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1 Ordinary and Modular representations

Most theorems and statements left unproven here are in Webb’s book
Usually we start with an algebraic object A and we put it into a black box
which ”does representation theory” and we get modules on which A acts and
their morphisms (A category of A-modules). Here A is an associative k-algebra.
We could also do things on other structures (eg semigroups, monoids, etc) but
we won’t

Example 1.1. A could be

1. n× n matrices with coefficients in a field (Mn(k))

2. Polynomials in k with n variables, k[x1, . . . , xn]

3. Endk(V ) of endomorphisms of a vector space. If V is finite dimensional
over k, this is just example 1 again

4. The group algebra, kG, which is the vector space with basis indexed by
G and the obvious multiplication where G is a finite group

We will study A = kG via its actions on vector spaces. An A module
representation of A is exactly just a finite dimensional vector space over k with
a linear G action.
The actions depend on the relationship between the order of the group and the
characteristic of the field. Recall

Theorem 1.1. (Maschke’s Theorem) If char(k) ∤ |G| then all reps are semisim-
ple - direct sums of irreducible/simple representations

This case is ordinary representation theory
By modular representation theory we mean the case when char(k) | |G|. In this
case kG is not a semisimple algebra (proof later)

Example 1.2. Take G to be a p-group and k a field with char(k) = p. Then
kG is local, and hence has a unique irreducible representation (the trivial rep-
resentation)

2 Representations and Modules

Definition 2.1. A Representation of a (finite) group G over a commutative
unital ring k of coefficients is a group homomorphisms ϕ : G → GLn(k). The
Degree of the representation is n

Definition 2.2. The Group Algebra, kG, is the k-vector space spanned by
the basis G with the obvious addition and multiplication∑

g∈G

αgg +
∑
g∈G

βgg =
∑
g∈G

= (αg + βg)g
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∑
g∈G

αgg

∑
g∈G

βgg

 =
∑
g∈G

 ∑
hh′=g

αhβ
′
h

 g

Check that this is a ring, and is a k algebra if k is a field

Lemma 2.1. Every left kG module induces a unique representation ϕ of G and
conversely

Proof. Trivial

Example 2.1. If k is a field, representations of G over k are finite dimensional
left kG modules

Remark. A left kG module is just a space V and a homomorphism of algebras
kG → End(V ). Some authors say a left kG module is a ”representation of
algebras”. (2.1) then says a group representation is an algebra representation
of the group algebra

Definition 2.3. Two representations ϕ, ψ of degrees n,m are isomorphic
(equivalent, similar) if n = m and there is a X ∈ GLn(k) such that we
have Xϕ(g)X−1 = ψ(g) for all g ∈ G. This corresponds to an isomorphism of
kG modules.
More generally, an intertwining operator is an n × m matrix X such that
ϕ(g)X = Xψ(g) for all g ∈ G. This corresponds to a homomorphism of kG
modules

Example 2.2. There is an example for C2 in the notes

2.1 Reducibility and Decomposability

Definition 2.4. A representation ϕ : G→ GLn(k) is reducible if it is similar

to a representation ψ such that ψ(g) =

(
A B
0 C

)
. If A is i×i, then the subspace

spanned by the first i basis vectors is an invariant subspace, that is, W is
invariant if gw ∈W for all w ∈W .
A representation is irreducible/simple if it is non-zero and not reducible

Definition 2.5. A representation ϕ : G → GLn(k) is decomposable if it is

similar to a representation ψ such that ψ(g) =

(
A 0
0 B

)
. In terms of modules,

this says V =W1 ⊕W2 with Wi an invariant subspace.
A representation is indecomposable if there is no such similar module.

Example 2.3. We have the following examples of modules and decompositions

1. If G = {1, t}, t2 = 1, V = C2 with basis {e1, e2}, then

V = ⟨e1 + e2⟩ ⊕ ⟨e1 − e2⟩

This fails mod 2
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2. If A = kSn, then V = {(x1, . . . , xn) ∈ kn |
∑
xi = 0} is a simple A-module

3. Show that the only simple modules for Mn(k) are k
n

Definition 2.6. A short exact sequence (abbreviated SES) of kG-modules
and kG-module homomorphisms is a sequence of the form

0 V1 V2 V3 0α β

such that for every pair of composable arrows, the image of the left one is the
kernel of the right one.
In other words, V1 is isomorphic to a submodule of V2 with quotient equal to
V3. We say V2 is an extension of V1 by V3.
A short exact sequence as above splits if there is a map γ : V3 → V2 such that
β ◦ γ = Id called a splitting.
In this case V2 = αV1 ⊕ γV3 ∼= V1 ⊕ V3

Example 2.4. All SESs of vector spaces over C split

Theorem 2.2. (Maschke’s Theorem) If |G| ∈ k×, a short exact sequence of
kG-modules

0 V1 V2 V3 0

which splits as a sequence of k-modules then it splits as a sequence of kG-modules

Proof. As in the proof of Maschke’s theorem, averaging the k-splitting over
G

3 Homs, Tensors and Exactness

Recall if R is a ring and M is a right R module and N is a left R module
we can construct the tensor product M ⊗R N generated by symbols m⊗ n for
m ∈M,n ∈ N with certain relations.
If R is commutative, left and right modules coincide and M ⊗R N is again an
R module via r(m⊗ n) = rm⊗ n = m⊗ rn for r ∈ R,n ∈ N,m ∈M
If R,S are rings then M is an (R,S)-bimodule if it is a left R module and a
right S module, and (rm)s = r(ms) for r ∈ R, s ∈ S,m ∈M
Given an (R,S)-bimoduleM and a left S module N ,M⊗SN is a left R module
via r(m⊗ n) = rm⊗ n

Definition 3.1. Regard the ring R as an (R,R)-bimodule. If S ⊂ R, we can
regard R as an (R,S)-bimodule. If H ≤ G, regard kH as a subalgebra of kG
and regard kG as a (kG, kH)-bimodule.
If M is a kH module, kG ⊗kH M is a left kG module called the induced
module denoted M ↑G
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Definition 3.2. For S ≥ R and N a left R module, M a S,R-bimodule, Z
a left S-module (for some permutation of the words ”left”, ”right”, ”S”, ”R”).
We may use the universal property to show

HomR(N,HomS(M,Z)) ∼= HomS(M ⊗R N,Z)

In particular, HomkH(U,HomkG(kG, V )) ∼= HomkG(kG⊗kH U, V ).
Viewing kG as a (kG, kH)-bimodule, HomkG(kG, V ) is just V as a left kH
module by restriction, denoted V ↓H

Corollary 3.0.1. (Frobenius reciprocity)

HomkH(U, V ↓H) = HomkG(U ↑G, V )

This is called the Nakayama isomorphism

Remark. If U, V are kG-modules, U ⊗k V becomes a kG module via

g(u⊗ v) = gu⊗ gv

General elements of the group algebra act via linear extension from this, not
necessarily by r(u⊗ v) = ru⊗ rv
Similarly, Hom(U, V ) becomes a kG module via

(gf)(u) = gf(g−1u), (u ∈ U, f ∈ Hom(U, V ), g ∈ G)

Exercise 3.1. If U, V,W are kG modules,

HomkG(U,Homk(V,W ) ∼= HomkG(U ⊗k V,W )

3.1 Exactness

Lemma 3.1. If M is a right R-module, and we have

N N ′ N ′′ 0

an exact sequence of left R-modules, then

N ⊗R M N ′ ⊗R M N ′′ ⊗R M 0

is exact.
If M,N,N ′, N ′′ are left R-modules, and we have short exact

0 N N ′ N ′′

, then

0 Hom(M,N) Hom(M,N ′) Hom(M,N ′′)
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is short exact.
Furthermore if

N N ′ N ′′ 0

is exact, so is

0 Hom(N,M) Hom(N ′,M) Hom(N ′′,M)

Lemma 3.2. If

0 M1 M2 M3 0

is a short exact sequence of finite dimensional kG-modules and M2
∼=M1⊕M3,

then the sequence splits

Proof. We know

0 HomkG(M3,M1) HomkG(M3,M2)) HomkG(M3,M3)

is exact. Counting dimensions (using more theory), the right-most map is surjec-
tive, then take the preimage of the identity on M3. This defines a splitting

4 The Jacobson radical

Let R be a unital ring.

Definition 4.1. The Jacobson radical of R is

J (R) =
⋂

maximal left ideals of R

Example 4.1. J (Z) =
⋂

p prime pZ = {0}

Lemma 4.1.

J (R) =
⋂

M simple left R modules

annR(M) =
⋂

maximal left ideals

annR(R/I)

Proof. Exercise.

Remark. This result shows two things

1. The annihilators are two-sided ideals, and therefore we see that J (R) is
a two-sided ideal

2. Simple left R-modules are quotients of R by maximal left ideals.

Lemma 4.2. J (R)− {y ∈ R | ∀a, b ∈ R, 1− ayb has a two sided inverse}

Proof. Atiyah-Macdonald (commutative case)
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Corollary 4.2.1. J (R) =
⋂

maximal right ideals

Lemma 4.3. (Nakayama’s Lemma) If M is a finitely generated R-module and
J (R)M =M then M = 0

Proof. Atiyah-Macdonald (commutative case)

Definition 4.2. An R-module, M , is semisimple (s.s.) or completely re-
ducible if M is a direct sum of simples

Proposition 4.1. 1. Every submodule of a semi-simple module is semi-simple
and a direct summand

2. Every quotient of a semi-simple module is semi-simple

3. M is semi-simple if and only if every submodule is a direct summand

Proof. No Proof

Theorem 4.4. Suppose R is left Artinian. Then the following are equivalent

1. J (R) = 0

2. Every R-module is semi-simple

3. Every finitely generated R module is semi-simple

Proof. Suppose J (R) = 0 and let M ⊂ RR be minimal such that it is the
intersection of a finite number of maximal left ideals, which we can do as R
is Artinian. Then M is in every maximal left ideal, and hence M = 0 and
furthermore 0 =

⋂n
i=1 mi. There is therefore an injection RR → ⊕n

i=1R/mi

which is a sum of simples, so RR is semi-simple.
For the converse, suppose RR is semisimple. Then J (R) is a summand of RR,
ie RR = J (R)⊕R/J (R). Applying J (R) to both sides, J (R) = J 2(R). Since
J (R) is a quotient of R, it is finitely generated, so is 0 by Nakayama

Remark. If S is a ring, Sop is the opposite ring, with multiplication a ◦ b = ba

Theorem 4.5. (Artin-Wedderburn) Let R be a finite dimensional k-algebra and
suppose J (R) = 0 Then

R =

m∏
i=1

Mdi
(∆i)

is a product of matrix algebras over finite dimensional division rings ∆i con-
taining k in their centre

Proof. (Sketch).

1. Take any unital ring R. R ∼= EndR(RR)
op via r 7→ (s 7→ sr)

2. RR = Sd1
1 ⊕ · · · ⊕ Sdm

m where Si are non-isomorphic irreducible modules
with multiplicities d1, . . . , dm in the regular representation (consequence
of J (R) = 0
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3. Schur’s Lemma: EndR(Si) is a division ring

4. If V = ⊕r
i=1Vi then EndR(V ) =Mr(HomR(Vj , Vi))

5. Conclude (as HomR(Si, Sj) = 0 if i ̸= j).

Remark. We have some corollaries and special cases of this

1. If k = k then each ∆i = k. For example by Maschke’s theorem, CG is
semi-simple and

CG =

n∏
i=1

Mdi
(C)

2. For an example of (1), CS3 = C× C×M2(C)

3. The left ideals of any Md(C) are in 1-1 correspondence with subspaces of
Cd and Md(C) is a direct sum of its column left ideals

4. If k = R then the possible division rings are R,C,H. This is called the
Frobenius-Schur indicator (and is very non-trivial)

5. If k is a finite field then Wedderburn’s little theorem says each ∆i is a
finite field (no proof)

6. If k = k then there are m isomorphism classes of irreducible modules, with
dimensions d1, . . . , dm over k (exercise)

7. If k = k, then m = dimk Z(R) as Z(R) =
∏m

1 Z(Mi(k)) ∼= km. Moreover,
dimk R =

∑m
1 d2i =

∑m
1 (dimk Si)

2

8. If G = Z/7Z ⋊ Z/9Z and S is a simple QG module on which G acts
faithfully. Then EndQG(S) is 9 dimensional over its centre

9. If R = Un(k) is the ring of upper triangular matrices and k = k, then
the Jacobson radical J (R) = {A | aii = 0} is the set of strictly upper
triangular matrices and R = J (R) ⊕ D where D = diagonal matrices.
J (D) = 0 so Artin-Wedderburn applies to D, and actually D ∼= k⊕· · ·⊕k.

Example 4.2. H = R⟨i, j, k, | i2 = j2 = k2 = −1, ij = k, jk = i, ki = j⟩ is
a division algebra, so has no left ideals and is hence simple (hence semisimple)
of dimension 4 over R so if Artin-Wedderburn holds for R then H ∼= M2(R) or
H = R4 which are both false as neither are division rings
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5 Brauer Characters

Definition 5.1. A group element is a p element/unipotent/p singular if
its order is a pth power.
It is a p′ element/p regular/semisimple if its order is coprime to p

Lemma 5.1. Let G be a finite group and g ∈ G. We can write g = xy = yx
such that

1. x is a p element

2. y is a p′ element

3. Every element of G which commutes with g commutes with x, y

The elements x, y are unique and called the p part and p′ part of g respectively

Proof.

Existence: Let n = pαm be the order of g where (p,m) = 1. Bezout implies
there is s, t ∈ Z such that spα + tm = 1. Then g = gtmgsp

α

and we claim that
x = gtm, y = gsp

α

work. But xp
α

= 1 so o(x) | pα and similarly o(y) | m so x, y
are a p element/p′ element respectively.
(3) is immediate as x, y are powers of g.
Let g = x1y1 = y1x1 be another such decomposition. Then x−1

1 x = y1y
−1 but

this is an equality of a p element and a p′ element, so we are done as the identity
is the only such.

Definition 5.2. Let M be a CG module. There is a class function of the
form χM : {conjugacy classes in G} → C by g 7→ Tr(g,M) called the ordinary
character of M .

Let M,M ′ be CG modules. In II Representation Theory we proved:

1. χM⊕M ′ = χM + χM ′

2. χM⊗M ′ = χMχM ′

3. χM = χ′
M if and only if M ∼=M ′

We want to try to replicate this for modular representations. We will construct
a theory where (1), (2) hold, but (3) will be weakened to (3’): “if and only if
the composition series have the same factors”.
Problem: If for kG-module M , M is a direct sum of p copies of M ′ for
p = char(k), then for all g, Tr(g,M) = pTr(g,M ′) = 0. This was resolved by
Brauer with“Brauer characters”
If char(k) = p, write m = pαm′ where p ∤ m′. In k[X], Xm − 1 = (Xm′ − 1)p

α

hence k will contain the mth roots of unity if and only if k contains the m′th
roots of unity. The polynomial Xm′ − 1 is separable over k and its roots form
a cyclic group Cm′ of order m′ generated by the primitive m′th roots of unity

9



Lemma 5.2. Let G a finite group, char(k) = p and k contains all the |G|p′ th
roots of unity (the p′ part of the order of G). Let g ∈ G and let ϕ be a repre-
sentation of G over k. Then the eigenvalues of ϕ(g) and the eigenvalues of ϕ(y)
coincide where y is the p′ part of g

Proof. By changing basis with matrix P , we may assume P−1ϕ(g)P is upper
triangular where the eigenvalues, λ1, . . . , λn are on the diagonal. Let g = xy
where x is the p part and y is the p′ part. Let the order of x be ps for some
s ∈ N and we have Id = P−1ϕ(xp

s

)P = P−1ϕ(gtp
s

)P = (P−1ϕ(g)P )tp
s

which

has eigenvalues λtp
s

1 , . . . , λtp
s

n hence (λti)
ps

= 1 for all i. So as we are in a field
of characteristic p, λti = 1. Thus P−1ϕ(x)P is upper triangular with 1s on the
diagonal. This shows the eigenvalues of x are all 1 and so Tr(x) = dimk(M)
where M is the module of the representation ϕ
Now P−1ϕ(g)P = P−1ϕ(x)ϕ(y)P = P−1ϕ(x)PP−1ϕ(y)P so the eigenvalues of
ϕ(y) and of ϕ(g) are the same

Definition 5.3. Let G be a finite group, and k a field of characteristic p con-
taining all |G|p′ roots of unity. These form a cyclic group of order |G|p′ under
multiplication and all eigenvalues of g ∈ G live in this group
Choose an isomorphism ψ from the group of |G|p′ roots of unity in k to the
|G|p′ roots of unity in C. This is sometimes called a lifting.
Let M be a finite dimensional kG module. Define the Brauer character of
gM , a p′ element with eigenvalues λ1, . . . , λn, to be the sum of the images of the
eigenvalues of gM under ψ ie

χM (g) =

d∑
n=1

ψ(λi)

So χM (g) is a cyclotomic integer and there is a map, as with the ordinary
character, χM : {p′-order conjugacy classes} → C

Example 5.1. We look at some examples

1. Let G be a group and k = k of characteristic p. If g ∈ G and M a
finite dimensional kG modules. Then g induces a k-linear map on M
which is annihilated by the polynomial X |G| − 1 by multiplication. Since
X |G| − 1 = (X |G|p′ − 1)|G|p and X |G|p′ − 1 is a product of linear factors
in k[x], g has a Jordan canonical form and every eigenvalue of g is a |G|p′

root of unity

2. Let


λ 1 ∗ ∗
0 λ 1 ∗
0 0 λ 1
0 0 0 λ

 be a Jordan block of g. It is conjugate to the decom-

position


λ λ 0 0
0 λ λ 0
0 0 λ λ
0 0 0 λ

 =


1 1 0 0
0 1 1 0
0 0 1 1
0 0 0 1



λ 0 0 0
0 λ 0 0
0 0 λ 0
0 0 0 λ

 where the
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first matrix is the p part, as it is 1 + n for n nilpotent and the second
matrix is the p′ part as λ is not a pth root of unity. Also each is easily
seen to commute with any matrix that commutes with the conjugate of g,
so these truly are the p, p′ parts of g. Hence if g = xy is a decomposition
of g into its p, p′ parts called x, y respectively, then xM has only diagonal
entries equal to 1 and yM is diagonalisable. Thus Tr(g,M) = Tr(y,M)
and Tr(x,M) = dimk(M)

3. Let k = F2, G = ⟨x | x3 = 1⟩. We have a 2-dimensional representation M

of G over k by x 7→
(
0 1
1 1

)
with characteristic polynomial x2 + x + 1,

eigenvalues the primitive roots of unity in F4. Lifting these to the primitive
third roots of unity in C, we get χ(x) = e2πi/3 + e4πi/3 = −1. Note
Tr(x,M) = 1 but χM (g) ̸= 1

Remark. Recall the following. Let µ be a matrix representation of G such
that for all g ∈ G, µ(g) is block upper triangular with two blocks on the diag-

onal,

(
A(g) ∗
0 B(g)

)
. Defining σ(g) = A(g) and τ(g) = B(g), we said µ(g) is

reducible, and we now say σ, τ are constituents of µ. Recall also that if µ is
reducible, then the corresponding module M has a non-zero proper submodule,
S, which corresponds to σ, and is called the top constituent and τ which
corresponds to M/S is the bottom constituent. If M has no such S, then it
(and µ) is irreducible

Lemma 5.3. Given two modular representations, σ and τ , which have the same
Brauer character. Then for all g ∈ G, σ(g), τ(g) have the same eigenvalues

Proof. We are given χσ = χτ . Let σ(g) have eigenvalues ϵα1 , . . . , ϵαa and τ(g)
have eigenvalues ϵβ1 , . . . , ϵβb . By taking ith powers of each ϵj , we get the char-
acteristic roots of σ(gi) and τ(gi). Let ζ be a primitive |G|p′th root of 1 in C
and ζ = ψ(ϵ). Then ζiα1 + · · ·+ ζiαa = ζiβ1 + · · ·+ ζiβb . Consider the complex
representations σ′(gi) = diag(ζiα1 , . . . , ζiαa) and τ ′(gi) = diag(ζiβ1 , . . . , ζiβb)
of the cyclic group generated by g. We know that Tr(g, σ′) = Tr(g, τ ′) so the
complex representations σ′, τ ′ are equal hence the irreducible constituents are
the same by the ordinary theory. Hence the sets {α1, . . . , αa} = {β1, . . . , βb}
are equal

Recall the Jordan-Holder theorem: A composition series of M is a series
of submodules

0 ⊂M1 ⊂ · · · ⊂Ml =M

whereMj/Mj−1 are non-zero simple. Then any two series forM are equivalent,
ie Mi/Mi−1

∼= M ′
j/M

′
j−1 for some reordering of the terms, and in particular

the (composition) length is invariant, denoted l(M). The irreducible factors
correspond to irreducible constituents ρ1, . . . , ρl of the representation ρ which
corresponds to M . Therefore every representation has a fixed number of irre-
ducible constituents which are unique up to equivalence and ordering. M is
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uniserial if it has a unique composition series
Let B be an ordered basis of M in the composition series, ie the basis is of
the form B = {e11, . . . , e1n1

, e21, . . . , e
2
n2
, . . . , el1, . . . , e

l
nl
, } where {ei· | i ≤ j} is a

basis for Mj . The representation ρ has an upper block triangular form, with
the diagonal blocks being the ρi(g) corresponding to each Mi/Mi−1

Theorem 5.4. Let char(k) = p and k = k. Then each simple kG-module S
has the same multiplicity in M,M ′ modulo p, that is [M : S] = [M : S′] mod p
if and only if for g ∈ G, Tr(g,M) = Tr(g,M ′)

Proof. For the forward direction, without loss of generality, M and M ′ are
semi-simple as we don’t care about the off-block-diagonal entries (replace a
non-semi-simple module with the sum of its composition factors).
Now

Tr(g,M) =

n∑
i=1

αi Tr(g, Si) =

n∑
i=1

βi Tr(g, Si) = Tr(g,M)

where αi is the multiplicity of Si in M , and βi its multiplicity in M ′ so this
direction is done
In the backwards direction, if Tr(x,M) = Tr(x,M ′) mod p for all x ∈ G then
it holds for all x ∈ kG by linearity. By Wedderburn applied to kG/J(kG),

r⊕
i=1

niSi
∼= kG/J(kG) ∼=Mn1(k)× · · · ×Mnr (k)

where each niSi
∼=Mni(k). Recall that each simple kG module Si is isomorphic

to some kG/mi for some maximal ideal mi. Hence we observe that M,M ′ are
direct sums ofmiSi andm

′
iSi. Now any of the matrix algebras contains a matrix

of the form diag(1, 0, . . . , 0). Call its preimage xi ∈ kG. Then we know that
Tr(xi, Sj) = δij and so Tr(xi,M) = mi and we are done as Tr(xi,M

′) = m′
i

hence mi = m′
i mod p

Theorem 5.5. (Brauer’s Theorem) Let M,M ′ be finite dimensional kG mod-
ules. Then χM = χM ′ if and only if the multiplicities of each simple kG-module
as composition factors of M,M ′ are equal

Proof. We may again assume that M,M ′ are semisimple for the same reason as
5.4.
For the backwards direction, we’ve already seen that since the multiplicities of
each simple kG module as composition factors are equal, then the characters
are equal
In the forwards direction, assume that χM = χM ′ and seek a minimal counterex-
ample in dimension. We may assumeM,M ′ don’t share a composition factor in
common, as otherwise we may remove it. We know that Tr(g,M) = Tr(g,M ′)
so by 5.4, the multiplicities of any composition factor in M,M ′ are congruent
mod p. WriteM = e1S1⊕· · ·⊕eκSκ andM ′ = e′1S1⊕· · ·⊕e′κSκ where we have
ei = e′i mod p and at most one of ei, e

′
i is non-zero as M,M ′ have no factors in

common. Therefore p | ei and p | e′i and we can write ei = pfi, e
′
i = pf ′i . We now

12



e (12) (123)
1 1 1 1
σ 1 -1 1
ψv 2 0 -1

Table 1: Ordinary representations of S3

1 (123)
1 1 1
V 2 -1

Table 2: Representations of S3 in F2

have thatM = pM1 andM
′ = pM ′

1 for someM1,M
′
1. But dimkM = p dimkM1

and χM = pχM1
. Doing the same for theM ′,M ′

1 half, we get a smaller example,
contradiction.

Example 5.2. We have some examples Let G = S3. This has 3 conjugacy
classes, represented by e, (12), (123). Over C we have three representations: the
trivial representation, the sign representation, and the representation permuting
coordinates in elements of V = {(x1, x2, x3)t | x1 + x2 + x3 = 0}. We have a
basis for V given by B = {v1 = (1,−1, 0), v2 = (0, 1,−1)}. In this basis we have

(123) 7→
(
0 −1
1 −1

)
(12) 7→

(
−1 1
0 1

)
So the ordinary character table is as in Table 1
Over F2 we have two conjugacy classes of 2′ elements, the 3 cycles and the
identity. We will eventually show that the number of irreducible representations
over a field of characteristic p is the number of p′ conjugacy classes. So we
have two irreducible Brauer characters given by the trivial character, 1 and
the reduction of V , called V with the same matrix as in characteristic 0, but
interpreted as F2 elements. We have Brauer character table as in Table 2
Over F3 we have again 2 irreducible Brauer characters, namely 1 and σ as V is
a sum of these two. The Brauer Character table is Table 3 . We say irreducible
characters of S3 in characteristics 2, 3 lift to characteristic 0 (their character
tables are sub-tables of the ordindary representations).

1 (12)
1 1 1
σ 1 -1

Table 3: Representations of S3 in F3
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Another fact (that probably won’t be proven here): the number of 1d Brauer
characters is [G : [G,G]] which is 1 in characteristic 2 and 2 in characteristic 3.

Example 5.3. For cyclic groups of order ps see Webb.
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6 Character Tables and the Choice of Lifting

Recall an algebraic integer is an element of C satisfying a monic polynomial
with integer coefficients and a number field is a subfield K ≤ C of finite degree
over Q. Denote the ring of integers in K by OK = K ∩ {algebraic integers}.
If a ∈ K, there is some 0 ̸= c ∈ Z such that ca ∈ OK

Definition 6.1. An integral domain R is a Dedekind domain if

1. It is integrally closed

2. R is Noetherian

3. Every non-zero prime ideal of R is maximal

It is a fact that for a number field K, OK is a Dedekind domain.
Let G be a finite group, k a field of characteristic p ̸= 0 and |G| = pam where
p ∤ m. Suppose k is sufficiently large as to contain all themth roots of unity. Let
C, Ĉ be the groups of mth roots of unity in k and C respectively. Let K = Q[Ĉ].

Lemma 6.1. Gal(K/Q) = (Z/mZ)∗

Proof. Trivial

Take OK to be the ring of integers in K. Since OK is a Dedekind domain,
every prime ideal is maximal, so we want to choose a prime (and hence maximal)
ideal, p, lying over (p), that is, such that p ∩ Z = (p). Then

Proposition 6.1. OK/p is the smallest finite field containing the mth roots of
unity. If pr is the smallest power of p such that m | pr − 1 then

1. OK/p ∼= Fpr

2. Ĉ + p ∼= C

3. Gal(Fpr/Fp) ∼= stabiliser of p in Gal(K/Q)

Proof. Take a primitive mth root of unity, ζ ∈ C. Ĉ = ⟨ζ⟩ and K = Q(ζ). We
know that OK = Z[ζ].

1. OK/p is the extension of Z/pZ generated by ζ + p

2. Take the polynomial

xm − 1

x− 1
= xm−1 + · · ·+ 1 =

m−1∏
j=1

(x− ζj)

and, letting x = 1, the ideal generated by (1 − ζj) | m in OK for all
j = 1, . . . ,m − 1. If 1 − ζj ∈ p, m ⊂ p, contradiction as (m, p) = 1 and
p ∩ Z = (p). Therefore 1− ζj /∈ p for all 1 ≤ j ≤ m− 1

15



3. ζ + p is a primitive mth root of unity

Example 6.1. Suppose we take G = Cn and n = pam where p,m are coprime.
The p′ elements are {1, xpa

, . . . , x(m−1)pa} and the p elements are the elements
{1, xm, . . . , x(pa−1)m}. Now if ρ : G→ k× then ρ(x)n = 1 so ρ(x)m = 1. Define
ρi for each i = 0, 1, . . . ,m by ρi(x) = ωi where ω is a primitive mth root of unity
in k. Take n = 12 = 22 ·3 and let p = 2. The 2′ elements are {1, x4, x8} and the
2 elements are {1, x3, x6, x9}. Construct the table whose columns are indexed
by powers of x and rows by the ρi, shown as table 4. We actually just need the 2′

elements to capture all the information, as the 2 elements have ρi(x
j) = 1. We

can therefore construct a smaller table as in table 5. Now choose an isometry
of cyclic groups from the mth roots of unity in k to the mth roots of unity in C,
call it ψ by sending ψ(ω) = ζ. Then define the Brauer character table (mod
2) by table 6 (left). If we chose the other isomorphism of the cyclic groups,
ψ(ω) = ζ2 then we would get table 6 (right) and so the Brauer character table
depends on the isomorphism ψ

1 x x2 x3 x4 x5 x6 x7 x8 x9 x10 x11

ρ0 1 1 1 1 1 1 1 1 1 1 1 1
ρ1 1 ω ω2 1 ω ω2 1 ω ω2 1 ω ω2

ρ2 1 ω2 ω 1 ω2 ω 1 ω2 ω 1 ω2 ω

Table 4: Character table of C12 modulo 2

1 x4 x8

ρ0 1 1 1
ρ1 1 ω ω2

ρ2 1 ω2 ω

Table 5: ’Reduced’ character table of C12 modulo 2

1 x4 x8

ρ0 1 1 1
ρ1 1 ζ ζ2

ρ2 1 ζ2 ζ

1 x4 x8

ρ0 1 1 1
ρ1 1 ζ2 ζ
ρ2 1 ζ ζ2

Table 6: Brauer character tables of C12 modulo 2

Definition 6.2. The Brauer character table of G mod p is a table where
the rows are indexed by the simple kG modules and rows by conjugacy classes
of p′ elements of G whose entries are the values of the Brauer characters χS(g)

We will prove:

16



Theorem 6.2. The irreducible Brauer characters form a basis for the class
functions on the conjugacy classes of p′ elements and hence the Brauer char-
acter table is square. The rows of the Brauer character table for G are the
irreducible Brauer characters and the columns are homomorphisms for G are
ring homomorphisms χ̃(g) : R(G) → C where R(G) is the Grothendieck ring,
which will be defined next chapter

Remark. After fixing an isomorphism ψ : C → Ĉ all other such isomorphisms
C → Ĉ are obtained by applying elements of Gal(K/Q) to Ĉ

Proposition 6.2.

1. If we apply an element of Gal(K/Q) to a column of the Brauer character
table, we get another column

2. If we apply an element of the stabiliser of p in Gal(K/Q) to a row of the
Brauer character table, we get another row

Proof.

1. If ζ is a primitive mth root of unity in C then K = Q(ζ) and an element
of the Galois group sends ζ to ζt for some t coprime to m and so for all
p′ elements g ∈ G, χ̃σ(g) = χ̃(gt)

2. Now σ stabilises p if and only if t is a power of p. Let S be a simple
module with corresponding representation ρ : G → GLn(k). Then Sσ

is a kG-module with corresponding representation ρσ : G → GLn(k) by
g 7→ (λij(g)

t)

Remark. If you apply an element of Gal(K/Q) which does not stabilise p to a
row of the Brauer character table, you don’t necessarily get another row of the
table.
If ψ,ψ′ are two choices of the isomorphism of groups of roots of unity and we
change the Brauer character table then columns are preserved and sometimes
rows are preserved

Example 6.2. p = 2,m = 7. The 7th roots of unity in k have 2 possible
minimal polynomials, x3 + x2 + 1 or x3 + x + 1 so let ζ be a 7th root of unity
in C. Then there are two prime ideals in Z[ζ] called p1 = (2, ζ3 + ζ2 + 1) and
p2 = (2, ζ3 + ζ + 1) which lie over (2) such that Z[ζ]/p1 ∼= F8

∼= Z[ζ]/p2.

7 Grothendieck Ring

Let G be a finite group and k a field of characteristic p containing all the |G|p′

roots of unity. We form an abelian group R(G) as follows
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Definition 7.1. The Grothedieck group is the group R(G) generated by
symbols [M ] whereM is an isomorphism class of finite dimensional kG modules
with relations [M2] = [M1]+ [M2] for every short exact sequence of kG modules

0 M1 M2 M3 0

Remark. We have the following comments

1. We take isomorphism classes rather than kG modules themselves because
the latter collection is not a set

2. R(G) is a free abelian group on the symbols of simple modules by the
Jordan-Holder theorem

3. We make R(G) a commutative ring by introducing the natural multiplica-
tion [M ][N ] = [M ⊗kN ] where the kG-module structure of M ⊗kN is the
diagonal action. This is well defined as the modules are flat over k, and is
commutative as tensor products are, and the multiplicative identity is k

4. R(G) can be denoted by G0(kG) as well

5. Every element of R(G) is expressible as a difference, [M ]− [N ]. If k = C
then R(G) is the ring of virtual characters of CG modules

Lemma 7.1. For N,M,Mi each kG modules, the following hold

1. χM (1) = dimkM

2. χM is a class function on p′ conjugacy classes

3. χM (g−1) = χM (g) = χM∗(g)

4. If

0 M1 M2 M3 0

is a short exact sequence of finite dimensional modules, χM2
= χM1

+χM3
,

So χM depends only on the isomorphism type of M . If M has composition
factors Si each with multiplicity ni then χM =

∑n
i=1 niχSi

5. χM⊗kN = χMχN

Proof. Trivial

Corollary 7.1.1. For all conjugacy classes of p′ elements g ∈ G, the map
χ̃ : R(G)→ C by [M ] 7→ χM (g) is a well defined ring map

Proof. Trivial

Theorem 7.2. The product of the maps χ̃M , which is a map

R(G)→
∏

p′ conjugacy classes of G

C

by [M ] 7→ (g 7→ χM (g)) is injective

18



Proof. Suppose that [M ] − [N ] and [M ′] − [N ′] go to the same place under
this map. Then χM − χN = χM ′ − χN ′ so χM + χN ′ = χN + χM ′ and hence
χM⊕N ′ = χN⊕M ′ so that [M ⊕N ′] = [M ′ ⊕N ] hence [M ] + [N ′] = [M ′] + [N ]
and we are done as then [M ]− [N ] = [M ′]− [N ′].

Now we will prove

Theorem 7.3. The map

C⊗Z R(G)→
∏

p′ conjugacy classes of G

C

is an algebra isomorphism.

Proof.

Lemma 7.4. (Injectivity) The irreducible Brauer characters χSi
are linearly

independent over C

Proof. Let K ≤ C the smallest field containing the |G|p′ roots of unity and O
its ring of integers. Let p be a prime ideal in O containing (p). Now Op ≤ K
is the localisation of O at p. Let mp be its unique maximal ideal and we have
Op/mp

∼= O/p ↪→ k. Moreover Op is a principal ideal domain so we write
mp = (π). Suppose there is a linear dependence over C among the irreducible
Brauer characters. Then there is also a linear dependence overK as all character
values live in K. Clearing denominators, there is a relation over O. If all the
coefficients of the relation now lie in p we may divide out by a power of π to
get a relation where at least one of the coefficients is not in p, but all are in O.
Now reduce everything modulo mp, and we get a linear relation in k between
the traces

n∑
i=1

αi Tr(x, Sj) = 0,∀x ∈ kG

By Wedderburn (and the previous proof in 5.4), we get some xi for all 1 ≤ i ≤ n
such that Tr(xi, Sj) = δij and so all αi = 0.

We now turn to surjectivity. The idea is, for each a p′ element g ∈ G, we
will find an element of C⊗ZR(G) such that χ̃(g) sends it to something non-zero
and χ̃(h) sends it to 0 for p′ element h not conjugate to g. First take G = ⟨g⟩,
|g| = m and (m, p) = 1. The irreducible representations of G over k are of the
form g 7→ (ϵ) where ϵm = 1 in k. ϵ will be a primitive mth root of unity in k
corresponding to e2πi/m ∈ C. So the irreducible Brauer characters are of the
form χj(g) = e2πij/m with corresponding 1 dimensional simple kG modules Sj .
Then we note that x = 1

m

∑m
j=1 e

−2πij/m[Sj ] ∈ C⊗ZR(G) has Brauer character

χx : g
t 7→ 1

m

∑m
j=1 e

2πij(t−1)/m which is 1 if gt = g and 0 otherwise. In the
general case, we take this Brauer character for some cyclic subgroup of G and
induce it up
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Lemma 7.5. Let H ≤ G and M a kH-module. Then for all g ∈ G which are
p′,

χM↑G(g) =
∑

ccls in H such that h=g0gg
−1
0

|CG(h) : CH(h)|χM (h)

Proof. See part II

To finish, if H ≤ G define IndGH : R(H)→ R(H) by [M ] 7→ [kG⊗kH M ] and
extend it linearly to get IndGH : C ⊗Z R(H) → C ⊗Z R(G). Given p′ element
g ∈ G, let H = ⟨g⟩ and take x ∈ C⊗Z R(H) such that χx(g

i) is 1 if gi = g and
0 otherwise. Then for g′ ∈ G, we have χx↑G

H
=

∑
|CG(h) : CH(h)|χx(h) which

is |CG(g) : ⟨g⟩| if g′ is conjugate to g, and 0 otherwise so we are done.

Immediately, we get

Corollary 7.5.1. (Brauer) The number of simple kG modules is the number
of p′ conjugacy classes of G

Proof. Trivial

Example 7.1. We have a couple examples

1. If G is a p-group, the only simple kG module is the trivial module

2. If p = 0 we get the usual theorem on squareness of the (ordinary) character
table

Corollary 7.5.2. Every ring homomorphism R(G) → C is of the form χ̃(g)
for some p′ element g ∈ G

We need the following lemma for this

Lemma 7.6. For a commutative unital ring R and D an integral domain. Then
any set of distinct ring homomorphisms R→ D is linearly independent over D

Proof. Take a linear relation of smallest size ,
∑n

i=1 λiϕi = 0, ϕi : R → D and
0 ̸= λi ∈ D. Choose r0 ∈ R such that ϕ1(r0) ̸= ϕn(r0). So for all r ∈ R,

n∑
i=1

λiϕi(r0r) =

n∑
i=1

λiϕi(r0)ϕi(r) = 0

. Multiplying the original relation evaluated at r by ϕn(r0) and subtracting, we
get a shorter relation

n−1∑
i=1

λi(ϕi(r0)− ϕn(r0))ϕi(r) = 0

, and the first term isn’t zero as D is a domain, contradiction
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Proof. (of the corollary) Let ϕ : R(G)→ C be a ring homomorphism and extend
linearly to an algebra homomorphism ϕ : C⊗Z R(G)→ C. Do the same for the
χ̃(g). Then we get that the algebra homomorphisms χ̃(gi) with gi representa-
tives of the p′ conjugacy classes form a basis over C for the space of complex
linear maps C⊗R(G)→ C so we are done by the lemma.

We want to be able to compare representations in characteristic 0 with those
in characteristic p. We use representations over the p-adic integers as an inter-
mediary. This is because

1. It is easier than using Z as we have Krull Schmidt (Chapter 10)

2. Better than the p-local integers as we have idempotent refinement (Chap-
ter 10) which allows us to lift projective indecomposables from character-
istic p (Chapter 11)

8 Decomposition Numbers and p-Modular Sys-
tems

Recall that a discrete valuation ring (DVR) is a PID with a unique maximal
ideal. If O is a DVR with maximal ideal p = (π), we can write any non-zero
element x in the form yπa where a ∈ N and y ∈ O×: if x ∈ p factorise x = πy1
and inductively repeat since p is prime, and since O is a PID, this process
terminates with yk /∈ p. Define νp(x) = a. Let K = Frac(O) be the field of
fractions. Then if x ∈ K, x = yπa for some a ∈ Z and y ∈ O×

Definition 8.1. A p-modular system is a triple (K,O, k) consisting of

1. A DVR O

2. Its field of fractions K of characteristic 0

3. k = O/p the residue field of characteristic p

A p-modular system (K,O, k) is splitting for G if for any H ≤ G

1. KH =
∏

iMdi
(K)

2. kH/J (kH) =
∏

iMci(k)

Example 8.1. Take an algebraic number field K and its ring of integers O.
Then K = Frac(O). Now O is integral over Z so there is a prime p (which must
be maximal) of O lying over (p). The localisation Op is a DVR and so we have
a p-modular system (K,Op,O/p).

Remark.

1. If K contains the |G|th roots of unity, then (K,Op,O/p = k) is splitting

2. We later require that O is complete, ie O → lim←−O/p
n is an isomorphism
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8.1 Decomposition Numbers

Given a p-modular system (K,O, k), consider V which is an irreducible kG
module. Choose a basis v1, . . . , vd over K for V . We look at the sub O module
W = spanO{gvi | 1 ≤ i ≤ d, g ∈ G} . This is a finitely generated torsion free
module, hence it is free over O on which G acts. This O spanW is a subset of V
and Frac(O) = K. Webb calls this an OG lattice. Take w1, . . . , wn an O-basis
of W . The wi span V over K. If there is a linear relation between the wi over
K, clearing denominators we get an O-linear combination, so all terms are 0
so there is no non-trivial relation between the wi over K, and hence n = d as
w1, . . . , wn is a K basis of V . Changing basis from the vi to the wi, all entries
in the matrix representation of G are in O and not just K and V = K ⊗O W .

Definition 8.2. The set W is called an O-form for the ordinary irreducible
KG module V . Some say that V is obtained from W by extending the scalars
from O to K.

In general a module has many non-isomorphic O-forms, however

Theorem 8.1. Assume (K,O, k) is a splitting p-modular system. If W,W ′

are both O-forms of V , then the kG modules W = k ⊗O W = W/pW and
W ′ (defined similarly) have the same Brauer character, hence have the same
composition factors

Proof. Suppose the ordinary character of V is ϕV . If g is a p′ element it acts
with eigenvalues λ1, . . . , λn on W , then g acts on W with eigenvalues given by
λ1 + (π), . . . , λn + π. Since χW (g) is the sum of the lifts of these λi + (π), we
get χW (g) = λ1 + · · ·+ λn = Tr(g, V ) = ϕV (g)

Definition 8.3. List the ordinary irreducible KG modules V1, . . . , Vl. List
the O-forms W1, . . . ,Wl of them, and list the modular irreducible kG modules
S1, . . . , Sm. We define the decomposition matrix D mod p has

1. Rows indexed by the irreducible KG modules {Vi | 1 ≤ i ≤ s}

2. Columns indexed by the irreducible kG modules {Sj | 1 ≤ j ≤ m}

3. Entries dij given by choosing an O-form Wi for Vi and defining the dkl as
dij = [k ⊗O Wi : Sj ], called the decomposition number

Remark. If p | |G| then D cannot be the identity because it isn’t even square
(as there are fewer p′ conjugacy classes than conjugacy classes)

Example 8.2. We have a few examples

1. |A5| = 22 · 3 · 5. A5
∼= SL2(2

2) ∼= PSL2(5) has ordinary character table as
in table 7. In characteristic 2, we have Brauer character table on the left
in table 8 and decomposition matrix on the right. The other primes are
in Webb, pages 310-312. If we multiply the decomposition matrix by the
Brauer character table, we get X reduced mod 2
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2. Let G = C2. In characteristic 2, we only have the trivial irreducible, and
the decomposition matrix has one column consisting of a list of dimensions
of the ordinary characters

3. S3 = SL2(2) has ordinary character table in table 9, Brauer character
tables in tables 10, and decomposition matrices in tables 11

4. Try S4. PSL2(p), SL2(p) are done in Webb, chapter 6, exercise 25

5. If G is a p group and we work in characteristic p, then Dp the decom-
position matrix is a column of the dimensions of the ordinary irreducible
characters, as in the C2 case above as G has a unique (trivial) irreducible
kG-

6. Let (K,O, k) be a splitting p-modular system for G and (|G|, p) = 1,
the semi-simple case. Then each irreducible KG module reduces to an
irreducible kGmodule of the same dimension and D = I (proved in Webb)

(12)(34) (123) (12345) (13524)
A5 60 4 3 5 5

1 1 1 1 1

31 -1 0 1+
√
5

2
1−

√
5

2

32 -1 0 1−
√
5

2
1+

√
5

2
4 0 1 -1 -1
5 1 -1 0 0

Table 7: Ordinary character table of A5

(123) (12345) (13524)
A5 60 3 5 5

1 1 1 1

21 -1 −1+
√
5

2
−1−

√
5

2

22 -1 −1−
√
5

2
−1+

√
5

2
4 1 -1 -1

A5 1 21 22 4
1 1 0 0 0
31 1 1 0 0
32 1 0 1 0
4 0 0 0 1
5 1 1 1 0

Table 8: Brauer character table and decomposition matrix of A5 mod 2

1 (12) (123)
S3 6 2 3
χ1 1 1 1
χ2 1 -1 1
χ3 2 0 -1

Table 9: The ordinary character table of S3
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p = 2 1 (123)
ϕ1 1 1
ϕ2 2 -1

p = 3 1 (12)
ϕ1 1 1
ϕ2 1 -1

Table 10: The Brauer character tables of S3 modulo 2, 3

p = 2 ϕ1 ϕ2
χ1 1 0
χ2 1 0
χ3 0 1

p = 3 ϕ1 ϕ2
χ1 1 0
χ2 0 1
χ3 1 1

Table 11: The decomposition matrices of S3 mod 2, 3

Example 8.3. We have one more example

1. (Fong-Swan Theorem) If we have a splitting p-modular system for a p-
soluble group G (there is a chain of subgroups of the form

1 = Gn ⊴ Gn−1 ⊴ · · · ⊴ G0 = G

such that Gi/Gi+1 is either a p group or of order prime to p) Then every
irreducible kG module is the reduction mod (π) of some OG lattice. This
means that Dp contains the identity matrix as a sub matrix of maximal
possible size

Remark. There is a modular atlas of finite groups online, a book by Hiss,
Jansen, Lux and Parker ”Computational Modular character theory) as well as
a book called the atlas of Brauer characters (out of print)

9 Projective Modules

Let M be a (not necessarily finitely generated) R-module where R is a unital
ring

Definition 9.1. An R-module P is projective if for every surjective homo-
morphism (epimorphism) M ′ ↠ M and a homomorphism P → M there is a
map P →M ′ such that

P

M ′ M 0

∃

commutes

Definition 9.2. An R-module I is injective if for all injective homomorphisms
(monomorphisms) M ↣ M ′ of R modules and a homomorphism M → I there
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is a map M ′ → I such that

0 M M ′

I

∃

commutes

Lemma 9.1. The following are equivalent

1. P is projective

2. Every epimorphism M
λ−→ P → 0 splits (there is a homomorphism of the

form ϵ : P →M such that λ ◦ ϵ = IdP )

3. P is isomorphic to a direct summand of a free module

4. For all short exact sequences of R modules

0 U V W 0

, the corresponding sequence

0 HomR(P,U) HomR(P, V ) HomR(P,W ) 0

is exact

Proof. See Alperin (it’s not hard)

Remark. It is also clear that direct sums and summands of projective modules
are projective. We study indecomposable projective modules for group algebras
for the remainder of the course (these are called principal indecomposable
modules)

Lemma 9.2. If k is a field and G is a finite group then every kG-module can
be embedded into a free kG-module

Proof. Define a map ϕ : M → kG⊗k M =M ↓{1}↑G by

m 7→
∑
g∈G

g ⊗ g−1m

. The action of G on kG ⊗k M by g′(g ⊗m) = (g′g) ⊗m. There is a vector
space splitting ψ : kG ⊗k M → M of ϕ by 1 ⊗ m 7→ m, g ⊗ m 7→ 0 for any
m ∈ M, g ∈ G \ {1}, therefore ϕ is injective. Given h ∈ G,m ∈ M we can
calculate that ϕ(hm) = hϕ(m) hence ϕ is a kG homomorphism. As k is a field,
M ↓{1} is a free k-module, and hence M =

⊕
i k, so that kG ⊗k M =

⊕
i kG

and we are done
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Theorem 9.3. Suppose k is a field, G is a finite group and M is a kG-module.
Then the following are equivalent

1. M is projective

2. M is injective

3. (Higman’s criterion) There is a k-linear map λ : M →M such that∑
g∈G

gλg−1 = IdM

Proof. (ii) implies (i): Suppose that M is injective. Consider

0 M kG⊗k M

M

IdM

∃α

. The splitting α of β shows that M is a summand of the free kG module
kG⊗k M and so M is projective.
(iii) implies (ii) (the dual proof gives (iii) implies (i)): Take a diagram

0 M1 M2

M

β

α
γ

λ

where γ is a k-linear map (not necessarily a G-homomorphism) and put

γ′ =
∑
g∈G

g(λγ)g−1

. This is a kG-homomorphism and

γ′β =
∑
g∈G

g(λγ)g−1β

=
∑
g∈G

g(λγβ)g−1 as β is a kG map

=
∑
g∈G

g(λα)g−1

=

∑
g∈G

gλg−1

α

= α
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so we have a splitting and hence M is injective

(i) implies (iii): If M = kG, take λ
(∑

g∈G αgg
)
= α11G. So

∑
h∈G

hλh−1

∑
g∈G

αgg

 =
∑
h∈G

hλ
∑

g∈G

αgh
−1g


=

∑
h∈G

h(αh1G)

=
∑
h∈G

αhh

and therefore
∑

h∈G hλh
−1 = IdkG. For M =

⊕
i kG, use the above lambda

on each factor. Suppose that M is a summand of a free module, F (ie M is
projective), define λM = πλF ι where we have a diagram

M FλM

ι

π
λF

Now ∑
g∈G

gλMg
−1 =

∑
g∈G

g(πλF ι)g
−1

=
∑
g∈G

π(gλGg
−1)ι

= π

∑
g∈G

gλF g
−1

 ι

= π IdF ι

= IdM

So we are done, as λ satisfies the Higman criterion

10 Idempotents and Principal Indecomposable
Modules

Theorem 10.1. (Krull-Schmidt) Let R be a finite dimensional k algebra and
let M be a finitely generated R-module and suppose that

M =M1 ⊕ · · · ⊕Ms

M =M ′
1 ⊕ · · · ⊕M ′

t

are two indecomposable decompositions of M (ie all the Mi,M
′
j are indecom-

posable). Then s = t and after reordering if necessary, Mi
∼= M ′

i for all
1 ≤ i ≤ t = s
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Proof. No Proof

Example 10.1.

1. Krull-Schmidt applies to finitely generated kG modules. In fact it actually
applies to finitely generated modules over any Artinian ring

2. It is also true for finitely generated OG modules, where O is a complete
DVR

3. Krull-Schmidt is false for finitely generated ZG modules

4. Note that this doesn’t assert existence of decompositions

Corollary 10.1.1. If M is an indecomposable R-module and M is a summand
of M1 ⊕ · · · ⊕Ms then M is isomorphic to a summand of some Mi

Proof. Trivial

Corollary 10.1.2. Every finitely generated projective indecomposable R-module
is isomorphic to a summand of RR

Proof. Trivial

Write RR = P1 ⊕ · · · ⊕ Ps where the Pi are projective indecomposables.
Recall that R ∼= End(RR)

op. Then the endomorphism πi : RR → Pi ↪→ RR
projecting onto Pi is equal to right multiplication by some element ei ∈ R and
hence Pi = Rei. Then 1R = e1 + · · ·+ es where the ei are idempotents.

Definition 10.1. We say that idempotents ei, ej are orthogonal if for all i ̸= j,
eiej = ejei = 0. An idempotent e is primitive if e ̸= 0 and e can’t be written
as the sum of two orthogonal idempotents

As a consequence there is a 1-1 correspondence between direct sum de-
compositions RR = P1 ⊕ · · · ⊕ Ps with Pi indecomposable and expressions
1 = e1 + · · ·+ es with the ei primitive orthogonal idempotents

Example 10.2. 1. If R = Mn(k), then diag(1, . . . , 1, 0, . . . , 0) is an idem-
potent, and all the primitive idempotents are conjugate to the matrix
with a 1 in the i, i position, and 0s elsewhere. Call this ei. Note that
1 = e1 + · · · + en is a decomposition into primitive idempotents and Rei
is the matrices with only the ith column non-zero

2. Let R = kG where k = F2 and G = C2 = ⟨x⟩ and consider the module
M = R = {0, 1, x, 1 + x}. This has no non-trivial idempotents as x2 = 1
and (1 + x)2 = 0. Hence RR is indecomposable

Recall Wedderburn’s theorem. We have that R/J (R) =
∏t

i=1Mdi
(∆i). Call

each term Ti. We have that TiTi =
⊕
{Column vectors of length di}. These are

simple and isomorphic to each other. Let eij be the di× di matrix with (j, j)th
entry 1 and 0 elsewhere. For the matrix ring Ti we have 1Ti

= ei,1 + · · ·+ ei,di

and hence 1R/J (R) =
∑

i

∑
j ei,j . Let R

× be the group of invertible elements of
R
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Lemma 10.2. If e, e′ are idempotents in R then the following are equivalent

1. e ∼ e′ (is conjugate to ) by an element of R× (ie er = re′ for some
r ∈ R×)

2. Re ∼= Re′ and R(1− e) ∼= R(1− e′)
Proof. 1 implies 2: If e ∼ e′, say re = re′ for some r ∈ R×. Then we have
that Re′ ∼= Rre′r−1 ∼= Re so Re ∼= Re′ and the other isomorphism is because
(1− e)r = r(1− e′)
2 implies 1: Suppose that θ : Re → Re′ and ϕ : R(1 − e) → R(1 − e′) are
the isomorphisms. Notice that for any module M there is an isomorphism
ψ : HomR(Re,M) → eM by β 7→ β(e). Let µ1 ∈ eRe′ correspond to the
isomorphism θ, µ2 ∈ e′Re correspond to θ−1, µ3 ∈ (1−e)R(1−e′) corresponding
to ϕ and µ4 ∈ (1− e′)R(1− e) corresponding to ϕ−1. Then we have µ1µ2 = e,
µ2µ1 = e′, µ3µ4 = 1 − e and µ4µ3 = 1 − e′. Also (µ1 + µ3)(µ2 + µ4) = 1 and
(µ2 +µ4)(µ1 +µ3) = 1 so µ1 +µ3 ∈ R× with two-sided inverse µ2 +µ4. Finally
we have that (µ2 + µ4)e(µ1 + µ3) = µ2eµ1 = µ2µ1 = e′ so we are done

Our aim now is to find the projective indecomposables for RR. We first find
these in R/J (R) using Wedderburn, then we need to lift these indecomposables
back to R

Definition 10.2. If we take an ideal I ⊴ R and f an idempotent in R, then
clearly e = f + I is idempotent in R/I. In this case we say f lifts e

Given an idempotent e ∈ R/I, it may or may not be possible to lift it to an
idempotent in R. If, for every idempotent e ∈ R/I, it is possible to lift e to an
idempotent f ∈ R, then we say we can lift idempotents from R/I to R
Recall that if R is a finite dimensional algebra then N = J (R) is nilpotent, by
taking the descending chain of its powers which must stabilise, so that Nr =
Nr+1, then apply Nakayama

Theorem 10.3. (Idempotent lifting/refinement) Let R be a ring and N a nilpo-
tent ideal of R. Let e, e′ be idempotents in R/N .

1. There is an idempotent f ∈ R such that f̄ = f +N = e (f lifts e). If e is
primitive then f is primitive

2. Suppose f, f ′ are idempotents in R lifting e, e′ respectively. Then e ∼ e′ if
and only if f ∼ f ′

Proof. (1) Define inductively idempotents ei ∈ R/N i with e1 = e. For i ≥ 2, the
element ei +N i−1/N i ∈ (R/N i)/(N i−1/N i) will correspond to ei−1 ∈ R/N i−1.
Suppose that ei−1 is an idempotent in R/N i−1. Pick a ∈ R/N i mapping onto
ei−1 modulo N i−1. Now a2 − a ∈ N i−1/N i but (N i−1)2 ⊂ N i hence we know
that (a2 − a)2 = 0 ∈ R/N i. Define ei = 3a2 − 2a3. Now

3a2 − 2a3 +N i−1 = (3a− 2a) + (−2a2 + a)(a− 1) +N i−1

= 3a− 2a+N i−1

= a+N i−1
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Hence this maps onto ei−1 ∈ R/N i−1 so it lifts ei−1.

e2i − ei = ei(ei − 1)

= (3a2 − 2a3)(3a2 − 2a3 − 1)

= −(3− 2a)(1 + 2a)(a2 − a)2

= 0

and so ei is idempotent and we are done, as if Nr = 0, f = er is an idempotent
lifting e. Suppose e is primitive and that f = f1 + f2 is a sum of orthogonal
idempotents. Then e = e1 + e2 where ei = fi + N is a sum of orthogonal
idempotents so without loss of generality e1 = 0, so f1 ∈ N so as N is nilpotent
f1 = 0
(2) If e ∼ e′ then there is µ ∈ (R/N)× such that eµ = µe′. Let β be a lift of µ
to R and set ν = fβf ′ +(1− f)β(1− f ′). We claim ν ∈ R× and fν = νf ′. The
latter statement is obvious: fν = fβf ′ = νf ′. Now ν +N = µ so if λ is a lift
of µ−1 to R, then 1− νλ ∈ N . So (1− νλ)m = 0 for some m. Now

(1− (1− νλ))(1 + (1− νλ) + (1− νλ)2 + . . . ) = 1

so λ(1 + (1 − νλ) + (1 − νλ)2 + . . . ) is a right inverse of ν, and similarly it is
a left inverse, hence f, f ′ are conjugate. The other direction of implication is
trivial

Corollary 10.3.1. (full version of idempotent lifting) Let N be a nilpotent
ideal of a ring R and suppose 1 = e1 + · · · + es be a decomposition of the
identity into orthogonal idempotents modulo N . Then there is a decomposiition
1 = f1 + · · ·+ fs of 1 into orthogonal idempotents in R such that fi +N = ei.
If the ei are primitive, then so are the fi

Proof. (In Webb)

Corollary 10.3.2. Let f be an idempotent in a ring R that has a nilpotent
ideal I. Then f is primitive if and only if fi is primitive

Proof. Trivial

11 Projective Covers

Idea: we want to classify the indecomposable projective modules over a finite
dimensional algebra as ”projective covers” of simple modules.
We work over a finite dimensional algebra R over a field k. Recall that, for
some finitely generated R-module M , J (M) is the intersection of all maximal
submodules ofM . It is the smallest submodule ofM with a semisimple quotient,
and is equal to J (R)M . We have the dual notion of the socle, Soc(M) which
is the sum of the simple submodules of M , which is the largest semisimple
submodule of M , or {m ∈M | J (R)m = 0}
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By Wedderburn, R/J (R) ∼=
∏s

i=1Mdi(∆i) and each term, called Mdi , view as
a module over itself is a direct sum of the submodules corresponding to the
columns, for ∆i finite dimensional division algebras over k. Note that each 1Mi

has a primitive orthogonal decomposition, ēi1+ . . . ēidi
(corresponding to simple

modules Si) and we have a primitive orthogonal decomposition

1R/J (R) = ē11 + · · ·+ ē1d1 + · · ·+ ēs1 + · · ·+ ēsds

where each ēij is the matrix in Mi with the only non-zero entry in the (j, j)th
position, which is equal to 1. Note that each set {ēij | 1 ≤ j ≤ di} is a conjugacy
class of idempotents by Lemma 10.2.
Lifting to R, we get a primitive orthogonal idempotent decomposition

1R = e11 + · · ·+ e1d1
+ · · ·+ es1 + · · ·+ esds

where again our idempotent conjugacy classes are {eij | 1 ≤ j ≤ di}. Hence we
get a decomposition into projectiv indecomposables

RR = Re11 ⊕ · · · ⊕R1d1
⊕ · · · ⊕Res1 ⊕ · · · ⊕Resds

where each set {Reij | 1 ≤ j ≤ di} is an isomorphism class of projective
indecomposables.
Now for each i, j we have

Reij/J (Reij) = Reij/J (R)eij = (R/J (R))ēij ∼= Si

where Si is a simple R module. Write PSi
= Pi for a module isomorphic to Reij

for some j. Therefore Pi is a projective indecomposable and Pi/J (Pi) is simple.
This is sometimes called the head of Pi, and Pi is the projective cover of Si

Example 11.1.

1. Let G be a p-group and R = kG for k of characteristic p. There is
a unique simple R-module, kG, the trivial representation. J (R) is the
augmentation ideal (where the sum of coefficients is 0) and R/J (R) ∼= kG
so there is a unique projective indecomposable, which is kG as a kG-
module. This has composition length |G| and all factors are trivial.

2. Let G = S3 = {1, σ, σ2, τ, στ, σ2τ}, k = F3 and R = kG. There are two
simple R modules

(a) Trivial = kG. This has annihilator the augmentation ideal

(b) Sign. This has annihilator {
∑

g∈G λgg |
∑

g∈G sgn(g)λg}

So their intersection is the Jacobson radical,

J (R) = ⟨1− σ, 1− σ2, τ − στ, τ − σ2τ⟩

and
R/J (R) =M1(k)⊕M1(k)

where Mi(k) = ⟨−(1 ± τ) + J⟩ and in fact e1 = −1 − τ, e2 = −1 + τ are
primitive orthogonal idempotents in R. The indecomposable projective
modules are
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(a) P1 = R(1 + τ) = ⟨1 + τ, σ(1 + τ), σ2(1 + τ)⟩
(b) P2 = R(1− τ)

which are the projective covers of the trivial and sign representations re-
spectively. The composition series are

P1 ⊇ J (P1) = ⟨1 + τ − σ − στ, 1 + τ − σ2 − σ2τ⟩
⊇ T1 = ⟨1 + σ + σ2 + τσ + τ + σ2τ⟩
⊇ 0

with quotients kG, sgn, kG respectively, and similarly we can repeat this
for P2, and we get

P2 ⊇ J (P2) ⊇ T2 ⊇ 0

Recall that we have s isomorphism classes of projective indecomposable R
modules denoted by Pi, and each Pi has a unique maximal submodule J (R)Pi

whose quotient is Si. We say that Pi is the projective cover of Si. In general if
M is any finitely generated module, we have M/J (M) =M/J (R)M =

⊕
j Sj

for some simple R-modules Sj . Given j, let Pj be the projective cover of Sj .
Then by the projectivity of

⊕
j Pj we get a commutative diagram of modules⊕

j Pj

M M/J (M) 0

∃π

We claim that π is surjective. Let N = Im(π) ≤M . We know N +J (M) =M
and so J (R)(M/N) = (J (R)M + N)/N = M/N and so by Nakayama, we
deduce that M/N = 0 and so M = N .
This induces an isomorphism

⊕
j Pj/J (

⊕
j Pj) ∼= M/J (M) and we say that⊕

j Pj is the projective cover of M . Let ΩM = kerπ (the Heller operator)
so we get

0 ΩM
⊕

j Pj M 0

.
Injective modules are the vector space duals of projective modules. If M is a k
vector space, then M∗ = Homk(M,k) and if M is finite dimensional, M∗∗ ∼=M
naturally.
In fact Homk(·, k) is an exact contravariant endofunctor in the category of finite
dimensional vector spaces.
Moreover if R is a finite dimensional k algebra andM is a finitely generated left
module, then M∗ is a finitely generated right R module with action

(f · r)(m) = f(rm) (f ∈M∗,m ∈M, r ∈ R)

M is a projective left R module if and only if M∗ is an injective right R module
M is indecomposable (respectively simple) if and only if M∗ is indecomposable
(respectively simple)
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Remark. If R = kG for G a finite group, then a left R module M is a right R
module by m · g = g−1m for g ∈ G,m ∈M

A consequence of this is that if I is an injective R module, then I has a
unique minimal (simple) submodule.
Write ISi

= Ii for the injective R-module that has Si as its unique simple sub-
module, ie Soc(Ii) = Si. We call Ii the injective hull/envelope of Si.
In general ifM is a finitely generated R module, Soc(M) =

⊕
j Sj for some sim-

ple Sj with injective hull Ij . By the injectivity of
⊕

j Ij , we get a commutative
diagram of R modules ⊕

j Sj

0 SocM M

⊕
j Ij

∃ι

Write K = ker(M
ι−→

⊕
j Ij), a submodule of M . In fact ι is injective, because

it is injective on Soc(M), as if K ̸= 0 then K ∩ SocM ̸= 0 as K contains a
simple submodule, contradiction as we know the map from Soc(M) to

⊕
j Ij is

injective.
This induces an isomorphism SocM ∼= Soc

⊕
j Ij . We say that

⊕
j Ij is the

injective hull of M , and the cokernel of the map M →
⊕

j Ij is written ℧M , so
we get

0 M
⊕

j Ij ℧M 0

Remark. Note that Ω,℧ are not inverses to each other in the category of
finitely generated R modules (although they are inverses “modulo projectives”)

Theorem 11.1. Let G be a finite group and k a field. If P is a projective
indecomposable module for kG, then P/J (P ) ∼= Soc(P )

Proof. Observe that if x, y ∈ kG with x =
∑

g∈G λgg and y =
∑

g∈G µgg, then
the coefficient of the identity in xy is

∑
g∈G λgµg−1 =

∑
g∈G λg−1µg and the

latter is the coefficient of the identity in yx.
Write P = kG · e for some primitive idempotent e ∈ kG. Now take some
element 0 ̸= x ∈ Soc(P ) and write x =

∑
g∈G αgg. There is some h ∈ G such

that αh ̸= 0. We set y = h−1x =
∑

g∈G βgg so that β1 ̸= 0
Since y = ye has a non-zero coefficient for the identity, and so by our observation,
ey has a non-zero coefficient for the identity. In particular, ey ̸= 0. We deduce
that eSoc(P ) ̸= 0. Therefore

HomkG(P,Soc(P )) = HomkG(kGe, Soc(P )) ∼= eSoc(P ) ̸= 0

Recall that since P is a projective indecomposable kG module, it is also an
injective indecomposable kG module, and hence Soc(P ) is simple. Therefore
P/J (P ) ∼= Soc(P ) as there is some map from P to Soc(P )

33



Remark. This is a special property of symmetric algebras (See Benson, 1.6)

Definition 11.1. If R is a finite dimensional k-algebra, and each ∆i in the
Wedderburn decomposition is equal to k, we say k is a splitting field for R.
Equivalently, EndR(S) = k for all simple R modules S

Lemma 11.2. Suppose R is a finite dimensional k-algebra where k is a splitting
field for R, and M is a finitely generated R module. Then we have

dimk HomR(PS ,M) = [M : S]

(the composition multiplicity of S as a factor of M , where PS is the projective
cover of S

Proof. We induct on the length of M .
If M = S′ is simple, then this is true as k is a splitting field as

dimk HomR(PS , S
′) = dimk HomR(S, S

′) = [S′ : S]

If M is not simple then choose a maximal proper submodule M ′ of M . Then
there is a short exact seqeucen

0 M ′ M M ′′ 0

where M ′′ is the cokernel.
As PS is projective, HomkG(PS , ·) is exact, inducing a short exact sequence

0 HomkG(PS ,M
′) HomkG(PS ,M) HomkG(PS ,M

′′) 0

. By counting dimensions, and the number of factors isomorphic to S also add
so we are done by induction.

12 Cartan Invariants

Let G be a finite group, k a splitting field of characteristic p. Recall that
we denote irreducible kG modules {Si | 1 ≤ i ≤ s} with projective covers
{PSi

| 1 ≤ i ≤ s}

Definition 12.1. Let cij = [PSj
: Si] be an s × s matrix. This is called the

Cartan matrix of kG

Remark. This is unrelated to the same term from Lie Algebras/Coxeter groups,
other than being matrices named after the same person

Remark. Note that cij = dimHomkG(PSi
, PSj

)

Theorem 12.1.

1. If k is a splitting field for G, then cij = cji
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2. If (K,O, k) is a splitting p-modular system, then cij =
∑s

l=1 dlidlj

3. det(cij) is a power of p, and in particular is not zero (Brauer’s Theorem)

Proof. We will briefly sketch 2. 1 follows from 2, and 3 is rather involved (see
Benson 5.7.2 for a proof using Dress induction or Benson 5.9.3 for another proof
due to Kervaire using ψ operators)
The proof of 2 that we will sketch is in Benson 1.9.6, with a different proof in
Webb 7.4, 9. For a general finite dimensional associative algebra, the matrix cij
may be singular. An example of such is as follows

Example 12.1. Consider the Quiver Q

• •

and the algebra which is free on the paths (with multiplication given by com-
position of paths) and consider kQ/I2 where I2 is the ideal generated by paths
of length 2. This is dimension 4, and the Cartan matrix has all 1s

Example 12.2. If g = sl2 over F̄p (where p is odd). This has p simples of
dimensions 1, 2, . . . , p where the dimension p one is called the Steinberg. We have
a block (irreducible 2-sided ideal) involving the Steinberg has Cartan number
1. All other blocks have 2 simples in them with ‘linked’ highest weights. The
weights are 0, 1, . . . , p−1 (with the highest corresponding to the Steinberg) and
such blocks correspond to pairs of weights adding up to p − 2, and so all the
Cartan numbers are 2

We start with O our complete discrete valuation ring with maximal ideal
p such that O/p = k. We have OG = lim←−n

OG/pnOG. Since the canonical

surjection OG/p2OG→ OG/pOG = kG has kernel pOG/p2OG which squares
to 0, a primitive orthogonal decomposition of 1 = ē1 + · · · + ēs in kG lifts
to a primitive orthogonal decomposition 1 = e21 + · · · + e2s in OG/p2OG.
Similarly via the canonical surjection OG/p3OG→ OG/p2OG we get a lifting
1 = e31 + · · · + e3s in OG/p3OG of 1 = e21 + · · · + e2s. Inductively we get a
primitive orthogonal decomposition 1 = en1 + · · ·+ ens in OG/pnOG such that
enj + pn−1 = e(n−1)j for all n, j. By completeness, we get ej ∈ OG such that
ej + pn = enj for all n ∈ N. Now e2j defines the same inverse system of elements

as ej so e
2
j = ej is idempotent. We can show that 1 = e1+ · · ·+es is a primitive

orthogonal decomposition of the identity in OG by the following theorem, as
given a splitting p-modular system (K,O, k) we have simple KG modules {Vi}
and their O forms {Wi}. We compute the multiplicity of Vi as a composition
factor of K ⊗ P̂Sj

. This is just

dimK HomKG(K ⊗ P̂Sj
, Vi) = dimK HomKG(K ⊗ P̂Sj

,K ⊗O Wi)

= dimK K ⊗O HomOG(P̂Sj
,Wi)

= . . .

= [k ⊗Wi : Sj ]

= dij
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Then

cij = dimk HomkG(PSi
, PSj

)

= rankO HomOG(P̂Si
, P̂Sj

)

= dimK HomKG(K ⊗ P̂Si
,K ⊗ P̂Sj

)

=
∑
l

dlidlj

Theorem 12.2. If 1 = ē1 + · · · + ēs is a decomposition of 1 into primitive
orthogonal idempotents in kG, then we can lift to a primitive orthogonal decom-
position 1 = e1+ · · ·+es in OG. Moreover given another lifting 1 = e′1+ · · ·+e′s
in OG, e′i is conjugate to ei

Proof. Trivial

Remark. The decomposition of kG into projective indecomposables, say we
have kG = PS1

⊕ · · · ⊕ PS1
⊕ · · · ⊕ PSn

with di repetitions of PSi
, can be lifted

to OG = P̂S1
⊕ . . . P̂S1

⊕ · · · ⊕ P̂Sn
with di repetitions of P̂Si

Remark. The decomposition matrix can be read in two ways

1. The rows are the modular composition factors of the modular reductions
of ordinary irreducibles

2. The columns are the ordinary composition facts of the lifts of modular
projective indecomposables

We know that DTD = C is the modular irreducible factors of the modular
projective indecomposables
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