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1 Generalities

In this course, all rings are unital and associative, but not necessarily commu-
tative.

Example 1.1.

1. All commutative rings are rings.

2. The zero ring is a ring.

3. If k is a commutative ring, then so is Matnpkq under the usual matrix
operations, and is only commutative for n ă 2.

Given a ring R we can define Rop with the same underlying set and addition,
and multiplication a ˚ b “ ba. R is commutative if and only if R “ Rop.
The units of R, denoted Rˆ are those elements with two sided multiplicative
inverses. This forms a group under multiplication

Example 1.2. Matnpkqˆ “ GLnpkq and krxsˆ “ kˆ if k is an integral domain

The centre of R is ZpRq “ tz P R | rz “ zr,@r P Ru. This is a subring of R.

Example 1.3. ZpMatnpkqq “ kIn

A (two-sided) ideal I of a ring R is an additive subgroup of R such that
axb P I for all x P I and a, b P R. We write I Ĳ R. Given an ideal I, R{I is a
ring in the usual way.
A ring homomorphism α : R Ñ S is a function which is an abelian group ho-
momorphism, αpabq “ αpaqαpbq and αp1q “ 1

Exercise 1.1. Show that αpRˆq “ Sˆ

The kernel of α is α´1pt0uq and the image os αpRq. If k is a commutative
ring, a k-algebra R is a ring equipped with a ring homomorphism k Ñ ZpRq

Example 1.4. Matnpkq is a k-algebra via a ÞÑ aIn

A k-algebra homomorphism R Ñ S is a ring homomorphism such that α ˝

ιR “ ιS .
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Remark 1.1. Every ring is uniquely a Z algebra and every ring homomorphism
is a Z-algebra homomorphism

Proposition 1.1. If α : R Ñ S is a homomorphism, then kerα Ĳ R, imα is a
subring of S, and ᾱ : R{ kerα Ñ S is an isomorphism

Proof. Trivial

Given a ring R, a (left) R-module M is an abelian group with a Z-bilinear
operation R ˆM Ñ M denoted as am such that pabqm “ apbmq for all a, b P R
and m P M , and 1m “ m for all m P M . A right R-module can be defined
similarly for M ˆ R Ñ M . We will assume R-module without qualification is a
left R-module.
If M,N are R-modules, an R-module homomorphism is a group homomorphism
ϕ : M Ñ N such that ϕpamq “ aϕpmq for all m P M,a P R. We write
HomRpM,Nq for the abelian group of all such homomorphisms under point-
wise addition.

Remark 1.2. Warning: if R is not commutative, then HomRpM,Nq is not
necessarily naturally an R-module, it is only a ZpRq-module in general via
pa ¨ ϕqpmq “ a ¨ ϕpmq (as outside the centre, the right hand side need not be an
R-module homomorphism). It follows that if R is a k-algebra, HomRpM,Nq is
always a k-module

For every ring R and set X, the free R module on X, denoted RX, is
defined as the set of finitely supported functions X Ñ R (ie, all but finitely
many elements of X map to 0) under pointwise operations. When R is a field,

this is the vector space with basis corresponding to X, δx “

#

1 y “ x

0 y ‰ x

Lemma 1.1. For any R-module N , restriction along X Ñ RX (by x ÞÑ δx)
gives a bijection HomRpRX,Nq Ñ NX

Proof. Trivial

Therefore RX together with ι : X Ñ RX is determined up to unique isomor-
phism by this lemma (by usual abstract nonsense). For fields this states that
if two vector spaces have bases indexed by the same set, there is a canonical
bijection between them induced by the bijection of bases.

2 Some examples of non-commutative rings

Example 2.1.

1. If M is an abelian group, EndpMq (the set of endomorphisms of M) is a
ring under pointwise addition and composition.
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2. More generally, M is an R-module for a k-algebra R, then EndRpMq is a
k-algebra with the same operations, with units AutRpMq

3. If M “ Zn, then EndpMq “ MatnpZq. If k is a field, V “ kn, then
EndkpV q “ Matnpkq and the automorphism group is GLnpkq

Remark 2.1.

1. Suppose M is an abelian group. Then there is a bijection between R-
module structures on M and ring homomorphisms θ : R Ñ EndpMq given
by θprqpmq “ rm.

2. Similarly, a right R-module structure on M corresponds to a ring homo-
morphism θ : R Ñ EndpMqop

3. If R is a k-algebra, we can define θ : R Ñ EndkpRq by θpaqprq “ ar and
this is an injective k-algebra homomorphism. In fact im θ is the subring
of EndkpRq consisting of right R-endomorphisms of R (as a right module)

Definition 2.1. Let G be a group and k a commutative ring. The group algebra
kG is the k-algebra structure on the free k-module kG with multiplication given
by convolution pf1 ¨ f2qpgq “

ř

h1,h2“g f1ph1qf2ph2q

Remark 2.2. This is the only multiplication which makes g Ñ δg a group
homomorphism and such that k Ñ kG by λ Ñ λδe makes kG into a k-algebra

Lemma 2.1. Suppose R is a k-algebra. Restriction along G Ñ kGˆ by g Ñ δg
defines a natural bijection

Θ: Homk´algpkG,Rq Ñ HomGrppG,Rˆq

Proof. If α : kG Ñ R is a k-algebra homomorphism, then Θpaqpgq “ apδgq

defines Θ, and if β : G Ñ Rˆ is a group homomorphism, define

Φpβqpfq “
ÿ

gPG

fpgqβpgq

to give the inverse to Θ. The remainder of the lemma is routine checks of
everything we have claimed.

Definition 2.2. Suppose k is a field. A k-linear representation of G is a group
homomorphism ϕ : G Ñ AutkpV q where V is a k-vector space

Corollary 2.1.1. There is a natural bijection between k-linear representations
of G, and left kG modules

Proof. This follows from our remarks and the above lemma.

Definition 2.3. A Lie algebra over k is a k-module g equipped with a multi-
plication r¨, ¨s : g ˆ g Ñ g such that

1. rx, xs “ 0 for all x P g (and hence rx, ys “ ´ry, xs for all x, y P g)
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2. rxryzss ` ryrzxss ` rzrxyss “ 0 for all x, y, z P g

Example 2.2.

1. Any associative k-algebra R becomes a k-Lie algebra under the commu-
tator rx, ys “ xy ´ yx

2. glpV q “ EndkpV q with the commutator bracket is a k-Lie algebra

Definition 2.4. A k-Lie algebra homomorphism is a k-linear map θ : g1 Ñ g2
such that rx, ys “ rθpxq, θpyqs for all x, y P g. A representation of g is a k-linear
homomorphism g Ñ EndkpV q for some k-module V

Definition 2.5. Suppose V is a k-module. Define T 0V “ k, T 1V “ V and
TnV “ V bk Tn´1V for n ě 2. The tensor algebra is TV “

À8

n“0 T
nV with

multiplication given by concatenation. There is a natural map V Ñ TV via
v ÞÑ v P T 1V . If V is the free k-module on tx1, . . . , xdu we write kxx1, . . . , xdy

and call it the free associative algebra on x1, . . . , xd

Remark 2.3. Note that kxx1, . . . , xdy is not finitely generated as a k-module
for d ą 0, and is not commutative or Noetherian for d ą 1

Lemma 2.2. Suppose V is a k-module and R is a k-algebra. Then there is a
natural bijection Homk´algpTV,Rq Ñ HomkpV,Rq given by restriction

Proof. The other direction is given by f ÞÑ pv1 b ¨ ¨ ¨ b vd ÞÑ
śd

i“1 fpviqq. The
verification is left to the reader.

Definition 2.6. Suppose g is a k Lie algebra. The universal enveloping algebra
of g denoted Ug is Tg{I where I is the two sided ideal of Tg generated by
txy ´ yx ´ rxys | x, y P g Ď T 1gu. There is a natural map of k-Lie algebras
ιg : g Ñ Ug by x Ñ x ` I.

Remark 2.4. If g is an abelian Lie algebra free on x1, . . . , xd then Ug “

krx1, . . . , xds. More generally if g “ V is abelian, UV is called the symmet-
ric algebra on V written SpV q

Lemma 2.3. Suppose g is a k Lie algebra and R is an associative k algebra.
Then there is a natural bijection Φ: Homk´algpUg, Rq Ñ Homk´liepg, Rq given
by restriction, where R has the commutator bracket.

[LECTURE MISSING]

Theorem 2.4. If S “ xR, xy, R`Rx “ R`xR and R is left Noetherian, then
S is left Noetherian

Proof. The hypotheses imply R ` Rx ` ¨ ¨ ¨ ` Rxn “ R ` xR ` ¨ ¨ ¨ ` xnR for
every n by induction as Rxn “ Rxn´1x Ď pR ` xR ` ¨ ¨ ¨ ` xn´1Rqx. It follows
that

1. Sn “ R ` xR ` ¨ ¨ ¨ ` xnR is a left and right R-module
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2. S “
Ť

Sn as
Ť

Sn is a subring of S containing R and x, as SnSm Ď Sn`m

(we don’t necessarily have S “
À

xnR)

3. For r P R and n ě 0, there is some r1 P R such that r1xn ´ xnr P Sn´1

Now suppose I Ĳ S. We will show I is finitely generated. Let In “ trn P R |

Ds P I, s ´ xnrn P Sn´1u. We claim this is a left ideal. It is easy to see that In
is a subgroup as I is. Suppose r P R, rn P In. Then by (3), there is r1 such that
r1xn ´ xnr P Sn´1, so r1xnrn ´ xnrrn P Sn´1, and so r1s ´ xnrrn P Sn´1 and
so In is a left ideal. Moreover if s “

řn
i“0 x

iri then xs “ s “
řn

i“0 x
i`1ri, so

In Ď In`1, so by the ascending chain condition in R, there is some m such that
Im “ Im`r for all r ě 0. For i “ 0, . . . ,m we choose a finite generating set triju

for Ii as a left ideal, and choose sij P I such that sij ´ xirij P Si´1. We claim
X “ tsij | i “ 0, . . . ,mu generates I as a left ideal. Pick s “

řn
i“0 x

iri P InSn.
We show by induction on n that s P SX, then we are done by (2). If n “ 0,
then InS0 “ InR “ I0 and s0j “ r0j for all j, so s P RX Ď SX.
If 0 ă n ď m then rn “

ř

ajrnj for some aj P R and we can choose a1
j P R such

that a1
jx

n ´ xnaj P Sn´1. Then s ´
ř

a1
jsnj P InSn´1, so by induction, we are

done. If n ą m, the proof is basically the same.

Remark 2.5. Passing to Sop gives a right Noetherian version of this. Note that
if k is commutative, then kG – pkGqop, so kG is left Noetherian if and only if
it is right Noetherian

Definition 2.7. A group G is polycyclic if there is a chain of subgroups 1 “

G0 Ĳ G1 Ĳ ¨ ¨ ¨ Ĳ Gn “ G such that Gi{Gi´1 is cyclic.

Example 2.3.

1. Every cyclic group is polycyclic.

2. Any finitely generated abelian group is polycyclic.

3. G “

¨

˝

1 Z Z
0 1 Z
0 0 1

˛

‚ is polycyclic via 1 Ĳ G1 Ĳ G2 Ĳ G where G1 “

¨

˝

1 0 Z
0 1 0
0 0 1

˛

‚and G2 “

¨

˝

1 Z Z
0 1 0
0 0 1

˛

‚

4. Any subgroup of unitriangular matrices in MnpZq is polycyclic.

Theorem 2.5. Let G be a polycyclic group. Then G is isomorphic to a subgroup
of GLnpZq, and has a finite index subgroup H isomorphic to a subgroup of upper
triangular matrices with coefficients in a ring of integers of an algebraic number
field

Proof. No Proof

Theorem 2.6. Let k be a commutative Noetherian ring and let G be polycyclic.
Then kG is a Noetherian ring
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Theorem 2.7. Choose a chain of subgroups 1 “ G0 Ĳ G1 Ĳ ¨ ¨ ¨ Ĳ Gn “ G
such that Gi{Gi´1 is cyclic. An induction argument reduces us to proving kGi´1

is left Noetherian implies kGi is left Noetherian. Pick x P Gi such that xGi´1

generates Gi{Gi´1. Let R “ kGi´1 and S “ xR, δxy ď kGi and suppose R is
left Noetherian. Since x´1Gi´1x “ Gi´1 we see that δxR “ Rδx so R ` Rδx “

R ` δxR so S is left Noetherian. Now if I Ĳl kGi then I X S Ĳl S so I X S
has a finite generating set. Now if t P I, then there is some m ě 0 such that
δmx t P I X S, so that finite generating set generates I Ĳl kGi and we are done.

Remark 2.6. It remains an open problem whether the only Noetherian group
algebras ZG are those where G has a finite index polycyclic subgroup. It is not
hard to see that ZG Noetherian implies subgroups of G has the maximal con-
dition, but there are groups with the maximal condition that are not virtually
polycyclic, eg Tarski monsters. In 2019, Kropholler and Lorreson published a
proof that ZG Noetherian implies G is amenable and every subgroup of G is
finitely generated. The only groups known to satisfy both are virtually poly-
cyclic ones. We will prove later that Upgq is Noetherian whenever k is and g is
finitely generated as a k module. The converse is open. The Weyl algebras are
Noetherian (ES1)

3 Simple Modules and Artinian Rings

For now R is an arbitrary ring. As for commutative rings, there is a first
isomorphism theorem for R-modules

Proposition 3.1. The first isomorphism theorem holds for R-modules

Proof. Trivial

Definition 3.1. An R-module is simple/irreducible if it has no proper non-zero
submodules

Remark 3.1. SupposeM is a simple R-module and x P Mzt0u. Then Rx “ M ,
so M “ R{ annpxq where annpxq “ tr P R | rx “ 0u “ kerpR Ñ M, r ÞÑ rxq

is the point annihilator of x. Note that if y P Mzt0u, it is not necessarily true
that annpxq “ Annpyq unless R is commutative

It is easy to see that a cyclic R-module M “ Rx is simple if the annihilator
of x is a maximal left ideal.

Lemma 3.1. Suppose L Ĳ R is a proper left ideal. Then L is contained in a
maximal left ideal of R

Proof. As in the commutative case.

Corollary 3.1.1. Every non-zero finitely generated R-module has a simple quo-
tient

6



Proof. Suppose M “
řn

i“1 Rxi but is not generated by x1, . . . , xn´1. Then

N “
řn´1

i“1 Rxi ď M is proper, and M{N is cyclic, generated by xi, so we
appeal to the lemma and are done.

Remark 3.2. The finitely generated condition is necessary, as the rationals
have no simple quotient as a Z-module.

Definition 3.2. The annihilator, AnnRpMq “
Ş

mPM annRpmq is a two sided
ideal of R and if I Ĳ R then I “ AnnRpR{Iq. We say M is faithful if
AnnRpMq “ 0, ie R Ñ EndpMq is injective

Definition 3.3. Let I Ĳ R. Then I is left primitive if I “ AnnRpMq for some
simple module M . R is called left primitive if the zero ideal is left primitive
(equivalently, if R has a faithful simple module)

George Bergan found examples of rings that are left, but not right, primitive.

Lemma 3.2. Let M “ Rx be a cyclic left R-module. Then AnnRpMq is the
largest ideal contained in L “ annRpxq

Proof. Now I “
ř

JĲR,JĎL J Ĳ R is the largest two sided ideal of R contained
in L. Therefore AnnRpMq Ď L, and hence AnnRpMq Ď I. Conversely, IM “

IRx “ Ix Ď Lx “ 0 so I Ď AnnRpMq

Corollary 3.2.1. Every maximal ideal of R is left and right primitive. If R is
commutative, every primitive ideal is maximal.

Proof. Choose a maximal left/right ideal containing our maximal ideal, and
apply the former.

Definition 3.4. The Jacobson radical JpRq is the intersection of all left prim-
itive ideals. Thus JpRq “ tr P R | rM “ 0,M is simpleu

Lemma 3.3. JpRq is the intersection of all maximal left ideals

Proof. Denote the intersection by K, suppose x P JpRq. Then if L Ĳl R, then
xR{L “ 0 so x P L and so JpRq Ď K. Conversely if P Ĳ R is left primitive,
then P “ AnnRpMq for some simple module M . Then P “

Ş

mPM annRpmq is
an intersection of maximal left ideals, so K Ď P and hence as P is arbitrary,
K Ď JpRq.

Lemma 3.4. (Nakayama) Let M be a non-zero finitely generated R-module.
Then JpRqM Ĺ M

Proof. Since M is finitely generated, it has a simple quotient M{K. Then
JpRqM{K “ 0, so JpRqM ď K Ĺ M

Example 3.1. If R “ Zppq for some prime p and M “ Q then JpRq “ pZppq

but JpRqQ “ Q so finite generation is needed.
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Corollary 3.4.1. Let M be a finitely generated R-module and N Ď M be a
submodule such that M “ N ` JpRqM . Then M “ N

Proof. Apply the lemma to M{N

Proposition 3.2. JpRq “ tx | 1 ´ axb P Rˆ, a, b P Ru

Proof. We denote the right hand side by K. Since JpRq is an ideal in R, to
prove JpRq Ď K, it suffices to prove x P JpRq implies 1 ´ x P Rˆ. Now
R “ Rp1´xq `Rx, so as Rx Ď JpRq, Nakayama implies Rp1´xq “ R, so there
is y P R such that yp1 ´ xq “ 1. Now 1 ´ y “ ´yx P JpRq, so there is z P R
such that zy “ 1. Then z “ 1 ´ x by usual argument, so JpRq Ď K. Now let
x P K and suppose I is a maximal left ideal. Suppose x R I. Then xx.Iy “ R,
so there is a P R such that 1´ax P I. Since x P K, p1´axq is a unit, so I “ p1q

contradiction.

Thus JpRq is the largest two sided ideal A Ĳ R such that 1 ´ A Ď Rˆ, so
JpRq “ JpRopq. In other words, the intersection of all maximal left ideals is the
intersection of all maximal right ideals.
Suppose that V is a left R-module and let D “ EndRpV qop. Then V is a
right D-module. Indeed, we have an R-D bimodule (ie M has a left R module
structure, a right D module structure, and these commute)

Theorem 3.5. (Schur’s Lemma) Let V be a simple left R-module. Then its
endomorphism ring is a division ring.

Proof. Why are you reading these notes if you don’t know this?

Thus we can view any simple R-module as a right vector space over the
division ring D. We prove a technical lemma.

Lemma 3.6. Let V be a simple R module, D “ EndRpV qop. Suppose X Ď V is
finite and D-linearly independent. Let I “ annRpXq “

Ş

xPX annpxq. Suppose
Iy “ 0 for some y P V . Then y P XD

Proof. We induct on the size of X. If n “ 0 then I “ R, so y “ 0 P HD
as 1 P I. Suppose n ě 1. Let x P X and let J “ annRpXztxuq. We know
I “ J X annRpxq. If J Ď annRpxq then J “ I so Jy “ 0 and we are done by
induction. If not, then 0 ‰ Jx ď V and hence Jx “ V by simplicity. Let d P D
be given by prxqd “ ry for r P J . Note that this is well defined as if rx “ r1x
for r, r1 P J then r ´ r1 P J X annRpxq “ I so pr ´ r1qy “ 0 and ry “ r1y. Now
Jpy ´ xdq “ 0, so by induction hypothesis, y ´ xd P pXztxuqD, so y P XD.

Theorem 3.7. (Jacobson Density Theorem) Let V be a simple R module, X Ď

V be a finite D-linearly independent subset. Then for all α P D, there is some
r P R such that αpxq “ rx for all x P X

Proof. Let X “ tx1, . . . , xnu and Xi “ Xztxiu. As xi R XiD, annRpXiqxi ‰ 0
so there is some ri P annRpXiq such that rixi ‰ 0. Since V is simple, Rrixi “ V ,
so there is si P R with sirixi “ αpxiq. Then r “

ř

siri works.

8



We also have another consequence of the lemma.

Lemma 3.8. Let R be a left Artinian ring and a simple left R module. Let
D “ EndRpV qop. Then V is a finite dimensional right D module.

Proof. Consider tannRpXq | |X| ă 8, X Ď V u. This is a collection of left ideals,
so by left Artinianness, this has a minimal element I “ annRpXq. Let y P V
and consider annRpX Y tyuq. This is an ideal and a subset of I, and hence is
equal to I by minimality. Thus Iy “ 0, and so y P XD, so X is a finite spanning
set.

Lemma 3.9. Suppose S is a ring, N is a right S module and m ě 1. Then
EndSpNmq “ MmpEndSpMqq

Proof. Trivial

Theorem 3.10. (Artin-Wedderburn) Let R be a primitive left Artinian ring.
Then R – MnpDq where D is some division ring.

Proof. Since R is left primitive, it has a simple left R-module V . Let D “

EndRpV qop, which is a division ring by Schur. Since R is left Artinian, V – Dn

as a right D module by Lemma 3.8, so EndDpV q – MnpEndDpDqq. Moreover,
D – EndDpDq via d ÞÑ pd1 ÞÑ dd1q, so EndDpV q – MnpDq, so it remains to
show that R – EndDpV q. We have a map ϕ : R Ñ EndDpV q via r ÞÑ pv ÞÑ rvq,
a ring homomorphism. It is injective as V is faithful. It is surjective by the
Jacobson Density Theorem. So we are done.

Theorem 3.11. (Chinese Remainder Theorem) Let R be a ring and P1, . . . , Pn Ĳ

R such that Pi`Pj “ R for all i ‰ j. Then R{pP1X¨ ¨ ¨XPnq Ñ R{P1ˆ¨ ¨ ¨ˆR{Pn

Proof. We define ϕ : R Ñ
ś

R{Pi by r ÞÑ pr ` Piqi“1,...,n. This is a ring
homomorphism with kernel pP1 X ¨ ¨ ¨ XPnq. We prove surjectivity by induction
on n. n “ 0.1 are clear. Since Pi`Pn “ R for all i ă n, there are ai P Pi, bi P Pn

such that ai ` bi “ 1. Let a “ a1a2 . . . an´1 P P1 X ¨ ¨ ¨ X Pn´1 and b “ 1 ´ a.
b “ pa1 ` b1q . . . pan´1 ` bn´1q ´ a1 . . . an´1 P Pn. Given pri ` Piq P

ś

R{Pi, we
can find s P R such that s ´ ri P Pi for 1 ď i ď n ´ 1. Let r “ sb ` rna. Then
r ` Pn “ rna “ rnp1 ´ bq “ rn and identical for Pi, so done.

Definition 3.5. A ring R is called semi-primitive if JpRq “ 0. A non-zero ring
R is called simple if it has no non-zero proper ideals

Exercise 3.1. If D is a division ring and d ě 1, then MdpDq is simple

Corollary 3.11.1. If R is a semi-primitive left Artinian ring, there are division
rings D1, . . . , Dn and positive integers d1, . . . , dn ě 1 such that

R –

n
ź

i“1

MdipDiq
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Proof. Let S “ tP1 X ¨ ¨ ¨ X Pn | Pi Ĳ R left primitiveu. This is non-empty
since R has a simple left module, and since R is left Artinian, S has a minimal
element I “ P1 X ¨ ¨ ¨ XPn. If Q is any left primitive ideal, then QX I Ď I is an
element of S, and so by minimality, QXI “ I, so I Ď Q, so I Ď JpRq “ 0. Now
each R{Pi is left primitive left Artinian, so by Artin-Wedderburn it is Mdi

pDiq,
which is simple and hence Pi is maximal. Therefore Pi, Pj are coprime and so
by the Chinese remainder theorem, we have

R –

n
ź

i“1

R{Pi –

n
ź

i“1

Mdi
pDiq

Exercise 3.2. By directly computing the left ideals of R, show that MdipDiq is
a semiprimitive left Artinian ring for every division ring Di and positive integer
di ě 1. Deduce that a left Artinian semiprimitive ring is also right Artinian.

Definition 3.6. A left R-module M is semisimple if it can be written as a
direct sum of simple modules.

Remark 3.3. R is semiprimitive if and only if R has a faithful semisimple R
module (this is easy to prove from the definitions)

Lemma 3.12. Any subquotient of a semisimple R module is semisimple

Proof. It suffices to prove that every submodule of every quotient module is
semisimple. Suppose M “

À

iPI Mi and N ď M . We will show N has a
complement of the form

À

jPJ Mj for some J Ď I. To this end, we consider the
set

S “

#

J Ď I | N X
à

jPJ

Mj “ 0

+

By Zorn, we have a maximal element J of S. If N `
À

jPJ Mj ‰ M , there
is some Mi not contained in it. But then J Y tiu P S, contradiction so we
have a complement. N – M{

À

jPJ Mj “
À

jRJ Mj so is semisimple, and
M{N –

À

jPJ Mj , so we are done.

Lemma 3.13. Let M be a semisimple R module. The following are equivalent

1. M is Noetherian as an R module

2. M is Artinian as an R module

3. M is a finite direct sum of simples

We call such a module semisimple Artinian

Proof. Since a simple module is both Noetherian and Artinian, (3) implies (1)
and (2). If (3) does not hold, then M has a submodule N “

À

ně1 Nn with
each Nn simple, and so N1 ď N1 ‘ N2 ď . . . and N ě

À

ně2 Nn ě . . . , so
neither (1) nor (2) holds
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We note that any subquotient of a semisimple Artinian module is semisimple
Artinian

Exercise 3.3. Show that the following are equivalent

1. All left R modules are semisimple

2. All right R modules are semisimple

3. R is a semisimple left R module

4. R is a semisimple right R module

5. R is semiprimitive and left Artinian

Proposition 3.3. The Jacobson radical of a left Artinian ring R is nilpotent

Proof. Let J “ JpRq. Then we have a descending chain J Ě J2 Ě . . . which
must terminate, so Jn “ Jn`1 for some n. Consider I “ tx P R | Jnx “ 0u Ĳ R.
It suffices to show I “ R. Suppose that we instead have strict inclusion I Ĺ R.
Then R{I has a minimal non-zero left ideal K{I as it is left Artinian. Then K
is a simple R{I (and hence R) module. Now JK{I “ 0, so JK Ď I, and so
Jn`1K “ 0, so JnK “ 0 and K Ď I contradiction.

Theorem 3.14. (Hopkins-Levitski, 1939) Let R be a left Artinian ring. Then
R is also left Noetherian

Proof. Let J be the Jacobson radical of R. For any i ě 0, J i{J i`1 is a left Ar-
tinian Rmodule and so an Artinian left R{J module. Since R{J is semiprimitive
and left Artinian, Exercise 3.3 gives that J i{J i`1 is semisimple left Artinian,
and hence left Noetherian. But eventually Jn “ 0, so R is a finite extension of
left Noetherian modules by left Noetherian modules, and hence is left Noethe-
rian
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