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1 Introduction

Let M be a smooth manifold (from here we omit the word smooth) and g be a
Riemannian metric onM (we later say metric). A Riemannian metric is a choice
of inner product on the tangent bundle TM which “varies smoothly” with the
point. A choice of coordinate neighbourhood with coordinates x “ pxiq gives
us, in coordinates, g “

řn
i,j“1 gijpxqdxidxj where gij “ gp B

Bxi
, B

Bxj
q. The pair

pM, gq is a Riemannian metric.

Example 1.1.

1. Rn with the Euclidean metric, ie gij “ δij Whitney embedding theorem
asserts every smooth manifold embeds into one of these (in fact, for some
n ď 2 dimM) and this induces a choice of Riemannian metric. More
generally, if pN,hq is a Riemannian manifold and F : M Ñ N is an im-
mersion, then we get an induced Riemannian metric by pullback on M .
In particular, this works if F is a diffeomorphism F : M Ñ N .

2. Let G be a Lie group. For every x P G we get two diffeomorphisms of
G, Lx : y ÞÑ xy and Rx : y ÞÑ yx. The associated Lie algebra is g “ TeG.
A vector field X on G is left-invariant if for every x P G, dLxpXq “ X.
Any such X arises from tangent vector to the identity, as Xx “ dLxpXeq.
This is a bijection (exercise). A Riemannian metric on G is left invariant
if Lx is an isometry. We can similarly define one of these by transporting
an inner product on the fibre of TM over the identity. If the metric is
left and right invariant, we say it is bi-invariant. It is a fact that every
compact Lie group has a bi-invariant metric. We shall see later that we
can’t drop the compact assumption, for example SLp2,Rq.

Definition 1.1. Let pM, gq and pN,hq be Riemannian manifold. f : M Ñ N
is an isometry if it is a diffeomorphism and g “ f˚h

For pM, gq there is a preferred choice of connection on M , namely the Levi
Civita connection∇ : Ω0pTMq Ñ Ω1

M pTMq which is the unique connection such
that for all X,Y, Z P VectpMq,

ZgpX,Y q “ gp∇ZX,Y q ` gpX,∇ZY q
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∇XY ´ ∇Y X “ rX,Y s

The first can be written as dgpX,Y q “ gp∇X,Y q ` gpX,∇Y q and we can write
Γi
jk for ∇ in local coordinates pxiq ie

∇ B
Bxj

ˆ

B

Bxk

˙

“
ÿ

Γi
jk

B

Bxi

and the second requirement says this is symmetric in its lower indices. ∇ induces
a unique connection on T˚M such that Xxα, Y y “ x∇Xα, Y y ` xα,∇XY y

More generally, on a tensor pTMqbp b pT˚Mqbq “ T p,q we can induce a unique
connection ∇ on T p,q mapping into T p,q`1 such that

∇ps1 b s2q “ p∇s1q b s2 ` s2 b p∇s2q

Therefore the first condition to be compatible with the metric is ∇g “ 0.
[LECTURE MISSING]

Lemma 1.1. (Sectional curvature determines the full Riemannian Curvature)
Let V be a real vector space of dimension at least 2 and R1, R2 : V ˆV ˆV ˆV Ñ

R are linear in each of the four arguments and satisfy the symmetries (i)-(iv) of
the Riemannian curvature. Let K 1,K2 : Grp2, V q Ñ R be defined in the same
way as the sectional curvature, and assume K 1 “ K2. Then R1 “ R2.

Proof. By hypothesis,

R1pX ` Z, Y,X ` Z, Y q “ R2pX ` Z, Y,X ` Z, Y q

for any X,Y, Z P V . Therefore we have by linearity and symmetries (i), (iii)

R1pX,Y, Z, Y q “ R2pX,Y, Z, Y q

Repeating the same trick with the Y argument, we get

R1pX,Y, Z, T q ` R1pX,T, Z, Y q “ R2pX,Y, Z, T q ` R2pX,T, Z, Y q

R1pX,Y, Z, T q ´ R2pX,Y, Z, T q “ R2pY, Z,X, T q ´ R2pY, Z,X, T q

by symmetries (i) and (iii). The left hand side is invariant under cyclic permu-
tation of X,Y, Z, so symmetry (ii) imples

3pR1pX,Y, Z, T q ´ R2pX,Y, Z, T qq “ 0

so we are done.

Corollary 1.1.1. (Constant sectional curvature) Assume that for any p P M ,
Kp is constant. Let R0

ppX,Y, Z, T q “ gppX,ZqgppY, T q´gppX,T qgppY, Zq. Then
Rp “ KpR

0
p and Kp is smooth in p P M

Proof. This follows from the lemma applied to R1 “ KR0 and R2 “ R. K is
smooth as it can be written in terms of R and the metric
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Remark 1.1. We can further show that K is constant on all M independent
of p if dimM ě 3. (This requires the second Bianchi identity)

Let teiu be an orthonormal basis of TpM . Put Rij,kl “ ´gpRpei, ejqek, elq.
Then Kp “ k P R is independent of Π P Grp2, TpMq holds if and only if
Rij,kl “ ´kpδikδjl ´ δilδjkq, ie if and only if Rij,ji “ ´Rij,ij “ k and all other
components are 0.
It is useful to extract from Rij,kl some simpler quantities

Definition 1.2. The Ricci curvature of g at p P M can be defined as RicppX,Y q “

trpv ÞÑ RppX, vqY q where v,X, Y P TpM . Locally, Ricij “
ř

q R
q
j,iq “

ř

p,q g
pqRpj,iq

Remark 1.2. The third symmetry implies the Ricci curvature is symmetric,
and hence equivalent to a quadratic form RicppXq “ 1

n´1 RicppX,Xq

Definition 1.3. s P C8pMq, the scalar curvature of g is the trace of Ric
with respect to g. If gijppq “ δij , then s “

ř

Ricii “
ř

Rji,ij . In general,
s “ gij Ricij

Remark 1.3. Sometimes, one uses the convention s{npn ´ 1q

Remark 1.4. In low dimensions,

• n “ 2 (surfaces) we have g “ Edu2 ` 2Fdudv ` Gdv2 and R12,21 “
1
2spEG ´ F 2q, and so 1

2s is the sectional curvature and we can show this
is also the Gaussian curvature, so R12,21 is the determinant of the second
fundamental form

• n “ 3. The curvature tensor Rpgq is determined by Ricpgq

• n “ 4. We will consider this case later

If we have constant sectional curvature at p, then using the tensor K from
before, Ricp “ pn ´ 1qKpgp and sppq “ npn ´ 1qKp.

2 Geodesics

Let E “ TM and let π : E Ñ M be the projection. The fibre is Rn. Let
γ : p´ε, εq Ñ M be a curve through p P M . We wish to lift γ to E as
γ̃ : p´ε, εq Ñ E which projects down to γ. In coordinates, if γptq P U and
γptq “ px1ptq, . . . , xnptqq are coordinates, then γ̃ptq “ pxptq, αptqq where α : I Ñ

Rn.
Now let ∇ be a connection on M , with coefficients Γi

jkpxq with respect to the
local coordinates.

Definition 2.1. A parallel lift of γ from a0 P Tγp0qM is determined locally in
U by the linear ODE

9ai `

n
ÿ

j,k“1

Γi
jkaj 9xk “ 0

with initial condition ap0q “ ai
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A solution to this exists and is unique, by usual ODE theorems. Geometri-
cally, the left hand side of the ODE defines the covariant derivative of a vector
field along a curve,

∇γ̃

dt
“ pxptq, 9a `

ÿ

Γi
jkaj 9xkq : I Ñ TM

Remark 2.1. It is a fact that ∇
dt as defined above is a well defined map between

vector fields along curves inM , uniquely determined by the following conditions:

1. ∇
dt is real-linear

2. ∇pfγ̃q

dt “
Bf
Bt γ̃ ` f ∇γ̃

dt where f : I Ñ R

3. If γ̃ptq “ Xpγptqq for some vector field X on U and 9γ “ Y pγptqq, then
∇γ̃
dt ptq “ p∇Y Xqpγptqq

Now let ∇ be the Levi-Civita connection of some Riemannian metric g on
M . Each γptq has a canonical lift 9γptq “ pxptq, 9xptqq

Definition 2.2. A curve γptq in pM, gq is a geodesic if the canonical lift is
parallel with respect to the Levi-Civita connection

Remark 2.2. In coordinates, :xi ` Γi
jk 9xj 9xk “ 0. This is a non-linear second

order ODE, so a unique solution exists locally given initial position and tangent
vector

Remark 2.3. We can extend 9γ to a C8 vector field in some neighbourhood
of p “ γp0q. WLOG 9xp0q “ p1, 0, . . . , 0q. We assume that xppq “ 0. x1ptq is
invertible around t “ 0 by IFT, so t “ tpx1q, and so we can write xk “ xkptpx1qq

for k ě 2, and we put 9γpxq “ 9γpx1, x2px1q, . . . , xnpx1qq. Then ∇ 9γ 9γ|γptq “ 0 if γ
is a geodesic.

Proposition 2.1. | 9γptq|g “ const for any geodesic γ.

Proof. Use the extension of the vector field 9γ around p “ γp0q. Then 9γpgp 9γ, 9γqq “

gp∇ 9γ 9γ, 9γq ` gp 9γ,∇ 9γ 9γq. Then at any q “ γptq, 0 “ 9γgp 9γ, 9γq “
ř

9xk
B

Bxk
gp 9γ, 9γq “

B
Bt | 9γptq|g, so we are done.

Example 2.1.

1. pRn, d2q has Γi
jk “ 0, so the geodesic equations are :xk “ 0, and geodesics

are therefore straight lines.

2. For Sn with the round metric, geodesics are great circles

Fix p P M . If γpt, aq is a geodesic, then B
Btγpλt, aq “ λ 9γpλt, aq and the second

derivative acquires another λ, so γpλt, aq “ γpt, λaq also solves the geodesic
equations.
Solutions of ODEs depend smoothly on initial conditions. In particular, the
domain of definition depends continuously on a, so εa ě ε1 ą 0 where |a|g ď ε2,
hence γpp1, aq “ γppε1, a

ε1 q is well defined for |a|g ď ε2ε1 “ ε.
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Definition 2.3. Let pM, gq be a Riemannian manifold and p P M . The expo-
nential map at p is

expp : a ÞÑ γp1, aq

whenever defined

Remark 2.4. This is well defined in a neighbourhood of 0 by the previous
discussion.

Proposition 2.2. pd exppq0 “ idTpM

Proof.

pd exppq0a “
B

Bt
exppptaq

ˇ

ˇ

ˇ

ˇ

t“0

“
B

Bt
γp1, taq

ˇ

ˇ

ˇ

ˇ

t“0

“
B

Bt
γpt, aq

ˇ

ˇ

ˇ

ˇ

t“0

“ a

Corollary 2.0.1. expp : Bgp0, εq Ď TpM Ñ U Ď M is a diffeomorphism for
some small ε ą 0

Proof. Inverse Mapping Theorem.

Thus pexppq´1 is a chart near p P M and defines local coordinates around
p called the geodesic coordinates at p. In these coordinates, γpt, aq “ ta for
sufficiently small t. Consider the linear isometry pTpM, gq – pRn, d2q.

f : pr, vq P p0, δq ˆ Sn´1 Ñ exppprvq P M

Then Σr “ fptru ˆ Sn´1q Ď M is a geodesic sphere about p

Theorem 2.1. (Gauss Lemma) γppt, aq meets Σr orthogonally. Thus g “ dr2`

hpr, vq where for all r, hpr, vq “ g|Σr

Proof. We can assume δ ą 1. Choose some Xpvq P VectpSn´1 Ď TpMq. Extend
Xpvq to a vector field on Bzt0u (the unit ball) independent of r. We define
X̃pr, vq “ rXpvq on Bzt0u. We define Y pfpr, vqq “ pd exppqrvX̃pr, vq a vector

field on B1ztpu where B1 “ expppBq. We want to show Y K B
Br at each point

where Y is defined.
B

Br
“ 9γppt, aq

1

|a|gppq

as γpt, aq “ ta in geodesic coordinates. 9γppt, aq for |a| “ 1 determines a smooth
vector field on B1ztpu. Recall ∇ 9γp 9γq “ 0 as γ is a geodesic, so

B

Bt
g

ˆ

B

Br
,

B

Br

˙

“
B

Bt
gp 9γ, 9γq “ 0

5



In the limit as r Ñ 0, we get g
`

B
Br ,

B
Br

˘

“ 1 so one part is done.
Now

∇ 9γY ´ ∇Y 9γ “ pdfq

ˆ

∇ B
Br
X̃ ´ ∇X̃

B

Br

˙

“ pdfq

„

B

Br
, X̃

ȷ

“ pdfq
B

Br
X̃ “ Y {r

Now

B

Br
gpY, 9γq “ gp∇ 9γY, 9γq ` gpY,∇ 9γ 9γq

“ gp∇ 9γY, 9γq

“ gp∇Y 9γ ` Y {r, 9γq

“
1

r
gpY, 9γq

using gp∇Y 9γ, 9γq “ 1
2Y gp 9γ, 9γq “ 0. Now if G “ gpY, 9γq, G satisfies B

BrG “ G{r,
so G is linear in r, and the derivative with respect to r is therefore independent
of r. But limrÑ0

B
BrG “ lim gpX, B

Br q “ 0 as d expp “ id at the origin and so
gpY, 9γq “ 0

Let a P TpM and assume |a| ă δ. Then gppd exppqaa, pd exppqaaq “ |a|2ggp B
Br ,

B
Br q “

|a|2g

Corollary 2.1.1. gppd exppqaa, pd exppqaaq “ gpa,wq for any w P TpM

Proof. By noting that w “ gpw, aqa ` v where v K a

3 Jacobi Fields

We choose a tangent vector a0 P TpM such that |a0|g ă δ is in the domain of the
exponential map. We define a curve apsq : p´ε, εq Ñ TpM such that ap0q “ a0
and 9ap0q is linearly independent to ap0q. We define fpt, sq “ exppptapsqq for
0 ď t ď 1 and |s| ă ε. This defines an embedded local surface around p P M .
Then pd exppqa0

w “
Bf
Bs p1, 0q and more generally, pd exppqta0

tw “
Bf
Bs pt, 0q
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