueness is clear by abstract nonsense. For existence, we define M (A) =
UG R+ +1) Ca. We define b = n* +1t, and Cp the module where n* acts by 0,
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and t acts by A. M(A) is the free g module where the action is what we desire.
Let W be any other highest weight module with highest weight A. Then usual
universal property nonsense does what we desire, so we are done with (1). An
irreducible highest weight module must be a quotient of M(A) by a maximal
proper submodule, but there is only one such, so (2) is done. O

Proposition 6.5. Let R* = {f1,...,3,}. Then (][, e—g,) va is a basis of My
Proof. PBW (the hard part) O
Example 6.8. We’ve seen this for g = sly, it just has basis vy, Flog, ...

Exercise 6.9. For slp, show M(A) = L(A) unless A € Zso. If A € Zsy,
show M (A) has a unique proper submodule FA1v,, ... which is itself a Verma
module.

Exercise 6.10. Let g be a semisimple Lie algebra, A € t*, A(h;) € Zs( and
A e PT. Show Fi[x(h"')HvA is a singular vector for M (A)

Exercise 6.11. Compute the character of M (A)

We now know that if V' is a finite dimensional irreducible representation of
g then V = L(A) for a unique A € P*. We want to show the converse, that if
A € PT, then L(A) is finite dimensional.

Exercise 6.12.
1. abfb =Y (f)((ad a)'b)ak~?

2. Using (1) and the Serre relations, show that FN([Je_g,)va = 0 if N is
sufficently large

Proposition 6.6. If A € P*, L(A) is integrable (ie E;, F; act locally nilpotently)

Proof. This is trivial for any highest weight module V in the E; case. We must
show the result for F; on L(A) (this is not true for M(A)). We know FiA(hi)HvA
is a singular vector of L(A) by the above, but L(A) is irreducible, so the only
singular vectors have weight A, so it is 0, and the above exercise finishes the

proof O
Corollary 6.3.1. Ch L(A) is W-invariant.

Theorem 6.4. (Cartan’s theorem) If g is a finite dimensional semisimple Lie
algebra over C and A € P, then L(A) is finite dimensional.

Proof. Let « € RT. We want to show e_,, acts locally nilpotently on L(A). Let
n=(Aav). e’ vr € L(A)rx—nq, which is 0 as if it is not, then s, (A — na) =
sa(A) + @ = A + « is non-zero, contradiction, so by the same argument as
above, e_, acts locally nilpotently on L(A), so L(A) = Un~wva which is finite
dimensional. O
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So we have given the complete list of irreducible finite dimensional represen-
tations. We aim for complete reducibility next.

Lemma 6.5. s;(R™\{c;}) = R"\{;} for a; simple.

Proof. Let oo = Y k;o. If a # «; then some j # ¢ has k; # 0. But s;(¢j) =
o + ma;, so we have the same k; > 0 coefficient for ;. As all the k,, have the
same sign, we are done. O

Recall that p =23 .. o
Lemma 6.6. p=w; + - +wy, ie p(h;) =1 for all i
Proof. Now s;(p) = s; (%ai + %Z%Rﬂ{ai}a) = —%ai + %Zae}%\{ai}a =
p — «, but using the usual formula for s;, we see (p, ;) =1
Exercise 6.13. Compute p for every simple Lie algebra

Lemma 6.7. Let A€ Pt and u+ pe Pt for u < A. If |[A+ p| = |+ p| then

w=A
Proof.
0=A+p,A+p)—(u+ppu+p)
=((A+p) = (u+p),(A+p)+ (n+p)
=A—pA+(p+p) +p)
which is larger than 0 if A # u 0

Theorem 6.8. (Weyl’s complete reducibility) If g is semisimple over C then
every finite dimensional g-module V is a direct sum of irreducibles.

Proof. As V is completely irreducible as an (slp),, V = @ V), is a weight space
decomposition. Consider V= = {v € V' | nTv = 0}. This is non-zero by Engel.
[t,nT] = 7™, so tacts on V'*, s0o V' = @ ,p V/*. We claim that for any
v, € V), the module L = Ugu,, is irreducible. We know L is a highest weight
module with highest weight 1. We must show there are no other singular vectors.
But if A is the weight of a singular vector w € L, then A < g and |A+p| = |u+p|
as the Casimir acts identically, but V is finite dimensional so A, u € P*. So by
the lemma, A = p and the claim is proven. Hence V' = U gV”+ is completely
reducible, and if vy ...v, is a basis of highest weight vectors of V7' in weight
spaces corresponding to A, ..., A, then V' = @ L()\;). We show V/V' = 0, at
which point we are finished. If N # 0, then it has highest weight vectors. Let
vy be one of weight A € P* and let ¥y € V), project to vy. As vy # 0 in N, we
must have that some E;0) is non-zero, but Evy = 0 so E;vy € V', so Q acts
on E;Uy by |A+ p|> — |p|? for some X € {\1,...,A\.}. On the other hand, the
Casimir acts by |[XA+ p|2 —|p|?, so |\ +p| = [X+p|, but A+« is a weight of L(\),
SON< A+ < A, but then the previous lemma gives a contradiction. O
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Lemma 6.9. If A € t*, M(A) the Verma module, then ch M(A) = e/ (] cq+ (1 —e™%))

Proof. If R* = {f1,...,8n} then PBW gives a basis of M(A) of the form
(I1 e]fﬁi)v/\, and the weight of this is A=} k;8;, so dim M (A)a—g is the number
of ways of writing 8 = >’ k;f;, and this is exactly the claimed formula O

Remark 6.9. We are just saying S*[z] = ;= if x has weight 3, that S*(V +
W) = S*V ® S*W, that the character of the tensor product is the sum of the
characters, and Chi/g = Ch S*g for any g.

We write A = [[ cp+(1 —€e™ %), so ChM(A) = ep/A. For sly we know
Ch L(n) = ChM(n) — Ch M(—n — 2). We want to do this in general

Lemma 6.10. Let A€ Pt. Ifwe W, then w(e?A) = det(w)eP A, where det w
is the determinant as a linear map from t* to itself

Proof. As W is generated by simple reflections, it suffices to check s;(ePA) =
—eP A for s; simple.

But
si(ePA) = s;(e (1 —e™ ) H (I1—e7%)
a;#FaERT
—eri(l—e™) ] (1-e)
a; #aERT

Lemma 6.11.

1. For any highest weight module V (A) with highest weight A, there are coeffi-
cients ay € Zxzo for A < A such that Ch(V/(A) = 25 x4 pj=|a+p @ Ch L(A)
and moreover ap = 1

2. There are coefficients by € Z withby =1 such that Ch L(A) = 31\ x|y pj=|a+p 0 CRV(A).

Proof. We write B(A) for the set we are summing over. Recall that we showed
this is finite if A € RR.

(1) implies (2): Extend the order of B(A) to a total order. Apply (1) with
V(A) = M(A) to get an upper triangular system of equations relating Ch M (A)
and Ch L(\) with 1s on the diagonal, so we can invert it and get (2) (warning:
ba € Z not necessarily non-negative)

For (1) we induct on »} py) dim V(A),, which is finite as weight spaces are
finite dimensional and B(A) is finite. If V(A) is irreducible, the result is imme-
diate. Otherwise there is u € B(A) with a singular vector v, € V(A),. Choose
p to be such that ht(A — ) is maximal. Then Ugv, is a submodule with no
singular vectors other than v, so it is L(u). Set V(A) = V(A)/L(p). This is a
highest weight module with highest weight A with smaller sum of dimensions,
so the result holds there, and Ch V(A) = ChV(A) + Ch L(p) so we are done by
induction. O
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We know Ch L(A) = > \cpa) br ChM(A) = 355 bre*/A. We also know
that w Ch(L(A)) = Ch L(A) and w(e?A) = det(w)ePA, so e’ A Ch(L(A)) is W
anti-invariant. But Z)\GB(A) brertr = ZW—orbits on B(A)4p b ZwEW det(w)e“’(’\""’)
Now fix A € PT, so B(A) € RR, then W(\ + p) intersects Py = {z € RR |
(z,a)) = 0} in exactly one point, as the latter is a fundamental domain for the
action of W. So we can take dominant weights as orbit representatives, but we
know there is only one dominant weight in B(A) by Lemma 6.7, which is A, so
there is only one term in the sum, by = 1.

Theorem 6.12. (Weyl Character Formula) If A € PT,

D wew det(w)e® ) B
eP HaER+ (1 - e—a)

Proof. We just proved it O

ChL(A) =

ZdethhM(w(Aer) - p)

Example 6.9. If g = sly, z = e*?, then Z[P] = Z[z,27'] and p = 2z, so
ChL(mg) = &=

_zfmfl

po—— as before

Corollary 6.12.1. (Weyl denominator formula) €’ || cp+ (1—e~%) = >, det(w)e*?
Proof. As L(0) =C, ChL(0) =1 O

Exercise 6.14. For g = sl,, show the Weyl denominator is equivalent to the
Vandemonde determinant

Remark 6.10. If w = s;, ...s; with s;, simple reflections and r minimal, we
call this a reduced decomposition of w, and call r its length, denoted I(w). Note
detw = (—1)1w)

Exercise 6.15. Rt n (—wR") = {a1,85,01,...,8i ... 8i,_ i}, s0 l(w) =
|IRT A (—wR")| = l(w™)

Lemma 6.13. Pyt = {u e RR | {u, o)) > 0,Yo, € 11} has closure a funda-
mental domain for W on RR

Proof. If u € P]§+, we must show wpu ¢ Pﬂg+. But wu € Pﬂg+ if and only if
(wp,a) > 0 for all w € R, which is true if and only if w™!a € R* for all
«a € RT, which holds if and only if I(w) = 0.

If A € RR, pick ¢ = wA € WA maximal within this set with respect to the
ordering. Then s;u = p — {p, ) F p by choice of u, so (u,y) = 0 and
pe Pyt O

Corollary 6.13.1. (Weyl Dimension Forumla) dim L(A) = [ .+ (o‘(’oi\;)p)

Proof. We know Ch L(A) = Y dim L(A)xe*, so we want to set e — 1 and
all others to 0, but this gives 0/0 in the character formula. We get around
this in the following way. We define a homomorphism F),: C[P] — C(q) by
er — ¢~ for each p. We want Fo(Ch(L(A))). Applying F, to the Weyl
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denominator forllfnula, we get ¢PM [[eps (1 — ¢@) = Y(detw)g=(wrr) =
S (detw)g " #) as the inner product is W-invariant. Apply F,, to the Weyl
character formula. We get

ZwEW(det w)q_(w(A+p)7M)
g ) [T oepns (1 — qlom)
which is defined if (o, p) # 0 for all & € RT. We take u = p, as (p,o)) = 1

for all a; = 1, hence (p,a) > 0 for all & € RT. Then by the Weyl denominator
identity,

FL(Ch(A)) =

F,(ChL(A)) = ) (dim L(A)x)g~**)
(1— q(avA+p))

_ Zq—(p,A-ﬁ-p) Ha€R+
qf(p#)) H(IER+ (1 — qasp)

Now set ¢ = 1 and use ’'Hopital, and the result follows. O

Example 6.10. g = sl3, R = {a,8,a + S} then p = wy + wo. If A = myw; +
maws, then we get

Q@ I} a+p

(CA+p) [mi+1 mo+1 my+mg+2 so dim L(A) = g (ma +1)(m2 +

Co) |1 i 2
1)(777,1 + mo + 2)

Exercise 6.16. Compute the dimension of the irreducible representations for
B27 G2

We can now use characters to understand representations as we did for sls.
We define ct: Z[P] — Z to be the coefficient of 1, and we define to send e* —
e . Define A =[],z (1 —e™®), and define an inner product (-,): Z[P] x
Z[P] - Z by (f,g9) = ﬁct(ngA). Let x» = ChL(A). We claim (xx, xu) =

1 A=
,u. To prove this,
0 A#up

1 -
(X2 Xu) = W ct ( Z e HP)=Pewlutp)—p det w det x)
z,weW

by Weyl character formula. But the constant term of this exists exactly when
T =w,\ = pas A\+p, u+p€ PT which is the interior of a fundamental domain.
We can now decompose L(A) ® L(u) = > m5 ,L(v) with m¥ , = (XuXas Xv)

Exercise 6.17. Compute Ch L(np) for n € Zxg

37



7 Principal sl

We define a new character p” € t* by (p”, a;) = 1 for all a; € II. (contrast with
(p,aj’) =1 for p)

Exercise 7.1. Show that this is the p of the dual system, so if R is simply
laced, then p = p.

Now (p¥,a) = ht a.

_gAtpaY)
Exercise 7.2. Show that F,. = g~ @r") [locr+ %

Weyl denominator formula to the Lie algebra with root system RY. Note

%:’;‘3‘;) = (’\(:’;)&). This is called the g-dimension of L(A), dim, L(A) € N[g, ¢ ]

by applying the

Proposition 7.1. dim, L(A) is a unimodal polynomial (increasing coefficients,
then decreasing coefficients. In fact it is the character of an sl module where
all the strings have the same parity

Proof. Set H = 2v~1(p%). Now dim, L(A) is the weight space decomposition
of H. Set E = Zaiel_[ E;. Now write H = >, ¢;h; as a sum where h; = o, and
define F' = > ¢;F;. The proposition follows from the following exercise. O

Exercise 7.3. H, I, E above are an sly, called the principal slp, and if A —~ is
a weight of L(A) then (A —~,2p%) = (A,2p") mod 2

Exercise 7.4. Let [n] = q;__f and [n]! = [n][n —1]...[1]. Show that [:;] =
% is unimodal, and show the same of (1 + ¢)(1 + ¢?)...(1 = ¢") by

applying the above to g = sl,, V = S*C", /\k C™ and the spin representation
of $502n41-

Remark 7.1. When is L(A) = L(A)*? The lowest weight of L(A) is woA
where wy is the unique element of maximal length in W, and the lowest weight
of L(A)* is —A, so it happens when —A = woA.

8 Crystals

Let g be a semisimple Lie algebra over C with simple roots a1,...,q; and P
the weight lattice

Definition 8.1. A crystal is a set B not including 0 and functions wt: B — P,
é;: B— Bu {0}, fi: B— Bu {0} such that

1. Tf &b # 0 then wt(&;b) = wtb+ oy and if f;b # 0 then wt(f;b) = wtb— ;.
2. If b,b' € B, &;b =V is equivalent to b = f;/
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3. We draw a graph with vertices B and edges labelled i from b to é;b for
all 4, called the crystal graph. We define £;(b) = max{n | €;'b # 0} and
¢i(b) = max{n | fI"b # 0} and require

$i(b) —&i(b) = (Wt b, i)

Define B, = {be B | wt(b) = pu}.

Example 8.1. For slp we get n <~ n—2 < n—4 « --- < —n is a crystal
with wta = a$. In this case ¢;(b) + £;(b) = n if the string is that of highest
weight representation L(n), and wt(b) = n — 2¢(b) = 2¢(b) — n, so ¢(b) —e(b) =
(wtb,a)
Definition 8.2. If By, B, are crystals, we define B1® Bz to be By x Bg, wt(b1 ®
. €i(b1) ®b2  ¢i(b1) = €i(b2)

ba) = wt(by) + wt(bs). We define é€;(b; ® be) = ;
2) = wt(b) + wt(bz). We define & (b1 ® b2) {b1®éi(b2) 6i(br) < 24(ba)
r Nz b ®b i b1) > E; b
Foby @ by) = fi(b1) @ba  ¢i(b1) > €i(ba)

b1 ® fi(b2) &i(b1) < €i(b2)

Exercise 8.1. Check this is a crystal, and tensor products are associative (it
is not commutative)

Definition 8.3. BY (the dual of B) is B with arrows reversed.
Exercise 8.2. Tensor product and duals commute

Theorem 8.1. (Kashiwara) Let L(X\) be an irreducible highest weight represen-
tation with highest weight \ € P*. Then

1. There is a crystal B(\) whose elements are in bijection with a basis of
L(X), with B(X),, parameterising a basis of L(A),., soch L(A) = X e gy ewth

2. For any simple «; € 11, the decomposition of L(\) as an (slz);-module is
given by the i-coloured strings

3. B(A\) ® B() is the crystal for L(A) ® L(p)

In particular, as every element of L(\) is obtained by acting on V (\) by various
fi, the graph B(\) is connected ignoring the colours.

Proof. No Proof O

Example 8.2. If V is a representation of g with 1d weight spaces, it is obvious
what the crystal graph looks like. Take g = sl3 and V' = L(wy). This has crystal
graph

w1 <e—1w1—a1 <e—2w1—a1—a2
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We take the tensor product of this with itself. We get
ei——o0<i— @

e —— 06— e
[ )
[ ]

where colours indicate labels. The colours make more sense if we consider them
one at a time, for the black arrows:

N

the standard product for sls.

Warning: there is no basis of L()) with this properties for e;, f; instead of
€i, fi. Instead we replace Ug with a quantum group over C[g, ¢~ !].

Definition 8.4. A crystal is integrable if it is the crystal of a highest weight
module.

Remark 8.1. Tensor products of integrable crystals are commutative, and
there is an extra axiom which characterises integrability (due to Stembridge)

We work in g = sl,,, L(wy) = C" with crystal
w1

n—lT

e'ﬂ
We will use this to construct the crystal of every representation. Let A € PT, A\ =
S k;w; for k; = 0. This means L()) is a summand of L(w;)®* ®- - -® L(w, )®F"
as it contains a highest weight vector of highest weight A. But L(w;) = /\Z Ccn,
and this is a summand of (C*)®!, so every L()) for sl,, occurs as a summand
of some (C™)®N. So the crystal of L(w;) determines all the crystals of sl,,. We

write 1 ¢——2¢—— ... ¢— n for B(wy), and for i < n, let b; = 1Q2®- - -®i €

B(w;)®. This will correspond to ey A --- A e; € A’ C™.
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Exercise 8.3. Show that b; is a highest weight vector in B(w;)®® with weight
_1 €j, so the connected component of the crystal B (w1)®* containing b;

wi:Zz

is B(wy)
The connected component of B(w;) consists precisely of a1 ®as®- - -®a; with
a
the a; strictly increasing. We write this element as| @ |Now let A = >} kjw; and
a;

embed B(A) — B(w)®" @ - ® B(w,_1)® 1 by b b1 @ ... @ bk, We
can represent elements of the right hand side as a sequence of column vectors,
where entries strictly increase down the colums

Definition 8.5. A semi-standard Young tableuzx is such a sequence of column
vectors with non-strictly decreasing rows

Exercise 8.4. The semi-standard Young tableux are precisely the connected
component of B(A) R
Describe the action of €;, f; explicitly in terms of Young tableux

We do similar for the other classical Lie algebras. We start with the standard
representations
For B,,, the Lie algebra is 09,41 and representation C2"*! we have crystal

1L 92 o, n g_n nol o2 5 1 g

For D,, = s05,, we have

n
7N
1—L o2 -
n

[\]]
=

and for C,, = sp,,, we have

1t o2 n_pntl 2 5 1 g

Exercise 8.5. Check that these are the crystals of the standard representa-
tion. What subcategory of the (monoidal) category of representations do these
generate?

We should not expect everything to be generated: If a group G is sim-
ply connected, the only representations we can get from V' this way are those
whose centre acts by powers of the character of V' on the centre. In terms of
Lie algebras, if G is simply connected, then Z(G) = P/Q and |P/Q| = detC
where C' is the Cartan matrix. If A is the highest weight of the standard rep-
resentation, A defines some A\ € P/Q. We claim any irreducible summand of
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VE" has highest weight in (\). So if P/Q is not cyclic, we don’t get every-
‘ Bn On D2n D2n+1
P/Q | Z2Z Z/2Z Z/2Z x Z/2Z  Z/AZ
case compute the image of the standard representation. Write down a combi-
natorial set that gives the crystals generated by the standard representations.
For type B,, we have fundamental weights wy,...,w,. The representation
L(wy,) is called the spin representation. Using the Weyl dimension formula,
dim L(wy) = 2. If we let B = {(i1,...,%p) | ¢; = £1} and set wt(i1,...,in) =

(t1,.5%5-1, L, =1, .. i) (45,9541) = (—1,1)
0 otherwise

thing. Show this, and in each

%Zijej EP, éj(il,...,in) =

(i1, v yin—1,1) i =-1

for j <n, and é,(i1,...,i,) =
J n(in n) {0 otherwise

Exercise 8.6. Check this is a crystal

We claim this is the crystal of L(w,,). We know gl,, <> 50,1 by diag(4,0, —JATJ~1).
Now L(wy)|gr, = A* C". Check that B(w,)|gr, is the right crystal.
For D,,, the representation decomposes into half-spin representations instead of
being irreducible.

9 Littlemann Paths
Set P]R = P®Z R.

Definition 9.1. A path in Py is a piecewise linear map 7: [0.1] — Pg up to
piecewise linear reparameterisation. We denote P = {paths 7: [0,1] — Pr |
7m(0) = 0,7(1) € P} and define a crystal structure on P. We set wt 7w = 7(1), we
define é;(7) as follows: h; = minZ n {{(x(t), ;> | 0 <t <1} <0. If h; <0, let
t1 be the first time h; is achieved, and ty the last time before that that it hits
hi+1. We reflect this part of the path through the hyperplane {z, ) = h; +1,
and continuing via the translation of the rest of the path. We define €&;(m) to
be the resulting path. If h; = 0, then é&;(m) = 0. If 7 is a path, let 7% be the
reverse path. Then f;(7) = (&;(7V))".

Exercise 9.1. Show that this is a crystal, and ¢;(7) = —h;

Example 9.1. If g = sl;, and 7 is the linear path 0 — —%, then é&(m) =
0 — 5. If we take the path 0 — —aqy, the resulting path is the one from

0— =2 50

Define P* to be those paths staying wholly within P*. It is clear that such
paths have é;(m) = 0. If 7 € P*, we let B, be the subcrystal of P generated by
™

Theorem 9.1. (Littlemann)

1. If 7,7’ € P*, then Br = Bx' if and only if m(1) = 7'(1)
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2. Let A = w(1). Then Bm = B()\) up to unique isomorphism sending ™ —

br(1)
3. For the path w(t) = At, there is a combinatorial description of the paths
in B(m)
Proof. No Proof O

Example 9.2. Compute the adjoint representation crystal for sl3
Definition 9.2. If 71, 75 € P, denote by m; * w3 be their concatenation.
Exercise 9.2. Concatenation of paths induces a morphism of crystals

Implicit in Littlewood’s theorem is that we can apply the Weyl character
formula to B,. This is a purely combinatorial statement, and has a purely
combinatorial proof: The idea is to build up B(A) and the character of B(\)
inductively. (Demazure character formula) For A € P, define L,,(\) for w e W
to be the n* submodule of L(\) generated by “v.

Theorem 9.2. ChL,(\) = D,(e") where D,, = D

Siy - .- 8i, where Dg,(f) = %

D, (where w =

Siq vt

Proof. No Proof O

This is easy, and implies what we want.
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